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SUMMARY
Full waveform inversion (FWI), as an efficient seismic imaging tool,
is widely used in the investigation of the structure of the Earth. For
the oil & gas industry, in addition to the subsurface image, a quantita-
tive estimation of elastic properties from seismic data is crucial for the
geophysical characterization and monitoring of the subsurface lithol-
ogy and reservoirs. In marine surveys, with the emergence of the four-
component (4C) ocean-bottom acquisition systems (deploying 1C hy-
drophone plus 3C geophone on the seabed), more elastic wave propa-
gation effects can be recorded in the seismic data for an elastic prop-
erty estimation of the subsurface, i.e. extracting medium shear mod-
ulus from the S-wave velocity model. Multi-parameter elastic FWI
offers the possibility to reconstruct the P-wave (Vp) and S-wave veloc-
ity (Vs) models jointly. However, compared with the mono-parameter
acoustic FWI, the multi-parameter elastic FWI can be more vulnera-
ble due to the parameter coupling, wave modes conversion and inter-
ference. For the purpose of building a robust multi-parameter elas-
tic inversion of the 4C seismic data, we consider a workflow design
from the aspect of model parameterization analysis. Three different
elastic model parameterizations, m1 = (Vp,Vs), m2 = (Vp,Vp/Vs) and
m3 = (Vp,σ) (σ is the Poisson’s ratio), are analysed in terms of data
sensitivity and model gradient feature. Together with synthetic case
studies on a series of overburden models with increasing elastic ef-
fects and a realistic geological model, we conclude that a workflow of
first inverting hydrophone data with (Vp, Vp/Vs) parameterization and
then 3C geophone data with (Vp, Vs) parameterization contributes to a
robust and reliable Vp and Vs model reconstruction.

INTRODUCTION

During the last few decades, FWI based on the acoustic approximation
has achieved the success in deriving P-wave velocity models to ob-
tain accurate and high-resolution images of the subsurface, especially
in marine surveys (Sirgue et al., 2010; Morgan et al., 2013; Operto
et al., 2015; Kamath et al., 2021). It is because the acoustic approx-
imation holds for the kinematics, and hydrophone or vertical compo-
nent data are typically dominated by unconverted P-waves (Barnes and
Charara, 2009). However, in certain geological scenarios, the presence
of strong elastic effects would make the conventional acoustic approx-
imated FWI fail in the accurate velocity model reconstruction. For
example, in the regions of salt bodies, the ultrasonic measurements
and log data analysis in the Gulf of Mexico reveal that the Vp/Vs ratio
of rock salt is less than 2 (Zong et al., 2015), and also in the regions
of gas clouds, Poisson’s ratio of gas saturated sands lies between 0
and 0.25 indicated by the laboratory data (Jain et al., 2012), which are
both far away from the acoustic approximation. In addition, geophys-
ical characterization and monitoring of the subsurface lithology and
reservoirs in the oil & gas industry require quantitative estimations of
the subsurface elastic properties. The ratio of P-wave velocity to S-
wave velocity (Vp/Vs ratio) is a commonly used medium parameter
for identifying fluid type (water, oil and gas) and estimating porosity
and saturation in hydrocarbon reservoirs, with the help of empirical
formulas (Hamada, 2004). Those measurements are of great interest
to identify different reservoirs and monitor fluid movements and CO2
sequestration in time-lapse seismic applications (Liu et al., 2001).
With the emergence of the 4C ocean-bottom seismic acquisition sys-
tems, elastic effects can be easily captured through the direct recording
of S waves by 3C geophones on the seabed, especially in the horizon-
tal components. To access those elastodynamics information in such
data, the FWI based on the elastic wave equation is required, and con-
sequently leads to a multi-parameter inversion problem, in which mod-
els of P-wave and S-wave velocity need to be reconstructed jointly.

Compared with the mono-parameter acoustic FWI, the strong nonlin-
earity and parameter trade-offs in multi-parameter elastic FWI make
a suitable data- and model-driven workflow design become necessary
(Sears et al., 2010; Prieux et al., 2013; Wang et al., 2021). To address
this issue, we consider to design a hierarchical FWI workflow from the
aspect of model parameterization analysis, so as to choose the appro-
priate model-parameter set that matches the wave mode dominance in
the 4C ocean-bottom data. In the following sections, we first briefly
review a 3D fluid-solid coupled elastic FWI engine that can efficiently
model and invert the 4C ocean-bottom data (Cao et al., 2022). Then,
we derive the model gradients corresponding to three different model
parameterizations and analyse their data sensitivity and gradient fea-
ture for a hierarchical inversion workflow building. Finally, two syn-
thetic case studies are presented to illustrate the feasibility and robust-
ness of the proposed inversion workflow.

3D FLUID-SOLID COUPLED ELASTIC FWI

Accurate simulations of seismic wave propagation in marine environ-
ments can be achieved by solving an acoustic-elastic coupled wave-
equation system (Cao et al., 2022), in which the elastic modelling is
only required for the subsurface domain while keeping the acoustic
modelling in the water layer. The synthetic 4C seismic data are ob-
tained by extracting the wavefields at the seabed, containing the pres-
sure wavefield (P) from the water side and 3C particle displacement
(us) from the solid side. Base the above forward problem, we define
the FWI misfit function of 4C seismic data as

J (m) =
1
2

∑
shots

(
λ‖dsyn

P (m)−dobs
P ‖2 +(1−λ )‖dsyn

u (m)−dobs
u ‖2

)
,

(1)
where m denotes the set of model parameters of the subsurface, dobs

P
and dobs

u are observed hydrophone and 3C geophone data, respectively,
and dsyn

P and dsyn
u are corresponding synthetic pressure and 3C dis-

placement wavefields at the seabed mentioned above. The scalar λ is
a variable that only takes the value of 0 or 1 to indicate which data type
is applied during the inversion.
The minimization of J (m) can be solved by local optimization method,
more precisely a quasi-Newton l-BFGS method, with an iterative scheme

mk+1 = mk +αk∆mk, (2)
where αk ∈ R+ is the step length and the model perturbation

∆mk =−Qk∇J(mk),Qk '
(
∇

2J(mk)
)−1

, (3)
which requires access to the gradient of J (m) obtained from the zero-
lag correlation of the incident and adjoint wavefields (Plessix, 2006).

MODEL PARAMETERIZATION ANALYSIS

Compared with the mono-parameter problem, the multi-parameter FWI
suffers from trade-offs between parameters and different data sensitiv-
ity over wave modes, which would affect the success of recovering
each parameter (Operto et al., 2013; Oh and Min, 2017). A numerical
radiation patterns computing of the modulus of partial derivative wave-
fields, with one parameter perturbation point in the model center and
the other parameter keeping fixed at the background value, is a good
tool to provide intuitive analyses of data sensitivity and interparame-
ter trade-offs. As shown in Figure 1, the radiation patterns of three
different model parameterizations (m1 = (Vp,Vs), m2 = (Vp,Vp/Vs)
and m3 = (Vp,σ)) are illustrated, in which variations of the computed
modulus in different diffraction modes (P-P, P-S, S-P and S-S) re-
veal how to infer a specific model parameter from different data. For
the commonly used model parameterization of seismic velocity (Vp,
Vs), we can observe the Vp model reconstruction only relies on P-P
diffracted waves (Figure 1a), which is the same as in the acoustic FWI
(Operto et al., 2013). It interprets the applicability of acoustic FWI in
achieving a successful Vp model reconstruction, when the data have a



Elastic FWI of 4C seismic data

(a) (b) (c)

(d) (e) (f)
Figure 1: Radiation patterns of the modulus of partial derivative wave-
fields with respect to (Vp,Vs), (Vp,σ) and (Vp,Vp/Vs) parameteriza-
tions. Computed Vp parameter perturbation with fixed Vs (a), σ (b)
and Vp/Vs (c), respectively; computed parameter perturbations of Vs
(d), σ (e) and Vp/Vs (f) with fixed Vp. The red and white dots denote
the incident source and the parameter perturbation point, respectively.

relatively weak elastic-effect imprint or the elastic effects can be mit-
igated by a data pre-processing (Agudo et al., 2020). The radiation
patterns of the other two parameterizations show additional S-related
wave modes are involved in the Vp reconstruction (Figures 1b and 1c).
From the interparameter trade-off point of view, these two parameter-
izations make the overlapping of radiation patterns over a broad range
of scattering angles, which creates ambiguity in recovering each pa-
rameter. However, when considering the inversion of hydrophone data
including strong converted P-waves, the introduce of S-related wave
modes in the Vp reconstruction provides the possibility of a correct
interpretation of P-to-S-to-P converted waves, so as to avoid treating
them as P-P reflected waves from wrong reflectors. For the Vs-related
model parameters, the same radiation patterns of Vs, Vp/Vs and σ can
be observed in Figures 1d-1f, revealing the same data sensitivity in
terms of wave modes and scattering angles among them.
In addition, it is also worth analysing the FWI gradient features for
different parameters, since it has a direct impact on the model pertur-
bation as shown in Eq. (3). The FWI gradient for parameters Vp/Vs
and σ can be derived by applying the chain rule based on the gradients
for Vp and Vs,

∂J (m)

∂R
=Vs

(
∂J (m)

∂Vp
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)
, (4)
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where R = Vp/Vs, and ∂J(m)
∂Vp

and ∂J(m)
∂Vs

are gradients for Vp and Vs,
respectively. Those two expressions reveal that the Vp gradient would
play an important role in their gradient computation, because the scal-
ing factor of the Vp gradient is larger than the one for the Vs gradient.
Although it has a negative influence on an isolated Vs reconstruction,
the binding effect from the Vp gradient contributes to the stabilization
of Vs reconstruction when there is no/relatively weak S-waves can be
used in the data, such as inverting the hydrophone data.
To take the benefits of data sensitivity and gradient features in different
parameterizations, we propose a two-step hierarchical workflow in the
elastic FWI of 4C seismic data:
Step 1: Focus on the Vp reconstruction by inverting hydrophone data
with (Vp, R) or (Vp,σ ) parameterization, to benefit from additional
constraints from converted P-to-S-to-P waves and stabilize the param-
eter reconstruction of R or σ with the dominated P-waves;
Step 2: Focus on the Vs reconstruction by inverting 3C geophone data
with (Vp, Vs) parameterization, with the obtained Vp and Vs models
from Step 1 as starting models, to benefit from the weak interparame-
ter trade-off between Vp and Vs in this parameterization and the reliable
information of S-waves recorded directly on the seabed.

(a)

(b)
Figure 2: True (a) and initial (b) Vp model slices of the 3D overburden
model. The horizontal distribution of shots (red dots) and OBNs (black
triangles) are depicted in (a). The well location for extracting velocity
profile is indicated in white.

NUMERICAL EXAMPLES

Here, we present two synthetic case studies for the feasibility and ro-
bustness evaluation of the proposed two-step hierarchical workflow.
The first case study aims at the robustness test of the workflow in the
presence of elastic effects from weak to strong. As shown in Figure
2a, we design a 3D overburden model which contains a high-velocity
layer overlying a low-velocity small-scale anomaly. This configura-
tion mimics the hydrocarbon reservoir detection in the subsalt envi-
ronment. To produce elastic effects with different strength in such
model, we change the value of Poisson’s ratio σ in the high-velocity
overburden from 0.45 to 0.25 and create corresponding S-wave veloc-
ity models M1 to M5. Note that σ = 0.25 is usually the rock property
of salt bodies. For the other regions, a constant σ = 0.45 is used to
build a more natural soft-seabed environment.
During the test, the observed data for all the models M1−M5 are gen-
erated by using the fluid-solid coupled modelling solver with a 5 Hz
Ricker wavelet source-time function and constant density. The record-
ing system is the ocean-bottom node (OBN) acquisition with 20 4C
receiver nodes and 25 shooting lines at 5 m water depth (Figure 2a).
We conduct the two-step hierarchical elastic FWI workflow over all
the observed data with the same initial models (Figure 2b for Vp and
constructed Vs with a constant σ = 0.45) and inversion parameters (l-
BFGS optimization with 30 iterations per step). The resulting Vp and
Vs reconstruction results for models M1−M5 at each stage are illus-
trated in Figure 3 in a vertical profile way to give an intuitive view of
the workflow robustness with respect to the elastic-effect strength. It
can be found that a successful Vp reconstruction is achieved at Stage 1
for all the models (Figure 3a) with (Vp,σ ) or (Vp, R) parameterization,
while the inversion with (Vp, Vs) parameterization produces a bias with
the elastic effect increasing as indicated by black arrows. For clarity,
we provide the crossline sections of the reconstructed Vp and Vs for
the strong elastic-effect model M5 in Figure 4. In such case, the re-
constructed Vp model shows a thickness reducing of the high-velocity
overburden (Figure 4a). The reason could be that the energy of P-to-
S-to-P converted waves can be competitive with the reflected P-waves
at the presence of strong elastic effects, which would make the P-to-
S-to-P converted wave from the overburden top edge interpreted as
a P− P reflection from the overburden bottom edge in the (Vp, Vs)
parameterization (due to lacking of S-wave related radiation modes),
and consequently a wrong reflector close to the overburden top edge
is created. The Vs reconstruction from different parameterizations at
Stage 1 is mainly influenced by the gradient expression since their ra-
diation patterns are identical as analysed before. As shown in Figures
4f and 4j, thanks to the involving of Vp gradient term in the (Vp,σ ) and
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(a) (b) (c) (d)
Figure 3: Vertical velocity profiles of the reconstructed Vp and Vs in the model cases M1 to M5. Reconstructed Vp (a) and Vs (b) models obtained
by inverting hydrophone data with (Vp,Vs), (Vp,σ) and (Vp,R) parameterizations, and reconstructed Vp (c) and Vs (d) models obtained by inverting
3C geophone data with (Vp,Vs) parameterization and the updated Vp and Vs models from (a) and (b). High- and low-velocity anomalies are both
highlighted by black arrows.

(Vp, R) parameterizations, their reconstructed Vs models exhibit a low-
wavenumber compensation effect from the P-waves, which contributes
to stabilizing the inversion. However, the non-linear σ scaling in the σ

gradient makes its Vs model suffer from instability issues in the small
σ area (Figures 3b and 4j), and that is the reason why we are not
going to consider it in the next step. Benefiting from the dominance
of S-waves in the 3C geophone data and a good separation between
P- and S-wave modes in the (Vp, Vs) parameterization, the Vs model is
mainly updated compared with the Vp model at Stage 2 (Figures 3c and
3d), and therefore the Vp bias of the overburden produced by the (Vp,
Vs) parameterization in strong elastic-effect scenarios is not mitigated.
Consequently, this inaccurate Vp model also influences the correct re-
covering of the low-velocity anomaly below (Figures 4d). In contrast,
the workflow combining (Vp, R) and (Vp, Vs) parameterizations can
get an accurate Vp and Vs model reconstruction even in the presence of
strong elastic effects (Figures 4g and 4h), revealing its robustness and
reliability in both weak and strong elastic-effect scenarios.
In the second case study, we move onto a realistic geological model
in the Valhall field. The crossline sections of true Vp, Vs and density
models are illustrated in Figures 5a-5c, in which the main inversion
challenge is the gas cloud with strong elastic effects (extremely low
Poisson’s ratio σ = 0.125). Again, the fluid-solid coupled modelling
solver is used to generate the observed 4C data with a 5 Hz Ricker
wavelet source time function and OBN acquisition (19 4C receiver
nodes and 16 shooting lines at 5 m water depth), and the water free-
surface boundary condition is applied in this test. During the FWI, we
remove the frequency content less than 2.5 Hz in the observed data and
estimate the source wavelet from the data based on the initial models
(Figures 5d-5f). To focus on the velocity reconstruction, there is no
density update during the FWI iteration. For this study, we consider
applying three different two-step workflows to the observed data.
Workflow 1: first perform acoustic FWI on unconverted P-waves (mute
Scholte wave and P-to-S-to-P converted wave in the hydrophone data)
for a Vp reconstruction, and then use the updated Vp and initial Vs in
Figure 5e to invert 3C geophone data by elastic FWI with (Vp, Vs) pa-
rameterization for a simultaneous Vp and Vs reconstruction;
Workflow 2: perform elastic FWI with (Vp, Vs) parameterization on
the hydrophone data and 3C geophone data in a cascade manner;
Workflow 3: the proposed one of first inverting hydrophone data with
(Vp, R) parameterization and then 3C geophone data with (Vp, Vs) pa-
rameterization.
Note that, for a better Vs reconstruction, a data pre-processing of Scholte-
wave muting and data weighting with respect to the source-receiver
offset is applied on the 3C geophone data used for all three workflows
to increase the data energy at the intermediate-to-long offset which is
dominated by converted P-to-S waves.
The resulting reconstruction of Vp and Vs models from those three

workflows are compared in Figure 6. Here we show the Vp models
recovered at Stage 1 and the Vs models recovered at Stage 2, which
corresponds to the inversion target from the hydrophone data and 3C
geophone data. Figure 5a reveals the applicability of acoustic FWI on
the uncovered P-wave dominated data, in which the recovered Vp holds
for the correct kinematics but suffers from oscillating artifacts along
the wave path due to the wrong predicted amplitudes. In addition, be-
cause of the lacking of Vs model update from Stage 1 in Workflow 1,
a direct use of initial Vs makes the Vs reconstruction cycle skipped at
Stage 2. All those problems can be mitigated by using the elastic FWI,
as the results obtained from Workflows 2 and 3 (Figures 5b, 5c, 5e
and 5f). The comparison of reconstruction results between Workflow
2 and 3 shows that a similar Vp bias appears at the top edge of the gas
cloud in the workflow only using the (Vp, Vs) parameterization, which
further reveals the necessity of introducing (Vp, R) parameterization in
the workflow and its validity in the complex model application.

CONCLUSIONS

In this study, we design the elastic FWI workflow for 4C ocean-bottom
seismic data from the model parameterization point of view. By com-
puting the radiation pattern of the partial derivative wavefields and de-
riving the FWI gradient expression, the data sensitivity and the model
gradient feature are discussed for three different model parameteriza-
tions. Compared with the conventional (Vp, Vs) parameterization, the
involving of S-related wave modes in (Vp, R) and (Vp, σ ) parameteri-
zations contribute to avoiding the misinterpretation of P-to-S-to-P con-
verted waves into P-P reflected wave modes at the presence of strong
elastic effects. The Vp gradient term in the R and σ gradient expres-
sions can create binding and low-wavenumber compensation effects
from Vp model building to stabilize the Vs reconstruction when there is
a lack of reliable S-waves in the data. For the S-wave dominant data,
like 3C geophone data, the less interparameter trade-off in the (Vp, Vs)
parameterization makes the inversion focus on the Vs reconstruction.
Those analyses lead us to design a two-step hierarchical elastic FWI
workflow of first inverting hydrophone data with (Vp, Vp/Vs) parame-
terization and then 3C geophone data with (Vp, Vs) parameterization.
Its robustness and reliability in the Vp and Vs joint reconstruction are
verified by two numerical tests.
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(a) (b) (c) (d)

(e) (f) (g) (h)

(i) (j) (k)
Figure 4: Vertical slices of the reconstructed Vp and Vs for the strong elastic-effect model M5 at Stage 1 (a, b, e, f, i and j) and Stage 2 (c, d, g, h),
and the true Vs model of M5. From up to down, the inversion results correspond to parameterizations of (Vp,Vs), (Vp,R) and (Vp,σ), respectively.
The black lines delineate the correct locations of the high-velocity overburden and low-velocity anomaly.

(a) (b) (c)

(d) (e) (f)
Figure 5: The true (a, b, c) and initial models (d, e, f) in the Valhall synthetic case study. Models of Vp, Vs and density are listed from left to right.
The location of gas cloud with an extremely low Poisson’s ratio (σ = 0.125) is indicated by the black arrow in (b).

(a) (b) (c)

(d) (e) (f)
Figure 6: Illustration of the reconstructed Vp and Vs models inferred from three different workflows in the Valhall synthetic case study. (a-c) Vp
models obtained at Stage 1, (d-e) Vs models obtained at Stage 2. Left: inversion results from Workflow 1, middle: inversion results from Workflow
2, and right: inversion results from Workflow 3.
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