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Abstract. Nonlinear anisotropic diffusion filters have been introduced in the field of image
processing for image denoising and image restoration. They are based on the solution of partial
differential equations involving a nonlinear anisotropic diffusion operator. From a mathematical
point of view, these filters enjoy attractive properties, such as minimum-maximum principle, and
an inherent decomposition of the images in different scales. We investigate in this study how
these filters can be applied to help solving data-fitting inverse problems. We focus on seismic
imaging using the full waveform, a well known nonlinear instance of such inverse problems. In
this context, we show how the filters can be applied directly to the solution space, to enhance
the structural coherence of the parameters representing the subsurface mechanical properties
and accelerate the convergence. We also show how they can be applied to the seismic data itself.
In the latter case, the method results in an original low-frequency data enhancement technique
making it possible to stabilize the inversion process when started from an initial model away from
the basin of attraction of the global minimizer. Numerical results on a 2D realistic synthetic full
waveform inversion case study illustrate the interesting properties of both approaches.
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1. Introduction

Among a wide variety of existing strategies dedicated to image denoising and image restoration,
nonlinear anisotropic diffusion filters have been proposed at the end of the 1990s as an efficient
partial differential equations (PDE) based technique. Compared to state-of-the-art techniques such
as total variation regularization, denoising methods based on the solution of PDE inherits a natural
theoretical framework, both at continuous and discrete levels, making it possible to derive specific
properties for the filter such as stability, energy conservation, separation of scales (a notion devel-
oped as scale-space properties in the following), as well as efficient numerical schemes. Working
in the framework of the solution of PDE provides also flexibility in terms of application of the
method to fields beyond image processing. In this study, we are interested in the application of
this technique in the field of high resolution seismic imaging, using a method named full waveform
inversion (FWI).

FWI can be formulated as a data fitting inverse problem, where the observed data consist in
the surface recording of mechanical waves propagating inside the Earth and the synthetic data is
computed through the solution of a PDE describing the wave propagation in the subsurface. A
distance between these observed and synthetic data is minimized through local optimization tech-
niques to update iteratively the parameters of the PDE representing the subsurface mechanical
properties.

Initially designed in the 80s (Lailly, 1983; Tarantola, 1984), FWI is now a mature technique,
routinely applied at the Earth and regional scales (Fichtner et al., 2009; Tape et al., 2010; Lei
et al., 2020; Górszczyk et al., 2021), as well as at the crustal scale (Plessix and Perkins, 2010;
Stopin et al., 2014; Operto et al., 2015). These successful applications however depend on ex-
pertise in data processing and initial velocity model building. Mathematically, FWI remains an
ill-posed inverse problem: the PDE depends nonlinearly on the parameters which are reconstructed,
and both modeling and observation noise is to be accounted for.

Numerous strategies have thus been investigated, to make FWI a more stable and better posed
inverse problem, with the objective to relax the conditions required for successful applications of
FWI. Such investigations encompass misfit function modifications (van Leeuwen and Mulder, 2010;
Bozdağ et al., 2011; Métivier et al., 2016; Warner and Guasch, 2016; Yang and Engquist, 2018;
Métivier et al., 2019), to enhance the convexity of the misfit function, as well as “extension”
strategies, consisting in rewriting the PDE-based inverse problem by integrating artificial degrees
of freedom to reduce its nonlinearity (Symes, 2008; van Leeuwen and Herrmann, 2013; Huang et al.,
2018; Aghamiry et al., 2020a).

Regularization, as in the general case of the solution of ill-posed inverse problems, is also a
central technique in FWI. Such regularization can be seen as the injection of prior information on
the solution, reducing the size of the solution space. This prior information can be related to known
values of the reconstructed parameters in specific areas, for instance through upscaled sonic-logs
extracted from wells for the velocity parameters. More generally, the prior information injected in
the inverse problems is related to the smoothness/structure of the reconstructed parameters. By
structure, we mean orientations/directions along which the variation of the reconstructed param-
eters is slow, while the variation perpendicular to this orientation is fast.

How to inject this prior information is a matter of choice. The most common consists in
adding penalization terms (Tikhonov strategies, Tikhonov et al., 2013) measuring the distance of
the model parameter to a prior model, or equal to the norm of its spatial derivatives to enforce
smoothness (see for instance Asnaashari et al., 2013). Another well known technique is the ap-
plication of specific smoothing filters to the model update (i.e. the gradient) at each iteration
of the inversion. Among this category, the most widespread is the Gaussian filter, which can be
made non-stationary to adapt it to the expected local resolution as is done for instance in Operto
et al. (2006). The local resolution can be indeed estimated from diffraction tomography analysis
(Devaney, 1984; Wu and Toksöz, 1987; Sirgue, 2003). When a prior information on the structure
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is accessible, for instance from reflectivity images of the subsurface target, or a geological interpre-
tation of the investigated zone, it can also be injected by adapting the smoothing operation so as
to follow specific orientations, with the objective not to smooth across interfaces and preserve the
imprint of the underlying structures. Directional Laplacian filtering has been proposed to imple-
ment such non-local oriented smoothing (Guitton et al., 2012). A PDE-based smoothing process
based on Bessel’s filter has also been recently proposed (Trinh et al., 2017a). Edge preserving
smoothing through Total Variation (TV) regularization is also a conventional technique applied in
FWI, with a special interest for the reconstruction of salt bodies in exploration case studies (Strong
and Chan, 2003; Peters and Herrmann, 2017; Anagaw and Sacchi, 2018; Aghamiry et al., 2020b).
The boundary of these structures is sharp, while the mechanical properties are almost constant
within them, making TV regularization an appropriate tool for their reconstruction.

Note that smoothing the reconstructed parameters might be somehow counter-intuitive given
the high resolution objective of FWI. However, the discretization required to represent the subsur-
face mechanical properties is driven by the solution of the PDE describing the wave propagation
within the subsurface. A sufficiently small discretization mesh has to be used to ensure sufficiently
low numerical dispersion. This requirement can make the mesh size below the resolution one can
estimate in the diffraction tomography approximation. Behind this is the question how to param-
eterize adequately the model space for inversion. Instead of smoothing the model according to
the resolution, projection of the parameters from a modeling space to an inversion space could be
considered to avoid over-parameterization issues. Projection on a spline basis (Dierckx, 1993) has
been for instance used in FWI (Barnier et al., 2019), and is common in tomography (Nolet, 2008).
Another example, at a more theoretical level, is a parameterization on a basis of eigenvectors of a
TV-based regularization operator (Grote et al., 2017). More recently, a re-parameterization based
on equivalent media theory (homogenization) has also been proposed (Capdeville and Métivier,
2018). Homogenization provides smooth elastodynamics subsurface models which generate equiv-
alent wavefields (up to a certain, controllable, accuracy) for the propagation of elastic waves in a
given frequency band. One drawback of this approach is that a homogenized subsurface parame-
terization is intrinsically fully anisotropic, leading to 21 independent stiffness tensor coefficient for
3D elastodynamics inversion (Cupillard and Capdeville, 2018).

In this study, we are interested in an alternative regularization approach. This alternative
approach is based on nonlinear anisotropic diffusion filters, which we will refer to as NADF in
the following. We study how NADF can be used in the context of FWI. Such filters provide the
possibility to enhance the structural coherence of a given image directly, without including it as a
prior information. This is done through the definition of a nonlinear anisotropic diffusion operator,
which is based on an eigendecomposition of the local structure tensor of the image. The diffusion
operator depends on the current image, hence the nonlinearity of this filter.

Besides the use of NADF in the model space, we also consider the application of NADF in
the data space. There are several reasons to support this idea. The first is the existence of noise
which always contaminates the seismic data. Applying denoising filters is thus natural. The second
is, as is detailed in the following, that NADF provides a natural hierarchy of scales, a property
referred to as scale-space property in Weickert (1998). Exploiting such hierarchy is a conventional
process for FWI applications which often rely on a hierarchical interpretation of the data, from
low to high frequency (Bunks et al., 1995; Pratt, 1999), complemented with specific time/offset
windowing (Shipp and Singh, 2002; Wang and Rao, 2009; Brossier et al., 2009). Third, we will
see it connects also well with different attempts to enhance low-frequency components of the data
to stabilize the FWI process (Li and Demanet, 2016; Sun and Demanet, 2020) and generalizes a
Gaussian smoothing kernel technique promoted by Xue et al. (2016). Fourth, as is detailed in this
study, the PDE-based formalism of this filtering technique makes it possible to derive, through the
adjoint-state technique, an analytic formula for the gradient of a functional measuring the misfit
between filtered observed and synthetic data. This would not be the case for a non-PDE based
filtering technique.

The structure of the study is a follows. We first recall the main theoretical results regarding
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NADF and introduce the concept of scale-space properties. Then, we present how we integrate
them within the FWI algorithm. While it is relatively basic for the model space filtering, the
modification induced by the data space filtering requires more care. The essence of the method is
to apply the filter to both observed and calculated data, prior to evaluating the distance between
both. This defines a generic misfit function modification, which can be applied to the conventional
least-squares distance as well as to any other misfit functions. We show how the corresponding
gradient of the misfit function can be calculated through the conventional adjoint state strategy,
with an additional linearized diffusion equation to solve at each iteration of the process. This
constitutes the main mathematical result of this study. Numerical illustrations of the proposed
methods are presented next. After presenting schematic model space and data space examples
we consider a realistic synthetic FWI experiment based on the Marmousi II model. This study is
conducted so as to avoid inverse crime, with observed data computed on a fine (5 m) grid model
and corrupted by Gaussian noise, and an inversion performed on a coarse grid (25 m). We show
how the use of NADF in the model space can speed-up the convergence of the FWI process and
enhance model structure in its reconstruction. When applied in the data space, NADF enhances
the low frequency content of the data, making it possible to stabilize the inversion when starting
from crude initial model, in combination with misfit modifications techniques. The combination
of model space and data space regularization provides a nice enhancement of conventional FWI
techniques. A discussion and a conclusion are given to finalize the study.

2. Diffusion filters in image processing

This section is intended to provide a summary of NADF and their main mathematical properties.
It does not contain new material compared with what can be found in the reference book by
Weickert (1998): the aim is to provide an overview of the main results and properties of interest
for our application to seismic imaging. We refer the interested reader to Weickert (1998) for more
details and a wider perspective on this filtering technique in the context of image processing.

2.1. Linear diffusion filter and its equivalence with Gaussian smoothing

First we recall a result stating the equivalence between linear diffusion filtering and Gaussian
smoothing. This reminder is useful to set up the scene and to introduce general concepts and
notations.

Let us consider an image f(x) ∈ Cb
(
R2
)

where Cb
(
R2
)

denotes the space of bounded and
continuous functions on R2. The solution of the linear diffusion equation{

∂tu−∆u = 0
u(x, 0) = f(x),

(1)

where ∆ is the Laplacian operator, is{
u(x, t) = f(x) for t = 0,
u(x, t) =

(
K√2t ∗ f

)
(x) for t > 0,

(2)

where ∗ denotes the 2D spatial convolution operation and, for σ ∈ R+, Kσ is the Gaussian kernel

Kσ(x) =
1

2πσ2
exp

(
−|x|2

2σ2

)
. (3)

In (3), |.| is the conventional Euclidean norm on R2. Based on (2) and (3), given a correlation
length L ∈ R+, smoothing f(x) with an (isotropic) Gaussian filter KL is equivalent to solve the
linear diffusion process (1) with a final diffusion time T = 1

2L
2.

The uniqueness of the solution is guaranteed if the following constraint is imposed

∃ (M,a) ∈
(
R+
)2
, ∀t ∈ R+, |u(x, t)| < M exp(a|x|2). (4)
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In addition, the solution depends continuously on the initial state f(x) for the norm ‖.‖L∞(R2),
and it satisfies the minimum-maximum principle

∀x ∈ R2, ∀t ∈ R+, inf
R2
f ≤ u(x, t) ≤ sup

R2

f. (5)

Another important result is what is referred to as the “scale-space” property of the linear diffusion
filter. The scale-space concept is very important in image processing, and is also meaningful for
the application of diffusion filters in seismic imaging. We briefly sketch its definition below.

Definition 1. A scale-space representation of an image f(x) ∈ L∞(R) embeds it into a family of
gradually simplified versions of it. If we denote by Fτ a family of filters indexed by τ ∈ R+, its
scale-space representation corresponds to the ensemble {Fτf |τ ≥ 0}, where Fτ needs to satisfy the
properties described below.

Property 1. Recursivity: a family of filters {Fτf |τ ≥ 0} is recursive if and only if

F0f = f,

Fτ+sf = Fτ (Fsf), (τ, s) ∈
(
R+
)2
.

(6)

Property 2. Smoothing properties/information reduction: no additional structures are introduced
at a coarser representation which do not correspond to structures at a finer scale.

There are multiple choices for implementing this property mathematically: no creation of level
curves, non-enhancement of local extrema, decreasing number of local extrema for instance. See
Weickert (1998) for more details.

Property 3. Invariance: an image is a representative of an equivalence class depicting the same
object. Two images of this class might differ by gray-level shifts, translation, rotation or affine
mappings. The scale-space representation should be invariant to these transformations to focus on
the analysis of the depicted object.

It can be shown that the linear diffusion filter generates a scale space representation of an
image. Introducing

Fτ : f → Fτ (f) := u(., τ)
L∞(Ω) 7→ H1(Ω)

(7)

such that u(x, t) is the solution of (1), {Fτf |τ ≥ 0} is a scale-space representation of f (Weickert,
1998).

Despite this attractive property, the linear diffusion filter suffers from important limitations.
The most obvious is the underlying isotropic smoothing effect which destroys the image structure.
Edges can also be dislocated from coarse to fine representation. This has been the original
motivation to improve over linear diffusion filters. It is not our purpose to review the different
generalizations which have been proposed, but it appears that one of the most advanced strategy
is NADF, at the core of this study.

2.2. Nonlinear anisotropic diffusion filters

2.2.1. Design Let us consider a rectangular domain Ω = [0, a1]× [0, a2], its frontier Γ := ∂Ω, and
an image f(x) ∈ L∞(Ω). NADF are defined by the solution of the following PDE ∂tu− div (D(u)∇u) = 0, on Ω× [0,+∞],

u(x, 0) = f(x), on Ω,
〈D(u)∇u, n〉 = 0, on Γ× [0,+∞].

(8)

In (8), the operator D(u) is a second-order tensor (a matrix) named as diffusion tensor: D(u) ∈
M2(R), where Mn (R) is the space of square real matrices of size n ∈ N. Were D(u) be a scalar, the
system (8) would be referred to as “isotropic” nonlinear diffusion equation. The use of a diffusion
tensor makes it possible to control the diffusion rate depending on the direction, hence the refer-
ence to anisotropy here. The nonlinearity of the tensor (dependence on u(x, t)) makes it possible



Nonlinear anisotropic diffusion filters for seismic imaging 6

to adapt locally (in space) and progressively (in time) the tensor during the diffusion process.

Let us consider the structure tensor S(u), defined by

S(u) ∈M2 (R) , S(u) := ∇u∇uT =

(
|∂x1u|2 (∂x1u) (∂x2u)

(∂x1u) (∂x2u) |∂x2u|2
)
. (9)

The eigenvectors of S(u) are respectively parallel and perpendicular to ∇u. The corresponding
eigenvalues are |∇u|2 and 0: they give the contrast in the corresponding eigendirections.

The information embedded in S(u) is strictly local. In order to exploit it, it should be averaged

over specific spatial scales (σ, ρ) ∈ (R+)
2
. We thus consider

Jρ(u) = Kρ∗.
(
∇uσ∇uTσ

)
, uσ := Kσ ∗ u, (10)

where ∗. denotes a component-wise convolution. As mentioned in Weickert (1998), the pre-
smoothing by Kσ removes oscillations smaller than O(σ), and the parameter σ is referred to
as the “noise scale”. In turn, the scale ρ should reflect the characteristic window size over which
the orientation is to be analyzed. It is referred to as the “integration scale”.

Let us denote µ1 and µ2 the eigenvalues of Jρ(uσ), such that µ1 ≥ µ2 ≥ 0. Thanks to the
smoothing by Kρ, they describe the average local contrast in the eigendirections. Denoting by v1

and v2 the corresponding eigenvectors, we observe that v1 is the orientation with the highest value
fluctuations, while v2 corresponds to the direction with the smallest variations. In the following v2

is thus referred to as the “coherence” direction. In the light of this interpretation, the eigenvalues
µ1 and µ2 can be used to describe locally the image structure:

• µ1 = µ2 = 0 correspond to zones with constant values (no variations);

• µ1 � µ2 = 0 correspond to straight edges;

• µ1 ≥ µ2 � 0 correspond to corners.

Finally, (µ1−µ2)2 is a measure of local coherence, which becomes large for anisotropic structures.

The diffusion tensor D(u) used in the filter is computed from Jρ(u). Considering the eigenvalue
decomposition

Jρ(u) = PT (u)Σ(u)P (u), (11)

with

P (u) =

[
v1

v2

]
, Σ(u) =

(
µ1 0
0 µ2

)
, (12)

the generic form for the diffusion tensor is

D(u) = PT (u)Λ(u)P (u). (13)

Depending on the choice of Λ(u), different types of filter can be designed. In this study, we
are interested in one instance of this filter, namely the coherence enhancing filter. For this filter,
we have

Λ(u) =

(
α 0
0 h(µ1, µ2)

)
, (14)

where α ∈ R+
∗ is a small constant and

h(µ1, µ2) =

∣∣∣∣∣ α if µ1 = µ2,

α+ (1− α) exp
(

−C
(µ1−µ2)2m

)
else.

(15)

In (15) C ∈ R+
∗ and m ∈ N∗ are additional constants designing the filter. In this study we set

α = 10−5, C = 10−8 and m = 1. We see that the function h(µ1, µ2) increases rapidly to 1 as soon
as the measure of local coherence (µ1−µ2)2 departs from 0. We can thus interpret the filter design
as follows: as soon as a feature with local coherence is detected, the diffusion rate increases in the
coherence direction v2, while it remains weak in the orthogonal direction v1. When the coherence
is weak, the diffusion gets back to a small isotropic diffusion.
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2.2.2. Well posedness and minimum-maximum principle The following result gives guarantees
in terms of robustness of the NADF. The problem (8) can be shown to be well posed and obey
minimum-maximum principle (under certain conditions to be satisfied by the diffusion tensor).

Theorem 1. Let C
(
0, τ , L2(Ω)

)
be the space of continuous functions from [0, τ ] to L2(Ω), and

L2(0, τ ,H1(Ω) the space of strongly measurable function from [0, τ ] to H1(Ω), with H1(Ω) the con-
ventional Sobolev space. We rewrite D(u) as D(u) = M (Jρ(u)).

For M ∈ C∞ (M2 (R) ,M2 (R)), such that M(J) is symmetric for any symmetric matrix
J ∈M2 (R), and such that

∀w ∈ L∞
(
Ω,R2

)
, |w(x)| < K, x ∈ Ω, (16)

there exists a positive lower bound ν(K) for the eigenvalues of D (Jρ(w)).

Then, the solution of the system (8) exists and is unique, which satisfies

u ∈ C
(
0, τ : L2(Ω)

)
∩ L2(0, τ ;H1(Ω), ∂tu ∈ L2(0, T ;H1(Ω). (17)

In addition, u ∈ C∞
(
Ω× [0, τ ]

)
, it depends continuously on f with respect to ‖.‖L2(Ω), and it

satisfies
ess inf

Ω
f ≤ u(x, t) ≤ ess sup

Ω
f (18)

We refer the reader to Weickert (1998) and references therein for a complete proof of Theorem
1. The important point here is that by choosing D(u) as a coherence enhancing diffusion operator
such as the one described in the previous paragraph, the conditions of application of the theorem
are satisfied.

2.2.3. Scale-space properties Besides well-posedness and minimum-maximum principle, the
nonlinear anisotropic diffusion process benefits also from scale-space properties. As previously,
we denote the filter family by Fτ , τ ∈ R+, where

Fτ : f → Fτ (f) := u(., τ)
L∞(Ω) 7→ H1(Ω)

(19)

such that u(x, τ) is now the solution of (8).

NADF satisfy the recursivity property (6). They also satisfy the following invariance properties

• constant shift invariance: Fτ (0) = 0, ∀C ∈ R, Fτ (f + C) = Fτ (f) + C;

• reverse contrast invariance: Fτ (−f) = −Fτ (f);

• conservation of average gray value: let µ := 1
|Ω|
∫

Ω
f(x)dx be the average gray value. Then we

have
1

|Ω|

∫
Ω

Fτ (f)(x)dx = µ; (20)

• translation invariance: for h ∈ Ω, define (τhf)(x) = f(x+ h), then

Fτ (τhf) = τh(Fτ (f)); (21)

• isometry invariance: for R ∈ O2 (R), where O2 (R) is the set of orthogonal matrices of rank 2,
we have

Fτ (Rf) = RFτ (f). (22)

In terms of information reduction, it can be shown that NADF do not create new level curves,
making it possible to trace back a structure from coarse scale to fine scale. A sufficient condition
for this is that local extrema are not enhanced by the filter. It is proved in Weickert (1998) that
this condition is satisfied, more particularly
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Theorem 2. Let u be a solution of (8). Let θ ∈ R+ and ξ ∈ Ω a local extremum of u(., θ) with
non vanishing Hessian. Then{

∂tu(ξ, θ) < 0 if ξ is a local maximum,
∂tu(ξ, θ) > 0 if ξ is a local minimum.

(23)

Finally, important long-term behavior properties of the filter can be demonstrated. In
particular, the following theorem is proved in Weickert (1998).

Theorem 3. For u(x, t) solution of (8), the following functions are decreasing with t ∈ [0,+∞]

(i) ‖u(., t)‖Lp(Ω), ∀p ≥ 2;

(ii)
1

|Ω|

∫
Ω

(u(x, t)− µ)2ndx, n ∈ N, with µ the average gray value;

(iii)

∫
Ω

u(x, t) lnu(x, t)dx, if ess inf
Ω

f > 0.

In short, these properties ensure that

(i) the energy of the solution is decreasing in time;

(ii) the solution converges to a constant in space solution equal to the average value µ of the initial
data f(x);

(iii) the entropy of the solution also decreases with time.

There properties are important in the perspective of application to seismic imaging, whether
the filter is applied in the model space or in the data space. In particular, they bring the required
robustness guarantees to apply these filters in a repeated way, on a variety of models and data, as
will be necessary from the application of these filters in the context of FWI.

2.3. Discretization and implementation

In Weickert (1998), the derivation of a class of finite-difference discretization schemes which pre-
serve all the above discussed properties at the discrete level is proposed. In particular, the existence
and uniqueness of the solutions are guaranteed, as well as the scale-space properties (invariances,
conservation of average value, long-term behavior and information reduction). It is shown that
these properties are ensured as soon as the operator div (D(u)∇u) can be represented by a non-
negative matrix. While it is straightforward in the isotropic case, it is more challenging due to the
anisotropy matrix D(u). A general result states how such a second-order accurate non-negative
discretization can be found. An example with a 3x3 stencil is provided, which guarantees a non-
negative discretization for spectral ratio (ratio between the largest and the smallest eigenvalue)
smaller than a constant close to 6. This is the discretization we use in this study.

The coefficients of this scheme are obtained as follows. Let x = (x1, x2) ∈ Ω. We consider
a 2D spatial discretization of u(x, t) with spatial step h1 (respectively h2) in the direction x1

(respectively h2). For a time step tn = n∆t, we use the notation

unij := u(x1i, x2j , t
n) (24)

For each i, j, n, the corresponding diffusion matrix D(unij) is denoted by

D(unij) :=

(
anij bnij
cnij dnij

)
. (25)

There exists a mapping
p : (i, j) −→ p(i, j)

N× N −→ N (26)

which makes it possible to go from a matrix representation of an image to a vector representation
of it. The second-order finite-difference discretization of div (D(un)∇un) into A(un) following the
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3x3 stencil presented in (Weickert, 1998) obeys

A(un)p(i,j),p(i−1,j−1) =
|bi−1,j−1|+bi−1,j−1

4h1h2
+
|bi,j |+bi,j

4h1h2

A(un)p(i,j),p(i−1,j) =
ai−1,j+ai,j

2h2
1

− |bi−1,j |+|bi,j |
2h1h2

A(un)p(i,j),p(i−1,j+1) =
|bi−1,j+1|−bi−1,j+1

4h1h2
+
|bi,j |−bi,j

4h1h2

A(un)p(i,j),p(i,j−1) =
ci,j−1|+ci,j

2h2
2

− |bi,j−1|+|bi,j |
2h1h2

A(un)p(i,j),p(i,j) = −ai−1,j+2aij+ai+1,j

2h2
1

− |bi−1,j+1|−bi−1,j+1+|bi+1,j+1|+bi+1,j+1

4h1h2

− |bi−1,j−1|+bi−1,j−1+|bi+1,j−1|−bi+1,j−1

4h1h2

+
|bi−1,j |+bi+1,j |+bi,j−1|+bi,j+1|+2bi,j |

2h1h2

− ci,j−1+2cij+ci,j+1

2h2
2

A(un)p(i,j),p(i,j+1) =
ci,j+1|+ci,j

2h2
2

− |bi,j+1|+|bi,j |
2h1h2

A(un)p(i,j),p(i+1,j−1) =
|bi+1,j−1|−bi+1,j−1

4h1h2
+
|bi,j |−bi,j

4h1h2

A(un)p(i,j),p(i+1,j) =
ai+1,j+ai,j

2h2
1

− |bi+1,j |+|bi,j |
2h1h2

A(un)p(i,j),p(i+1,j+1) =
|bi+1,j+1|+bi+1,j+1

4h1h2
+
|bi,j |+bi,j

4h1h2

(27)

The preservation of the continuous properties at the discrete level also depends on the time
discretization scheme which is employed. A general second-order weighted semi-implicit time
scheme is proposed in Weickert (1998) with a criterion on the time step ∆t to be satisfied to
preserve the properties of the filter. In this study, we exploit this scheme in the limit of a fully
explicit time scheme to avoid any matrix inversion and keep a numerically efficient implementation.
The resulting scheme can be written as

un+1 = un + ∆tA(un)un, (28)

where ∆t satisfies

∆t <
1

max
i
|Aii(un)|

. (29)

In (29), Aii(u
n) denotes the ith diagonal entry of A(un). Thanks to the extremum principle satisfied

by the scheme, a prior bound on |Aii(un)| can be obtained from the initial state u(x, 0) = f(x)
(see Weickert, 1998, remark p. 105).

3. Application to full waveform inversion

3.1. Conventional full waveform inversion

Now we introduce the FWI problem, starting with the observed seismic data. Such data is generated
by the recording of mechanical waves triggered by a seismic source, which can be a natural source of
energy such as earthquakes or volcanoes (global and regional scale imaging), or a controlled source
such as an airgun or a vibrating truck (exploration scale and near-surface scale imaging). In the
context of marine acquisition, the receivers can be deployed in the sea along cables towed by a boat
(streamer acquisition) or at the sea bottom (node acquisition). For land acquisition, the receivers
are generally deployed at the Earth’s surface. Depending on the context, the receivers record
the pressure variation (hydrophones) and/or the displacement, velocities, acceleration components
along different directions (geophones, nodes). In the following, such observed data will be denoted
by

dobs,s(xr, t) ∈ L2(Σr × [0, T ]), s = 1, . . . , Ns, (30)

where Σr ⊂ Rd−1 is the part of the surface on which the receivers are deployed, d is the dimension
(d = 2 or d = 3), T ∈ R+

∗ denotes the recording time and Ns ∈ N is the number of seismic sources.

The calculated data, which are to be compared with the observed data, are obtained through
the modeling of mechanical waves within the subsurface. Such waves are modeled following the
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linear elasticity approximation, which considers the propagation of pressure waves (P-waves), shear
waves (S-waves), and surface waves (Rayleigh and Love waves). In specific contexts, such as marine
acquisition data, it is however possible to focus only on the propagation of P-waves under the
acoustic approximation. In the following we introduce a general wave propagation operator A(m)
such that the wave equation we consider is denoted by

A(m)ws = bs, (31)

where m(x) ∈ L2(Ω) represents the subsurface mechanical parameters with Ω ⊂ Rd, ws(x, t) ∈
L2 (Ω× [0, T ]) is the wavefield solution of this wave equation and bs(x, t) ∈ L2 (Ω× [0, T ]) repre-
sents the seismic source term. In the following m(x) will be referred to as the model parameter.

The calculated data dcal,s[m](xr, t) ∈ L2 (Σr × [0, T ]) is defined for all xr ∈ Σr as

dcal,s[m](xr, t) = ws[m](xr, t), (32)

where the bracket [m] is a reminder of the dependency of dcal,s and ws to the model parameter
m(x). In the following, we use a restriction operator R to denote the relationship between dcal,s
and ws, such that

R : ws −→ Rws := dcal,s.
L2 (Ω× [0, T ]) −→ L2(Σr × [0, T ]).

(33)

The operator R acts as a restriction of the wavefield space to the data space.

The general formulation for FWI is

min
m∈M

f(m), (34)

with M a general model space and

f(m) =

Ns∑
s=1

G(dcal,s[m], dobs,s), (35)

where G(., .) is a positive function measuring the misfit between dcal,s and dobs,s

G : (d1, d2) −→ G(d1, d2)
L2 (Σr × [0, T ])× L2 (Σr × [0, T ]) −→ R+.

(36)

The conventional choice for G is the least-squares misfit, such that

G(d1, d2) =
1

2

∫
Σr

∫ T

0

|d1(xr, t)− d2(xr, t)|2dxrdt. (37)

The solution of (34) is performed using local optimization methods. Starting from a model
m0, such method builds a sequence

mk+1 = mk + αk∆mk, (38)

where αk ∈ R+
∗ is a scaling parameter computed by linesearch, and ∆mk is a descent direction. In

practice, we rely on quasi-Newton strategies, for which we have

∆mk = −Qk∇f(mk), (39)

where ∇f(mk) is the gradient of the function f(m) at mk and Qk is an approximation of the
inverse Hessian of f(m) at mk denoted by H(mk)−1

Qk ' H(mk)−1 :=
(
∇2f(mk)

)−1
. (40)

We use the l-BFGS strategy to compute Qk. It builds a low-rank approximation of the inverse
Hessian from gradients computed during the l-previous iterations (Nocedal, 1980; Nocedal and
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Wright, 2006).

From (38), (39) and (40), we see that implementing a FWI algorithm requires the ability to
compute f(m) and its gradient ∇f(m). The adjoint state strategy is usually employed (Plessix,
2006). Following this method, the gradient of the misfit function f(m) is obtained as

∇f(m) =

Ns∑
s=1

∫ T

0

(
∂A(m)

∂m
ws[m]

)
(x, t)λs[m](x, t)dt, (41)

where λs[m] is the wavefield solution of the adjoint equation

A(m)Tλs = RT
∂G

dcal,s
(dcal,s, dobs,s). (42)

This well-known result has been derived in several studies; see for instance Métivier et al. (2016,
2019).

Equations (41) and (42) have a physical interpretation. The adjoint operator of the wave
equation with an initial condition is the same wave equation with a final condition. Therefore
the adjoint wavefield λs(x, t) is computed by a reverse propagation in time of the source term
RT ∂G

dcal,s
(dcal,s, dobs,s) (the adjoint source). The adjoint of the restriction operator RT acts as a

lift from the data space to the wavefield space, yielding an adjoint source localized at the receiver
positions.

In case of the least-squares misfit measurement (37), the adjoint source is simply

∂G

dcal,s
(dcal,s, dobs,s) = dcal,s − dobs,s, (43)

which is the difference between calculated and observed data, also known as the residual. A deeper
physical interpretation of the gradient in FWI is provided in Operto et al. (2013) and Virieux et al.
(2017) for instance.

3.2. Application of NADF to full waveform inversion

3.2.1. Model space regularization In this study, we consider two (possibly complementary) ways
of applying NADF in the context of FWI. The first is the more straightforward. It consists in
using it as a regularization/smoothing in the model space. This can be formalized as solving the
problem

min
m∈M∩S

f(m) (44)

where S is the space of smooth models obtained after NADF is applied.

We implement it using the following strategy: the descent direction in the local optimization
process is computed as

∆mk = −QkFτ (∇f(mk)) (45)

for a given diffusion time τ ∈ R+
∗ defined prior to the inversion. The descent direction is thus built

from a filtered version of the gradient, and the model estimate mk is built as the sum of filtered
gradient directions, scaled by the matrix Qk. The latter is an approximation of the inverse Hessian
matrix built using l previous filtered gradient Fτ (∇f(mk−l+1)), . . . ,Fτ (∇f(mk)).

We present in the numerical experiments in Section 4 how this gradient filtering strategy
can simultaneously remove small scale oscillations due to the presence of noise in the data and
incomplete illumination, and enhance the inherent structure of the subsurface model properties.
Contrary to structure oriented smoothing such as the Bessel’s smoothing filter presented in Trinh
et al. (2017b), the information on the structure does not need to be provided as a prior information.
The interest of the NADF is their ability to extract the structure by themselves, directly from the
gradient.
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3.2.2. Data space regularization The second strategy we consider consists in applying NADF to
observed and synthetic data prior to their comparison through a given misfit function G(dcal, dobs)
as in equation (36). The resulting FWI strategy can thus be formulated as

min
m

fτ (m),

fτ (m) :=

Ns∑
s=1

Gτ (dcal,s[m], dobs,s) , τ ∈ R+
∗ .

(46)

where
Gτ (d1, d2) = G (Fτ (d1),Fτ (d2)) . (47)

Note that such kind of formulation has already been proposed by Xue et al. (2016), however with
Gaussian convolution kernels playing the role of Fτ , i.e. linear diffusion filters instead of NADF.
As has already been mentioned, such linear diffusion filters have interesting properties, but they
are equivalent to low-pass filters. For seismic data, noise contaminates the data, which reduces the
range of applicability of such filters to the frequency-band where the signal to noise ratio remains
acceptable. As will be illustrated in the numerical section, NADF make it possible a low frequency
enhancement by combining a low-pass filter and denoising properties.

Following the natural hierarchy associated with scale-space properties of the filter Fτ one can
then formulate a sequence of FWI problems with decreasing values of τ . This can be formalized
introducing the operator

I : τ,m0 → I(τ,m0) := arg min
m

fτ (m), starting from m0

R+ ∪ L2(Ω) 7→ L2(Ω).
(48)

The operator I(τ,m0) consists in solving the FWI problem (46) starting from the model m0, given
a local optimization scheme, such as steepest descent, nonlinear conjugate gradient, l-BFGS, or
truncated Newton method strategy (Nocedal and Wright, 2006). In this study we rely on l-BFGS
(Nocedal, 1980). The hierarchical (i.e. multi-scale) approach based on scale-space properties thus
writes as follows. Starting from m0, build a sequence mp such that

mp+1 = I(τp,mp) (49)

with
lim

p→+∞
τp = 0. (50)

We shall note at this stage that the convergence of the strategy described from equations
(48) to (50) depends on the assumption that no “bifurcation” occurs in the process, that is the
solution of the minimization problem through the operator I is unique and depends continuously
on the parameter τ . In practice, we do not have such guarantees. A sufficient condition is the
non-singularity of the Hessian operator of the misfit function fτ (m) for any τ but this is not easy to
prove. Yet, in practice, we assume that this “no-bifurcation” assumption is satisfied, and that the
steps in the decreasing sequence τp are sufficiently small to guarantee the stability of the process.

We basically have all the ingredients to implement this strategy except one. As mentioned in
Section 3.1, we need to be able to compute the gradient of the misfit function fτ (m). To this end,
we prove the following theorem.

Theorem 4. We introduce X = (xr, t) ∈ X := Σr × [0, T ]. For a given τ∗ ∈ R+, we define

Fτ∗(dcal,s) = us(., τ
∗) (51)

where us(X, τ) is the solution of the system
∂τu− div (D(u)∇u) = 0, on X × [0, τ∗],

u(., 0) = dcal,s, on X ,

〈D(u)∇u, n〉 = 0, on ∂X × [0, τ∗].

(52)
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We also introduce g1,s and g2,s as follows g1,s := Fτ∗(dcal,s)

g2,s := Fτ∗(dobs,s).
(53)

We have

∇fτ∗(m) =

Ns∑
s=1

∫ T

0

(
∂A(m)

∂m
ws[m]

)
(x, t)λs[m](x, t)dt, (54)

where
A(m)Tλs = RTµs(xr, t), (55)

with µs(xr, t) defined as
µs(xr, t) := µs(X) := −λ2,s(X, τ

∗), (56)

where λ2,s is the solution of the following linearized diffusion equation

∂τλ2 − div ((D(us) +M(us)))∇λ2 = 0, on X × [0, τ∗]

λ2(., 0) =
∂G (g1,s, g2,s)

∂g1,s
, on X

〈(
D(us) +M(us)

T
)
∇λ2, n

〉
= 0, on ∂X × [0, τ∗],

(57)

with M(u) the matrix such that

∀(u, v), M(u)∇v = D′(u).v∇u. (58)

Proof. According to the adjoint state strategy applied to the FWI problem, the gradient of fτ∗(m)
is given by equation (41) and (42), replacing G(d1, d2) by Gτ∗(d1, d2), where Gτ∗ is defined as in
(47), i.e. the composition of G(., .) with the filter Fτ∗ . The quantity we need to compute is thus
the adjoint source associated with this new misfit function, which is given by ∂Gτ∗

∂d1
.

For the sake of simplicity we drop the index 1 for d1 in what follows. We consider the
case Ns = 1 as well, and drop the index s. To compute this partial derivative, we rely on the
adjoint state strategy. Indeed, the functional Gτ∗(d, d2) can be associated with a PDE-constrained
problem, with the following Lagrangian functional

L(d, g, u, λ1, λ2, λ3, λ4) = G(g, g2)+

(g − u(., τ∗), λ1)X +

(∂tu− div (D(u)∇u) , λ2)X×[0,τ∗] +

(u(., 0)− d, λ3)X +

(〈D(u)∇u, n〉 , λ4)∂X×[0,τ∗] ,

(59)

where (., .)X , (., .)X×[0,τ∗], (., .)∂X×[0,τ∗] denote the conventional L2 scalar product on the spaces in
subscript, and λi, i = 1, . . . 4 are adjoint variables associated with the constraints (52) and (53).

Let u[d](X, τ) and g[d](X) solution of (52) and (53) (where the brackets are used as a reminder
of the dependency to the initial condition d). We have

L(d, g[d], u[d], λ1, λ2, λ3, λ4) = Gτ∗(d, d2). (60)
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Therefore in this case, we can write (formally) that

∂d (L(d, g[d], u[d], λ1, λ2, λ3, λ4)) = ∂dGτ∗(d, d2). (61)

The right hand side of (61) is the quantity we need to evaluate.

Developing the left hand side of (61) yields (again formally)

∂L(d, g, u, λ1, λ2, λ3)

∂d
+
∂L(d, g, u, λ1, λ2, λ3)

∂g

∂g

∂d
+
∂L(d, g, u, λ1, λ2, λ3)

∂u

∂u

∂d
= ∂dGτ∗(d, d2)

(62)
The essence of the adjoint state strategy is to determine λi[d], i = 1, . . . , 4, such that

∂L(d, g, u, λ1, λ2, λ3, λ4)

∂g
= 0, (63a)

∂L(d, g, u, λ1, λ2, λ3, λ4)

∂u
= 0. (63b)

In this case, we have

∂dGτ∗(d, d2) =
∂L(d, g, u, λ1, λ2, λ3, λ4))

∂d
= −λ3[d]. (64)

In the remainder of the proof, we develop (63a) and (63b) to explicit λi[d], i = 1, . . . , 4.

We start with (63a). We have

∂L(d, g, u, λ1, λ2, λ3)

∂g
=
∂G(g, g2)

∂g
+ λ1. (65)

Therefore

λ1 = −∂G(g, g2)

∂g
. (66)

The development of (63b) is more involved. Consider v an increment of u. We have

L(d, g, u+ v, λ1, λ2, λ3) = G(g, g2)+

(g − (u+ v)(., τ∗), λ1)X +

(∂t(u+ v)− div (D(u+ v)∇(u+ v)) , λ2)X×[0,τ∗] +

((u+ v)(., 0), λ3)X +

(〈D(u+ v)∇(u+ v), n〉 , λ4)∂X×[0,τ∗] .

(67)

We focus on the nonlinear terms. First we have

(div (D(u+ v)∇(u+ v)) , λ2)X×[0,τ∗] = (div (D(u)∇u) , λ2)X×[0,τ∗] +

(div (D(u)∇v) , λ2)X×[0,τ∗] +

(div (D′(u).v∇u) , λ2)X×[0,τ∗] +O(‖v‖2).

(68)

Second we have

(〈D(u+ v)∇(u+ v), n〉 , λ4)∂X×[0,τ∗] = (〈D(u)∇(u), n〉 , λ4)∂X×[0,τ∗] +

(〈D(u)∇(v), n〉 , λ4)∂X×[0,τ∗] +

(〈D′(u).v∇u, n〉 , λ4)∂X×[0,τ∗] +O(‖v‖2).

(69)
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Therefore

∂L(d, g, u, λ1, λ2, λ3, λ4)

∂u
.v = (v(., τ∗), λ1)X + (∂tv, λ2)X×[0,τ∗] + (v(., 0), λ3)X −

(div (D(u)∇v) + div (D′(u).v∇u) , λ2)X×[0,τ∗] +

(〈D(u)∇v +D′(u).v∇u, n〉 , λ4)∂X×[0,τ∗] .

(70)

By two integration by parts, and using the symmetry of D(u), we have

(div (D(u)∇v) , λ2)X×[0,τ∗] =

(v,div (D(u)∇λ2))X×[0,τ∗] + (〈D(u)∇v, n〉 , λ2)∂X×[0,τ∗] − (v, 〈D(u)∇λ2, n〉)∂X×[0,τ∗] .
(71)

In addition, we have

(div (D′(u)v∇u) , λ2)X×[0,τ∗] = (div (M(u)∇v) , λ2)X×[0,τ∗] , (72)

where we do not explicit the matrix M(u). Thus we have, again after two integration by part,

(div (D′(u)v∇u) , λ2)X×[0,τ∗] =(
v,div

(
M(u)T∇λ2

))
X×[0,τ∗]

+ (〈M(u)∇v, n〉 , λ2)∂X×[0,τ∗] −
(
v,
〈
M(u)T∇λ2, n

〉)
∂X×[0,τ∗]

.

(73)
Finally, time integration by part also yields

(∂tv, λ2)X×[0,τ∗] =

− (v, ∂tλ2)X×[0,τ∗] + (v(., τ∗), λ2(., τ∗))X − (v(., 0), λ2(., 0))X .
(74)

Gathering (70), (71), (73) and (74), we obtain

∂L(d, g, u, λ1, λ2, λ3, λ4)

∂u
.v = (v(., τ∗), λ1 + λ2(., τ∗))X + (v(., 0), λ3 − λ2(., 0))X −

(∂tλ2 + div ((D(u) +M(u)))∇λ2, v)X×[0,τ∗] +

(〈(D(u) +M(u))∇v, n〉 , λ2 + λ4)∂X×[0,τ∗]−(
v,
〈(
D(u) +M(u)T

)
∇λ2, n

〉)
∂X×[0,τ∗]

.

(75)

The condition

∀v, ∂L(d, g, u, λ1, λ2, λ3, λ4)

∂u
.v = 0, (76)

thus implies that 

λ2(., τ∗) = −λ1, on X

−∂τλ2 − div ((D(u) +M(u)))∇λ2 = 0, on X × [0, τ∗]〈(
D(u) +M(u)T

)
∇λ2, n

〉
= 0, on ∂X × [0, τ∗]

λ3 = λ2(., 0), on X

λ4 = −λ2, on ∂X × [0, τ∗].

(77)

We see that λ2 is the solution of a linearized diffusion problem, backpropagating from a final
condition. With a simple change of variable τ ′ = τ∗ − τ we can change the system on λ2 into a
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prograde diffusion system from an initial condition. In addition, we can replace λ1 by its value
following (66), to finally obtain

∂τλ2 − div ((D(u) +M(u)))∇λ2 = 0, on X × [0, τ∗]

λ2(., 0) =
∂G(g, g2)

∂g
, on X

〈(
D(u) +M(u)T

)
∇λ2, n

〉
= 0, on ∂X × [0, τ∗]

λ3 = λ2(., τ∗), on X

λ4 = −λ2, on ∂X × [0, τ∗].

(78)

From (64) we conclude that
∂dG

∗
τ (d, d2) = −λ2(., τ∗), (79)

with λ2(., τ∗) solution of (52), which concludes the proof.

We see from theorem 4 that the the computation of the misfit function ∇fτ∗(m) and its gra-
dient can be done through the following steps. First, both observed and calculated datasets are
filtered with NADF. Second, a misfit measurement function G(d1, d2) is applied to the filtered
datasets. This yields the misfit function value. To build the gradient, following the adjoint state
theory, the corresponding adjoint source is required. To compute it, one first evaluates the con-
ventional adjoint source through the differentiation of the misfit measurement function G(d1, d2)
applied to the filtered data. This quantity is then re-filtered through the adjoint linear diffusion
process to yield the final adjoint source. This new diffusion process is linearized around the field
u(X, τ) which serves to filter the calculated data in the first step. The diffusion tensor is thus
anisotropic and depends on the evolution variable τ but the diffusion process is linear as the dif-
fusion tensor does not depend on λ.

This is summarized in algorithm 1. A naive implementation is presented: the filtering of the
observed data could be done once and for all before the inversion so as to avoid applying the filter
each time on the observed data. Also we do not discuss here how the incident wavefields ws[m]
are handled to build the gradient: this is a well discussed topic in FWI, with alternatives proposed
from storing it in memory to recomputing it from a final snapshot (see for instance Yang et al.,
2016, for a review of these alternatives and the presentation of the CARFS strategy which we use in
this study). Finally, let us note that neglecting the operator M(u)T in the adjoint diffusion system
(57) makes it possible to use the same diffusion algorithm at each stage of the algorithm, which
is appreciable in practice. This is the strategy which is used in this study. From our numerical
experiments, it appears that neglecting this contribution to the construction of the adjoint source
is not harmful to the convergence of the whole FWI strategy. A more careful analysis could be
done however to quantify the error associated with neglecting this term in the linearized diffusion
process.

4. Numerical experiments

All the experiments presented in this study are performed using our 2D acoustic second-order in
time and fourth-order in space finite difference code TOYxDAC TIME (Yang et al., 2018), de-
signed for full waveform modeling and inversion. It is coupled with the SEISCOPE optimization
library, which provides FORTRAN implementations of gradient-based and quasi-Newton optimization
solvers (Métivier and Brossier, 2016). In this study we rely on the l-BFGS method to perform our
inversion tests.
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Algorithm 1: Algorithm for the computation of the misfit function fτ∗(m) and its
gradient ∇fτ∗(m).

Data: m, τ∗, dobs,s, bs, s = 1, . . . , Ns
Result: fτ∗(m),∇fτ∗(m)
// Initialization of misfit and gradient ;

1 fτ∗(m) = 0 ;
2 ∇fτ∗(m) = 0 ;

// Main loop over the sources;
for s = 1, . . . , Ns do

//Misfit function part ;
3 Compute g2,s = Fτ∗(dobs,s);
4 Compute dcal,s[m] through the solution of (31) and (32) ;
5 Compute g1,s = Fτ∗(dcal,s) and store us(X, τ) in memory ∀τ ∈ [0, τ∗];
6 Update the misfit function with contribution from source s

fτ∗(m) = fτ∗(m) +G (g1,s, g2,s) ;
//Gradient part ;

7 µs = ∂G
∂g1

(g1,s, g2,s);

8 Filter µs through the diffusion equations (57) linearized around us;
9 Compute the adjoint wavefield λs from equation (41);

10 Update the gradient with contribution from source s (equation (54))

∇fτ∗(m) = ∇fτ∗(m) +
∫ T

0

(
∂A(m)
∂m ws[m]

)
(x, t)λs[m](x, t)dt );

end

4.1. Data generation

The numerical experiments we present in the following are based on the Marmousi II benchmark
model (Martin et al., 2006). To avoid working in “inverse crime” settings, we generate our data
using fine grid (5 m) P-wave velocity and density models, under the 2D acoustic variable density
approximation. These models are obtained by upscaling the original P-wave velocity and density
Marmousi II models defined on a 1.25 m grid. Perfectly matched layers (PML) Bérenger (1994)
with 40 points thickness are used to decrease the energy of spurious reflections at the border of
the numerical domains, on the left, right and bottom side. On top, a free surface condition is
implemented. A Kaiser-windowed cardinal-sine interpolation (Hicks, 2002) is used to represent
sources and receivers off the Cartesian grid. A Ricker source centered on 5 Hz, and filtered so as
to remove energy below 2.5 Hz, is used to generate the data. An additive Gaussian noise, filtered
in the frequency range of the data (0 to 12.5 Hz) is introduced, with a signal to noise ratio equal
to 10. The acquisition contains 128 seismic shots (source positions) at 50 m depth in the water
column, regularly spaced each 132 m in the horizontal direction, and 169 receivers, also at 50 m
depth, regularly spaced each 100 m. The acquisition is done in a fixed-spread fashion: each receiver
records all the sources.

The fine grid P-wave velocity and density models we use are presented in Figure 1. The corre-
sponding seismic source and its amplitude spectrum are presented in Figure 2a and 2b, while two
examples of seismic shot gathers for two different shot positions are presented in Figure 2c and 2d.

4.2. Inversion setup

The inversion is performed on a coarse, regular grid, with 25 m grid interval. Only the P-wave
velocity model is reconstructed. We consider two different initial models presented in Figure
3. They are computed in two stages. First, the fine grid true velocity model is smoothed with
an isotropic Gaussian filter with a correlation length equal to 250 m and 500 m respectively.
The resulting velocity models are then downsampled from the fine to the coarse grid. The two
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Figure 1. Fine grid P-wave velocity (a) and density (b) models used to generate the observed data.

They are defined on a regular grid with a grid interval equal to 5 m.

Figure 2. Source wavelet (a) and associated amplitude spectrum (b). The peak frequency is at 5

Hz, and the frequency band goes from 2.5 Hz to 12.5 Hz. Corresponding shot gathers computed in

the fine grid P-wave velocity and density models (Fig. 1a and 1b) with the left most source xS = 0.05

km (c), the source in the middle xS = 7.5 km (d). A Gaussian noise filtered in the frequency band

2.5-12.5 Hz is added to the data.

corresponding initial density models are computed using the following Gardner’s law

ρ(x) = 1741×
(
VP

1000

)0.25

. (80)
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Figure 3. Initial velocity model 1 (a) and corresponding density model (b). Initial velocity model 2

(c) and corresponding density model (d).

From these two initial models, two source wavelets (time signatures) are computed. Computing
these wavelets is equivalent to solve a linear deconvolution problem. We follow the frequency
domain approach introduced by Pratt (1999). A taper is applied to make the wavelets causal, and
remove oscillations after t = 2 s. The resulting wavelets and their normalized amplitude spectrum
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are compared to the ones from the true wavelet in Figures 4a,b and 5a,b. As can be seen, the
amplitude of the wavelet is slightly underestimated compared to the true wavelet, which is due
to the inaccurate initial velocity and density models and the presence of noise in the data. The
corresponding synthetic data for the two shot gathers presented in Figures 2 are presented in Figure
4c,d and 5c,d. The synthetic data is overlay in red/blue colors on the observed data presented in
black and white. Some of the transmitted events are correctly predicted, especially in initial model
1. The reflected events are not predicted by any of the two models.

Figure 4. Estimated wavelet in model 1 (a) and corresponding normalized amplitude spectrum (b).

Due to the inaccuracy of both velocity and density models, the wavelet amplitude is underestimated.

Synthetic shot gather for xS = 0.05 km (c) and xS = 8.5 km (d) computed in model 1, overlay in

red/blue colors on the corresponding shot gather in black/white.

Figure 5. Same as Figure 4 using initial model 2.

4.3. Gradient and data smoothing

We start by analyzing NADF applied on the gradient computed in the initial model 1. The original
gradient without smoothing is presented in Figure 6a1. To emphasize its regularity, we overlay
its level curves in Figure 6a2, and we present its wavenumber spectrum in kx and kz directions
in Figure 6a3. As can be seen, the original gradient exhibits some spatial irregularities and fast
variations one could associate with imperfect subsurface illumination and noisy data. In Figures
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6b,c,d, we present the same plots for the gradient obtained after the nonlinear anisotropic diffusion
smoothing operator is applied, with diffusion times from τ∗ = 2.5, τ∗ = 5, and τ∗ = 20. The
progressive simplification in the level curves and the reduction of the spread of the wavenumber
spectrum is an illustration of the scale-space property of the filter. Interestingly, we can see how
the main structures of the gradient are preserved through the smoothing, small scale structures
being smoothed out progressively depending on the diffusion time.

For comparison, we present in Figure 6e the “conventional” smoothed gradient with a non-
stationary isotropic Gaussian filter with correlation lengths adapted to an estimation of the local
wavelength λ(x, z). Here, we use

λ(x, z) = 0.4
VP (x, z)

f0
, (81)

with VP (x, z) described by model 1 and f0 = 5 Hz, the central frequency of the source wavelet. As
can be observed, such smoothing does not preserve the structure of the gradient. According to the
velocity increase with depth, the deeper structures are also more severely affected.

We also present the effect of NADF on the data and illustrate its scale-space properties in
Figure 7. The filter is applied to the shot gather from Figure 2c, with diffusion times equal to
τ∗ = 6.25 (Fig. 7b), τ∗ = 25 (Fig. 7c) and τ∗ = 50 (Fig. 7d). The filter increases the coherency of
the events in the time/offset panel. It also removes small scale noise oscillations to enhance larger
scale oscillations. We will see in the full waveform inversion tests that this artificially structured
noise is not detrimental to the quality of the inversion. The spectrum of the filtered data also
reveals that the filter acts as a low-pass filter, enhancing the low frequency part of the data, and
shifting the amplitude spectrum from high to low frequencies.

The latter effect is interesting. Enhancing the low-frequency content of the seismic data is
natural in FWI to stabilize the early inversion before interpreting data with higher frequency
content (Bunks et al., 1995). The difficulty is that the lowest frequency part of the data is often
contaminated by noise, and standard linear filters are not able to separate the signal from the noise.
The coherence enhancing filter applied here simultaneously plays the role of a low frequency pass
filter and a denoising filter, making it possible to push the frequency content of the data towards
the lower end of the spectrum without decreasing the signal to noise ratio.

4.4. Full waveform inversion results

4.4.1. Effect of model space regularization We first analyze the impact of NADF on FWI when
applied in the model space. The initial P-wave velocity model (Fig.8a), is compared with the
final models obtained with a Gaussian smoothing (Fig.8b) and NADF (Fig.8c). With Gaussian
smoothing, the convergence of the l-BFGS algorithm is observed after 41 iterations. We compare
both inversion for the same number of iterations. FWI combined with model space NADF is able
to perform more iterations, but the additional iterations lead mainly to overfit the data. The final
model estimation using NADF is more resolved at depth and exhibits clearer interfaces. This is
expected, as the Gaussian smoothing tends to smooth out the structure from the model updates.
The comparison of the convergence curves in terms of misfit function decrease (Fig.8d) and model
error decrease (Fig.8e) shows how the use of NADF accelerates the convergence.

4.4.2. Effect of data space regularization and combination data/model regularization We next an-
alyze the effect of NADF applied to the data. We proceed to a multi-scale inversion as described
in equations 48 to 50 in 4 stages, with the diffusion times: τ∗ = 25, τ∗ = 12.5, τ∗ = 6.25, and
τ∗ = 0 (the last stage corresponds to a conventional least-squares inversion without NADF). At
each stage, the convergence of the l-BFGS minimization algorithm is observed after 32, 38, 49
and 44 iterations respectively. The models obtained after the first stage (τ∗ = 25) and the final
one (τ∗ = 0) are presented in Figures 9c and 9d respectively. As can be seen, compared with
the conventional result, already at the first stage of this workflow the estimated model is closer
from the true model, especially regarding the estimation of the triangle shape low velocity zone



Nonlinear anisotropic diffusion filters for seismic imaging 22

Figure 6. Scale space property of NADF and comparison with a nonstationary isotropic Gaussian

filter. Gradient before filtering (a1-a3). Gradient after NADF with τ∗ = 2.5 (b1-b3), gradient after

NADF with τ∗ = 5 (c1-c3) , gradient after NADF with τ∗ = 20 (d1-d3), gradient after nonstationary

isotropic Gaussian smoothing (e1-e3). In column 1, the gradient in blue/red color scale are presented.

In column 2, the level set are superimposed to emphasize the structural information embedded in

the gradient. In column 3, the corresponding wavenumber spectrum is presented. One can see

how increasing the diffusion time progressively smooth small scale structures while preserving larger

scale structures. The spread of the wavenumber spectrum gradually decreases as the diffusion time

increases. In comparison, the isotropic Gaussian smoothing destroys most of the small and large scale

structures, especially at depth where the correlation length increases. The spread of the wavenumber

spectrum is also significantly reduced.

in the middle of the model (at 2.5 km depth, between x = 10 and x = 12 km), which is one
of the most complex area in the Marmousi II model (Martin et al., 2006). This area is incor-
rectly reconstructed by the conventional approach as the velocity is overestimated. Thanks to the
multi-scale NADF approach, this area is better reconstructed, as well as deeper structures (Fig.9d).

The already good reconstruction obtained at the first stage of the multi-scale workflow prompts
us to test a natural idea: combining both data space and model space regularization with NADF.
The result obtained after 60 l-BFGS iterations is presented in Figure 9e. As can be seen, this
combination provides an estimation similar to the one obtained after the multi-scale worfklow in
less iterations.

The overall better reconstruction of the aforementioned triangle shape low velocity zone can
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Figure 7. Scale space property of NADF illustrated on a shot gather. Shot gather before filtering

(a1-a2), shot gather after NADF with τ∗ = 6.25 (b1-b2), shot gather after NADF with τ∗ = 25

(c1-c2), shot gather after NADF with τ∗ = 50 (d1-d2). On the first row we present the filtered shot

gather, on the second row, the corresponding amplitude spectrum. The dashed blue lines indicating

the 4-12 Hz window highlight how the frequency content slightly moves from high to low frequencies

as the diffusion time increases.

be related to the lower frequency content of the filtered data using NADF. As an illustration of the
effect of this data smoothing, we compare in Figure 10 the gradient at first iteration computed from
raw data and no model smoothing (Fig.10c), from filtered data with diffusion time τ∗ = 25 and
no model smoothing (Fig.10d), from filtered data with diffusion time τ∗ = 25 plus NADF model
smoothing (Fig.10e). We can see already in Figure 10d how the enhancement of the low frequency
content of the data, visible in the comparison between the conventional residuals (Fig.10a) and
the residuals obtained when NADF is applied to the data (Fig.10b), translates into smoother and
better delineated structures in the gradient. These are further enhanced by NADF applied directly
in the model space in Figure 10e.

To further test the approach combining both data and model space regularization, we apply it
starting from initial model 2. This is much more challenging, as can be seen in Figure 11b, which
present the model estimated with a conventional FWI method. The convergence is observed after
72 iterations. This time, the final model is severely cycle skipped, especially in its left part. This is
due to the too large kinematic error induced by the poorer initial model. In Figure 11c, we present
the result obtained using a graph-space optimal transport (GSOT) distance, a strategy designed to
mitigate such cycle skipping issues by designing a misfit function convex with respect to time shifts
(Métivier et al., 2019). This time the convergence is observed after 23 iterations. The left part
is more stably reconstructed, however the deeper part of the model remains inaccessible. Finally,
in Figure 11d we present the result obtained by combining the GSOT approach with data and
model space smoothing using NADF. The iterations are arbitrarily stopped after 100 iterations.
One can see that the cycle skipping issues have been fixed, thanks to the combination of the GSOT
approach and the low frequency enhancement provided by the low frequency enhancement. The
model smoothing enables a sharp reconstruction of the structure and the interfaces.
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Figure 8. Initial model 1 (a), final model after 41 FWI iterations with a Gaussian smoothing (b),

with NADF (c). Misfit function (d) and model error (e) history along the convergence path using

Gaussian smoothing (solid red) and NADF (solid blue).

5. Discussion

NADF appears to be an interesting tool for FWI. When the FWI problem is well-posed, i.e. when
it starts from an initial model in the valley of attraction of the global minimizer, applying NADF
in the model space to the gradient avoids the undesirable effect of Gaussian smoothing which, at
the same time, removes spurious oscillations but also destroys the main structure of the model.
The behavior of the Gaussian smoothing appears symptomatic of a slowly convergent process: the
seismic data contribute to enhance the subsurface model structure, while the model smoothing
tends to remove this structure. This conflict between data and model space contributions results
in an deterioration of the convergence rate. On the contrary, NADF make it possible to reconcile
both contributions: NADF remove small scale oscillations due to noise and uneven illumination
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Figure 9. Initial model 1 (a), final model after 41 FWI iterations with a Gaussian smoothing (b),

with a data smoothing τ∗ = 25 (c), with the multi-scale data smoothing strategy from τ∗ = 25 to

τ∗ = 0 (d), combining data smoothing with τ∗ = 25 and NADF on the gradient (e).
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Figure 10. L2 residuals (a), residuals corresponding to a data smoothing with τ∗ = 25 (b),

conventional initial gradient (c), initial gradient with a data smoothing of τ∗ = 25 (d), initial gradient

with data smoothing of τ∗ = 25 and an additional pass of NADF smoothing (e).
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Figure 11. Initial model 2 (a), final model with a conventional FWI method (b), final model with a

graph-space optimal transport misfit function (Métivier et al., 2019) (c), final model combining graph

space optimal transport misfit function with data and model space smoothing through NADF (d).

while preserving the main structure. As a result, the convergence speed is improved. Of course, this
has to be mitigated with situations where structures in the gradient would correspond to artifacts.
In this case they would be enhanced instead of being removed. This issue is however related to
the premise: NADF in the model space should be helpful to accelerate the convergence of already
“well-posed” FWI problems.

Beyond traditional “low frequency” FWI, this suggests that NADF could be used fruitfully in
the context of high resolution structural imaging using migration algorithms (reverse time or least-
squares reverse time migration) or, as has been considered more recently, “high resolution FWI”
(Shen et al., 2018). In this context, the corresponding inverse problems are relatively well posed.
What remains challenging is the high computational cost of these methods as high frequency wave
propagation problems have to be solved at each iteration (by high frequency we mean problems
for which the waves have to be propagated over several hundreds of wavelengths in each direc-
tion of space). The convergence speed is thus crucial for these applications and such a structure
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enhancing filter, amenable to accelerate the convergence, could therefore be particularly helpful.
This calls for an extension of what is presented here to 3D NADF. Given the underlying PDE
framework of NADF, this extension should be straightforward at the continuous level. Designing a
finite-difference scheme which preserves the properties of NADF at the discrete level in 3D might
be more delicate. This should be the matter of future investigation which should be inspired by
the work from Fehrenbach and Mirebeau (2014); Mirebeau (2016) where finite-difference schemes
adapted to the anisotropy of the diffusion operator are derived .

When applied in the data space, NADF seems to act as an interesting nonlinear low-pass filter,
with the ability to enhance the low frequency content of the data without making the noise dom-
inant. The scale-space property also provides a natural framework to design a hierarchical FWI
scheme. Enhancing the low frequency part of the data is beneficial to FWI when the initial model
lies outside the basin of attraction of the global minimum as it serves to stabilize the inversion.
We would like however to mention that NADF alone on the data should not be enough to reduce
cycle skipping issues in challenging settings such as the one we investigate here when starting from
initial model 2. In this case, the low-frequency enhancing property of NADF applied on the data
is not sufficient to make a conventional least-squares FWI converge toward a correct estimation of
the subsurface velocity. Rather, it should be seen as a complementray strategy to other methods
dedicated to mitigate cycle skipping in FWI, such as misift function modifications.

Indeed, from theorem 4, we see also that applying NADF in the data space can be combined
with any misfit function modification strategy. In our numerical experiments, it seems in particular
that it cooperates well with the GSOT strategy. It is illustrated in Métivier et al. (2019); Pladys
et al. (2021); Górszczyk et al. (2021) that the GSOT strategy results in introducing high frequency
components in the source of the adjoint field. Due to the computational cost of solving optimal
transport problem on discrete point clouds, the GSOT strategy also considers each seismic trace
independently, without taking into account the 2D coherency of the data in the time/receiver plane.
Interestingly, when GSOT is composed with NADF, the resulting adjoint source corresponds to
the standard GSOT adjoint source applied to the filtered data, with an additional linearized dif-
fusion filtering. This additional filtering, as illustrated in Figure 12, removes the high frequency
oscillations associated with GSOT, and also enhances the coherence of the adjoint source in the
time/receiver plane. The composition of GSOT with NADF approach might thus be seen as a
compensation for some of the current limitations of GSOT.

We would also like to mention at this stage, regarding practical applications, that the selection
of the diffusion time τ∗, both in the data and model spaces is performed on a trial-and-error basis
in this study. How to precisely and automatically design this parameter, and also the ones related
to the pre-smoothing (noise scale σ and and coherence scale ρ in equation (10)) involved in the
design of the diffusion operator, should be the matter of future inverstigation. While it is easy to
design in the linear diffusion case through the equivalence between the final diffusion time and the
coherent lenght of the underlying Gaussian kernel in equation (3), this is far more complicated in
this nonlinear anisotropic settings.

Finally, another interest for the application of NADF in the data space could be related to
data interpolation in the context of missing traces. It is usual in seismic surveys that some re-
ceivers do not respond correctly, either due to an incorrect coupling with the subsurface or simply
a device breakdown. In such a case, the resulting seismograms present holes corresponding to
seismic traces put to 0 for these defective receivers. Conventional data processing techniques con-
sist in interpolating the data to recover the information from these missing traces. Thanks to its
coherence enhancing feature, when NADF is applied to a seismogram presenting missing traces,
it will simultaneously enhance the low frequency content of the data and play the role of a data
interpolator. An example is provided in Figure 13. We consider the leftmost seismogram used in
the numerical experiments, and set randomly 30 % of its traces to 0 (Fig.13a). In Figure 13b,
we present the corresponding NADF version of this seismogram. It can be seen that the reflected
events at short to medium offsets (x < 5 km) are relatively well interpolated.
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Figure 12. Comparison of residuals for the left most shot gather. Adjoint source associated with the

GSOT strategy (a). Adjoint source associated with the GSOT strategy combined with NADF applied

on the data with τ∗ = 25, before the solution of the linear diffusion process (b). Adjoint source

associated with the GSOT strategy combined with NADF applied on the data, after the solution

of the linear diffusion process (c). The residuals displayed in (b) correspond to the computation of

µs = ∂G
∂g1

(g1,s, g2,s) at line 7 of algorithm 1. The residuals displayed in (c) correspond to µs after

it has been filtered from the linearized diffusion process at line 8 of algorithm 1. Note that the

GSOT approach inherently generates high frequency components in the residuals, visible in (a) and

(b) (Métivier et al., 2019). The filtering procedure inherited from the coupling between GSOT and

NADF in the data space filters out these high frequency components, as is visible in (c).

Figure 13. Data interpolation test. Seismogram with 30% of randomly selected traces set to 0 (a).

Same seismogram after NADF filter (b). We see that the reflected events at short to medium offsets

(x < 5 km) appear correctly interpolated, on top of the low frequency filter effect already detailed.

6. Conclusion

We present in this study how nonlinear diffusion filters, designed in the frame of image processing,
can be applied to high resolution seismic imaging based on the full waveform. We first propose a
short introduction to NADF, summarizing the main results and concepts presented in the reference
book by Weickert (1998). Among them, minimum-maximum principle, scale-space properties, and
the fact that they are based on PDE, make NADF an interesting tool for any data-fitting based
inverse problem. The principle of coherence enhancing approach is to define a diffusion operator
which depends on the local orientations of the image structure, which is accessed through the
structure tensor of the image. Basically, the diffusion is set to be strong in the direction of small
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variations and smaller in the direction of fast variations.

After introducing the FWI mathematical formalism, we show how NADF can be integrated
as coherence enhancing filters both in the space of the subsurface mechanical parameters (model
space) and in the space of the seismic recordings (data space). While the application of NADF
in the model space is straightforward, its application in the data space requires more care. The
key point is to be able to derive the gradient of the misfit function minimized through FWI. We
prove that, following the conventional adjoint-state strategy, the corresponding adjoint source is
obtained by the application of the conventional adjoint formula to the filtered data, and an addi-
tional filtering operation corresponding to a linearized version of the filter applied to the calculated
data.

We present numerical illustrations of both model and data space strategies on a realistic syn-
thetic case study. While model space filtering through NADF appears as an interesting tool to
improve the convergence of FWI when the problem is well-posed, data space filtering appears as an
interesting low-frequency enhancement strategy, making it possible to stabilize FWI convergence
when the problem is ill-posed. The latter strategy is complementary with other investigated meth-
ods to overcome FWI ill-posedness such as misfit function modifications.

Based on the results presented here, field data applications and extension of this method to
3D model and data will be considered in the future.
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Métivier, L., Brossier, R., Mérigot, Q., and Oudet, E. (2019). A graph space optimal transport
distance as a generalization of Lp distances: application to a seismic imaging inverse problem.
Inverse Problems, 35(8):085001.
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