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SMOOTH CONJUGACY CLASSES OF 3D AXIOM A FLOWS

ANNA FLORIO1 AND MARTIN LEGUIL2

Abstract. We show a rigidity result for 3-dimensional contact Axiom A flows:
given two 3D contact Axiom A flows Φ1,Φ2 whose restrictions Φ1|Λ1 ,Φ2|Λ2 to
basic sets Λ1,Λ2 are orbit equivalent, we prove that if periodic orbits in corre-
spondence have the same length, then the conjugacy is as regular as the flows
and respects the contact structure, extending a previous result due to Feldman-
Ornstein [23]. Some of the ideas are reminiscent of the work of Otal [54]. As an
application, we show that the billiard maps of two open dispersing billiards with-
out eclipse and with the same marked length spectrum are smoothly conjugated.
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1. Introduction, statement of the results

The concept of rigidity arises in several ways in dynamics; one of them is the
problem of knowing when two smooth systems which are topologically conjugated
are actually smoothly conjugated. It appears for instance in the framework of dif-
feomorphisms of the circle. In [2] Arnold proved the first Cω-linearization result.
More precisely, he showed that an analytic diffeomorphism with Diophantine rota-
tion number α and sufficiently close to the rotation Rα is analytically conjugated
to Rα. A global result in the C∞ category is due to Herman, in [31], where he also
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proved the optimality of the Diophantine condition in the smooth case; see also [65],
[40] for related works.

For low dimensional Anosov systems, the question of rigidity has been investigated
in many works, see for instance the series of papers by de la Llave, Marco and
Moriyón [44, 17, 45, 20], [19], and [18]. While renormalization is one of the main tools
behind the study of rigidity for circle diffeomorphisms, the approach for hyperbolic
systems is quite different. Indeed, for such systems, periodic orbits are abundant,
and each of them carries with itself an obstruction to smooth conjugacy, namely the
associated eigenvalues of the differential. In the aforementioned works of de la Llave-
Marco-Moriyón, it is shown that those obstructions are actually complete invariants
for smooth conjugacy classes. The Anosov assumption can be relaxed, namely, we
may consider systems where hyperbolicity is only observed on a subset of the phase
space. In particular, when the non-wandering set is hyperbolic, this leads to the
notion of Axiom A systems. In [60], Pinto-Rand showed that Lipschitz conjugacy
classes of hyperbolic basic sets on surfaces, which possess an invariant measure
absolutely continuous with respect to Hausdorff measure, can be characterised in
many ways, in particular, in terms of eigenvalues at periodic points. Let us also
mention the works [59] and [5], where other rigidity results for hyperbolic sets have
been obtained. In the context of expanding maps in any dimension, Gogolev and
Rodriguez-Hertz [26] have shown that, open and densely, smooth conjugacy classes
are determined by the value of the Jacobian of the return maps at periodic points.

Let us now say a few words on rigidity questions in geometric frameworks. A nat-
ural setting is that of hyperbolic geodesic flows. In this case, the general hope is that
periodic data, in particular, the length spectrum, may be sufficient to characterize
not only smooth conjugacy classes, but also to recover some geometric informa-
tion. The question of spectral rigidity asks whether the (marked) length spectrum
is sufficient to determine the metric up to isometry. There exist various instances
of this problem, both local and non-local. Guillemin-Kazhdan [30] have shown that
compact negatively curved surfaces are spectrally rigid in the deformative sense:
a family (gs)s∈(0,1) of isospectral negatively curved metrics is isometric, that is,
for each s ∈ (0, 1), there exists a diffeomorphism φs such that gs = φ∗sg0. Later,
Paternain-Salo-Uhlmann [55] proved that any Anosov surface is spectrally rigid in
the deformative sense. Let us recall that for hyperbolic surfaces, periodic trajectories
can be naturally marked by free homotopy classes. The question of spectral rigidity
for hyperbolic surfaces was addressed by Otal [54] and independently by Croke [15],
who obtained the following global result: two negatively curved metrics g0 and g1 on
a closed surface with the same marked length spectrum are isometric (see also [16]
for the multidimensional case). Recently, Guillarmou-Lefeuvre [29] proved that in
all dimensions, the marked length spectrum of a Riemannian manifold with Anosov
geodesic flow and non-positive curvature locally determines the metric. See also the
recent work [27] where a sharpened version of Otal and Croke’s result was obtained.
Other works have also investigated the case where the hyperbolic set is not the whole
manifold. For instance, in [28], Guillarmou considers a smooth one-parameter family
(gs)s∈(0,1) of metrics on a smooth connected compact manifold with strictly convex
boundary. When the metrics have no conjugate points, and the trapped set is a
hyperbolic set for the geodesic flow, he proved that if all the metrics in the family
are lens equivalent, then they are isometric. Following this work, Lefeuvre [42] stud-
ied the X-ray transform on a smooth compact connected Riemannian manifold with
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hyperbolic trapped set. Other results in this direction have been recently obtained
also by Chen, Erchenko and Gogolev in [9].

Another setting where rigidity questions for the length spectrum have been inves-
tigated is the case of planar billiards, in particular, for convex domains. One of the
first results was obtained by Colin de Verdière [14], who established dynamical spec-
tral rigidity for convex domains with analytic boundary and a Z2×Z2-symmetry. De
Simoi-Kaloshin-Wei [22] have proved dynamical spectral rigidity for Z2-symmetric
strictly convex domains close to a circle; see also the recent work [3] by Ayub-De
Simoi for ellipses of eccentricity smaller than 0.30. Moreover, recently, for smoothly
conjugate billiard maps of Birkhoff billiards, Kaloshin-Koudjinan [38] study rigidity
in the form of Marvizi-Melrose invariants. Let us also recall that the question of
spectral rigidity for convex billiards can be considered for other kinds of spectra as
well: one of the most famous examples concerns the Dirichlet (or Neumann) spec-
trum, which has been investigated at length, in particular, in a series of works by
Zelditch [66] and Hezari-Zelditch [32, 33, 34, 35]. . . , but also in many others.

Yet, even more than convex billiards, hyperbolic billiards, in particular, dispers-
ing billiards are the most natural analogue of hyperbolic geodesic flows; indeed,
although convex billiards may exhibit some hyperbolicity, for dispersing billiards,
hyperbolicity is present on the whole phase space. The case of Sinai billiards is very
interesting, due to the abundance of periodic orbits; yet, the complicated structure
of the set of periodic orbits as well as the presence of singularities make them hard to
deal with. Many works have been dedicated to the study of open dispersing billiards
(see [25, 43, 47, 48, 49, 62] for instance). Recall that the dynamics of open dispersing
billiards is of Axiom A type, and that their non-wandering set can be described sym-
bolically (see [47] for instance), which allows to define a marked length spectrum.
The rigidity of scattering lengths and travelling times has been investigated in a se-
ries of works by Noakes, Stoyanov, and Petkov (see [51, 52, 53, 63] and also the book
[57]). In particular, lens rigidity was established by Noakes-Stoyanov [51, 53]: open
dispersing billiards in Rd, d ≥ 2, are uniquely determined by the travelling times of
billiard orbits and also by their scattering length spectra. It is interesting to observe
that as in the present work, the conjugacy between the billiard flows of two billiards
with the same spectral data plays an important role: yet, Noakes-Stoyanov consider
the conjugacy between the billiard flows outside the trapped set, while here, we study
the conjugacy precisely on the trapped set ; this is due to the fact that these works
deal with different spectra.

Let us conclude this introduction by mentioning recent rigidity results for
hyperbolic billiards in terms of the length spectrum. In [10], Chen-Kaloshin-Zhang
established the dynamical spectral rigidity of piecewise analytic Bunimovich
stadia and squash type stadia. In [21], De Simoi-Kaloshin and the second author
solved the question of marked length spectral determination for non-eclipsing
open dispersing billiards with analytic boundary and two partial symmetries,
under some mild non-degeneracy condition. Observe that in the Ck category,
k ∈ N≥3 ∪ {+∞}, the marked length spectrum is insufficient to fully determine
the geometry of such tables; indeed, periodic orbits are not dense in the whole
phase space, so it is possible to deform the geometry of the arcs of the table which
are not “seen” by the trapped set, i.e., which come from “gaps” of the projection
on the table of the Cantor set on which we have information through periodic orbits.
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In the present work, we generalize the result of Feldman-Ornstein [23] from con-
tact Anosov flows on 3-manifolds to contact Axiom A flows on 3-manifolds. More
precisely, equality of the length data allows us to upgrade an orbit equivalence to
a flow conjugacy as regular as the flows, see Theorem A. We apply this result to
billiards exhibiting some hyperbolicity, and obtain a dynamical rigidity result: for
k ≥ 3, we show that two Ck open dispersing billiards1 whose billiard maps are
topologically conjugated on some horseshoe and have the same length data are ac-
tually smoothlyconjugated, in a canonicalway (see Theorem C and Corollary D). In
a previous version of this work, we were discussing geometric implications of the
smoothness of the conjugacy, in connection with the question of spectral rigidity;
yet, an error was found in this part by Jacopo De Simoi.

1.1. Preliminaries. Let Φ = (Φt)t∈R be a continuous flow defined on a manifold
M . For each point x ∈ M , we denote by OΦ(x) := {Φt(x)}t∈R the Φ-orbit of x.
We denote by Fix(Φ) := {x ∈ M : Φt(x) = x for all t ∈ R} the set of fixed points
of Φ, and we denote by Per(Φ) := {y ∈ M : ΦT (y) = y for some T > 0} the set
of periodic points of Φ; for any x ∈ Per(Φ), we let TΦ(x) = TΦ(OΦ(x)) > 0 be the
prime period of x. Recall that the non-wandering set Ω(Φ) ⊂M is the set of points
x ∈M such that for any open set U 3 x, any T0 > 0, there exists T > T0 such that
ΦT (U) ∩ U 6= ∅. When Φ is a differentiable flow on some smooth manifold M , we
denote by XΦ(·) := d

dt |t=0Φ(·, t) its flow vector field.
In the following, given an integer n ≥ 1, and β ∈ (0, 1), we say that a function f

is of class Cn,β if f is Cn, and its nth derivative is β-Hölder continuous.

Definition 1.1 (Orbit equivalence). For i = 1, 2, let Φi = (Φt
i)t∈R be a flow defined

on a manifold Mi, and let Λi ⊂Mi be a Φi-invariant subset. We say that the flows
Φ1,Φ2 are orbit equivalent on Λ1,Λ2if there exists a homeomorphism Ψ: Λ1 → Λ2

such that for some continuous function θ : Λ1 × R→ R, we have for each x ∈ Λ1:

• θ(x, 0) = 0, and θ(x, ·) is an increasing C1,β homeomorphism of R, for some
β ∈ (0, 1);

• Ψ ◦ Φt
1(x) = Φ

θ(x,t)
2 ◦Ψ(x), for all t ∈ R.

In other words, Ψ sends Φ1-orbits to Φ2-orbits:

Ψ(OΦ1(x)) = OΦ2(Ψ(x)), for all x ∈ Λ1.

Recall that Ψ is automatically Cδ for some δ ∈ (0, 1), if Λ1,Λ2 are compact hyperbolic
sets (see e.g. Katok-Hasselblatt [39, Theorem 19.1.2]).

Moreover, we say that Ψ is iso-length-spectral if

TΦ1(x) = TΦ2(Ψ(x)), ∀x ∈ Per(Φ1) ∩ Λ1,

i.e., the flows Φ1,Φ2 have the same periodic length data.
If M1,M2 are smooth, and Φ1,Φ2 are differentiable flows, we abbreviate as Xi :=

XΦi the flow vector field, for i = 1, 2, and we say that Ψ is differentiable along
Φ1-orbits (in Λ1) if the Lie derivative

Λ1 3 x 7→ LX1Ψ(x) := lim
t→0

1

t

(
Ψ ◦ Φt

1(x)−Ψ(x)
)
∈ RX2 ◦Ψ(x)

is a well-defined continuous function.

1Actually, the same result also holds for more general billiards, see Theorem C.



SMOOTH CONJUGACY CLASSES OF 3D AXIOM A FLOWS 5

Definition 1.2 (Adapted contact form). Given a smooth (connected) 3-manifold
M , recall that a contactform is a smooth differential one-form that satisfies the non-
integrability condition α ∧ dα 6= 0; without loss of generality, we may assume that
α ∧ dα > 0.

Let k ≥ 2, and let Φ = (Φt)t∈R be a Ck Axiom A flow defined on a smooth
3-manifold M . Given a basic set Λ ⊂ M for Φ, we say that a contact form α is
adapted to Λ if it satisfies the following Reeb conditions:

(a) ıXα|Λ ≡ 1;
(b) X|Wcs

Φ (Λ) ∈ ker dα|Wcs
Φ (Λ) and X|Wcu

Φ (Λ) ∈ ker dα|Wcu
Φ (Λ).

In the following, we fix a C∞ smooth Riemannian manifold M , and we consider
a C2 flow Φ = (Φt)t∈R on M .

Definition 1.3 (Hyperbolic set). A Φ-invariant compact subset Λ ⊂M \Fix(Φ) is
called a (uniformly) hyperbolic set (for Φ) if there exists a DΦ-invariant splitting

TxM = Es(x)⊕ RX(x)⊕ Eu(x), ∀x ∈ Λ,

where the (strong) stable bundle EsΦ, resp. the (strong) unstable bundle EuΦ is uni-
formly contracted, resp. expanded, i.e., there exist C > 0, λ ∈ (0, 1) such that

‖DΦt(x) · v‖ ≤ Cλt‖v‖, ∀x ∈ Λ, ∀ v ∈ EsΦ(x), ∀ t ≥ 0,

‖DΦ−t(x) · v‖ ≤ Cλt‖v‖, ∀x ∈ Λ, ∀ v ∈ EuΦ(x), ∀ t ≥ 0.

We also denote by EcsΦ , resp. EcuΦ , the weak stable bundle EcsΦ := EsΦ ⊕ RX, resp.
the weak unstable bundle EcuΦ := RX ⊕ EuΦ.

Let us recall the definition of an Axiom A flow:

Definition 1.4 (Axiom A flow). A flow Φ: M × R → M is called Axiom A if the
non-wandering set Ω(Φ) ⊂ M can be written as a disjoint union Ω(Φ) = Λ ∪ F ,
where Λ is a closed hyperbolic set such that periodic orbits are dense in Λ, and
F ⊂ Fix(Φ) is a finite union of hyperbolic fixed points.

Definition 1.5 (Lamination). Let n ≥ 1, β ∈ (0, 1). A Cn,β-lamination of a set
Λ ⊂M is a disjoint collection of Cn,β submanifolds of a given same dimension, which
vary continuously in the Cn,β-topology, and whose union contains the set Λ.

Let Φ: M × R → M be an Axiom A flow with a decomposition Ω(Φ) = Λ ∪ F
as in Definition 1.4. The stable bundle EsΦ, resp. the unstable bundle EuΦ, over Λ
integrates to a continuous lamination Ws

Φ, resp. Wu
Φ, called the (strong) stable lam-

ination, resp. the (strong) unstable lamination. Similarly, EcsΦ , resp. EcuΦ integrates
to a continuous lamination Wcs

Φ , resp. Wcu
Φ , called the weak stable lamination, resp.

the weak unstable lamination. For each point x ∈ Λ, a local orbit segment in OΦ(x)
containing x will also be denoted as Wc

Φ,loc(x) = Wcs
Φ,loc(x) ∩ Wcu

Φ,loc(x). Each of

these laminations is invariant under the dynamics, i.e., Φt(W∗Φ(x)) = W∗Φ(Φt(x)),
for all x ∈ M and ∗ = s, u, c, cs, cu. For each subset S ⊂ Λ, we also denote
W∗Φ(S) := ∪x∈SW∗Φ(x), for ∗ = s, u, c, cs, cu.

Besides, we have Λ = Λ1 ∪ · · · ∪ Λm for some integer m ≥ 1, where for each i ∈
{1, . . . ,m}, Λi is a hyperbolic set such that Φ|Λi is transitive, and Λi = ∩t∈RΦt(Ui)
for some open set Ui ⊃ Λi. The set Λi is called a basic set of Φ.
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Remark 1.6. In general, the stable/unstable distributions E
s/u
F at a hyperbolic

invariant set Λ of some diffeomorphism F are only Hölder continuous, but according
to Pinto-Rand [58], when the stable, resp. unstable leaves are one-dimensional, and
Λ has local product structure, then the stable holonomies, resp. unstable holonomies
are of class C1,β, β ∈ (0, 1). In our case, both distributions are one-dimensional, so
the holonomies will be C1,β, for some β ∈ (0, 1).

Let us recall the following version of the extension theorem due to Whitney [64].
It legitimates the notion of differentiability in Whitney sense.

Theorem 1.7. Fix an integer k ≥ 1. Let A ⊂ Rn be a closed subset, n ≥ 1, and let
f0, . . . , fk : A→ R be continuous functions such that for some β ∈ (0, 1), it holds

(1.1) f0(y)− f0(x) =
k∑
j=1

fj(x)

j!
(y − x)j +O(|y − x|k+β), ∀x, y ∈ A.

Then, there exists a Ck,β function f : Rn → R such that f |A = f0|A, f (j)|A = fj |A
for j = 1, . . . , k, and f |Rn\A is Cω. A function f0 : A → R which satisfies (1.1) for

some functions f1, . . . , fk : A→ R is said to be Ck,β in Whitney sense.

1.2. Dynamical spectral rigidity of contact Axiom A flows. Our main dy-
namical result is the following.

Theorem A (Length spectral rigidity on basic sets). Fix k ≥ 2. For i = 1, 2, let
Φi = (Φt

i)t∈R be a Ck Axiom A flow defined on a 3-manifold Mi. Let Λi be a basic
set for Φi, and assume that there exists a smooth contact form αi on Mi that is
adapted to Λi. If there exists an orbit equivalence Ψ0 : Λ1 → Λ2 between Φ1|Λ1 and
Φ2|Λ2 that is differentiable along Φ1-orbits and iso-length-spectral, then

(1) Φ1|Λ1, Φ2|Λ2 are Ck-conjugate; more precisely, there exists a Hölder contin-
uous homeomorphism Ψ: Λ1 → Λ2 that is Ck in Whitney sense, such that

Ψ ◦ Φt
1(x) = Φt

2 ◦Ψ(x), for all (x, t) ∈ Λ1 × R;

(2) Ψ preserves the contact form, i.e., Ψ∗α2|Λ1 = α1|Λ1.

In other terms, iso-length-spectral orbit equivalence classes between basic sets of
Ck Axiom A flows with an adapted contact form are in one-to-one correspondence
with Ck flow conjugacy classes between these basic sets, where the conjugacy pre-
serves the contact form. Besides, it will be clear from the proof that the Ck-regularity
is actually needed on Λi (in Whitney sense).

Remark 1.8. Let Φ1,Φ2, and let Λ1, Λ2 be as in Theorem A. The flow conjugacy
Ψ: Λ1 → Λ2 between Φ1|Λ1 and Φ2|Λ2 given by Theorem A is essentially unique.

Indeed, for any other flow conjugacy Ψ̃ : Λ1 → Λ2, it holds

(Ψ−1 ◦ Ψ̃) ◦ Φt
1 = Φt

1 ◦ (Ψ−1 ◦ Ψ̃) on Λ1,

that is, Ψ−1 ◦ Ψ̃ is in the diffeomorphism centralizer of Φ1|Λ1 . By [4, Theorem 1.4],

the centralizer is trivial, hence Ψ̃ = Ψ ◦ ΦT
1 , for some T ∈ R. In Subsection 3.1, we

explain that in some cases (when the system has a time-reversal symmetry) there is
a natural way to choose T so as to make the conjugacy canonical.
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Since the Hausdorff dimension is preserved by Lipschitz continuous homeomor-
phisms, and since the stable/unstable Hausdorff dimensions are constant on Λ (see
for instance [56]), we deduce from Theorem A the following result:

Corollary B. Let Φ = (Φt)t∈R be a Ck Axiom A flow defined on a smooth 3-manifold
M , k ≥ 2. Let Λ be a basic set for Φ with an adapted smooth contact form α. Then,
the Hausdorff dimensions dimH(Λ), δ(s)(Λ), δ(u)(Λ) are invariant under iso-length-

spectral orbit equivalences, where for ∗ = s, u, we let δ(∗)(Λ) := dimH(Λ ∩W∗Φ(x)),
for any x ∈ Λ.

1.3. Open dispersing billiards. We consider a billiard table D = R2 \
⋃`
i=1Oi

obtained by removing from the plane ` ≥ 3 obstacles O1, . . . ,O`, each Oi being
a convex domain with Ck boundary ∂Oi, for some k ≥ 3, such that O1, . . . ,O`
are pairwise disjoint. For each i ∈ {1, . . . , `}, we let |∂Oi| be the corresponding
perimeter, and parametrize each ∂Oi counterclockwisely in arc-length by some map
Υi ∈ Ck(Ti,R2), s 7→ Υi(s), where Ti := R/(|∂Oi|Z). The set of all such billiard
tables will be denoted by B, and for each ` ≥ 3, we let B(`) ⊂ B be the subset of
tables with ` obstacles.

Let D = R2 \
⋃`
i=1Oi ∈ B, for some ` ≥ 3. We denote the collision space by

M :=
⋃
i

Mi, Mi := {(q, v), q ∈ ∂Oi, v ∈ R2, ‖v‖ = 1, 〈v, n〉 ≥ 0},

where n is the unit normal vector to ∂Oi pointing outside Oi. For each x = (q, v) ∈
M, we have q = Υi(s), for some i ∈ {1, . . . , `} and some arc-length parameter
s ∈ Ti; we let ϕ ∈ [−π

2 ,
π
2 ] be the oriented angle between n and v, and set r := sinϕ.

Therefore, eachMi can be seen as a cylinder Ti× [−1, 1] endowed with coordinates
(s, r). In the following, given a point x = (s, r) ∈ M, we let Υ(s) := q be the
associated point of ∂D.

For each pair (s1, r1), (s2, r2) ∈M, we denote by

(1.2) h(s1, s2) := ‖Υ(s1)−Υ(s2)‖

the Euclidean length of the segment connecting the associated points of the table.
Let M := {(q, v) ∈ D × S1}/ ∼ be the quotient of D × S1 by the relation ∼:

(q1, v1) ∼ (q2, v2) ⇐⇒ q1 = q2 ∈ ∂D and v2 = Rq1(v1),

where Rq1 is the reflection in R2 with respect to the tangent line Tq1∂D. An element
of M will be denoted as [(q, v)]. In the following, we identify a point [(q, v)] ∈ M,
q ∈ ∂D, with the corresponding element (q, v) ∈ M. Let Φ = (Φt)t∈R be the
associated billiard flow on M. We can describe this flow with coordinates (x, y, ω),
where (x, y) ∈ R2 are the Cartesian coordinates of some point q ∈ D on the table
and ω ∈ [0, 2π) denotes the couterclockwise angle between the positive x axis and
the velocity vector v. In the recent paper [41, Section 3] by Kster-Schtte-Weich,
the authors give a detailed description of smooth models for the billiard flow, which
remain of contact type; besides, such smooth models are unique in a strong sense,
hence can be considered as intrinsic to the billiard system.

For each x ∈M, we let τ(x) ∈ R+ ∪{+∞} be the first return time of the Φ-orbit
of x to M, and denote by

F = F(D) : M∩ {τ 6= +∞} →M, x 7→ Φτ(x)(x)
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the associated billiard map, which we see as a map F : (s, r) 7→ (s′, r′), with s′ =
s′(s, r) and r′ = r′(s, r).

Figure 1. An open dispersing billiard and its phase space.

For any point x = (s, r) ∈ M with a well-defined image (s′, r′) = F(s, r), recall
that h = h(s, s′) is the distance between the two points of collision. Note that
h(s, s′) = h(s, s′(s, r)) = τ(s, r) is the first return time of (s, r) ∈ M to M. Let

K := K(s), K′ := K(s′) be the respective curvatures, and set ν = ν(r) :=
√

1− r2,

ν ′ := ν(r′) =
√

1− (r′)2. By the formulas in Chernov-Markarian [12], the differential
of the billiard map is

(1.3) DF(s, r) = −
[

1
ν′ (hK + ν) h

νν′

hKK′ +Kν ′ +K′ν 1
ν (hK′ + ν ′)

]
.

The map F is exact symplectic for the Liouville form λ = −rds:

(1.4) F∗λ− λ = dτ.

Fix a lift F̃ of F to R × [−1, 1]. We let |∂D| := |∂O1| + · · · + |∂Om| be the total
perimeter, and extend the definition of h by letting h(s+p|∂D|, s′+q|∂D|) = h(s, s′),

for any p, q ∈ Z. Then, h is a generating function2 for the dynamics of F̃ (or F):{
r = ∂h(s,s′)

∂s ,

r′ = −∂h(s,s′)
∂s′ .

Observe that F is a negative twist map, i.e., ∂s
′

∂r (s, r) < 0, and that − ∂2h
∂s∂s′ (s, s

′) > 0.
Let us also recall that the time-reversal involution I : (s, r) 7→ (s,−r) conjugates the
billiard map with its inverse, i.e., F ◦ I = I ◦ F−1.

Due to the strict convexity of the obstacles, the dynamics is of Axiom A type (see
[48, 49] or [62, Subsection 2.1] for more details). In connection with Remark 1.6,

2In the following, we will also refer to the function τ = τ(s, r) as a generating function.
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let us also recall that several works have been dedicated to the smoothness of sta-
ble/unstable laminations of open dispersing billiards (see Morita [48] and Stoyanov
[62]). Besides, if the non-wandering set

Ω(F) :=
⋂
j∈Z
F j(M)

has no tangential collisions, then it is a hyperbolic set; moreover, we have Ω(F) =
Λ∪F , Λ∩F = ∅, where F is a finite union of periodic points, and Λ can be written
as a disjoint union Λ = Λ1 ∪ · · · ∪ Λm, m ≥ 1, each Λi being a horseshoe such
that F|Λi is conjugated to a non-trivial subshift of finite type. In the following,
for each point x ∈ Ω(F), we denote by Ws

F (x), resp. Wu
F (x), its stable, resp.

unstable manifold for the map F . The non-wandering set Ω(Φ) of the billiard flow
Φ is the set of all points in the orbit of some x ∈ Ω(F). Similarly, when speaking
about a basic set for Φ in the following, we mean the union of orbits of all the
points in a set Λi as above, for some i ∈ {1, . . . ,m}. Let us define the quotient set
Λτi := {(s, r, t) ∈ Λi × R : 0 ≤ t ≤ τ(s, r)}/ ≈, where

((s, r), τ(s, r)) ≈ (F(s, r), 0).

We can identify Λτi with the set {(s, r, t) ∈ Λi × R : 0 ≤ t < τ(s, r)}, and define the
projection Π: Λτi → ∂D as3

(1.5) Π(s, r, t) := s ' Υ(s).

The billiard flow Φ restricted to the orbits of points in Λi is defined at all times
and can be seen as a special flow induced by the vertical vector field X = ∂

∂t =
(0, 0, 1) on Λτi . Actually, the (x, y, ω)-coordinates introduced above are slightly more
convenient, as they also allow to describe points which are not in Ω(Φ): for any point
(s, r, t) ∈ Λτi , with r = sinϕ ∈ (−1, 1), t ∈ [0, τ(s, r)), we let U(s, r, t) := (x, y, ω) ∈
M be the corresponding (x, y, ω)-coordinates, with x = x(s, r, t), y = y(s, r, t), and

ω = ω(s, r) = ∠
(
R−π

2
+ϕ

(
Υ′(s)

)
, (1, 0)

)
= ∠

(
R−π

2
+arcsin r

(
Υ′(s)

)
, (1, 0)

)
,(

x(s, r, t), y(s, r, t)
)

= Υ(s) + t(cosω, sinω),

where Υ(s) is the associated point of ∂D, and for θ ∈ R, Rθ is the rotation of angle
θ. The map Υ is Ck, hence the change of coordinates U is of class Ck−1.

Claim 1.9. The contact form α = λ+ dt is adapted to Λτi (recall Definition 1.2).

Proof. Let us verify that ıXα = 1 and ıXdα = 0. Indeed, for any (s, r, t) =
((s, r), t) ∈M× R, we have

α(s, r, t)
(
X(s, r, t)

)
= (λ(s, r) + dt)

∂

∂t
= 1,

and

dα(s, r, t)(X(s, r, t)) = dλ(s, r)
∂

∂t
= 0.

Besides, for W : (s, r, t) 7→ (F(s, r), t− τ(s, r)), we have

W ∗α(s, r, t) = α ◦W (s, r, t) = α(F(s, r), t− τ(s, r))

= λ(F(s, r)) + d(t− τ(s, r)) = F∗λ(s, r) + dt− dτ(s, r)

= λ(s, r) + dτ(s, r) + dt− dτ(s, r) = α(s, r, t).

3By a slight abuse of notation, we will also denote by Π: Λi → ∂D the projection (s, r) 7→ s.
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Therefore, α descends to an adapted contact form on Λτi . �

Let us also recall how the contact structure looks like in (x, y, ω)-coordinates. For
each point X = (x, y, ω) ∈M, we let

TXM ⊃ T 0
XM := ker

(
− sinωdx+ cosωdy

)
∩ ker

(
dω
)
,

TXM ⊃ T⊥XM := ker
(

cosωdx+ sinωdy
)
.

The one-dimensional subbundle T 0M ⊂ TM and the two-dimensional subbundle
T⊥M ⊂ TM are DΦ-invariant. More precisely, for any t ∈ R, the differential DΦt

acts on T 0M⊕ T⊥M as follows (see Chernov-Markarian [12] for more details):

DΦt(X) =

[
1 0
0 D⊥Φt(X)

]
, ∀X ∈M.

In particular, cosωdx+sinωdy is the contact form in (x, y, ω)-coordinates, and T⊥M
is the associated contact distribution.

Definition 1.10. Let D1,D2 be two billiards with Ck boundaries, for some k ≥ 3,
and let Φ1,Φ2 be the associated billiard flows. If there exist two basic sets Λτ11 ⊂
Ω(Φ1), Λτ22 ⊂ Ω(Φ2), and an iso-length-spectral orbit equivalence between Φ1|Λτ11

and Φ2|Λτ22
, we will simply say that D1,D2 are iso-length-spectral on Λτ11 ,Λ

τ2
2 .

Theorem C (Smooth conjugacy of billiard maps of isospectral hyperbolic billiards).
Let D1,D2 be two billiards with Ck boundaries, for some k ≥ 3, and let Φ1,Φ2 be the
associated billiard flows. Let us consider a basic set Λτii for Φi, i = 1, 2, and let Λi
be the horseshoe4 obtained by projecting Λτii onto the first two coordinates (si, ri). If

D1,D2 are iso-length-spectral on Λτ11 , Λτ22 , then there exists a map Ψ̃ : (s1, r1, t1) 7→
(s2, r2, t2) which conjugates Φ1,Φ2 on Λτ11 ,Λ

τ2
2 respectively. The map Ψ̃ induces a

conjugacy Ψ: Λ1 → Λ2 between the respective billiard maps F1|Λ1 ,F2|Λ2 which is
Ck−1 in Whitney sense, and such that Ψ∗(ds2 ∧ dr2) = ds1 ∧ dr1 on Λ1.

Moreover, the respective generating functions τ1, τ2 of F1,F2 satisfy

(1.6) τ2 ◦Ψ− τ1 = χ ◦ F1 − χ on Λ1,

for some function χ : Λ1 → R which is Ck−1 in Whitney sense, such that

(1.7) Ψ∗λ2 − λ1 = dχ on Λ1, where λi = −ridsi, i = 1, 2.

Let Ii : (si, ri) 7→ (si,−ri), i = 1, 2, be the respective time-reversal involutions. If
Ψ−1 ◦ I2 ◦Ψ ◦ I1|Λ1 fixes F1-orbits, i.e., I2 ◦Ψ(x1) and Ψ ◦ I1(x1) are in the same
F2-orbit, for all x1 ∈ Λ1, and if there exists a 2-periodic point x1 ∈ Λ1 or a point
x1 ∈ Λ1∩{r1 = 0} whose orbit is dense in Λ1 and such that Fm2 ◦Ψ(x1) ∈ {r2 = 0},
for some m ∈ Z, then Ψ, resp. χ, can be chosen in a unique way such that

(1.8) Ψ ◦ I1|Λ1 = I2 ◦Ψ|Λ1 , resp. χ ◦ I1|Λ1 = −χ|Λ1 .

The proof of Theorem C is given in Section 3.

Remark 1.11. Theorem C applies naturally to open dispersing billiards, as those
exhibit uniformly hyperbolic dynamics. Yet, even in the case of convex billiards,
generically, hyperbolic dynamics arises from Aubry-Mather periodic orbits with

4Let us recall that a horseshoe for a diffeomorphism f is a transitive, locally maximal hyperbolic
set that is totally disconnected and not finite.
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transverse heteroclinic intersections (see for instance [1, 36] for more details). Thus,
our result may also be applied to the associated horseshoes.

Remark 1.12. The coboundary χ in Theorem C can be interpreted as the difference
between stable (or unstable) actions for the billiard maps F1,F2. Indeed, fix a 2-
periodic point p1 ∈ Λ1, and let p2 := Ψ(p1) ∈ Λ2. Let us consider a point x1 ∈ Λ1 in
the stable manifoldWs

F1
(p1) of p1, and let x2 := Ψ(x1) ∈ Ws

F2
(p2)∩Λ2. For i = 1, 2,

we define the stable action of xi as the sum of the following convergent series:

Aspi,Fi(xi) = Asi (xi) :=
+∞∑
k=0

(
τi ◦ Fki (xi)− τi ◦ Fki (pi)

)
.

Since the two billiards have the same periodic length data, and since p1, p2 are 2-
periodic, we have τ1◦Fk1 (p1) = τ2◦Fk2 (p2), for each k ∈ Z. Observe that limk→+∞ χ◦
Fk1 (x1) = χ(p1) = 0 (as χ(p1) = χ ◦ I1(p1) = −χ(p1), by (1.8)). By (1.6), we thus
conclude that

As1(x1)−As2(x2) =
+∞∑
k=0

(
τ1◦Fk1 (x1)−τ2◦Fk2 (x2)

)
= χ(x1)− lim

k→+∞
χ◦Fk1 (x1) = χ(x1),

i.e., χ(x1) is the difference between the stable actions As1(x1) and As2(Ψ(x1)).

1.4. Open dispersing billiards without eclipse. We now discuss the following
important example (see for instance [47, 21] for more details). Fix an integer ` ≥ 3.

We let Bne(`) ⊂ B(`) be the set of all billiards D = R2 \
⋃`
i=1Oi ∈ B(`) which

satisfy the following

Non-eclipse condition: The convex hull of any two obstacles is disjoint from
any other obstacle.

Let F , resp. Φ be the associated billiard map, resp. billiard flow. The non-
wandering set Ω(F) is reduced to a single basic set Λ. Moreover, F|Λ is conjugated
by some Hölder homeomorphism to the subshift of finite type associated with the
transition matrix (1−δi,j)1≤i,j≤`, where δi,j = 1, when i = j, and δi,j = 0 otherwise,
when i 6= j. In other words, any admissible word ς ∈ Adm∞, i.e., such that ς =
(ςj)j ∈ {1, . . . , `}Z with ςj+1 6= ςj , for all j ∈ Z, can be realized by an orbit, and
by hyperbolicity of the dynamics, this orbit is unique. We denote by x(ς) ∈ Ω(F)
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the point with symbolic coding ς. Let Adm ⊂ ∪j≥2{1, . . . , `}j be the set of all finite
words σ = σ1 . . . σj , j ≥ 2, such that σ∞ := · · ·σσσ · · · ∈ Adm∞. It is the set of
symbolic codings of periodic orbits. In particular, we may thus define the marked
length spectrum MLS(D) as the map

MLS(D) : Adm→ R, σ 7→ L(σ),

where L(σ) = TΦ(x(σ∞)) is the perimeter of the periodic orbit encoded by σ.
For any billiards D1,D2 ∈ Bne(`) with respective billiard maps F1,F2, the restric-

tions F1|Ω(F1), F2|Ω(F2) are topologically conjugated in a canonical way, by sending
a point x1 ∈ Ω(F1) to the point x2 ∈ Ω(F2) with the same coding. The billiard flows
Φ1,Φ2 are thus orbit equivalent through some Hölder continuous orbit equivalence.

Corollary D. Fix ` ≥ 3, and let D1,D2 ∈ Bne(`) with Ck boundaries, for some
k ≥ 3. If D1,D2 have the same marked length spectrum, then the respective billiard
maps F1,F2 are conjugated on Ω1 := Ω(F1), Ω2 := Ω(F2) by a map Ψ: Ω1 → Ω2 that
is Ck−1 in Whitney sense, such that Ψ∗(ds2 ∧ dr2) = ds1 ∧ dr1 and Ψ ◦ I1 = I2 ◦Ψ
on Ω1, where Ii : (si, ri) 7→ (si,−ri), for i = 1, 2, is the time-reversal involution.
Moreover, (1.6)-(1.7)-(1.8) in Theorem C hold for some coboundary χ : Λ1 → R
which is Ck−1 in Whitney sense.

Acknowledgements: We thank Péter Bálint, Sylvain Crovisier, Jacques Féjoz,
Andrey Gogolev, Colin Guillarmou, Umberto L. Hryniewicz, Thibault Lefeuvre,
Jean-Pierre Marco, Federico Rodriguez Hertz, Disheng Xu for their encouragement
and several useful discussions. We are especially grateful to Marie-Claude Arnaud,
Jacopo De Simoi, Livio Flaminio, Vadim Kaloshin, and Ke Zhang for many conver-
sations about this work, and for having pointed out a mistake in a previous version
of the paper.

2. Smooth conjugacy classes for 3D Axiom A flows on basic sets

2.1. Synchronization of the flows using periodic data. Let us start by recall-
ing the fact that an orbit equivalence between two hyperbolic flows can be upgraded
to a flow conjugacy as long as the lengths of associated periodic orbits coincide.

Proposition 2.1. Let k ≥ 2, and let Φ1 = (Φt
1)t∈R, resp. Φ2 = (Φt

2)t∈R be a
Ck Axiom A flow defined on a smooth manifold M1, resp. M2, and let Λ1, resp.
Λ2 be a basic set for Φ1, resp. Φ2. Assume that there exists an orbit equivalence
Ψ0 : Λ1 → Λ2 differentiable along Φ1-orbits, and that

(2.1) TΦ1(x) = TΦ2(Ψ(x)), for each x ∈ Per(Φ1) ∩ Λ1.

Then the flows Φ1,Φ2 are topologically conjugate, i.e., there exists a homeomorphism
Ψ: Λ1 → Λ2 such that

Ψ ◦ Φt
1(x) = Φt

2 ◦Ψ(x), for all (x, t) ∈ Λ1 × R.

Proof. The proof is classical but we recall it here for completeness.
We fix an orbit equivalence Ψ0 : Λ1 → Λ2 that is differentiable along Φ1-orbits.

Let X1, X2 be the respective flow vector fields of Φ1,Φ2, and let LX1Ψ0 be the Lie
derivative of Ψ0 along Φ1. As Ψ0 sends Φ1-orbits to Φ2-orbits, it holds

LX1Ψ0(x) = vΨ0(x)X2(Ψ0(x)), for all x ∈ Λ1,
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for some function vΨ0 : Λ1 → R which measures the “speed” of Ψ0 along the flow
direction. Observe that vΨ0(x) = d

dt |t=0θ(x, t).
By (2.1), for each x ∈ Per(Φ1) ∩ Λ1 we have∫ TΦ1

(x)

0
dt = TΦ1(x) = TΦ2(Ψ0(x)) =

∫ TΦ1
(x)

0

d

ds
|s=0θ(Φ

t
1(x), s)dt =

∫ TΦ1
(x)

0
vΨ0(Φt

1(x))dt,

hence

1

TΦ1(x)

∫ TΦ1
(x)

0

(
vΨ0(Φt

1(x))− 1
)
dt = 0, for each x ∈ Per(Φ1) ∩ Λ1.

We deduce from Livsic’s theorem (see [39, Subsection 19.2]) that there exists a
continuous function u : Λ1 → R differentiable along Φ1-orbits such that vΨ0 − 1 =

LX1u. Let us set Ψ: x 7→ Φ
−u(x)
2 ◦Ψ0(x). Given any x ∈ Λ1, we compute

vΨ(x)X2(Ψ(x)) = LX1

(
Φ
−u(x)
2 ◦Ψ0

)
(x)

= lim
t→0

1

t

(
Φ
θ(x,t)−u(Φt1(x))
2 ◦Ψ0(x)− Φ

−u(x)
2 ◦Ψ0(x)

)
= X2(Φ

−u(x)
2 ◦Ψ0(x)) lim

t→0

1

t

(
θ(x, t)− u(Φt

1(x)) + u(x)
)

=
(
vΨ0(x)− LX1u(x)

)
X2

(
Φ
−u(x)
2 ◦Ψ0(x)

)
= X2(Ψ(x)),

i.e., vΨ ≡ 1 on Λ1.
As a result, the homeomorphism Ψ is a flow conjugacy between Φ1 and Φ2 on Λ1:

Ψ ◦ Φt
1(x) = Φt

2 ◦Ψ(x), for all (x, t) ∈ Λ1 × R.

�

2.2. Markov families for Axiom A flows on basic sets. In this part, we recall
some classical facts about Markov families for Axiom A flows on basic sets, following
the presentation given in [11].

Let k ≥ 2, and let Φ = (Φt)t∈R be a Ck Axiom A flow defined on a smooth
manifold M .

Definition 2.2 (Rectangle, proper family). A closed subset R ⊂ M is called a
rectangle if there is a small closed codimension one smooth disk D ⊂M transverse
to the flow Φ such that R ⊂ D, and for any x, y ∈ R, the point

[x, y]R := D ∩Wcs
Φ,loc(x) ∩Wcu

Φ,loc(y)

exists and also belongs to R. A rectangle R is called proper if R = int(R) in the
topology of D. For any rectangle R and any x ∈ R, we let

Ws
R(x) := R ∩Wcs

Φ,loc(x), Wu
R(x) := R ∩Wcu

Φ,loc(x).

A finite collection of proper rectangles R = {R1, . . . , Rm}, m ≥ 1, is called a
proper family of size ε > 0 if:

(1) M = {Φt(S) : t ∈ [−ε, 0]}, where S := R1 ∪ · · · ∪Rm;
(2) diam(Di) < ε, for each i = 1, . . . ,m, where Di ⊃ Ri is a disk as above;
(3) for any i 6= j, Di ∩ {Φt(Dj) : t ∈ [0, ε]} = ∅ or Dj ∩ {Φt(Di) : t ∈ [0, ε]} = ∅.

The set S is called a cross-section of the flow Φ.



14 ANNA FLORIO AND MARTIN LEGUIL

Notation 2.3. Let R = {R1, . . . , Rm} be a proper family with m ≥ 1 elements.
The cross-section S := R1∪· · ·∪Rm is associated with a Poincaré map F : S → S,

where for any x ∈ S, we let F(x) := ΦτS(x)(x), the function τS : S → R+ being the
first return time on S, i.e., τS(x) := inf{t > 0 : Φt(x) ∈ S} > 0, for all x ∈ S.

Besides, for ∗ = s, u and x ∈ Ri, i ∈ {1, . . . ,m}, we also let W∗F (x) :=W∗Ri(x).

Definition 2.4 (Markov family). Given some small ε > 0, and some integer m ≥ 1,
a proper family R = {R1, . . . , Rm} of size ε, with Poincaré map F , is called a
Markov family if it satisfies the following Markov property: for any x ∈ int(Ri) ∩
F−1(int(Rj)) ∩ F(int(Rk)), with i, j, k ∈ {1, . . . ,m}, it holds

Ws
Ri(x) ⊂ F−1(Ws

Rj
(F(x))) and Wu

Ri(x) ⊂ F(Wu
Rk

(F−1(x))).

Theorem 2.5 (see Theorem 2.5 in [7], see also Theorem 4.2 in [11]). The restriction
of an Axiom A flow to any basic set has a Markov family of arbitrary small size.

Figure 2. Markov family for the flow Φ.

2.3. Quadrilaterals and temporal displacements. Let Φ = (Φt)t∈R be a Ck
Axiom A flow on a smooth manifold M , with k ≥ 2, and fix a basic set Λ for Φ.

Definition 2.6 (Quadrilaterals). A quadrilateral is a quadruple Q =
(x0, x1, x2, x3) ⊂ Λ4 such that x1 ∈ Ws

Φ,loc(x0), x2 ∈ Wu
Φ,loc(x1) and x3 ∈

Ws
Φ,loc(x2) ∩ Wcu

Φ,loc(x0). We let x4 = x4(Q) := Wc
Φ,loc(x0) ∩ Wu

Φ,loc(x3). In par-

ticular, x4 = Φt(x0), for some time t = t(Q) ∈ R.

Let us consider a proper Markov family R = {R1, . . . , Rm} for Φ|Λ of size ε, for
some integer m ≥ 1 and some small ε > 0. Let F be the associated Poincaré map,
and set S := R1 ∪ · · · ∪Rm. We denote by Λ := Λ ∩ S the trace of Λ on S.

We say that a quadrilateral Q = (x0, x1, x2, x3) ⊂ Λ4 is R-good if x0 ∈ Ri for
some i = i(Q) ∈ {1, . . . ,m}, and xj ∈ ∪t∈(− ε

2
, ε
2

)Φ
t(Ri), for each j ∈ {1, . . . , 4}. Note

that, up to time translation, there is no loss of generality to assume that x0 ∈ S. For
any such quadrilateral, and for j ∈ {1, . . . , 4}, we denote by x̄j the projection along

the flow line of xj on Ri, and we let Q := (x̄0, x̄1, x̄2, x̄3). Note that x̄0, . . . , x̄3 ∈ Λ;
besides, x̄1 ∈ Ws

Ri
(x̄0), x̄2 ∈ Wu

Ri
(x̄1), and x̄3 ∈ Ws

Ri
(x̄2) ∩Wu

Ri
(x̄0).
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Definition 2.7 (s/u-holonomies). Fix i ∈ {1, . . . ,m}, and let z0, z1 ∈ Ri ∩ Λ be
such that z1 ∈ Ws

Ri
(z0). We define the stable holonomy Hs

S(z0, z1) ∈ R as the time

t ∈ R with smallest absolute value |t| such that Φt(z1) ∈ Ws
Φ,loc(z0). Similarly, for

any z0, z1 ∈ Ri ∩ Λ, z1 ∈ Wu
Ri

(z0), we define the unstable holonomy Hu
S(z0, z1) ∈ R

as the time t ∈ R with smallest absolute value |t| such that Φt(z1) ∈ Wu
Φ,loc(z0).

Lemma 2.8. For any i ∈ {1, . . . ,m}, and for any z0, z1 ∈ Ws
Ri

(z0), it holds

Hs
S(z0, z1) =

+∞∑
j=0

τS(F j(z1))− τS(F j(z0)).

Proof. Fix i ∈ {1, . . . ,m}, and let z0, z1 ∈ Ri ∩ Λ be such that z1 ∈ Ws
Ri

(z0). We

abbreviate H := Hs
S(z0, z1) and set z2 = ΦH(z1). Fix ε > 0 arbitrarily small. As

z1 ∈ Ws
Ri

(z0) and z2 ∈ Ws
Φ,loc(z0), for n� 1 sufficiently large, it holds

(2.2)
d(Fn(z0),Fn(z1)) < ε,
d(Φtn(z0),Φtn(z2)) < ε,

with Fn(z0) = Φtn(z0) and tn :=
∑n−1

j=0 τS(F j(z0)). Set un :=
∑n−1

j=0 τS(F j(z1)), so

that Fn(z1) = Φun(z1). The points Fn(z0),Fn(z1) are exponentially close, and τS
is Lipschitz, hence the sequence (un − tn)n≥1 converges to some limit ` ∈ R. Since
z2 = ΦH(z1), and by the triangular inequality, (2.2) yields

d(Φun(z1),Φtn+H(z1)) < 2ε.

As we are considering local manifolds, we deduce that |un− tn−H| < Cε, for some
uniform constant C > 0. Letting n→ +∞, we get ` = H, i.e.,

H =

+∞∑
j=0

τS(F j(z1))− τS(F j(z0)).

�

Using the same ideas as in Lemma 2.8, we have the following

Lemma 2.9. For any i ∈ {1, . . . ,m}, and for any z0, z1 ∈ Wu
Ri

(z0), it holds

Hu
S(z0, z1) =

−1∑
j=−∞

τS(F j(z0))− τS(F j(z1)).

Let Q = (x0, x1, x2, x3) ⊂ Λ4 be a R-good quadrilateral, with x0 ∈ Ri, i ∈
{1, . . . ,m}. Let x4 = x4(Q), and let Q := (x̄0, x̄1, x̄2, x̄3). As x̄1 ∈ Ws

Ri
(x̄0), x̄2 ∈

Wu
Ri

(x̄1), and x̄3 ∈ Ws
Ri

(x̄2) ∩ Wu
Ri

(x̄0), we may define the temporal displacement
H(Q) ∈ R as

(2.3) H(Q) := Hs
S(x̄0, x̄1) +Hu

S(x̄1, x̄2) +Hs
S(x̄2, x̄3) +Hu

S(x̄3, x̄0).
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By Lemma 2.8 and 2.9, we have:

H(Q) = lim
m,n,m′,n′→+∞

[
−

n−1∑
j=−m′

τS(F j(x̄0)) +

n−1∑
j=−m

τS(F j(x̄1))(2.4)

−
n′−1∑
j=−m

τS(F j(x̄2)) +

n′−1∑
j=−m′

τS(F j(x̄3))

]
= lim

m,n,m′,n′→+∞

[
− τm

′,n
S (x̄0) + τm,nS (x̄1)− τm,n

′

S (x̄2) + τm
′,n′

S (x̄3)
]
,(2.5)

where for any point z ∈ S, and for any integers m,n ≥ 0, we let

(2.6) τm,nS (z) :=
n−1∑
j=−m

τS(F j(z)).

Figure 3. Quadrilaterals and temporal displacements.

2.4. Periodic approximations of temporal displacements. Let us recall the
following fact.

Lemma 2.10. For each i ∈ {1, . . . ,m}, the stable holonomies Hs
S(y0, y1), resp.

unstable holonomies Hu
S(z0, z1), depend continuously on the points y0, y1 ∈ Ri ∩ Λ,

y1 ∈ Ws
Ri

(y0), resp. on the points z0, z1 ∈ Ri ∩ Λ, z1 ∈ Wu
Ri

(z0).
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Proof. Let us consider the case where y0, y1 ∈ Ri ∩ Λ, y1 ∈ Ws
Ri

(y0), the other case
is analogous. By definition, the stable holonomy Hs

S(y0, y1) satisfies

Ws
Φ,loc(y0) ∩Wc

Φ,loc(y1) = {ΦHs
S(y0,y1)(y1)}.

As the invariant manifolds vary continuously, the intersection of the two sets on
the left hand side depends continuously on the pair y0, y1, with y1 ∈ Ws

Ri
(y0). By

looking at the right hand side, we conclude that the holonomies are continuous. �

The main goal of this section is to show the following proposition, whose content
already appears in the work of Otal [54].

Proposition 2.11. For any R-good quadrilateral Q = (x0, x1, x2, x3) ∈ Λ4, the
quantity H(Q) is determined by the lengths of periodic orbits.

Proposition 2.11 is a direct outcome of Lemma 2.12 and Proposition 2.13 below.

Lemma 2.12. For any R-good quadrilateral Q = (x0, x1, x2, x3) ∈ Λ4, there exists
a sequence (Qn)n∈N ∈ (Λ4)N of R-good quadrilaterals Qn = (xn0 , x

n
1 , x

n
2 , x

n
3 ) with

xn0 , x
n
2 ∈ Per(Φ) such that limn→+∞Qn = Q, i.e., limn→∞ x

n
j = xj, for each j =

0, . . . , 3. In particular, it holds

H(Q) = lim
n→+∞

H(Qn).

Proof. Fix a R-good quadrilateral Q = (x0, x1, x2, x3) ∈ Λ4, with x0 ∈ Ri, i ∈
{1, . . . ,m}, and let Q := (x̄0, x̄1, x̄2, x̄3) be the projection of Q on Ri as before.

As periodic points are dense in Λ, for j = 0, 2, there exists a sequence (x̄nj )n∈N ∈(
Per(Φ) ∩Ri

)N
of periodic points such that limn→+∞ x̄

n
j = x̄j . Let x̄n1 := [x̄n0 , x̄

n
2 ]Ri

and x̄n3 := [x̄n2 , x̄
n
0 ]Ri , so that the lift Qn := (xn0 , x

n
1 , x

n
2 , x

n
3 ) of Q

n
:= (x̄n0 , x̄

n
1 , x̄

n
2 , x̄

n
3 )

is a R-good quadrilateral, where

xn0 := x̄n0 , xn1 := ΦHs
S(x̄n0 ,x̄

n
1 )(x̄n1 ),

xn2 := ΦHs
S(x̄n0 ,x̄

n
1 )+Hu

S(x̄n1 ,x̄
n
2 )(x̄n2 ), xn3 := ΦHs

S(x̄n0 ,x̄
n
1 )+Hu

S(x̄n1 ,x̄
n
2 )+Hs

S(x̄n2 ,x̄
n
3 )(x̄n3 ),

and xn0 , x
n
2 ∈ Per(Φ). Clearly, we have limn→+∞Qn = Q. By the definition (2.3) of

temporal displacements in terms of holonomies, and by Lemma 2.10, the function

Q̃ 7→ H(Q̃) is continuous. Thus, we conclude that H(Q) = limn→+∞H(Qn). �

In the following, thanks to Theorem 2.5, we can and will assume that the size of
the Markov family R is chosen suitably small (see Definition 2.4 and Theorem 2.5).

Proposition 2.13. For any R-good quadrilateral Q = (x0, x1, x2, x3) ∈ Λ4 such
that x0, x2 ∈ Per(Φ), the quantity H(Q) is determined by the lengths of periodic
orbits. More precisely, there exists a sequence (xn)n∈N ∈ Per(Φ)N of periodic points
such that for any ε > 0, there exists an integer N0(ε) ∈ N such that∣∣∣H(Q)−

[
TΦ(xn)− 2nTΦ(x0)− 2nTΦ(x2)

]∣∣∣ < ε, ∀n ≥ N0(ε).

Proof. Fix a R-good quadrilateral Q = (x0, x1, x2, x3) ∈ Λ4, with x0 ∈ Ri, i ∈
{1, . . . ,m} and x0, x2 ∈ Per(Φ), and let Q := (x̄0, x̄1, x̄2, x̄3) be the projection of Q
on Ri. Let p0 ≥ 1, p2 ≥ 1 be the prime period of x̄0, x̄2, respectively, with respect
to F . Note that x̄1 = [x̄0, x̄2]Ri and x̄3 = [x̄2, x̄0]Ri are heteroclinic intersections
between the invariant manifolds of the periodic points x̄0, x̄2.
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Figure 4. Shadowing periodic orbits with a prescribed combinatorics.

As Λ is a basic set, the dynamics can be coded symbolically, using some finite
alphabet A . In the following, for each finite word σ in A , we denote by |σ| ∈ N the
length of σ.

The periodic points x̄0, x̄2, correspond to a finite sequence of symbols σ0, σ2

respectively, with |σ0| = p0 and |σ2| = p2. In other words, denoting σ0 = σ0
0 . . . σ

p0−1
0

and σ2 = σ0
2 . . . σ

p2−1
2 , for j = 0, 2, it holds

x̄j ←→ . . . σjσjσ
0
j
↑
σ1
j . . . σ

pj−1
j σjσj . . .

The point x̄1 is a heteroclinic intersection between the local manifolds Ws
Ri

(x̄0) and
Wu
Ri

(x̄2), hence its symbolic coding is

x̄1 ←→ . . . σ2σ2σ
0
2 . . . σ

p2−1
2 σ0

0
↑
σ1

0 . . . σ
p0−1
0 σ0σ0 . . .

Similarly, the symbolic coding of x̄3 is

x̄3 ←→ . . . σ0σ0σ
0
0 . . . σ

p0−1
0 σ0

2
↑
σ1

2 . . . σ
p0−1
2 σ2σ2 . . .

For each integer n ≥ 0, we define a periodic point x̂n for F encoded by the finite
word σ̂n := σ0 . . . σ0︸ ︷︷ ︸

2n

σ2 . . . σ2︸ ︷︷ ︸
2n

, i.e.,

x̂n ←→ . . . σ̂nσ̂n σ0 . . . σ0︸ ︷︷ ︸
2n

σ2 . . . σ2︸ ︷︷ ︸
2n

σ0
0
↑
σ1

0 . . . σ
p0−1
0 σ0 . . . σ0︸ ︷︷ ︸

2n−1

σ2 . . . σ2︸ ︷︷ ︸
2n

σ̂nσ̂n . . .

Thus, the point x̂n is 2(p0 + p2)n-periodic for F . In the following, we will denote by
xn the periodic point for the flow Φ corresponding to the point x̂n.
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Lemma 2.14. For any ε > 0, there exists N(ε) > 0 such that for each integer
n ≥ N(ε), the following inequalities hold:∣∣∣∣∣∣

np0−1∑
k=−np2

[
τS(Fk(x̂n))− τS(Fk(x̄1))

]∣∣∣∣∣∣ < ε,(2.7)

∣∣∣∣∣∣
np2−1∑
k=−np0

[
τS(Fk(ŷn))− τS(Fk(x̄3))

]∣∣∣∣∣∣ < ε,(2.8)

where we have set ŷn := F2np0(x̂n) = F−2np2(x̂n).

Remark 2.15. Observe that the two sums in (2.7)-(2.8) involving x̂n, ŷn add up to

(2.9)

np0−1∑
k=−np2

τS(Fk(x̂n)) +

np2−1∑
k=−np0

τS(Fk(ŷn)) = TΦ(xn).

Proof of Lemma 2.14. By looking at the symbolic codings of x̂n and x̄1, we see that
they have the same symbolic past (resp. future) for at least 2np2 (resp. 2np0) steps
of iterations under F . In particular, for each k ∈ {−np2, . . . , np0 − 1}, Fk(x̂n) and
Fk(x̄1) have the same symbolic past (resp. future) for at least np2 (resp. np0) steps
of iterations. By hyperbolicity of F , for some constant λ ∈ (0, 1), we thus have

d
(
Fk(x̂n),Fk(x̄1)

)
= O(λn), ∀ k ∈ {−np2, . . . , np0 − 1} .(2.10)

Indeed, without loss of generality (assuming that the size of the Markov family R
is sufficiently small, see Definition 2.4 and Theorem 2.5), we may assume that each
of these points belongs to some small neighborhood of the orbit of x̄0 (resp. of x̄2)
where the dynamics Fp0 (resp. Fp2) is conjugated to the differential DFp0 (resp.
DFp2) calculated at some point of the orbit of x̄0 (resp. x̄2). More precisely, let
Ri be the rectangle containing the point x̄0, x̄1, x̄2, x̄3; by Belickii’s linearization
theorem [6], for j = 0, 2, there exist a neighborhood Uj of x̄j (which we assume
here to contain Ri), a neighborhood Vj ⊂ R2 of (0, 0), and a C1-diffeomorphism
χj : Uj → Vj , such that

χj ◦ Fpj ◦ χ−1
j = DFpj (x̄j).

Note that x̂n tends to x̄1 as n → +∞: it is a consequence of the fact that the
symbolic codings of x̂n and x̄1 match on larger and larger chunks as n → +∞.
Similarly, ŷn = F2np0(x̂n) = F−2np2(x̂n) tends to x̄3 as n→ +∞. Thus, considering
the chart χ2, resp. χ0 near x̄1, and replacing the first n backward iterates under Fp2

with DFp2(x̄2), resp. first n forward iterates under Fp0 with DFp0(x̄0), we obtain
the estimate (2.10) with λ := max(λ0, λ2) ∈ (0, 1), denoting by λj < 1 < λ−1

j the

eigenvalues of DFpj (x̄j), for j = 0, 2.
By (2.10), summing over all the indices k ∈ {−np2, . . . , np0−1}, as τS is Lipschitz

continuous, and as F i is Lipschitz continuous for i = 1, . . . , p0 (resp. i = 1, . . . , p2)
on some fixed neighborhood of the orbit of x̄0 (resp. x̄2), the left hand side in (2.7)
is of order at most O(nλn); therefore, for n sufficiently large, this term is smaller
than ε. Inequality (2.8) is proved similarly. �
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Let us now conclude the proof of Proposition 2.13. Fix some small ε > 0. By
(2.4), there exists N ′(ε) ≥ 1 such that for n ≥ N ′(ε), we have (recall notation (2.6))∣∣∣H(Q)−

[
− τnp0,np0

S (x̄0) + τnp2,np0

S (x̄1)− τnp2,np2

S (x̄2) + τnp0,np2

S (x̄3)
]∣∣∣ < ε

2
.

By Lemma 2.14, for any n ≥ N( ε4), the periodic point x̂n satisfies inequali-
ties (2.7)-(2.8) for ε

4 in place of ε. Thanks to (2.9), we also have τnp2,np0

S (x̂n) +
τnp0,np2

S (ŷn) = TΦ(xn); by (2.7)-(2.8) and the above inequality, for any n ≥
max(N ′(ε), N( ε4)), we therefore obtain∣∣∣H(Q)−

[
TΦ(xn)− τnp0,np0

S (x̄0)− τnp2,np2

S (x̄2)
]∣∣∣ < ε,

which concludes the proof, observing that for j = 0, 2, it holds

τ
npj ,npj
S (x̄j) =

npj−1∑
j=−npj

τS(F j(x̄j)) = 2nTΦ(xj).

�

2.5. Temporal displacements and areas of quadrilaterals. Assume that there
exists a smooth contact form α on M that is adapted to the basic set Λ in the sense
of Definition 1.2. Recall the following fact:

Lemma 2.16. We have EsΦ(x) ⊂ kerα(x), for all x ∈ Ws
Φ(Λ), and EuΦ(x) ⊂

kerα(x), for all x ∈ Wu
Φ(Λ). In particular, it holds

(2.11) EsΦ(x)⊕ EuΦ(x) = kerα(x), ∀x ∈ Λ.

Proof. Let Γ = {γ(t) ∈ t ∈ [0, 1]} ⊂ Ws
Φ,loc(x) be an arc in the local stable manifold

of some point x ∈ Λ. For each T > 0, we have∫
Γ
α =

∫ 1

0
α(γ(t))(γ′(t))dt =

∫ 1

0
α(ΦT ◦ γ(t))(DΦT (γ(t)) · γ′(t))dt =

∫
ΦT ◦Γ

α.

As α is uniformly bounded, and limT→+∞DΦT (γ(t)) · γ′(t)→ 0, for each t ∈ [0, 1],
we deduce that

∫
Γ α = 0. Therefore, we have EsΦ(y) ⊂ kerα(y), for any y ∈ Ws

Φ(x),
x ∈ Λ. We argue similarly for the unstable direction.

Let x ∈ Λ. The identity (2.11) follows from the inclusions EsΦ(x) ⊂ kerα(x),
EuΦ(x) ⊂ kerα(x), and the equality of the dimensions of the two subspaces. �

Let Q = (x0, x1, x2, x3) ∈ Λ4 be a R-good quadrilateral, with x0 ∈ Ri, for some
i ∈ {1, . . . ,m}, and let Q := (x̄0, x̄1, x̄2, x̄3) be the projection of Q on Ri. We define

Q̂ as the set of all points x ∈ Ri in the closed region bounded by the arcs Γ̄0, Γ̄1,
Γ̄2, Γ̄3, where for j = 0, 2, Γ̄j ⊂ Ws

Ri
(x̄j) is the stable arc connecting x̄j to x̄j+1,

while Γ̄j+1 ⊂ Wu
Ri

(x̄j+1) is the unstable arc connecting x̄j+1 to x̄j+2, with x̄4 := x̄0.

The set Q̂ ⊂ Ri is transverse to the flow direction, i.e.,

(2.12) X(x) /∈ TxQ̂, for each x ∈ Q̂,

which ensures that dα|
Q̂

is non-degenerate. Let us define

Area(Q) :=

∫
Q̂
dα.
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Proposition 2.17. Let Q = (x0, x1, x2, x3) ∈ Λ4 be a small quadrilateral, so that
Q is R-good and (2.12) is satisfied. Then

Area(Q) = −H(Q).

Proof. By Stokes theorem, we have

Area(Q) =

∫
Q̂
dα =

∑
j=0,...,3

∫
Γ̄j

α.

By the definition (2.3) of H(Q) in terms of holonomies, it is sufficient to show
that

∫
Γ̄0
α = −Hs

S(x̄0, x̄1),
∫

Γ̄1
α = −Hu

S(x̄1, x̄2),
∫

Γ̄2
α = −Hs

S(x̄2, x̄3), and
∫

Γ̄3
α =

−Hu
S(x̄3, x̄0). Let us prove the formula for Γ̄0, the others are proved similarly.

Figure 5. T0 is the closed region bounded by the arcs Γ̄0,−Γs0,Γ
c
1.

Let Γs0 be the arc of the stable manifoldWs
Φ,loc(x0) connecting x0 to x1, and let Γc1

be the orbit segment Γc1 := {Φt(x1)}t∈[0,HsS(x̄0,x̄1)] ⊂ Wc
Φ,loc(x1). We define T0 ⊂ M

as the set of all points x ∈ Wcs
Φ,loc(x0) in the closed region bounded by the arcs

Γ̄0,Γ
s
0,Γ

c
1, see Figure 5. By Stokes theorem, we have∫

T0
dα =

∫
Γ̄0

α−
∫

Γs0

α+

∫
Γc1

α.

Since X|Wcs
Φ (Λ) ∈ ker dα|Wcs

Φ (Λ), it holds that
∫
T0 dα = 0. By Lemma 2.16, we have∫

Γs0
α = 0, hence, ∫

Γ̄0

α = −
∫

Γc1

α.

Moreover, ∫
Γc1

α =

∫ Hs
S(x̄0,x̄1)

0
α(X(Φt(x̄1)))dt.
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Since ıXα|Λ ≡ 1, we also have
∫ Hs
S(x̄0,x̄1)

0 α(X(Φt(x̄1)))dt = Hs
S(x̄0, x̄1), which con-

cludes. �

As an immediate consequence of Proposition 2.11 and Proposition 2.17, we thus
obtain:

Corollary 2.18. For any small quadrilateral Q = (x0, x1, x2, x3) ∈ Λ4, the quantity
Area(Q) is determined by the lengths of periodic orbits.

Corollary 2.19. Fix k ≥ 2. For i = 1, 2, let Φi = (Φt
i)t∈R be a Ck Axiom A flow

defined on a 3-manifold Mi. Let Λi be a basic set for Φi, and let αi be a smooth
contact form adapted to Λi. If there exists a flow conjugacy Ψ: Λ1 → Λ2 between
Φ1|Λ1 and Φ2|Λ2, then, for any point x0 ∈ Λ1, and for any small quadrilateral
Q = (x0, x1, x2, x3) ∈ Λ4

1, it holds

(2.13) Area(Q) = Area(Ψ(Q)),

where Ψ(Q) is the quadrilateral Ψ(Q) := (Ψ(x0),Ψ(x1),Ψ(x2),Ψ(x3)) ∈ Λ4
2.

Remark 2.20. Let us give another proof of Corollary 2.19. As in Corollary 2.19,
let Φ1, Φ2 be two (contact) Axiom A flows whose restrictions Φ1|Λ1 , Φ2|Λ2 to cer-
tain hyperbolic sets Λ1,Λ2 are conjugate by Ψ: Λ1 → Λ2. In order to show that
(2.13) holds for any small quadrilateral Q = (x0, x1, x2, x3) ∈ Λ4

1, instead of invoking
Corollary 2.18, we may argue as follows. By Proposition 2.17, it amounts to show-
ing that the temporal displacements of the quadrilaterals Q,Ψ(Q) are equal, i.e.,
H(Q) = H(Ψ(Q)). Let us consider the points x4 := x4(Q) and x′4 := x4(Ψ(Q)) (re-
call Definition 2.6). Since x4(Q), x4(Ψ(Q)) are defined dynamically, and Ψ is a flow
conjugacy between Φ1|Λ1 , Φ2|Λ2 , we have x′4 = x4(Ψ(Q)) = Ψ(x4). In particular,

(2.14) x4 = Φ
H(Q)
1 (x1), and Ψ(x4) = Φ

H(Ψ(Q))
2 (Ψ(x1)).

Since Ψ is a flow conjugacy between Φ1|Λ1 , Φ2|Λ2 , it preserves time, hence the
temporal distance between the points x1, x4 is the same as the one between their
images Ψ(x1),Ψ(x4). Therefore, by (2.14), we conclude that H(Q) = H(Ψ(Q)).

2.6. Smoothness of the conjugacy. In the following, we fix a point x0 ∈ Λ∩Ri,
for some i ∈ {1, . . . ,m}. Let Q0 be the set of all sufficiently small quadrilaterals
Q = (x0, x1, x2, x3) ∈ Λ4 based at x0. The goal of this part is to show that the set of
areas {Area(Q)}Q∈Q0 determines the “infinitesimal” shape of the set Λ∩Ws

F ,loc(x0),

resp. Λ ∩Wu
F ,loc(x0).

In particular, given another Axiom A flow whose restriction to some basic set is
conjugate to Φ|Λ by some homeomorphism Ψ, and such that, for any small quadri-
lateral Q, it holds Area(Q) = Area(Ψ(Q)), we show that Ψ is differentiable at any
point of Λ, with Hölder continuous differential.

We take a chart R = Rx0 : U0 → V0 from a neighborhood U0 ⊂ Ri of x0 to a
neighborhood V0 ⊂ R2 of {0R2} such that R(Ws

F ,loc(x0)∩ U0) ⊂ (R× {0})∩ V0 and

R(Wu
F ,loc(x0) ∩ U0) ⊂ ({0} ×R) ∩ V0. In the following, we thus identify Ws

F ,loc(x0),

resp. Wu
F ,loc(x0) with the horizontal, resp. vertical coordinate axis of R2. Moreover,

for any point v = R(u) ∈ V0, we denote by ρ(v)dξ∧dη := R∗(dαu) the corresponding
area form. For each point y0 ∈ Wu

F ,loc(x0), we see Ws
F ,loc(y0) as the graph of some

function γsy0
over the horizontal axis. By an abuse of notation, in the following,

we identify an object and its image in the chart R. For instance, a point x1 ∈
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Figure 6. Small quadrilaterals.

Ws
F ,loc(x0) will be identified with the point (x1, 0) ∈ R2; besides, we will denote by

Vx1 :=
(
{x1} × R

)
∩ V0 the vertical segment in V0 passing through x1 ' (x1, 0).

Definition 2.21 (Holonomy maps for Ws
F ,loc). For any points y0 ∈ Wu

F ,loc(x0) ∩ Λ

and x1 ∈ Ws
F ,loc(x0), we define the point Hsx0,x1

(y0) ∈ Vx1 as

{Hsx0,x1
(y0)} :=Ws

F ,loc(y0) ∩ Vx1 = (x1, γ
s
y0

(x1)).

In other words, the map Hsx0,x1
is the holonomy map along Ws

F ,loc from

Wu
F ,loc(x0)∩Λ ' Vx0 to Vx1 . To ease the notation, we also abbreviate y1 = y1(y0) :=

Hsx0,x1
(y0). Note that, a priori, y1 /∈ Λ.

Lemma 2.22. There exists a continuous function C = Cx0 : Ws
F ,loc(x0) → R such

that for any x1 ∈ Ws
F ,loc(x0), it holds

(2.15) lim
Wu
F,loc(x0)∩Λ3y0→x0

d(y1(y0), x1)

d(y0, x0)
= lim
Wu
F,loc(x0)∩Λ3y0→x0

γsy0
(x1)

γsy0
(x0)

= C(x1).

Moreover, it holds

lim
Ws
F,loc(x0)3x1→x0

C(x1) = 1.

Proof. According to Remark 1.6, stable holonomy maps are C1,β, for some β ∈
(0, 1). For any y0 ∈ Wu

F ,loc(x0) ∩ Λ, we let y1 = y1(y0) ∈ Vx1 be defined as above.

As Hsx0,x1
(x0) = x1 and Hsx0,x1

(y0) = y1, the quotient in (2.15) can be written

as
d(Hsx0,x1

(y0),Hsx0,x1
(x0))

d(y0,x0) . From the definition of γsy0
, this quantity is also equal

to
γsy0 (x1)

γsy0 (x0) . Moreover, it has a limit as y0 → x0, which we denote by C(x1) ∈
R. We thus get a continuous map C = Cx0 : Ws

F ,loc(x0) → R. Moreover, the

holonomy map Hsx0,x1
converges to the identity in the C1 topology as x1 → x0,

hence limx1→x0 C(x1) = C(x0) = 1. �

For any points y0 ∈ Wu
F ,loc(x0) ∩ Λ, x1 ∈ Ws

F ,loc(x0) ∩ Λ close to x0, we also

abbreviate z1 = z1(y0) := [y0, x1]Ri . Recall that by local product structure, we have
z1 ∈ Λ. We denote by Q(y0, x1) := (x0, x1, z1, y0) ∈ Λ4 the associated quadrilateral.
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Lemma 2.23. For any points y0 ∈ Wu
F ,loc(x0)∩Λ, x1 ∈ Ws

F ,loc(x0)∩Λ close to x0,

the area of the quadrilateral Q(y0, x1) is equal to

(2.16) Area(Q(y0, x1)) = (y0 − x0)(x1 − x0)[ρ(x0) + o(1)],

where ρ is the density function of R∗(dα) introduced above. Therefore, for any points
y0 ∈ Wu

F ,loc(x0) ∩ Λ, x1, x2 ∈ Ws
F ,loc(x0) ∩ Λ close to x0, we have5

(2.17)
Area(Q(y0, x2))

Area(Q(y0, x1))
=
x2 − x0

x1 − x0
+ o(1).

Proof. For any y0 ∈ Wu
F ,loc(x0) ∩ Λ, x1 ∈ Ws

F ,loc(x0) ∩ Λ close to x0, we have

Area(Q(y0, x1)) =

∫ x1

x0

(∫ γsy0 (ξ)

0
ρ(ξ, η) dη

)
dξ + o

(
(y1 − x1)2

)
,

where y1 = y1(y0). Here, we use the fact that the unstable laminationWu
F (y0) is C1,

so that the angle between Wu
F ,loc(x1) and Vx1 is going to 0 as x1 → x0, and hence,

the area of the missing “triangle” bounded by Ws
F ,loc(y0), Wu

F ,loc(x1) and Vx1 is a

o((y1 − x1)2), noting that ρ = O(1) on the quadrilateral. Since the argument is a
local one, (2.15) guarantees that y1 − x1 = O(y0 − x0). In the following, we will
always assume that y0−x0 ≤ x1−x0, so that o

(
(y1−x1)2

)
= o
(
(y0−x0)(x1−x0)

)
.

Therefore, we obtain

Area(Q(y0, x1)) =

∫ x1

x0

γsy0
(ξ)
(
ρ(ξ, 0) +O(y0 − x0)

)
dξ + o

(
(y0 − x0)(x1 − x0)

)
=

∫ x1

x0

(C(ξ)(y0 − x0) + o(y0 − x0))
(
ρ(ξ, 0) +O(y0 − x0)

)
dξ

+ o
(
(y0 − x0)(x1 − x0)

)
= (y0 − x0)

∫ x1

x0

(
C(ξ)ρ(ξ, 0) + o(1)

)
dξ + o

(
(y0 − x0)(x1 − x0)

)
= (y0 − x0)(x1 − x0)[ρ(x0) + o(1)],

since C(ξ) = C(x0)+o(1) = 1+o(1), when ξ → x0. Observe now that (2.17) follows
immediately by taking the quotient. �

For i = 1, 2, let Φi = (Φt
i)t∈R be a Ck Axiom A flow defined on a smooth 3-manifold

Mi. Let Λi be a basic set for Φi, and let αi be a smooth contact form adapted to Λi.
Assume that there exists a flow conjugacy Ψ: Λ1 → Λ2 between Φ1|Λ1 and Φ2|Λ2 .
For any point x0 ∈ Λ1, and for ∗ = s, u, without loss of generality, because of Lemma
2.16 and up to translating along the flow direction, we can assume thatW∗Φ1,loc(x0),

resp. W∗Φ2,loc(Ψ(x0)) belongs to some rectangle R(1) of a Markov family for Φ1, resp.

to some rectangle R(2) of a Markov family for Φ2, so that W∗Φ1,loc(x0) =W∗
R(1)(x0),

and W∗Φ2,loc(Ψ(x0)) = W∗
R(2)(Ψ(x0)). Moreover, by using some chart as above, we

see Ψ|W∗Φ1,loc(x0) as a map from S1 ⊂ R to S2 ⊂ R, with x0 ' 0 ' Ψ(x0).

5We thank Disheng Xu for the idea to use three points x0, x1, x2 in the same leaf and consider
the ratio of areas to get rid of the “width” of quadrilaterals.
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Proposition 2.24. Assume that the flow conjugacy Ψ is iso-length-spectral. Then,
for any point x0 ∈ Λ1, and for ∗ = s, u, the following limit exists:

∂∗Ψ(x0) := lim
W∗Φ1,loc(x0)∩Λ3x1→x0

Ψ(x1)−Ψ(x0)

x1 − x0
.

Moreover, the associated map ∂∗Ψ is Hölder continuous on Λ1. In other words,
for some β ∈ (0, 1), the conjugacy Ψ is C1,β along Ws

Φ1,loc,Wu
Φ1,loc in the sense of

Whitney.

Proof. Let us consider the case where ∗ = s; the other case is analogous. Fix
x0 ∈ Λ1. Take y0 ∈ Wu

Φ1,loc(x0)∩Λ1, x1, x2 ∈ Ws
Φ1,loc(x0)∩Λ1 close to x0. Without

loss of generality, we assume that d(x0, x1) ≤ d(x0, x2). By Corollary 2.19, for
i = 1, 2, the quadrilaterals Q(y0, xi) = (x0, xi, zi, y0) ∈ Λ4

1 and Ψ(Q)(y0, xi) :=
(Ψ(x0),Ψ(xi),Ψ(zi),Ψ(y0)) ∈ Λ4

2 have the same area; hence,

Area(Q(y0, x2))

Area(Q(y0, x1))
=

Area(Ψ(Q)(y0, x2))

Area(Ψ(Q)(y0, x1))
.

We deduce from formula (2.17) that

Ψ(x2)−Ψ(x0)

x2 − x0
=

Ψ(x1)−Ψ(x0)

x1 − x0
+ o

(
Ψ(x1)−Ψ(x0)

x2 − x0

)
.

For any x ∈ Ws
Φ1,loc(x0) ∩ Λ1 close to x0, we denote q(x) := Ψ(x)−Ψ(x0)

x−x0
. Recall that

d(x0, x1) ≤ d(x0, x2); thus, the previous identity can be written as

q(x1) = q(x2) + o
(

max(q(x1), q(x2))
)
.

Now, let us fix a sequence of points (un)n∈N ∈ (Ws
Φ1,loc(x0) ∩ Λ1)N going to x0 as

n→ +∞. It is easy to see that that (q(un))n∈N is bounded. Consequently, for any
n ≥ 0, p ≥ 0, the previous identity gives

q(un+p)− q(un) = o(1).

We deduce that (q(un))n∈N is a Cauchy sequence, hence it converges to some limit
` ∈ R. Therefore, for any sequence (vn)n∈N ∈ (Ws

Φ1,loc(x0) ∩ Λ1)N converging to x0,

it holds that q(vn)→ ` as n→ +∞. This shows that Ψ is differentiable at x0 along
Ws

Φ1,loc(x0), thus at any point in Λ1, along Ws
Φ1,loc.

In order to show that the map ∂sΨ is Hölder continuous on Λ1 along Ws
Φ1,loc,

we argue as follows. Fix x0 ∈ Λ1 ∩ R(1), and let x′0 ∈ Ws
R(1)(x0) ∩ Λ1 be close to

x0. Let (un)n∈N ∈ (Ws
R(1)(x0) ∩ Λ1)N, resp. (u′n)n∈N ∈ (Ws

R(1)(x
′
0) ∩ Λ1)N, be a

sequence of points in Λ1 converging to x0, resp. x′0 along Ws
R(1)(x0) = Ws

R(1)(x
′
0).

For any point y0 ∈ Wu
R(1)(x0) ∩ Λ1 close to x0, and for each integer n ∈ N, we let

Qn(y0) = (x0, un, zn, y0) ∈ (Λ1 ∩R(1))4 and Q
′
n(y0) = (x′0, u

′
n, z
′
n, y
′
0) ∈ (Λ1 ∩R(1))4,

where zn = [y0, un]R(1) , y′0 = [y0, x
′
0]R(1) and z′n = [y′0, u

′
n]R(1) . Let Qn(y0), resp.

Q′n(y0), be the lift of Qn(y0), resp. Q
′
n(y0), as in the proof of Lemma 2.12. We

deduce from (2.16) that

Area(Qn(y0)) = (y0 − x0)(un − x0)[ρ(x0) + o(1)],

Area(Q′n(y0)) = (y′0 − x′0)(u′n − x′0)[ρ(x′0) + o(1)]

= Cx0(x′0)(y0 − x0)(u′n − x′0)[ρ(x′0) + o(1)],
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so that

Area(Q′n(y0))

Area(Qn(y0))
= Cx0(x′0)

u′n − x′0
un − x0

(
1 +O(x′0 − x0) + o(1)

)
.

As the images of the quadrilaterals Qn(y0) and Q′n(y0) by Ψ have the same area,
we deduce that

CΨ(x0)(Ψ(x′0))
Ψ(u′n)−Ψ(x′0)

Ψ(un)−Ψ(x0)

(
1 +O(Ψ(x′0)−Ψ(x0)) + o(1)

)
= Cx0(x′0)

u′n − x′0
un − x0

(
1 +O(x′0 − x0) + o(1)

)
.

Observe that

Cx0(x′0) = 1 +O(x′0 − x0),

CΨ(x0)(Ψ(x′0)) = 1 +O(Ψ(x′0)−Ψ(x0)) = 1 +O(|x′0 − x0|β),

for some β ∈ (0, 1) since Ψ is Hölder continuous. Thus, for y0 → x0 we obtain

Ψ(u′n)−Ψ(x′0)

u′n − x′0
=

Ψ(un)−Ψ(x0)

un − x0

(
1 +O(|x′0 − x0|β)

)
.

Letting n → +∞, we deduce that |∂sΨ(x′0) − ∂sΨ(x0)| = O(|x′0 − x0|β). Thus,
applying Whitney’s theorem, we conclude that Ψ is C1,β in the sense of Whitney
along Ws

Φ1,loc, for β ∈ (0, 1). �

Recall that roughly speaking, Journé’s lemma (see [37]) says that once a function
is regular along the leaves of two transverse foliations, then it is regular globally. It
has been generalized by Nicol-Török [50] in the case of laminations on Cantor sets
(see Theorem 1.5 and Remark 1.6 in [50]). In our case, it reads as follows.

Theorem 2.25 (Theorem 1.5 in [50]). Let Λ ⊂ R2 be a closed, hyperbolic basic set,
and for β ∈ (0, 1), let Ws, Wu be two transverse uniformly C1,β laminations of Λ.
Suppose that Θ: Λ → R2 is uniformly C1,β in the sense of Whitney when restricted
to the leaves of Ws, Wu. Then Θ is C1,β in the sense of Whitney on Λ.

From Proposition 2.24 and Theorem 2.25, we then deduce the following

Corollary 2.26. Assume that there exists an iso-length-spectral flow conjugacy
Ψ: Λ1 → Λ2 between Φ1|Λ1 and Φ2|Λ2. Then Ψ is C1,β in the sense of Whitney
on Λ, for some β ∈ (0, 1).

Proof. By Proposition 2.24, we know that Ψ is C1,β in the sense of Whitney along sta-

ble/unstable leaves. For i = 1, 2, let us fix a Markov family R(i) = {R(i)
1 , . . . , R

(i)
m(i)}

with a cross-section S(i) as given by Theorem 2.5. By projecting Λ1,Λ2 along flow
lines on S(1),S(2), and applying Theorem 2.25 to the projected sets, we deduce that

the map Ψ̃ induced by Ψ between Λ1 ∩ S(1) and Λ2 ∩ S(2) is C1,β in the sense of
Whitney, for some β ∈ (0, 1). Since the projection along the flow direction is Ck,
and since we can describe Ψ in terms of Ψ̃ and the two projections along X1, X2, we
conclude that Ψ is C1,β in the sense of Whitney. �
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2.7. Upgraded regularity of the conjugation. As previously, let us fix a home-
omorphism Ψ: Λ1 → Λ2 that is C1,β in Whitney sense, for some β ∈ (0, 1), which
satisfies

(2.18) Ψ ◦ Φt
1(x) = Φt

2 ◦Ψ(x), for all (x, t) ∈ Λ1 × R.

We will show that the conjugacy map is even more regular:

Proposition 2.27. The conjugacy map Ψ|Λ1 is Ck in Whitney sense.

Proof. Recall that for i = 1, 2 and ? = s, u, there exists δ
(?)
i > 0 such that for any

x ∈ Λi, we have

δ
(?)
i = dimH(W?

Φi,loc(x) ∩ Λi).

As Ψ is C1,β, we also have δ
(?)
1 = δ

(?)
2 =: δ(?).

Fix some small ε > 0. By Theorem 2.5, for i = 1, 2, there exists a proper Markov

family R(i) = {R(i)
1 , . . . , R

(i)
m(i)} for Φi|Λi of size ε, for some integer m(i) ≥ 1. Let

S(i) := R
(i)
1 ∪ · · · ∪ R

(i)
m(i), resp. Fi, be the associated cross-section, resp. Poincaré

map. We also denote by Λi := Λi ∩ S(i) the trace of Λi on S(i). The map Ψ̃
induced by Ψ between Λ1 and Λ2 is C1,β in the sense of Whitney. Recall that
dimH(Λ1) = dimH(Λ2) = δ(s) + δ(u) (see [46] for a reference).

By [56, Theorem 22.1], for i = 1, 2 and ? = s, u, there exists a (unique) equilib-
rium state6 µ?i such that for every x ∈ Λi, the conditional measure m?

i,x of µ?i on

W?
Fi(x) ∩ Λi is equivalent to the δ(?)-Hausdorff measure Hδ(?)

. More precisely, µsi

is the equilibrium state for the potential6 p
(s)
i := δ(s) log ‖DFi|EsFi‖, and µui is the

equilibrium state for the potential p
(u)
i := −δ(u) log ‖DFi|EuFi‖; besides, the pressure6

P (p
(?)
i ) vanishes, for ? = s, u.

By (2.18), for any periodic point x ∈ Λ1 of period q(x) ≥ 1, the differentials

DFq(x)
1 (x) and DFq(x)

2 (Ψ̃(x)) are conjugate, hence have the same eigenvalues, i.e.,

q(x)−1∑
k=0

(
log ‖DFk1 (x)|

E
(?)
F1

‖ − log ‖DFk2
(
Ψ̃(x)

)
|
E

(?)
F2

‖
)

= 0, ? = s, u.

By Livsic’s Theorem, we deduce that the potentials Ψ̃∗p
(?)
2 and p

(?)
1 are cohomolo-

gous, and by [8, Proposition 4.5], we thus have Ψ̃∗µ
(?)
2 |Λ1

= µ
(?)
1 |Λ1

. Consequently,

Ψ̃∗m?
2,Ψ̃(x)

= m?
1,x, for ? = s, u, and for a.e. x ∈ Λ1.

In the following we deal with the unstable case; the stable one is analogous. To
ease the notation, we abbreviate δ := δ(u). For i = 1, 2, and xi ∈ Λi, the conditional
measure mu

i,xi
is equivalent to Hδ, hence we can introduce the density function

ρui,xi : W
u
Fi(xi)→ R∗, so that dmu

i,xi
= ρui,xidH

δ. Recall that the conditional measure

mu
i,xi

depends only on the leaf Wu
Fi(xi). Our goal in the following paragraph is to

show that the function ρui,xi(·)/ρ
u
i,xi

(xi) is Ck−1 in the sense of Whitney.

6See for instance [56] for more details about equilibrium states, potentials, pressure etc.
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As P (pui ) = 0, for any integer n ≥ 0, and for any yi ∈ Wu
Fi(xi), we have (see for

instance [13, Section 3.2])

(2.19)
d((F−ni )∗m

u
i,xi

)

dmu
i,F−ni (xi)

(F−ni (yi)) = e−Snp
u
i (F−ni (yi)),

where Snp
u
i is the nth Birkhoff sum of pui , i.e.,

Snp
u
i (F−ni (yi)) :=

n∑
k=1

pui (F−k(yi)) = −
n∑
k=1

log
∥∥DF−1

i (F−k(yi))|EuFi
∥∥δ.

In terms of densities, (2.19) thus yields:

(F−ni )∗ρ
u
i,xi

ρu
i,F−ni (xi)

(F−ni (yi)) =
ρui,xi(yi)

ρu
i,F−ni (xi)

(F−ni (yi))
=

n∏
k=1

∥∥DF−1
i (F−k(yi))|EuFi

∥∥δ.
Let us consider the ratio of the above quantity and the corresponding one at xi. As
the distance d(F−n(xi),F−n(yi)) decays exponentially fast with respect to n, and
assuming that F−n(xi),F−n(yi) converge to a point x∞i (up to taking subsequences),
letting n→ +∞, we obtain

(2.20) ρui (xi, yi) :=
ρui,xi(yi)

ρui,xi(xi)
=

+∞∏
k=1

(
‖DF−1

i (F−k(yi))|EuFi‖

‖DF−1
i (F−k(xi))|EuFi‖

)δ
.

In particular, based on that expression, and arguing as in [18, Lemma 4.3], we deduce
that the function ρui (xi, ·) is Ck−1 in the sense of Whitney.

In the rest of this section, we follow the proof of [18, Lemma 4.5]. Fix a point

x1 ∈ Λ1 and let x2 := Ψ̃(x1) ∈ Λ2. Since the foliations Wu
F1
,Wu
F2

have one di-
mensional leaves, we can parametrize patches of the unstable leaves by Riemannian

length. Recall that Ψ̃∗mu
2,x2

= mu
1,x1

; we deduce that for any point y1 ∈ Wu
F1

(x1), it

holds (taking charts for Wu
F1

(x1),Wu
F2

(x2), identifying functions on the leaves and

functions of the coordinates, and seeing the Whitney extension of Ψ̃|Wu
F1

(x1) as a

map from R to R):∫ y1

x1

ρu1,x1
(s) dHδ(s) =

∫ Ψ̃(y1)

Ψ̃(x1)
ρu

2,Ψ̃(x1)
(s) dHδ(s).

By (2.20), we have

ρu1,x1
(x1)

∫ y1

x1

ρu1(x1, s) dH
δ(s) = ρu2,x2

(x2)

∫ Ψ̃(y1)

Ψ̃(x1)
ρu2(x2, s) dH

δ(s).

For y1 very close to x1, we thus obtain

ρu1,x1
(x1)

∫ y1

x1

(1 + o(1)) dHδ(s) = ρu2,x2
(x2)

∫ Ψ̃(y1)

Ψ̃(x1)
(1 + o(1)) dHδ(s),

that is

ρu1,x1
(x1)

ρu2,x2
(x2)

=

∫ Ψ̃(y1)

Ψ̃(x1)
dHδ(s)∫ y1

x1
dHδ(s)

+ o(1).
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Consequently,

log

(
ρu1,x1

ρu2,x2
◦ Ψ̃

)
(x1) = log |Ψ̃(y1)− Ψ̃(x1)| ×

log
∣∣∣∫ Ψ̃(y1)

Ψ̃(x1)
dHδ

∣∣∣
log |Ψ̃(y1)− Ψ̃(x1)|

−

− log |y1 − x1| ×
log
∣∣∣∫ y1

x1
dHδ

∣∣∣
log |y1 − x1|

+ o(1).

When Wu
F1

(x1) 3 y1 → x1, both
log

∣∣∣∣∫ Ψ̃(y1)

Ψ̃(x1)
dHδ

∣∣∣∣
log |Ψ̃(y1)−Ψ̃(x1)|

and
log
∣∣∣∫ y1x1

dHδ
∣∣∣

log |y1−x1| tend to the dimen-

sion of the measure Hδ, namely, δ. We deduce that

log

(
ρu1,x1

ρu2,x2
◦ Ψ̃

)
(x1) = δ log

(
Ψ̃(y1)− Ψ̃(x1)

y1 − x1

)
+ o(1).

As Ψ̃|Λ1
is C1,β in the sense of Whitney, letting Wu

F1
(x1) 3 y1 → x1, we get

ρu1,x1

ρu2,x2
◦ Ψ̃

(x1) = (∂uΨ̃(x1))δ.

In other words, on Λ1, the map Ψ̃ satisfies

(2.21) ∂uΨ̃(·) =

 ρu1,(·)(·)

ρu
2,Ψ̃(·)

◦ Ψ̃(·)

 1
δ

.

We have seen that the functions ρu1,(·), ρ
u
2,Ψ̃(·)

are Ck−1 in Whitney sense. As Ψ̃ is

C1,β on Λ1 along Wu
F1

, the right hand side of (2.21) is C1,β on Λ1 along Wu
F1

. We

deduce that Ψ̃ is C2 on Λ1 alongWu
F1

in Whitney sense. By repeating the argument,

we conclude that Ψ̃ is Ck on Λ1 along Wu
F1

in Whitney sense. The same arguments

applied at stable leaves imply that Ψ̃ restricted to the leaves of Ws
F1

is also Ck in
Whitney sense. By using the version of Journé’s Lemma in [50, Theorem 1.5] for
laminations on hyperbolic sets, and arguing as in the proof of Corollary 2.26, we
conclude that the conjugacy map Ψ|Λ1 is Ck in Whitney sense, as desired. �

2.8. Preservation of contact forms: end of the proof of Theorem A. We
have just seen that the flow conjugacy Ψ is Ck in the sense of Whitney on Λ1. In
this subsection, we show that it implies that Ψ respects the contact structures. See
Feldman-Ornstein [23] for related results in the case of contact Anosov flows on
3-manifolds.

Lemma 2.28. We have Ψ∗α2|Λ1 = α1|Λ1.

Proof. By Lemma 2.16, for i = 1, 2, and for any xi ∈ Λi, it holds

EsΦi(xi)⊕ E
u
Φi(xi) = kerα(xi).

Recall that Ψ is a flow conjugacy, i.e.,

(2.22) Ψ ◦ Φt
1(x1) = Φt

2 ◦Ψ(x1), ∀ t ∈ R, x1 ∈ Λ1.
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Therefore, for ∗ = s, u, it holds

DΨ(x1)E∗Φ1
(x1) = E∗Φ2

(Ψ(x1)).

In particular, ker Ψ∗α1(x1) = kerα2(Ψ(x1)). Moreover, differentiating (2.22) with
respect to t, we obtain DΨ(x1)X1(x1) = X2(Ψ(x1)).

Let us show how this implies the result. We want to show that for any x ∈ Λ1, it
holds Ψ∗α2(x) = α1(x). For any v ∈ TxM1, we decompose it as v = vs+vu+cX1(x),
with vs ∈ EsΦ1

(x), vu ∈ EuΦ1
(x), c ∈ R. We obtain

Ψ∗α2(x)(v) = α2(Ψ(x))
(
DΨ(x)vs +DΨ(x)vu + cDΨ(x)X1(x)

)
= cα2(Ψ(x))(DΨ(x)X1(x)) = cα2(Ψ(x))(X2(Ψ(x)))

= cıX2α2(Ψ(x)) = c = cıX1α1(x)

= cα1(x)(X1(x)) = α1(x)(v),

which concludes. �

Together with Proposition 2.1 and Corollary 2.26, this concludes the proof of
Theorem A.

3. Smooth conjugacy of billiard maps of hyperbolic billiards

In the following, we give the proof of Theorem C. Let us consider two billiards
D1,D2 with Ck boundaries, k ≥ 3, that are iso-length-spectral on two basic sets
Λτ11 , Λτ22 . For i = 1, 2, we denote by Φi, resp. Fi, the associated billiard flow,
resp. billiard map. Recall that Φi preserves the contact form αi := λi + dti, where
λi := −ridsi is the Liouville one-form, and that Fi preserves the symplectic form
dsi ∧ dri. We let Λ1,Λ2 be the respective projections of Λτ11 ,Λ

τ2
2 onto the first two

coordinates, i.e.,

(3.1) Λi := {(si, ri) : (si, ri, ti) ∈ Λτii for some ti ∈ R}, i = 1, 2.

By Proposition 2.1, there exists a flow conjugacy Ψ̃ : (s1, r1, t1) 7→ (s2, r2, t2) between

the billiard flows Φ1|Λτ11
and Φ2|Λτ22

. The map Ψ̃ induces a conjugacy Ψ: (s1, r1) 7→
(s2, r2) between the billiard maps F1|Λ1 ,F2|Λ2 .

Lemma 3.1. The conjugacy map Ψ is Ck−1 in Whitney sense.

Proof. We argue as in Proposition 2.24, Corollary 2.26 and Proposition 2.27. The
main point is that since the flows Φ1,Φ2 have the same periodic data, quadrilat-
erals formed by points in Λτ11 , Λτ22 in correspondence have the same areas. Let

us give more details. Given a point x
(1)
0 ∈ Λτ11 , we consider a small quadri-

lateral Q(1) = (x
(1)
0 , x

(1)
1 , x

(1)
2 , x

(1)
3 ) ∈ (Λτ11 )4 and the associated quadrilateral

Q(2) := (x
(2)
0 , x

(2)
1 , x

(2)
2 , x

(2)
3 ) ∈ (Λτ22 )4, with x

(2)
j := Ψ̃(x

(1)
j ), for j = 0, . . . , 3. For

i = 1, 2 and j = 0, . . . , 3, we denote by (s
(i)
j , r

(i)
j , t

(i)
j ) the coordinates of the point

x
(i)
j and we let x̄

(i)
j := (s

(i)
j , r

(i)
j ) be the projection of x

(i)
j on the first two coordinates.

Since the flows Φ1|Λτ11
and Φ2|Λτ22

are conjugated, by Corollary 2.19, we have

Area(Q(1)) = Area(Q(2)),
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where for i = 1, 2, Area(Q(i)) is the area of the region bounded by the points

(x̄
(i)
0 , x̄

(i)
1 , x̄

(i)
2 , x̄

(i)
3 ) ∈ Λ4

i . Considering smaller and smaller quadrilaterals, and argu-
ing as in Proposition 2.24, we deduce that the map Ψ is C1,β in Whitney sense at

x
(1)
0 along stable and unstable leaves, for some β > 0. It follows from Corollary 2.26

that Ψ is C1,β in Whitney sense on Λ1. As F1,F2 are Ck−1, arguing as in Proposition
2.27, we can upgrade the regularity and show that Ψ is actually Ck−1 in Whitney
sense on Λ1. �

Recall that for i = 1, 2, we denote by τi(si, ri) = hi(si, s
′
i) > 0 the length of the

segment between consecutive bounces (si, ri) ∈ Λi and (s′i, r
′
i) = Fi(si, ri) ∈ Λi, so

that F∗i λi − λi = dτi. By the fact that D1,D2 have the same periodic length data
on Λ1 and Λ2, it follows from Livsic’s theorem that the restriction of τ2 ◦Ψ− τ1 to
Λ1 is a coboundary, i.e., for some continuous function χ : Λ1 → R, we have

(3.2) τ2 ◦Ψ− τ1 = χ ◦ F1 − χ on Λ1.

Actually, as Ψ is Ck−1 in Whitney sense, by the results of Nicol-Török [50, Theorem
3.2], the function χ is also Ck−1 in Whitney sense.

Lemma 3.2. It holds

(3.3) Ψ∗λ2 − λ1 = dχ on Λ1.

In particular, by differentiating (3.3), it holds Ψ∗(ds2 ∧ dr2) = ds1 ∧ dr1 on Λ1.

Proof. Since F∗i λi − λi = dτi, for i = 1, 2, and as Ψ ◦ F1|Λ1 = F2 ◦Ψ|Λ1 , we deduce
from (3.2) that on Λ1,

F∗1
(
Ψ∗λ2 − λ1 − dχ

)
= Ψ∗(λ2 + dτ2)− λ1 − dτ1 −F∗1dχ
= Ψ∗λ2 − λ1 + d(τ2 ◦Ψ− τ1 − χ ◦ F1) = Ψ∗λ2 − λ1 − dχ.

Let $ be the one-form (Ψ∗λ2−λ1−dχ)|Λ1 . By the above identity, for any q-periodic
point p1 ∈ Λ1, q ≥ 2, we have

(3.4) $(p1) = (Fq1 )∗$(p1) = $(p1) ◦DFq1 (p1).

By the hyperbolicity, we have a splitting EsF1
(p1) ⊕ EuF1

(p1) of the tangent space
at p1 into stable and unstable spaces. Let us choose a basis (es(p1), eu(p1)) ∈
EsF1

(p1) × EuF1
(p1). We denote by (dπs1, dπ

u
1 ) the dual basis, i.e., for any tangent

vector v, dπs1(v), resp. dπu1 (v) denotes the component of v along es(p1), resp. eu(p1).
In particular, there exist αs(p1), αu(p1) ∈ R such that

$(p1) = αs(p1) dπs1 + αu(p1) dπu1 .

Letting 0 < µ(p1) < 1 < µ−1(p1) be the eigenvalues of DFq1 (p1), we thus have

$(p1) ◦DFq1 (p1) = µ(p1)αs(p1) dπs1 + µ−1(p1)αu(p1) dπu1 .

We deduce from (3.4) that(
1− µ(p1)

)
αs(p1) dπs1 +

(
1− µ−1(p1)

)
αu(p1) dπu1 = 0.

As µ(p1) 6= 1, and since dπs1, dπ
u
1 is a basis of the cotangent space at p1, it follows

that αs(p1) = αu(p1) = 0. In other words, $(p1) = 0, for any periodic point p1 ∈ Λ1.
By the continuity of $ on Λ1, and since periodic points are dense in Λ1, we deduce
that $|Λ1 = 0, as desired. �
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In order to complete the proof of Theorem C, we still need to show (1.8), which
is done in the next subsection.

3.1. Image of the time-reversal involution by the conjugacy. We consider
the same framework and keep the same notation as above. The conjugacy Ψ is not
unique, as we may pre-compose, resp. post-compose it with any fixed iterate of F1,
resp. F2. Yet, in some cases, there is a canonical way to choose the conjugacy in such
a way that it preserves the time-reversal symmetry of the billiard dynamics; this is
what we discuss in this subsection. Recall that for i = 1, 2, Ii : (si, ri) 7→ (si,−ri) is
the time-reversal involution, so that Fi◦Ii = Ii◦F−1

i . In the following, we investigate
when it is actually possible to normalize the conjugacy such that it conjugates the
time-reversal involutions of F1 and F2, i.e.,

(3.5) Ψ ◦ I1 = I2 ◦Ψ on Λ1.

Let us denote by Î1 := Ψ−1 ◦ I2 ◦ Ψ|Λ1 the image of I2 after conjugating by Ψ.

Clearly, Î1 is involutive, and it conjugates F1 to its inverse F−1
1 . In particular, the

map Γ := Î1 ◦ I1 belongs to the centralizer of the map F1 on the basic set Λ1, i.e.,

Γ ◦ F1 = F1 ◦ Γ on Λ1.

The centralizer of Axiom A diffeomorphisms at basic pieces is typically trivial (see
[24, 61]), hence we expect Γ to be an iterate of F1. It is actually the case, by [61,
Theorem A], as long as the map Γ fixes the orbits of F1, i.e., assuming that

(3.6) ∀x1 ∈ Λ1, Γ(x1) = F `1(x1), for some ` = `(x1) ∈ Z.

Actually, we can prove directly:

Lemma 3.3. If (3.6) holds, then there exists an integer m ∈ Z such that

(3.7) I2 ◦Ψ|Λ1 = Ψ ◦ I1 ◦ Fm1 |Λ1 .

Proof. Let x1 ∈ Λ1, and take ` = `(x1) ∈ Z such that (3.6) holds for x1. We have

Γ(F1(x1)) = Ψ−1 ◦ I2 ◦Ψ ◦ I1 ◦ F1(x1) = Ψ−1 ◦ I2 ◦Ψ ◦ F−1
1 ◦ I1(x1) = · · · =

= F1 ◦Ψ−1 ◦ I2 ◦Ψ ◦ I1(x1) = F1 ◦ Γ(x1) = F `1(F1(x1)),

hence the integer ` in (3.6) is constant along the orbits. As F1|Λ1 is transitive,
considering x1 ∈ Λ1 with a dense orbit, and by continuity, this finishes the proof. �

Besides, in the case where D1,D2 are open dispersing billiards, after changing the
conjugacy, it is possible to verify (3.5):

Lemma 3.4. If, furthermore, F1,F2 have a periodic point of period 2 (in particular,
when D1,D2 ∈ B), then, based on (3.7), we can redefine Ψ so that (3.5) holds.

Proof. Let us show that the integer m in (3.7) is even. Indeed, let x1 be a periodic
point of period 2 for F1. Thus, both Ψ(x1) and Fm1 (x1) are 2-periodic, for F2 and
F1 respectively. In particular, the point Ψ(x1), resp. Fm1 (x1), is fixed under I2,
resp. I1. Therefore, by (3.7), Ψ(x1) = Ψ(Fm1 (x1)); by the injectivity of Ψ, we
conclude that Fm1 (x1) = x1, hence m = 2`, for some ` ∈ Z. Let us consider the map

Ψ̂ := Ψ ◦ F−`1 . By (3.7), equation (3.5) is satisfied for Ψ̂ in place of Ψ, as

I2 ◦ Ψ̂|Λ1 = Ψ ◦ I1 ◦ Fm−`1 |Λ1 = Ψ ◦ F `−m1 ◦ I1|Λ1 = Ψ̂ ◦ I1|Λ1 .
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Besides, the map Ψ̂ still conjugates F1|Λ1 to F2|Λ2 , and it is also Ck−1 in Whitney
sense, which concludes. �

Alternatively, we have:

Lemma 3.5. If there exists x1 ∈ Λ1 ∩ {r1 = 0} whose orbit is dense in Λ1, such
that Fm2 ◦Ψ(x1) ∈ {r2 = 0}, for m ∈ Z, then we can redefine Ψ so that (3.5) holds.

Proof. Let us assume that there exists a point x1 ∈ Λ1 ∩ {r1 = 0} whose orbit is
dense in Λ1, and such that Fm2 ◦Ψ(x1) ∈ {r2 = 0} for some m ∈ Z. Let us consider

the map Ψ̂ := Fm2 ◦Ψ|Λ1 = Ψ ◦ Fm1 |Λ1 . For any integer ` ∈ Z, we have

I2 ◦ Ψ̂(F `1(x1)) = I2 ◦ Fm2 ◦Ψ ◦ F `1(x1) = · · · = F−`2 ◦ I2 ◦ Fm2 ◦Ψ(x1)

= F−`2 ◦ F
m
2 ◦Ψ(x1) = Fm2 ◦Ψ ◦ F−`1 (x1) = Ψ̂ ◦ I1(F `1(x1)).

In other words, (3.5) is satisfied for Ψ̂ in place of Ψ on the orbit of x1; as the latter
is dense, and by continuity, it is satisfied everywhere on Λ1, which concludes. �

Remark 3.6. Note that if there exists a conjugacy map Ψ which satisfies (3.5), then

it is unique in the following sense: if Ψ̂ is another conjugacy map which satisfies (3.5)

and such that Ψ−1 ◦ Ψ̂ fixes F1-orbits, then Ψ̂ = Ψ. Indeed, in this case, Ψ−1 ◦ Ψ̂
commutes with F1; arguing as above, we see that it is equal to Fm1 , for some m ∈ Z.

Since Ψ−1 ◦ Ψ̂ is also in the centralizer of I1, we deduce that Fm1 commutes with I1.
But we also have Fm1 ◦ I1 = I1 ◦ F−m1 , and hence, F2m

1 = id on Λ1; in other words,
each point in Λ1 is 2m-periodic. As F1|Λ1 is transitive, it is possible only if m = 0,

i.e., Ψ̂ = Ψ on Λ1.

Assuming that (3.5) holds, we also have the following result.

Lemma 3.7. The function χ in (3.2) can be chosen such that χ ◦ I1 = −χ, i.e.,

(3.8) χ(s1,−r1) = −χ(s1, r1), ∀ (s1, r1) ∈ Λ1.

Proof. For i = 1, 2, we have τi = τi ◦ Ii ◦ Fi (see Figure 7) and Fi ◦ Ii = Ii ◦ F−1
i .

Thus, by (3.5), we deduce that on Λ1, it holds

χ ◦ F1 − χ = τ2 ◦Ψ− τ1 = τ2 ◦ I2 ◦ F2 ◦Ψ− τ1 ◦ I1 ◦ F1

= τ2 ◦ I2 ◦Ψ ◦ F1 − τ1 ◦ I1 ◦ F1 =
(
τ2 ◦Ψ− τ1

)
◦ I1 ◦ F1

= χ ◦ F1 ◦ I1 ◦ F1 − χ ◦ I1 ◦ F1 = χ ◦ I1 − χ ◦ I1 ◦ F1,

hence
(χ+ χ ◦ I1) ◦ F1 = χ+ χ ◦ I1.

Therefore, the function χ + χ ◦ I1 on Λ1 is F1-invariant, hence constant, as F1|Λ1

is transitive and χ is continuous. Since χ is defined up to constant (for any c ∈ R,
(3.2) also holds for χ+ c in place of χ), we can assume that this constant vanishes,
which concludes. �

In particular, for any point x1 = (s1, 0) ∈ Λ1 ∩ {r1 = 0}, (3.8) gives χ(x1) = 0,
while (3.3) gives dχ(x1) = 0, as Ψ(Λ1 ∩ {r1 = 0}) = Λ2 ∩ {r2 = 0}. The proof of
Theorem C is complete.

Similarly, the conjugacy Ψ̃ between the billiard flows Φ1|Λτ11
,Φ2|Λτ22

is not unique,

as we can pre-, resp. post-compose it with any Φt
1, resp. Φt

2, t ∈ R. Yet, there is
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Figure 7. Time-reversal symmetry and generating functions.

also a canonical way to choose it, which we now explain. For i = 1, 2, we denote by

Ĩi : (xi, yi, ωi) 7→ (xi, yi, ωi+π) the time reversal involution in (xi, yi, ωi)-coordinates.
Let us for instance assume that for i = 1, 2, there exists Xi ∈ Λτii associated to a
point on ∂Di with a perpendicular bounce, whose orbit is dense, and such that X2,

Ψ̃(X1) are in the same orbit. After time-translation, Ψ̃(X1) = X2, and then,

(3.9) Ψ̃ ◦ Ĩ1|Λτ11
= Ĩ2 ◦ Ψ̃|Λτ11

.

To show this, we argue as in Lemma 3.5: indeed, as Ψ̃(X1) = X2, we see that (3.9)
holds on the orbit of X1, hence everywhere, by the transitivity of Φ1|Λτ11

.

Although it is not clear a priori that Ψ̃ sends points associated to bounces on ∂D1

to points associated to bounces on ∂D2, we will show that it is indeed the case
when the point on ∂D1 has a perpendicular bounce. For i = 1, 2, we denote by

Π̃i : (xi, yi, ωi) 7→ (xi, yi) the projection on the table Di.

Lemma 3.8. Assume that (3.9) holds. Then, for any Y1 ∈ Λτ11 associated to a point

Π̃1(Y1) ∈ ∂D1 with a perpendicular bounce, its image Y2 := Ψ̃(Y1) ∈ Λτ22 under Ψ̃ is

also associated to a point Π̃2(Y2) ∈ ∂D2 with a perpendicular bounce on an obstacle.

Proof. Let Y1, Y2 := Ψ̃(Y1) be as in the lemma. As Y1 has a perpendicular bounce,

we have Ĩ1 ◦ Φ−t1 (Y1) = Φt
1(Y1), for all t ∈ R. Since Ψ̃ conjugates Φ1|Λτ11

to Φ2|Λτ22
,

by (3.9), and as Π̃i ◦ Ĩi = Π̃i, i = 1, 2, we deduce that for any t ∈ R, it holds

Π̃2 ◦ Φ−t2 (Y2) = Π̃2 ◦ Ĩ2 ◦ Ψ̃ ◦ Φ−t1 (Y1) = Π̃2 ◦ Ψ̃ ◦ Ĩ1 ◦ Φ−t1 (Y1)

= Π̃2 ◦ Ψ̃ ◦ Φt
1(Y1) = Π̃2 ◦ Φt

2(Y2).

But Π̃2 ◦ Φ−t2 (Y2) = Π̃2 ◦ Φt
2(Y2), for all t ∈ R, if and only if Y2 is associated to a

point on ∂D2 with a perpendicular bounce, which concludes. �
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3.2. Proof of Corollary D. As in Corollary D, fix ` ≥ 3, and let D1,D2 ∈ Bne(`)
with Ck boundaries, for some k ≥ 3, such that D1,D2 have the same marked length
spectrum. Then, according to Theorem C, the respective billiards maps F1,F2 are
conjugated on Ω(F1),Ω(F2) by a map Ψ: Ω(F1)→ Ω(F2) that is Ck−1 in Whitney
sense and such that Ψ∗(ds2 ∧ dr2) = ds1 ∧ dr1 on Ω(F1). In the following, we let
Ωi := Ω(Fi), for i = 1, 2.

Let us recall that F1|Ω1 , F2|Ω2 are conjugated to the same subshift of finite type
on the alphabet A = {1, . . . , `} associated with the transition matrix (1−δi,j)1≤i,j≤`,
where δi,j = 1, when i = j, and δi,j = 0 otherwise. We say that a word ς = (ςj)j ∈
A Z is admissible, if ςj+1 6= ςj , for all j ∈ Z. We also let Adm ⊂ ∪j≥2A j be the
set of all finite words σ = σ1 . . . σj , j ≥ 2, such that σ∞ := · · ·σσσ · · · ∈ Adm∞.
We normalize the conjugacy Ψ by requiring that for each y1 ∈ Ω1, the points y1

and Ψ(y1) ∈ Ω2 are coded by the same admissible word. Symbolically, the actions
of I1, I2 amount to switching the symbolic past and future. In particular, by our
choice that Ψ preserves the symbolic coding, we have Ψ ◦ I1 = I2 ◦Ψ on Ω1, where
Ii : (si, ri) 7→ (si,−ri) is the time-reversal involution, for i = 1, 2.

Due to the equality of the marked length spectra, the respective generating func-
tions τ1, τ2 of F1,F2 satisfy

τ2 ◦Ψ− τ1 = χ ◦ F1 − χ on Ω1,

for some coboundary χ : Ω1 → R. Arguing as above, we see that χ is Ck−1 in
Whitney sense; moreover, properties (1.7)-(1.8) about χ follow from the previous
results (see Lemma 3.2 and Lemma 3.7), which concludes the proof of Corollary D.
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