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A FINITE DIMENSIONAL PROOF OF A RESULT OF
HUTCHINGS ABOUT IRRATIONAL PSEUDO-ROTATIONS

PATRICE LE CALVEZ

ABSTRACT. We prove that the Calabi invariant of a C! pseudo-rotation of
the unit disk, that coincides with a rotation on the unit circle, is equal to
its rotation number. This result has been shown some years ago by Michael
Hutchings (under very slightly stronger hypothesis). While the original proof
used Embedded Contact Homology techniques, the proof of this article uses
generating functions and the dynamics of the induced gradient flow.

Keywords: Irrational pseudo-rotation, Calabi invariant, generating function, ro-
tation number, linking number

MSC 2020: 37E30, 37E45, 37J11

1. INTRODUCTION

1.1. Statement of the main theorem. We denote by D the closed unit disk of
the Euclidean plane and by S the unit circle. We will furnish I with the standard
area form w = dx A dy and will denote by Diff’, (D) the group of diffeomorphisms
of class C! that preserve w (we will say that f is symplectic). We will also denote
by Homeo, (D) the group of orientation preserving homeomorphisms of D.

If fe Diﬁ"i)(D) fixes every point in a neighborhood of S, its Calabi invariant
Cal(f) € R is a well-studied object that has several interpretations (see [Cal, [Fa],
[GaGh] for instance). It admits a natural extension to Diff (D). We will explain
this extension, as described by Benoit Joly in his thesis [J]. If x is a primitive of
w, and A : D — R a primitive of f*(k) — &, then fSAdu does not depend on pu,
where p is a Borel probability measure invariant by f|sl. Consequently, there exists
a unique primitive Ay . of f*(k) — & satisfying [q Ay . du = 0 for such . Moreover,
the quantity Cal(f) = fD A¢  w does not depend on the choice of k. For example
we have Cal(f) = 0 if f is an Euclidean rotation. Note that Cal(f) is the usual
Calabi invariant in case f fixes every point in a neighborhood of S (in that case
Ay . vanishes on a neighborhood of S).

We can also define a real function Cal on the universal covering space Diff] (D)
of Diff} (D) as follows. Every identity isotopy of f in Diff} (D), meaning every
continuous path I = (fs)sep,1] in Diffi(]D)) joining the identity map of D to f, is
homotopic, relative to its endpoints, to a Hamiltonian isotopy I" = (f{)sejo,1)- It
means that there exists a time dependent divergence free vector field (Xs).eqo,1]
of class C! such that for every z € D it holds that L f/(z) = X,(f.(z)). There

exists a (uniquely defined) family (H)geqo,1) of functions of class C* vanishing on
S, such that for every s € [0,1], every z € D and every v € R? it holds that

1Such a measure is unique when the rotation number of f|§ is irrational and supported in the

periodic point set otherwise.
1
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dH,(2).v = w(v, X4(2)). The quantity 65&(1) = fol (fD H, w) ds depends only on
the homotopy class [I] of I and we can also denote it @([I ]). Let us give a simple
example. For every a € R, denote R, the rotation of angle 2w« and Ty, the isotopy
(Rsa)sefo,1)- It holds that @([Ta]) = m2a. As stated in [J], there is a link between
Cal and Cal that we will explain now. Every identity isotopy I = (fs)seo,1] of
f in Diff! (D) defines by restriction an identity isotopy Iis = (fs|s)sefo,1] of fis in

P

Diff'(S). Moreover, every homotopy class [I] € Diff} (D) defines by restriction a

—_~—

homotopy class [I]s € Diff1(S), where DiffL(S) is the universal covering space of
the group Diff i(S) of orientation preserving diffeomorphisms of the circle. We have
the following equation,

Cal([I]) = Cal(f) + rot([I]s),

where rot([I]s) is the Poincaré rotation number of [I]s. In particular, if y is a Borel
probability measure invariant by fyx, then the asymptotic cycle of p defined by an
isotopy I (see Schwartzman [Sc]) is equal to p([I])w € Hi(S,R), where w is the
fundamental class of S defining its usual orientation.

There is a more dynamical interpretation of the Calabi invariant in the case of a
compactly supported symplectic diffeomorphism of the open disk, due to Fathi [Fa]
and developed by Gambaudo and Ghys [GaGh]. This interpretation is still valid in
this more general situation. Consider the usual angular form

ydr — xdy
do = ¥———=
x2 + y?
and define
W ={(2,2") eDxD|z #2'}.
Consider f € Diff}, (D). For every identity isotopy I = (ft)teo,1) of f in Homeo, (D)
and every (z,2') € W, one gets a path
L. :[0,1] - R?
s fs(2') = fi(2).

The function
ang; : W = R

/ i/
(2,2") = o )i do

depends only on the homotopy class of I in Homeo, (D) and is bounded because f
is a diffeomorphism of class C'. In particular, one naturally gets a function angy

for every [I] € Diff, (D).
If T = (fs)seo.1)) and I’ = (f2)sejo,1) are two identity isotopies in Diff}, (D), one
can define an identity isotopy 11" = (f!')scj0,1) in Diff} (D) writing:

S

i {f’gs if0<s<1/2

S

T\ oo f] if1/2<s<1,’

The homotopy class of I'J’ depends only on [I] and [I’] and one gets a group
1
structure on Diff (D) by setting [I][I'] = [II']. Note that for every n > 1 we have

n—1

angrn = Z angp © (f* > 15).

k=0
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Generalizing a proof due to Shelukhin [Sh] the following equality

Cal([1) = | amiyn(e ) wlz) ().

is proved in [J]. Let us add that this interpretation of the Calabi invariant has
permitted to Gambaudo and Ghys [GaGh] to prove that two elements of Diff}, (D)
fixing every point in a neighborhood of S and conjugate in Homeo, (D) have the
same Calabi invariant. To conclude, just note the following:

e the map [I] — Cal(I) defined on Diff’, (D) is a morphism;
e the map f — Cal(f) defined on Diff}, (D)is a homogeneous quasi-morphism;

e for every [I], [I'] in Diff} (D), there is a unique k € Z such that [I'] = [I][T}]
and we have:

angy) = ang) + k, Cal([I']) = Cal([I]) + 7.

—_~—

e for every [I] € Diff}, (D) and every p, ¢ in Z we have
Cal([1)7[T;,]) = Cal([1})? + 7°p.

We will say that f € Diff! (D) is an irrational pseudo-rotation if it fixes 0 and
does not possess any other periodic point. Using an extension of Poincaré-Birkhoff

theorem due to Franks [Fr], we know that for every lift [I] € Diff} (D) of f, there
exists & € R\ Q such that the sequence of maps z — n_langmn (0, z) converges
uniformly to the function z — a. We will say that « is the rotation number of [I]
and write e = rot([I]). Of course, @ = a +7Z € R/Z is independent of the choice of
I and we say that f is a pseudo-rotation of rotation number @. Note that @ is the
Poincaré rotation number of fis.

The goal of the article is to prove the following:

Theorem 1.1. Let f € Diffi(]D)) be an irrational pseudo-rotation such that fis is

C'-conjugate to a rotation. If [I] € Diff} (D) is a lift of f, then we have
Cal([1]) = =* rot([1))
or equivalently, we have Cal(f) = 0.

It is not difficult to prove that a C'' diffeomorphism of S can be extended to a
C' symplectic diffeomorphism of D. So, it is sufficient to prove the theorem in case
f coincides with a rotation on the unit circle. This theorem was already known
and due to Michael Hutchings (with very slightly stronger hypothesis), appearing
as an easy consequence of a theorem we will recall now. Suppose that f € Diffi} (D)
coincides with a rotation R, in a neighborhood of S. Fix a primitive x of w and
note that Ay, vanishes on S whether « is rational or irrational. If O is a periodic
orbit of f, one proves easily that > _, Ay .(2) does not depend on the choice of
K. So, one can define the mean action of O as being

1
act(0) = — As(2).
©)= 5 2 412
One has the following ([H])?
Theorem 1.2. Suppose that f € Diff;; (D) coincides with a rotation in a neigh-
borhood of S and denote O the set of periodic orbits of f. Then it holds that:
e if Cal(f) <0, then infoecp act(0) < Cal(f),

2The proof is stated for smooth diffeomorphisms but should be possibly extended supposing a
low differentiability condition, as Michael Hutchings explained to us.
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e if Cal(f) > 0, then suppecp act(O) > Cal(f).

It is easy to prove that if f € Diffi,(]D)) coincides with a rotation on S, then
we have act({0}) = 0. Consequently, by Theorem 1.2, it holds that Cal(f) = 0
if f is an irrational pseudo-rotation. It must be noticed that Hutchings’ theorem
has been recently improved by Pirnapasov [P] (still in the smooth category) that
uses a preliminary extension result. A much weaker hypothesis on the boundary
is needed, even weaker than been a rotation on the boundary. A nice corollary, is
the fact that Cal(f) = 0 for every smooth irrational pseudo-rotation f, regardless
of any condition on the boundary.

Let us continue with a nice consequence of Theorem 1.1 . Let D C D be a
closed disk that does not contain 0 and does not meet S. One constructs easily
f' € Diff2’(D) arbitrarily close to the identity map for the C*°-topology, fixing
every point outside D and such that Cal(f’) # 0. If [I] is a lift of f and [I] is the
lift of f’ such that [I']s is the trivial homotopy, then it holds that

Cal([1][I')) = Cal([I]) + Cal([I']) = rot([I]) + Cal(f’) # rot([I]) = rot([][I"]).

It implies that f o f’ is not an irrational pseudo-rotation, which means that it has
at least one periodic orbit different from {0}. Such a periodic orbit must meet D.

The proof of Hutchings is based on a reduction to a problem of contact geome-
try and then the applications of methods of Embedded Contact Homology theory.
The previous perturbation result is true in a more general situation. Asaoka and
Irie [AI], using Embedded Contact Homology as well, have proved that it remains
true provide f € Diff. (D) has no periodic point inside D. Other striking appli-
cations of contact or symplectic geometry to dynamics on surfaces have appeared
recently that use elaborated tools of contact or symplectic geometry (for instance see
Cristofaro-Gardiner, Humilére, Seyfaddini [CrHS] or Cristofaro-Gardiner, Prasad,
Zhang [CrPZ]). The proof of Theorem 1.1 that will be given in the present article
does not use Floer homology but only generating functions. Can be hope be able
to find proofs of these deep results using such classical tools?

1.2. Idea of the proof. Let us state first the following result of Bramham [Br]:

Theorem 1.3. Every irrational pseudo-rotation f € Diff;; (D) is the limit, for the
C° topology, of a sequence of finite order C* diffeomorphisms.

Write @ = rot(f). The proof says something more precise: if (¢,)n>0 is a se-
quence of positive integers such that (g,@),>0 converges to 0 in R/Z, then there
exists a sequence of homeomorphisms (fy,),>0 fixing 0 and satisfying (f,,) = Id,
that converges to f for the C° topology (to obtain a sequence of smooth approxi-
mations one needs a simple additional argument of approximation). Theorem 1.1
would have been an easy consequence of Theorem 1.3 if the strongest following
properties were true:

e the f, are symplectic diffeomorphisms of class C!;

e the sequence (f,,)n>0 converges to f in the C' topology.
Unfortunately, there is no reason why the f, appearing in the construction of the
sequence satisfy these properties.

The original proof of Theorem 1.3 uses pseudoholomorphic curve techniques
from symplectic geometry. In [L2] we succeeded to find a finite dimensional proof
by using generating functions, like in Chaperon’s broken geodesics method [Ch].
Let us remind the ideas of this last proof. The hypothesis were slightly different,
the result was stated for an irrational pseudo-rotation f € Diff} (D) coinciding with
a rotation on S. This last property permits us to extend our map, also denoted
f, to a piecewise C! diffeomorphism of the whole plane, being an integrable polar
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twist map with increasing rotation number in an annulus {z € R? |1 < |2] < ro}
and equal to an irrational rotation in {z € R?||z| > ro}. Let I be an identity
isotopy of fip in Diff} (D) that fixes 0. We write o = rot([I]s). One can extend I to
an identity isotopy (f¢)¢ejo,1) of f, also denoted [I], where each f; is an integrable
polar map in {z € R? |1 < |2] < ro} and a rotation in {z € R?||z| > ro}. The circle

S is accumulated from outside by invariant circles S, ;, such that [I ]b[T,a]| S €

]S\i-f/fl(Sp /q) is the trivial homotopy. Moreover one can find a sequence (an,by) €
Z x (N '\ {0}) such that |a, — b,a| < b,'. The map f being piecewise C!, one
can write it as the composition of m maps “close to Idg2", where m > 1, and then
construct a m-periodic family (h;);cz of generating real functions that are C! with
Lipschitz derivatives. One knows that for every b > 1, the fixed point set of f°
corresponds to the singular point set of a A-Lipshitz vector field ¢ defined on a
2mb-dimensional space Ej, furnished with a natural scalar product. This vector
field is the gradient flow of a function h defined in terms of the h;, ¢ € Z, and the
constant A is independent of b. In particular each circle S, , C R? corresponds to a
curve X, C E of singularities of (. A fundamental result is the fact that X, bounds
a disk A, C Ej that contains the singular point corresponding to the fixed point
0 and that is invariant by the flow and by a natural Z/bZ action on Ep. Moreover
the dynamics of the flow of { on A, is north-south and the non trivial orbits have
the same energy. This energy can be explicitly computed and is small if a/b is
a convergent of «. Using the independence of the Lipshitz constant A, one can
deduce that ¢ is “uniformly small” on A,. The disk A, projects homeomorphically
on D, by an explicit map ¢;. The Z/bZ action on A, defines, by projection on

D, y, a homeomorphism fof order b that coincides with f on S, ;. Using was has

been said above, in particular the fact that ¢ is small on A,, one can prove that f
is uniformly close to f on the disk D,/ if a/b is a convergent of . This is the way
we prove the approximation result.

The orbits of (s, define a radial foliation on A, that projects by ¢ onto a

topological radial foliation F; of S,/ that is invariant by f It is a natural to

ask wether one can compute the Calabi invariant of f by using the fact that f is
arbitrarily close to f. The main problem is that J? and JF) are continuous. There
is no differentiability anymore, and differentiability is crucial while dealing with
Calabi invariants, regardless of the approach we choose. Nevertheless, the fact that
we are dealing with Lipshitz maps close to Id (the maps fi,..., f; appearing in
the decomposition of f) permit us by to state some quantitative results. The three
key-points that will used to get the proof are related to the foliation JF7 :

(1) the energy of the non trivial orbits of (s, is bounded by K|a — ba|, where
K does not depend on a and b;
(2) the leaves of Fy are Brouwer lines of IbT,a|5a/b;

(3) the winding distance between F; and f~°(F;) is bounded by 4mb.

Let us precise these three points.

The non trivial orbits of (|4, have the same energy. This quantity measures the
area sweeped by a leaf of F; along the isotopy IbT—a\sa/b-

By saying that the leaves of F; are Brouwer lines, we mean that they are pushed
on the left along the isotopy I bT_a| Susp Equivalently, we can say the follovsiing: let
D,/ be the universal covering space of DZ/b = Dqp\(Sa/pU{0}) and I = (fs)seo,1]
the identity isotopy on D, /b that lifts I, Dz, Denote F; the (non singular) foliation

of Da/b that lifts -Fl\D*/b- Every leaf ¢ of F; is an oriented topological line of Da/b
that separates its complement into two components, one on the left and one one
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the right. Let T be the generator of the group of covering automorphisms, such
that T'(¢) is on the left of ¢. The assertion (2) states that f®oT~%(¢) is on the left
of ¢ for every leaf ¢. The assertion (1) states that the area of the domain between
q~5 and fb o T’“(QZN))7 which is equal to the energy of the corresponding orbit of (, is
bounded by Kla — ba|.

The assertion (3) says that the foliation f~°(F;) winds relative to F; no more
than 4mgq. A precise definition will be given in the next section. Just say that if
F is a radial foliation of class C!, there exists K > 0 such that for every b > 0
the winding distance between the foliations F and f~°(F) is bounded by Kb. The
foliation that appears in our construction depends on a and b, is not differentiable,
possess interesting dynamical properties stated in (1) and (2) and nevertheless
satisfies a “differential-like” property.

The properties (1), (2) and (3) will permit us to bound the Calabi invariant of
each map f\Da/b~ Note that we will use the third definition, as the map is only
piecewise C'' on D, /b The Calabi invariant will be small if a/b is a convergent that
is close to a.. By a limit process, we will prove that Cal(fp) = 0.

The rest of the article is divided into three sections.

Section 2 will be dedicated to the study of topological radial foliations defined on
a disk. We will introduce different objects on the set of such foliations, in particular
the winding distance between two foliations. We will see how to compute the Calabi
invariant of a symplectic diffeomorphism by using such a foliation.

In section 3 we will recall the construction done in [L2] and quickly explained in
the introduction. In particular we will define F; and prove the properties (1), (2)
and (3) stated above.

‘We will prove Theorem 1.1 in the short section 4.

I would like to thank Benoit Joly, Frédéric Le Roux and Sobhan Seyfaddini for so
useful talks. I am particulary indepted to John Franks for the many conversations
we had on this subject some years ago and would like to thank him warmly.

2. RADIAL FOLIATIONS AND CALABI INVARIANT

We will introduce a formal setting to study radial foliations on a disk, based
on a “discretization of the angles”, that seems pertinent for studying topological
foliations. Classical objects related to disk homeomorphisms, like rotation numbers
or linking numbers, will be investigated in this formalism. One can look at Bechara
[Be] for similar questions in a differentiable context.

2.1. The space of radial foliation. Let D be an open disk of the form D={z¢e
C||z| < r}, where r > 0. We will set D* = D\ {0} and will denote D the universal
covering space of D*. We will consider the sets

W ={(z,2) e D* x D" |z # 7'}
and ~ o
W={(272)eDxD|z+#7Z}.
A radial foliation is an oriented topological foliation on D* such that every leaf
¢ is a ray, meaning that it satisfies

a(¢) = {0}, w(¢) COD ={zeCl|z| =r}.

In other words, ¢ tends to 0 in the past and to 9D in the future. We denote § the
set of radial foliations. The group Homeo, (D*) of homeomorphisms of D* that are
isotopic to the identity, acts naturally on §: if 7 € § and f € Homeo,(D*), then
the foliation f(F), whose leaves are the images by f of the leaves of F, is a radial
foliation. Moreover Homeo, (D*) acts transitively on §. If Homeo,(D*) is endowed
with the C° topology, meaning the compact-open topology applied to maps and
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the inverse maps, the stabilizer Homeo, r(D*) of F € § is a closed subgroup of
Homeo, (D*). Consequently, the map

Homeo, (D*)/Homeo, z(D*) — §
f Homeo, 7(D*) — f(F)

is bijective and § can be furnished with a natural C° topology. It is the topology,
induced from the quotient topology defined on Homeo, (D*)/Homeo, »(D*) by this
identification map. Note that this topology does not depend on F. It is well known
that the fondamental groups of Homeo, (D*) and Homeo, »(D*) are infinite cyclic
and that the morphism i, : m (Homeo, #(D*),Id) — 71 (Homeo,(D*),Id) induced
by the inclusion map i : Homeo, r(D*) — Homeo, (D*) is bijective. It implies
that § is simply connected. In the whole article, when F is a radial foliation, the
notation F means the lift of F to the universal covering space D. Note that F
is a trivial foliation. In particular, every leaf ¢ of F is an oriented line of D that
separates D into two connected open sets, the component of D \(5 lying on the left
of q~5 will be denoted L(quS) and the component lying on the right will be denoted
R(¢). We get a total order <z on the set of leaves of F as follows:

¢ <5 ¢/ <= R(9) C R($).
We can also define a partial order <7 on D: denote ¢z the leaf of F that contains

Z and write 2 <y Z if 2 #£ 7, if ¢z = oz and if the segment of ¢> beginning at z
and ending at Z’ inherits the orientation of ¢3.

2.2. Topological angles in the universal covering space. Consider the natural
projection
7w L — Z/AZ
ks k= k+42.
If Z/47Z is endowed with the topology whose open sets are
0, {1}, {3},{1,3}.{1,2,3},{3,0,1},{0, 1,2, 3},

and Z with the topology generated by the sets 2k+1 and {2k+1, 2k, 2k+1}, k € Z,
then 7 is a covering map®. Note that both sets Z/4Z and Z are non Hausdorff but

path connected.
If k, [ are two integers, we will define

0 if k=1,
Mk, 1) = #(k, 1) NAZ + (F#{k,1} N 4Z)/2 if k<,
—#(L, k) NAZ — (#{,k}n4zZ)/2 if k> 1
Note that for every integers k, [, m we have
MK, D+ A(1,m) = Ak, m).
The quantity A(k,l) measures the “algebraic intersection number” of a continuous
path 7 : [so, s1] = Z/4Z with {0}, if v is lifted to a path 4 : [sg, s1] — Z joining k
to .
For every (2,%') € W, we can define a continuous function Os5 :§ = Z/4AZ as
follows: _
0 if3 >F 3
1 if ¢z -7 ¢z,
2 ifZ<rZ#,
3 if ¢ <F ¢

Oz 5(F) =

3This topology on Z is usually called the digital line topology on Z
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The space § being simply connected, the Lifting Theorem asserts that there
exists a continuous function, ég)g/ : § — 7Z, uniquely defined up to an additive
constant in 47, such that 7o 0}72/ =0z 5.

Note that

e 0z :(F) = 0::(F) + 2, for every F € 3,

e 0:: and ég/,g can be chosen such that s :(F) = ég7g/(./—") + 2 for every
FEeF,

® 05 7o (f(F)) = 0z2(F), for every F € § and every f € Homeo, (D),

. 0 PG and é;g/ can be chosen such that éf(g)’f(z,)(f(}")) = égﬁ/ (F), for
every F € §

In particular, if 7 and F are two radial foliations, the numbers
(2,2, F, F) = 0:,2(F') = 0,5/(F)

and
Nz Z L F L F) = Al 2(F), 02,2 (F))

do not depend on the choice of the lift 0. }
Suppose that (Z,2') € W, that f € Homeo,(D*), that f is a lift of f and that
F, F', F' belong to §. The following results are immediate:

o NG 2, F ) <R, 2LF P,
o 7(Z, 2, F, F) =7(Z, ~’]:.7:’)

o 73,7, F,F) + 753, F ,F') = #(3, 2, F, F")
o Mz, 2, F,FY+ M, 2, F,F") = X3,2,F,F")
o 7(2,2, F,F)=—-7(2,F,F),

e N2, 2 F,F)=-\32Z,F,F),

o 7(f(2), f(2), f(F), f(F) =752, F, F),

° Mf(2), f(Z), f(F), f(F) = A&, 2, F, F)

The second assertion indicates that (Z,z') — 7(z', 2, F, F') is symmetric. The
next result precises the lack of symmetry of (Z,2') — A(Z',2, F,F'). For every
(2,2') € W, define a function 6z 3 : § — {—1/2,0,1/2} as follows:

0 if g = ¢,
0z2(F)=q1/2  if ¢z =5 ¢,
—1/2  if ¢z <F ¢5.

The next result express that \(Z, 2/, F, F') — A\(Z, 2, F, F') is the “algebraic inter-
section number” of a “well- orlented” continuous path v : [sg, s1] = Z/4Z joining
92/’5(]:) to 95751(]‘—/) with {0} — {2}

Lemma 2.1. For every (2,%2') € W and every F, F' in §, it holds that
Nz 2 F,F) = Nz 2, F, F') =6 5(F') — 05,2 (F).
Proof. Recall that
ME, 2, F, F) = XNz,2/(F), 02,2 (F"))
and that one can suppose that

02 5(F) = 0:.5(F) +2, 0z 5(F) =0 2(F)+2.
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Now observe that

0 if 0z,(F) = 0z,2(F),
0 1f955/(}"):0and 955 (.7:/):2,
0 if 0; = (F) =2 and 0; 2 (F') =0,
-1 if 03 Z/(]-")zlandﬂ z/(]-"):?),
1 if 05 Z/(]-"):Bandﬂ #(F) =1,
—1/2 1f9*g/(f):1 and 9~g/(.7:l):0,
NEZ FFY=ME 2, F,F)=41/2 if 0; = (F) =0 and 0; 2 (F') =1,
—1/2 1f9~g/(f) Oand 9*5/(]:/):3,
1/2 if 0z 5(F) = 3 and 0-5(]:’):0,
~1/2  if 0z (F) =1 and ;2 (F') = 2,
1/2 if 0; = (F) =2 and 0 2 (F') =1,
~1/2  if 0:2(F) =2 and 6; 2 (F') = 3,
1/2 if 0z 5(F) = 3 and 052/(}"):2

The next result will be useful later:

Lemma 2.2. For every compact set K c W and every F,F' in §, there exists
M > 0 such that for every (Z,Z') € K it holds that

|7(2,2', F, F)| < M.
Proof. For every (Z,%') € W, there exists a neighborhood d~g7g/ X (17,’272, C Wof(37)
where dz 3z and d'g) =, are topological closed disks. One can cover K by a finite family

of such neighborhoods. So it is sufficient to prove the result when K = d x d’ is the
product of two topological closed disks. The map

dxd x§— L)AL
(2,2, F) = 0z (F)
being continuous and the space dxd x5 being simply connected, one can lift this
last map to a continuous map
dxd x3 =7
(2,2/7]:) — ég 5/(]:).
For every F,F' in §, the function (%, ') — 95 #(F') - 95 #(F)=7(22,F,F)is
continuous and so is bounded on the compact set dxd'. This last affirmation comes
from the fact that for every [ > 1, the set {(~ Pedxd| |7z, F,F) < 21}

is an open subset of d x d’ as the preimage of an open set by a continuous map. [J
Let us conclude with the following:

Lemma 2.3. The function d: § x §F — NU{+oo} is an extended distance, where
d(F,F')= sup [#(%Z,F F)|
(2,2)eW
Moreover the equality d(f(F), f(F')) = d(F,F’) holds for every f € Homeo, (D*).

Proof. One proves immediately that d is symmetric and satisfies the triangular
inequality. The fact that d(F,F) = 0 for every F € § is also obvious. It remains
to prove that d(F,F’) # 0 if F and F’ are distinct radial foliations. In that case,
one can find (%,%') € W such that Z and Z’ belong to the same leaf of F and to
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different leaves of F’. Consequently, (2,2, F) € {0,2} and 0(z,%', F') € {1,3}. It
implies that 0(Z, 2, F) # 0(z,%, F') if 0 is a lift of 6.

The equality d(f(F), f(F')) = d(F,F') if f € Homeo,(D*) is a direct conse-
quence of the equality

F(f(2), JE), f(F), J(F) =722, F, F).

We will call d the winding distance between two radial foliations.

2.3. Topological angles in the annulus. Let F be a radial foliation and f a
homeomorphism of D* isotopic to the identity. Let I = (fs)se[o,1) be an identity

isotopy of f in Homeo,(D*) and I= (fs)se[o 1) the lifted identity isotopy to D.
The function
S€[0,1] = 07 2 .o (F) = 0z 2 (f7(F)) € Z/AZ
can be lifted to a function
s€1[0,1] = Oz 2 (f7H(F)) € Z

and the difference between the value at 1 and the value at 0 of this last map is
nothing but 7(2, 2, F, f~*(F)). Of course it depends neither on the choice of I, nor
on the choice of the lift T of I. Suppose now that Z and ' project onto two different
points of D*. Note that if k is large enough, then for every s € [0, 1], it holds that

07 o). fure ey F) =1 Of () 7 pkzny) (F) = 3,
and so the functions
5+ és,Tk(;z/)(fs,_l(F))7 s+ éz,Tfk(z')(fs_l(}-))
are constant, which means that
FETHE), F fHF) =7(,T ), F, f1(F) =0.

Consequently, if F and F’ are two radial foliations, then for every (z,2’) € W, one
can define

P22, FF)=> |7 THE), F, F),

keZ

(2.2 F,F) =) #(&THE), F. F),
keZ

Az 2, F, F) =Y AM&THE), F, F),
kezZ

each sum being independent of the choice of the lifts Z, 2’ of z, 2’.
Suppose that (z,2’) € W, that f € Homeo,(D*) and that F, F', F” belong to
§. The following results are immediate

o |7(z, 2, F, ]—')\ §T(z 2 F,F,

o | Az, 2/, F,F)| <7(z z,]—',]-"),

. f'(z z ]:]-"’):;( 2 F,F),

o 7(2 z]-']-'):%(zz F,F),

o;(zz FF ):;(z,z,}',]:’),

hd ’f'(Z,Z f/ ): 772(252/7-/_'.3?/)3

o Nz, 2/, F,F)=—\zz2,F,F),

o 7(f(2),f(z ) f(F %f(f’))zf(%zﬂf,f’),
o A(f(2), f(2'), [(F), f(F')) = Az, 2", F, F).
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Note that we have the following:

Lemma 2.4. For every compact subset K C W, for every F,F' in §, there exists
M > 0 such that for every (z,2') € K it holds that

2,2/, F,F) < M.

Proof. Like in the proof of Lemma 2.2, it is sufficient to study the case where
K = d x d' is the product of two topological closed disks. Choose a lift d of d
and a lift d’ of d’ in D. Choose f € Homeo,(D*) such that 7' = f~!(F) and an
identity isotopy (fs)sejo,1) of f. Lift this isotopy to an isotopy identity (.fs)se[o,l]
on D. There exists ko > 0 such that if k > ko, then for every s € [0,1], every Z € d
and every ' € d’ it holds that

O, o). 5. or oy F) = 10 05,3 f ey (F) = 34
and it implies that
#(5,THE), F,F) =#(5T &), F,F)=0.

To conclude, it remains to apply Lemma 2.2 to the compact sets d x T* (cf’), |k| <
ko. O

Let us conclude this section by stating and analogous of Lemma 2.1. Define first
what is a displacement function. For every f € Homeo,(D*), every lift f of f to D
and every ray ¢ we can define a function m fo: D= ZLas follows: we choose a lift

¢ of ¢, then for every z € D, we consider the lift Z of z such that Z € L(¢)NR(T(¢))
and we denote mj 4(z) the integer m such that f(2) € L(T™(¢)) N R(T™(4)),

noting that it does not depend on the choice of Q; Observe that Mrpigf gy = MF ¢+k:,
for every k € Z. One proves easily the following result:

Lemma 2.5. For every compact subset K C D* and every rays ¢,¢’, there exists
M > 0 such that for every f € Homeo,(D*) and every lift f of f to D, it holds
that

z€ K and f(z) € K = |mj ,(2) —mgf 4 (2)] < M.
The following result precises the lack of symmetry of (z,2’) — A(z, 2, F, F').

Lemma 2.6. Fiz F, F' in§. Choose a leaf ¢ of F, a lift ¢ of ¢ to D and a map
[ € Homeo.(D*) such that F' = f~Y(F). For every z € D*, denote * the unique

lift of z such that Z € L(¢) N R(T(¢)). Then, for every (z,2') € W, we have

Mz, 2!, F,F') = M2, 2, F, F)) = mj 4(2') —mj ,(2) +9 F) — 05+ 5 (F).

e :
Proof. Fix (z,2') € W. During the proof, we will lighten the notations by writing

/
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By using Lemma 2.1 we get

Nz, 2, F f7H(F ))— NCIE f‘l( ))

=Y NETHE), FfHF) = Y AE THE), FL fH(F)
kEZ keZ

=D AETHE)F TP = D NTHE. 2 F 7 (F))
keZ keZ

= Y AGTHE), FTHF) - M E) A F 7))
kezZ

= ben ey (FHF)) = bz (F)
keZ

=2_jcrrienF) — O (F)
kezZ

=D dfr-me@n e (iar-mznyF) = 0z e (F)
keZ

= Oz wrem—m(Fr-m ) (F) = 8z (F).
kezZ

Recalling that z = 2* and 2z’ = 2'*, we have
“1/2 ifk<0
Oz ez (F) =
e (F) {1/2 if k>0
and
5 7y -1/2 ifk4+m' —m <0
f(TfnL(2))7Tk+m’,nz(f~(T7m/(2/)))( ) - 1/2 if k + m, —m>0.

So we deduce that

0 if kK < min(0,m —m')
0 if & > max(0,m —m’)
1 ifm—m'<k<0
-1 ifo<k<m-—m
—O0z* 3% - 1 = — 4
Of—m(zy.rsm=m(Fer-n (zy)) (F)=0zrn () (F) = gz 5 Eg R 1;; lii 8§m "
—0z* z/* 1 = m—m
— kT — % 1 = — /
6f(2) & (F)+1/2 ifk=m—-m/<0
— kT k — 1 = — !
6f(2) @ (F) 1/2 ifk=m-m'>0
TN TN K — PN~ 1 = = — 4
5f(2) & (F) =0z 35+(F) ifk=0=m—-—m

and consequently, that
Z5f(T7m(2))’Tk+m’7m(f(T77n'(El)))(f) 5~ Tk(z')(‘F) m’ m+§f(z) f( /) (‘F) 55*,2’*(‘7'.)'
keZ

U

Remarks. 1. The fonction ¢ 7(z,2') = A(z,2/,F, f~1(F)) depends only on the
foliations F and f~!(F) (and not explicitely in f) and the fonction z — my 4(2)

depends only on the ray ¢ and on f
2. The equality proven in Lemma 2.6 can be written

AJ;)]_—@(Z,Z/) - Af’fﬁ(z’,z) = 5];(?)*,%*(7") - (55*75* (]:),
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where
Af 42, )= Apx(z,2) + mj ,(2)-
3. For every k € Z it holds that Apw.f 7, = Af z s+ k.

2.4. Rotation number and linking number. We will see how to define rotation
numbers and self linking numbers within this formalism.

Definition 2.7. Fix f € Homeo,(D*) and a lift f to D. Say that z € D* has a
rotation number rot §(z) € R if:

(1) there exists a compact set K C D* such that #{n > 0| f"(2) € K} = 4o0;
(2) if ¢ is a ray and if K C D* is a compact set containing z, then for every
€ > 0, there exists ng > 0 such that for every n > nq it holds that

ffz) e K= %imf’(ﬁ(fi(z)) —rots(z)| <e.
=0

Remark. Note that Z?:_ol mf7¢(fi(z)) =M. 4(2). Using Lemma 2.5, one deduces
that if the second assertion is true for a ray ¢, it is true for every ray ¢'.

Definition 2.8. Fix f € Homeo*(D*) and a lift f to D. Say that (z,2') € W has
a linking number link§(z, ) € R if

(1) the points z and 2z’ have a rotation number;

(2) there exists a compact set K C W such that #{n > 0] (f"(2), f*(%')) €
K} = +o0;

(3) if F is a radial foliation, if ¢ is leaf of F and if K’ C W is a compact set
containing (z, z’), then for every e > 0, there exists ng > 0 such that for
every n > ng it holds that

n—1

(U S € K = |13 A 5 o (£1(2), £1() — k=, )| < .

=0

Remarks. 1. Note that
n—1 . -
S UM (P P () = A p (2 2).
i=0

2. As explained in the remark following the definition of the rotation number,
we know that if the third assertion is true for a leaf ¢, it is true for every other
leaf. Let us explain now, why if the third assertion is true for a foliation F € §, it
is true for every other foliation 7/ € §.* We have

Mz, 2, F, f7(F)) = Mz, 2, F, f(F))|

Mz, 2", F,F') 4+ Az, 2/, F fTUF)) = Az, 2, F L f(F))
Mz, 2", F,F') = Mz, 2 fT(F), [ (F))

= Mz, 2 F, F) = A" (2), [ (&), F, F)

2, 2\ F, F)+7(f"(2), ("), F, F).

It remains to apply Lemma 2.4 : for every compact set K C D*, there exists M > 0

such that for every point (z,2’) satisfying (z,2') € K and (f"(2), f*(?')) € K, we
have 7(z, 2/, F,F') < M and 7(f"(2), f*(z'), F,F') < M.

A

4This assertion is moreless what is used by Gambaudo and Ghys to prove in [GaGh] that two
symplectic diffeomorphisms of D that are C° conjugate have the same Calabi invariant.
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3. By the remark following Lemma 2.6, if linkf(z, z') exists, then linkf(z', z)
exists and link 7(2", z) = link (2, 2'). Indeed, we have

Ao g (557) = Moz o2 2)| = 05 o (F) = 02 - (F) < 1.

Definition 2.9. Fix f € Homeo.(D*) and a lift f to D. Suppose that f lets
invariant a finite Borel measure pu.
(1) Say that p has a rotation number rotz(p) € R if p-almost every point z
has a rotation number and if the function rot 7 is p-integrable, and in that
case set

rot 7(p1) = /D* rot ¢ dy.

(2) Say that p has a self-linking number link§(u) € R, if
e 4 is non atomic,
e 1 has a rotation number,
e 1 X p-almost every couple (z,z’) € W has a linking number and the
function linkj—; is p x p-integrable, and in that case set

link 7(p) = /W link 7 dpu x dpu.

Remarks. 1. If there exists a ray ¢ such that mg is p-integrable, then by Birkhoff
Ergodic Theorem, one knows that g has a rotation number and it holds that

rot 7(u) = /D* mp s dp.

2. If there exists a radial foliation F and a leaf ¢ of F such that m Fop 18 -

integrable and Ay 7 is p x p-integrable, then p has a self-linking number and it
holds that

link 7(p) = /W Af r g du x dp.

Suppose that f € Diff (D). Define D* = D\ (SU {0}). Choose an identity
isotopy I = (fs)sejo,1) of f in Homeo, (D) that fixes 0 and write f for the lift of
fip- naturally defined by the restriction of I to D*. Extend the isotopy to a family
(fs)ser such that fo11 = fs o f for every s € [0,1]. Denote p, the finite measure
naturally defined by w. Consider the Euclidean radial foliation F, on D*, whose
leaves are the paths (0,1) 3 t +— te?™ « € [0,1). Note now that for every leaf ¢
of F,, every n > 1 and every z € D* it holds that

M 4(2) — angpn (O,z)‘ <1.

Moreover, the function z + ang; (0, z) is bounded because f is a C! diffeomorphism.
It implies that m Fols bounded and so, f,,, has a rotation number (according to
Definition 2.9) and we have

rot (1) :/ mj 4 dit :/ ang; (0, 2) dutg,-
D* ’ D*
Note now that for every n > 1 and every (z,2z') € W it holds that

A 5, 4(2,:2') —angf(z,2))| <1 +1=2.

To get this inequality, one must consider a frame at z moving with time: at time
n it is the image of the original frame at z by the rotation Rayg,, (0,.)- Indeed, we
have the two following properties:

° <1

M () — amgn (0, 2)
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e the difference between the variation of angle of the vector fs(z') — fs(2),
s € [0,n], in the moving frame and A £, (2, 2') is smaller than 1.
One deduces that p,, has a self-linking number (according to Definition 2.9) and
we have

link (1,) = /W Aj g dpe x dpg, = /W ang’ (2, 2') dpiy, x dp,, = Cal(I).

Let us conclude with a proposition, that will useful to prove Theorem 1.1, and
that summarize what has been done in this section.

Proposition 2.10. Suppose that f € Diff. (D) fizes 0. Let I be an identity isotopy
of f and f be the lift of fip+ naturally defined by [I]. If F € § is a radial foliation
and ¢ is a leaf of F such that mg , is He-integrable and Ag 7 is iy, X i, -integrable,
then it holds that

Eia/l(l) = /W A 7 s dpe X dpig,.

3. CONSTRUCTION OF A GOOD RADIAL FOLIATION FOR AN IRRATIONAL
PSEUDO-ROTATION.

The three first sections of this chapter come from [L2]. All proofs can be found
there. The fourth one, concerning properties of projected foliations is mainly new.
The last proposition of the fourth section and the isotopy defined in the last section
already appeared in [L1] but in a slightly different context (twist maps instead of
untwisted maps).

3.1. Generating functions. Let us denote 71 : (z,y) — z and w3 : (x,y) — y
the two projections defined on the Euclidean plane R?. An orientation preserving
homeomorphism f of R? will be called untwisted if the map

(z,y) = (m(f(2,9)),y)
is a homeomorphism, which means that there exist two continuous functions g, ¢’
on R? such that
z=g(X,y),
Y =g'(Xy).
In this case, the maps X — ¢(X,y) and y — ¢'(X,y) are orientation preserving

homeomorphisms of R. If moreover, f is area preserving, the continuous form
xdy + YdX is exact: there exists a C! function h : R> — R such that

_0oh . _ Oh
9=, 9= ox
The function h, defined up to an additive constant, is a generating function of f.

f(a?,y) = (va) <:>{

We can precise the definition by saying that f is a K Lipschitz untwisted home-
omorphism, where K > 1, if
i) f is untwisted;
ii) f is K bi-Lipschitz;
iii) the maps X — ¢g(X,y) and y — ¢'(X,y) are K bi-Lipschitz;
iv)  the maps y — ¢g(X,y) and X — ¢'(X,y) are K Lipschitz.

If f is a diffeomorphism of R2, denote Jac(f)(z) the Jacobian matrix at a point
z. One proves easily, that for every K > 1, there exists a neighborhood U of
the identity matrix in the space of square matrices of order 2, such that every
C! diffeomorphism satisfying Jac(f)(z) € U, for every z € R?, is a K Lipschitz
untwisted homeomorphism.
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Suppose that f is a C! orientation preserving diffeomorphism of I that fixes 0
and coincides with a rotation R, on S. Fix 8 > a. We can extend our map to a
homeomorphism of the whole plane (also denoted f) such that:

(2) Rotr—1(z) if 1<|2|<148-a,
z) =
Rs(2) if [z2|>14+0—a.
Using the fact that the group of orientation preserving C' diffeomorphisms of
D (and the group of symplectic diffeomorphisms of D) that fix 0 and every point

of S, when furnished with the C' topology, is path connected, one can prove the
following:

Proposition 3.1. For every K > 1, one can find a decomposition f = f,,0---0 f1,
where each f; is a K Lipschitz untwisted homeomorphism that fizes 0 and induces
a rotation on every circle of origin 0 and radius r > 1. Moreover, if f is area
preserving, one can suppose that each f; preserves the area.

We fix K > 1 and a decomposition f = f,, o---o fi given by Proposition 3.1.
We define two families (g;)i1<i<m, (9})1<i<m of continuous maps as follows

r = gi(X,y),
Y= gg (X7 y)a
For every i € {1,...,m} one can find an identity isotopy I; = (fis)se[o,)) Where
each f; ; is an untwisted map such that
= (1-5)X+s9:(X,y),
YV =(1-s)y+sg(X,y),
and a natural isotopy I = I,,, o---0 Iy of f. Note that if each f; is area preserving,
one can find a family (h;)1<i<m of C' maps, such that
oh;, , Oh;

=9y 97 ox
In that case every map f;s, 1 <i <m, s € [0,1], is area preserving and it holds
that

fz(xvy) = (X’ Y) < {

fi,s(xvy) = (X’ Y) <~ {

(Xsy) = (1= 8)Xy + shi(X,y)
is a generating function of f; .

3.2. The vector field associated to a decomposition. We consider in this
section a C'! orientation preserving diffeomorphism f of I that fixes 0 and coincides
with a rotation R, on S. We suppose that it is extended and then decomposed into
untwisted maps as in Section 3.1. We keep the same notations. We extend the
families
(fircism, (gi1<i<m, (9)1<i<m,
to m periodic families
(fi)i€Z7 (91‘)1‘627 (gg)i€Z7
and the family (h;)1<i<m to a m periodic family (h;);cz in case the f; are area
preserving.
We fix an integer b > 1 and consider the finite dimensional vector space

Ey={z = (z1)icz € R*)" | zifmp = 2, for all i € Z},
furnished with the scalar product
((zi)iez, (21)iez) = Z i + Yiys,
0<i<mb

where z; = (z;,v;) and z, = (z},y}). We define on Ej a vector field ¢ = ((;)iez by
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writing
Gi(z) = (&i(2z),ni(z)) = (yi - 9271(%’,%71), T — gi(xiJrl»yi)) .
Observe that ¢ is invariant by the (b periodic) shift
@ Eb — Eb s
(2i)iez > (Zitm)iez.-
Let us state some facts about (.
Lemma 3.2. The vector field is A Lipschitz, where A = vV6K?2 + 3.

One deduces that the associated differential system

T =y — i1 (Ti,yi-1),
Ui = T — Gi(Tigy1, i),

defines a flow on E. We will denote by z! the image at time ¢ of a point z € E by
this flow. As an application of Gronwall’s Lemma, one gets:

Lemma 3.3. For every (z,2z’) € E}, and every t € R, one has
oMMz — 2’| < [|2* — 2" < MMz — 2|
and
—A A
e MI¢(@) < 1<) < eMI¢(z)]]-

In the case where the f; are area preserving, observe that ( is the gradient vector
field of the function

h:zw— Z iy — hi1(zi,yi-1)
0<i<mb
and that h is invariant by . One can define the energy of an orbit (z')s;cr to be
+oo
B2 7 T R t
|l = tim hia) - tim et

As a consequence of Lemma 3.2 it holds that

Lemma 3.4. For every z € Ey, one has

IW@WSA/

+oo
N . ty t
et =t _na) - i nat)).

For every i € Z, define the maps Q;, P;, Q. : E, — R?, where

Qi(z) = (9i(xiy1,vi),vi), Pi(z) = (w4,4:), Qi(z) = (xi,9;_1(%s,Yi-1)).
Let us state the main properties of these maps:

o fioQi=0Qj,

b C’L =Jo (Q; - Ql) where J(.’E,y) = (_yax)a

e z € F is a singularity of ¢ if and only if Q;(z) = Q}(z) for every i € Z,

e if z € E is a singularity of ¢ then Q;(z) = Pi(z) = Q/(z) for every i € Z,

e (7 induces a bijection between the singular set of ( and the fixed point set
of f°,

e the sequence 0 = (0);¢z is a singular point of ¢ that is sent onto 0 by each
Qia R or Q:7

e ( is C! in a neighborhood of 0.



18 P. LE CALVEZ

3.3. The case of an irrational pseudo-rotation. In this section we keep the
notation of Section 3.2 but we suppose than f is an irrational pseudo-rotation.
We suppose moreover than 8 € Q and that (o, 3) NZ = (. The extension f is a
piecewise C'! area preserving transformation that satisfies the following properties:

- 0 is the unique fixed point of f;

- there is no periodic point of period b if (b, b8) NZ = 0;

- if (bay,bB) N'Z # (), the set of periodic points of period b can be written
Ua<a/b<ﬁ Sa/b, where S, is the circle of center 0 and radius 1+ a/b — a.

In that case, we have the additional following properties for the vector ¢ defined
on Fy:
e the singular set consists of the constant sequence 0 and of finitely many
smooth closed curves (X4 )ae(ba,b8)n7;

e the curve ¥, is sent homeomorphically onto S, by each Q;, P; or Q;;
e ¢ is C™ in a neighborhood of ¥,.

We fix an integer b > 2 such that (ba,b8) NZ # 0. If z and z’ are two singular
points of ¢, the quantity h(z) — h(0) is the difference of action between the two
corresponding fixed points of f®. A computation gives us:

Lemma 3.5. For every z € ¥, one has

h(z) — h(0) = 7(a — ba) (1 +(afb—a) + (“/630‘)> .

We will denote

C(a,b) = w(a — ba) (1 + (a/b—a)+ (a/bga)) )

Now let us state the fundamental result of [L2]:

Proposition 3.6. The curve ¥, bounds a topological disk A, C Ey that satisfies

the following:

i) A, contains the constant sequence 0;

il) A, is invariant by @;

iii) each projection z v~ (x;,y;—1), i € Z, is one to one on Ag;

iv) each projection z — (x;,y;), i € Z, is one to one on Ag;

v) A, is invariant by the flow of ;

vi) foreveryz € A = A,\({0}UX,), one haslim;, o 2" = 0 and lim;—, o d(z',3,) =
0.

Let us explain more precisely what is proved in [L2]. In what follows, the function
sign assigns +1 to a positive number and —1 to a negative number.
Let us consider the set
V={zeE, |2;#0 and y; #0 for all i € Z}
and the function L on V defined by the formula
1

Li)=; > sign(:) (sign(y,) — sign(yi-1)),
0<i<mb
1 : . .
1 Z sign(y;) (sign(w;) — sign(z;41)) .
0<i<mb

It extends continuously to the open set

VIZ{ZEEZ, | z; =0=y;—1y; > 0, yi:O=>.’13il‘i+1>0}.
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It is integer valued and takes its values in {—[mb/2], ..., [mb/2]}, where the notation
[x] denotes the integer part of a real number z. The assertion iii) and iv) are
immediate consequences of the following fact:

Proposition 3.7. If z and z' are two different points of A, thenz—12z' € V' and
L(z—12")=a.

The fundamental result that permits to construct A, is the following:

Proposition 3.8. If z, z are two distinct points of Ey satisfyingz' —z & V', then
there exists € > 0 such that for every t € (0,¢], it holds that:

a —2 eV, Lz "—z7Y) < Lz -2

_ ¢
2 —zteV, 7

This result admits an infinitesimal version (see [L1]):

Proposition 3.9. If z € E, is non singular and satisfies ((z) & W, then there
exists € > 0 such that for every t € (0,¢], it holds that:

(") eV, (") eV, LET) < LE(@E")

and
71—t

t
7 —zeV' 72

—zeV', Lz "'—2) < L(z" - 2).
As an immediate corollary of the second assertion, one gets the following result
(not explicitely stated in [L2])

Corollary 3.10. Ifz € A}, then ((z) € V' and L({(z)) = a.

The assertion iii) tells us that the maps Q;|a, and Q}|a,, ¢ € Z, induce homeo-
morphisms from A, to D,/;, denoted respectively ¢; and g; °. The assertion iv) tells
us that the maps Pj|a,, i € Z, induce homeomorphisms from A, to D, denoted
p;. Note that p; o q; 1 is a homeomorphism which let invariant every horizontal
segment of D,/ and induces on this segment an increasing homeomorphism and
similarly p; o ¢/ ;1 is a homeomorphism which let invariant every vertical segment
of D/, and induces on this segment an increasing homeomorphism. We denote F
the radial foliation defined on A} whose leaves are the gradient lines of ¢ included
in A%,

For every s € [0,1], and every i € Z we define

¢ = (1=s)qi +spi, ¢'; = (1 —5)pi + 54;.
The maps ¢; and ¢’ are homeomorphisms from A, to D,; (all coinciding on X,)

and send F onto a radial foliation of D, y,.

3.4. Projected radial foliations. Recall that d denotes the winding distance
between two radial foliations. Let us begin with the following result:

Lemma 3.11. For every s1, s in [0,1] and every i € Z, we have

d(q;* (F),q;*(F)) <2, d(¢'7(F),q7?(F)) < 2.

?

Proof. We fix i € Z and will prove the first inequality, the proof of the second one
being similar. The leaves of ¢f(F) are the paths t — ¢$(z'), z € A*. Note that the
map t — ma(g(z')) is C* and that

720 4 (2") =0 = ni(2) = zi — gi(iv1, i)

5We do not refer to a to lighten the notations.
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Say that z € DZ/b is horizontal if it can be written z = ¢;(z), where x; —
gi(xiy1,y:) = 0. Denote H; the set of horizontal points®. For every point z € DZ/b,

define J(z) to be equal to {z} if z is horizontal and to the largest horizontal in-
terval contained in D7 /b \ H; and containing z, if z is not horizontal. The sign

of 1;(g; *(#')) does not depend on the choice of 2’ € J(z). We orient J(z) with
2 increasing if this sign is positive and with x decreasing if this sign is negative.
Note that the path s+ u$(z) = ¢f o g; *(2) is constant if z is horizontal and is an
oriented segment of J(z) inheriting the same orientation if z is not horizontal. The

», implies

d
fact that T2 ° @ (2") =0 = ni(z), for every s € [0,1] and every z € A}

that if z is not horizontal, the oriented interval J(z) is transverse to the foliations
¢ (F), s € [0,1], crossing locally every leaf from the right to the left.
Denote D, , the universal covering space of D7 /b and for every z € D, that

lifts z € D7 ,, denote J(2) the lift of J(z) containing %, with the induced orientation

—_~—

in case z ¢ H;. Write H; for the lift of H;, write ¢5(F) for the lift of ¢f(F) and
denote (u? )se[o 1 the identity isotopy that lifts (u])scjo,1]. Suppose that Z € D,
is not in H;. For every sy € [0,1], the oriented interval I(Z) is transverse to the

foliation ¢;°(F), crossing locally every leaf from the right to the left. Moreover if
0 < s1 < 82, then @;2(Z) follows @;*(2) on J(Z). Consequently it holds that:

0<so<1and 0<s) <s9<1= 0z g0 5(q° (F)) = 1.

Now, let us fix two different points Z, and Z; in D, sp and s € [0,1]. Observe
that the three sets

€ j(’go) J( 1)| 7é Zlv zo,féi( S(]:)) = 1}
{(20,21) € J(20) x J(21) | 20 # 21, 025,21 (7 (F)) = 3},
€ J(20) x J(21) | 2 # 7, 0,2 (4} (F)) € {0,2}}
are connected, whether the points belong to H; or not. Indeed, the paths J(Z)

and J(%1) in D, /» draw intervals of leaves of the foliation g7 (F) whose intersection
is an interval of leaves if not empty. In particular the set of couples (2], 2]) €

J(%0) x J(21) such that 2, and Z} are distinct and belong to the same leaf of ¢; (F)
is connected: it is an interval (p0851bly empty) if J(Z) N J(21) = 0, it is empty if
J(%0) N J(%1) # 0 (because the intersection is a “horizontal” path in Da/b ). The
map (2, 21) + 0z = (g7 (F)) being continuous on W, takes at most three values on
J(%0) x J(21) (either 0 or 2 is missing).
In particular, if 0 < s1 < s9 < 1, the map
5 € [51,82] = Gasoan) =1 (z0), azo(ar) -1 (21) (457 (F)) = 0205 (0 0(u§) ~tog;* (F)) € Z/4AZ
takes at most three values and is lifted to a map
5 € [s1,52] = 0z, (0" 0 (uf) 0 ¢*(F)) € Z
taking at most three values, which implies that
17 (20, 21,4 (F), 7 (F)) < 2.
U

6if n;(z) = 0, then &;(z) # 0, so every leaf of p;(F) is a C' embedded line and H; is nothing
but the set of points where the foliation p;(F) is horizontal.



A FINITE DIMENSIONAL PROOF OF A RESULT OF HUTCHINGS ABOUT IRRATIONAL PSEUDO-ROTATIOINS

The homeomorphism 47 sends the foliation g;(F) onto the foliation ¢ (F). The

leaves of ¢;(F) are pushed on the left by the isotopy (@;)se[o,1]- More precisely, for
every 0 < s1 < s9 < 1 and every leaf ¢ of ¢;(F), it holds that:

o L(@*(9)) C L(T (9)), i i

o if Z € ¢ belongs to H;, then Z € @ (¢) N4;2(¢),

e if Z € ¢ does not belong to H;, then ;2 (2) € L(4;*(¢)).

Similarly, for every z € A, the map ¢ — m1(¢';(z")) is C! and we have

d

%Wl ° q/f(zt)u:o =&i(z) = yi — gi—1(®i, yi-1)-

Say that z € D:/b is vertical if it can be written z = ¢}(z), where y; —g;—1 (24, yi—1) =
0. Denote V; the set of vertical points and V; its lift in ba/b. Define v’ = ¢'$ op;1

and lift the isotopy (u'j)sep0,1] to an identity isotopy (@'7)sepo,1]- Write ¢'f(F) for

the lift of ¢$(F). Then, for every 0 < s; < s5 < 1 and every every leaf ¢ of ¢/;(F),
it holds that:
o L@ (@) C L (3), ) )
o if Z € ¢ belongs to V;, then z € @5 (¢) N 432 (),
e if Z € ¢ does not belong to V;, then @' (2) € L(@'(¢)).
To conclude, consider the family (v§)scpo,2) Where
vi(s){uf if0<s<l,

WiTroul =5 ogt if1<s<2,

is an isotopy from Id to ¢} o ¢, 1 The isotopy (vf‘ D can be lifted to an

al ’7) s€[0,2]
identity isotopy (5),c[ o Such that

L if0<s<l,
R 11’5_101111 if1<s<2.

7

e~

The map ©; sends the foliation g;(F) onto the foliation ¢f(F) if 0 < s <1 and onto
the foliation ¢/~ !(F) if 1 < s < 2. Moreover:

e for every 0 < 51 < 1 < s5 < 2 and every leaf ¢ of .7??, it holds that

L(072(9)) € L(7" (¢).
Indeed, the sets H; and V; are disjoint.
3.5. Construction of a good isotopy. One gets a m-periodic family of homeo-
morphisms (f;)icz of D/, by writing:
fi=div10q "
Its periodicity comes from the equalities
fitm = Gitm+1 0 G, = dix1 0 @A, © (@i 0 0ja,)

Moreover f = fp, o---o f1 has order g because

f=tmi1oq7 =aqo(pa,)oq "

or equivalently because

P:fmbo"'of1:me+loql_l:IdDa/b-
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Note also that ﬁ fixes 0 and coincides with f; on S,/ because

filp,,, = Qis1 Oqi_l-
Let us define an isotopy I = (fvs)se[o,mb] from Id to f° in the following way:
If s € [2k,2k 4+ 1], 0 < k < mb, then

.]Es = fmq 00 frb—kt1 0 anf_kkﬂ © Q1_1
= fmg© O fmb—k+10 qf{bz_kk_i_l o ‘ané—k O frab—k—10--+0 f1.
If s € [2k 4+ 1,2k + 2], 0 < k < mg, then

h3 —2k—1 -1
fs = fmb ©:--0 fmb—k+1 o q/fnbkarl °aqq

—2k— _ ~ ~
= fing© 0 fmp—k1 0 4ot 0 Gty © Frnb—k—1 0+ 0 fi.
Note that
ka:fmbo"'OfmbfkqtlOfmbfko~-~of17

~

y . N
fort1 = fmb o 0 frnb—k+1 O Pmb—k+1© Gpp_ © fmb—k—10---0 f1.

In particular, we have

5 _ fb 0+ 0 frp—ii1 (@ 2F(F)) if s € [2k,2k + 1],
fs(ql(F)) - {fmb o ofmb—k+1(q/f_2k_1(f)) ifse [2]€—|— 172k+2]

Proposition 3.12. For every s1, s2 in [0,2mb] we have

d (-fSI (ql(f))’fsz(QI<~F))) < 2|82 — 81| + 4.

Moreover, if s1 and s are integers we have

d (fs,(@1(F)), foa(a1(F))) < 2ls2 = s1l.
Proof. We will use Lemma 3.11. Note that for every sq, so in [2k, 2k 4+ 1] we have

d (-fsl (ql(f))7 fsz (ql(‘F)) =d (fmb 0-+--0 fmq—k—&-l(ql‘Sl_Zk(f))v fmb ©--:0 fmb—k-&-l(QfQ_Qk(]:)))
(a0 ()

and similarly for every s1, so in [2k 4+ 1,2k + 2] we have
d (fs, (@1(F)), for(@u(F)) = d (fmb 00 frp—rs1 (@5 THF)), frp 0+ 0 fmb—k+1(qlf2_2k_1(]'—))
=d (¢ P )
<2
We easily deduce Proposition 3.12. O
We immediately deduce
Corollary 3.13. It holds that
d(f'(@1(F)), q1(F)) < 4mb.

Let us conclude this section by the following result

Proposition 3.14. Isz = (fs)se[o’zmb] is the identity isotopy that lifts (fSID*/b> 0.2mi
@ s€[0,2m

—_~—

then every leaf ¢ of q1 (F) is a Brouwer line of fgmb.
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Proof. Let ¢ be a leaf of F, then for every s € [0,2mg], we have

, ) fmgor o frbmrr1 0 @i (0)  if s € 26,2k + 1], 0 < k < mb
Ts(ar(9)) = {fmq 00 frub—ktl © q’f,;f_kkﬂ(o;) if se[2k+1,2k+2],0<k<mgqg
Equivalently, it holds that

Fs(@1()) = fing 0+ 0 frb—rs1 0V 1 (Gmb—rt1(0))
it s € [2k,2k+2], 0 < k < mb.

We deduce that for every leaf ¢y of q/l(\}{), it holds that L(f52(¢~>1)) C L(fzsl (¢~51))
if 0 < s < sy < 2mb and that L(farr2(61)) © L(for(61)) if 0 < k < mb. In
particular we have L(fgmb(qz)) C L)

O

4. PROOF OF THEOREM 1.1

Proof of Theorem 1.1. Let f € Diff} (D) be an irrational pseudo-rotation that co-
incides with a rotation on S. We want to prove that Cal(f) = 0. We extended our
map to the whole plane and decompose it in twist maps as explained is Section
3. In particular we get a natural identity isotopy I such that rot(l|s) = «, where

a € R\ Q and we want to prove that (fJ\zﬁ(I) = 12a. We use the results of Section
3, keeping the same notations. If (a,b) € Z x N\ {0}, satisfies a € (ba,bs), then
fIDa/b is a piecewise diffeomorphism of class C'. It is easy to see that as_m/l(l‘Da/b)
is well-defined, if one refers to the third definition given in the introduction. It can
be explicitly computed, we have

o o 14+a/b—a
Cal(Ip,,,) = Cal(I) + 2/ (mr?)(a + 7 — 1)27r dr
1

o 14a/b—a
= Cal(I) + 47r2/ r3(a+r—1)dr.
1

Of course it holds that
lim Cal(l|p, ,) = Cal(Ijp).

a/b—a

We have constructed a radial foliation F on Aj C Ey. We define F1 = ¢1(F)
and denote F; the lift of Fy to Dgyp,. We define Wy, = {(2,2) € D}, |2 # 2'}.
Note that the area of D, is

A(a,b) = (1 + a/b— a)?
and recall that the difference of the value of h between the points of 3, and {0} is

C(a,b) = 7(a — ba) (1 + (a/b— )+ (a/b3—a)) .

Lemma 4.1. The following bound holds
P X ey ({(Za Z/) € Wa/b ‘;(27 2,7]:17 fﬁb(‘/—-'l)) 7& O}) < 2A(a7 b) C(a7 b)
Proof. Fix z € DZ/b and choose a lift Z € Da,b. The set

0(2) - L(f2mq71((7z~52)) N R(&E)
has measure C/(a, b) (for the lifted measure fi,,) and projects onto a subset O(z) C
D,y satistying ., (O(z)) < C(a,b). Moreover, we have

P eO0(F) e 1(Z)Nd: £0, 7 € 0(z) = ()N ¢, # 0.
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Note that I(Z) and I(2') meet a common leaf if and only if 2/ € O(Z) or z € O(%')
and that (z) and I(2') meet a common leaf if and only if 2/ € O(z) or z € O(2').
Obviously, I(z) and I(z') meet a common leaf if 7(z, 2/, F1, f~°(F1)) # 0 and so,
it holds that

Mo X e ({(sz/) € Wa/b|%(zazl7fl7fib(f1)) # O})
SL %w@m%@+/ 1o (O(2)) dpt (<))

a/b D

< 2A(a,b)C(a,b).

We can be more precise:

Lemma 4.2. The following bound holds

/W Fe 2 Fu f0 ) dpo(2) dpio(+7) < 8mb A(a, b) Cla, b).

a/b

Proof. We keep the same notations as in Lemma 4.1. For every (z,2") € Wy,
define

v(z,2") = #{k € Z|7(Z, T F(Z'), F1, f°(F1)) # 0}
where Z,Z" are given lifts of z,2’. Now, for every z € D? s> define a function
Y. : D7 b N assigning to every point 2’ € D* /b the number of its lifts that are
in O(Z), where Z is a given lift of z. Suppose that 7,(z") # 0, or equivalently that
2" € O(z). Then, for every I € {1,...,7.(2')} there exists a unique lift 2’ € O(Z) of
2" such that I(Z') meets the leaves T7(¢z), 0 < r < . Note also that

L 7o (#) (') = f1(O(3)) = Clasb)

a/b
and that
v(2,2) <7:(2") + 72 (2).

To conclude, we refer to Corollary 3.13 that says that for every (Z,2') € Wy, it
holds that |7(Z, 7', Fi1, f°(F1))| < 4mb. O

Note also that for every couple (a,b) defined as above, it holds that f:me =

(f\f)a/b)b — T (or equivalently that [I] = [I]l"Da/b[T_a]‘Da/b). Indeed both maps lift

f? and coincide on Sasp- If ¢ is a leaf of F7, then mg oo, is non negative and
2mb>

/ M dp, = Cla,d).
a/b
We deduce that p,, has a rotation vector (which was obviously known) and that

oty ()= [ mpdu=Clab)

f2mb
a/b

We deduce from Lemma 4.2 that A 7 is integrable on W,/ for the measure
L X e and that

| / Aoz, diion(2) dp ()] < 8mb A(a,b) C(a, b).
Wa,b
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According to the results of Section 2, we deduce that s, has a self linking number
for fzmb and that
linkf:2 , () — / rot:  (2) duy(2) duy(2")| < 8mb A(a,b) C(a,b).

f2mb
a/b
But we know that foms = f® 0o T~% and so we obtain

blimk];“5 (i) — aA(a,b)? — Ala, b)/ rot ¢ (2) dpw(2)| < 8mb A(a,b) C(a,b),

* 2mgq

a/b S

which can be written

. a A(a,b) C(a,b)

link 7 — A 2_ Ty

kg, (o) =5 Aa.b) b

One can find a sequence (an, by, )n>0 such that lim,_, 4o a, — by = 0. Writing

A(an,bn) C(an, by)
b

’ < 8mA(a,b)C(a,b).

hnkflf) (,U'w) - n (ana bn)2 -

an/bn bn

< 8mA%(an, by) C(an, by)

and letting n tend to +o00, one obtains

linkf‘ﬁ(/l,w) —7r2a =0.
But we know that linkﬂﬁ(uw) = 6{1(1), so we can conclude. O
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