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EQUIDISTRIBUTION IN THE SPACE OF 3-LATTICES AND
DIRICHLET-IMPROVABLE VECTORS ON PLANAR LINES

DMITRY KLEINBOCK, NICOLAS DE SAXCE, NIMISH A. SHAH, AND PENGYU YANG

ApsTRACT. Let X = SL3(R)/SL3(Z), and g; = diag(e®*,e™", ™). Let v denote
the push-forward of the normalized Lebesgue measure on a straight line segment
in the expanding horosphere of {g:}+>0 by the map h — hSL3(Z), SL3(R) — X.
We give explicit necessary and sufficient Diophantine conditions on the line for
equidistribution of each of the following families in X:

(1) ge-translates of v as t — oc.

(2) averages of gi-translates of v over t € [0,T] as T — oo.

(3) g¢,-translates of v for some t; — oo.

We apply this dynamical result to show that Lebesgue-almost every point on
the planar line y = ax + b is not Dirichlet-improvable if and only if (a,b) ¢ Q2.

1. INTRODUCTION

1.1. Equidistribution of expanding translates of curves. Let G = SL, 11 (R),
I' = SLp+1(Z) and X = G/I'. Let pux denote the unique G-invariant probability
measure on X. Let g, = diag(e™, e ... e7?), so that the expanding horospherical
subgroup of G associated to g; is

1k - %
1
U+:{g€G]g_tggt—>e,t—>+oo}:{( . )}

1

Let xp = eI’ € X. Using the Margulis thickening method (see e.g. [KM96]), one
can show that the g;-translates of the horosphere U™z get equidistributed in X.
One may ask what happens if we replace the whole horosphere with a bounded piece
of a real-analytic submanifold therein. We note that X can be identified with the
space of unimodular lattices in R"*!, hence numerous applications of dynamics on
this space to Diophantine approximation, see e.g. [Dan85, KM98, KWO08].

If the submanifold is non-degenerate, i.e. is not contained in a proper affine sub-
space, then a result of the third named author in [Sha09a] tells us that equidistri-
bution still holds. See also [SY18] for generalization to differentiable submanifolds.
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2 KLEINBOCK, DE SAXCE, SHAH, AND YANG

It is thus a natural question to ask for conditions for equidistribution of degener-
ate manifolds, such as proper affine subspaces. One expects those conditions to be
expressed in terms of Diophantine properties of those subspaces.

The main goal of this article is to give a complete solution to this problem in
the case n = 2, that is, study the case of straight lines in R?. In this case we
will show that the dynamics is completely controlled by Diophantine conditions on
the parameters of the straight line, and will give criteria for several equidistribution
phenomena.

In what follows we will specialize to n = 2, that is, let G = SL3(R), I' = SL3(Z),
and g; = diag(e?,e~!, e "), so that the expanding horospherical subgroup of G

.

As before, we let 29 =el' € X = G/T.
Let W, denote the set of vectors (a,b) € R? for which there exists C' > 0 such
that the system of inequalities®

{\qu < Clq|™?

(1.1) )
lga + pa| < Clq| 2

has infinitely many solutions (p1,p2;q) € Z? x Z,, where Z, denotes the set of
positive integers.

Similarly, let WY denote the set of vectors for which (1.1) has a non-zero solution
(p1,p2;q) € Z* x Z, for every C > 0. One has an obvious inclusion W5 C Wy. It
is not difficult to check that this inclusion is strict, even if those two sets both have
Hausdorff dimension equal to 1, by [Dod92].

Throughout the paper, I = [sg, s1] denotes an arbitrary compact interval with
non-empty interior, i.e. sy < s1. For (a,b) € R% let ¢, : I — U™ be the line
segment defined by

bap(s) = (1 1 asjb>, Vs e I.

Let A, denote the push-forward of the normalized Lebesgue measure on I under
the map s — ¢qp(s)zo from I to X, and for any t € R, let g;\, 5 denote the translate
of A\gp by g¢; that is, for any f € C.(X),

1
(12) /X fdhay = ]f F(Gusf@a)ds = /I F(bap(s)z0) ds,

(1.3) /X Fd(gihay) = ]f F(gubas(s)z0) ds,

where |A| is the Lebesgue measure of A for any measurable subset A of R.

Here and throughout the paper, the notation with a brace and several inequalities is used to
indicate that all of the inequalities hold.



EQUIDISTRIBUTION AND DIRICHLET-IMPROVABLE VECTORS 3

We say that a family {\;};cz of probability measures on X has no escape of
mass if for every € > 0 there exists a compact subset K of X such that \;(K) > 1—¢
for all i € 7.

We will prove the following criterion for non-escape of mass.

Theorem 1.1. The translates {gi\ap}t>0 have no escape of mass if and only if
(a,b) ¢ Wj.

Furthermore, for Z = N or R, we say that a family {\;};cz of probability
measures on X gets equidistributed in X if

[ran =3 [ raux, vr e e
that is, \; converges to px with respect to the weak-* topology as i — oc.
Theorem 1.2. The translates {gi\qp}e>0 get equidistributed in X if and only if
(Cl, b) ¢ WQ-

Since the set W, has Lebesgue measure 0 in R?, a typical line gets equidistributed
under the flow g;.

Chow and Yang [CY19] proved effective equidistribution for translates of a Dio-
phantine line by diagonal elements near diag(e’, e, 1). Unfortunately their method
does not seem to apply to the flow g; = diag(e?, et e~?) here. We will instead
use Ratner’s measure rigidity theorem for unipotent flows [Rat91], and tools from
geometric invariant theory.

1.2. Averaging over the time parameter. Define

-1 b
W;' = {(a, b) € R? ] lim sup og max{|gb + p1|,[qa + pa|} > 2}.

(p1,p2;9) EL2 XLy log g

In other words, W; consists of vectors (a, b) € R? for which there exists € > 0 such
that the system of inequalities

lgb+p1| < =+
lga + pa| < q~+9)
has infinitely many solutions (p1, p2;q) € Z? x Z,. Again, we observe that we have
the sequence of strict inclusions
W, C W5 CWs
even though all of these sets have Hausdorff dimension equal to 1.
We are also interested in the limit distributions of the averages of g;-translates
of Ay p, namely the family {% fOT Gt Aap dt}r=o of probability measures on X. Similar

questions have been considered by [SW17] and from the measure rigidity point of
view by [ES19].

Theorem 1.3. The following are equivalent:
(1) The averages {% fOT Gidap At} >0 get equidistributed in X.



4 KLEINBOCK, DE SAXCE, SHAH, AND YANG

(2) The averages {7 fOT GtAap At} >0 have no escape of mass.
(3) (a,b) & Wy

1.2.1. Remark. It is shown in [Kle03] that the planar line {y = ax + b} is extremal
if and only if (a,b) ¢ W' .

1.3. Equidistribution along a sequence. We are also interested in understanding
when g;\qp equidistributes along some subsequence t; — oo.

Theorem 1.4. Let (a,b) € R?. Then the following are equivalent:
(1) (a,0) ¢ Q.
(2) For every subinterval J C I of positive measure, there exists a sequence
t; — 00 such that the gi,-translates of Aqp restricted to J get equidistributed
mn X.
(3) For almost every s € I, the trajectory {gidqp(s)xo}e>0 is dense in X.

1.3.1. Remark. For (a,b) € Q? without much effort one can show that the g-
translates of \,; will diverge, i.e. eventually leave any fixed compact set. Hence
Theorem 1.4 gives us a dichotomy which was somewhat unexpected: the gs-translates
of Ay either diverge as t — oo, or get equidistributed along some sequence t; — oo.

1.3.2. Remark. We also have dual versions of Theorem 1.1, Theorem 1.2, Theo-

rem 1.3 and Theorem 1.4 above. Let §; = diag(el,ef, e 2"), consider the map

qzavb: S > (1 1 asijb>, and let 5\,171) denote the push-forward of the normalized Lebes-
gue measure on I under the map s — qgayb(s)xo from I to X. Then all the four

theorems are still valid for §; in place of g; and 5\(175 in place of A\, p. Indeed, it suf-

1
fices to consider the outer automorphism g — w-tg~!-w of G, where w = (1 —1 );

under this automorphism g; is sent to gi, A, is sent to S\GJ,, and px is preserved.
See [Sha09a, Page 511].

1.4. Dirichlet-improvable vectors on planar lines. The motivation for our
study came from Diophantine approximation. Denote by || - || the supremum norm
on R™ (unless specified otherwise, all the norms on R™ will be taken to be the supre-
mum norm). Following Davenport and Schmidt [DS70b], for 0 < § < 1 we say
that a vector x € R" is d-tmprovable if for every sufficiently large 7', the system of
inequalities

lgx +p|| < 6T
lg] < T

has a solution (p, q), where p € Z™ and ¢ € Z \ {0}. One says that x is Dirichlet-
improvable if it is )-improvable for some 0 < § < 1, and that it is singular if it is
d-improvable for all 0 < § < 1.

Similarly, a real linear form on q € Z" is given by q — x - q, parametrized by
x € R™. We say that this linear form is d-improvable if there exists 0 < § < 1 such
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that for every sufficiently large T', the system of inequalities

(1.4) |x-q+p| < 0T
lall <T
has a solution (p,q), where p € Z and q € Z™ \ {0}.

The notation DI(n,1) and DI(1,n) (resp., Sing(n,1) and Sing(1,n)) is used in
the literature to denote the set of Dirichlet-improvable (resp., singular) vectors and
linear forms. It is known that DI(n,1) = DI(1,n) and Sing(n,1) = Sing(1,n), see
[DS70a] and [Cas57, Chapter V, Theorem XII] respectively.

The readers who would like to know more background information are referred
to [KWO08, Sha09a| and references therein for Dirichlet-improvable vectors, and
[CC16,Dan85] and references therein for singular vectors.

Now let us again specialize to n = 2, and take x of the form (s,as + b). In the
simplest possible case (a,b) € Q? it is very easy to see that every point on the planar
line

Loy ={(z,y) €R? |y = azx + b}

is singular: indeed, take a = k/m and b = ¢/m and notice that one has
(z,y) - (—k,m) = (s, s+ 2) - (=k,m) = £

thus one can always find (p, q) such that the left hand side of the first inequality in
(1.4) iz zero.

Our next main theorem is the following stronger converse to the above computa-
tion:

Theorem 1.5. Let (a,b) € R2. If (a,b) ¢ Q?, then almost every point on the planar
line Ly is not Dirichlet-improvable.

The deduction of Theorem 1.5 from Theorem 1.4 uses Dani’s correspondence, and
has become a standard argument. We give the proof below for completeness.

Proof of Theorem 1.5 assuming Theorem 1.4. For 0 < § < 1, let Ky denote the set
of unimodular lattices in R? whose shortest non-zero vector has norm at least 6. Then
K contains an open neighborhood of xg, and is compact by Mahler’s compactness
criterion. For 0 < 0 < 1, let Dy denote the set of s € R such that (s,as + b)
is a d-improvable linear form. By Dani’s correspondence [Dan85] and [KWO08,
Proposition 2.1],

Ds ={s € R| gtpap(s)xzo ¢ Kss for all large t}.

In particular, {gi¢qp(s)20}¢>0 is not dense in G/T for all s € Ds. By Theorem 1.4 we
have |Dgs| = 0 for all 0 < § < 1. Finally, we conclude the proof by noting that the set
of s such that (s,as +b) is a Dirichlet-improvable point on L equals |51 Dm-1,

and hence has Lebesgue measure 0. O
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1.5. Strategy of the proof. Given any sequence t; — 0o, after passing to a subse-
quence we obtain that g, A\, converges to a measure, say p, on X with respect to the
weak-* topology. It is straightforward to see that p must be invariant under a non-
trivial unipotent subgroup of G (Proposition 6.1). There are two possibilities: if y is
not a probability measure then we apply the Dani-Margulis non-divergence criterion
(Proposition 5.1), and if u is positive and not G-invariant then we apply Ratner’s
description of ergodic invariant measures for unipotent flows, combined with the
linearization technique (Theorem 4.1). In both cases we obtain the following lin-
ear dynamical obstruction to equidistribution: There exist a finite-dimensional
representation V' of G over QQ, a non-zero vector vy € V(Q), a constant R > 0, and
a sequence {7;} C I' = SL3(Z) such that for each i,

(1.5) SUI;Hgtiﬁba,b(S)%UOH <R
sE

The major effort involved in this proof is to analyze this linear dynamical obstruc-
tion and show that (a,b) must satisfy certain Diophantine approximation condition.

Using Kempf’s numerical criterion in geometric invariant theory, when the Gug is
not Zariski closed, we reduce the obstruction to the case of vy being a highest weight
vector (Theorem 2.1). Then we further reduce to the case of vy being a highest weight
vector of a fundamental representation of G, namely the standard representation
R3, or its exterior power /\2 R? (Lemma 2.2). It is straightforward to show that
the obstruction (1.5) does not arise for the exterior representation (Lemma 2.3), so
we are left only with the case of V' being the standard representation. In the case
of the standard representation the dynamical obstruction leads to the Diophantine
condition that (a,b) € W, (Lemma 3.1).

We are left with the case of Gug being Zariski closed. Using explicit descriptions
of finite-dimensional irreducible representations of SLs and SLs, we show that in
this case after passing to a further subsequence {v;vp} is constant and (a,b) € Q?
(Theorem 4.1).

We remark that for G = SL, for n > 3, analyzing the Zariski closed orbit case
involves much greater complexities, and the above strong conclusion about (a,b) is
not possible.

1.6. Comparison with previous work. We remark that Theorem 1.3 and The-
orem 1.5 sharpen the main results of Shi and Weiss [SW17]. More precisely, it
was shown in [SW17] that the averages of g;-translates of A\, get equidistributed
in X if the line {y = ax + b} contains a badly approximable vector. Lemma 3.2
below shows that this condition implies in particular that (a,b) ¢ W), and so is
strictly stronger than (a,b) ¢ W5 . Our results give sharp conditions of non-escape
of mass and equidistribution for not only averages, but also pure translates (which
was not considered in [SW17]). This is why we are able to prove the much stronger
Theorem 1.5.

1.7. Future directions. Instead of g;, one may consider more general flows. It
seems that our method is also applicable to the study of translates by elements in a
Weyl chamber, at least for certain cones. Then the non-effective version of Theorem
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1.1 of [CY19] will be recovered. One would also be able to say something about
improvability of weighted Dirichlet Theorem, and the readers are referred to [Shal0]
for a detailed introduction to this subject.

One may also ask what happens to other Lie groups, e.g. G = SL,(R) for n > 3.
When n = 4, things already become more complicated. Roughly speaking, SL3(R) is
small and one does not have many choices of possible intermediate subgroups. How-
ever, in SL,,(R) where n > 3, there are more possibilities of intermediate subgroups,
and a more careful study is needed.

We will study the above-mentioned generalizations in subsequent work.

1.8. Acknowledgements. We would like to thank Emmanuel Breuillard, Alexan-
der Gorodnik and Lior Silberman for helpful discussions. Part of the work was done
when the second and the fourth-named authors were visiting the Hausdorff Research
Institute for Mathematics (HIM) in Bonn for the trimester program “Dynamics:
Topology and Numbers” in 2020; they would like to thank HIM for hospitality. We
also thank the referees for their numerous comments and corrections that helped us
improve the paper.

2. INSTABILITY AND INVARIANT THEORY

To analyze limiting distributions of sequences of translates of measures on ho-
mogeneous spaces a technique has been developed, where one applies the Dani-
Margulis and Kleinbock-Margulis non-divergence criteria, Ratner’s theorem and the
linearization method, and reduces the problem to dynamics of subgroup actions on
finite-dimensional representations of semisimple groups, see [Sha09a,SY20]. In
[Yan20], this kind of linear dynamics was analysed in a very general situation using
invariant theory results due to Kempf [Kem78]. We follow the same approach, and
this section is devoted to the basic tools from geometric invariant theory that we
shall need in our argument.

Let G be a reductive algebraic Q-group, and p : G — GL(V) a linear representa-
tion of G defined over Q. We say that a nonzero vector v is unstable if the Zariski
closure of the orbit Gv contains the origin. Mumford’s unstability criterion states
that a vector v is unstable if and only if there exists a cocharacter A: G, — G such
that M(¢)v =00 0. Kempf [KemT78| refined this criterion by studying the set of
cocharacters A that bring v to 0 at maximal speed. Let us briefly recall his results.

Write X, (G) for the set of Q-cocharacters of G. For any v € V(Q) and any
nontrivial cocharacter A in X.(G), one can write v = Y, v;, where \(t)v; = t'v;
for all 4. Let m(v, \) = min;ez{v; # 0}. Then

U= Umy £ D U
i>m(v,\)

If S is a maximal Q-split torus in GG, we may fix a positive definite integral bilinear
form on X, (S) which is invariant under the Weyl group; it induces a norm on X, (.5)

defined by ||A]| = v/(A,A). This norm extends uniquely to a G-invariant norm on
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the set X, (G) of Q-cocharacters of G. Kempf proved that if v € V(Q) is an unstable

m(v,\)

vector, then maxycx, (@) N

> 0. Moreover, the parabolic subgroup
PN ={peqG| %in% AE)pA(t) ! exists}
H

is independent of the choice of the cocharacter A such that mH(KH/\) is maximal; we

denote it by P,. Finally, any maximal Q-split torus in P, contains a unique element

A maximizing ml?i}\“)\)’ and if u € G is such that A(t)u\(t)~! — e as t — 0, then

(2.1) UV = Upy(y,2) + Z (uv);.

i>m(v,\)

We shall apply these results for the group G = SL3(R). In that case, the maximal
torus S is the subgroup of G = SL3(R) consisting of diagonal matrices. Let K =
SO(3). Choose simple roots aq: (t1,te,t3) t1t2_1, ag: (t1,te,t3) tthl. The
corresponding fundamental weights are wy: (t1,to,t3) — t1 and wa: (t1,t2,t3) —
t1ts. The standard parabolic subgroups of G are

n= {5} n={(D)) me{(H)

We shall also use the following algebraic subgroups of G:

a-{(')) a-{('1)). 0

[N}
Il
—

One has Pl = SzQz = SZH’LUZ) for i = 0, 1, 2.

2.1. Reduction to a highest weight vector. The next result (Theorem 2.1) pro-
vides a very powerful new technique that allows one to reduce the study of linear
dynamics of an arbitrary vector in an arbitrary representation to that of a highest
weight vector. From this we will further reduce the study to fundamental repre-
sentations (Lemma 2.2), opening the doors to directly relate the linear dynamics to
Diophantine properties of vectors (Lemma 3.1).

The proof of the following result was motivated by [Yan20, Proposition 2.4].

Theorem 2.1. Let V be a representation of G defined over Q. Let v be an unstable
vector in V(Q). Then there exists an irreducible representation W of G defined over
Q, a highest weight vector w' € W(Q), an element gy € G(Q), and constants C' > 0,
B > 0 such that for any g € G one has

lggow'|| < Cllgv]|”.
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Proof. Without loss of generality, we may assume that the norms are K-invariant.

Given v unstable in V(Q), by the above-mentioned result of Kempf [Kem?78,
Theorem 4.2] one associates to v a parabolic subgroup P, defined over Q. By [Bor91,
Proposition 21.12], there exists go € G(Q) and 0 < j < 2 such that P, = gOPjgo_l.
Let v/ = go_lv, so that P,y = go_vago = P;. Let A,y be the set of elements A € X,(G)
such that %/”)‘) is maximal. Kempf’s theorem shows that %/”)‘) > 0 for any
A € Ay, and that A,/ contains a unique indivisible element § of X, (S). Then ¢ is a
dominant cocharacter, Imd C S, and

P(6) = Py = P;.

Now let 6V € X*(S) be the dual of § with respect to (-,-) in the following sense:
for any A in X, (S), one has
(6Y,2) = (6,\) € Z.

Let S5 denote the Q-subtorus of S; which is the identity component of the kernel of
§¥ in S;. We have that Im § N Sy is finite and (Im §)S; = .S;.
Take any d € Q¢ such that there exists an irreducible representation W of G
with highest weight w = dd§¥. Let w’' € W(Q) be a highest weight vector. Let
(6,00 _
m(v’, )

Now it suffices to show that there exists C' > 0 such that for any g € G we have

8=

low'|l < €llov'|”

We argue by contradiction. Suppose that there exists a sequence g; in G such that
lgiv1°/lgaw’|| = 0 as i — oc.

We note that P(J) = P; acts on w’ via the character d6¥. So Q; = H,;U; fixes w'.
Since G = KPj = KSij = KSjHjUj, we can write g; = k;s;h;u; where k; € K,
s;i € Sj, h; € H; and u; € Uj. Since the norms are K-invariant, we may assume that

ki = e for all i. Now s;hu;w’ = §(s;)%’. Hence ||giw'|| = [6Y(s:)|%||w’|]. Since
S; = (Im)Ss, we can write s; = §(7;)0;, where 7; € R* and 0; € S5. Then
(2:2) lgiw'| = 18" (S|l = || ]|

Let 7 denote the S;Hj-equivariant projection from V to
Vi={zeV |tz =t}
Then there exists C; > 0 such that ||7(z)| < Cyljz|| for all z € V. It follows that
In(g)1? _ o5 llo']”
g’ = 7 llgaw

For any u € Uj, §(t)ud(t)™! — e as t — 0, so by Equation (2.1), w(uv’) = m(v').
Hence

(2.4) I (gi)II = [ ™ Dl (oshiwid’) | = 7] ™D | oihim (D).
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Combining (2.2), (2.3) and (2.4), one gets ||o;h;7(v')|| — 0, and this implies that
7(v') is SsHj-unstable in V. We apply once more [Kem78, Theorem 4.2] to the
group SsH; to deduce that there exists [ € (S5H;)(Q) such that Aifgj)ﬁX*(S(;HjﬂS)
is non-empty; we let §; denote its unique element. Note that SsH; NS is a maximal
Q-split torus of SsH;. Since SsH; NS = ker ¥, we have

(2.5) (6,61 = (6Y,8) =6V 06 = 0 € Hom(G,y,, Gppy).
Since [ € P(6) = P/, we have Ay = Ay and thus 6 € Ayy.
For a positive integer N, let 5y = N + 9;. For N large enough, we claim that
m(lv',on) - m(lv',0)
>
1]l 16]]

which will contradict the maximality of By, .
To prove the claim, consider the weight space decomposition V' = @ V,,, where S
acts on V) by multiplication via the character x of S. Let

= = {x € X*(8) | (1), # 0 and (x,8) = m(1v/,6)}
={x € X*(8) | (z(lv'))y # 0}
It suffices to prove that for any x € =, one has

(6 0N) _ (x0)
lowll ~ Tlol

To prove (2.7), we define an auxiliary function:

<X7 d+s- 6l>2 — <X7 6>2 + 28<X7 5><X7 5l> + 82<X7 5l>2
16+ s -6 (0,8) + 2s(3,8;) + s2(d;, 61)

Compute its derivative at 0:

(2.6) = By,

(2.7)

fls) =

1oy 20600 81) (8, 8) — 2(0, 81) (x, 6)*
. S(;Hj S5Hj / 1

Since & € A7 = Ay, and (r(lv'))y # 0, we know that (x,d;) > 0. Since
d € Ay, we know that (x,d) > 0. And (4, ;) = 0 by Equation (2.5). Combining the

above one gets f'(0) > 0. Hence for N large we have

(2.8) f(1/N) > [(0),
and (2.7) follows because each side of (2.8) is the square of each side of (2.7) respec-
tively. Therefore (2.6) holds, contradicting the maximality of By, . O

2.2. Reduction to fundamental representations. Let W; = R3 and W, =
/\2 R3. Let wy = e € Wy and wy = €1 A ey € Woy. Let wy and wy be the high-
est weights of W7 and Ws. Then w; and wy are the fundamental weights of GG, and
any dominant integral weight is a non-negative integral linear combination of w; and
wa.
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Lemma 2.2. Let W be an irreducible representation of G with highest weight w =
niwi + news, and w € W a highest weight vector. Then for any real-analytic map
Yv: I — G, where I C R is any non-empty interval, there exists a constant ¢ > 0
such that for any hi,he € G,

ni+nz
sup||h19(s)hawl| > c- <min suthlw(s)thiD .
sel 1<i<2 ger
Proof. Let the notation be as in the beginning of this section. We have G = K.SyUj.

Hence for ¢ € G, we can write ¢ = ktu for kK € K,t € Sy = S and u € Up.
We note that w; and wsy are both fixed by Uy. Taking any K-invariant norms on

Wy and Wa, we have ||gwi|| = |wi(t)|||wi]] and ||[gwz| = |wa2(t)|[|w2]|]. We take a
K-invariant norm on W such that ||w| = |Jw1]™ [|wz]|"*. Then for any g € G,
lgwll = llgwi ™ lgw2]"*. Now let

F(g) = [|hghow|® and  Fi(g) = [lhighowil®, i=1,2,
Then F, Fy, Fy are regular functions on G, and

F(g) = Fi(g)™ Fa(g)™.

Let Z be the Zariski closure of ¢(I) in G. Since v is analytic, Z is an irreducible
algebraic set. We use the norm
71 = suplF(o(s)
sel

on the space of regular functions on Z. We claim that for any positive integers d
and dy, there exists a constant ¢ = ¢(dy,d2) > 0 such that for any polynomials
E; and Ey of degrees dy and dy respectively on Z, we have ||E1Es|| > c||E1||||E2]|-
Indeed, by homogeneity we only need to check this for ||E1|| = ||F2|| = 1, and then
the possible values of || Ej Ez|| form a compact subset of Rs¢. Therefore,

ni+nz
IE|| = el Fyl|™ [ F2[|™ = e <min HFiH> '
1<i<2
O
2.3. From fundamental representations to the standard representation.

Let the notation be as before: We fix (a,b) € R?, I = [sg, s1] C R for some sg < s1,
and for any s € I and t € R, we have

s as e2t
bap(s) = (1 1 jb) and g; = < et t) .

The following observation allows us to reduce our possibilities from all fundamental
representations to only the standard representation.

Lemma 2.3. There exists a constant C7 depending only on I such that for any
non-zero v € Wo(Z) = N> Z* and t > 0,

(2.9) sup||gedap(s)v]| > Cre'.
sel
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Proof. Let eq, es, e3 denote the standard basis of R3 (and Z3). We write e;; = e; Ae;
for the standard basis of /\2 R3. For any s € I and t > 0, one can readily compute
the matrix of gi¢4(s) in the standard basis (es3, €13, e12):

Ngdu(s) = (et 20
= 0.
9t Pabls 7et((925+b) 60 et
So, for any v = (g) in /\2R3, se€landt >0,
672tp
GtPap(s)v = ( e (sp+q) ) .

et [~(as+b)p+r]
Now observe that

S1— S S1— S
max{lsop + gl sup -+ af) = ming P50 10151 = 20)

" sol + [sa]
so that if (p,q,r) € Z3\ {0}, then
max {lsp+gl, |=(as + b)p+rl} = Cr,

s€{s0,51
where
. S1—380 S1—950
Cr = min , , 1} >0,
N P S P
because if (p,q) = (0,0) then |—(as +b)p+r| = |r| > 1. So (2.9) follows. O

By combining the above results we obtain the following;:

Proposition 2.4. Let V be a finite-dimensional representation of G defined over Q
and let vg € V(Q) \ {0}. Suppose that Gug is not Zariski closed. Then given C > 0
there exists R > 0 such that the following holds: There exists ty > 0 such that for
any t >ty and any vy € T, if

(2.10) Sul?‘|9t¢a,b<3>7UOH <0,
sE

then there exists v € Z3 \ {0} such that
(2.11) sup||gedap(s)v]| < R.
sel

Proof. Let S denote the boundary of Guy. By [Kem?78, Lemma 1.1], there exists
a representation V’ of G and a G-equivariant polynomial map f: V — V', both
defined over Q, such that S = f~1(0). It follows that f(vo) € V'(Q) is unstable
in V’/, and there exists a constant C’ > 0 and a norm on V' such that (2.10) holds
for (f(vo),V’,C") in place of (vp,V,C). Hence by replacing vy with f(vg) we may
assume that v is unstable in V.

Now we can apply Theorem 2.1, and conclude that there exists an irreducible
representation W of G defined over Q, a highest weight vector w € W(Q), an
element gy € G(Q), and a constant D > 0 such that for any ¢ > 0 and v € T" if
(2.10) holds then

sup||gi@ab(s)vgow|| < D.
sel
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Combined with Lemma 2.2, this implies that there exists D’ > 0, depending only on
w and D, such that

2.12 i < D"
(212) (232, Supllgrua(s)yaous | <

Since gg € G(Q), there exists N € Z, such that N - T'gow; C W1(Z) = Z> and
N -Tgowy C Wo(Z) = N Z3.

Let R = ND'. Lemma 2.3 shows that for ¢ > 0 large enough, no integer vector in
/\2 73 can satisfy (2.12): in particular, if t > to := log RCI_I, then

sup|lgrdas(s) (vgowa) | > R/N = D'
KIS

Therefore, the vector v = Nygow; must satisfy (2.11), as desired. O

3. DYNAMICS IN THE STANDARD REPRESENTATION AND DIOPHANTINE
CONDITIONS

In this section we relate asymptotic dynamics of the gi-action on the curve {¢q (5) :
s € I} in the standard representation with some Diophantine approximation prop-
erties of the vector (a,b). Our first lemma characterizes the condition (a,b) € Ws in
terms of vectors of bounded size in the lattices gtgba,b(s)Zg, sel.

Lemma 3.1. The following are equivalent:

(1) (a,b) € Ws.
(2) There exists R > 0, t; — oo and {v;} C Z3\ {0} such that for all i,

(31) SuI;Hgti(ﬁa,b(S)viH <R
ES

Proof. We write v; = (%z) € 73\ {0}. Tt follows that

e2ti ((bQi+P1,i)+(GQi+p2,i)s)
(3.2) gti(z)a,b(s)vi = e tipa :

e tig;

Suppose (3.1) holds. Let R; = H(l 80)_1H - R, where ||-|| denotes the operator

1s1
norm with respect to the sup-norm. Then for all 4,

|gib + 14| < Rie 24,
(3.3) \gia + pai| < Rie 2,
lqi] < Reti.

Case 1. Suppose a subsequence of {¢;} is bounded.

After passing to a subsequence, we may assume that ¢; = ¢ is constant, and then
(3.3) forces gb+ p1; = 0 and ga + pa; = 0 for ¢; large enough, because p;; and pa;
are integers. Since (p14,p24,¢) # 0, we get ¢ # 0 and (a,b) € Q2.
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Case 2. Suppose |¢;| — oo as i — oo.
Put Ry = R;R?. Then (3.3) shows that for all i,

|gib + p1.i| < Ralgi| >
|gia + pai| < Rolai| 2.

Therefore (a,b) € Wy \ Q?. Combining both cases we proved that (2)=(1).
Conversely, suppose (a,b) € Wa. By (1.1) we pick a sequence (p1,p24,q:) € Z3
such that 0 # ¢; — oo and (3.4) holds for some Ry > 0. Then for t; = log|q;|, we get
(3.3) for Ry = Ry and R = 1 and |pa;| < Rie % + |ale’i. So in view of (3.2), we
get that (3.1) holds for R = (|so| + |s1]| + 1) Ry + |a| + 1. O

(3.4)

The second lemma shows that (a,b) € W) if and only if the curve ¢, is entirely
sent to the cusp under the action of g; in the space of lattices, along a subsequence
of times t; going to infinity.

Lemma 3.2. We have (a,b) € W) if and only if there exist t; — oo and {v;} C
73\ {0} such that

sup||g; @a,b(s)vill — 0.

sel

Proof. The proof is identical to that of Lemma 3.1, and we leave it to the reader. [

The stronger condition that the measures g; A, go to the cusp for all large values
of t can only be satisfied if (a,b) € Q?; this is the content of the following lemma.

Lemma 3.3. The following statements are equivalent:

(1) (a,b) € Q.

(2) There exists v € Z3 \ {0} such that sup,e;||gidap(s)v] — 0 ast — oo.

(3) There exists R > 0 such that for each large t > 0, there exists v € Z3 \ {0}
such that

(3.5) sul;Hgtéa,b(S)vH <R
sE

Proof. 1t is easily seen that (1)=(2) and that (2)=(3). For the last implication
(3)=(1), we observe using (3.3) that (3) implies that for any ¢ > 0, and any large
enough t > 0 there exists (p1,p2,q) € Z3\ {0} such that, setting T = Rjef, all the
following inequalities hold:

\q | < Rlet == T,

gb+p1| < Rie™? < T,

lga + pa] < Rie™ < Tt
This implies that a and b are both singular real numbers. But singular real numbers
are rational, see [Khi26] or [Cas57, Remark before Theorem XIV]. O

Finally, we have a version of Lemma 3.1 for the behavior on average of the measures
Gt Aap; this will relate to the diophantine set W2+ For R > 0, define

(3.6) Ir = {t € [0,+00) : v € Z*\ {0} such that sup||gidas(s)v| < R} .
sel
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Lemma 3.4. The following are equivalent:
(1) For any R > 0,
(3.7) lim sup [Zr 0 [0, 71|
T—o0 T
(2) There exists R > 0 such that (3.7) holds.
(3) (a,b) € Wy

We defer the proof of this result to Section 8.

> 0.

4. REDUCTION OF LINEAR DYNAMICS TO THE STANDARD REPRESENTATION

The following is one of the main technical results in this article. It shows that
Proposition 2.4 still holds even if the orbit G- vq is closed, as long as it is not reduced

to {vo}.

Theorem 4.1. Let V be a finite-dimensional representation of G over Q and vy €

V(Q) \ {0} such that vg is not G-fized. Then given C > 0 there exists R > 0 and
to > 0 such that the following holds: For any t > tg, if there exists v € I' such that

sup||gtdap(s)yvol| < C,
sel

then there exists v € Z3\ {0} such that

sup||gedap(s)v]| < R.
sel

For the proof of the above theorem we introduce some notation and make some
observations.

4.1. Linear dynamics of g; and ¢,;(s) actions. Let V be an irreducible real
representation of G = SL3(R) over Q. Since G is Q-split, V ® C is G-irreducible over
C.

We express
gt = ctby, where by = diag(et/z, etl?, e ") and ¢; = diag(e?’t/Q, e 32 1).

Let

1 1s 1 b
(41) U23(S): ( 1i>, Ulg(s): ( 11), Ug,h = ( 1(11).
Then we have ¢ (s) = uzz(—a)uia(s)uqp. Since g commutes with ugz(—a) and by

commutes with u1a(s),
(4.2) Gt®ap(s) = u23(—a)giui2(s)uqp and giuia(s)uqp = cru12(s)bitig p.

Let H = Hy = <SL2(R) 1) < G, and consider V as the restricted representation of

H. We have a decomposition V = V; @V, where Vi = {v € V |Vh € H, hv = v} is
the subspace fixed by H, and V5 is the complement of V7 stable under the action of
H. Let m; and mo be the H-equivariant projections from V to V4 and Vs respectively.
Since b; centralizes H, m and me are also bi-equivariant.

The following observation is based on [Sha09b, Lemma 2.3].
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Lemma 4.2 (Linear dynamics of an SLy action). For any m > 0, let W denote the
(m + 1)-dimensional irreducible representation of SLa(R). Let

ar = (et e*t) and u(s) = (19).
Then there exists Cr > 0 such that for any w € W and t € R,

suI;Hatu(s)wH > ™(Crm) ™" |wl).
se€

— e(m—2k)t

Proof. Let eq,...,e, denote a basis of W such that aep e for all k. For

any w € W, we express w = y ", wgek, where wy, € R. Then

m
w)y = Z wys”.
k=0

Let [Jw| = maxo<p<m|wg|. Recall I = [sq,s1] and let 75 = sg + (j/m)(s1 — so) for
0 <j <m. Then

(4.3) sup|(u(s)w)o| > max
sel 0<5<

Z wiTk

where C7 = (1 + max{|so|, [s1|})/(s1 — so), from an estimate for the norm of the
inverse of the (m+1) x (m+1)-Vandermonde matrix (7']’.“) [Gau62, Theorem 1]. O

> (Crm) ™" [Jwl],

Corollary 4.3. There ezist constants Cy > 0 and > 3/2 such that for all v € Vs
and all t >0,

(4.4) su]?nctum(s)un > Chet||v).
S

Proof. Consider the action of H = SLg(R) on any irreducible component W of V5.
By definition of V5, the representation W is non-trivial, i.e. dim W = m + 1, with
m > 1. Noting that “c; = az;/p” and “u1a(s) = u(s)”, Lemma 4.2 shows that

3m
supHCtuu( Jwl| > Coe="fluw]|.
sel

Since this holds for every H-irreducible component W C V5, we indeed obtain the
desired inequality for all v in V5, with

3
8= min{%n . m=dimW — 1, W C Vs irreducible}.
0

Let U = {u12(5)}ser, and VU12 be the subspace of Ups-fixed vectors in V. Let
T, ¢ Vo — VUiz denote the {c¢;}ier-equivariant projection. We apply (4.3) of
Lemma 4.2 to each H-irreducible component of V' to obtain the following:

Corollary 4.4. There exists Cy = Cy(I,V) > 0 such that for any v € V,

sup||my,, (u12(s)v)|| = Callv|.
sel
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4.2. Consequences of the description of irreducible representations of SL(3, R).
Let w = njwi 4+ nowy be the highest weight of V', where ni, ne are non-negative in-
tegers.

Lemma 4.5. dim(Vy) = 1 and its weight is —(n1 — n2)wa. In particular, by acts on
Vi as the scalar multiplication by e~ (M —n2)t,

Proof. We consider the weight diagram and multiplicities of the weights of an irre-
ducible SLs-representation as in Figure 4.1; see [FH91, §13.2].

FIGURE 4.1. SLjs-representation with the highest weight 6w; + 2ws.
(Based on [FH91, Figure (13.6)].)

The weights of V' lie on hexagons Ho, ..., Hm—1, where m = min(nj,nz), and
triangles 7o, ..., T[jn;—ny|/3)- We set Hy, = To and also call it a hexagon, which is
degenerate. The multiplicity of a weight on any H; is ¢ + 1 and on any triangle is
m+ 1.

Consider any weight of V;. Then it is fixed by the Weyl reflection corresponding
to H, so it must be kws for some k € Z. Let £} be the line perpendicular to ws and
passing through kws. Then £ NH; # 0 if and only if 0 < ¢ < j — 1, where ji is the
multiplicity of kwo in V, and for each such ¢, £ N H; contains the highest and the
lowest weights of an irreducible representation of H containing kws.

In the above description, there is exactly one case when we have a trivial H-
representation; that is, when kws is a vertex of the triangle 7o = H,, and £y N H,,, =
{kwa}. In particular, dimV; = 1. The dominant vertex of 7p is (n1 — n2)w; or
(ng — n1)wa. A Weyl reflection sends wy to —wa. So in both cases, —(n; — n2)ws is
a vertex of 7o and k = —(ny — ng). This proves the claim. O

Lemma 4.6. Suppose n1 < ny. Then all the weights occurring in VU™ are non-
negative for the Lie algebra element diag(2, —1, —1) corresponding to g;.
In particular, by Corollary 4.4, for any v € V and t > 0,

(4.5) sup||gru12(s)v|| > Cuyllv]].
sel
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Proof. We consider the weight diagram of an irreducible SLs-representation as in
Figure 4.2; see [FH91, Proposition 12.18].

CHypL>=0 (Hiatths,Ly=o ¢H 1> =0

=L
Wiy =-L3

0 AV L —Nal3

/\ = MW AT W

\VA VAVAVAVARE
Ly -T2l

M) W
nis-Thly :w\w\—<t“‘* >) Vo

=0~ Any.

FIGURE 4.2. Arrangement of weights of an SLs-representation.
(Based on [FH91, Figure (12.14)].)

We note that the weights on the vertical line passing through the origin in the
weight diagram vanish on diag(2,—1,—1) and those on the right half take positive
values.

The weights occurring in VY12 are the highest weights of irreducible representa-
tions of H in V, and they lie on the two sides of the hexagons H;, where 0 < ¢ <
min(ny, ng) = ny; if one draws the set of weights as in Figure 4.2 above, then for each
i, one of the sides is a vertical segment from the dominant weight (ny —¢)L; — (ng —
i) L3 to the weight (n;—1i)L1—(n2—i) L2, and the other side is the segment joining the
last weight to (n; —i) L3 — (ng —1i)Lo. For diag(2,—1,—1), all the weights on the ver-
tical segment have constant non-negative value 2(ny —i)+ (ng —i) > ng —n1, and the
weight (ny —i)Ls—(na—1i) Lo has the value (n; —i)(—1)—(n2—i)(—1) = na—mny > 0.
So all the weights on both segments have a non-negative value for diag(2, —1,—1).
(Note that this is not the case in the above picture, where ny =3 > 1 = ny.) O

4.3. Proof of Theorem 4.1. If Guvg is not Zariski closed, then the result follows
from Proposition 2.4. So we assume that Gvg is Zariski closed.

If the theorem fails to hold, then there exist sequences t; — oo and 7; € I" such
that

(4.6) sup||ge; a,b(s)vivoll < C
sel

and for any sequence v; € Z3 \ {0},

(4.7) Sup||ge; da,b(s)vil| — 0.
sel

There are two possible cases, and we will show that both will lead to a contradic-
tion.
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Case 1: {vvo}ien is unbounded in V.

Write ||-[|y, to denote the operator norm on the linear space V. By (4.6) and (4.2),

for C; = Tam T, > 0, for all 7,
(4.8) Cy > Sul;HgtiUM(S)(ua,b%vo)H = SHII)HCtiuw(S)(btiua,b%vo)H~
s€ sE

By (4.4), this implies that there exist C3 > 0 and 8 > 3/2 such that
(49) Vi, |[Im(byuapyivo)| < Cs and  ||wa(byuqpyive)|| < Cze™ '

The highest weight of the irreducible G-representation V is nijwi + news for some
non-negative integers ny and ns.

First suppose that n; > ny. The highest eigenvalue of b, on V is e(™/2+12)t e
pick € > 0 such that e(n1/2 + ng) < . By Lemma 4.5, b; acts on V; by the scalar
e~ (m=n2)t Therefore, by (4.9), for all 4,

1 (bet, Juaivo) | < Cae =M=y (bey, Jug pryivo) || < Cyel=FFetm/2ina)t,

S0 bet;ugpyivo — 0 as ¢ — o0o. This contradicts the fact that Gug is Zariski closed.

Hence we must have n; < np. Then by (4.5) and (4.8) we get {uq p7iv0}ien is
bounded, and it follows that {7;vo}ien is bounded. This contradicts the assumption
of Case 1.

Case 2: {vivo}ien is bounded in V.

In this case using (4.6) we will deduce (a,b) € Q?, and so (4.7) will fail.
Since I'vg is discrete, by passing to a subsequence and replacing vy with ~ivg for
some v in I'; we may assume that v;v9 = vg for all 7. Let

F = Stabg vyg.

Since Gy is closed, Matsushima’s criterion [Bor69, §7.10] shows that F' is a proper
reductive subgroup of G, and it is defined over Q. Now (4.9) implies that {b;,uq pv0 }ien
is bounded. Therefore after passing to a subsequence we may assume that

bt g pVo — Voo for some v € V.
Since Guyg is Zariski closed, we may write vo, = guvg for some g € G. Let
L = Stabg v

so that L = gFg~!. It is clear from (4.9) that v is fixed by H, and we also know
that v is fixed by {b;}1er by definition of vo,. Hence L is a reductive subgroup of
G which contains the group generated by H and {b; };cr, i.e. the normalizer Ng(H)
of H. But Ng(H) is a maximal reductive subgroup of G. Hence

L = Ng(H).
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Claim. We can pick hy € G(Q) such that v = hovp.

To prove the claim, consider the center
00

Z(F)=g'Z(L)g = g7'S29, where Sy = {(é ¢ t92>} .
This is a one-dimensional torus in G defined over Q. Moreover, any element v in
Z(F)(Q) has a repeated eigenvalue, and is therefore diagonalizable over Q. This
shows that Z(F) is a Q-split torus. So there exists by € G(Q) such that

mZ(F)h{t C S,

where S denotes the full diagonal subgroup of G. Since any element in Z(F') has a
repeated eigenvalue, we may in fact write

hlZ(F)hl_1 = h2S2h2_1 for some permutation matrix hs.

Letting ho = hy'hy € G(Q), one finds Z(F) = hy'Sahg, and taking centralizers
on both sides we have g"'Lg = F = hatho. Since Ng(L) = L, it follows that
hog~! € L, whence hgvg = hog™'vse = Vso. This proves the claim.

Thus btiua,bhalvoo — Vso. Since Stabg vso = Ng(H), and the orbit Gus is locally
compact, one deduces that
b uaphy ' [Na(H)] = [N (H)]
in G/Ng(H) as i — oo. Consider the standard projective action of G on P(R?).
Then Ng(H) fixes (e3). So
biuapho ' (e3) = (e3)

t/2 /2

as i — 0o. Since by = diag(e!/?,et/? e ), we conclude that ua7bh51(63> = (e3). So
hyles = )\u;ll)eg for some A # 0. Since hy' € G(Q), by (4.1) we get A\(—b, —a, 1) €
Q3. Hence (a,b) € Q.

Write b = p2/q and a = p1/q for some p1,p2,q € Z with g # 0, and set

v; = <:§§> for all 7.

qes

It follows that gy, g p(s)vi = e (*2)2) for all s € I. This contradicts (4.7). O

5. THE DANI-MARGULIS CRITERION FOR NON-ESCAPE OF MASS

Let Ayp be as in the introduction. The goal of this section is to give a necessary
and sufficient condition for non-escape of mass for {gy,Aqp} as t; — oc.
Define the unipotent one-parameter subgroup

W = {w(r) = (“i‘“”) .reR} CG.
1
For any ¢t € R and s € I = [sq, 1], we have
(5.1) 9tBap(s) = w(r)hy, where r = €¥(s — s0), by = gidap(s0)-
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Hence the trajectory {gi¢ap(s)wo : s € I} equals {w(r)hixo : v € [0,e3|I]]}, which
is a segment of a unipotent orbit.

By a criterion due to Dani and Margulis for analyzing non-escape of mass for
unipotent trajectories on the space of unimodular lattices, we obtain the following;:

Proposition 5.1. For any € > 0 and R > 0, there exist a compact set K C X and
tr > 0 such that for any t > ty, one of the following two possibilities holds:

(1) s € I: gidap(s)ro € K} = (1 —e)[I].

(2) There exists w € Z3 \ {0} such that

supl|gedas(s)wl| < R.
sel

Proof. By the result of Dani and Margulis [DM89, 1.1. Theorem], given any € > 0
and R > 0, we can pick a compact set K C X such that given any finite interval
I C R and any ¢t > 0 one of the following three statements holds: the above condition
(1), or the above condition (2) or the following additional condition (3): there exists
w e N*Z3\ {0} such that

sup||gedap(s)w| < R.

sel
Now if (3) holds for some ¢, then Cre! < R by Lemma 2.3. So the additional
condition (3) will not occur for ¢ > t; := log(C; ' R). O

Proposition 5.2. Let {t;};cn be a sequence of real numbers such that t; — oco. The
following are equivalent:

(1) For every compact set K C X, gt,¢a5(I) N K =0 for all large i.

2) There exists € > 0 such that for every compact set K C X,

(

) gt; Map(K) < 1 —¢, for all large i.
(3) There exist vectors {v;} C Z3\ {0} such that
)

(5.2
: sup||gt, bap(8)vill = 0 as i — oo.
sel

(5.3

Proof. (1) = (2) is obvious.

(2) = (3): Fix € > 0 so that (5.2) holds for every compact K C X. For each
j € Nand R = 1/j, obtain a compact set K; C X as in Proposition 5.1. Then for
all 7,

1
gt Aap(Kj) = m!{s €1:g1,0ap(s)70 € Kj}|.

So, by (5.2) there exists i; € N such that the possibility (1) of Proposition 5.1 does
not hold for all ¢ > 4;; and hence its second assertion (2) must hold. So for all ¢ > i,
there exists w;,; € Z3 \ {0} such that

(5.4) SUII>H9ti¢a,b(S)wj,i|| <1/j.
se

For each i > i1, let j be maximal such that ¢ > i;, and put v; = w;;. Then (5.3)
follows from (5.4).
(3) = (1) is a straightforward consequence of Mahler’s compactness criterion. [
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Proof of Theorem 1.1. To say that the sequence of gs-translates of A, has no escape
of mass means that there exists a sequence t; — oo such that condition (2), and
hence equivalently condition (3), of Proposition 5.2 fails to hold. It remains to apply
Lemma 3.2. O

6. RATNER’S THEOREM AND A LINEAR DYNAMICAL CRITERION
FOR AVOIDANCE OF SINGULAR SETS

The collection of probability measures on the one-point compactification, say X =
G/T' U{x}, of X = G/T is compact with respect to the weak-* topology on X. So
given any sequence t; — 00, after passing to a subsequence, we obtain that g;; A,
converges to a probability measure fi on X. Let x denote the restriction of fi to X.
Then g, \qp converges to p with respect to the weak-* topology; that is, for any
f € C.(X), we have

fim [ o) = /"fdu

1—>00

For the proposition below, recall that
W = {w(r): (171"(117“); TGR}.

Proposition 6.1. Suppose that j1 is a weak-* limit of gy, \qp for a sequence t; — co.
Then u is invariant under the action of W.

Proof. By (5.1), for any ¢ > 0 and any f € C.(X

00 [ fdadan) = f fatus(s)) ds ﬁ/ F(w(r)heo) dr

where h; = gtqﬁmb(so). So for any rg € R,

e3t
i £@(r0)2) dlgden) (@) = e f3™ F(w(ropulr)huo) dr
(6.2) =§;Teﬂ(ﬂwww=£%fﬂMWwwW+&
= [x fd(ghap) + e,
where |e¢| < 2roe™|| f||.; and the left-most term converges to [y f(w(ro)z) du(z)
and the right-most term converges to fX fduast=t; = oo. ([l

Proposition 6.2. Suppose that p is a weak-* limit of (1/T;) fOTi Girap dt for a se-
quence T; — oo. Then p is itnvariant under the action of W.

Proof. We perform the average over ¢ € [0,7;] in (6.1) and (6.2) and take the limit
as i — 0o to conclude that p is w(rp)-invariant. O

With Proposition 6.1, we will be able to apply Ratner’s description of ergodic
invariant measures for actions of unipotent one-parameter subgroups on X to analyze
the limiting distributions of {g:As} as t — oo. For this purpose we will apply what
is now called ‘the linearization technique’ [DM93].

Let m: G — X denote the natural quotient map. Let H denote the collection of
closed connected subgroups H of G such that H NI is a lattice in H, and such that
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a unipotent one-parameter subgroup contained in H acts ergodically with respect
to the H-invariant probability measure on H/H NT. Then any H € H is a real
algebraic group defined over Q [Sha91l, (3.2) Proposition]. In particular, H is a
countable collection [Rat91].

Let W be a one-parameter unipotent subgroup of G. For a closed connected
subgroup H of G, define

NH,W)={geG: g 'WgC H}.
Now, suppose that H € H. We define the associated singular set
SHW)= ) NEW).
FEH, FCH
Note that N(H,W)Nqg(H) = N(H,W). By [MS95, Proposition 2.1, Lemma 2.4],
NH,W)YNNH,W)y C S(H,W), Vy € \Ng(H).

By Ratner’s theorem [Rat91, Theorem 1], as explained in [MS95, Theorem 2.2],
we have the following.

Theorem 6.3 (Ratner). Given a W-invariant probability measure A on X, there
exists H € H such that
ANr(N(H,W))) >0 and Xx(S(H,W)))=0.

Moreover, almost every W-ergodic component of A\ on w(N(H,W)) is a measure of
the form gup, where g € N(H, W)\S(H, W) and pg is a finite H-invariant measure
onm(H)= H/HNT.

Further, if H as above is a normal subgroup of G, then gug is H-invariant for
each g € G, and hence the restriction of A to m(N(H,W)) is H-invariant.

Now let H € H and put d = dim H. Let g denote the Lie algebra of G and take
V= /\d g. Then V admits a Q-structure corresponding to the standard Q-structure
on g. Also G acts on V via the adjoint action of G on g. Since H is defined over Q,
its Lie algebra b is a Q-subspace of g. Fix py € /\d H(Q)\{0}. Then the orbit I'py
is a discrete subset of V. We note that for any g € Ng(H), gpg = det(Ad g|y)pn-
Hence the stabilizer of py in G equals

N&(H) = {g € No(H): det(Adgly) = 1}.
Fix wg € g such that Lie(W) = Rwy, and for V' as above define
A={veV:vAwy=0}.
Then A is a linear subspace of V' and we observe that
NH,W)={g€G: g -pn € A}.
By the linearization technique [DM93, Proposition 4.2] we obtain the following;:

Proposition 6.4. Let C be a compact subset of N(H, W)\ S(H,W). Given e > 0,
there exists a compact set D C A such that, given a neighborhood ® of D in V', there
exists a neighborhood O of w(C) in X such that for any t € R and any subinterval
J C I, one of the following statements holds:
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(1) {s € J: gt¢ap(s)zo € O} < el J|.
(2) There exists v € I' such that gi¢qp(s)ypr € ® for all s € J.

Let A be as in (1.2).

Proposition 6.5. Let i be a weak-* limit of gy, Aap for a sequence t; — co. Suppose
w18 not the G-invariant probability measure pux. Then there exists R > 0 and a
sequence {v;} C Z3\ {0} such that

(6.3) SUII?Hgt,'QSa,b(S)UiH < R.
ELS

In particular (a,b) € Ws.

Proof. If 1 is not a probability measure on X, then condition (2), and hence condi-
tion (3), of Proposition 5.2 hold. So (6.3) follows.

Therefore, we now assume that p is a probability measure on X. By Proposi-
tion 6.1 p is W-invariant. By Theorem 6.3, there exists H € H such that u(7(N(H,W))) >
0 and p(w(S(H,W))) = 0; and since p is not G-invariant, H # G. So dim(H) <
dim(G).

We thus conclude that there exists € > 0 and a compact set C C N(H, W) \
S(H,W) such that u(7(C)) > e. By Proposition 6.4 applied to £/2 in place of €, we
obtain a compact set D C A. Then we pick Ry > 0 such that D is contained in the
open norm-ball of radius R; in V', denoted ®, and obtain a neighborhood O of 7(C)
in G/T so that the conclusion of Proposition 6.4 holds.

There exists i9p € N such that for all i > iy, g, A p(O) > €. So for i > ip, t = t;
and J = I condition (1) of the conclusion of Proposition 6.4 fails to hold, and hence
condition (2) of the conclusion holds for some ~; € I'; that is,

Su};Hgtian,b(s)(%pH)” < R
KIS

Therefore (6.3) follows from Theorem 4.1 for a choice of R > 0 depending on py €
V(Q)\ {0} and R; > 0. O

Proposition 6.6. Let u be a weak-* limit of p; := (1/T;) fOTi Gt; Aap At for a sequence
T; — 0o. Suppose p # pux. Then there exists R > 0 such that

T T;
(6.4) liminfil r N[0, T

I—00 i

> 0,

where Ig is defined in (3.6).

Proof. There are two possibilities: p is not a probability measure, or p is not G-
invariant. By Proposition 6.2, y is W-invariant. So there exists € > 0 such that one
of the following two possibilities occur:

(1) p(X) <1—¢
(2) or, by Theorem 6.3, there exists H € H, with H # G and a compact set
CC N(H,W)\ S(H,W) such that u(w(C)) > e.
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First suppose possibility (1) occurs. Take any R > 0 and pick a compact K C X
given by Proposition 5.1 for £/2 in place of €. Then, for each non-negative t ¢ Zg,
we have gidgp(K) > 1 —¢e/2. Write k; = |Zr N [0,T;]|/T;. So for all large 1,

1 (%
(1-m)(1=2/2) < o [ g d <1
i JO

)

and hence r; > ¢/2. So (6.4) holds.
Now suppose possibility (2) occurs. Then for any open neighborhood O of 7(C),
1(O) > ¢, and so for all large i,

I
il Aap(O)dt > e.
E/O gt 7b(O) > ¢
Let ZoN0,T,
N i
Zo ={t €[0,00) : gtAap(O) > £/2} and &; = |OT[”

Then for all large 7,

1 h
(1—kKi)e/2+ K > T/ GtAa,p(O) dt > &,
i Jo

and hence k; > ¢/2.

By Proposition 6.4 applied to the set C C N(H, W)\ S(H,W) and €/2 in place
of €, we obtain a compact set D C V. Pick Ry > 0 such that D is contained in the
open norm-ball of radius R; in V', denoted ®, and obtain a neighborhood O of 7(C)
in G/T" so that the conclusion of Proposition 6.4 holds.

Now suppose t € Zp. Then for J = I, the condition (1) of Proposition 6.4 fails to
hold, so condition (2) of Proposition 6.4 holds: there exists v € I" such that

(6.5) sul?llgt%,b(S)vaH < Ry.
sE

Let R > 0 be the quantity given by Theorem 4.1 applied to vg = py € V(Q) \ {0}
and C = Ry. Under (6.5), Theorem 4.1 shows that there exists v € Z3\ {0} such
that sup,c;l|gidas(s)v|| < R; that is, t € Igr. Thus Ip C Ir. Therefore

IR N[0, Ti]|/T; > ki > €/2
for all large 7 and (6.4) follows. O

7. PROOF OF THEOREM 1.2 AND THEOREM 1.4
In this section we prove Theorem 1.2 and Theorem 1.4.

Proof of Theorem 1.2. First suppose that the g;-translates of A,;, do not get
equidistributed in X as ¢ — co. Then there exists t; — oo such that g\, weak-*
converge to a measure which is not px. So by Proposition 6.5 we have (a,b) € W.
Conversely, suppose (a,b) € W,. We want to show that the g,-translates of Ay
do mnot get equidistributed in X.
By Lemma 3.1, there exists R > 1, t; — oo and {7;} C T such that for all i € N,

(7.1) Sul})Hgtiﬁba,b(S)%el I <R
se
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Case 1: Suppose there exists ¢ > 0 such that for all ¢ > 1 and all s € I,

19t @ap(s)vierll = c.
So by Proposition 5.2, after passing to a subsequence, we may assume that g A,
weak-* converge to a probability measure p. It suffices to show that the support of
u is not full.

Let E denote the closed set of unimodular lattices in R3 containing a primitive
vector whose (sup)norm is in the interval [¢, R]. Then the support of each g Agp,
and hence that of p, is contained in F. But E is not full, as it does not contain the
unimodular lattice ZM ~2e; + ZMey + ZMes, for any M > R such that M~ <ec.

Case 2: Suppose Case 1 does not occur. Then after passing to a subsequence, there

exists a sequence {s;} C I such that

(7.2) gt bap(si)vier]| = ¢ — 0 as i — oo.

P1,i
We write y;e; = (péjz') €73 Then forall se I and t € R

etz (s)
(7.3) Gtdap(s)vier = ( e lpay > ,

e 'gies
where 21(s) = (ag; +p2,i)s + (bgi +p1,i). So by (7.2), e % |pa;i| < ¢; and e7"gi| < ¢,
and by (7.1), |e*iz1(s)| < R. We note that if p; = 0 and ¢; = 0, then |z1(s)| =
Ip1:] > 1, and hence e? < R for all large 4, which is absurd. Hence

cie" > max{|pa,l, [a;l} > 1;

that is, t; +loge; > 0 for all 4. Let ¢ :=t; + (1/3)loge; > —(2/3) log ¢, so t, — oc.
By (7.3), for all s € I,

Since ¢; — 0, by Proposition 5.2, for any compact K C X, gtg)\a,b(K) = 0 for all
large 3. O

Proof of Theorem 1.4. (1) = (2): Assume (a,b) ¢ Q2 and let J C I be any subin-
terval of positive measure. Then (3) of Lemma 3.3 fails to hold, so there exists a
sequence t; — oo such that

f1/3 —t;

2/3 2t -1/3 4,
c;'"ewy(s)|, |¢; e o, ¢ e g

Hgt;%,b(s)%qH < max{

< max {Rc2/3,c._1/3ci} < Rcf/g.

7 i

7.4 min su . s)v|| — oo.
(74) i suplgr 6, (5)o]

weak-*

By Proposition 6.5, this implies gy, Aoy — 1x.
(2) = (3): Assume (2) and argue by contradiction, supposing that the set

E={sel|{g¢ap(s)xo}t>0 is not dense in X'}

has positive Lebesgue measure. We take a countable topological basis { B; };cn of X,
and let

E; = {s € R | {g:Pap(s)x0}t>0 N B; = 0} .
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One has E = (J;ey Ei. Since |E| > 0, there exists igp € N such that |E;| > 0.
Without loss of generality we may assume that |F1| > 0. By the Lebesgue density
theorem, there exists an interval J C I such that
[JNE _,  px(Bi)

I 2
Because we assumed (2), there exists ¢; — oo such that the g;,-translates of A, (J)
get equidistributed in X. In particular, for all large i,

(7.5)

1 B
m‘{s € J | gt,0ap(s)z0 € B1}| > NX(Q 1)7
which, by definition of F;, implies that
S\ Ei| _ px(Bi)
/] 2
This contradicts (7.5). Hence we must have |E| = 0.
(3) = (1): We argue by contrapositive, assuming (a,b) = (2, 2) for some

9’ q

- 0
p1.p2,q € Z3 and ¢ # 0. For v = (—ﬁ;) € Z3\ {0}, ¢ap(s)v = (*52) for all

q
s € R. Therefore, sup,c;||gidap(s)v]] — 0 as t — oco. So by Proposition 5.2,
for any s € I and any compact set K C X, we have g¢(s)zg ¢ K for all large
t > 1. This certainly shows that (3) cannot hold, and even more: every trajectory
{9t0ap(s)xo}te>0 escapes to the cusp. O

8. BEHAVIOR ON AVERAGE — PROOFS OF LEMMA 3.4 AND THEOREM 1.3

In this section, we discuss the averages of the g;-translates, and prove Theorem 1.3.
As Lemma 3.4 will be used in the proof of Theorem 1.3, we first provide its proof.

Proof of Lemma 3.4. (1)=-(2) is obvious.
To prove that (2)=(3), we pick R > 1 such that (3.7) holds. Then by (3.3) for
any v = (%) €73, and t > 0 we get

b+pi| < Rie 2
O e [y < me
(8.1)  supllgiap(s)v]| < R = 4 lga+ pa| < Rie = ;
sel ¢ lg| < Re’,
lg| < Re
where Ry = H (1 i )AHR > R, and ((z1)) denotes the sup-norm distance between

(z+) and its nearest integral vector.
For each t > 0 and ¢ € Z, define

(8.2) E,={t€[0,400): e fg< Rand e* (q(?)) < Ry}
={t:Rg<e <R/ (q())"*}

a

1 1
= (logq—logR,—§10g<q(3)> +§10gR1)-
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Now ¢ € Ey if and only if the right-most term of (8.1) holds, so
(8.3) E,#£0 < (q(b)) < RiR*q?
Let P(Z3) denote the set of primitive integral vectors in Z3. Recall from (3.6) that

(8.4) Ir = {t € [0, +00) : sup||giap(s)v]| < R, for some v € P(Z?)\ {0}} .

sel
Let Q be the collection of those ¢ € Z, such that E, # (). Then by (8.4), (8.1) and
(8.2) we get

(8.5) Tr C |J B,
qeQ

We may assume that (a,b) € Q?, because otherwise (a,b) € W, and we are done.
Then for any ¢ € Q, E, is a finite interval. Therefore by (3.7), Q is infinite. We
write @ = {q1,q2, ...}, where ¢; < g4 for all 7.

Claim 1. If E; and Ey are both non-empty for some q,¢' € Q and ¢ > g, then
¢*> < Cq¢, where C = 2R R? > 1. In particular, for any n € N,

(8.6) log ¢; < log C 4+ 2~ " 1og gy, Vi < n.

Indeed, by (8.3) there exist integral vectors p, p’ € Z? such that

1) ()%

Since ¢,¢' € Q and q # ¢/, we have B e F o P Hence H%

< R1R*q3, < RR%*¢3.

It follows that

>L
q - qq

/
1
Hp Pl L
q aq”
Hence ¢ < (2R1R?)"!¢’. This proves the first part of the claim. For the second
assertion, apply iteratively the above to ¢ = ¢; and ¢’ = ¢j41,j =1,...,n—1 to get

logC'"  loggit1

(2R1R2)q_3 > q—3 + q/—3 >>

logq; < 5 + 5
logC  logC  loggi+2
2 + 4 + 4
<...

<logC + 2" D og gp,.

0,7 .
To achieve the quantity lim supp_, M, one can let T' describe the se-
quence {7} of right endpoints of intervals E,,, which, by (8.2), can be rewritten

T, =loggq, —log R+ |E,,|. Then,

[0, 7,] N quQ Ly < i1yl
T, - logqn —logR+ ’Eq

]
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We infer from (3.7) and (8.5) that

n
: E .
hm Sup ZZ=1| q; ’
n—oo 10gqn —log R+ |Ey, |
It follows that there exists € > 0 such that

> 0.

n
- By,
(8.7) lim sup 2izilBal _ 4e > 0.

n—00 0g gn
Claim 2. We claim that

E
(8.8) limsupM > €.

n—oo 10 (qn

Indeed, suppose lim sup,, . lligqgi < e. Then there exists NV > 0 such that gy > C

and for all n > N, |E,, | < 2¢loggy. Therefore

i1/ Eq, * vIEqg, n o 9:1og g;
hm sup M == hm sup M < hm sup M
n—00 log dn n—00 lOg qn o0 10g n
— no9g—(n—i
<limsup 2e(n — N +1)logC +2¢ ) iy 2 log g, <4
oo log g

because by (8.6), for any i < n,
log ¢ < logC + 2~ log g, and log g, > 2*~) (log gn — log C).
This contradicts (8.7) and proves Claim 2.
Now in view of (8.8), for any ) > 0 there exists a ¢ > @) such that [E,| > elogg.
By (8.2), this means
1
(1/2)log Ry +log R —log g — S log (g (3)) > elogg,
or equivalently,
(q(%)) < RiR*q~ 1%,

Hence (g (%)) < ¢~%9) has infinitely many solutions ¢ € Z,, which means (a,b) €
Wy, This proves (2)=>(3).

Now to prove (3)=-(1), suppose that (a,b) € W5". Then there exists ¢ > 0 and an
increasing sequence {g, }nen of positive integers such that

b < —(2+4¢)
(8.9) {:qn ipl’"” B q",<2+s) , for some p1 5, po.n € Z.
na T P2n| = dn
Let n € N and v, = (ﬁqéili) € 73, Then for any t € R,
62t((bqn+p1,n)+(aqn+p2,n)s)
(8.10) GtPab(8)vn = ( e~tpan .
e tgn

Pick any constants 0 < ¢; < ¢o < 1/2, independent of n. Let
t € [(1+4 c1e)10g gn, (1 + cae) log gn).
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Then
q;(2+8) < 6_((1112;25)6)'56—% and ¢, < e_(lilcis)tet.
By (8.9),
P2l < ¢, @) + Jalgn < 1+ |algn
and so, by (8.10),
(8.11) |Gtbap(s)vn| < Ce 1, Vs € I = [s, s1],

where £1 := min{ Th %} >0 and C := (1 + [sg| + |s1]| + |a])-

Given any R > 0, let N > 0 such that for every n > N,
qu(1+c1s)61 <R
n .

For n > N, by (8.11), one has [(1 + c1€)1og gn, (1 + c2¢)log gn] C Zr. So, setting
T, = (1 + c2¢) log qp, we get

|Zr N [0,T,]]| - I[(1+ c1e)log qn, (1 + c2e) log qn)|  (c2 —c1)e

Tn - Tn 1+ CoE& .
Therefore
. |IR n [O, T” (C2 — 01)6
lim su > > 0.
This proves that (3)=(1). O

Now we are ready to prove Theorem 1.3.

Proof of Theorem 1.3. (1) = (2) is obvious.

To prove (2) = (3) by contrapositive, suppose that (a,b) € Wy. Let K be a
compact subset of X, which is identified with the space of unimodular lattices in R3.
By Mahler’s criterion, there exists R > 0 such that every nonzero vector in any lattice
in K has norm at least R. So, by (3.6), for any t € Zg, we have g;¢,(s)Z" ¢ K for
all s € I; in particular,

(8.12) gha(K) = 0.

Since (a,b) € W5, Lemma 3.4 shows that there exists a sequence T,, — oo and
an € > 0 such that for all n,
|Zr N[0, T, > e
T, -
and hence, by (8.12),

1 [Tn
/ Gt p(K)dt <1 —e.
Tn O

Thus, the family of averages { % fOT GtAa,p dt}r>0 has escape of mass. This proves
that (2)=(3).

To prove (3) = (1) by contrapositive, suppose that (1) fails to hold. Then there
exists a sequence T; — oo such that yp; := (1/T;) fOT’ gt Aap dt does not converge to
wx. Since the p; are probability measures, by passing to a subsequence, without loss
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of generality we may assume that p; converges to a Borel measure y on X which is
not pux. Then by Proposition 6.6 there exists R > 0 such that

IrN|0,T;

timinf ZEOOT o

Then by Lemma 3.4, we get (a,b) € W5, which contradicts (3). O
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