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SPREAD OF PARASITES AFFECTING DEATH AND DIVISION RATES
IN A CELL POPULATION

ALINE MARGUET AND CHARLINE SMADI

ABSTRACT. We introduce a general class of branching Markov processes for the modelling
of a parasite infection in a cell population. Each cell contains a quantity of parasites which
evolves as a diffusion with positive jumps. The drift, diffusive function and positive jump
rate of this quantity of parasites depend on its current value. The division rate of the cells
also depends on the quantity of parasites they contain. At division, a cell gives birth to two
daughter cells and shares its parasites between them. Cells may also die, at a rate which
may depend on the quantity of parasites they contain. We study the long-time behaviour
of the parasite infection.

KEY WORDS AND PHRASES: Continuous-time and space branching Markov processes, Struc-
tured population, Long-time behaviour, Birth and Death Processes

MSC 2000 subject classifications: 60J80, 60J85, 60H10.

INTRODUCTION

We introduce a general class of continuous-time branching Markov processes for the study
of a parasite infection in a cell population. This framework is general enough to be applied
for the modelling of other structured populations, with individual traits evolving on the
set of positive real numbers. Another application we can think of, similar in spirit, is the
modelling of the protein aggregates in a cell population. These latter, usually eliminated
by the cells, can undergo sudden increases due to cellular stress (positive jumps), and are
known to be distributed unequally between daughter cells (see [28] for instance).

The dynamic of the quantity of parasites in a cell is given by a Stochastic Differential
Equation (SDE) with drift, diffusion and positive jumps. Then, at a random time whose law
may depend on the quantity of parasites in the cell, this latter dies or divides. At division,
it shares its parasites between its two daughter cells. We are interested in the long-time
behaviour of the parasite infection in the cell population. More precisely, we will focus on
the quantity of parasites in the cells, including the possibility of explosion or extinction of
the quantity of parasites. We will see that those quantities are very sensitive to the way cell
division and death rates depend on the quantity of parasites in the cell, and to the law of
the sharing of the parasites between the two daughter cells at division.

In discrete time, from the pioneer model of Kimmel [I6], many studies have been con-
ducted on branching within branching processes to study the host-parasite dynamics: on the
associated quasistationary distributions [5], considering random environment and immigra-
tion events [6], on multitype branching processes [I, 2]. In continuous time, host-parasites
dynamics have also been studied using two-level branching processes, in which the dynamics
of the parasites is modelled by a birth-death process with interactions [23], 24] or a Feller
process [9, 8] and the cell population dynamics by a structured branching process.

Some experiments, conducted in the TAMARA laboratory, have shown that cells distribute
unequally their parasites between their two daughter cells [29]. This could be a mechanism
aiming at concentrating the parasites in some cell lines in order to ‘save’ the remaining
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lines. It is thus important to understand the effect of this unequal sharing on the long-
time behaviour of the infection in the cell population. This question has been addressed by
Bansaye and Tran in [9]. They introduced and studied branching Feller diffusions with a cell
division rate depending on the quantity of parasites in the cell and a sharing of parasites at
division between the two daughter cells according to a random variable with any symmetric
distribution on [0, 1]. They provided some extinction criteria for the infection in a cell line,
in the case where the cell division rate is constant or a monotone function of the quantity
of parasites in the cell, as well as recovery criteria at the population level, in the constant
division rate case. In [8], Bansaye et al. extended this study by providing the long time
asymptotic of the recovery rate in the latter case. Our work further extends these results
in several directions. First, we allow the drift and the diffusion coefficient of the quantity
of parasites in a cell to vary with the quantity of parasites. Second, we add the possibility
to have positive jumps in the parasites dynamics, with a rate which may depend on the
current quantity of parasites in the cell. Third, we allow the cell division rate to depend not
monotonically on the quantity of parasites. This situation is more difficult to study than the
previous ones, as the genealogical tree of the cell population depends on the whole history
of the quantity of parasites in the different cell lines. Finally, we add the possibility for the
cells to die at a rate which may depend on the quantity of parasites they contain, which
complicates the underlying population process for the cells.

For the study of structured branching populations, a classical method to obtain infor-
mation on the distribution of a trait in the population is to introduce a penalized Markov
process, called auxiliary process, corresponding to the dynamics of the trait of a typical in-
dividual in the population, i.e. an individual picked uniformly at random. The link between
the auxiliary process and the population process is given by Many-to-One formulas. We refer
to [13), 4 [15] 7, [12], 21] 20] for general results on these topics in the continuous-time case.

Part of our proof strategy consists thus in investigating the long-time behaviour of this
auxiliary process and deduce properties on the asymptotic behaviour of the process at the
population level, extending previous results derived for a smaller class of structured Markov
branching processes (see [9] [7, 12] for instance). In the case of a constant growth rate
for the cell population, the auxiliary process belongs to the class of continuous-state non-
linear branching processes that has been studied in [I8, 22]. This case will be explored
in a companion paper. In the general case, the auxiliary process is time-inhomogeneous,
which makes the study of its asymptotic behaviour much more involved, even out of reach.
An alternative approach consists in introducing a Markov process with another penalization,
corresponding to the dynamics of the trait of an individual in the population, which is chosen
according to some weight, and not picked uniformly at random [I2]. When this weight is a
positive eigenvector of a given operator, the alternative auxiliary process that we obtain is
time-homogeneous and its asymptotic study is easier. Additional work is needed to obtain
properties at the population level.

The paper is structured as follows. In Section [I] we define the population process and
give assumptions ensuring its existence and uniqueness as the strong solution to a SDE.
In Section [2| we provide necessary conditions for the cell population to get rid of parasites
or for the quantity of parasites to explode in all the cells. Then, in Section |3, we explore
asymptotics of the proportion of cells with a given level of infection. In particular in Section
[3:3] we investigate the case of a linear division rate. We prove that this strategy of division
allows the cell population to contain the infection, and we give additional information on
the asymptotic distribution of the quantity of parasites in the cells under some assumptions.
Sections [4 and [5] are dedicated to the proofs.
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In the sequel N := {0, 1,2, ...} will denote the set of nonnegative integers, R4 := [0, 00) the
real line, Ry := Ry U{+o00}, and R := (0,00). We will denote by CZ(R) (resp. C3(R.)) the
set of bounded (resp. vanishing at 0 and infinity) twice continuously differentiable functions

on Ry. Finally, for any stochastic process X on R, or Z on the set of point measures on
Ry, we will denote by E, [f(X;)] = E [f(X1)| Xo = 2] and Es, [f(Z:)] = E [f(Z)|Z0 = 62].

1. DEFINITION OF THE POPULATION PROCESS

1.1. Parasites dynamics in a cell. Each cell contains parasites whose quantity evolves as
a diffusion with positive jumps. More precisely, we consider the SDE

t t t rp(X,-) ~
Xi=x+ / g(Xs)ds + / V20%(%5)dBs + / / / 2Q(ds, dx,dz)
0 0 0 Jo Ry

t X, -
+/ / / zR(ds,dz,dz), (1.1)
0o Jo R,

where z is nonnegative, g, o and p are real functions on R,, B is a standard Brownian
motion, @ is a compensated Poisson point measure (PPM) with intensity ds ® da ® 7(dz),
7 is a nonnegative measure on R;, R is a PPM with intensity ds ® dx ® p(dz), and p is a
measure on R, with density:

Cbb(b+1) 1
dz) =2\ ")~
pldz) I'(1—b) z2tb =

where b € (—1,0) and ¢, < 0 (see [I7, Section 1.2.6] for details on stable distributions and
processes). Finally, B, @ and R are independent.

We will provide below conditions under which the SDE has a unique nonnegative
strong solution. In this case, it is a Markov process with infinitesimal generator G, satisfying
for all f € C3(Ry),

Gf(z) = g(a)f' () + o*(x) f"(2) + p(x) / (fl@+2) = f(z) = 2f'(2)) 7(dz)  (1.2)

R4
ta /R U 2) ) p(d2),

and 0 and +oo are two absorbing states. Following [21], we denote by (®(z,s,t),s < t) the
corresponding stochastic flow i.e. the unique strong solution to (|I.1]) satisfying X5 = = and
the dynamics of the trait between division events is well-defined.

1.2. Cell division. A cell with a quantity of parasites x divides at rate r(z) and is replaced
by two individuals with quantity of parasites at birth given by ©z and (1 — ©)xz. Here
© is a nonnegative random variable on (0, 1) with associated symmetric distribution (d6)

satisfying fol |In 6| (df) < oco.

1.3. Cell death. Cells have a death rate ¢(x) which depends on the quantity of parasites
x they carry. The function ¢ may be nondecreasing, because the presence of parasites may
kill the cell, or nonincreasing, if parasites slow down the cellular machinery (production of
proteins, division, etc.).

1.4. Existence and uniqueness. We use the classical Ulam-Harris-Neveu notation to iden-
tify each individual. Let us denote by

u:=J{o1"

neN
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the set of possible labels, Mp(R;) the set of point measures on R, and D(R;, Mp(R,)),
the set of cadlag measure-valued processes. For any Z € D(R,, Mp(R,)), t > 0, we write

Zy =Y Oxp, (1.3)
ueVy

where V; C U denotes the set of individuals alive at time ¢ and X/ the trait at time ¢
of the individual u. We denote by N; := Card(V;) the number of cells in the population
at time t. Let E = U x (0,1) x Ry and M(ds,du,df,dz) be a PPM on R, x E with
intensity ds ® n(du) ® k(df) ® dz, where n(du) denotes the counting measure on U. Let
(@“(x, s,t),uelU,z €Ry,s< t) be a family of independent stochastic flows satisfying
describing the individual dynamics. We assume that M and (®%,u € U) are independent.
We denote by F; the filtration generated by the restriction of the PPM M to [0,¢] X E and
the family of stochastic processes (®%(z,s,t),u € U,z € Ry,s < t) up to time t.

We now consider assumptions to ensure the strong existence and uniqueness of the process.
We obtain a large class of branching Markov processes for the modelling of parasite infection
in a cell population. Points 7) to iii) of Assumption EU (Existence and Uniqueness) ensure
that the dynamics in a cell line is well-defined [25] (as the unique nonnegative strong solution
to the SDE (1.1]) up to explosion, and with infinite value after explosion); points iv) and v)
ensure the non-explosion of the cell population size in finite time, as in [21].

Assumption EU. We assume that

i) The functions r and p are locally Lipschitz on Ry, p is non-decreasing and p(0) = 0.
The function g is continuous on Ry, g(0) = 0 and for any n € N there exists a finite
constant By, such that for any 0 <x <y <mn

lg(y) — g(z)| < Bpo(y — x), where ¢(z) = { ff(l —Inz) Zi E };

ii) The function o is Holder continuous with index 1/2 on compact sets and o(0) = 0.
iit) The measure 7 satisfies

/OO (z A 22) m(dz) < oo.
0

iv) There exist ri,m2 > 0 and v > 0 such that for all x > 0, r(z) — q(x) < rz? +ra.
v) There exist c1,co > 0 such that, for all v € Ry,

lim Ghyq(x) < 127 + co,
n—-+o0o

where G is defined in (L.2)), v has been defined in iv) and h,,, € CZ(Ry) is a sequence
of functions such that limy,_s 4o hn y(x) = 27 for all z € R,

Then the structured population process may be defined as the strong solution to a SDE.

Proposition 1.1. Under Assumption |E_IT| there exists a strongly unique Fi-adapted cadlag
process (Zs,t > 0) taking values in Mp(Ry) such that for all f € C3(Ry) and xg,t > 0,

(Ze, f) =F (z0) + /0 Gf(x)Zs (dx) ds + M (zo)

R4
[ ey (1 ey 00X+ F (=002 = 7 02

_1{0<Z—r(X:_)§q(X:_)}f (Xs)> M (dS, du, d@,dz) ,

where G is defined in (1.2) and for all x > 0, Mtf(x) is a Fy-martingale.
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The proof is a combination of [25, Proposition 1] and [21I, Theorem 2.1] (see Appendix
for details). Note that we replaced (1) and (3) of Assumption A in [21I] by ) in As-
sumption A careful look at the proof of [21, Theorem 2.1] (in particular (2.5) in [21]
Lemma 2.5]) shows that in our case, the growth of the population is governed by the function
x — r(x) — q(z) so that our condition is sufficient. Note also that in [2I] the exponent  of
iv) in Assumption is required to be greater than 1 but this condition is not necessary
for conservative fragmentation processes as considered here. In what follows, we will assume
that all the processes under consideration satisfy Assumption[EU] but we will not indicate it.

2. CONTAINMENT OR EXPLOSION OF THE INFECTION

In this section, we consider general cell division and death rates, and we look for sufficient
conditions for the quantity of parasites to become large (resp. small) in every alive cell. We
exhibit a function characterizing the parasites growth rate in a typical cell and compare it
to the growth rate of the cell population.

For a € R4 \ {1}, we introduce when it is well-defined the function G, for z > 0 via

2 l1-a
o*(z) E[@]l} , (2.1)

Go(z) :=(a—1) {g(::) a5 +27°C, — p(x)I,(z) — 2r(z) ]

where we recall that © is a random variable with distribution x and

1 * zp(dz) B (a+1g=oy) [ L 221 —v)dv
Ca - 9 n b /0 (1 —{—Z)a’ Ia(l') - 12/0 (/0 (1 T val)pra) 7T(d2’). (22)

From [22, Lemma 7.1] (see Lemma in our case), if Y denotes the auxiliary process
describing the behaviour of a ‘typical individual’, then the process

(}/;fl—aefot Ga(Ys)ds, t 2 O)

is a local martingale, which entails that, Ytl_“ roughly behaves as e™ Jo Ga(Ya)ds apq thus, G,
contains informations on the dynamics of the quantity of parasites in a typical cell. Moreover,
the growth rate of a cell population with a constant quantity x of parasites is r(z) — g(z).
The next assumptions combine conditions on those two key quantities, leading to results on
the asymptotic behaviour of the infection in the entire population.

Assumption EXPL. There exist a > 1 such that E[O'7% < 0o and 0 < v < +' such that
r(z) —q(x) <y <y < Go(x), YV >0.
Assumption EXT. There exist a < 1 and 0 <y < v such that
r(z) —q(z) <v<v <Gulx), Vo>0.
Note that for a > 1, the condition G4 (x) >+ in Assumption [EXPL|is equivalent to
glx)  o*(x) E[©'* —1]
[ — ai
T x2 -1
for all x > 0, which can be interpreted as the growth of the parasites being stronger than

the growth of the cell population and the noise. On the contrary, for @ < 1, the condition
Ga(z) >+ of Assumption is equivalent to

oa) _ o*a)

x 2

+27°C, — p(z)I,(z) — 2r(2) >,

E[©l-2 —1] ,

+27°C, — p(x)I,(z) — 2r(z) <A

a—1
In this case, the cell population growth and the noise outweigh the growth of the parasites.
Proposition 2.1. Let K > 0. Then for every x > 0,

i) Under Assumption [ EXPL], lim;_ oo Ps, (Ju € Vi, X} < K) = 0.
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ii) Under Assumption limy oo Ps, (Fu e Vi, Xi* > 1/K) =0.

Thus in case i), the quantity of parasites goes to infinity in all the cells, and in case i),
the quantity of parasites goes to zero in all the cells with a probability close to one.

Proposition [2.I] applies to a large class of dynamics for the growth of parasites within cells,
but imposes a limited cell growth (bounded r — ¢). In the next two sections, we focus on
more general cases for cell growth, requiring more assumptions on parasite dynamics.

3. ASYMPTOTICS OF THE PROPORTION OF CELLS WITH A GIVEN LEVEL OF INFECTION

3.1. The role of noise. We consider a simple case where the parasites follow a Geometric
Brownian motion. This is a particular case of CSBP in a Lévy environment. The case of
the Brownian environment, specifically studied in [I1], 26], can be seen as an agitation or
disturbance due to the cell environment.The cells might, for example, tune the intensity
of this perturbation (quantified by the o parameter) by modifying the temperature or the
fluidity of the cell medium. The assumptions of this first case are summarized below.

Assumption LGBE. (Linear growth, Brownian environment) We assume that

e There are no jumps in the parasites dynamics (p = ¢, =0).
o There exist g,0 € Ry such that g(x) = gz and o?(v) = 022

o There exist § € (0,400) and ¢ > 0 such that fr(z) — q(x) = ¢ for all x > 0.

Under Assumption we provide conditions under which the mean number of cells
with a small (resp. a large) quantity of parasites is equivalent to the mean number of cells
alive in the population.

Proposition 3.1. Let § € [0,+00) be such that Assumption |LGBE| holds and assume that
there exists ag € R such that 2E [©%8] — 1 = 3. Then,
(i) if B € (0,1) (then ag € (0,1)) and ag <1 — g/o?, for all K > 0,
Es, |2 uev; 1{Xf>K}]

lim =

(i1) if B € (0,1) (then ag € (0,1)) and there exist xo(ag) > 0 and n > 0 such that
g < 0%(1 - 205) + 2E[0% In(1/0)] r(x) =, Vo > wo(ag), (3.1)

then for all e,x > 0 there exists K., such that K > K., implies

. Es, |2 uev: 1{XZ‘ZK}] -
im su €.
oo By, [N -
(1it) if 5> 1 (then ag < 0) and there exist xo(ag) > 0 and n > 0 such that
g > o?(1+2|ag|) + 2E [0 In(1/0)]r(x) +n, Yz < zo(ap), (3.2)

then for all e,x > 0 there exists K. , such that K < K, , implies

i Es, |2uev, 1{X?§K}] _
im sup <e.
t—o0 Eéx [Nt]

This result shows the importance of noise in the process dynamics for the long-term be-
haviour of the infection. It implies that if the cells induce more fluctuations in the dynamics
of the parasites while maintaining the same rate of growth for the parasites, the cell popula-
tion may contain the infection. The first point of Proposition [3.1] corresponds to the case of a
growing cell population (r(x)—¢g(x) > 0), with a moderate growth of the parasites compared
to the noise of the environment (g < 02). The condition ag < 1 — g/o? links the growth




PARASITE INFECTION 7

of the population and the growth of the parasites: if g/o? is small, there is no additional
restriction on the growth of the cell population (except that 3 € [0,1)), but if g/o? is close
to 1, then § has to be close to 1 for the condition to be fulfilled, which corresponds to a
growth of the cell population independent of the quantity of parasites ((r — ¢)(z) close to ¢).

Remark 3.2. The case f =1 (ag =0) corresponds to a constant r — q, and will be studied
in details and in more generality in another work. In our case, if r and q are constant, for
the second and third points, it amounts to look at the sign of

g— o —2rE[In(1/0)],
and completes [8, Corollary 16] for the case of Geometric Brownian motion.
3.2. Competition between division and parasites growth. We consider another case
where the mean growth of parasites is linked with the cell death rate (see Assumption[PGCD
below). It may be the case when parasites kill the cell to be extruded in the cell medium.
Assumption PGCD. (Parasite Growth, Cell Death) We assume that
e There are no stable jumps in the parasites dynamic (c, = 0).

o There exists ¢ > 0 such that g(x)/x — q(z) = ¢ for all x > 0.

To state the next results, we introduce generalized conditions from [22] under which the
quantity of parasites may not reach the state 0 ((SINO) for small noise at 0) or reach the
state oo ((SNoo) for strong noise at co). Recall the definition of Cy and I, in ([2.2)).

SNO) There exist a > 1 such that E[©'7%) < oo and f : R, — R, such that
( + +

u o (u
g _ a u(2 ) +u™Cy — p(u) Iy (v) = f(u) + o(ln(u)), u— 0.

u
. ‘R,
(SNoo) There exist a < 1 and f: Ry — Ry such that
u % (u _ 1 - E[@l~
) 0T 8w, ) p L) = —f() + o)), o

Under Assumption [PGCD] C,, = 0, but we will use later those general conditions.

Proposition 3.3. Let ¢ > 0 be such that Assumption PGCD] holds. Then,
i) if

R (33)

00 x4 2 3

and there exists xg > 0, ng > 0 such that

x 0'21E x 22
1) 2D B | ) —r@ Bl - 1) 2 m, Yo<a  (34)

and x1 >0, 1 > 0 such that

g(;) N 01(256) N pg(gﬂ;)

/ 2*r(dz) + 2r(2) (E[©%] —1/2) < —m1,  Va >y, (3.5)
R
then for all e,x > 0 there exists K., such that K < K., implies

I Eo [Zuevt 1{X#SK}} <
11m su e.
t~>oop Em [Nt] -

ii) if [(SNoo)| holds and if there exist xog > 0, n > 0 such that

+p(x)Io(z) +2E[©@InO|r(z) < —n, Vz > xo, (3.6)
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then for all e,x > 0 there exists K., such that K > K., implies

y E, [Zuew Lixp>k)
oo, E, [N}

Remark 3.4. The class of processes considered here includes, in particular, the case q(-) = q,
g(z) = gz studied in previous works. Furthermore, assumptions on the cell division rate r(-),
and on the noise o(-) in the parasite dynamics are only on their local behaviour (around 0
and 00). This constitutes a strong generalisation of previous results.

Remark 3.5. The results of Proposition are weaker than the ones of Proposition [3.1):
they concern mean numbers of cells with given amounts of parasites, and not the proportions
of such cells in the population. But the assumptions of Proposition are much more flexible
than the assumptions of Proposition[3.1: they are in some way their local versions.

A consequence of Proposition [3.3] is that if the cells are able to increase their rate of
division above an explicit threshold, this is sufficient to contain the infection. In the same
direction, if the parasites manage to slow down the rate of cell division sufficiently, this gives
them enough time to multiply and be numerous in a large proportion of the cells.

3.3. Linear division rate, constant death rate. In this section, we study in details the
case of a linear division rate. Let us first state the general assumptions of the section.
Assumption LDCG. (Linear Division, Constant Growth) We assume that

e There are no stable jumps (cy =0).
e There exist a, 3 >0, g,q > 0 such that max(g, ) > q and

9(x) = gz, q(x) = q, 7(x) = ax + 5.
e The measure 7 satisfies [(z* A 2%)m(dz) < oo and for all z > 0, zp/(z) > p(x).

We first make three remarks on this assumption:

- If the division rate is linear in the quantity of parasites, the mean number of cells at
time ¢ depends on the expectation of the total quantity of parasites in the population,
which is infinite if we consider stable jumps.

- In Lemma we will see that the quantity max(g, 3) — ¢ is the Malthusian growth
rate of the population. Therefore, we only consider the case of a growing population.

- The last point is needed for the existence of an auxiliary process (see Prop. [4.1]).

A linear increase of the division rate in order to get rid of the parasites is an efficient
strategy for the cell population, as stated in the next proposition. Recall that G has been

defined in (1.2)).

Proposition 3.6. Under Assumption[LDCG] for all z > 0,
i) For all a > 0,

Es, [#{u €V, : X}* € [a,a + da]}] _ P.(); € [a,a + da))
Es, [V] aE,[V; ]

where Y has infinitesimal generator
() =1(a) + pla) [ (Fa+2) = f(@) - 21 (@) Znld)

+ (2"2(9”) +p($)/z27r(dz)> F(x) + 2r(x) [/Olﬁ(f(ﬁx) — @) K(dO)] . (3.7)

X X

)
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ii) For all e > 0,

Vi: XPF>K
Hue oK) )

lim lim ]P)éz (1{Nt21} Nt

K—oot—00

Point i) of Proposition gives information on the distribution of the quantity of para-

sites in the cells in large time. Point i) extends the results of [9] to a class of division rates

increasing with the quantity of parasites. It is similar in spirit to [9, Conjecture 5.2] in the

case of birth rates increasing with the quantity of parasites, but we relax the assumption of

bounded division rates. Moreover, we consider positive jumps and various diffusive functions
for the dynamics of the parasites, and add the possibility for the cells to die.

From this result, we see that the proportion of very infected cells goes to 0 as t tends to
infinity so that a linear division rate is sufficient to contain the infection. Under additional
technical assumptions we are able to establish a law of large numbers, linking asymptotically
the behaviour of a typical individual at time ¢, given by the auxiliary process Y!), with the
behaviour of the whole population.

Assumption LDCG+. We assume that Assumption LDCG] holds and that

/ (2 V 28)m(d=) < oo, (3.9)
0
2
lim sup 7 (2:6) < oo and lim sup&ﬂ;) < 0. (3.9)
Tr—r00 x T—00 X

Under this assumption, we obtain a convergence result for the branching process.

Theorem 3.7. Suppose that Assumptions[LDCGH] holds. Then, for all bounded measurable
functions F : D([0,T],X) — R, for all x,y,T > 0,

2
Z F (X}, ,s<T
Eaz 1{Nt+T21} ( ueViyr ( t+s ) _E [F (Yt(fsrT)v s < T) }Yo(t—&-T) _ y} .0,

Nt+T t—o0

where Y is a time-inhomogeneous Markov process solution of a SDE given below in (4.9)).

Theorem ensures that asymptotically, the trajectory of the traits of a sampling along
its ancestral lineage corresponds to the trajectory of Y. Hence, the study of the asymptotic
behaviour of the proportion of individuals satisfying some properties, such as the proportion
of infected individuals, is reduced to the study of the time-inhomogenous process Y.

To state the following results, we also need to introduce conditions under which the quan-
tity of parasites may (LINO) or may not (SNO) reach the state 0. They are almost nec-
essary and sufficient conditions (see [22, Remark 3.2 and Theorem 3.3]). Condition
has already been introduced, and we notice that under Assumption it reduces to
o?(u)/u? = o(In(u~1)) close to 0. Condition writes

(LINO) There exist 7 > 0 and ug > 0 such that for all u < ug

g _ UZ(QU) < —In(u™t) (lnln(u_l))Hn.

u
Under Assumption [LDCGH it reduces to o?(u)/u? > In(u™!) (In ln(u_l))H_77 close to 0.

The following proposition states that in the case of a division rate increasing linearly with
the quantity of parasites, at least two long-time behaviours are possible for the infection at
the cell population level: extinction or stabilization of the infection.

Proposition 3.8. Assume that Assumption LDCGH holds.
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i) If|((LNO)| holds, then

weEV,: X% >00\2
By, ll{Ntzl} <#{ p o Xy }>

0 t .
N =0, (t— o00)

ii) If[(SNO)| holds, then for any zp,yo >0, 0 < a < b,

1iacxu 2
1in>1y <Zuevt la<Xi<o} P (a < Yt(t) < b‘YO(t) = yo)) ] — 0.

E
5930 Nt t—+o0

Moreover, there exist two processes (@(1),@(2)) satisfying
ngl) < Yt(t) < 2)752) a.s. vt >0
and admitting a proper limit (without atoms in 0 and co) at infinity.

Notice that point i) covers the classical diffusive function (0?(x) = 0%z, ¢ > 0). The

cell population may thus recover if the dynamics of the parasites in a cell is such that the
probability of absorption of the infection process is positive (condition .
Under condition the parasites in the cell line do not get extinct, and point i) gives
information on the distribution of the quantity of parasites in the cells for large times. The
auxiliary process Y of Theorem describing the behavior of a typical quantity of parasites,
is time-inhomogeneous. The result is thus obtained by a coupling with @(1) and @(2) such
that our auxiliary process is sandwiched between the two processes @(1) and @(2), for which
we are able to prove convergence and some properties of the limit.

The rest of the paper is dedicated to the proofs of the results presented in previous sections.
As mentioned before, the proofs rely on the construction of an auxiliary process, which gives
information on the dynamics of the quantity of parasites in a ‘typical’ cell. But to have
information on the long-time behaviour of the infection at the population level, we need to
derive additional results on the number of cells alive, which is not an easy task due to both
the death rate and the dependence of the cell division rate in the quantity of parasites.

4. MANY-TO-ONE FORMULA

4.1. Construction of the auxiliary process. Recall from that the population state
at time t, Z;, can be represented by a sum of Dirac masses. We denote by (M;,t > 0) the
first-moment semi-group associated with the population process Z given for all measurable
functions f and z,t > 0 by

My f(x) = By, [Z f(Xt“)] :

u€eVy
The trait of a typical individual in the population at time ¢ is characterized by the so-called

auxiliary process (Y;(t), s <) (see |21, Theorem 3.1] for detailed computations and proofs).
Its associated time-inhomogeneous semi-group is given for r < s <t, x > 0 by
_ M (fMy—51)(z)

Mt_rl(l‘) ’
where 1 is the constant function on Ry equal to 1. More precisely, if we denote by
m(x,s,t) = M;_s1(x) the mean number of cells in the population at time ¢ starting from

one individual with trait z at time s with s < ¢, then, for all measurable bounded functions
F :D(]0,t],R}) — R, we have:

(4.1)

Es,

Y F(XYs < t)] = m(z,0,t)E, [F (Y;ﬂ, s < t)] . (4.2)

ueVy
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The Markov process (Ys(t), s < t) is time-inhomogeneous and its law is characterized by its

associated infinitesimal generator (.Agt), s < t) given for f € D(A) and = > 0 by:

O f () =G f(x) + 2r(x 2) — f (z)) T80
A ) =G0 ) +20(@) [ 00) = @) AT (a0,
where
D(A) = {f € C}(Ry) s.t. m(-,s,t)f € CZ(Ry), Vt >0, Vs < t}
and
G0 1(0) = (o) + 202() 2] sy [ (EEESD =) 1) ) (o
9 " ) — 2 7n(a:+z,s,t)7r s
o @) p(@) [ (o +2) = 1) = 2 @) )
v [ (o) - 1@) M2 ),

Those formulas come from [2I, Theorem 3.1], with B(z) = r(z) + ¢(x) and m(z,dy) =
2r(x)(r(z) +q(x))~* fol 00 (dy)r(df). Note that explicit expressions for the mean population
size m(z, s,t) are usually out of range, except for particular cases (see Section .

4.2. Role of the death rate in the auxiliary process. In this section, we compare
the auxiliary process associated to a population with or without death. More precisely, we
demonstrate why the death rate does not appear in the generator of the auxiliary process.

Let (Zt, t > 0) be the previously defined population process to which we add a trait D}
to each individual v in the population: D} = 0, the individual is still alive, D}’ = 1, the
individual is dead. To compare the population dynamics with or without death, we consider
that the trait of the dead individuals still evolves and that they can still divide but their
descendants will be born with the status Dy = 1. More precisely,

Zv=) dxeop = D Oxeo) T D xp

u€eVy ueVvy ueV}

where V¥ (respectively V;!) denotes the alive (respectively dead) individuals in the population
at time t. We denote by N (respectively N}!) its cardinal and introduce X = (X, D}*) for
all u € Y and t > 0. Next, we consider the following dynamics:

- a death event for u leads to set D" = 1. Therefore, it does not affect dead cells.
- a division event does not change the status D} of an individual and its descendants
inherit the status of their ancestor.
- we extend the generator G to the functions f : Ry x {0,1} — R, such that
f('ao)a f(7 1) € CE(R+)
Then, (Z;,t > 0) is defined as the unique strong solution in Mp(R; x {0,1}) to

(Zur £) = £ (20,0) + /0 [ 6@ (d5) ds+ M (w0.0)

[ty (Ve ) G OXE D2 4 (= 00202 - (X2, DY)

+1{0<Z—T(X:7)SQ(X:‘7)} (f (X;L_7 1) - f (X:—ng—))> M (dS,du,d@,dZ),
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for all f: Ry x{0,1} — Ry such that f(-,0), f(-,1) € CZ(R4), where M/ is an Fy-martingale
(Fi denotes the canonical extension of F;). Let N; = N + N}. Introduce
mo(z,s,t) = E [N,?‘ZS = 5(1’0)}
and consider the auxiliary process ﬁ(t) = (Ys(t),DS) for all 0 < s < ¢t and its associated

generator .Z;(f) given for all ¢ : Ry x {0,1} — Ry such that (-,0),%(-,1) € D(A), and for
all (z,d) € Ry x {0,1}, by

A0, d) =G0 ) (0) + 20(0) [ (00, - ot ) 2D
+a(e) (9o, 1) — (. ). (13)

Using the Many-to-One formula (4.2), we get

> =0}

ueVy

mo(z,s,t) =E

Zs = 6(38,0)] = m((a:,()), Sat)P (Dt = O‘i;s(t) = (l‘,O)) :

As we can see on the expression of the generator of the auxiliary process in (4.3)), Ds switches
from 0 to 1 at rate g(x) and 1 is absorbing for D;. Therefore,

t
o) = & [exp (= [ av{an) V0 = o] mi(,0),5.0),
and in the case ¢(x) = ¢ > 0 for all x > 0, we get
mo(z,s,t) = e 1 =Im((z,0), s,1).
In particular, for all z,y > 0
mO(yasvt) m((y,O),s,t) (4 4)

mo(w,5,t)  m((x,0),5,t)’
The expressions appearing in the generator of the auxiliary process given page[l1]are identical
with or without death, but the difference is hidden in the ratios of m(y, s, t)/m(z, s, t). From
the previous computations, we obtain that in the case of a constant death rate, the auxiliary
process is the same as the auxiliary process of a population process without death and

E| > f(xy

uevy

Zy =38, | =molw,r,OE [ f (V) [V =] = e 1R !Z F(X¥)

ueVy

Zr:(sx].

4.3. The case r(z) = ax + (3, q(zr) = q. Assume that ¢, = 0 (no stable positive jumps).
Then under Assumption [LDCG] a direct computation (see [2I, Section 2.2.3] for details)
shows that if g # 3, the mean number of individuals can be written

oxr [6%)
m(e.s.8) = % cloa(-9) | (1 _ ) o(B0)(t=5) 45
(z,8,1) " " (4.5)

We introduce the following functions for y > 0, s,z > 0, and 0 € [0, 1]:

| o (=) 1)
Al s) =y + (20200 +9t0) [ i) —HC T G
_ aby (eld—B)s _
ol .0) = 2oy + 9) L LB ) (@)

g—B+ay(eld=Fs —1)°
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and

az (6(9_5)5 - 1)
f3(y7 372) = p(y) 1+ (g — /8) Ty (6(975)3 — 1) : (48)

We obtain that A® is the infinitesimal generator of the solution to the following SDE, when
existence and uniqueness in law of the solution hold. For 0 < s < ¢,

s s [oo ® 4wz
) —y® o , (Y 2 t-uz)
Yol =Y+ | ATt —u)dut 2Q(du, dz, dx)
0 o Jo Jo

s s rl fQ(Yu(t_)7t7’U4,0)
+ / /202 (Y;f”)dBqu / / / (0 — )Y IN(du,db,dz),  (4.9)
0 0 0 0

where @, B are the same as in (I.1) and N is a PPM on R, x R, x [0,1] with intensity
ds @ dz @ k(df).

The auxiliary process Y can be realised as the unique strong solution to the SDE (4.9)
under some moment conditions on the measure associated with the positive jumps. We also
need an additional assumption on p that ensures that the rate of positive jumps f3 of the
process Y is increasing with the quantity of parasites.

Proposition 4.1. Suppose that Assumption [LDCG| holds and that fz%r(dz) < 00, and

that zp'(x) > p(x) for every x > 0. Then, Equation (4.9) has a pathwise unique nonnegative
strong solution.

The proof of this proposition is given in Appendix[C|] The case g = 3 will not be considered
in this work, as it entails additional computations and does not bring new insights.

5. PROOFS
5.1. Proof of Proposition Let us introduce the SDE

t t t rp(Y,o) _
Yi=z+ / g(Yy)ds —|—/ V202(Ys)dBs +/ / / 2Q(ds, dz,dz)
0 0 0 Jo Ry

t oy top2r(Y) fl
+// / zR(ds,dw,dz)+// /(0—1)YSN(ds,dx,d9), (5.1)
0 Jo Ry 0 Jo 0

where N is a PPM on Ry x Ry x [0, 1] with intensity ds ® dx ® k(df). Note that YV is well-
defined as the unique strong solution to (5.1) under Assumption (see [22, Proposition
2.2] and Appendix . Then, Proposition is a consequence of the following two lemmas.

Lemma 5.1. Assume that there exists a real number v such that r(x) — q(x) < 7y for any
x € Ry, and let f be a nonnegative measurable function on Ry. Then for x,t > 0,

Es,

> f <X#>] < 'E, [f (YD),

ueVy
where Y is the unique strong solution to the SDE (|5.1)).

Lemma 5.2. Let { > 0.
i) If Assumption [EXPL| holds for some a > 1 such that E[©'~%] < oo then

lim Es,
t—o00

> (xptv c)l‘“] =0, Vz>0.

ueVy
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ii) If Assumption holds for some a < 1 then

lim Es, > (XA 4)1“] =0, V&>0.
ueVy
Proof of Lemma([5.1. Let us introduce the generator
1
Af(@) = G5(@) +20(a) [ (7(6) = 1) n(a). (5.2

We normalize the population process similarly as in (4.1). Let v € R be such that for all
x>0, r(z) —q(z) <. Let f € C? and for z,t > 0 let

Yf =e"E

X Z0 = @]

ueVy

be the renormalized first moment semigroup of Z. Then we have

Oont = [ (G0 7))

R4

1
+ /R+ (r(zc)/o (f(Or) + F((1 = 0)x) — f(x))r(db) — q(;)f(;)) ~e(dr)
— [ (616 =1 0) ula

1
v + <2r(x) [ ) = sanetan) + o) - q(x))f(x)) o(d).

and using that r(z) — ¢(x) <~ for all x > 0, we obtain

0
a%f <v(Af),

where A is defined in (5.2). Finally, by unicity of the solution to the Kolmogorov’s backward
equation,

wf=E|> F(X"2Z = ax] e <E, [f (Y1), (5.3)
ueVy
where Y is the unique strong solution to the SDE ([5.1)). 0

Proof of Lemmal[5.2. Let Y be the unique strong solution to (5.1)). First, we prove using a
coupling argument that under Assumption [EXPL] for all y > 0, P, (77 (0) < 0o) = 0, where

77(0) =inf{t > 0,Y; = 0}. (5.4)

Let K > 0. We consider the process Y defined as the unique strong solution to

~ t t — t rp(Y,—) ~
V== +/ g(Ys)ds + / \/202%(Y,)dBs +/ / / 2Q(ds, dx, dz)
0 0 0o Jo Ry
t Y _ t 27 rl _
+/ / / zR(ds,dz, dz) —|—/ / / (0 —1)Y,- N(ds,dzx,db),
0o Jo R+ 0o Jo 0

where B,@ and N are the same as in (5.1) and T = SUP,¢(0,K] r(z). Then, as p is a
non-decreasing function,

YV, <Y; forall t<77(K):=inf{t>0,Y;>K}. (5.5)
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Let 77(0) = inf{t > 0,Y; = 0}. Adapting [22, Theorem 3.3] (see Appendix [B.1)), if [(SNO)
holds, P, (7~ (0) < co) = 0 for all y > 0. Let a > 1 be as in Assumption [EXPL} Using that
Ga(z) >+, we have
g(x) _ o*(x)
Rl o
T x
so that [(SNO)| holds. We thus obtain that for all y > 0, P, (77(0) < co) = 0. Then, from
(5-5) we get Py, (77 (0) < 77(K)) = 0 and letting K tend to infinity yields

E[©!~ —1]

+27°C, — p(x) I, (x) > (a — 1)1 + 2r(x) ]

Y

P, (77(0) < 00) = 0. (5.6)
Now, let ¢ > 0 and € > 0. Let T'(¢) := 7 (¢) A7+ (1/¢) where
7 (e) =inf{t > 0,Y; <e}. (5.7)

Then we have from (5.3), for every t > 0, x > 0,

Es

x

> (Xiv¢ )la] < Es [Lperen ¥y ™) + 'Ee Loy (H1V Q'
ueVy

For the first term, using that G,(z) > 4/ for all x > 0 and the martingale property proved
in Lemma we have

s [Ly<reny ¥y ] = VTV, [YtlA_T‘Eg)@" (MT(E))l{tST(en}
< R, [YtlA*T‘zE)efoMT(E) Ga(Ys)dS} = 2=t
And for the second term,
E, [1{t>T(e)} Y% ()HL] <E, [1{t>T—(a)} Y% C)HL] + E, [1{t>r+(1/a)} (v C)lfa} :
For any fixed t > 0, as a > 1,
Loy (Vi V Q)T < ¢
where ¢!~ is finite and does not depend on ¢, and we know thanks to (5.6) that
ii_r)r(l) 1f>7-(e)) =0  almost surely.
Hence by the dominated convergence theorem, we obtain that
ii_% Ey [1psr(ey (Y2 V O =0 almost surely.
Let us finally consider the last term. First, notice that for every € > 0

Lisrtey (VO < (5.8)

where (17 is finite and does not depend on . Now, let us consider the sequence of stopping
times (77 (1/¢),e > 0). This sequence increases when e decreases, and there exists 77 (00),
which may be infinite, defined by

lim 77 (1/e) =: 71 (00). (5.9)
e—0
There are two cases:
o If 77 (c0) <t then Y; = co and
Lisrtaoy (VO =0.
e If t > 7% (00) then there exists g9 > 0 such that for any e < gg, 71(1/¢) > ¢, and
Lisrtayey (YiV Q' =0, Ve<e
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We deduce that for any fixed ¢t > 0

gii% Lipsrt(1/e)y (Y2 V O * =0 almost surely.
From (5.8) we may apply the dominated convergence theorem and obtain
. 1—
lim Ex |1 qajoy (% VO] = 0.

To sum up, we proved that for any ¢t > 0, z > 0, and € > 0,

Es

x

Yo XV a4 E, [1{t>T(S)} (Vi V¢ )1‘“} s g,
ueVy e—0

Letting t tend to infinity ends the proof of point i), as v < 7.

Let us now turn to the proof of point ¢). It is similar in spirit to the proof of point 7). Let
a <1 and 4" > 0 be such that Assumption holds. Adapting [22] Theorem 4.1i)] (see
Proposition , under Condition we get for Y (defined as before as the unique
strong solution to (5.1))), and for all y > 0,

Py (77 (00) < o0) =0, (5.10)
where 77 (00) has been defined in (5.9). And as G,(z) >~/ for all z > 0, holds.

Let € > 0. Similar computations as for point 7) lead to

Es,

3 (XA g)l—a] < 2™ 1 (B, (1 (0yay (G A Q|+ PalrH(1/) < £)¢177).
ueVi

From (5.10)), the last term converges to 0 when & goes to 0. Moreover, distinguishing
between the cases {77 (0) < ¢t} and {77 (0) > t} and applying the dominated convergence
theorem, the second term also converges to 0 when e goes to 0. This ends the proof of 7). O

Proof of Proposition[2.1. Let K >0, ¢t > 0. Under Assumption [EXPL] as a > 1:
Ps. (Ju e Vi, X! < K) = Pg, (Elu €V (XPVE) T = KH)

<P;, (Z (XPV KT > Kl_“> < Es,

ueVi

>y \/K)l_“] KoY

ueVy

by Markov’s inequality. The other case is similar. Proposition follows from Lemma [5.2
O

5.2. Proofs of Section [3.1] and [3.2]

Proof of Proposition[3.1 First note that ag is well-defined because ¢ : a — 2E [0%] — 1 is
decreasing on R, and ¢((—o0,1]) = [0, +00). Let B be the infinitesimal generator associated
with the first moment semigroup of the branching process given for all f € Cg(R+) by

Bf(x) = g(2)f' () + o*(x) f"(z) + p(w)/ (fle+2) = f(z) = 2f' () 7(dz)  (5.11)

Ry

1
+r(z) /0 (f(0x) + f((1 = 0)z) — f(2)) K(dB) — q(x) f ().
Let Vo (z) = 2%. Under Assumption we have

1
BV, (z) = <ag + oo — 1)o? + r(x)/o (20% — 1) k(df) — q(x)) Va(x).



PARASITE INFECTION 17

Then, as 2E [©%¢] — 1 = /3, we obtain
BVa, () = (gg + aglag — o? + ¢) Vg () 1= AVa, (7).
Then, according to [12, Lemma 3.2], we have for all z > 0, f € CZ(R.),

Es,

> f(X#)] = 2 E, [V (0] (5.12)

ueVy

where Y is a Markov process with infinitesimal generator given by
1
Av,,, f(2) = (g + 20%a5) ' (2) + 0*a* " (x) + 2r(x) [ | o (7(62) = plan) wtan)|
0

and FY its natural filtration. Note that in particular, as 2r(z)E [0%] = Br(z) + r(z) =
c+r(x)+q(z), we get

4V, = (r(V) — a(V) = N ¥, Pt + dd,
where (Mt(l), t > 0) is a F-martingale. Note also that taking f =1 in (65.12), we obtain
Es. [N)] = 2°0eME, [ ;‘ﬂ . (5.13)
Next, let K > 0 and f(x) = 1{;~ k). Combining and , we have

Es, [Zuevt 1{X3>K}] By [1{%>K}y;aﬁ]

Bo N m o]

First, we prove the point |(1)| of Proposition Let g € (0,1). Then, ag € (0,1) and

Es, [ZUGVt 1{X#>K}} < K=%P, (Y > K)

Es, [IVi] TR, { ;aﬁ}

. (5.14)

Moreover, in this case

CE 7] =R [0 B0 e NI 2 (- VB [377],

and by Gronwall’s lemma we obtain
E, [y;aﬁ] > :E—age(c—)\)t_
Combining this inequality with (5.14)), we have

P Bt ¢ (2 e

where we used that A — ¢ = ag(g + (ag — 1)o?. This ends the proof of point
For the point let 3> 1. Then, ag < 0. Using 1t6’s formula, we have for all ¢ > 0,

In(Y;) = In(M) + (g + 02205 — 1))t + 2E [0 In(O)] /0 t r(Vy)ds + M,

where (Mt(2),t > 0) is a FY-martingale. By assumption, there exist xo(ag),n > 0 such
that (3.2) holds. To simplify, we write zo instead of xo(ap) later in the proof. Then, for
0 <yo < xo,

I (Vinet(en) = I0(0) = 1 (EA T (20)) + Mymrs 0, (5.15)
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where T+ () has the same definition as in ((5.5)) except that it is for the process ). Note that
Vet (zg) = To. Therefore, for all ¢ > 0, In (ymﬂxo)) < In (z9) almost surely. Then, taking
the expectation in (5.17]), using this inequality and letting ¢ tend to infinity, we obtain

Eyo [TF(z0)] <97 'In <$0> < 00.
Yo

Applying [10, Theorem 7.1.4], ), converges in law to a variable Vs, on R, satisfying
PYoo <A)= ———FE

T+ (z0)
1 ds| .
.o [T+ (20)] /0 s<4)

Moreover, as [(SNO)| is satisfied thanks to (3.2)), applying [22, Theorem 3.3i)], we obtain
P(Ys = 0) = 0. Recalling that as ag < 0, Fatou’s lemma implies that for any = > 0,

1

lim inf E, [y;“ﬁ] > lim inf B, (V) A1) 7] = B[V A1) 7] > 0. (5.16)

t—o00

Finally, as before, combining (5.12)) and (5.13)), we obtain for any K > 0,

Es, {Zuevt 1{X;‘§K}] E, [1{3;51(}37;%} _ K

Es, [Nt] B E, [y;a5:| B E, |:yt*a6:| '
Using ends the proof of

The proof of point is very similar, and we only give the main ideas of the proof.
Assume that there exist zg(ag),n > 0 such that (3.1]) holds. Then, one can prove as before
that for yg > xg > 0,

Eyo[T (20)] < (E[In1/0] + In(yo/z0))/n,
where T~ (z() has the same definition as in (5.7 except that it is for Y. Applying again [10]
Theorem 7.1.4], ); converges in law to a variable Vo, on Ri. As|(SNoo)|is satisfied thanks
to (3.1)), [22, Theorem 4.1i)] implies P(Y = 00) = 0. Finally, as ag > 0,
Ex[Voo *] > Ey [(Voo vV 1)7%7] > 0.
Combining this with (5.12) and (5.13)) ends the proof as before. O

Proof of Proposition|3.5. The proof is very similar to the proof of Proposition [3.1], we thus
only give the main ideas. Recall the definition of B in ([5.11). Then for V;(z) = x, we obtain

x
BYA(e) = o) ~ a(Vi(o) = (22 - ) ) Vo) = ti(o),
and (5.12)) thus holds where ) is the Markov process with infinitesimal generator given by

0'2 X T
Avif) = (96 + 27 22 [20a)) 10 + 020" 0

(z+ 2)

(@) [ (Flat2) = 50) 27 @) () + 20t [ [ 000s) - 1) stan

Let us begin with the proof of point We have

E5z [Zuth 1{X#ZK}:| E, [1{%2[(}3)15_1} K!

Es, [Nt] R TEWYT

Let us prove that liminf; .o E, D)t_ 1] > 0. Using [t6’s formula and Taylor’s formula for
the term accounting for positive jumps, we have for all t > 0,

t 0_2

+ (Vo) o (ys)> ds + 2E [0 1n(0)] /Ot r(Vs)ds + M,
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where (Mt(?’),t >0)isa ]_—ty -martingale. By assumption, there exist xg,n > 0 such that (3.6))
holds. Then, for 0 < xy < o,

I (Vo (ao)) — (o) < = (EA T (20)) + M. (5.17)

Hence, taking the expectation in (3.6]), we obtain E,, [t~ (z)] < (E[In1/0] + In(yo/x0))/n.
Applying [10, Theorem 7.1.4], )} converges in law to a variable J, on R, satisfying
P(Vo <A)=——— _E

T_(.’Eo)
1 ds| .
Eq [T (20)] /0 e

As|(SNoo)|is satisfied, [22, Theorem 4.1i)] ensures P(YVoo = 00) = 0. Fatou’s lemma implies
that for any = > 0,

liminf E, [V, '] > lim inf By [(V) V DY =E (Vo V1)1 >0,

t—00

1

which ends the proof of point
For point [i)l applying the generator Ay, to the function f(x) = =2 (as P(); = 0) = 0 for

all t > 0 using (5.12) with f(x) = 21y,_g)), we obtain:
- (gm) 2O p) [ Palde)
! N Vi 2V Jry Mtz

where (Mt(4), t>0)isa .7-?} -martingale. From ({3.3)), there exists C; < oo such that
2 *m(d 2
p (2201 2] [ 200 2 ),
>20 T > Jp, Ttz x ©
Adding condition (3.4, we thus obtain that

—r(VE {1 - 1]) dt + dm ),

-2 _
d(yt )_ 2 [e) 2

d _ _ 2
—E ] < (—277111-3 V72 + Sm+ Cl> :
t xy
which yields the existence of a finite constant C'y such that

supE [yt—?] = (5.
>0

Applying the generator Ay, to the function identity and taking the expectation, we get
d gV) | 2V p(D) / 2 21 1
—E =E 2 d 2 E |0 — = .
GEOH = [ (55 2T B [ a2 (B (6] - ;
Combining (3.5 with there exists C3 > 0 such that

BV < —nE Y]+ Cs,

which yields the existence of a finite constant Cy such that sup;~, E [4] = Cj. Using Jensen’s
inequality, we obtain E Dit_l] ! < (4. Next, from the definition of ) we know that

Bs, [Zuth I{X?SK}} B Ly V]
Using the previous computations and Cauchy-Schwarz inequality, we obtain
Ee [1(y,<x}Y; ] > 1
<6 ) o, [P > KR [] < CyOuK,
E, [V '] ' Vi
which ends the proof of point O

5.3. Proof of Section [3.3|
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5.3.1. Proof of Proposition[3.6, First, we need to control the value of the second moment of
the population size relatively to the square of its mean.

Lemma 5.3. Suppose that Assumption LDCG] holds. Then for all x > 0,
(i) if B > max(g,q),

Es, [N7] ~ CP(x)e?P~9", Ef [N ~

2
<1+ ar > 2B-a)t

r t—00 t—00 /B_g
where
2,2
%) = 1 ox o' (1 ox ><2ax B+q> ar  (B+4q) '
1(@) T g—q G2 T\ TE=g) B9 i=d) Ty BB g4

(ii) if g > max(5,q) and a > 0,
2
21 o [2 ~ [ 2(g—a)t
Eéz [Nt] t—o00 ]ng [Nt] t—o00 (ﬁ — g> ¢ ’

Proof. According to It6’s formula, we have for all t > 0 and x > 0,

d
—E;, [N7] = Es, [(a:ce@—q)t + ﬂNt) 1+ 2Nt)] +Es, [qN, (1 — 2Ny)]

= axe9™ Dt + 202 DtEs [Ny] + (8 + q)Es, [Ni] + 2(8 — q)Es, [NE] .
Using (4.5)) and variation of constants we obtain

(e(g—q)t — 62(ﬁ—Q)t) 20212 (62(9—Q)t — eZ(ﬁ—q)t)

Es [N2] =e205-9t 1 o +
o [NV] g—28+q 9-B 2(9 - B)
(g+B—2q)t _ 2(B—q)t (=)t _ 2(B—q)t
ax \ (e e ) axr (e e )
+20x (1 — + +
( g—ﬁ) g—> (8 Q)g—ﬁ g—2B+q
(B—a)t _ 2(B—q)t
e e
~(1-.") 6+ )
g—> B—q
Therefore,
. a2z2 _
if g > max(B8,q), Es, [N7] e Wem )t
: 21 2 2(B—q)t
if 8> max(g,q), B, [N?] ~ CHx)e :
Moreover,
a2332 axr 2 axr axr
Es. [N, 2T Q29 4 <1 _ ) 2(B-a)t _ (1 _ ) ngrBqu’
(Vi (9—B)? g—p B—g g—B
so that , -
lf g > max(ﬂ, q), E(Sz [Nt] t_;:_oo (‘;X_%)Q 62(97Q)t

2
if 8> max(g,q), Es, [Ni]® ooy (1 + %) 2Bt
0

Proof of Proposition[3.6, Point 7) is a direct consequence of the point i) of Proposition
Let a > 0. If we consider the process ) with infinitesimal generator (3.7), we get from [12]
Lemma 3.2] the following Many-to-One formulas, when considering the functions f(x) =

xlaze[a,aera} and f(l') =1,

aIE(;Z

Z ]-Xtue[a,a—i—da]] =2e"P, (Y € [a,a +da]) and Eg,
ueVy

> 1] = ze"E, (V1]

ueVy
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It concludes the proof of point 7).
We now prove point 7). Proposition ) and Markov’s inequality yield for any € > 0,

. ) #lueVi: X > K} _
R i, P (1{Nt21} Es, (V] ze) =0
To prove point i), it is thus enough to prove that

lim lim Diff(K,¢,¢) = 0, (5.18)

K—oot—o00

where

Diff(K,t,e) := Ps, (1{Nt>1}

#{uth:Xt“>K}_#{uth:Xg“>K}‘>€>
Es, [Nt] Ny '

We use different strategies depending on whether g > max(3,¢) and a > 0 or 8 > max(g, q).

Case g > max(f3,q) and « > 0. Applying Markov’s and Cauchy-Schwarz inequalities,
#{ueV,: X} > K} Vars,_ (Ny)
Ny —E[N{|| €« X—2~ 2
Nt | t [ t} | —_ EE(SI [Nt]
which goes to 0 as ¢ goes to oo according to Lemma and (j5.18)) holds.

1
Diff(K,t,e) < ——FEs |1
iff(K,t,e) < eEs, [V/] O |: {Ne>1}

Case > max(g, q). Notice that in this case, from the proof of Proposition Many-to-One
formula with the function f(z) = z writes Es, [P] = 2e9~9! where P, := 3 X}, and
from Lemma [5.3

ueVy

~ ax (B—q)t
Es, [Ni] ~ <1+B—g>e .

Hence
E(;z [Pt] < E(;z [Nt] s t — oo.
Let us introduce, for ¢,t, K > 0, the event
. u
#{ueV,: X{ > K} >€}'
Ny

Atk = {1{Nt>1}

We will make a reductio ad absurdum and assume that point i) of Proposition does not
hold. As a consequence, there exists g, ag > 0 such that

lim sup lim sup Ps, (Acyt.5) > ao- (5.19)

K—oo  t—oo

But for any K,t > 0, we have

> uey, Lxpsk

Es, [P] > KEs, 1{Nt21} N,

Nt > K€0E5w [Nt]‘Aso,t,K]' (520)
The process (g, t > 0) has the same law as a supercritical branching process, with individual
birth and death rates § and ¢, and a time inhomogeneous immigration (with rate aP;). Then,

(1) either there exists Ty < oo such that there is no more immigration after time 7p. In
this case, either N; goes to 0 at infinity, or Nye~(#~9! converges almost surely when
t goes to infinity to a positive random variable Wy (3], p.112]).

(2) or there is an infinite number of migrants, and as every birth-death process has prob-
ability 1 —¢q/B > 0 to survive ([3, p.109]), there is a time 77 < oo such that the immi-
grant arriving at time 77 has an infinite line of descent, and thus Nt_Tle*(B*Q)(t*TI)
is larger than a process which converges almost surely when t goes to infinity to a
positive random variable Wj.
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From this analysis, we deduce that liminf; .., E [Nte_(ﬁ_q)tl{ Ntzl}] > 0. According to
(5-19), there are sequences (K,,n € N), (t,,n € N) going to co and ng € N such that n > ng
implies Ps, (Acyt,,K,) = ao/2. As for all n > 0, A, 4, K, € {INy > 1}, there exists C' > 0
such that for all n > ng

Eéz [Ntne_(ﬁ_q)tn 1A507tn,Kn] - E(sz [Ntne_(ﬁ_q)tnl{Ntn Zl}]P(ASO,tnyKn) Z CG/O/Q.
We deduce, using ([5.20)), that for any n > ny,

2e9= Dt — s [P, | > KpeoEs, [Ny, 14 ] > C%Knaoe(ﬁ’q)t”,

e0stn,Kn

which is absurd because 8 > g. It concludes the proof. O

5.3.2. Preliminary results on the auxiliary process. Recall that the auxiliary process (Ys(t), s <
t) is well-defined as the unique strong solution to (4.9) under LDCG]| In what follows, we

set Ys(t) = Yt(t) for all s >t and f3(x,u,z) =0if u <0, for all z,z > 0.
The next proposition is an analogue of the auxiliary process of [22, Theorem 3.3] Let
77(0) == inf{0 < s < t: YY) =0}.

Proposition 5.4. Suppose that Assumptions LDCGI| holds, that fooo(zv,zz)ﬂ(dz) < 0o and
that xp'(x) > p(x) for every x > 0.

i) If Condition |(SNO)| holds, then P, (7, (0) < o00) =0 for all z > 0.

it) If Condition |(LINO)| holds, then for any > 0 and s > 0, P, (7, (0) < s) > 0.
Proof of Proposition[5.4 This proof is very similar to the proof of [22, Theorem 3.3]. The

only modifications are due to the time-inhomogeneity, and to the fact that the time interval
is restricted to [0,¢]. We proceed by coupling to overcome these two difficulties.

i) Introduce Y the unique strong solution to

o t t — t fs(Y,—t—sz)  _
Y=Yy + g/ Yids +/ \/202(Y5)dBs +/ / / 2Q(ds, dz,dx)
0 0 0 Jry Jo

t r2eY,—+8) 1 _
+/ / / (0 —1)Y,-N(ds,dz,df), (5.21)
0o Jo 0

where B, Q, N are the same as in (4.9), f3 is defined in (4.8). Notice that
fl(yas)zgya f2(y7879)§2(ay+ﬁ)7 V?J’Z,tZO, SG[O,t], NS [071]
and f3(z,t — s, z) is non-decreasing in & because zp'(x) > x for all > 0. In particular this

implies that if Y is a solution with 170 = Yo(t), then Y, < Y;(t) for any s smaller than ¢. But

Y satisfies the assumptions of a modified version of point i) of [22, Theorem 3.3] where the
rate of positive jumps depends on time (see Appendix |B.3). Therefore, applying this result,

we proved that Y does not reach 0 in finite time, so that Y) does not reach 0 before time t¢.

i1) First notice that for any > 0 and s < ¢, the function f; defined in (4.6]) satisfies
A
fi(z,s) < gz + (202(:E) +p(:r)/ z%(dz)) i : ge(x),
R

14+ xA -
where A; = a(e9=P* —1)/(g — B). Let (Y, s > 0) be the unique strong solution to

_ (t) S_ _ S — S 1 7(0) _
Y, =Y +/ g: (Y, du+/ 202 (Y, dBu+// 0 —1)Y,- N(du,db,dz
O [Cayas [ @an [ [ [0 N

s poo pfs(Y_t—uz)
+ / / / 2Q(du, dz, dz), (5.22)
0 JO 0

+
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where for all z,s > 0 and 6 € [0,1], 7(0) := 208 < fo(x,s,0), with fs defined in , f3 in
, B, N and @ are the same as in (4.9). Then, for all 0 < s <, Y, > Ys(t). Then, for
?*( ) :=inf{s > 0:Y; = 0}, if we prove that

P(77(0) <v) >0, VOo<wv<t, (5.23)

it will imply that P(r; (0) < v) > P(7(0) < v) > 0 and end the proof. To prove (5.23), we
apply [22, Theorem 3.344i)] to the process Y. Notice that here, unlike in [22, Theorem 3.3],
the division rate 7 depends on #. However, the dependence in # in the division rate can be
removed by considering a new PPM N’ with a modified fragmentation kernel so that all the
results derived above still hold. We refer the reader to Appendix [D| for more details. O

In the case where the absorption of the auxiliary process occurs with positive probability,
we prove the convergence of the auxiliary process trajectory on a time window of any size.

Proposition 5.5. Let T' > 0. Suppose that Assumption Equation cmd
hold, and that fooo(z\/z2)7r(dz) and xp'(x) > p(x) for every x > 0. Then, there exist C,¢ > 0
and a probability measure I on the Borel o-field of D ([0,T], X') endowed with the Skorokhod
distance such that for all bounded measurable functions F : D ([0,T],X) — R,

[ [P (v, s < 1) [ = o] —nep)| < ce P (14 2), va > 0.

We prove the convergence of the auxiliary process by verifying a Foster-Lyapunov in-
equality and a minoration condition, both stated in Lemma [5.6] below. Those standard
conditions were exhibited in [20] as an extension of [14] to tlme 1nhom0geneous processes.
The Foster-Lyapunov inequality (Condition ¢) in Lemma ensures that

E, [v (ys(t)ﬂ <V (@) + g (1— o),

where a and d are positive constants, so that the process is brought back to the sublevel
sets of V. The minoration condition (i.e. Condition 7) in Lemma [5.6) ensures some type of
irreducibility of the process on those sublevel sets. Let V(z) = x for x € R;..

Lemma 5.6. Under the assumptions of Proposition we have the following:
i) There exist a,d > 0 such that for all0 < s <t and x € RY ,

ADV (2) < —aV(z) + d.

ii) There exists R > 2da™! such that for all r < s < t, there ewist as_, > 0 and a
probability measure v on Ry such that for all Borel sets A of R,

;2%[@ (Ys(t) € A‘Yr(t) = ZE) > as—r(A).
Proof. 1) We have
AOV (2) = fi(2,t - s) / fola,t — s,0)2(1 — 0)r(do)

<V )<g+2 (;) +p:(c”§)

/ 2n(dz) — 203E[0(1 — @)]) .
Ry
According to (3.9)), there exist A > 0 and a > 0 such that for all x > A

2L:c)2 + p(a:)/ 22n(dz) — 202 [O(1 — ©)] < —(a + g).
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Then,

cr(;c)2 G /R 227T(dz)—2041‘2E[@(1_@)]>’

T

ADV(z) € —az + 1pen (2

and according to Assumption [EU] there exists d > 0 such that for every z > 0,
AOV(z) < —az + d.

ii) Let R > 2da~!, where a,d are given in i). We will prove the minoration condition
with v = §p, where §g is the Dirac measure at 0. Consider again Y, defined as the unique

strong solution to the SDE (5.22)). We recall that Y, > Ys(t), for all s < t. Therefore for all
r < s <t and all Borel sets A of Ry,

P (YS“) e Aly® = x) > P (Ys(t) —0y,®) = x) So(A) > P (Y, = 0|, = z) 60(A).
Next, notice that if Y, Y? are two solutions to with respective initial conditions at
time r satisfying Y,! < Y2, then Y! < Y2 for all »r < s < t. Hence, for all z < R,

P (¥, = 0|7 =) = B (Yo, = 0[Fg = 2) > B (Yo, = 0[F0 = B)
Finally, as holds, using [22, Theorem 3.344i)] on Y, there exists as_, > 0 such that
P (Ye—r = 0¥y = R) > oy,
which ends the proof. O

Proof of Proposition[5.5 This result is a direct application of [20, Proposition 3.3]. The
main assumptions are satisfied thanks to Lemma [5.6l Note that using the expression of m
given in (4.5)), 20, Assumption 2.4] is satisfied because

Ym0z, s,t) w(d6) < 1/2.
:L'St

g

This convergence result allows us to establish a law of large numbers, linking asymptoti-
cally the behaviour of a typical individual with the behaviour of the whole population.

5.3.3. Proof of Theorem . It is a direct application of [20), Corollary 3.7]. Assumptions
2.1, 2.3 and 2.4 in [20] are satisfied thanks to Assumption using and (4.5)), and
the fact that 5 > 0. We proved that Assumption 3.1 in [20] is verified in Lemma It
remains to check that Assumptions 3.4 and 3.6 in [20] are satisfied. Note that in our case,
the function ¢(z) defined in [20, Equation 3.3] is equal to max(g, 3) — ¢ and the first point
of Assumption 3.4 in [20] is satisfied.

Next, we set some notations, introduced in [20]. For all z,y > 0 and s > 0, we define

_m(x,0,5)m(y, s, 1)
os(r,y) = Stlzll; m(z.0.1) ,

(which does not depend on ¢) and for all measurable functions f : Ry — R and = > 0,
1
0 =2 [ 1(0) £ (1= 0)2) n(a).
The next lemma amounts to check the second point of Assumption 3.4 in [20].
Lemma 5.7. Under Condition then for all z > 0,
supE, [ (V) J (v V) () (V)] < o0

>0
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Proof. Note that if z = 0, Y;(t) = 0 almost surely for all ¢ > 0. Therefore, we only need to
consider x > 0. First assume that o > 0. Notice that for all t > 0 2 > 0, and y > 0,

e = (145 55) (14 52%) (m (5551))

where we simplified by e™@(@:8) in the fraction in the definition of ¢,. Next, for all z > 0,

B, [r (1) 70 v Ve o) (1)

2
9= Bl+ax \7 ®) ' ®) _ @ ay,t
g(min(ax’g_m)) E, [(aYt +6)2/0 (1v9y; )(1v(1 0)Y, ) 1+’g_tﬂ| K(d6) | .

For all k£ > 0, we define

9 = | (v0)']

and we end the proof of the lemma by showing that, sup;~q sup,<; fét) (z,s) < c0. According
to Itd’s formula, we have for k > 2,

(@, 5) =k /08 E; [(Yu(t))k_l f1 (Yzft),t - u)} du+k(k —1) /OS E, [02 (Yu(t)> (Yu(t))k_2] du
OS/W E, [fz (Yu(t),t _u,e) (yu(t)>k (0" — 1)} w(d0)d

+ /O/R E, [fs (Yu(t),t —u, z) <(Yu(t) + z)k _ (yp)’“ ke (Yu(t))k_l>] r(d2)du.

Differentiating with respect to s and using that for all z,s,2 > 0 and 6 € [0,1], fa(z,s,6) >
20, f3(x,s,2) < (x+2)p(x)/z, and 2* 71 fi(z, 5) < grF4-20(x)?2F 2 +p(z) k2 fﬂh 227(dz).

Let H(k,y) = (k+ 1)o%(y)y=2 + kp(y)y 2 fﬂh 227m(dz). Applying Taylor’s formula with
integral remainder, we obtain

6Sf]5t)($,5) <gkE, [(ys(t))k] AR, [H(k’ys(t))(ys(t))k} _/
R

+k:(k—1)/R+/0Z(z—u)Em

Moreover, for all y > 0,

/ /Z(z - u)lIM (y+ )" 2 (y + 2) dur(dz)
Ry JO )

2P(y) k-1 _ p(y) 2k71 k=1\ 1 k1
§/R+zy(y+z) m(dz) = /ﬂhz Z( ; >yz 7(dz)

_ p;y) /IR+ z2k§ <k . 1) y A1t dz) + 29 </R+ z%(dz)> .

Combining the last two inequalities, we get

00 (A 59 -l 1 i)

+

E, [204 (Ys(t)>k+1 o(1 — e’f)] k(d6)

+

(t)
p(}i‘i:) (Ys(t) + u) ko (Ys(t) + z)] dur(dz).

with
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2
_ %y

AP = g0 @,s), B =B, [H YO OF], 0P = 2

001 -6"] £ 9),

(t)y k—2 .
D(k) — (k _ 1) El‘ p(YS ) Z k 1 (Y(t))l+1zk+1—l 7T(dZ)
' 0% L)
L5 |y

To end the proof we consider the case k = 5. According to (3.9) and using that o and p
are continuous (Assumption [EUYJ), there exist C1,Cy, A > 0 such that for all y > 0,

H(5,9)y” = HG,9)y 1ysay + HG,9)y 1<y < C1y° s ay + Colyycay < C1y° + Co.

Moreover, lim supy+ p(z)/x < oo as p(0) = 0 and p is locally Lipschitz, lim sup., p(z)/2? < oo
thanks to (3.9)) and fR+ 297 (dz) < oo, which yields

D < Cy(f (w,5) +1),
for some C'3 > 0. Combining the last two inequalities, there exists D; > 0 such that
0sf3" (w,5) < Di(f{"(@,5) + 1) = Daf(w,5),

where Dy = %O‘IE [@(1 — @5)}. Applying Jensen inequality, we have fét) (z,s) > fét) (z,5)%/°,
Finally, we obtain

0.8 (@,5) < F (£(z,9))

with F(y) = Di(y + 1) — Doy'T'/5. Any solution to the equation 5/ = F(y) is bounded by
y(0) V g, where xg = (5D1/6D5) and so is fét) (x,-). It ends the proof for this case. O

Adding Lemma (which corresponds to Assumption 3.6 in [20].) we have all required
assumptions to apply [20, Corollary 3.4]. This ends the proof of Theorem

5.3.4. Proof of Proposition . i) The first step consists in proving that for every = > 0,
P, (3t < 00, V") = 0) = 1. (5.24)

A direct application of [22, Theorem 6.2] is not possible because of the time-inhomogeneity
of Y. Therefore, we couple Y ¥) with a process Y defined as the unique strong solution to

. s . s - s pl #(Ya,0) N
¥, =y 4 / (V)du + / 202 (V) dB. + / / 0-1) / VN (du, do, dz)
0 0 0 0 0

s 00 fg(f/u,t—s,z) _
+ / / / 2Q(du, dz,dz), (5.25)
0 0 0

where B, N and Q are the same as in (4.9) and for x,s > 0,0 <6 <1,

1 1
Flos) < 9(0) i= g+ (G4 T (0620 ) [

fo(x,s,0) > 7(x,0) :=20(ax + ).

z27r(dz)>

Then, for all t > 0 and 0 < s <, Ys(t) < Ys In particular, for all ¢ > 0,

Yy <1 (5.26)
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According to Lemma there exists a PPM N’ on Ry x [0,1] x Ry with intensity du ®
R(df) ® dx where k(df) = 20k(df), such that Y is also a strong pathwise solution to

N S s v s pr(Ya) ol . ,
Vo=Y"+ [ g (Yu) du + 2% (Yu) dB, + (0 — 1)V, N'(du, dz, dO)
0 0 0o Jo 0
s 00 fg(f/u,t—s,z) .
+ / / / 2Q(du, dz,dzx),
o Jo Jo

where we used that fol 20k(df) = 1 as k is symmetrical with respect to 1/2. The jump rate
f3 depends on jump size and time, but we have

e(9—B)s _
fa(x,s,2) < p(x) (1 + Ozz(gg_ﬁl)>

so that (6.3) in [22, Theorem 6.2] holds for ¥ (see Appendix [B.5)) if [((SNoo)l |(LNO)| and
(LSG) are satisfied, where

(LSG) There exist 11,1 > 0 such that for all z > z;

g(x o?(x
ﬁ(m) ::g(x)— ;2)

First, ((LINO)|is satisfied by assumption. Let us check that [(LSG)|holds. We have

N 1 2
@) < g+ <% + 1{925}> <2"x(f) + pg) /IR+ 227r(dz)> +2(az + B)E[O]n 6],

According to Assumptions and (3.9)), there exist x1,C' > 0 such that for all z > z;

+7(z)E[ln©] < —n;.

@) <g+C (20 g ) 4 2(an+ BE[OME]
- B_g+ax {g_B} ’

and as E [© 1n O] < 0, condition |(LSG)|is satisfied. Finally, we check that|(SNoo)|is satisfied
for Y. And it is the case according to (3.9) as

g(x) ax o%(x) px) 9
- =g+ <1{ﬁ>g}/3 “gtoax + 1{g>6}> <2 22 + 2 Jr, Z'm(dz) ).

Hence [22, Eq. (6.3)] holds for Y, and (5.26) gives (5.24). Applying Theorem to the
function F(X, ,,s <T) = Lixy >0} concludes the proof of point i).

Let us now prove point 4i). The convergence result stems directly from Theorem For
the bounds on the process (Y;(t), t > 0), the idea is to use the same couplings as before, and
apply the generalization of [22, Theorem 6.2(i)] proved in Appendix

First, we consider again Y defined as the unique strong solution to (5.25). Recall that for
allt > 0and all 0 < s <, Y;(t) <Y,. To apply [22) Theorem 6.2(i)], we have to check that
I(SNO)| [(SNoo)| and (LSG) are satisfied. By assumption, holds for Y. We refer the
reader to the proof of i) for the two other conditions. According to [22, Theorem 6.2(i)], ¥
converges in law to Voo as t goes to infinity.

Next, we consider again 17, defined as the unique strong solution to (5.21)). Recall that
forall t >0 and 0 < s <t, Y, < Y{”. Let us check that [(SNO)| [(SNoo)| and (LSG) of [22]
holds for Y. Again, holds by assumption. Then,|(SNoo)| holds combining with

the fact that the division rate of Y is linear in z. Finally, let

~ o?(z
H(z):=g— (z)

+2(ax + f)E[InO].

2



28 ALINE MARGUET AND CHARLINE SMADI

According to (3.9), there exist 5,21 > 0 such that for all z > z;, H(z) < —n so that (LSG)

of [22] holds for Y. Then, according to [22, Theorem 6.2(i)], Y converges in law to Y as ¢
goes to infinity.

Finally, we have for all t > 0 ngl) = }N/t < Y;(t) < @?) := Y}, which yields the result.
APPENDIX A. PROOF OF PROPOSITION [I.1]

To prove that the SDE admits a unique nonnegative strong solution with generator
given by G defined in , we apply [25, Proposition 1]. The proof is the same as the proof
of [22], Proposition 2.1], except that we have to take into account the extra stable term. To
prove that we still have a unique nonnegative strong solution with the addition of this term,
it is enough to check that for any n € N, there exists a finite constant A, such that for any
0<zy<n,

/ ‘1{x§u}z/\n 1{y<u}z/\n‘ du<A|x yl,
Ry

where we recall that § € (—1,0). This is a consequence of the following series of equalities:

1 1 dzdu dzdu " dz * dz
\(héw“{meZA”WQQ§— e —ylzAn—g =z —yl et )

To prove that it gives the existence and uniqueness of the process at the cell population level,
we apply [21, Theorem 2.1].

APPENDIX B. EXTENSION OF RESULTS OF [22]

B.1. Proof of [22) Theorem 3.3] with stable jumps. In this section we give the proof of
the generalization of [22, Theorem 3.31)] to processes with stable jumps defined as the unique
solut10n (see [25, Proposition 1]) to (5.1)). Recall that G, is defined in (2.1)), and 7,7~ in

G-9. G5 and E-9).

Lemma B.1. [22] Lemma 7.1] Suppose that Assumption holds. For all b > ¢ > 0, let
T =77(c) ATH(b). Then, for all a € (0,1) or a > 1 such that E[©'~%] < oo, the process

tAT
7% = (Yipr) ™ exp( G (Ys)ds>
0
is a Fi-martingale, where Y is the unique solution of (5.1)).
Proof of Lemma[B.] First notice that using Taylor’s formula, we have

= -1 z 2)%(dz) = (1 —a)t z)(1-9) _ z .
Co= @iyt [ g = (-0 [ (06907 1) pa), B
and

(1—a)lu(z) = /IR ((1 Fza 00 1 (1 a)zgfl) (dz). (B.2)

We follow the proof of [22, Lemma 7.1]. Let a € (0,1) U{a > 1, E[©'7%] < co}. Combining
Itd6’s formula with jumps, (B.1)), (B.2)), we have for all ¢ > 0

t
thl—a — Ybl—a _/0 Y;l_aGa(Xs)dS—i-Mt,

where (My,t > 0) is a local martingale. Next, using integration by parts we obtain that

(Zt(/\)T,t > 0) is a local martingale. Similarly to [I8], combining Assumptions and [27,

Theorem 51 p.38] ends the proof. O

Proposition B.2. Suppose that Assumption [EU] holds and let Y be the pathwise unique
solution to (5.1). If[(SNO)| holds then P, (77 (0) < 0o) =0 for all z > 0.
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Proof. (|22, Theorem 3.31)]) Let n € N be such that n > 2 andlet 0 <e <b<1landa >1
such that E[©!%] < oo be such that [(SNO)| holds for all u < b. Let T, = 7~ (") A 77 (D).
As in [22, Theorem 3.3i)], combining Lemma and [((SNO)| we have that for all 0 < e < b,

P. (77(0) = o0 or 7H(b) < 77(0)) = 1. (B.3)

We use a coupling to show that P.(77(0) < 0o) = 0. Let for N € N, r(g n} := supg<,<n 27(7),
which is finite as 7 is a continuous function. Let Y be the unique strong solution to

-~ b t = t rp(Y,-) ~
Y;—Yo—i—/ g(Ys)ds—i—/ \/202(1/'5)d38+/ / / 2Q(ds,dx,dz)
0 0 0o Jo Ry
t }7;_ t T[O,N] 1 —
/ / / zR(ds,dm,dz)—i—/ / / (0 —1)Y,- N(ds,dzx,dd),
0o Jo R, 0 Jo 0

where the Brownian motion B and the Poisson random measures @ and N are the same as
in (5.1). We will use four properties of this equation.

a) It has a unique strong solution (see [25, Proposition 1] and Assumptions .
b) If Y1 and Y@ are two solutions with 170(1) < 170(2), then 57;(1) < }2(2) for any t > 0.
¢) If Y is a solution with Yy = Yp, then Y; < Y, for any ¢ smaller than 7~ (0) A 77 (N).
d) Equation holds for both Y and Y.

Following the proof of [22, Theorem 3.3i)], we obtain that P. (77 (0) < co) = 0, where

the 7's are defined as the 7’s in (5.7) and (5.4)) but for the process Y. Using the coupling
described in point ¢), it implies that P, (77 (N) < 77(0)) = 1, and letting N tend to infinity,
we get P. (77(0) = o0) = 1. O

B.2. Proof of [22] Theorem 4.1] with stable jumps. We consider again Y being a solution
(5.1) and define 7 (c0) = lim,, s yoo 71 (n), where 71 (n) = inf{t > 0, ¥; > n}.

Proposition B.3. Suppose that Assumption [EU] holds and let Y be the pathwise unique
solution to (5.1). If|(SNoo)| holds, then P, (17 (c0) < 00) = 0 for all x > 0.

Proof. ([22, Theorem 4.1i))]) Similarly as in the proof of [22, Theorem 4.1i))], for b=! small
enough and ¢ satisfying 0 < b < e, we have for any e ! <y < 2¢71,

P, (77 (00) = 00 or 77 (b) < 71 (00) < 00) = 1. (B.4)

Now, we have to take into account that Y has two different types of positive jumps, from
the PPMs @ or R. Let

Jx(¢) = {A jump associated to Q occurs at 7+ ()},

J,(2) = {A jump associated to R occurs at 7+ (e71)}.

Let us fix A > 0 and introduce the following real number:

A(e) =  sup E, e*)‘7+(°°);7'+(oo) < oo] .
e~ 1<y<2e1!

Let AX + (1) = Xot(e-1y — Xpt(e-1)—. Forany e <1,y < e~!, we have
Py(X -1y > 2671 S Py(AX ooy > 1) = Ar + A,
where

Ay =Py (Jx(e), AXT+(E_1) > 871)

]Py (JN(E), (AXT"’(&—l))Q A AXT+(£—1) > 871>

< 6/000(2 A 22w (dz),
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and for o > 0 such that « <14+ b < 1,
Ap = ]P)y(Jp(E), AX.,.+(E—1) > 5_1) = Py (J,;(&), (AXT+(€—1))O[ A AXT+(5—1) > €_a)

<o [T G nan(ae)

where we used the Markov inequality.
Using Equation (B.4) and the strong Markov property, we get, for any e} <y < 2¢7!

E, [e_)‘7+(°°);7+(oo) < oo] =E, [e_’\TJr(oo);T_(b) < 7H(0) < oo}

<E, [e*’\T_(b)EX [e*’\TjL(OO);TJF(oo) < oo} ;7 (b) < oo} .

T (b)

Using again the strong Markov property, we get for all x < b < &1

E, [e_)‘7+(°°);7+(oo) < oo] ~E, [e_’\T+(°°); 7= (b) < 7 (00) < oo}

[e*)‘T () < 7H(el) < 7T (00) < oo}
=E, |e G Ex ) [e_/\7+(°°);7+(oo) < oo] ;T+(5_1) < oo}

Ae) + € OO(z A 2w (dz) + Oo(zo‘ A z)p(dz) ),
( g J )

-~

Crp

IN

where the last inequality is obtained by considering the event {¢~! < Xot(e1) < 2e7 11 and
its complement. Finally, combining the last two inequalities, we obtain

E, ef)‘TJr(oo);TJ“(oo) < oo] <E, [efAT_(b);Tf(b) < oo} (A(e) +%Cxp) -
But there exists C'(b) < 1 such that for 2b < y,
E, [e_)‘Ti(b);T_(b) < oo} < C(b).
Otherwise we would have

lim E, [ —0) 1= (b) < oo] =1,

Yy—00

and thus 77 (b) would converge to 0 when the initial condition of the process goes to oo which
would contradict our assumptions on the regularity of the negative jumps. Hence, as for

CO)Cr pet . We thus deduce that

small enough, 2b < =1, we obtain for such an ¢ that A(e) < =)

lim E, [ —ATH) 7+ (0) < oo} =0.

Yy—00

Now, let us take z, u > 0. Then, there exists Ny such that for any N > Ny,
En |:€_>\T+(OO);T+(OO) < oo} < u.
Hence,
E, e_>‘7+(°°);7'+(oo) < oo] <E, [EXTJF(NO) [6_/\T+(°°);T+(OO) < OOH S

and thus for all x > 0
E, [e*)‘#(oo)n'*(oo) < oo] =0,

which completes the proof. Il
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B.3. Proof of [22, Theorem 3.3] with time dependent positive jump rate. Let t > 0
and consider the process Y solution to

Y, = Y0+/ ds+/ /202(V.)dB, +//+/pt ) 2Q(ds, dz,dx)  (B.5)

r(Y,—)
+// /(9—1)Y5N(ds,d1‘,d9),
o Jo 0

where @, B are the same as in (1.1)), ¥ is a PPM on R, x Ry x [0,1] with intensity
ds ® dx ® k(df), and for z,z > 0 and s < ¢, we assume that p;(-, s, z) is non-decreasing on
R and that there exists a finite and positive constant ¢; depending on t such that

pi(x, s, 2) < plx)(1+ ¢2). (B.6)
For the existence of a unique pathwise solution to (B.5)), we refer to Appendix

Theorem B.4. [22, Theorem 3.3i)] Suppose that [(z V 2?)n(dz) < oo and that [LDCG
holds. Let 'Y be a pathwise unique solution to (B.5). Then, if there exist a > 1 such that
E [@1_‘1] < oo and a non-negative function f on Ry such that

= f(z) + o(In(z)), (x — 0), (B.7)
then P (77(0) < 00) =0 for all x > 0.
Proof. [22, Theorem 3.31)] Let us define for a > 1

o*(x)
22

G (z) :==(a — 1)9(5) —ala—1) —r(2)E[©'7% — 1]

- /R pi(x, s, 2) ((zx_l + 1) —1— (1 —a)za™t) n(dz). (B.8)

First, applying 1t0’s formula with jumps, we can check that Lemma (22, Lemma 7.1

and Equation (7.1)]) holds for Y, replacing G, by Gﬁf). Next, Using we can show (see
the proof of [22, Remark 3.2]) that under (3.8)

h;i%l_‘l_p <$_2 /OOO pi(z, 5, 2)2> (/01(1 + zz ) TIT(1 - v)dv> w(dz))

<Gy (Hii?)lipp(x)xl) (/Ooo(z + 22)7T(dz)) < oo

where C; is a finite constant. Therefore, the integral corresponding to the positive jumps is
bounded in the neighborhood of 0, and Condition is enough to control the behaviour
of the process around 0. The proof of [22 Theorem 3.3] is thus unchanged and the results
hold also for processes whose rate of positive jumps satisfy . O

B.4. Proof of [22] Theorem 4.1.i)] with time dependent positive jump rate. Let ¢ > 0
and consider again the process Y solution to (B.5) under condition .

Theorem B.5. [22] Theorem 4.1.i)] Suppose that Assumption LDCG| and (3.9) hold and
that [(2%V 23)m(dz) < oo and let Y be a pathwise unique solution to (B.5]). If|(SNoo)|holds,
then P, (77 (00) < 00) =0 for all x > 0.




32 ALINE MARGUET AND CHARLINE SMADI

Proof. [22], Theorem 4.1.i)] Let us recall the definition of G in B.8). We have using
Taylor’s formula and that

T—r00

limsup/R pe(x, s, 2) ((zx_l +)r—1-(1- a)zx_l) 7(dz)

—a(1 — a) limsup 22 /R )7 ( /0 14 sa ey a1 v)dv) (d>)

T—00

< C¢limsup p(a;)/ (22 + 2°)m(dz) < o0
z—o00 L Ry
for some C; > 0, combining [LDCG] (3.9) and the fact that fR+(22 V 23)m(dz) < oo. There-
fore, the integral corresponding to the positive jumps is bounded for large values of x, and
Condition |[(SNoo)|is enough to control the behaviour of the process near infinity. The proof
of [22, Theorem 4.1.i)] is thus unchanged and the results hold also for processes whose rate

of positive jumps satisfies . O

B.5. Proof of [22, Theorem 6.2] with time dependent positive jump rate. Let t > 0
and consider again the process Y solution to (B.5) where for z > 0, z > 0 and s < {,
pi(z,8,2) < p@)(1 + ¢2) and p(x,s,2) < p(z)(1 + zz~!) with ¢ a finite and positive
constant depending on ¢.

Theorem B.6. [22, Theorem 6.2.ii)] Suppose that Assumption [ LDCG], (3.9) and|(SNoo)]
53).

hold and that [(2%V 23)m(dz) < oo and let Y be a pathwise unique solution to Assume

also that |(LSG)| holds (with g,r instead of g, 7).

(i) If[((SNO)| holds, then Y converges in law as t tends to infinity to Yoo and for every
bounded and measurable function f, almost surely

t
t—=+oo t Jo
(i) If|(LNO)| holds, then P, (3t < 00,Y; =0) = 1.

We first prove a lemma, as in [22]. Let x¢,to > 0. For all i > 0, we consider the stopping
times T;(x¢), given by Ty = 0 and for all i > 1, T;(xo) = inf{t > T;_1(x0) + to, Yz < zo}.

Lemma B.7. [22] Lemma 7.2.] Suppose that Assumption LDCG| and (3.9)) hold and that
[(22V 23)m(dz) < co. Then, if|(SNoo)| and ((LSG)| hold, then E [T;(z0)] < oo for all i > 0.

Proof. ([22, Lemma 7.2]) Let us choose 0 < zg < x1 and let 7 = 77 (z9) A 77 (x1), where
71,77 are defined in (5.5)) and (5.7)). Following the same steps as in the proof of [22] Lemma
7.2] we have,

tAT Y's tAT 2 Y's tAT
1nng1nyo+/ 9 )ds/ il )ds+E[ln@]/ r(Yy)ds + Myny
0 Y 0 Yy 0

where (Msar, s > 0) is a martingale. According to [((LSG)|, we have
ln(Y;f/\T) - ln()/O) < —77(75 A T) + Mt/\7'7
and following the proof of [22] Lemma 7.2], we obtain
1 x
E <-In[—.
37(7—) — n n <@x0>

For the end of the proof, we follow exactly [22, Lemma 7.2], using the generalization of [22],
Theorem 4.1.1)] proved in Appendix O
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Proof of Theorem [B.6, [22, Theorem 6.2.] The first point follows directly from Lemma
and [10, Theorem 7.1.4] as in [22]. For the second point, let a < 1 be such that Condition

is satisfied, and let § < (3 — 2a)~!. Following the proof of [22, Theorem 3.3.ii)],
[(No)]

replacing G, by Gfls) defined in (B.§)), and using that for a < 1, under
2
GO (@) > (a— DI _ g(q— 1)"7(2”3) > (1—a)In(z™") (In (In(z")))"™™,
T T

we get that there exist t and p such that for all € small enough, and z € (19, ¢!79)

P. (77(0) < t(e)) > p(e).
From this result, we can prove [22, Eq. (7.29)]. Next, the proof of [22, Eq. (6.3)] requires
[22, Eq.(7.18)]. To prove [22, Eq.(7.18)] in our case, we have to deal with the dependence
on the jump size of the jump rate p; to obtain a lower bound on the probability to have no
positive jump during a time interval of the form [0, A 77 (y) A7~ (x)] with 0 < z < y. Hence
the idea is to bound the expectation of the sum of positive jumps on [0,t A 77 (y) A 77 ()]
and use Markov inequality. Let T'= 77 (y) A 7~ (). Then, for any yo € (z,y),

tAT
V202%(Y5)dBs > y — yo) ;

)

tAT
P (Yior 2 ) <Py ([ a¥)ds+ To(enT) +
0 0

where

tAT Dt (Ys,8,2)
It A\T) = / / / 2Q(ds, dz,dz)
0 R, JO

tAT  rYs 2p(Ys) tAT oo 2zp(Ys)/Ys
S/ / / 2Q(ds, dz, d:z:)—l—/ / / 2Q(ds, dz, dx)
0 0 0 0 s J0

tAT 2p(Ys) tAT 22p(Ys)/Ys
§/ / / zQ(ds,dz,dx)—i—/ / / 2Q(ds,dz,dz). (B.9)
0 R J0 0 R, J0

Then, as in [22] p.19, if we denote by J (¢, x,y) the event of having no positive jumps due to
the first integral in , we have for all yg € (x,y),

Py, (J (1, 2,y)) > e 2P0,
because p is non-decreasing according to Assumption [EU] Next,

]P)yO (Y;f/\T 2 Y, J(ta x, y))
AT AT p2p(Ys)/Ye B AT
< Py, / 9(Yy)ds +/ / / 2Q(ds, dx,dz) +/ V202(Ys)dBs >y — 1o |,
0 0 0 Ry 0

where @ is a PPM with intensity ds @ dz ® zm(dz) (see Appendix @) Considering as before
the event that there is no positive jumps associated to @), we get

AT tNT
By, (Ying = y) < 2 — e~ 200) _ 200y 4 P ( / g(Y)ds + / V202 V)dB, > y — yo) |
0 0

We conclude as in [22], that sup,<,<,g(v) < oo according to Assumption and that
inf;<y<y 7(v) > 0 holds under Assumption [LDCG

AprPENDIX C. PROOF OF PROPOSITION [4.1]

We provide the proof of the proposition in the case g # 8. The proof is very similar in the
case g = ( and does not bring new insight. We thus skip it. The proof is a direct application
of [25, Proposition 1]. Notice that in the statement of |25, Proposition 1], the functions b, g
and h do not depend on time, unlike the present case of our process. However this additional
dependence does not bring any modification to the proofs (which are mostly derived in the
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earlier paper [19]). First according to their conditions (i) to (iv) on page 60, our parameters
are admissible. Second, we need to check that conditions (a), (b) and (c) are fulfilled. It
follows directly from Assumption [EU]

APPENDIX D. GENERALIZATION TO A DIVISION RATE DEPENDING ON THE
FRAGMENTATION PARAMETER 6

In some proofs, we need to consider a slight generalization of the SDE ([5.1) where an
individual with trait x dies and transmits a proportion 6 € [0,1] of its trait to its left
offspring at a rate r(x)l(#), that depends on 6, where [ : [0,1] — Ry is a nonnegative
function. However, using the properties of Poisson random measures we can prove that a
solution to such an SDE can be rewritten as the solution to by modifying the death
rate r and the fragmentation kernel k.

Lemma D.1. Assume that fol 1(0)k(df) < co. Let
-1

1 1
#(d6) = 1(6) < /0 l(&)m(d@)) w(d),  (x) = () /0 1(0)r(d),

and @, B and N be defined as in (5.1)). Then, there exists a Poisson random measure N’
with intensity ds ® dz ® k(df) such that X is the pathwise unique solution to

¢ t t rp(X,—) -
X, = Xo+ / 9(Xs)ds + / V202(Xs)dBs + / / / 2Q(ds, dz, dz)
0 0 0 Jo Ry

t X, )
+/ / / (0 —1)X,-N'(ds,dz,db),
0 J0 0

if and only if X is the pathwise unique nonnegative strong solution to

t t trp(X,-) ~
X =Xo+ / 9(Xs)ds + / V202(X)dBs + / / / 2Q(ds, dx, dz)
0 0 0 Jo Ry

top (X, )0)
+ / / / (0 —1)X,-N(ds,dz,db).
o Jo Jo
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