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Main objectives

This abstract presents how a nonlinear anisotropic diffusion filtering technique, originally designed in the
field of image processing, can be used for high resolution seismic imaging by full waveform inversion.
We show how the application of this technique to full waveform inversion can be done at two (potentially
complementary) levels: as a structure preserving smoothing technique, in the model space, and as a low
frequency enhancing filtering technique, in the data space.

New aspects covered

1. Introducing nonlinear anisotropic diffusion filtering to the community of seismic imaging.
2. Showing how this can be applied as a structure preserving/enhancing smoothing technique in the
model space, i.e. to the gradient in the FWI workflow, or to an estimated subsurface model, or to a
seismic image obtained by migration.
3. Sowing how this can be applied as a low frequency enhancing filtering technique in the data space for
FWI applications.

Summary (200 words)
We present how filters developed in the field of image processing can be efficiently applied to full
waveform inversion, both in model and data space. These filters are known as Nonlinear Anisotropic
Diffusion Filters (NADF). They rely on the solution of nonlinear diffusion partial differential equations
(PDE), where the diffusion operator is a tensor. Basing this diffusion tensor on the image structure
tensor, it is possible to design coherence enhancing filters, with the ability to smooth an input image
only along identified structures, and not across them. This has a direct usage as a structure preserving
smoothing operator, applicable to the gradient in full waveform inversion, with the advantage, over other
structure preserving smoothing techniques, that the structure is detected automatically in the gradient,
and does not depend on a prior information. NADF can also be used in the data space as a low-frequency
enhancement technique. In this context, we show how the PDE formalism on which NADF are based
makes it possible to introduce them as a general modification of the FWI misfit function, and how it
can help mitigating cycle skipping in FWI. An illustration of both strategies is provided on a realistic
synthetic example.



Nonlinear anisotropic diffusion filters for FWI: structure preserving smoothing and data low fre-
quency enhancement
Introduction

High resolution seismic imaging by full waveform inversion (FWI) is based on an iterative data matching
optimization process (Lailly, 1983; Tarantola, 1984). It is now the state of the art for the interpretation of
seismic data both in industry at the exploration scale and in academy at global and (deep) crustal scales.
An overview of FWI and its applications is given for instance in Virieux et al. (2017).

FWI is basically an ill-posed inverse problem which requires regularization techniques to reduce the size
of the solution space and accelerate the convergence to the solution. It is conventional to enforce a cer-
tain degree of smoothness of the estimated subsurface models. This can be done in several ways, from
Tikhonov techniques to gradient filtering. The latter is commonly adopted for practical applications: at
each iteration of the optimization process, the gradient is filtered to remove spurious small scale oscilla-
tions. Isotropic non-stationary Gaussian filtering is often employed (Operto et al., 2006), with coherence
lengths deduced from a prior estimation of the local resolution based on a diffraction tomography anal-
ysis (Devaney, 1984). More recently, structure preserving smoothing has been promoted (Trinh et al.,
2017). A prior information on the structure is required, and the smoothing is designed so as to follow
the main orientations of this structure, to smooth the gradient along those structure but not across them.

Another, well documented source of ill-posedness for the FWI problem is the cycle skipping issue. In
the absence of sufficiently low frequency, FWI convergence strongly relies on the quality of the initial
model. The misfit function is non-convex and exhibit local minima in which local optimization methods
can be trapped. Many efforts have been devoted to mitigate this issue, either reformulating the FWI
problem with additional degrees of freedom, or modifying the function measuring the distance between
observed and calculated data to make the FWI problem more convex. Another (complementary) take on
this problem is to enhance the low-frequency content of the data through low-frequency extrapolation
techniques (Li and Demanet, 2016).

In this abstract, we present how a filtering technique developed in the field of image processing, named
Nonlinear Anisotropic Diffusion Filter (NADF, Weickert, 1998) can be used efficiently as a structure
preserving smoothing technique in the model space, as well as a low frequency enhancement technique
in the data space. We first introduce the mathematical formalism of NADF, and how it links with the
conventional FWI formalism. Then we present numerical applications of this technique to a realistic
synthetic data set, both in the model and the data space. One advantage of NADF in the model space
is that contrary to previously developed structure preserving smoothing technique, it does not require
a prior information on the structure before it is applied, and rather learn the structure automatically
from the gradient itself. In the data space, the underlying PDE formalism of NADF makes it possible
to combine it efficiently with the general FWI formalism, and to couple it efficiently with any misfit
function modification designed to mitigate cycle skipping.
Theory
Nonlinear anisotropic diffusion filters

Applying an NADF is done by solving nonlinear anisotropic diffusion equations. Given an input 2D
function f (x), x ∈R2, a filtered version of f denoted by FT ( f ) is obtained as FT ( f ) = u(x,T ) where u
is the solution of {

∂tu−div(D(u)∇u) = 0,
u(x,0) = f (x), 〈D(u)∇u,n〉= 0. (1)

In equation (1) the operator D(u) is a 2-by-2 matrix named diffusion tensor. The use of such diffusion
tensor makes it possible to control the diffusion rate depending on the direction (hence the reference
to anisotropy). The nonlinearity of the tensor (dependence on u) makes it possible to adapt locally (in
space) and progressively (in time) the tensor during the diffusion process.

In this study we are interested in a coherence enhancing filter, for which the diffusion tensor D(u) is
obtained as follows. We first consider a locally averaged structure tensor

Jρ (uσ ) = Kρ∗.
(
∇uσ ∇uT

σ

)
, uσ := Kσ ∗u, (2)

where Ka is a Gaussian kernel with standard deviation a and ∗ (resp ∗.) denotes a spatial convolution
(respectively a term-by-term spatial convolution for matrices). The parameters σ and ρ are correlation
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lengths introduced respectively 1) for σ : to remove spurious oscillations from u 2) for ρ: to define a
characteristic window size over which coherent structure are to be extracted. Considering the singular
value decomposition Jρ (uσ ) = PT (u)Σ(u)P(u), where

Σ(u) = diag(µ1,µ2) , µ1 ≥ µ2 ≥ 0, (3)
the diffusion tensor D(u) is defined as D(u) = PT (u)Λ(u)P(u) with

Λ(u) = diag(α,h(µ1,µ2)) (4)
where

h(µ1,µ2) =

∣∣∣∣∣ α if µ1 = µ2,

α +(1−α)exp
(

−C
(µ1−µ2)

2m

)
else. (5)

The eigenvalues of Jρ(uσ ) describe the average local contrast in the eigendirections. Denoting by v1 and
v2 the corresponding eigenvectors, we observe that v1 is the orientation with the highest value fluctua-
tions, while v2 corresponds to the direction with the smallest variations, the “coherence” direction. The
eigenvalues µ1 and µ2 can thus be used to describe locally the image structure: µ1 = µ2 = 0 correspond
to zones with constant values, µ1� µ2 = 0 corresponds to straight edges, µ1 ≥ µ2� 0 correspond to
corners, and (µ1−µ2)

2 is a measure of local coherence, which becomes large for anisotropic structures.

In this study we set α = 10−5,C = 10−8 and m = 1. We see that the function h(µ1,µ2) increases rapidly
to 1 as soon as the measure of local coherence (µ1−µ2)

2 departs from 0. The coherence enhancing filter
thus works as follows: as soon as a feature with local coherence is detected, the diffusion rate increases
in the coherence direction v2, while it remains weak in the orthogonal direction v1. When the coherence
is weak, the diffusion gets back to an isotropic diffusion. We refer the interested reader to Weickert
(1998) for details on interpretation, discretization and implementation of NADF for image processing.
Coupling with FWI

We consider the FWI problem
min

m
f (m) = G(dcal[m],dobs) , (6)

where dobs correspond to the observed seismic data, m is the parameter representing the subsurface me-
chanical properties, dcal[m] is the calculated data, G(., .) is a general function measuring the distance
between two input dataset and f (m) the misfit function to be minimized. FWI is based on local opti-
mization schemes for which an initial estimation m0 is updated following descent direction ∆m based on
the misfit function gradient ∇ f (m). The first application of NADF to FWI consists in filtering ∇ f (m) at
each iteration of such scheme following the process described from equations (1) to (5).

The second application of NADF to FWI consists in applying an NADF to both dcal[m] and dobs so as to
define a new FWI problem

min
m

fT (m) = G(FT (dcal[m]) ,FT (dobs)) , (7)
Following the adjoint state strategy (Plessix, 2006), we demonstrate in Métivier and Brossier (2022) that
the gradient of the misfit function fT (m) is obtained as the correlation of one incident and one adjoint
field (usual for FWI), where the source term s for the adjoint field is computed as

s = F ∗
T (∂dcalG(FT (dcal[m]) ,FT (dobs))) , (8)

where F ∗
T is a linearized anisotropic diffusion operator for which the diffusion operator depends on the

solution of the PDE underlying the application of the filter FT on the calculated data dcal[m]. For the
sake of compactness, we do not detail here the PDE associated with this linearized diffusion process,
and we refer instead the interested reader to Métivier and Brossier (2022) where the complete derivation
is presented.
Numerical examples

We illustrate how these two strategies apply to a realistic synthetic data set based on the Marmousi II
P-wave velocity model. We build a set of observed data using fine grid (5 m) P-wave velocity (Fig. 3a)
and density models. We consider a fixed-spread acquisition with 128 sources and 169 receivers at 50
m depth in the water column, regularly spaced each 132 m and 100 m respectively. A Ricker source
centered on 5 Hz, and filtered so as to remove energy below 2.5 Hz, is used to generate the data. An
additive Gaussian noise, filtered in the frequency range of the data ( 0 to 12.5 Hz) is introduced, with a
signal to noise ratio equal to 10.

The inversion is performed on a coarse (25 m) grid, for the P-wave velocity model only. The initial
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P-wave velocity model is a smoothed version of the true model (isotropic Gaussian smoothing with 500
m correlation length, Fig. 3b). An initial density model is computed through the Gardner’s law, and an
initial source wavelet is estimated from a linear deconvolution.

We first illustrate how NADF apply in the model space in Figure 1. We present the FWI gradient before
and after filtering, considering an NADF and a conventional non-stationary Gaussian filter based on an
estimation of the local resolution. The level set lines help visualizing how the NADF preserves the main
structure present in the gradient, while the Gaussian filter smooth simultaneously all the gradient fea-
tures, especially at depth where the increasing velocity increases automatically the expected resolution
hence the correlation length of the filter. The (kx,kz) spectrum shows how the spread of the gradient
in the wavenumber space is reduced by the application of the Gaussian filter, especially in the vertical
direction, compared to the output of the NADF.

Second, we illustrate how NADF apply in the data space in Figure 2. The leftmost shot gather is con-
sidered before and after NADF are applied with increasing diffusion times T . We see that the NADF
enhances the low frequency content of the data. However, the coherence enhancing feature makes it
possible to avoid the noise becomes dominant as would be the case were a conventional linear filter
would be applied, as SNR tends to 0 in the 0−2.5 Hz frequency band.

Finally, we illustrate how these two strategies can collaborate constructively on an inversion example.
Starting from model presented in figure 3a, conventional least-squares FWI converges toward a local
minimum (Fig.3b). Using an optimal transport based misfit function (GSOT approach, Métivier et al.
(2019)) the inversion result is improved, however the deep part of the velocity model is not correctly
reconstructed (Fig. 3c). Low-frequency enhancement through NADF improves this issue (Fig. 3d).
Finally, complementing the latter strategy with an NADF structure-preserving gradient filtering provides
a velocity estimation very close from the exact model (Fig. 3e). In the latter case, the convergence is
obtained in 100 iterations.
Conclusion

We show how a filtering procedure from image processing based on a nonlinear anisotropic diffusion
equation can be used for structure preserving gradient smoothing , as well as for low-frequency data
enhancement in FWI. We present how this can be formalized in a mathematically consistent way, and
illustrate how this can be beneficial for FWI on a realistic synthetic example based on the Marmousi II
model. Perspectives from this work encompass application to migrated images and results from high
resolution FWI, generalization to 3D, and application to field data.
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Figure 1: Gradient before filtering (a1-a3). Gradient after NADF (b1-b3), gradient after non-stationary
isotropic Gaussian smoothing (c1-c3).

Figure 2: Shot gather before filtering (a1-a2), shot gather after NADF with T = 6.25 (b1-b2), shot gather
after NADF with T = 25 (c1-c2), shot gather after NADF with T = 50 (d1-d2).

Figure 3: Exact fine grid model (a), initial model (b), final model with L2 FWI (c), final model with
GSOT (Métivier et al., 2019) (d), final model with GSOT and NADF applied on the data (e), final model
combining GSOT with NADF applied in data and model spaces (f).
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