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Random walks with bounded first moment on
finite-volume spaces

Timothée Bénard* and Nicolas de Saxcé

Abstract

Let G be a real Lie group, A < G a lattice, and Q@ = G/A. We study the equidistri-
bution properties of the left random walk on 2 induced by a probability measure p on G.
It is assumed that p has a finite first moment, and that the Zariski closure of the group
generated by the support of i in the adjoint representation is semisimple without compact
factors. We show that for every starting point z € 2, the py-walk with origin = has no
escape of mass, and equidistributes in Cesaro averages toward some homogeneous mea-
sure. This extends several fundamental results due to Benoist-Quint and Eskin-Margulis
for walks with finite exponential moment.
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1 Introduction

A homogeneous Markov chain on a finite-volume real homogeneous space is formally incarnated
by a triple (G, A, ) where G is a real Lie group, A a discrete subgroup of finite covolume in G,
and p a Borel probability measure on G. The chain in question then corresponds to the left
p-random walk on the quotient Q@ = G/A. In other words, the transition law at a point x € Q
is given by the convolution p * d,, image of u under g — gz.

In the last 20 years, the study of walks on finite-volume spaces has known spectacular
advances, which were achieved in analogy with Ratner’s theorems describing the dynamics
of Ad-unipotent flows on 2. The first milestone was set by Eskin-Margulis who proved that
the n-th step distribution of a homogeneous chain essentially remains in a compact set [14].
A few years later, Benoist-Quint managed to classify all the p-invariant probability measures
[3L 6], and extrapolated in [7] that almost every trajectory of the random walk equidistributes
in some finite-volume homogeneous subspace. However, all these statements require stringent
moment assumptions on the measure i, such as compact support or finite exponential moment,
the latter meaning that for some « > 0, we have

/G IAd gl du(g) < oo.

In a recent paper, Eskin and Lindenstrauss [I3] extended the techniques developed by Benoist
and Quint, and showed that their measure classification was still valid in the case where p only
has a finite first moment. Our goal is to weaken in the same way the moment assumptions in the
Eskin-Margulis recurrence theorem and in the Benoist-Quint equidistribution theorems. This
answers a question formulated by Benoist-Quint in the 10*" Takagi Lectures [4, Question 2].

1.1 Main results

Let G be a real Lie group, A a lattice in G, and set & = G/A. We fix a Borel probability
measure g on G and denote by I' the semigroup generated by the support of p. The algebraic

——Z
group generated by its adjoint representation is denoted by H = AdI", and we call H"® its
non-compact part, defined as the smallest normal algebraic subgroup of H such that H/H"¢
is compact. All the theorems to follow are presented under the next two assumptions.

1. The non-compact part H"¢ of H is semisimple.

2. The measure p has a finite first moment:
/GlogHAdglldu(g) <00

To state our results, we need to introduce the notion of homogeneous subspace.

Definition 1.1. A closed subset Y of €2 is homogeneous if its stabilizer Gy = {g € G, gY =Y}
acts transitively on Y. We add that Y has finite volume if the action of Gy on Y preserves
a Borel probability measure on Y. Such a measure is then unique and denoted by vy. If the
semigroup I is included in Gy (and acts ergodically on (Y,vy)), we say that Y is T'-invariant
(and T-ergodic).

We denote by Sq(T") the set of T-invariant ergodic finite-volume closed homogeneous subsets
of Q.

Our first result states that the p-walk on 2 essentially evolves in a compact subset. Such
statements originate in the work of Eskin, Margulis and Mozes [I5] on the quantitative Oppen-
heim conjecture and can be seen as an analog for random walks of the Dani-Margulis recurrence
theorem on Ad-unipotent flows [I2]. Under an exponential moment assumption, the theorem
below was proved by Benoist and Quint [5], generalizing previous work of Eskin and Margulis
[14].



Theorem A (Non-escape at infinity). For every compact set K C Q and every e > 0, there
exists a compact set K' C Q such that for every x € K,

(i) for everyn >0, (u*" x§,)(K') >1—¢;

(i) for p®V -almost every instructions (g;)i>1,

1
liminf —card{k € {1,...,n} | gr...q1z € K'} > 1 —e.
n

n—-+4oo

Conclusion (i) means the mass of the n-th step distribution of the walk does not escape
at infinity. Conclusion (ii) expresses some positive recurrence of the walk’s trajectories. The
result actually holds under the slightly weaker assumption that the image measure (Ads).u of
1 under the adjoint representation on the largest semisimple quotient of g without compact

factors generates an algebraic group with semisimple non-compact part (see in
Section [d)).

Our second result states that the p-walk on Q does not accumulate on a p-invariant homo-
geneous subspace, unless it is trapped inside it.

Theorem B (Unstability of invariant homogeneous subspaces). Let Y € Sq(T") and consider
a compact subset K C QY. For every ¢ > 0, there exists a neighborhood O' of Y in Q such
that for all x € K,

(i) for everyn >0, (u*™ % 6,)(0") <e ;

(i) for p®V -almost every instructions (g;)i>1,

1
limsup — card{k € {1,...,n} | gx...q1x € O’} < e.

n—+4oo 1

For the purpose of studying the equidistribution of u-trajectories, we prove a more general
version where Y is replaced by its orbit LyY under a compact subset Lg of the
centralizer of H™ in G. Conclusion is obtained in [7] under the assumption that u has a
finite exponential moment. If the space 2 = G/A is compact, item [(i)| can be readily deduced
from the arguments given in [6] Section 6|, but it appears to be new when € is not compact,
even under exponential moments assumptions.

Our third result states that each u-walk trajectory on €2 equidistributes in its closure to-
ward some homogeneous measure. It can be seen as an analog for random walks of Ratner’s
equidistribution theorem [20] for Ad-unipotent flows on Q2. As observed in [6] [I3], the assump-
tion on H must be strengthened in order to guarantee homogeneity. We ask that H be Zariski
connected semisimple without compact factors, or equivalently H = H™¢ semisimple.

Theorem C (Equidistribution in Cesaro-averages). Suppose as well H = H™. For every
x € Q, we have:

(i) The orbit closure Y =T - x C Q is a T-invariant ergodic finite-volume closed homogeneous
subset.

1 n—1

(ii) The sequence of measures (- >, Wk % 8, )n>1 converges to vy in the weak-x topology.

(iii) For u®N -almost every instructions (9:)i>1, the sequence of empirical measures (% ZZ;S Ogugrz)n>1
converges to vy in the weak-x topology.

Theorem [C| follows from [7] in the case where p has a compact support, which implies
in particular that I' is compactly generated. It is a well-known conjecture that the Cesaro-
averages in the second item should not be necessary. This will be proven in a follow-up paper
[1] in the case where two powers of u are not mutually singular.



1.2 Dynamics of the proofs

In order to prove Theorem [A] we use a variant of Foster’s recurrence criterion for walks with
a negative drift, applied to an appropriate proper drift function on the space of lattices. This
strategy is generally credited to Margulis, and goes back to the works [I5] and [14]. It was
further developed by Benoist and Quint [5]. In those papers, the authors make an exponential
moment assumption, and use the elementary Proposition below EI , whose first item is due
to Eskin-Margulis [I4, Lemma 3.1] and the second to Benoist-Quint |7, Proposition 3.9].

Proposition 1.2 (Eskin-Margulis, Benoist-Quint). Let Q be a measurable space, f:Q — RT
a measurable function and (X,)n>0 a measurable Markov chain on Q. Assume

(EM) 3ag >0, sup,eq E, (e ED)=F@)) < 0o
(D) 3Ro, At > 0, Var € £~ (R, +00), Eo(f(X1)) < f(z) — A
Then for all € > 0, there exists R > 0 such that for x € Q,
(i) Vn>n,, Pi[f(X,)>R] <e¢

(i1) P, — almost surely,

1
limsup — card{k € {1,...,n} | f(Xk) > R} <e.

n—+oo N

In order to remove the exponential moment condition in the Benoist-Quint theory, our most
important task will be to obtain an analogous recurrence criterion that applies to homogeneous
random walks with only a finite first moment assumption.

A first approach would be to simply try weakening the requirement (EM) above. And
indeed we shall see that Proposition is still true if we replace (EM) by the condition that
the increments of the walk are uniformly bounded in L'*" for some 7 > 0:

(M,) 3M >0, Vo € Q, E, (|f(X1) = f(2)"*") < M.

However, carefully constructed (continuous) Markov chains on R* show that conclusions
(i) and (ii) may not hold for walks with negative drift and increments uniformly bounded in L,
in other words if (EM) above is replaced by (M) (see Section [2, Examples [I] and [2)). We need
a new point of view, which reflects more refined properties of homogeneous chains than the
drift in expectation expressed by (D). Our crucial claim is that the height of a homogeneous
walk evolving in the cusps of a finite-volume space @ = G/A must decrease faster than a chain
on R with i.i.d. increments of negative mean. We formalize this concept by the notion of
stochastic dominance.

Definition 1.3. Given real random variables Z and (Z;);cs, we say that (Z;);cs is stochasti-
cally dominated by Z if for every i € I, t € R

P(Z, >t) < P(Z >t).
The abstract version of Proposition [I.2| we shall need is the following.

Theorem D (Recurrence of Markov chains with stochastic dominance). Let Q2 be a measurable
space, f:Q — RY a measurable function, and (X,)n>0 a measurable Markov chain on .

Assume there exist a sublevel set K := {f < Ry} and integrable real random variables Zy,
7y with E[Z1] := —A\1 < 0 such that

1. (f(X1) — f(X0)|Xo = x)zek is stochastically dominated by Zy;
2. (f(X1) — f(X0)|Xo = ¥)geq-xi is stochastically dominated by Z;.

ITo be more accurate, those papers rather use a contraction property of the form Ey[F(X1)] < aF(z) + b,
for some a € (0,1) and b € R. It is not hard to see that under the assumptions of the above proposition, the
function F(z) = ef (#) has the desired contraction property. The recurrence criterion under the contraction
property is sometimes called “geometric recurrence criterion”; or “exponential recurrence criterion”.



Then for all € > 0, there exists R > 0 such that for all x € €,

(i) ¥n =1, B lf(X,) >R < e+ 1

7L/\1 :

(i1) P, — almost surely,

1
limsup — card{k € {1,...,n} | f(Xx) > R} <e.

n—+oco N

It is pleasant to note that conclusion (i) gives an optimal bound on the time n at which
the distribution X,, starts to accumulate on the sublevel set {f < R} (see discussion below

Proposition .

Once Theorem [D|is established, we use it to show that homogeneous random walks do not
escape at infinity, namely Theorem [A] Theorem [D] will be applied to a proper drift function
f: Q — RT extracted from Benoist-Quint’s paper [5]. This function was itself inspired by
a former construction due to Eskin, Margulis, and Mozes [14] [I5]. Checking the stochastic
condition of Theorem [D] will require some work, mostly done in Section

The proof of Theorem [B|is inspired by [0, Section 6] which obtains item (ii) when u has a
finite exponential moment. However, several important changes are needed. The approach of
[6] consists in showing that the first return random walk induced on a large compact subset
Q@ drifts away from Y N @ in expectation. It is not possible to extract information on the
original n-th step distribution p™ * d, from this induced random walk, so conclusion (i) cannot
be obtained with such a strategy. Moreover, checking that the induced walk does satisfy the
new conditions of stochastic dominance formulated in Theorem [D] would raise other significant
difficulties.

Our solution instead is to construct a global drift function for every closed invariant finite-
volume homogeneous subset Y'; this is done by gluing together the Benoist-Quint drift function
with a function that drifts away from Y on a compact subset. We believe this new technique
could be useful to construct drift functions in other contexts.

Finally, the equidistribution of each p-trajectory in its closure stated in Theorem [C] results
from a combination of Theorems [A] the Eskin-Lindenstrauss classification of stationary
probability measures [I3, Theorem 1.3], and the general strategy of [7]. The proof roughly
goes as follows. Consider a starting point = € 2, a typical sequence of instructions (g;);>1 and

write for n > 1,
1 n—1
Un = n Zagk--.glx-
k=0

Breiman’s law of large numbers and Theorem [A] imply that any weak-* limit v of (v,),>1 is
a p-stationary probability measure. By Theorem [B] v does not give mass to the I'-invariant
homogeneous subspaces which do not contain x. The Eskin-Lindenstrauss classification of
stationary measures implies that v = vy for some Y € Sq(I') and necessarily Y := I'.x. This
yields the equidistribution statement.

Structure of the paper

Section [2]is dedicated to Theorem [D] We first explain in greater detail the role of the domi-
nance hypothesis and then prove the result, subdivided into two propositions (Propositions
and . We also check that the conclusions still hold for walks with a negative drift and
increments bounded in L*7.

Section [3| converts Theorem [D|into a more handleable recurrence criterion for homogeneous
random walks. It will be used in Sections [3|and [] to show that homogeneous walks accumulate
neither at infinity, nor around any proper invariant homogeneous subspace.

Section [4] deals with Theorem [A] We check that the Benoist-Quint drift function satisfies
the controlled drift assumption of Section



Section [f] deals with Theorem The main part of the argument is the construction of
a new drift function for invariant homogeneous closed subsets. It is obtained by gluing the
Benoist-Quint function with some function which drifts away from the homogeneous subspace
on a compact set.

Section [f] contains the proof of Theorem[C] It combines Theorems[A] [Bland the classification
of stationary measures of Eskin-Lindenstrauss.

Section [7] concludes the paper with some possible further directions of research.

Acknowledgements. We are indebted to Yves Benoist and Jean-Francois Quint for sev-
eral helpful discussions on the subject. It is a pleasure to thank them here for sharing their
knowledge, and for organizing the Arbeitsgemeinschaft on rigidity of stationary measures at
the Mathematisches Forschungsinstitut Oberwolfach, where we learned about these problems.
We also thank Jean-Philippe Dru for his help in finding reference [22].

2 Markov chains with a negative drift

The goal of this section is to prove Theorem [D]stating that Markov chains on a stratified state
space and satisfying some stochastic dominance condition have neither escape of mass nor
escape of empirical measures. We also note that these conclusions are still valid if the chain is
assumed to have a negative drift and increments uniformly bounded in L'*" for some 1 > 0.
Counterexamples are given if n = 0.

Recurrent aspects of general Markov chains is a classical subject in probability theory, and
the books [2I] and [19] will provide a thorough introduction to the subject to the interested
reader. We note that many recurrence results for Markov chains on continuous state spaces
make some irreducibility assumption such as w-irreducibility, or Harris-recurrence. Those are
natural assumptions that remove the dependency of the Markov chain on the starting point, and
they are certainly necessary to obtain some convergence statement such as [19, Theorem 13.0.1],
but they are not satisfied by random walks on homogeneous spaces.

However, in this section, we shall only be interested in weaker statements such as non-
escape of mass, and for that, one can compensate the lack of irreducibility by making a stronger
moment assumption, or a stochastic dominance assumption. It is only through the Benoist-
Quint classification of stationary measures, a result that relies heavily on the specific structure
of homogeneous spaces, that we shall be able to derive an equidistribution theorem from the
result on non-escape of mass.

For the whole section, we fix a measurable space ), a non-negative measurable function
f:9Q — Rt and a Markov chain (X,,),>0 on Q. Given a point x € (2, the notations E, and
P, will refer to the expectation and probability conditional to Xy = z.

2.1 Dominance condition and return times

We first give some perspective to the stochastic dominance assumptions in Theorem [D] For
future reference, these assumptions will be denoted by (SD). Recall for clarity:

(SD) There exist a sublevel set K := {f < Ry} and integrable real random variables Zy, Z;
with E[Z1] := —A; < 0 such that every x € Q, t € R,

Po(f(X1) — fl@) > t) < P(Zo > t)1x(z) + P(Z1 > t) 1ok ().

We begin by observing that (SD) is a very natural condition as it is satisfied for Markov
chains with a well-behaved negative drift. This criterion is expressed in Lemma [2.2] below. It
will further be adapted to homogeneous chains in Section [3] The statement uses the notion of
standard realisation of a random variable which we first recall.

Definition 2.1 (Standard realisation). Let Z be a real random variable. The random variable
on the probability space ([0, 1], %([0, 1]),lebjjg 1)) defined by

z': 0,1 - R
s +— max{teR, P(Z>1t)>s}



has the same law as Z. We call it the standard realisation of Z.

Remark. This notion allows a second formulation of stochastic dominance: Z; is dominated
by Zs if and only if their standard realisations Z1, Z4 satisfy Z] < Z} everywhere on [0, 1].

Lemma 2.2 (Criterion for stochastic dominance). Let (£, f, (X)) as above. Assume there
exist a probability space (E,P), an integrable random variable Z : E — Ry and constants
Ry, A\, > 0 such that

1. Vz € Q,
fl)> Ry = Po(f(X1) < f(z) —A) 21—«

2. Ve, te Ry,
Po(f(X1) = f(z) > 1) <P(Z > 1)

3. Denoting by Z' the standard realisation of Z we have

B(Z'1j9.0) < A1 — @)

Then (2, f,(X,)) satisfies the dominance condition (SD) with constants (R, A1) where Ay :=
)\(1 - a) - E(Z/IL[()’O‘]).

Proof. Given z € 1, we denote by Y, the variable f(X;)— f(x) varying under P,. Assumption
2. of the lemma yields that for any x € €, Y, is stochastically dominated by Z. In particular,
we may choose Zy = Z.

We now define Z;. Let x € @ N K and Y], Z’ : [0,1] — R be the standard realisations
of Y, Z defined above. By assumption 1), we have Y < —X on (o, 1], hence we can write
everywhere on [0, 1]

Yy < Z'jg,a) — Ma,1

The right-hand side defines a random variable Z; independently of the point z € Q2 ~ K chosen
earlier. Moreover, assumption 3. yields

E(Z,) <E(Z'1jge) —AM1—0a) <0
which concludes the proof. O

Remark. The idea behind Lemma [2:2] can easily be understood through the graphs of the
repartition functions, as in Figure below. Recall that the repartition function of a real
random variable X is defined by Fix(t) = P(X <t) for t € R.

11—« Fz(t)

Figure 1: Stochastic domination by Z; with E[Z;] < 0.



One can readily compute the expectation of Z; from the above picture:
E[Z)] = / tdFy, (1)
R

=—(1-a)\+ / ]]-{Fz(t)ZI—oz}dFZ(t)
= —(1 - ()4)/\ +E[H[O’Q]Z/] =—-X\ <0.

We now turn to the first implications of condition (SD). Its crucial input is that it allows
to bound the tail probabilities of the return time to the sublevel set K independently of the
starting point z € K, and so that the resulting sequence of bounds is summable. This will
be the key ingredient to show that the mass of the n-th step distribution and the empirical
measures do not escape at infinity. Such bounds are also available if the walk has a negative
drift and increments uniformly bounded in L'*" for some 1 > 0, so the non-escape estimates
are equally valid in this case. This latter observation will not be used in the other sections,
but seems general enough to be of independent interest. It also extends the results based on
exponential moment conditions used in [14} [7].

Lemma 2.3 (Return times). Suppose (Q, f, (X)) satisfy condition (SD), or conditions (D)
and (M,;) for some n > 0. Denote by

T=inf{n>1]| X, € K}
the first return time to K. Then

Z sup P, (7 > n) < 0.
nZlmeK

A weaker version of this result can be directly deduced from the so-called Foster’s recurrence
criterion, which only assumes negative drift and bounds the expectation of the return time 7.
This criterion, or at least an exponential variant, was used in [0} [7]. It will also play a role in
several proofs below so we record the precise statement.

Lemma 2.4 (Foster’s criterion). Suppose (2, f, (X,,)) satisfy conditions (D) and (My). Then
for every x € Q . K, we have
f(x)

< —Z,
E.(7) < N

In particular, the expectation of 7 is uniformly bounded when the starting point of the
chain varies in K so that sup,cg >, ~; P2(7 > n) < oo. The goal of Lemma is precisely
to strengthen this inequality by allowing to switch the supremum and the sum.

Proof of Lemma[24) Tt is a classical result, see for instance [19, Proposition 11.3.2], or Foster’s
original paper [I6]. We recall the proof for completeness. Let € Q \ K be a starting point.
Forn > 0, set Y,, = 1,5, f(X,), and F, the o-algebra generated by (Xi,...,X,). We can
bound

Ee[Yns1lFn] = Ex[Lrsny1 f(Xng1)|Fnl
< E[lrsnf(Xnt1)|Fnl
= ]17—>nEm[f(Xn+1)|]:n]
< Lrsn(f(Xn) = A1)

where the case n = 0 uses that ¢ K. Taking expectation, we obtain

0 < Ep[Yoi1] S EofYn] = MPa(r > n) <o S Eo[Yo] = M Y Paolr > k)
k=0



and passing to the limit, we conclude that

Eufr] =Y Pu(r>k) < @
k>0 1

Proof of Lemma[2.3 Case 1: (SD) is satisfied.
Denote by (V) the Markov chain on R with i.i.d. increments given by Z; and set

) = {infn >1,Y, < Ro}

the first return time of (Y;,) to (—oo, Ry]. Using the dominance condition (SD), one sees by
induction on n that for every x € Q such that f(z) > Ry, we have

Pu(7 > n) > Pipy () > n).

Now for n > 2, x € K, we can write
Pw(rzn)z/ Px,(t > n—1)dP,(X1)
(R,+00)
S/ Pf(xl)(T(Y) Zn—l)dPx(Xl)
(R,+00)
< / Pryz, (1Y) >n—1)dP(Z)
(R,+00)

where the last inequality is obtained using assumption (SD) and the fact that t — P, (7(Y) >
n — 1) is increasing on (R, +00). Observing that the right-hand side no longer depends on x
and summing over n we get

Z sup P, (7 > n) < / ZPR"I‘ZO (r) > n — 1) dP(Z)
n>2 xeK (R,+00)

= / ER+ZO(T(Y))dP(Zo).
(R,+00)

However, Foster’s criterion (Lemma gives for every t > R, the bound E,(7(")) < (t—R) /1.
Hence we may conclude that

1
sup P(t >n) < — / Zy dP(Zp)
n>2 zeK )\1 (R,+00)
< 0.

Case 2: (D) and (M,)) are satisfied from some 7 > 0.

We can assume 7 € (0,1). Since P, (7 > n) < —L-E,[r177], it is enough to prove that the
family of return times (7| Xo = ), is uniformly bounded in L'*7. More generally, we show
that for every x € (0,

147
E,(m1F7) < (@) + M%j) + My (1)

A1
We first bound the return time for a starting point oustide of K. On the one hand, notice

that we already know by Foster’s criterion that for every x € Q N K, E, (1) < %ﬁ”) In

particular, Jensen’s inequality gives
n
x
B < (52). 2

where M; = 1+ 4 ((Mﬁ + Ro)H 4 M)



On the other hand, the combination of (D) and (M,,) yields a strong negative drift for f(X;)!*"
as we now explain. Observe that the inequality

(T4 0" <1+ (1 +n)t+ [

where —1 <t < 400, applied to t = W gives

FXD)TT < f@) 4 (L4 n) (f(X1) = f(@) f(@)" + £ (X1) = f2)77,

Taking expectation, we obtain for every z € Q \ K,
E,(f(X1)'"") < f(2)'™7 = (L+m)ALf(2)" + M. (3)

Inequalities ([2) and (3] allow to apply a general result of Tweedie [22, Theorem 3(iii)] (with
A=K, k) =0+ Tk = M, g(x) = f(2)'7, gi(x) = (1 4+ n)A\1f(x)? — M) to obtain
forall z € Q\ K,

E,(r'*") < (ﬁ?) " ME,(7)

so by Foster’s criterion again, for x € Q N\ K,

14+n T
E,(r1T") < (C{?) +M%1).

The general bound announced in (1)) for every x in € follows using the moment condition (M,,).
O

2.2 Conservation of mass

We show conclusion |(i)|in Theorem@ random walks on () satisfying the stochastic dominance
assumption (SD), or having a negative drift and increments uniformly bounded in L'*7 have
no escape of mass.

Proposition 2.5. Suppose (, f, (X)) satisfy condition (SD), or conditions (D) and (M,,)
for some n > 0. Then for all € > 0, there exists R > 0 such that forx € Q, n > 1,

P.[f(X,) > R] < e+ {1(7;1)

Remark. Choosing ¢ very small, we see that the first time n > 1 such that P, [f(X,) > R] < 1

% ~ %gf) When f(x) — 400, this bound is essentially optimal, as

one can see by considering a deterministic walk by translation of —\i, for which the return
f@)-R
)\1 :

is bounded above by

time is equal to
The key is to use Lemma [2.3] to show the following renewal estimate.

Lemma 2.6 (Renewal estimate). Suppose (2, f, (X)) satisfy condition (SD), or conditions
(D) and (M,,) for somen > 0. Then for any o > 0, there exists £ > 0, such that for all x € K,
n>/,

P,(Fie{n—4(....n}: X; €K)>1—a.

In words, this lemma states that for any interval of integers I C N of large length ¢, the
walk starting from an arbitrary point in K has a very good chance to come back to K during
1.

Proof. Let a > 0. According to Lemma [2:3] we may choose ¢ > 0 such that

sup P,(7 > n) < a.

n>0 reEK

10



Let us check that ¢ satisfies the conclusion of the lemma. Given n > ¢, it is convenient to set
I, ={n—¢,...,n}. Assume that A, € R is a constant such that for z € K, k € {{,...,n},
we have
P.(Vie I, X; ¢ K) < A,.
We can write
]Px(VZ € In+l7 X; ¢ K) < Pm(V’L S In+17 X; ¢ K;7< n) +Pw(7- > n)
n—~
<Y Pu(Vi€ Ly, Xi ¢ K7 = k) + Py(7 > n)
k=1

n—~0

<Y APy (T = k) + Py(7 > n)
k=1
<A, +Py(1>n).

Hence, defining a sequence (A, )p>¢ by

Ay=0
Vn >4, Apy1 = Ap +sup,cg Pe(T7 > n)
we can see by induction on n using the above inequality that for all x € K, n > ¢,

P.(Viel,, X;¢ K) <A, <a.

Let us now prove the conservation of mass anounced above.

Proof of Proposition[2.5 We first deal with the case where z € K. We denote by ¢ > 0 the
constant given by Lemma for @ = €/2, then choose the constant R > 0 large enough so
that for every x € K and every n </,

P, (f(X,) > R) < /2.
By Lemma [2.6] this yields for x € K, and arbitrary n > ¢

P, (f(Xn) > R) < /24P, (f(Xn) > R; Jie{n—1,...,n}, X, € K)
< eE.

To deal with the complementary case x € 2 \. K, denote by 7 the first return time to K and
notice that for n > 0,

P.(f(X,) > R) <P, (f(Xn) > R; 7<n)+Py(r>n)

E,[7]
< e+ .
n

In view of Foster’s criterion recalled in Lemma we have E,[r] < £ /S‘f) as soon as f(z) > Ry.
Hence, we obtain

f(z)
P, (f(Xn) > R) <
(F(X) > By <+ 10
which finishes the proof of Proposition O

We conclude Section by a counterexample to Proposition when the walk (2, f, X,,)
is only assumed to satisfy (D) and (Mj).

11



Example 1 (Escape of mass). Let [0,1] — [0,1),2 ~ a, be a continuous map such that
a~1(0) = 0. We consider the Markov chain (X,),>0 on Q = [0, +00) whose transition proba-
bility measures are given by

Ho = 0o

po = (1 — ag)0y + 0z0,— ifo<ax<1/2
. (3?—1)504-(2—230)#% if1/2<x<1
Mz :6‘%71 lf,TZ 1.

Note that p, depends continously on z. Letting f = Id, the random walk (X,,),>o satisfies

sup E.[|f(X1) = f(z)[] <1 and  sup E.[f(X1) - f(2)] = 1.
€N z€(1,4+00)

However, given a fixed zo € (0,1/2], one can choose the family (c)ze(0,1/2] so that for every
R > 0, there exists n > 0 such that

Py (f(Xn) > R) > 1/2. (4)

To see this, first observe that a trajectory with origin xq € (0, %] stays at xg for some time,
then jumps out of [0,1] and comes back to it with constant increments of —1 until reaching a
point 1 € [0,1]. Then, if z1 € (0, 1], the process repeats itself to give some point x5 € [0, 1],
and so on. Arguing step by step, we can choose the coefficients «, such that the return points
Zo, &1, T2,... form an infinite sequence in (0, 2] satisfy ®; > 11, (2:)i>0 — 0, and so that
the sequence (o, );>0 decreases to 0 fast enough to have for every ¢ > 1, some n; > 1 for which

Py (Xn, = ;) >1—1/i.
Let us now check the property announced above. Fix R > 0. For i,k > 0,
Py, (XniJrk < R) = Pq, (anHC <SR Xy, = xl) + Pa, (anHf SR Xp, # xl)
<P, (X, < R)+1/i. (5)

—1
xz

Assume ¢ to be large enough so that ofl > R and set k; = |«
smaller than o, — R. We can then write

— R| the greatest integer

P, (X < R) =Py, (X1,..., Xs, = ;)
= (1 - afﬂi)ki

ekilog(l—az;) o =1 (6)
1—>+00

Equations and @ give that for large ¢,
Py, (Xnﬁ-’fi < R) < 1/2

as announced in .

2.3 Recurrence of empirical measures

We show conclusion in Theorem @ random walks on (2 satisfying the stochastic dominance
assumption (SD), or having a negative drift and increments uniformly bounded in L**7, must
have positive recurrent trajectories.

Proposition 2.7. Suppose (2, f,(X,,)) satisfy condition (SD), or conditions (D) and (M)
for some n > 0. For every € > 0, there exists R > 0 such that for every x € Q, P,-almost
every (X,),

lim sup Lcardfk e {1,...,n} | f(Xe) > R} <<

n—-+oo

12



Proof. We start with some notation. Let 7; be the i-th return time in K. More precisely,
To = 0 by convention, and for all 7 > 1,

T = 1nf{n > Tio1 | X, € K}
We also let Z; = 7; — 7,1 be the length of the i-th excursion and
Z& = card{n € {ri_1,...,7i — 1} | f(X,) > R}

the time spent outside of {f < R} during the excursion.
To prove Proposition 2.7] it is sufficient to show that if R > 0 is large enough, then for any
z € K, P -almost surely, one has for large n > 0,

n

-1
>zt < anz: Z;. (7)
=1

=1

We explain how to obtain @ The assumption (SD), or the conditions (D) and (M,,), both
guarantee that

P, (Z¢" £0) —s 0. 8
532.(1 #)R%m (8)

Indeed, we can write for = € K,
P (Z8 #0) < P(Z5" #0; 7 < N) +P,(7 > N)
<P, (<N, f(X;)>R;7<N)+P,(r>N)
<Y P(f(Xi) > R)+Py(7 > N)

i<N

N NM
< N(Bo + NM) + sup P, (7 > N)
R yeK

where M > 0 is a fixed uniform L'-bound on the positive increment of the walk, i.e. such
that E,[max (0, f(X1) — f(z))] < M. The right-hand side of the inequality does not depend
on z € K. In view of Lemma [2.3] we can choose N large, then R even larger, to have the
right-hand side arbitrarily close to 0, whence (8]).

Observing that E,(Z§"") < E, (71 esty) and using the uniform integrability of the vari-
ables (7| Xo = )zek given by Lemma we deduce from that

sup E,(Z¢*) — 0.
me}g I( 1 )R—H—oo

In particular, we can choose R so that sup, ¢y E,(Z{*") < ¢/2. Fix # € K. Denote by F; the
sub o-algebra of ) generated by (Xo,...,X,,). The random variables Z£*, i > 1, statisfy for
n>1,

P, (Z8" > n| Fim1) < sup Py(r > n).
yeK

As the right-hand side of the inequality is summable by Lemmal[2:3] we may apply Kolmogorov’s
law of large numbers for dependent variables [9] Theorem A.6] and obtain that P,-almost surely,

1 « 1 «
- ZZieact = -~ ZEZ[ZSM | Fic1] + o(1).
i=1

i=1

Moreover, by our choice for R, we have E,[Z¢* | F;_1] < /2. We infer that for large n > 0,

1 n . 1n—1
E;Zf”” <6E;Zi

keeping in mind that by definition Z; > 1. This concludes the proof of inequality , whence
the proposition. O
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We conclude with a counterexample to Proposition when the walk (Q, f, X,,) is only
assumed to satisfy (D) and (My).

Example 2 (Escape of empirical measures). Given a real number r € R, we denote by |r]
the largest integer k such that k < r. Fix a sequence (x;),>3 € (0,1)¥>% decreasing to 0, and
consider the Markov chain (X,,),>0 on © = [0, +00) whose transition probability measures are
given by

to = do X )
Uy, = (1 — Tgi)(sm'wrl + TgiéIiJrl‘FLi\/@J for 4 Z 3
Mo = 0p_1 ifx>1

x +— p, affine on each segment [z;41, z;].
The chain (X,,),>0 has a continuous family of transition probability measures and satisfies,
for f =1d,

sup B [|f(X1) — f()] <3 and  sup  Eg[f(Xy) — f(z)] = -1
2€Q z€(1,+00)

However, for P,,-almost every trajectory (X,)n>0, for every e, R > 0, there exists ng > 1 such
that

nio card{k € {1,...,n0} | f(X4) < R} < e. )

To see this, denote by 7; the j-th return time to [0, 1]. In other words, 7o = 0 by convention,
and for all j > 1,
T = 1nf{n > Tj-1 | X, € [07 1]}

The random variables (7; — 7j_1)>1 varying under P,, are independent of respective laws

1 1
O TG 12" T G D18 + ) W aVimsGa

(=1

As the sequence ( n>3 is not summable, the converse of the Borel-Cantelli lemma yields

TTozr)
nlogn
that [P;,-almost surely we have limsup;_,
there exists jo > 1 such that

Tj—Tj—1
J

= 4o00. In particular, given ¢, R > 0,

) €
SRy
Setting ng = 7;,, we get
€
R+1

card{k € {1,...,no} | Xp <1} < ng.

Finally, observing that for any k& > 0 such that X < R there exists a time j € {k,...,k+|R]|}
for which X; € [0, 1], we conclude

card{k € {1,...,n0} | X < R} < eng

as announced in @

3 Recurrence criterion for homogeneous chains

We apply the results of the previous section to the particular case of homogeneous random
walks and obtain a handy criterion to check that the mass or the empirical measures of the
walk do not accumulate near a given subset (Proposition below). This criterion will be
applied in two different contexts, first to prove non-escape at infinity, and later to derive
non-accumulation on invariant homogeneous subspaces.

14



3.1 The controlled drift condition

In the whole section we fix 2 a locally compact topological space, I' a topological semigroup
acting continously on 2, and p a Borel probability measure on I'. We call y-walk on 2 the
Markov chain on € whose law of transition at x € 0 is p * d,,, image of p under g — gzx. We
denote by Q = QU{co} the Alexandroff compactification of 2, and write Z2(Q) the collection of
its subsets. Given & C 22(Q) x 2(1), we have a decomposition S = Uy ¢p, (5){Y} x Sy where
p1 is the first coordinate projection map and Sy C £(9) is the fibre above Y in S. Finally,
given a finite-dimensional real vector space V, we set SL¥(V) = {g € GL(V) | detg = +1}.

Definition 3.1. Let S C 2(Q) x 2(Q), A C 2(Q2). We say that the p-walk has a controlled
drift away from S on A if:

o There exists a linear representation ® : I' — SLi(V) on a finite-dimensional normed real
vector space V such that

/ log [ ®(g)]| du(g) < +oc.
G

e There exist constants A, C > 0 such that for any o > 0, there exists N > 1 such that
for n > N, for any Y € p1(S), any compact subset K C € such that K NY = &, any
Q € A, there is Y’ € Sy, and a measurable function f : Q — [0, +00] which is bounded
on K, whose upper level sets are neighborhoods of Y’, and which satisfies

(i) 3T € [0, +00), Vo € QN T, +00),
g€ G| flgz) < flz)—nA) >1—a (probable decrease)
(ii) Vo € f71[0,400), Vg € T,
flgz) — f(z) < Clog||®(g)]|. (control of variations)

Remark. 1) Strictly speaking, the definition expresses a drift away from some Y’ € Sy which
could have nothing to do with Y. However, in all the applications below, we will always have
that Y C Y’ for all Y’ € Sy, so in particular, the walk does drift away from Y too. We choose
to sum it up using the terminology of drift away from S.

3) The condition implies that f~![0, +o0) is [-invariant.

2) If A = {Q} then we simply say that the p-walk has a controlled drift away from S. If
additionally, S = {00, 00}, we talk about controlled drift away from infinity. Note that f is
proper in this case: its sublevel sets have compact closure in 2.

4) The map ® will later be referred to as the control function for the drift. Indeed, its role
is to bound the growth of f in the unlikely event its value goes up along the walk.

To get more familiar with the notion of controlled drift, we start by exploring some stability
properties. Given Sy, S1 C () x £(), we denote by Sy V Sy the set of pairs (Y, Yy UYY)
where Y € p1(So) Np1(S1), Yy € Sov, Y{ € S1y-

Lemma 3.2.  a) If the p-walk on Q has a controlled drift away from both Sy, Sy, then it has
a controlled drift away from Sy V Sy.

b) If the p-walk on Q has a controlled drift away from infinity and a controlled drift away
from S on compact sets of Q, then it has a controlled drift away from S.

We explain a). The proof of the second assertion is much more involved and postponed to
Section Bl where it will be used.

Proof of Lemma a). We respectively index by 0 and 1 the notations referring to Sy, Si.
Let C;, \; be the constants given by the controlled drift assumption for §;. Set C' =
max(Cp, C1), A = min(Ag, A1). Let a > 0, then N; as in[3.1] Set N = max(No, N1), n > N.
Let Y € p1(Sp) Np1(S1) and consider a compact set K C QY. Let Y/, f;, T; be given by
We set Y/ = Yj UY/,

f = maX(fC? fl)
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and claim that the map f satisfies all the requirements in Deﬁnition (with 2« instead of ).
Indeed, all the conditions are obvious except the one entitled “probable decrease”. To check it,
we choose T' > max(Tp, T ) and large enough so that

(g €' To+ CoPolg) <T —nA) > 1—-«
and the same holds when we replace 0 by 1. Now let x € f~![T, +o00). If f1(x) = f(z), then

(g €] fi(gr) < f(x) —nAi) >1—a

On the other hand, distinguishing the cases fo(z) < Tp and fo(x) > Tp, the condition on T
guarantees that

W (g el folgz) < f(z) —nA) > 1 -«

so combining these inequalities
1w (g €| f(gz) < f(z) —nA) 21 -2a.

The same holds if fo(z) = f(x) by symmetry.

3.2 Application to recurrence

The proposition below states that a walk that drifts away from S does not accumulate on S. In
particular, when § = {00, 00}, the conclusion exactly means that the walk has neither escape
of mass nor escape of empirical measures at infinity.

Proposition 3.3. Let (Q,G,p) be as above and S C P(Q) x P(Q). Assume that the -
walk on  has a controlled drift away from S. Then for every Y € p1(S), every compact set
K CQNY, there is Y' € Sy such that for every e > 0, for some neighborhood O' of Y, for
allx € K,

(i) for every n >0, (u*™ % 5,)(0') < ¢g;

(i) for p®V -almost every instructions (g;)i>1,

1
limsup — card{k € {1,...,n} | gk ...q1z € O’} <e.

n—+4oo T

The proof can be summarized as follows. If a > 0 is small enough, n > N is large enough,
then for every Y € p;1(S), every compact set K C Q \ Y, the function f given by the drift
property satisfies the assumptions of Lemma for the p*"-random walk on f~1[0, +00)
for some n € N*, whence the stochastic dominance condition (SD). Theorem |§| then applies
and leads to non-accumulation results for the y*"-walk on f~1[0, +00) which can be extended
to the p-walk.

We begin with a lemma that will allow to check condition 3. in Lemma[2.2]

Lemma 3.4. Let & : ' — SLi(V) be a linear representation of I' on a finite-dimensional
normed vector space V' such that

/ log [[®(g)l du(g) < +o0
G

Then for all p > 0, there exists & > 0, N > 0 such that for all m > N', if Z! denotes the
standard realisation of Z, = log||®(g)|| for p*™, then

E[Z;]l[o,a]] S nn.
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Proof. The law of large numbers [9, Lemma 4.27] guarantees that there exists a constant
£ > 0 such that the sequence of real random variables (%Zn)nzl converges to £ in L'. This

convergence also holds for (%Z;L)nZI as it has the same law. Now let o > 0, n > 1.

1 1
7]1“:[2,:1]].[0@]] S aE + EH*Z,ZL — EH
n n
<all+1)
if n is large enough. The result follows if we specify o = 75 above. O

We now apply the results of Section [2] with the drift function f constructed above to derive

Lemma 3.5. Assume that the p-walk on Q0 has a controlled drift away from S. Then there
exists ag > 0, ng > N such that for any Y € p1(S), any compact K C Q\Y, any map [ as
mn Deﬁm’tion the p*™o-walk on f~1[0,400) satisfies condition (SD) with drift function f.

Proof. Let X\,C > 0 be given by Definition Choose a small ag € (0,1/2) as in Lemma
forn = % Fix an integer ng > max(N, N') where N, N’ are the constants given respectively
by Definition and Lemma for our choice of a. Comnsider Y € p1(S), a compact set
K CQ\Y,and amap f as in Definition [3.1]

We show that the p*"0-random walk on f~1[0,+00) satisfies the stochastic dominance
condition (SD). To do so, we only need to check that the assumptions of Lemma do hold

in the present context.

1. By Definition there exists T > 0 such that for x € f~![T, +00),
p(g €T | flgz) < f(z) —noA) = 1 — ao.

2. For every x € f~1[0,4+00), g € ', we have f(gx) — f(z) < C'log||®(g)||. In particular,
denoting by Z the variable C'log ||®(g)|| where g varies with respect to p*, the law of
f(gx) — f(x) for p*™ is stochastically dominated by Z.

3. Lemma |3.4] and our choice of constants imply that, writing Z’ the standard realisation

of Z,
noA
E[Z'10,00] < =5~
Hence the conditions of Lemma [2.2] are satisfied, which implies that (SD) holds for the p*"°-
walk on f~1[0, +00). O

Proof of Proposition[3.3. Fix ag > 0, ng > N as in Lemma Y € pi1(Q), a compact
K CQ\Y,andlet Y’ € Sy, f: Q — [0,400] be given by the drift condition[3.1] Let us check
the conclusions of the proposition with O" = {f > M} for some sufficiently large M. Lemma
[3:5] combined with Theorem [D] already yields the result for the p*"°-walk: for any £ > 0, there
is R > 0 such that for all x € K

(i) for every ¢ = 0, p*"0(g € I' | f(gz) > R) < ¢;

(i) for u®N -almost every trajectory (g)i>1,

1
limsup = card{k € {1,...,q¢} | f(gkn, ---g17) > R} < e.

n—+oo ¢

To conclude, we just check that and also hold for p (i.e. if ng = 1) up to increasing
R and doubling €.

For choose R; > 0 such that for every 1 < m < ng,

P (g € G | logl|(g)]| > Rr) <e.
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Let Ry = R+ CR; and n > 0. Writing n = gng + m for some integers ¢, m > 0 with m < ny,
we obtain for every x € K

(g e G| flgx) > Ry) < ™™ (g€ G| f(gx) > R)
+ 1" (g € G | log||®(g)|| > R1)
< 2e.

For the argument is very similar. Given Rz > 0, set for ¢ > 1

Y:z = ]]-{Hne{qn0+1,...,qn0+no}: log||®(gn---ggng+1)|>Ra}+

The random variables Y, are independent, identically distributed, and satisfy E[Y;] < n if R3
is chosen large enough. Therefore, by the classical law of large numbers,

1
limsup — card{k € {1,...,q} | FTkno <n <no(k+1) : 1og||P(gn - - - Grno+1)|| > R3} < €.

q—+oo ¢

Setting Ry = R + CRj3, we get for u®Y -almost every (g;)i>1 € GV,

1
limsup — card{k € {1,...,n} | f(gk...g12) > Ry} < 2¢

n—+oo M

which finishes the proof of the proposition. O

4 Non-escape at infinity

We now apply the results of the previous section to show that random walks on finite-volume
homogeneous spaces have neither escape of mass nor escape of empirical measures at infinity.
In what follows, G denotes a real Lie group, g its Lie algebra, v its amenable radical, s = g/t
the largest quotient of g which is semisimple without compact factors, and we denote by
Ad; : G — Auts the adjoint action of G on s. Given a probability measure pu on G, we let
H, C Auts be the real algebraic group generated by the support of (Ads).u and call H
its non-compact part, i.e. the smallest normal algebraic subgroup of H; such that Hs/H! is
compact.

Our goal is to show the following theorem, which is due to Benoist and Quint [5, Theo-
rem 1.1] in the case where p has a finite exponential moment on s.

Theorem A’. (Recurrence of semisimple random walks) Let G be a real Lie group, A a lattice
in G, and Q = G/A. Assume that u is a probability measure on G such that

1. p has a finite first moment on s: [ log||Ads g|| du(g) < +oo ;
2. H}¢ is semisimple.

Then, for every compact set K C Q and every € > 0, there exists a compact set K' C Q such
that for every x € K,

(i) for everyn >0, (u*" %0, )(K') > 1 —¢;

(i) for p®V -almost every instructions (g;)i>1,

1
liminf —card{k € {1,...,n} | gr...q1x € K'} > 1 —e.

n—+oco n

Remark. In particular, every Radon p-stationary measure on €2 must have finite mass.

By Proposition the proof of reduces to showing that the p-walk on € has
a controlled drift away from infinity. We first check that this is the case if Q = SL4(R)/SL4(Z)

and then deduce the result for general quotients ) = G/A.
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4.1 The Benoist-Quint drift function on SL;(R)/SL4(Z)

We prove in the particular case where G = SLy(R), A = SL4(Z) for some d > 2.
The drift functions we use were defined (in an exponential form) by Benoist and Quint in [5].
They are inspired by former works of Eskin, Margulis, Mozes [I4, [I5]. We begin by recalling
their construction.

Fix a probability measure p on SLg(R), and let H be the algebraic group generated by the
support of . We assume that the non-compact part H™¢ of H is semisimple, or equivalently
that H is reductive with compact center. Consider the representation of H on the exterior
algebra V = A*R? and decompose it into its isotypical components for the induced action of
H™e:

V=@ SV,
Alternatively, denoting by H® the identity component of H in the Zariski topology, each V()
is obtained by summing together all the irreducible subrepresentations of H® on V with a given
highest weight. The action of H on V then induces an action of the group of connected compo-
nents F' = H/H° on the set {V () j € J} which stabilizes the subspace V" of H"-invariant
vectors. By the law of large numbers [9, Theorem 10.9, Corollary 10.12], we can associate to
each representation V@) a Lyapunov exponent /\gj ) ¢ R, that quantifies the exponential growth
rate of the walk on V) and only depends on the F-orbit of V%), Moreover, by semisimplicity
of H™, we have )\gj) > 0, with )\gj) = 0 if and and only if V) = VH™ [9] Theorem 10.9 (f)].

Fix H¢ C H a maximal compact subgroup of H and some H‘-invariant Euclidean norm
on R%. This induces a natural Hinvariant Euclidean norm on the exterior algebra V. Given
veV, writev=>" jed v according to the above decomposition of V', and define

L
o] = max]v™@ || "
jeJ

with the convention that % = +o00 and

. if [|0)
0@ [T = 0 ff Hv(l)” <1
+oo if o) > 1.

The following lemma expresses that the p-walk on V' uniformly expands the quasi-norm of
vectors v whose H"™°-invariant component is not too weighty.

Lemma 4.1. Given k > 1, A € (0,1), > 0, there exists ng > 0 such that for every n > no,

for every finite family vy, ..., vs, of non-zero vectors in N*R? satisfying 0 < |vg| < +oo for each
£, one has
. gue|
e H 1 | >n\ | >1-a.
H <g © ‘13¥§i 8, =" ) zl-a

Proof. Up to replacing « by «/k, we may assume that k = 1. For v € V such that 0 < |v| <
+o00, write v = Zjer(j), and let

Jo={jeJ| [ >0}.
Then, for every g € H, one can bound

min log

: —. 10
jen @] =8l = 5ER 8 )] (10)

For the left inequality, just consider j such that |v| = |v(9)|, and for the right inequality, choose
4 for which |gv| = |gv)].

By the law of large numbers for product of random matrices [9, Theorem 4.28 (b)], on each
representation V) such that /\gj ) > 0, the sequence of functions

Lo gn-- g0V
i)i —1 -
(i)iz1 = 7 dos =0
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converges to 1 in L'(GN", u®N"), uniformly over all non-zero vU) € V). Combining this fact
and the left inequality of yields the lemma. O

To define the Benoist-Quint drift function on the set 2 = SL4(R)/ SL4(Z) of unimodular
lattices of R, we need to enhance some convexity property of the above quasi-norm on V. For
that, we make the following definition.

Definition 4.2 (Corrected quasi-norm). Given a large parameter A > 0 and ¢ € {1,...,d—1},
define a corrected version |-| 4 of the quasi-norm |-| by
Ai(d—i)

Yo € AR |ula = v

We can also view |||, || and |-|4 as functions on discrete subgroups of R?, by identifying
A =TZa, @ - ® Za; with +a; A --- Aa; € A'RY. This allows to define a function ¢4 with
values in [—o0, +00] by setting:

1
da(A) =log A if rank A ¢ {0,d} and ¢4(A) =0 otherwise.
A

Remark. A discrete subgroup A C R? of rank i € {1,...,d — 1} satisfies ¢4 (A) = +oc if and
only if A € V™ and ||A|| < e=4"4=)_ Since H acts by isometries on VZ " it follows that
the set {¢4 = +o00} is H-invariant.

Definition 4.3 (Benoist-Quint function). For A > 0, define a function f4 on Q with values
in [0, +o00] by
fa(z) = ax Pa(A).

A few comments are in order. First of all, the notation A < x means that A varies in the
set of subgroups of the lattice x. As A can be chosen of rank 0 or d, our conventions for ¢4
impose that f4 > 0.

Note also that the maximum defining f4 is well defined. Indeed, one can observe that if
A < z satisfies ¢4(A) > 0 then rank(A) ¢ {0,d} and ||AY)|| < 1 for each j € J. Since A*x is
a discrete subset of V = A*R?, the set of subgroups A < z such that ¢ 4(A) > 0 is finite.

Finally, observe that the set Q4 := {fa < +oo} is H-invariant, because this is the case
for {¢4 = +o0}. Moreover, for every compact subset K C 2, the norm ||A|| of non-trivial
subgroups of lattices z € K is uniformly bounded away from 0 as x varies in K. This implies
that K C Q4 for large enough A.

Proposition 4.4 (Drift for the Benoist-Quint function on SLy). Let p be a probability measure
on G = SL4(R) and H the algebraic subgroup generated by p. Assume that p has a finite
moment of order 1, and that H™ is semisimple.

(i) YA € (0,1), Ya >0, 3N >0,V¥n > N, JAg, A1 >0, VA > Ay, Vo € f;'(Ap, +0),
w"(g €G] falgr) < fa(z) —nA) > 1 -«
(i) 3C >0, YA >0, Vo € ¢, (R), Vg € H,

pa(gr) — pa(z) < Clog|gll

which implies the same inequality with fa instead of ¢ 4.

The proof of this proposition is based on a convexity property of ¢4, Lemma below,
which is a reformulation of [B, Lemma 4.2]. The first statement should be understood as follows:
if two primitive subgroups A, A’ < x take large values under ¢4, then one can obtain an even
larger value by considering the intersection A N A’ or the sum A + A’.
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Lemma 4.5 (Weak submodularity property [5]). For every Ag > 0, there exists Ay > 0, such
that for all A > Ay, for every lattice x € Q, all primitive subgroups A, A" < x satisfying
ACA, A'C A and pa(A),pa(A") >0,

min (¢4 (A), da(A)) + Ag < max (da(ANA), pa(A + A)).

In particular, given x € Q4 such that fa(x) > Ag, for each i € {1,...,d — 1}, there exists at
most one primitive subgroup A; < x of rank i such that

dA(Ay) > fa(z) — Ag

Proof. We check that [5, Lemma 4.2] does imply Lemma We first explain why our notations
correspond to those of [5]. Fix a Cartan subspace a in the Lie algebra of H compatible with
our choice of maximal compact subgroup H¢, and an open Weyl chamber a™" C a. Each
isotypical component V) corresponds to a highest weight AU) € a*, and by [0, Lemma 8.18]

one has . '
/\gj) — </\(J)70-H> (11)

where o, € a*™ is the Lyapunov vector of y, given by the law of large numbers [9, Theo-
rem 10.9].

Now set 0y = (\,0,,) for A € {\U),j € J} and &; = i(d — i), i € {1,...,d — 1}. Then, for
every A > 0 and every discrete subgroup A in R? of rank 1 < i < d, the function ¢4 can be
expressed from the function ¢, used in [5] by

(D) =log ., (A), where g = e 4,

Let us now check that [5, Lemma 4.2] does imply the weak submodularity property. Fix
As > 0 such that for A > Ay, any A, the inequality ¢4(A) > 0 implies [|A]| < 1. Let A > A,
and consider x € Q, as well as two primitive subgroups A # A’ < z which are not included in
one another and such that ¢4(A), pa(A’) > 0. Let (uq,...,u,) be a basis for ANA’ and com-
plete it into basis (ug, ..., Up, V1, ..., 0s), (U1,..., Up, w1, ..., w) of A and A’. The assumption
A C A, A" C A guarantees that s,t > 1. Note also that (ug,..., U, v1,..., Vs, W1,..., W) iS
a basis for A + A’.

We now apply [5, Lemma 4.2] to u = (u;), v = (v;), w = (wg). Note that case iv) cannot
occur as the conditions A > Az and ¢4(A), pa(A’) > 0 impose that if » = 0 and s+t = d,
then [|[A + A’|| = |jv A w|| < 1 which is absurd for a sublattice of a unimodular lattice. Hence
we are left with cases i), i), #i¢). As long as A > Cy where Cy > 1 is some constant depending
only on H, they all express the inequality

min (64 (A), 64 (A7) + R(A) < max (94 (ANA), 64(A + A'))

with R(A) = 3 (maxycp+ 65) (A —log C1). To conclude, for any Ay > 0 choose A; > 0 such
that A > Ay, Cy and R(A;) > Ay to get the announced result.

For the second statement, assume for a contradiction that A, < A is another primitive
subgroup of rank i satisfying ¢4 (AL) > fa(x) — Ag. The above inequality applied to A; and
Al implies

fa(@) < min (a(A;), a(A])) + Ao < max (da(Ai NAY), da(Ai + A})) < fa(w)
which is absurd. 0
We are now ready to prove Proposition [4:4]

Proof of Proposition[/.} Ttem is an immediate consequence of our definitions, so we only

prove |(1)|
Let A € (0,1) and o > 0. By Lemma there exists N > 0 such that for all n > N, for

all vy,...,vq in V with 0 < |v;| < 400,

*n . ‘gvl| «
> >1—-—.
0] (g €eH ‘ min, log ] 2 nA | >1 5 (12)
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Fix such n > N, let C' > 0 be such that holds, and choose a constant Ag > 0 large enough
so that

w (st | Cloglol < 3a) 215,
Let Ay > 0 be the parameter given by Lemma [£.5] and A > A;. Then let z € Q4 such that
fa(x) > Ag and 2 := {A <z | A primitive , ¢p4(A) > fa(z) — Ao}. The second statement of

Lemma guarantees that card? < d. In particular, by our choice for n, and observing that
19A] _ [gAfa
[A] 7 JALa?

W(g e H|VAE D, pa(gh) < pa(A) —nX) >1— g.

Moreover, as |pa(gx) — pa(x)| < Clog|g||, we have
m H = A)>1-—
w9 € H| falgz) = maxda(gA)) =

which concludes the proof.

4.2 General quotients G/A

This paragraph concludes Section [4] by the proof of for general quotients G/A.
We follow the argument of [5, Section 6].

Proposition 4.6. Let (G, A, Q, u) be as in|Theorem A’} Then the p-walk on Q has a controlled
drift away from infinity.

Proof sketch. First case: G is a semisimple Q-group and A = G(Z).
If G — SLy is an embedding defined over Q, it induces a proper map

Hence the controlled drift away from infinity in SLx(R)/SLn(Z) given by Proposition
induces by restriction the result on G/A.

Second case: G = Aut g with g semisimple of real rank 1.

Here, the construction does not use the Benoist-Quint function. We recall the argument given
in [5 Section 6]. By the results of Garland and Raghunathan [I7] on reduction theory for
lattices in semisimple Lie groups of real rank 1 (see also [0, Proof of Lemma 6.3, 2nd case]),
there exists a representation V of G and a finite family of vectors vy,...,v, in V such that

(i) each A-orbit Av; is discrete in V;

(ii) for each i = 1,...,r, the orbit G - v; is compact in P(V') and contains no H"™¢-invariant
element;

(iii) a sequence (gnA),>0 goes to infinity in G/A if and only if

i (i iyl ) =0

(iv) for every Ag > 0, there exists § > 0 such that for every g € G, if

o e e
min minflgyvill = llgroviel < 0,

then for every yv; # Yoviy, 9704, || < e~ Ao llgyvil|-

The function

A) = log ———
Fgh) 112?;?63/{( 8 llgyvill
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is therefore proper on G/A. One can easily adapt the proof of Proposition to show that it

has the properties of “probable decrease” and “control of variation” required for the controlled
drift away from infinity.

Third case: G = Aut g where g is semisimple without compact ideal.
Replacing A by a finite-index subgroup if necessary, we may decompose 2 = G/A into a finite
product

Q=01 x -+ xQp,

where Q; = G;/A; is the quotient of a semisimple group G; without compact factors by an
irreducible lattice A;. By the Margulis Arithmeticity Theorem [I8, Theorem 1.16, page 299],
either G; has real rank one, or A; is an arithmetic subgroup. In both cases, we have already
shown that the p-walk on §2; has a controlled drift away from infinity. This is equivalent to
saying that the random walk on {2 has a controlled drift away from S; = (00, S;) where S; is
the product of the (€;);+;, and oco;, the point at infinity in €2;. Proposition then implies
that the p-walk on Q drifts away from S; V ---V S, i.e. from (00, 00).

Fourth case: General case.

Let Ads : G — Auts be the adjoint action of G on s. By [8, Lemma 6.4], the image Ag = Ads A
is a lattice in S, and the induced map pg : & — Auts/Ag is proper. By what precedes, the
walk on Auts/Ag drifts away from infinity, and denoting by f(%) the drift function involved,
we obtain a drift function for G/A by setting

f=Ff%ops.

5 Non-accumulation on invariant subspaces

The goal of this section is to prove stating that a random walk on G/A does not
accumulate on a proper invariant subset unless it is stuck inside it. The statement is slightly
more technical than its naive counterpart Theorem [B] of the introduction. It is indeed the
version we need to show that the equidistribution results of Benoist and Quint [7] hold under
a finite first moment assumption. The proof of is based on the construction of an
appropriate drift function as in Definition

Theorem B’. (Unstability of invariant homogeneous subspaces) Let G be a real Lie group, A
a lattice in G, and Q = G/A. Let p be a probability measure on G and denote by H C Aut(g)
the real algebraic group gemerated by the support of Ad, u. We assume that p has a finite first
moment and that H™® is semisimple. Denote by L the centralizer of H™ in G. LetY € Sq(T'),
and consider compact subsets Lo C L, K C Q~ LgY.

Then, for every e > 0, there exists a neighborhood O’ of LoY in Q such that for all x € K,

(i) for every n >0, (u*™ % 0,)(0) < g;

(i) for u®N -almost every instructions (gi)i>1,

1
limsup — card{k € {1,...,n} | gk...quz € O'} < e.

n—+oco T

Remark. 1) More precisely, the notation L refers to the subgroup of G defined by the Lie
algebra [ = {v € g|Va € H™, a(v) = v}. Note that this subgroup may not be closed in G.

2) In the context of for any Y € Sq(T"), z € Q@ \ LY, we have

1. Every weak limit v of (p*" * ;). >0 satisfies v(LY) = 0.
2. For u®N -almost every trajectory (gn)n>1, every weak limit v of the sequence of empirical
Z;é Sgr...grz)n>1 satisfies

measures (£

v(LY) = 0.
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To prove we show that the p-walk on § drifts away from L-neighborhoods of
Y.

Proposition 5.1. Let (G,A,Q, ) be as in |Theorem B'| Let S be the collection of pairs
(Y,UY) where Y € Sq(I') and U C L is a neighborhood of 1 € L.

Then the p-walk on Q has a controlled drift away from Sy, .

It is easy to check that Proposition implies

Proof of[Theorem B'| For every { € Lg, we have K C Q ~ Y. Proposition implies that
the p-walk on € has a controlled drift away from the collection S of {({Y,UfY)} where U
varies among the neighborhoods of 1 in L. Choose an arbitrary U, such that the conclusions
of Proposition [3:3] hold for the p-walk on Q. As L is compact, there exists a finite covering
Lo C U1 U---UU, Ly, Let € > 0, and for i = 1,...,m, choose a neighborhood O} of Uy, ¢;Y
as in Proposition for the constant e/m. Then O’ = U™, O, is a neighborhood of LyY which

satisfies the recurrence properties (i) and (#¢) announced in O

The rest of the section is dedicated to the proof of Proposition It can be decomposed
into two independent statements.

Lemma 5.2. The p-walk on Q0 has a controlled drift away from Sy, on compact subsets of ).

Lemmab). In the general context of Section@ if a random walk has controlled drift away
from infinity and controlled drift from some & C P () x L(2) on compact subsets, then it
has controlled drift away from S.

5.1 Local drift

Let us prove Lemma [5.2] To construct a local drift function for some UY, we exhibit a
transverse direction to UY which is expanded by the walk. The Lie algebra g of G is endowed
with an arbitrary norm, and given a subspace t C g, we set B¢(0,9) = {v € t | |jv]| < d}.

Lemma 5.3 (Transverse coordinate). Let Y € So(T'), denote by s be the Lie algebra of Gy =
Stabg Y, | the Lie algebra of L, and fix an H-invariant subspace t C g such that

g=t® (I+59).

For any compact subset M C €, there exists a neighborhood U of 1 in L and § > 0 such that
for every x € M, there is at most one v € By(0,6) for which x € e*UY .

Proof of Lemmal[5.3 Let I' C [ be a subspace such that [+s = I' @ s, and O a relatively
compact open neighborhood of M in 2. There exist small neighborhoods of the origin V; C t,
Vv c I and V; C s such that

VixVex(YNnO) — Q
(ve,vr,y) ettty

induces a diffeomorphism on its image and e"ve"> contains a neighborhood U of 1 in L.

Moreover, reducing those neighborhoods if necessary, we may assume that
e Ve Vi M C O.
Given z € M, assume that for some v; € Vi, u; € Upand y; € Y, i = 1,2,
x = e" ury; = e ugys.

Writing u; = u/s;, with u} € "V and s; € €', we find e”'u/(s1y1) = e*2ul(s2y2) and since

Sy = siui_le_”"'m € Y NO, this implies v} = u}, s1y1 = s2y2, and v; = vy. O
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We now use the previous lemma to prove local drift away from some UY. Given Y € Sq(T),
and U C L a neighborhood of 1 € L, we introduce for every x € Q, the set t, = {v €
B(0,1) | z € e’UY} and define a function on Q by

max,cq, log rin  if t, # O

fuy(z) = { 0 o]

The proof of Lemma will follow from the observation that for any Y € Sq(I") and any
compact set Q C €2, we can choose U small enough so that the function fyy statistically
decreases when the walk passes through Q.

otherwise.

Proof of Lemma[5.3 Let b C g be the unique H-invariant subspace such that g = b® [. Since
b intersects [ trivially, the law of large numbers [9] Theorem 4.28] and Furstenberg’s theorem
on the positivity of the first Lyapunov exponent [9, Theorem 4.32] show that there exists A > 0
such that for every o > 0, there exists N > 0 such that for every n > N, and every v € b\ {0},

Q

lgvll )
log >nA | >1——. (13)
[[ll 3
Fixn > N. Let Y € Sq(TI") and consider K, Q C Q compact sets with K NY = @. We can
assume [+ s # g otherwise UY is open in € for any open set U C L, and the drift statement
follows trivially by letting f be infinite on UY and null elsewhere. Consider a compact set
M C € such that

WrgeGlgQ T M)>1-— (14)

o
3
and choose t C b, U C L, § > 0 as in Lemma with U open relatively compact in L, and
so that KNUY = @. Set Y/ = UY and f = fyy. We show that f satisfies the properties
required for controlled drift. The fact that f is bounded on K comes from the observation
that UY is closed which, combined with the condition K NUY = &, imposes that the distance
between K and UY is bounded below by some positive constant. The condition on upper-level
sets is straightforward.
Let us check the condition of Set T' > 0 so large that

*n «
w9 € Gl lIAdg] <eto) =1 -2 (15)

Let z € @ such that T < f(z) < +oo, i.e. x € e?UY with 0 < [jv|| < e 7. Let g € G
be any element satisfying conditions , , and By one has gz € eAdOvyy
with [|[Ad(g)v|| < [|Adg|l||v]| < 8. As gr € M by (14), our choice for (U,d) yields that
tgz = {Ad(g)v}, hence f(gx) = log m. By ,

fgx) < f(x) — nA.

To check observe that for g € ', one has |[Adg™!|| 7! |lv]| < [[Adgv| and [[Adg™}| <
|IAd g||* for some constant x > 0 depending only on the normed vector space (g, ||.||). So C = &

leads to the bound announced in the lemma.
O

5.2 From local drift to global drift

Proof of Lemma b). In this proof, the notations of referring to the drift away from
infinity will be indexed by 0, and those referring to the drift away from S on compact subsets
will be indexed by 1. Now let (®;, A;, C;)i=0,1 be given by Set ¢ > 1 such that ¢ > Mg oo
and % > 201 1,00 Where \; oo > 0 is the first Lyapunov exponent of ®;,u. Fix o > 0
and denote by Ny, N7 > 0 the associated constants in [3.I] Fix n € N large enough so that
n > max(Ng, N1) and

p(g € Gllog||®o(g)l| < cn) 21—«

n cA
1 (g € G| log [ ®1(g)l| € son) >1—a
20,

25



Let Y € Sq(T), let K C Q \Y be a compact set. The controlled drift away from infinity
associates to K a proper drift function fo : Q — [0, +00o] and a threshold Ty > 0 as in Let
T’ > 0 be a large parameter which will be specified later. Choose a compact subset @; C Q
containing K U {fy < T'}, and consider the objects Y/ € Sy, f1 : @ — [0,400], T3 > 0
associated to (K, Q1) as in for the drift away from S on compact sets.

We are now all set up to define our drift function: for x € €2, set

f(x) = cafo(z) + fi(=)

where
c if fo(x) >T'
Cy = c_%);?) 1fT0§f0(x)§T’
0 if fo(z) < To.

Let us check that f satisfies the properties enumerated in Definition [3.1] The only non-
trivial conditions to check are those enumerated as and

Probable decrease

We prove that if the parameter T' above is chosen sufficiently large, then f satisfies the property
(i)l in with 7 = ¢I” + T} and A = S min(Xg, A1). Let z € Q such that f(z) € [T, +00).
We study separately different cases, according to the values of fy(z), fi(x). Observe that the
definition of T imposes that fo(z) > T" or fi(x) > Ty.

(a) folz) >T"

cgafo(gz) < cfo(x) —neAo
Ci log[|@:(g)|| < "5
with p*™-probability at least 1 — 2a and ensure that

In this case, the conditions { are simultaneously satisfied

ncAg
2

flgz) < f(x) -

(b) T < fo(z) <T" and fi(z) > Ty

< _
Then, with p*"-probability at least 1 — 2a, one has both { fo(gz) > fo(x) = nAo This

certainly implies ¢4, < ¢, and therefore
flgz) < fz) —nAi.

(c) folz) <Tp and fi(x) >Th

With p*"-probability at least 1 — 2, one has {

Jo(gz) < To + Cocn
fi(gz) < fi(z) — nAq.
This implies

nhy
2

Cocn
T — Ty

Cocn
T — Ty

cgufo(ga) < c- folgr) < ¢ (To + Cocn) <

up to choosing T’ large enough in the definition of f, and therefore

?’L)\l

flgz) < f(l")—T'

Putting together (a), (b), (c), we obtain for every x € f~ [T, +00),
(g e G| flgr) < f(x) —nA) =21 -2a

where A = 1 min(Ag, A1) > 0.
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Control of variations
We show that if 7" is chosen large enough in the definition of f, then we have the bound
of 31} with C =3cCy+ C; and ® = $o & ®;. Let 2 € Q, g € I'. We can write

flgz) = f(2) = (cgzfolgr) — cofo(x)) + (fr(g2) — fr(2)) .

Definition [3.1| guarantees that

filgz) = fr(z) < Crlog [ @1 (g)]

so it remains to bound the first term. We can assume that fo(x) < fo(gx). Then,

chfo(gx) —czfo(z) = Cgx (folgr) — fo(x)) + fO(x)(Cgﬂc —Cz)
< cColog [[®o(g)| + fo(z)(cgs — cz)

If fo(x) > T, then ¢, = ¢4, = ¢ and we are done. Otherwise, observing that

folgz) — fo(z) _ = Colog||Po(g)l|

Cor = Cx SO T T S T — T

we obtain

!

T
Fo@) (e = €x) < = Cologl|bo(s) |

< 2¢Oy log||®o(9)||

provided T" is chosen large enough in the definition of f. In any case, we conclude that for
z e f10,400), g €T,

fgz) — f(x) < 3cColog [[@o(g) + Crlog [ @1(g)]-

6 Equidistribution

The goal of this section is to establish Theorem [C} We shall need the following lemma, obtained
by Benoist and Quint [7, Proposition 2.1] in the greater generality of S-adic Lie groups, but
with the additional assumption that I' is compactly generated. The proof is almost the same
as in [7], but we include it to explain in detail how to modify their argument to avoid this
assumption.

Lemma 6.1. Let G be a real Lie group, A a lattice in G, T' a subgroup of G and denote by L

——Z
be the centralizer of T in G. Assume that AdT" is Zariski connected semisimple and without
compact factors. Then the set So(I') is a countable union of L-orbits.

Proof. Fix a dense countable subset D C I'. Given Y € Sq(T'), there exists a finite family of

elements g1, ...,gs in D generating a group I'y such that AdI’ fZ = Wz and that moreover
T'; acts transitively on the (finite) set of connected components of Y. Let g € G be such that
gA €Y, and write

H=g4'T Gy g.

Since HA = g~ 'Y has finite volume, H N A is a lattice in H, and H° N A is a lattice in H°.
Because H and H° are compactly generated, the groups ¥ = HNA and A = H° N A are both
finitely generated, and since A contains only countably many finitely generated subgroups, we
may assume that they are fixed. (The finitely generated group I'y was introduced precisely to
ensure that H be compactly generated, so we can use the argument of [7].) Then, H belongs
to the set T(G, A, YD) of closed subgroups such that

(i) X is a lattice in H;
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(i) A =3nNH" is a lattice in H®;

-z
(iii) there exists a subgroup I'' in G such that AdT”" is connected semisimple without compact
factors and acts ergodically on H/¥.

By [7, Lemma 2.5], this set is countable, so we may assume that H is fixed. Let L; denote
the centralizer of I'y in G, and note that L} = L° as their Lie algebras are given by the sets

of invariant vectors of Ad FfZ = Ad FZ. By [7, Lemma 2.2], the set of fixed points of I'y in
G/H is a countable union of L$-orbits, and therefore also a countable union of L-orbits. Since
Y = gHA and gH is a fixed point of I'y in G/H, the lemma follows. O

Proof of Theorem[C] With Theorem Lemma and [13, Theorem 1.3] at

hand, the theorem follows from the argument given in [7, §2.3 and §4.1|; we include the proof
for completeness. We show the following assertion, which implies items and for
every x € (), there exists a [-invariant ergodic finite-volume homogeneous closed subset Y

.. 1 n—1
containing x such that (5 b0 5g,€,_,gw)n>1 converges to vy .

Let (gn)n>1 be a u®N" _typical sequence of instructions, and v any weak limit of the sequence

—1 . - .
(% Z,O Ogp...qr . By Theorem |Al v is a probability measure. Moreover, by Breiman’s
- n>1

law of large numbers [10] (see also [7, Lemma 3.2]) the measure v is p-stationary. Consider a
disintegration

v= /Vad]P’(a)

where each v, is an ergodic u-stationary measure. By the classification of stationary mea-
sures [I3] Theorem 1.3], each v, is equal to a homogeneous measure vy, for some invariant
ergodic finite-volume homogeneous closed subset Y,,. Using Proposition [6.1] we may rewrite
this integral as a countable sum

v= Z Vi, (16)

€N
where each v; is a u-stationary measure supported on LY;, for some Y; € Sq(T). If z ¢ LY,
implies that v¥(LY') = 0, so there must exist Y € Sq(I") such that x € Y. Choose
such Y of minimal dimension. Replacing G by Gy = {g € G | gY = Y}, the proof boils down
to the case where € So(T"), z does not belong to any proper Z € Sq(T'), and we need to
show that v = vq. This comes directly from a second application of the decomposition

combined with [Theorem B} O

7 Conclusion

To conclude, we mention a few problems that were not discussed here, but might lead to
interesting continuations of our study.

Compact factors. When the group H = mz is semisimple but is allowed to have compact
factors, it is still possible to describe all ergodic pu-stationary measures on ). Some
might not be homogeneous, but they can nevertheless be written as an integral average of
homogeneous measures [I3]. It should be possible to obtain a generalization of Theorem
to this setting.

Drift function on G. On a general quotient G/A, the Benoist-Quint drift function is essen-
tially constructed by embedding G/A into some space of lattices SL4(R)/SL4(Z). It
would be desirable to have an intrinsic construction of such a function, at least in the
case where G is a linear algebraic group defined over Q and A = G(Z) an arithmetic
subgroup. For example, this would lead to simple formulas for the optimal return time
to a compact set, similar to those available for SLg(R)/SLg(Z).
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Unipotency assumption. It was originally suggested in [I4] that Theorem |A| could hold

under the assumption that H = AdT~ is generated by unipotents. As observed by
Emmanuel Breuillard [IT, Proposition 10.4], this is not true for conclusion () in general.
But this might be the case for (i), and (i) would then hold for the Cesaro averages
% 22;01 % 5,. In a slightly different direction, the theorem could be valid as stated if
H is assumed to be perfect, i.e. if its Lie algebra h satisfies b = [b, p].

No moment assumption. As suggested at the end of |2], one may hope that the results on

homogeneous random walks obtained here, and in particular Theorem [A] are still valid
without any moment assumption.
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