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Abstract

We give a numerical condition for right-handedness of a dynamically con-
vex Reeb flow on S2. Our condition is stated in terms of an asymptotic ratio
between the amount of rotation of the linearised flow and the linking number
of trajectories with a periodic orbit that spans a disk-like global surface of
section. As an application, we find an explicit constant J§, < 0.7225 such
that if a Riemannian metric on the 2-sphere is §-pinched with § > J,, then
its geodesic flow lifts to a right-handed flow on S3. In particular, all finite
collections of periodic orbits of such a geodesic flow bind open books whose
pages are global surfaces of section.
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1 Introduction

Right-handed vector fields, introduced by Ghys in | |, form a special class of
non-singular vector fields on homology 3-spheres. Their flows will also be called
right-handed, for simplicity. Roughly speaking, all pairs of trajectories of such a
flow link positively. Ghys formalised this definition in terms of positivity of the
quadratic linking form, which assigns some kind of linking number to any pair
of invariant Borel probability measures; see also | ]. Right-handedness has
interesting dynamical implications as the following statement demonstrates.

Theorem 1.1 (Ghys | ). Every finite collection of periodic orbits of a right-
handed flow binds an open book whose pages are global surfaces of section.

In particular, the above statement imposes strong restrictions on the periodic
orbits that can arise in right-handed flows: knots or links that are not fibred can
not be realised. For the sake of completeness, and for convenience of the reader,
a full proof of Theorem 1.1 is presented. We shall see that both the definition of
right-handedness (Definition 2.6) and the proof of Theorem 1.1 (Appendix B) can
be given independently of the quadratic linking form.

Right-handedness is difficult to check. It can be checked for certain special
flows, like the Hopf flow or other integrable flows. Since in | ] it is stated that
right-handedness is C'-open, one can find, in theory, more interesting examples
near such special flows, but this abstract reasoning does not give them explicitly.
It is precisely this general lack of explicit examples that motivates our work. One
exception is provided by the work of Dehornoy in | ]. Sometimes it is more
natural to talk about left-handedness, which is equivalent to right-handedness when
the ambient orientation is reversed. Dehornoy showed that the geodesic flow on the
unit tangent bundle of a hyperbolic n-conic 2-sphere is left-handed if n = 3. Then,
using a version of Gromov’s geodesic rigidity | ], the case of arbitrary negative
curvature is reduced to the hyperbolic case.

To state our main application, consider the polynomial P(x) = 423 — 22% — 1,

which has a unique real root x,. It satisfies 0.84 < x, < 0.85. Set §, := z2.

Theorem 1.2. If 6 > 0., in particular if § > 0.7225, then the geodesic flow of a
d-pinched Riemannian metric on S? lifts to a right-handed flow on S3.
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As mentioned before, the main motivation for such a statement is that it is not
a perturbative result, hence it can be used to check right-handedness in an explicit
set of flows that are far from integrable.

Other implications of right-handedness besides Theorem 1.1 have been obtained.
For instance, Dehornoy and Rechtman showed in | | that if an invariant measure
of a right-handed flow can be approximated by long periodic orbits, then their Seifert
genera grow proportionally to the square of the period, the proportionality constant
being the helicity of the given invariant measure.

More generally, we look for numerical conditions for right-handedness within
the class of Reeb flows of dynamically convex contact forms on S3. This class
was introduced by Hofer, Wysocki and Zehnder in | ]. They showed that
this class is rich enough to provide applications: by [ , Theorem 3.4] the
Hamiltonian flow on a strictly convex energy level in a 4-dimensional symplectic
vector space is the Reeb flow of a dynamically convex contact form. Harris and
Paternain showed in | ] that the geodesic flow of a Finsler metric on the two-
sphere with reversibility r is dynamically convex if the flag curvatures are pinched
by more than (r/(r 4+ 1))%. Theorem 1.2 will be deduced from Theorem 1.13 below,
which provides an abstract condition for right-handedness of a dynamically convex
Reeb flow on S? in terms of a dynamical pinching condition. Theorem 1.13 also
implies Theorem 1.14 which gives right-handedness on strictly convex energy levels
in terms of a relation between the curvatures and the return times of a disk-like
global surface of section.

It was explained to us by Dehornoy in private communication that there are
Riemannian metrics on S? with strict positive curvature whose geodesic flows do
not lift to right-handed flows on S®. Consider the infimum dy of all § € (0, 1] with
the following property: if a Riemannian metric on S? has curvatures pinched by at
least & then its geodesic flow lifts to a right-handed flow on S3. Dehornoy’s examples
show that g > 0. Together with Theorem 1.2 we get 0 < g < 9, < 0.7225. We are
led to ask:

Question. What is the value of §¢7

1.1 Global surfaces of section

Let X be a smooth vector field on a closed and oriented 3-manifold M. Its flow is
denoted by ¢.

Definition 1.3. A global surface of section (GSS) for ¢', or for X, is a smooth,
embedded and compact surface > < M, such that 0% consists of periodic orbits

or is empty, X is transverse to ¥ \ 9%, and for every z € M one finds t_ < 0 < ¢
such that ¢'*(x) € X.

Remark 1.4. The orientation of M and the co-orientation of ¥ \ 0¥ induced by X
together orient Y. In this paper we always assume that global surfaces of section
are oriented in this way.



Remark 1.5. From a dynamical perspective a global surface of section is a valuable
tool since one can deduce dynamical properties of the flow from those of the associ-
ated first return map. To define it we need first to consider the return time function
7: %\ 0¥ — (0,400), 7(x) = min{t > 0 | ¢'(x) € X}. One can use 7 to define the
return map 1 : .\ 98 — X\ 0% by ¥(z) = ¢"@ (). It follows from Definition 1.3
that ¢ is a smooth diffeomorphism.

Consider the vector bundle £ = TM/RX — M and denote by P, ¢ the circle
bundle (£\0)/R,; — M. The linearised flow D¢" induces flows on £ and on P,.£, both
denoted by D¢’ with no fear of ambiguity. These flows cover ¢'. The generating
vector field of D¢! on P, ¢ is denoted by X. Both £ and P, £ get oriented as bundles
by the flow and the ambient orientation. Now let v : R/T7Z — M be a periodic orbit
of ¢', where T' > 0 is the primitive period. The total space T., of the trivial circle
bundle v(7T-)*P, £ — R/Z, which we see as a submanifold of P, ¢, is a D¢'-invariant
torus. The dynamics of D¢’ on T, will be referred to as linearised polar dynamics
along v. For each boundary orbit v of a global surface of section ¥, consider

vy = {R v | v € TY|, is outward pointing}.

It follows that vy /RX is the graph of a section of v(T-)*P,.¢ and, as such, defines
a smooth submanifold of T,.

Definition 1.6. The global surface of section X is called strong if the associated
return time function is bounded away from zero and bounded from above. It is called
O-strong if v™y/RX is a global surface of section for the linearised polar dynamics
along every v C 0.

Remark 1.7. Tt is not hard to check that 0-strong implies strong.

In | | Poincaré described annular global surfaces of section for certain regimes
of the planar circular restricted three-body problem (PCR3BP). In the same paper
one finds his last geometric theorem, proved by Birkhoff in | | and nowadays
known as the Poincaré-Birkhoff theorem. Poincaré applied his statement to the re-
turn map of the sections he found for the PCR3BP to obtain infinitely many periodic

orbits. In | | Birkhoff explained that positively curved Riemannian geodesic
flows on S? always have annulus-like global surfaces of section. Birkhoff’s result
admits a generalisation to Reeb flows in dimension three, see | ]. Birkhoff’s

section plays an important role in the proof of Theorem 1.2.

1.2 Reeb flows

A contact form X on a 3-manifold M is a 1-form such that A A d\ defines a volume
form. We always consider M equipped with the orientation induced by A A dX. The
associated Reeb vector field X is implicitly determined by the equations

ixd\ =0 ixA=1 (1)



and its flow ¢' is referred to as the Reeb flow. The plane field £ = ker ) is called
a contact structure and can be seen as a representation of TM/RX. It becomes
a symplectic vector bundle with d\. Note that ¢' preserves A, hence also &, d\
and A A dA.

A periodic orbit v of ¢! has a Conley-Zehnder index relative to a symplectic
trivialization of (£, d\)|,. This index is an integer that can be described in terms of
transverse rotation numbers, see Remark 2.1 for details.

Definition 1.8 (Hofer, Wysocki and Zehnder | ]). A contact form A on a
closed 3-manifold M is dynamically convez if the first Chern class ¢; (€, d\) vanishes
on me(M), and every contractible periodic Reeb orbit has Conley-Zehnder index at
least equal to three in a symplectic frame that extends to a capping disk.

One of the motivations for the above definition is the following remarkable result.

Theorem 1.9 (Hofer, Wysocki and Zehnder | ). The Reeb flow of every
dynamically convex contact form on S* admits a disk-like global surface of section.

Using the methods from | ] one can prove a characterisation result for
periodic Reeb orbits bounding a disk-like GSS.

Theorem 1.10 (| ). A periodic Reeb orbit of a dynamically convex contact
form on S? bounds a disk-like global surface of section if, and only if, it is unknotted
and has self-linking number —1.

Remark 1.11. The GSSs obtained from | : | are closures of projections
of pseudo-holomorphic planes in symplectisations, and as such are smooth in the
interior but only C! up to the boundary. In Appendix C it will be proved that they
can be Cl-perturbed to smooth d-strong global surfaces of section.

If M = S3 then the contact structure (£,d)\) is trivial as a symplectic vec-
tor bundle. A global symplectic trivialisation o of (£, d\) induces a trivialisation
P,£ ~ S3 x R/2nZ. The map obtained by composing this diffeomorphism with the
projection onto the second factor will be denoted by

O, :P.¢{ - R/27Z. (2)

Let the periodic Reeb orbit vy bound a 0-strong disk-like global surface of section .
Stokes theorem implies that ¥ orients 9 = 9% along the flow. For every z € 5%\
we denote

2 (z) = inf{t > 0| ¢'(z) € =} t*(x) = sup{t <0 ¢'(z) € ¥} (3)

which are uniformly bounded functions that vanish and are discontinuous on ¥\ 7o,
and are non-vanishing and smooth on 5%\ ¥. Given T' > 0 consider the interval

I(T,2;%) = [t=(2), T + (6" (2))] (4)
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and denote by k(T,z; ) C S\~ any loop obtained by concatenating to ¢!(7'%) (1)
a path in the interior of ¥ from ¢+ @) (1) to ¢!~ @) (z). For u € (£\0)/R, denote
by t € R — ©O,(t,u) € R a continuous lift of ¢t — O,(D¢" - u). Finally we define

k() = liminf (inf O (T; u)—@AO,u)) (5)

T—+o0 T, hnk(k}(T, X 2)7 70)

where the infimum is taken over all pairs (x,u), where x € S3\7p and u € (£,\0)/R,.

Remark 1.12. In Sections A.3 and A.4, we will prove that x(7y) does not depend
on Y or on o; see Corollary A.10 and Lemma A.11.

Our abstract result reads as follows.

Theorem 1.13. Let \ be a dynamically convex contact form on S®, and vy be an
unknotted periodic Reeb orbit with self-linking number —1. If k(vo) > 27 then the
Reeb flow of X is right-handed.

As mentioned before, a rich source of dynamically convex contact forms are
the strictly convex energy levels in R*. Consider R* equipped with coordinates
(q1, 1, g2, p2) and symplectic form wy = dAg, where )q is the 1-form

1
Ao = 5(]7161611 — qudpy + padge — qo2dps) .

It follows that Ay is a contact form on hypersurfaces that are star-shaped with
respect to the origin.

Let C C R* be a smooth convex body with the origin in the interior. Denote
by ve the gauge function of C, which is defined to be the unique 1-homogeneous
function v¢ satisfying C = v;'(1). Note that v is continuous on R* and smooth
on R*\ {0}. The Hessian of 12, denoted by D?v2,, defines a 0-homogeneous matrix-
valued function on R*\ {0}. Consider

KE = inf min{u | pis an eigenvalue of D*v2(2)}. (6)
zeR4\ {0}

Convexity implies K, > 0. We call 9C strictly convex if K$,, > 0. The Hamil-
tonian vector field Xy of H = 12, defined on R*\ {0} by ix,wy = —dH, satisfies
ixy Ao = H. Hence Xy restricts to dC' as the Reeb vector field of the contact form
induced by A\g. In | | Hofer, Wysocki and Zehnder proved that this contact
form is dynamically convex provided dC' is strictly convex. In particular, there are
0-strong disk-like GSSs for the Hamiltonian dynamics on 0C' under the assumption

of strict convexity.

Theorem 1.14. Assume that OC' is strictly convex, and let D C OC be a disk-like
0-strong global surface of section. Denote by Tmin(D) > 0 the infimum of the first
return time on D. If the inequality

C
Kmin

Tmin(D) > 7 (7)
holds, then the Hamiltonian flow on OC' is right handed.
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Remark 1.15. If C' is the unit Euclidean ball in R?*, then the gauge function is the
Euclidean norm, K¢, = 2, the Reeb flow on dC is m-periodic and equal to the Hopf
flow. In particular, 7, (D) = 7 for any disk-like global surface of section D C 0C'.
If C" is C?-close to C then it can be proved that the Reeb flow on 9C’ admits a
0-strong disk-like global surface of section D’ with return time uniformly close to .
Since the curvatures of C” are close to those of C' we get

K&

min

Tuin (D)) ~ Ko T (D) =27 = K

m min

Tmin(D/) > T,

By Theorem 1.14 the Reeb flow on 0C” is right-handed, as claimed in | ].

Remark 1.16. One gets restrictions of a contact topological nature from the argu-
ment given in Appendix B. In the case of Reeb flows, the proof shows that all finite
collections of periodic orbits bind open book decompositions that support the con-
tact structure in the sense of Giroux, with pages that are global surfaces of section.

Organisation of the paper. In Section 2 we give the definition of right-handedness and
prove Theorem 1.13. We also show how Theorem 1.14 follows from Theorem 1.13.
Section 3 is devoted to the study of geodesic flows on S?: we show how the claimed
pinching condition enables us to verify the quantitative condition of Theorem 1.13.
The proof uses comparison theorems from Riemannian geometry. In Appendix A, we
study the properties of global surfaces of section in generic position and deduce that
the quantity k(7o) is independent of the choice of the J-strong disk-like global surface
of section spanned by 7y, and of the choice of a global symplectic trivialization. For
the sake of completeness, a proof of Theorem 1.1 is given in Appendix B. Finally,
in Appendix C, we discuss technical properties of 0-strong disk-like global surfaces
of section that are used in the proof of Theorem 1.13.

Acknowledgements. We thank Alberto Abbondandolo, Marie-Claude Arnaud, Pierre
Dehornoy, Ana Rechtman and Pedro Salomao for helpful discussions. This project
initiated when UH visited Avignon Université in 2018, invited by Marie-Claude
Arnaud and Andrea Venturelli, while AF was a doctoral student there. We are
especially grateful to them for this opportunity.

2 Right-handedness from dynamical pinching

2.1 Transverse rotation numbers

Let v be a non-constant periodic orbit of a smooth flow ¢’ defined on an oriented
3-manifold M. Denote by T" > 0 its primitive period, and think of v as a map
v :R/TZ — M. Consider coordinates (¢t,z = x + iy) € R/TZ x C defined on a
small tubular neighbourhood N of  such that dt Adz Ady > 0 and ¢*(v(0)) = (¢,0).
We shall refer to such coordinates as tubular coordinates around . For every 6, € R
consider the continuous real valued function () defined by

D¢'(0,0) - (0,¢%) € R(1,0) + R, (0,eD)  6(0) =6,
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If y € H'(N \ 7,R) is homologous to p dt + ¢ df then we define

T 0(t)
U(n) — — im
0 =5 (v o, ). ®
This number is called the transverse rotation number of ~ with respect to y. It
turns out that p¥(7) does not depend on the choice of tubular coordinates or on the
initial condition 6y; see [ , section 2].

Remark 2.1. In the notation above, suppose that ¢! is the Reeb flow of a contact
form A, and let o be a symplectic trivialization of (£, d\) along ~. Denote by 7, an
oriented loop in N \ v obtained by pushing ~ in the direction of o. If N is small
enough then d\ defines an area form on any meridional disk D. Orient D by dA.
There is a unique class y, € H'(N \ v, Z) determined by (y,,0D) =1, (y,,7,) = 0.
If no transverse Floquet multiplier of 7 is a root of unit of order n > 1 then one
says that the n-th iterate v" of v is non-degenerate, and defines

1oz (Y") = 2[np* (v)] + 1. (9)

Otherwise, uZ, (") is defined to be the lowest possible value of the right-hand side
above, obtained from small C2-perturbations of A that keep ~ as a periodic Reeb
orbit with 4™ non-degenerate. The inequality pZ,(y) > 3 is equivalent to p¥ (y) > 1.

Suppose further that M is a homology 3-sphere. Consider any oriented Seifert
surface S spanned by 7. We require that 0S = 7 including orientations, when
is oriented by the flow. As before, orient the meridional disk D C N by d\. Let
S* € HY(M \ 7,Z) denote the class dual to S. Since M is a homology 3-sphere, the
class S* is independent of S. In fact, (S*, §) = link(v, ) for any oriented loop S in
M \ . After restricting to N \ v we can view it as a class in H(N \ v, Z).

Definition 2.2. Under the assumption that M is a homology 3-sphere, we call p¥(~)
the transverse rotation number of 7 in a Seifert framing, where y is the cohomology
class dual to some (hence any) oriented Seifert surface S spanned by .

From now on assume that M is a homology three-sphere and that ¢’ has no rest
points. Let v1,...,7v, be a collection of periodic orbits oriented along the flow, and
consider the oriented link L = vy, U --- U~y,. Let X; be an oriented Seifert surface
satisfying 0%; = ~;, orientations included. Let % be an oriented Seifert surface
satisfying 0¥ = L, orientations included. Consider small tubular neighbourhoods
N; of ~; with tubular coordinates as above. Denote by ©* € HY(M \ L,R) and
¥r e HY(M \ v, R) the classes dual to ¥ and X; respectively. Each X} restricts to
a class in H'(N; \ v;, R) still denoted by X} with no fear of ambiguity. Similarly :*
restricts to a class in H'(N; \ 7;, R) for every i, all of which are denoted by ¥* with
no fear of ambiguity.

Lemma 2.3. For every i we have p™ (yi) = p™ (i) + 5= > 1ink(yi, 7).



Proof. Let (t,z = |z|e’) € R/T;Z x C be tubular coordinates on a small tubular
neighbourhood N; of ;. With € > 0 small we consider the loops e;(t) = (t,€),
f:(0) = (0,ee). Then {e;, f;} is a basis for H;(N; \ v, Z) whose dual basis is
{dt/T;,df/2r}. Then on N; \ 7; one has

ey b d0 L dEdd
Ei :<Zi7ez>ﬂ +<E’L7fl> < [ Z>E +27T
L dt 9 _dt df
by :(Z,eZ)TZ (37", fl) _<Z7€Z>E+27f

Denote by v; a section of the normal bundle of ¥; along 7;. Let 7 be the loop
obtained by pushing 7; in the direction of v;. Note that «/ gets an orientation from

;. Then
dt do do
’: ! = / 3
%_<Tz’%>e‘+< 7%>fz e + <27T,%>f1

From these formulas it follows that
int(v;, ) — int(v;, 5i) = (X%, 1) — (X7, %) = (5 e) — (57, e1)

Consider the 2-cycle S = ¥ — ¥ —--- —X,,. Since the ambient space is a homology
sphere (over Z), S is a boundary and we get

0 = int(v;, S) = int(v}, ¥) — int(v;, 3 Zhnk ey

77 (10)

= <Z*7 ei) o <E;k> ei) - Z link(%, /Yj)
JFi
Hence, if 6(t) denotes a lift of the polar angle of the linearised flow along 7; in the
given tubular coordinates we get

. T, ((E%e) 1 .. 0(t)
X)) = (A L ] b4
e =g (S g m
T (he) | 1, L
(G T m ) o
% _ 3
=p~ (i) + Wzlmk(%,%)
JF#i
as desired. [

Corollary 2.4. If n > 2 and link(v;,v;) > 1 for all i # j then p™ (v;) > p™i ()
for every i.

Remark 2.5. Let the periodic orbit y be oriented by the flow, and let X, 3 be oriented
Seifert surfaces such that 0¥ = v, ¥ = v (including orientations). Lemma 2.3

proves the previously claimed fact that p*(y) = p* (7).
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2.2 Right-handedness

Fix a smooth non-vanishing vector field X on an oriented homology 3-sphere, and
denote its flow by ¢'. Let & be the set of ¢!-invariant Borel probability measures.
Denote by Z the set of recurrent points, and consider the following measurable set:

R={(a,y) € Z x & | 6" (x) N ¢"(y) = 0} (12)

Let py, uo € & be ergodic, and denote by 1 X s the product measure. There are
two cases:

(A) 1 x pa(R) = 1.
(B) 1 X pa(R) = 0 and supp(u1) Usupp(ue) C v for some periodic orbit .

Each case needs to be treated separately. Fix an auxiliary Riemannian metric g.

Case A. Consider (p,q) € R and let S(p,q) denote the set of ordered pairs of
sequences ({T,,},{S,}) satisfying T},, S,, — +o0, ¢™(p) — p and ¢°"(q) — q. For n
large enough let a,, and 3, be the (unique) shortest geodesic arcs from ¢ (p) to p
and from ¢°*(q) to g, respectively. Consider C'-small' perturbations &, B of am, By,
keeping end points fixed, such that the closed loops k(7},,p) and k(S,, q) obtained
by concatenating & to ¢®T#l(p) and B to #1291 (q), respectively, do not intersect
each other. Define

link_(¢™I(p), o151 (¢)) = liminf  link(k(T}, p), k(Sn, q)) (13)

1 ~1
6% an 85 8,

and
link_ (6% (p), 1%51(q)).  (14)

lp,q) = inf lim inf
(p q> {Tn} {Sn})ES(P,g) n—o0 non
Note that (13) and (14) belong to [—oo, +0c]. One says that pg, o are positively
linked if for pq X pe-almost all points (p, q) in R the inequality ¢(p, q) > 0 holds.

Case B. One says that py, o are positively linked if the transverse rotation number
of the periodic orbit v containing the supports of 11, p2 computed in a Seifert framing
is strictly positive.

Definition 2.6. The flow ¢! is said to be right-handed if all pairs of ergodic measures
in & are positively linked.

Remark 2.7. The above definition is equivalent to the one explained in | ]. Of
course, Ghys defines right-handedness in a much more elegant way by explaining
that in case A the ergodicity assumption can be used to prove that for p; X p-almost
all (p,q) € R, all possible sequences

link(k(Ty, p), k(Sn, q))
TS,

IThe assumption that &, 3 are Cl-close to ay,, 3, is important. Being C9-close is not enough.
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as above will converge to a common limit. This limit is defined to be the value of
the quadratic linking form evaluated at the pair (uq,u2). There is also a way of
assigning a number in case B. The advantage of the definition explained here is that
it avoids dealing with details on the existence of the quadratic linking form.

2.3 Proof of Theorem 1.13

We fix a dynamically convex contact form A on S, denote by X the associated Reeb
vector field and by ¢' the Reeb flow. The following technical statement, which is
based on the main result from | ], is proved in appendix C.

Proposition 2.8. Let \ be a dynamically convex contact form on S®, and denote
by X the Reeb vector field of \. Let vy be any unknotted periodic Reeb orbit with
self-linking number —1. Denote the primitive period by Ty > 0. There exists a map
of class C*

U:R/ZxD— S? (15)

with the following properties:

(a) U(0,e") = ~o(Tps/2m) for all s € R/2xZ, and ¥(0,-) : D — S? is an embed-
ding that defines a 0-strong global surface of section for the flow of X.

(b) U defines an orientation preserving diffeomorphism R /7 x D — S3 \ 70-

(c) There exists a smooth vector field W on R/Z x D that coincides with the
pull-back of X by \IJ|R/ZX® on R/Z x D, and is tangent to R/Z x OD.

(d) For every t € R/Z the disk {t} x D is transverse to W up to the boundary,
and defines a global section for the flow of W.

(e) There is non-vanishing vector field Z on S* satisfying iz\ = 0 with the fol-
lowing property. Let Zy be the unique smooth vector field on D defined by

Z(¥(0,2)) —d¥(0,2) - Zo(z) € RX(V(0, 2)).
If ¢ : D — R is continuous and satisfies Zo = | Zo|e'®, then ¢ € L°(D).
Denote by ¢* the flow of W, so that on R/Z x D we have
o' =T"togp oW,
The first return time back to {0} x D is
7:D — (0,400) 7(z) = inf{t > 0] ¢'(0,2) € {0} x D}. (16)

It follows from (c) and (d) that 7 is bounded away from zero and bounded from
above. Denote

0 < Typin = minr Tmax = Max 7T < +00
The return map is denoted by
h:D—D (0,h(2)) = ¢"@)(0, 2) (17)

11



Lemma 2.9. For every c € (0,1) there exists t : [0,1] x D — [0, +00) smooth such
that:

(i) t(0,z) =0 and t(1,z) = 7(z) for all z € D.
(11) Dit(s,z) > ¢t for all (s,z) € [0,1] x D.
(111) 30 < e < 1 such that Dit(s,2) = Tmax if s € [0,€) U (1 — ¢, 1], for all z € D.
Proof. Fix ¢ € (0,1) and let 0 := ¢7y,. Consider the following set
Q:={(t,2) | zeD, 0<t<7(2)} CRxD,
and define the piecewise smooth function s : 2 — [0, 1] by

t

0<t<7(2)—0
7_rﬂa‘X

s(t, z) ==
T(z) =0 | Timax — T(2)+9

Tm ax 57—m ax

(t—71(2)4+0) for7(z)—d <t<7(z2).

Let us now define ¢ : [0,1] x D — [0, +-00) by the identity
t(s(t,2),2) =t.
Observe that #(0, z) = 0 and #(1, z) = 7(z). For every (s, z) € [0,1] x I it holds

5Tmax o 6Tmax
Tmax — T(2) + 0  Tax — T(z)+ 0

min {DT??(S, Z), Dl_tA(S, Z)} > min {Tmaxa

where Di denote one-sided derivatives in the first variable. In particular

OTmax -
= CTmin-
Tmax — ( ) + 6
Using a parametrised splining method we get the a smooth ¢ : [0,1] x D — [0, +00)
satisfying Dit(s, z) € [Dt(s,2), Dy t(s, 2)], t(0,2) = 0 and #(1,2) = 7(2). In par-
ticular Dyt(s, z) > cmin for all (s, z) € [0,1] x D. Extend ¢ to [0, +00) x D by

ls]—1

Z Tohi(2) + t(s—|s],hl(2)) (s >1) (18)

It follows that ¢ is continuous on [0, +00) x D and smooth on [n,n + 1] x D for each
n > 0, that Dyt has only discontinuities possibly at N x D, and that Dit > cTyin
on [n,n + 1] x D for every n > 0. Again by a parametrized splining method, we
can ask also that the extended function ¢ is smooth at N x D and that there exists
0 < € < 1 such that Dit(s,2) = Tax if s € [0,€) U (1 —€,1]. O

12



Consider disks Dy defined by
D, = {"*9(0,2) | z € D} (19)

where s varies on [0,1]. Note that D; = Dy = {0} x D in view of (17). Hence we
get a continuous R/Z-family {D;}ser/z of smooth disks.

Lemma 2.10. The family {Ds}scr/z defines a smooth foliation of R/Z x .

Proof. 1t suffices to study smoothness of the foliation near the disk Dy. We claim
that there exists € > 0 small enough such that D;, = ¢™>%(Dy) for all u € (—¢, 0],
and D, = ¢™=>%(Dy) for all u € [0,¢€). In fact, let € > 0 be small enough so that (iii)
in Lemma 2.9 holds. It follows from (i) and (iii) in Lemma 2.9 that (s, 2) = Tiaxs
for all s € [0,€) and that t(s,2) = 7(2) + Tmax(s — 1) for all s € (1 — ¢, 1], for all
z € D. In particular, the D, = ¢™=%(Dy) holds for all u € [0,€). With u € (—e¢, 0]
we have

D E Digy & p = 20, 2) (for some z € D)
— (’DT(Z)J'_TmaX(lJ’_u_I)(O’ 2)

= (0730, 2))
= @™=(0,h(z2)) € p™*(Do)

(20)

It follows that the disks fit around Dy as the smooth foliation {¢™"(Dg)}jyj<e. O

Lemma 2.11. In addition to properties (a)-(e) from Proposition 2.8 one can assume
that the map W in (15) satisfies in addition the following property.

(f) If ¢ denotes the flow of W then for every ¢ € (0,1) there exists a smooth
function t : [0,1] x D — [0, +00) satisfying properties (i)-(iii) in Lemma 2.9,
and a smooth isotopy {hs : D — D}scpo1) such that

P 9(0,2) = (5, ho(2)) (21)
for all (s,z) € [0,1] x D.

Proof. As a consequence of lemmas 2.9 and 2.10 one finds an orientation preserving
diffeomorphism ® : R/ZxD — R/Z x D satisfying ®({s} xD) = D; for all s € R/Z.
If W = ®*WW and ¢' denotes the flow of W then we find a smooth isotopy {hs}se[o,l]
of self-diffeomorphisms of D satisfying hy = id, hy = h, uniquely determined by
¢'2)(0, 2) = (s, hy(z)). Here h is the return map (17). The proof is concluded if
we revert the notation from @', W and ® o ¥ back to ¢!, W and V. O

Notation 2.12. If z : [a,b] — C\ {0} is continuous then we denote

0(b) — 6(a)

5 (22)

Wind[avb](z) =
where 6 : [a,b] — R is continuous and satisfies z(s) = |z(s)[e?®).
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Up to rotating the coordinate system on S3\ 7y obtained via the map ¥, i.e. up
to changing W(t, z) by W(t, e>™*2) for some k € Z, we may assume that the following
property holds: for any pair of loops «, 5 : R/Z — D satisfying a(t) # B(t) Vt, the
linking number in S® between the loops t — W(t, a(t)) and t — (¢, 3(t)) is equal
to windo 1)(5(t) — «(t)). From now on we assume that W satisfies this property.

Lemma 2.13. If k() > 27 then every periodic orbit has strictly positive transverse
rotation in a Seifert framing.

Proof. Let v C 5%\ 7 be a periodic orbit with primitive period 7' > 0. Fix p € v
and u a non-zero vector of the contact plane at p. Since any periodic orbit that links
once with 7o has self-linking number —1, see | , section 4], it follows that if 7 is
a section of the contact structure along ~ that has winding number zero in a Seifert
framing 7 for v, then n makes link(~y, 7o) positive turns in a global symplectic frame
o of the contact structure. Hence for any k € N

AO, (KT, u) = AB, (KT, u) — 27k link(v,vo)

where, for x = 7,0, A©,(t,u) denotes the angular variations of s € [0,t] — D¢*(p)u
in the frame *. Let € > 0 satisfy x(y9) —e > 2. In view of (5), we find k. such that

A, (kT u)
k link(7, 7o)

Hence the transverse rotation number p() in a Seifert framing is

k> k.

Y]

K(70) — €

T . AO(KT,u) .. AO.(kT,u)
— lim ——— = lim —————~
2T k—oo T k—o0 27k
~ lim AO,(ET,u) — 27k link(~y, vo)
- k—o0 ok (23)
. (k(v0) — €)k link(y,7v0) — 27k link(~y, yo)
> lim
k—oo 2’/T]€
1 )
= %(ﬁ(%) — 27 — ¢€) link(~,v) > 0

as desired. The only periodic orbit left to be analysed is vy, but the positivity of its
transverse rotation number (in a Seifert framing) follows from dynamical convexity
and the fact that v has self-linking number —1. O

Let I = {fi}ep C Diff' (]D)) be a C''-isotopy joining fy = idy to f; = f. Extend
the isotopy on R, = [0, +00) by asking that fi; = fio f.

Theorem 2.14 (| ). Let z,y € D, z # vy, and T > 0 be fized arbitrarily.
Then

wind[o,T}(ft(y) — fi(x)) = Wind[o,T} (Dfi(2)(y —x))

holds for some z in the segment [x,y] joining x to y.
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From the standing assumption that x(7yy) > 27 we can choose 0 < € < 1 such
that
k(Y0) — € > 2. (24)

Our main technical statement reads as follows.

Proposition 2.15. Let p,q € ¥({0} X ]D)) be recurrent points for ¢t in distinct
trajectories. Then
k() —€—2m

2
2T ax

Up,q) >

where {(p,q) is the number (14).

>0 (25)

From now on we are concerned with the proof of Proposition 2.15. With n
large enough consider k(7),,p), k(S,,q) loops as constructed in case A described
in subsection 2.2. Their construction is as follows. Fix any auxiliary Riemannian
metric on S3, for instance, we can use a metric which is equal to W, (ds? + |dz|?)
on a neighbourhood of the set {p, ¢} fixed a priori. Denote the coordinates on the
domain R/Z x D of the map W by (s, z). The sequences T,,, S,, satisfy T,,, S, — +00,
¢*"(p) — p and ¢°"(q) — ¢. Hence we find real numbers s,,, 5, — 0 and 2, 2, € D
such that ¢ (p) = U(s,, 2,), ¢°"(q) = ¥(3,, 2,). When n is large enough the short
closing paths a,, and 3, from ¢™(p) to p and from ¢ (q) to ¢, respectively, are just
straight line segments in (s, z) coordinates, in view of the form of the metric. There
exist m,(p), m,(q) > 1 and

th=0<th <. <t

q __ q q
mn(p)ng lo=0<t] <--- <t

malq) < On

characterized by
{th .t o} = {t € [0, T3] | ¢'(p) € ¥({0} x D)}
[t 0 b= {t€ (0,5, | 6'(q) € W({0} x D)}
Since these are the returning times we have estimates
M (D) Toin < 15, ) < To <o, iy <oy )+ Tmaxe < (M (p) + 1) Tanax

where t", denotes the hitting time following tp . It follows that

n(p)+1
M (p) 1 T,
< , —1<m,(p) — . 26
Tn o Tmin Tmax = (p) oo ( )
Analogously
mn(9) < , —1 < m,(q) = +oo. (27)
Sn Tmin Tmax

The loop k(T),, p) = ¢/>™)(p)+a,, is obtained by concatenating to ¢/%™l(p) a C}-
small perturbation &, of a,, (with end points fixed), and k(S,,q) = ¢[>(q) + 5,
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is obtained by concatenating to ¢l®57(¢) a Cl-small perturbation £, of 8, (with
end points fixed). But the choices of &,, 3, need to be made so that k(T,,p) and
k(Sy,q) do not intersect. Observe that different choices of &, @n determine an
ambiguity by an additive integer in [—m,(p) — m,(q), m,(p) + mn(q)] of the value
of link(k(7T,,p), k(Sn,q)). This is so because &, B, are C'-close enough to ay, Bn.
In view of (26)-(27) we see that the ambiguity of the value of

link(k(Ty, p), k(Sn, q))
1,5,

1S at most

— 4+ —
TnSn - Tmin

ma(p) +ma(q) _ 1 (Sl 7{)_)0

provided &, Bn are C'-close enough to o, 8,. In particular

link_ (g™l (p), p**"I(q))  link(k(T,, p), k(Sn, 9)) ‘

()
o Tmin Sn Tn
provided &, B3, are Cl-close enough to am, B,.

Similarly, consider another sequence T, — +oo satisfying |T,, — 7))|— 0. Let
o, o, be shortest geodesic arcs from ¢™=(p), ¢ (p) to p, respectively, and let &, &
be small C''-perturbations of o/, a,, with end points fixed so that the corresponding

loops k(T,,p), k(T!,p) as described before do not intersect k(S,,q). Construct the
loop ¢ = (—a,) + ¢ T (p) + &,. For n large enough we can estimate

llink(c, k(Sy, ¢))|< 2mn(q) (29)

provided &, &, are C''-close enough to /,, av,,. The identity k(T",p) + ¢ = k(T,,, p)
implies that
link(k(T,, p), k(Sn,q))  link(k(T),p), k(Sn,q))

T, Sn T'S,

€p =

can be estimated by

ea] = link(k(T}, p), k(Sn.q))  link(k(Z},p), k(Sn @)
Enl = T,.S, 7’8,
| link(k(T5, p), k(Sn, @) link(k(T5, p), k(Sn, q)) — link(c, k(Sn, q)) T
B TS, T,,S, T
<|i_ T, | |link (k(T, n,p ‘ N link(c, k(S ))'
il S i
T, | | link(k(T, n,p 2m,(q
<l1-
s\'-7 ‘ T, T’




provided &, &, 8, are C'-close enough to al, ay, By, Together with (26) and (28)
this implies

link_ (¢1%"#] (p), pII (¢))

7.5,
o ik (k(Tp) k(Swq) 1 (11
- T/lsn Tmin S’n Tr,;,
 link(k(T, p). k(S0 0) - (L L

TnSn Tmin Sn T'r,l
_ link(k(T,.p) k(S 0) |, _ T | [link(K(T,.p), (S0, 0))
= 7.5, T T

(30)

2 1 1 (1 1
- Tminﬁ - Tmin (S_n - fﬁ)
_ link_ (¢ (p), ¢%I(q)) |, T ||link_ (61" (p),cb[o’S”](Q))‘
= 7.3, T 7.5,

2 1 1 1 n 1 1 1 n 1 1 T,
Tmin T, Tmin Sn T/L Tmin Sn Tn T;L

1 1 1
Tmin (Sn * Tn>
provided &, &, Bn are C'-close enough to o/, a,, B,. Now note that if two sequences
A,, A € R satisfy A/, > A, — 6,|An|—0, Vn where 6,,0,, — 0 then the inequality
liminf, A, > 0 implies that liminf, A/ > liminf, A, > 0. This fact combined
with (30) and with an analogous argument interchanging the roles of p and ¢, shows

the following: if there exists a > 0 such that for every {7}, {S,} as above one finds
sequences {1}, {S! } satisfying

link_ (¢1%)(p), ¢1501 (q))

T, —T/|— 0 1S, — S)|— 0 ligriioglf TS >a
then
{(p,q) > a.

Thus, we can assume that ¢’ (p), $°(q) belong to ¥({0} x ]D) We proceed under
this assumption.
The form of the metric near p, ¢ implies that «,, 5, are images under W of straight

line segments in {0} x D. Denote by 2. zﬁln(p) and by 2{,..., zfnn(q) € D the
points in D uniquely determined by
U(0,20) = 6" (p), W(0,20) = 6" (q).
It follows that
an = U0} x [z, > 20) B = V({0} x [z, (4> Z0))
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where [z, w] denotes the path u € [0,1] = (1 — u)z + uw. By transversality of the
flow to W({0} x D) we can choose &, £, to be contained in W({0} x D), i.e. there
are C'-small perturbations 2, ¢? : [0,1] — D of [z ()7 200> 2 () 0] Tespectively,

n’n

such that 2 misses the points z{,. .., zfnn(q) and ¢ misses the points z{, ... ,zﬁln(p),
and such that we can choose
b = U(0 X P), B =0(0 x ).
Define paths )
kb, ... ,kfnn(p)_l, K., kfnn(q)_l :[0,1] - D
by ,
(s, kf(s) = o' (W(0, 27)) (s, ki(s) = ¢ (0 (0, 2]))
where (s, z) is the function given by Lemma 2.9. It follows that
1€f0,omap) =1} = K(O) =2, k()=
Jj€40,...,mu(q) — 1} = k1(0) = 27, Ki(1) = 25,4
Fix 0 < § < 1. Consider paths
defined by
- EP(=5) if 1—-96
If0<i<m,(p)—2: ki'(s) = ;<1*5) 1 s €0, ]
2P if s € [1—0,1]
q (31)
. E9(—= if 1—90
10< ) <malq)—2: k(s = | ats) Tsel01=0
2 if se[l—0,1]
and
. (s) = k:m"(p)—1<1%) if s € 10,1 — 4]
mn(p)—1 cﬁ(s_};r‘s) if s €[l—0,1]
~ (s) = K-1(755) if s €10,1 4]
mn(g)—1 cZL(S_}S”) if s€[l—0,1]

In the following we extend k?, k? to all i € Z in a m,,(p)-periodically way. Similarly,

7 K3
we extend kY, k] to all j € Z in a m,(q)-periodically way. With this convention we
have

]%P(l) = ]%erl(O) Vi 1%2(1) = l%?H(O) Vj

)

Let L = lem(my,(p), m,(q)) and r,(p), rn(q) € N satisfy

L = ra(p)ma(p) = ra(@)ma(q)

18



Let us denote by k(T,, p)™®), k(S,,q)™@ the r,(p)-fold iteration of k(T},,p) and
the 7,,(¢)-fold iteration of k(Sy, q), respectively. Then, by the transversality of o to
each U({s} x D), it holds

link(k(T,,, p)™®, k(S, Zwmdsem (s) — k4(s)). (32)

i,j=0
With 4,5 € {0,..., L — 1} consider
eij = wind,ep 51 (K'(s) — k(s)). (33)
For each pair (7, j) there are two cases to be studied separately:
(i) m,(p) does not divide ¢ + 1 and m,(¢q) does not divide j + 1.
(ii) mpu(p) divides i + 1 or m,(q) does divides j + 1.

In case (i) both paths l%fhl,&” and ]2’?“1,5’1} are constant paths, hence e;; = 0. In
case (ii) there are two subcases: either one of the paths is a C'-perturbation of a
straight line segment in D and the other is a point in the complement, or both are
contained in disjoint open balls (assuming n is large enough). In both subcases we
get |e;;|< 1. The number of multiples of m,,(p) in [0, L — 1] is r,,(p), and the number
of multiples of m,(¢q) in [0, L — 1] is r,(q). Hence there at most r,(p) + r,(q) pairs
(i, 7) falling in case (ii), and this yields the estimate

L-1

Z €| < m(p) + 1) (34)

4,j=0

Now note that

Z winde(o, 1] Z windgepo,1— 6] ( ) — kq( ) + eij

4,7=0 4,7=0

L (35)
= > wind,eo (K (s) — ki(s)) + e
i,j=0
Combining (32), (34) and (35)
link(k(T,,, p)®, k(S,, q)"@) wind, — Ki(s
(k(T,.) Z SRCIORLO) .
< 7n(p) + ra(q)-
Now define maps
[?:R/LZ—D  TP(s)=k" (s—|s])
. . (37)
I':R/LZ —D [(s) = ki, (s — [s])



Note that I'? is discontinuous, unless p lies on a periodic orbit. Analogously, I'? is
discontinuous, unless ¢ lies on a periodic orbit. For each j € Z/LZ define:

jxl(s) =T%s+j) (38)
Define
E, ={0,mu(p), ..., (ra(p) — V)mn(p)}
Eq = {O’ mn(‘])a R (TH(Q) - 1)mn(Q>}

We see E,, E, as subsets of Z/LZ. The set of discontinuity points of I'” is contained
in E, whose cardinality is equal to r,(p). The set of discontinuity points of j *I'? is
contained in E, — j whose cardinality is 7,(¢). We then write

1 L—1L-1
> wind,epoy (F(s) = K(s)) = D 3 winduepouy (¥ (s) - 1 (s))
320 i=0 j=0
L—1 (39)
= Windse[O,L](Fp(S) —jxT(s))
j=0

Note that the set £, U (E, — j) divides the circle R/LZ into N; closed intervals
I,...,Iy,. Note that N; < r,(p) + ra(q). We denote the end points of these

intervals by Ii = [ai, bf\] and their lengths by'|[§|: bi - af\ € N. The end points
of these intervals belong to Z/LZ. For each I3 = [a},b}] we find points (), ¢} € D
such that

ho(Cr) = TP(s 4 al) ho(CY) = j * (s + a}) Vs € [0, — a}] (40)

where hy is the unique extension of the isotopy (21) to s € [0, +00) determined by
the identity
hsy1 = hsoh s € [0,400). (41)

We know from Lemma 2.10 that the disks {D,}cr/z form a smooth foliation of
R/Z x D. It follows that (41) is a smooth isotopy.
In particular, observe that, for every 7 =0,..., L — 1, it holds

Nj
windepo,)(I*(s) — 7 * I'(s)) = ZWindse[o,bg_a;](hs(Q) — hs((})). (42)
A=1

Recall that, from (24), k(7y) — € > 27. Note that, for x € 53\ 7,

link(k(T, 23 D), 70) = #{t € [0,T] | ¢'(z) € T({0} x D)} + ¢,
for some ¢ € {—1,0,1}, where #{t € [0,T] | ¢'(z) € U({0} x D)} is the number of
times that ¢*71(x) meets U({0} x D). Observe that

o ' AO,(T; x,u)
k(7) = liminf inf EN.
T—+00 zeesg\\'éo #{t €[0,T] | ¢'(x) € U({0} x D)}
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Here we used that for every x € S3\ 7 we can estimate

< #{te0.7) | ¢(x) € T({0} x D)} <

max min

and, as a consequence, #{t € [0,7]| ¢'(x) € ¥({0} x D)} grows linearly to +oo as
T — 4o00. Thus, there exists M = M(e) > 0 such that for every x € S*\ 7o and
every u € &, \ 0,

AO,(T; x,u) -
#{t €[0,T] | ¢'(x) € U({0} x D)}

Observe that, by the extension of the function ¢ in (18) and by (i¢) of Lemma 2.9,
for every z € D, if s > CTL, then t(s,z) > M. Let us define

r=M k() —e. (43)

M = sup max |windseo,ij(Dhs(2)u)|< +o00. (44)
2€D 1<i< J+1
weToD\O o

Remark 2.16. We deduce that for every A such that |I]]< -
Windse[o,bi—ai]msgz\) —hs(Q}) = —

Indeed, by Theorem 2.14 there exists zy € [(}, ()] such that
Wmdse[o,bifai}(hé’(@) — hs(C))) = Windse[ﬂ,bifai}(Dhs(z)\)<CA - )

Thus, by (44), it holds Windse[o,b§ 1(Dhs(22) (G = C))) = —A.

CTmin

Lemma 2.17. There exists a constant C > 0 mdependent 0f P4, {Su}, {T,.} such
that for each X € {1,...,N;} so that |I}|= b}, — a} > 2L

1K

Wvu@wu@mem—&%#a_c

wind,
2

holds.

Proof. We start by 1ntroducmg some notation. Let X7, X, be the nowhere vanishing
vector fields given by o o X; = ¢; where e; = (1,0), ey = (0,1). We choose X;
to be equal to the vector ﬁeld Z given by (e) in Proposition 2.8. Observe that
ig,A = 0. Denote by X1, X, the pull-back of X1]53\70,X2|33\70 respectively under
the diffeomorphism Ul ;. 5. For every s € R/Z let II° : T(R/Z x D)|{s3xp— TD be
the vector bundle map determined by projecting along the direction of W, where
{s} x D is identified with . Then X3, X5 denote the images of X1|{S}X]ﬁ), X2|{s}><]f))
under II*, respectively. We get two smooth families X7, X3 of smooth vector fields
on D parametrized by s € R/Z. At times it might be convenient to think of s as
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variable in R and the families X7, X35 as 1-periodic in s. By Theorem 2.14, there
exists z) € [(}, ()] such that

Windse[()’bj)‘\—a]);](hs(C)\) - h's(ch)) = Windse[ojbi—ag\](Dh5<2)\)(<-)\ - C;\)) (45)
By definition we have

61} — a}) — 6(0)
27

WindsE[O,bifai](DhS(ZA)(C)‘ - C;\)) =

where 0 : (0,0} — )] — R is a continuous argument of Dhy(zx)(¢x — ¢}). Consider
now the smooth path c¢: [0,b} —a}] — C\ {0}

s = c(s) == X7(s, hs(2)))

and let © : [0, bj)\ — ai] — R be a continuous choice of argument of ¢(s). Thus we
can write 6(s) = 9(s) + O(s), where 9 : [0,b} — )] — R is a unique choice of con-
tinuous angular coordinate of the vector Dhg(2))((y — ¢}) in the frame {c(s),ic(s)}
determined by 6 and ©. Hence

O(bs — al) — 0(0) O, —a}) — O0(0)

. | 9= ) = 9(0)

27 27 27 (46)
, (b} — al) — 9(0)
= Wmdse[o,bi—ai}(c(s)) + A 2;

(I) Lower bound for wind, (c(s)). Consider a path p: [0,1] — D of the form

€10, —ad]

p(0) = hbf\—ai(z)‘) and p(1) = zy. Build then the loop T': [0, ¥, — d} + 1] = R/Z x D
I(s) = (s, hs(zA)). - s€ [O?bf{ —.ai]' |
(0. pls — B+ ) s € 6 — aly b — af + 1]

Observe that link(¥ o T, 49) = |I]|= b}, — a}. We associate to ' the path
DU : [0,b), —a), + 1] — C\ {0}

defined by

[x30(s)) s e[0,6) —d}]
DL(s) = {X?(F(s)) s € b} —al, b} —af +1].

Then it holds that
Windse[o,bi—aiﬂ](Dr(s)) = Windse[o,bi—ai} (c(s)) 4+ windsepo,17 (X7 (p(5)))-

Since X, satisfies (e) of Proposition 2.8 we deduce that there exists a constant
Cy > 0, independent from p,q, {7}, {S.}, such that

[windsepo,) (X7 (p(5)))|< Ci. (47)
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Brouwer’s translation theorem gives a fixed point (0, Z) of the first return map
to U({0} x ]D) corresponding to a periodic Reeb orbit ¥ C 5%\ ~,. We denote by ﬁ'li‘
the |I]|-fold iteration of 5. The loop 3 := ¥U~! (7131) is homotopic to T in R/Z x D.
The loop [ can be parametmsed by s € [0, b] — a)\] so that B(s) = (S,B(s — [s]))
where /3 : [0,1] — D satisfies 4(1) = 4(0). Then

sE[O,bifai+1]<DF(s)) = wind, bl — J](XS( 3(s — [s)))
= (b}, — @) windsepo, (X5 (5(s))

wind

(48)

The quantity windepo17(X7 (B(s))) is equal to the self-linking number of 7, see Def-
inition 1.5 in | . By | , Theorem 1.8], the self-linking number of 7 is —1.
Thus, from (48) we get

wind €0 — JH](DF(S)) = — (b, — d)). (49)
From (47) and (49) we deduce that

Windse[o,bi_ai](c(sw 2 _(b; - ai) -G = _|I§;|_Cl (50)

(II) Lower bound for % With respect to the frame {c(s),ic(s)} the angle
coordinate of the vector Dhy(zy)((y — () is ¥(s). We are interested in the variation
of the angle coordinate with respect to the frame

{els) = X3(s, hs(22)), X5 (s, hs(22)) } (51)
obtained from o. If we denote by 9(s) the angle coordinate of Dhy(zy)(Cy — C}) with
respect to the frame (51), we can invoke [ , Claim 1.1.1] to conclude that?

I —ad) = 9(0) _ I} —a}) = 9(0)
2m 2m

~1. (52)

Recall the generating vector field X of the flow on (€\0)/R. induced by the linearised
flow of ¢' on ¢, and the R/27Z coordinate in (¢ \ 0)/R, induced by the frame o.
Let v € {|w(o,-,) be uniquely characterised by

DU(0,2,)(0,( — ) €v+RX .

From Lemma 2.9, the strictly increasing function t(-, zy) : [0, 5} — a}] — [0, +00)
satisfies
t(0,2)) =0 W(s, he(z))) = ¢V (W(0, 23)),

2Comparing ¥ and ] corresponds to compare oriented angles with respect to different Rieman-
nian metrics.
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with
ls]—1

t(s,2\) = t(1,h5(23)) + t(s — [s], ) (z). (53)

See also (18). The coordinates of the vector Dhy(z))(¢x — ¢}) in the basis (51) are
the same of

i

DG (T (0, 2,)) - v
in the basis {X;, X5}. Thus
I}, — a}) — 9(0)
= O, (t(V} — a, 21), (0, 21),v) — ©,(0, T(0, ), v) (54)
=: AO, (L, — d}, 2)), T(0, 23),v).

Since, by assumption, b, — a} > Cﬁm, then t(b} — a},z\) > M and, from (43), it
holds that

A, (t(b) — a, 2,), U(0, 2)),v)
> (k(v0) — €) #{t € [0,4(¥] — a}, 22)] | #'(¥(0,2,)) € U({0} x D)} (55)
= (#(70) =€) (1| +1).

Consequently

9B — a}) — 9(0) . (w(0) —¢) (JL+D)
2w 2w

With the help of (I) and (II) we can conclude the proof, since from (45), (46),
(50), (56) we have

1 (56)

wind, o, ) (h(G2) = ho(GR)) > ((90) = € = 2m) 22— €,

WhereC’::C’l—l—l—w. O

21

We now give the final estimate to complete the proof of Proposition 2.15. For
every 7 =0,...,L — 1 denote

; M
%j:{)\e{l,...,Nj}H[ﬂz },
CTmin

M
CTmin ‘

With Lemma 2.17 and Remark 2.16 we can estimate (39) as (see (42))

%j:{AE{l,...,Nj} | |E]<

L—1
Z winde (o) (A7 () — kj(s)) =

1,7=0
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L—

—_

(Z WindsE[O,bi v ( (CA Z WlndsE[O b, —a) ( S(CA) B hs(cg\)))

=0 \\e¥; AEB;

Tue

N

(s [( - e-20)

=0 \ \e¥;

and, denoting C' := max(C,.#), we have

ZWlﬂdsem (s) — kq( ) = : ( - Z|]3|ZC’)
1,7=0 7=0 AeY
1 -2
> ( 13 ) CL(ra(p) + ra(q))
§j=0 \EY;

For every \ € %, recall that |I]|< 2L Observe now that

0< 1Bl N < 2, (p) + 1) = L DDt nla)
AEB;

CTmin CTmin CTmin My (Q) mp (p )

Moreover, it holds that Z/\egj|]§;|+ Z/\Eﬂj|_f§;|: L. Consequently

I (1— M m"(p)+m”(Q))L. (57)

= CTmin mn(Q)mn (p)

Therefore, we have

L-1
S windueqo (K2(s) - k4(s))

i,j=0

k() —€e—2m (1 M ma(p) +mn(Q)) 72

2 CTmin M ()M ()

> — CL(ra(p) +74(q)),

which together with (36) yields
link(k(Z5, p)" ), (S, )™ ")

M mn(p)+mn(q) o ~ r r
)~ CD0) ¢ ((q;;)

> g—ﬂ (k(y0) — € — 2m) <1 —
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Combining with (26)-(27) we get

link(k(T,, p), k(Sn, q))
T,S,
_ link(k(T,,, p)™ @, k(S,, q)"@)
N (D) T () Sn
(k(0) — € = 27m) mu(p)mnlq) M (K(70) — € — 27) mu(p) + ma(q)
21 TnSn CTmin 2 TnSn
= o Tn(D) + 70(q) ma(q)ma(p)
—(1+CL) 72 T3,
o (K(0) —e—2m) M (p)111(q)
- 2(#2}%1,@; (mg(p) + 1)(ma(q) +1)
M (k(v) —€—2m 1 1
(i@ * )

>

CTmin 22

(1+CL) 1

1 1
T o @ T o))

T

from where it follows that

lim inf link(k(T},, p), k(Sn, q))

n—00 TnSn 271'7'2

> 0 (59)

Here we made use of (24). The proof of Proposition 2.15 is complete.

By Proposition 2.15 and Lemma 2.13 the assumption x(79) > 27 implies right-
handedness of the Reeb flow. The proof of Theorem 1.13 is complete.

2.4 Right-handedness on strictly convex energy levels

We start by studying criteria to estimate the invariant x in (5). Let the contact
form X on S® be dynamically convex. The contact structure and the Reeb flow are
¢ and ¢, respectively. Consider

K, = I%}Iig i3dO, (60)
where o is the global frame, O, : P,.{ — R/27Z is the global angle coordinate
induced by ¢ as in (2), and X is the vector field generating the linearised Reeb flow
on P, &. Let 4o be an unknotted periodic orbit with self-linking number —1, and let
D C S? be the disk-like global surface of section given by Theorem 1.7 in | ].
Denote 0 < Tiin(D) < Tiax (D) < 400 the infimum and the supremum of the return
time function on D.

Theorem 2.18. If K, Tyin(D) > 271 then the Reeb flow of A is right-handed.
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Proof. We show that the hypothesis implies x(79) > 27 and then apply Theo-
rem 1.13. By the fundamental theorem of calculus, for every x € 5%\ 7, and
u € €z, u# 0, we have for T'> 0

O, (T, u) —0,(0,u) = /0 i@g(mqut(x) w)dt

dt 61
> T 15%f i¢dOy(z,u) =TK, . (61)
Zueeﬁm\\%o
Moreover
link(k(T, z; D), v0) = #{t € [t?(x), T +t7(¢"(x))] | ¢'(x) € D} — 1. (62)
Observe that
D DT ¢ T+t£(¢T(93)) _tl—)(x)
#{t € (0.7 + #2067 (@)] | (@) € D}~ 1 € 0 HE =0 (6
Hence
O, (T, u) —6,(0,u) TK, B T
link(k(T, z; D), 70) 2 T Bm e Tmin(D) T +t2(¢"(2)) —t2(x)

Tmin (D)

Since 0 < t?(¢"(x)) — tP(x) < 2Tmax(D) for every z € S\ 7y, we finally get

O,(T,u) — O,(0,u) T
> K min D)
link(k(T,; D), 70) — ° ( )T+27max(D)

It follows immediately by first taking the infimum on z,u and then taking the limit
as T'— +oo that k(y0) > Ky Tmin(D) > 2. O

Our final task in this section is to prove Theorem 1.14. Let J; : R* — R* be the
complex structure defined by the matrix

00 —1 0
00 0 -1

Jo = 10 0 0 (64)
01 0 0

with respect to coordinates (qi, g2, p1,p2) of R Then wy(u,v) = (u, Jov) holds for
every u,v € R* where (-, -) is the standard Euclidean inner product. We will denote
as ||-|| the inherited norm. As explained in the introduction, the Hamiltonian vector
field of H = 12, defined as ix,wy = —dH, is the Reeb vector field of the contact
form on OC induced by \g. The associated contact structure is denoted by & C TOC'.
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Denote as ¢4, the Hamiltonian flow on dC, and X the vector field on P, ¢ generating
the linearised flow. Together with the matrix Jy, consider the following

0 -1 0 0 0 0 0 —1
1 0 0 0 0 0 1 0
=10 0 o0 1 2=10 210 0
0 0 —1 0 1 0 0 0

Then J? = —I and JI' = —J; hold for all i = 0,1,2 where I denotes the identity
matrix. Moreover, JoJ; = Jo, Ji1Jo = Jy and JoJy = J;. On OC consider the
following vector fields

VH

Xo= =, Xo = LoXo, Xo=JXo, Xz=-JpXo. (65)
IVH||

The frame {X, X5, X3} is an orthonormal global frame of T0C. Observe that the
vector field X3 is positively colinear with Xz and so it is tangent to the trajectories of
the Reeb flow on OC'. Let o the global symplectic trivialisation of (£, d)\g) determined
by projecting X, X5 onto & along the Reeb direction RXj5. As explained in the
introduction, it induces a trivialisation P, £ ~ 9C x R/27Z of circle bundles. Denote
by O, the R/2nZ-component of this map. A crucial ingredient is the following
statement.

Lemma 2.19 (] ]). The inequality i 3d©, > 2K,

holds everywhere on P,£.

Proof. Let 2z € OC and z2(t) = ¢! (2). For any vy € T,,0C, the trajectory of the
linearised flow is v(t) = Dk, (z9)ve and satisfies

o(t) = DXp(z(t))o(t) = —JoD*H(2(t))v(t) 2(0) = vy . (66)
Write v(t) = 327, oy (1) X;(2(t)), where o;(t) € R. Using (66) we obtain
(6, X1) ==Y ai(D’HX;, X5)  and  (0,X5) =Y ay(D°H X;, X1). (67)

Differentiating v = Z?:1 a; X; we get
3
0= & X;+0; DX; Xy. (68)
i=1

In order to understand this linear flow we need to analyse terms (DX; Xy, X;).
If i = j then the corresponding term vanishes since (DX; Xy, X;) = 4|X;|?
and all X; have unit norm. When ¢ # j the corresponding term is of the form
(ADXy Xy, B Xo) with A, B distinct matrices in {—Jy, Ji, Jo}. We get

(DX; Xy, X;) = —(DXo Xy, AB Xo) = —(D*H X3, AB X). (69)
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HVH(( ))” on T,0C whenever z € 9C', and that

IIé(ZH = X3. Using (68) and (69) we get

Here it was used that DXy(z) acts as

(0, X1) = & + aa(D*H X3, X3) — az(D*H X3, X5)
(0, X3) = ég — o (D*H X3, X3) + a3(D*H X3, X, ).
Combining (70) and (67) we obtain
&y = —ay(D*H X1, X3) — ag(D*H Xy, X3) — ap(D*H X3, X3)
do = a1 (D?*H X1, X1) + ao(D?H X5, X1) + oy (D*H X3, X3).

(70)

Consider the symmetric 2 x 2 matrix defined by

_ [((D2H X1, X)) (D2H X, X;) ) 10
M(t) - (<D2HX17X2> <D2HX2,X2>) + <D HXg,X3> (0 1) .

With an abuse of notation and via the standard identification C ~ R?, M(t) can be
seen as an R-linear map on C. The crucial observation is that for every u

(M(t)u,u) > 2K 5, [|ull”.

By the previous calculations we have

(i) =0 (@)

Consequently, for every zy € C, vy € &|,, non-zero, and ¢ € R we have
_ on(D)éa(t) — as(t)in(t)

ixdOq(2(t),v(t)) = H < ) H
() (2)) ()0 GO .
|G |G

Proof of Theorem 1.14. Combine Lemma 2.19 with Theorem 2.18. m

3 Pinched two-spheres

The aim of this section is to prove Theorem 1.2. The strategy is, first, to lift the
geodesic flow on the unit tangent bundle of a Riemannian two—sphere (S2,9) to
the Reeb flow of a contact form fy\g on S?® for some smooth f, : — (0, 4+00),
where ) is the restriction to S* C C? of the standard Liouville form 5 (Zdz — zdz +
wdw — wdw). Here (z,w) denote the complex coordinates on C2. The second step
is to use the pinching condition on the curvatures to show that the assumptions of
Theorem 1.13 are fulfilled.
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3.1 Lifting geodesic flows on S? and Birkhoff annuli

Here we establish notation, and recall well-known facts about geodesic flows. Let
(S2,g9) be an oriented Riemannian two-sphere. The foot-point projection of its
tangent bundle is denoted by 7 : T'S? — S2. Consider the unit tangent bundle
T, S* defined as the set of (x,v) € T'S? such that g(z)(v,v) = 1.

There are two important vector bundle maps covering 7, namely, the differential

of the projection dr : TTS? — T'S? and the connection map K : TTS? — TS2

The connection map K can be written in local coordinates x = (2!, 2?) as

K(xz,v,0x,0v) = (z,0v+ I'(z)(v,0x))

where T'(z)(u,w) = 37, . T¥;(x)u'w’ 0, and T}; are the Christoffel symbols. There

is a splitting

1,5,k
TTS> =HoV H=kerK, V =kerdn

where both H,V are fiberwise two-dimensional. It follows that dm|z defines an
isomorphism fiberwise. More precisely for all v,w € T,S? there exists a unique
wher € H(x,0) satisfying dm, . -wh" =, called the horizontal lift of w. The inverse
mapping w — w"" defines a linear isomorphism 7,5% — H,,,). The vertical lift of

w is defined as w¥* = £|,_o(v + tw). The map w — w"™" is a linear isomorphism
TQES2 — V(LU).
The following facts are well-known, see | ] for details. The so-called Hilbert

form 37, gij(x)v'da? restricts to a contact form A, on T,.S* whose Reeb flow co-
incides with the geodesic flow. For every (xz,v) € T,5* denote by v € T,5? the
unique vector such that g(z)(vt,vt) = 1, g(z)(vt,v) = 0, and {v,v*} is a posi-
tive basis. It follows that {v"*", (v)¥", (v')'"} defines a basis of T(, )T, S?, where
v’ is the Reeb vector field at v and {(v*)¥, (vF)"} is a d),-symplectic frame
of the contact structure ker \;,. In fact, we see from this that ker A\, is trivial as a
(symplectic) vector bundle since it admits a global frame

ag s v = {(0H)" T (0} (71)

which we call the geodesic frame.

The Legendre transform £, : T'S? — T*5? is the vector bundle map defined by
(z,v) = (z,p = g(x)(v,-)). Let 7 : T*S* — S? be the foot-point projection. The
Hilbert form is pushed forward by £, to the tautological 1-form on 7*S? defined
by ¢ € TiupT*S* = p(dity - () € R. Let F, : T*S? — [0,400) be defined by
Fy(z,p) = \/g(z)(v,v) where L,(x,v) = (x,p). Then F, restricts to a norm on the
fibers of T*5?, and £, maps T,5* to F,'(1). Denote by II, be the projection to
F1(1) defined by p — p/Fy(z,p) on the complement of the zero section of 7%52.

g
If h is another Riemannian metric on S? then the map

Lyt olloL, :Tng2 — T S? (72)

is diffeomorphism sending ker A, to ker Ay, i.e. a contactomorphism. If g = h then
this is the identity map.
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We identify S® ~ SU(2) by

(5, 0) ( : ‘i’) | 2P ul= 1,

and

S% {( Zw ”‘;’) € SU(2), R(z) = 0} c S (73)
Consider j, k € SU(2) defined by

jz(_ol [1)) ’f:(? S)

Denote by gy the round metric on S?, given by gy = dy? + du® + dv? along the
2-sphere (73) where z = x + iy and w = u + 7v. There is a double covering map

Dy: S =T, 5 ZeSUQR)~S8— (Z27'jZ,-Z'kZ) T, S* (74)
Following | ] one computes
DiAg, = 4 (75)

where )y denotes the restriction to S® of the 1-form

1 1
Z(Edz — 2dZ + wdw — wdw) = §(Idy — ydx 4+ udv — vdu). (76)
i

In other words, the geodesic flow of g lifts to the Hopf Reeb flow on S® up to a
constant time reparametrisation; to explain the factor 4 note that a Hopf fibre has
Reeb flow period 7 with respect to \g, and is the lift of a great circle of length 27
prescribed twice. Given any other metric g on S? we get a double covering map

Dy=L, olljo Ly 0Dy: S —T,5° (77)
respecting contact structures, i.e.
DiAg = foho (78)

for some smooth f, : S — R\ {0}. The covering (77) is the universal covering and
the group of deck transformations is Zy generated by the antipodal map. If g = go
then f,, = 4 by (75). The following special case of a result from | ] relates
Gaussian curvature to dynamical convexity; see also | | for an alternative proof.

Theorem 3.1 (Harris and Paternain). If (S?,g) is 6-pinched with 6 > 1/4, then
the Reeb flow of Dy, is dynamically conver.

Remark 3.2. In | | one finds a version of the above theorem for Finsler metrics.
Dynamical convexity is ensured once the flag curvatures are pinched by more than
(r/(r+1))? where r > 1 is the reversibility parameter. In | | one finds examples
showing that this pinching condition is sharp for dynamical convexity.
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From now on we denote

qb; the geodesic flow on T;S 2
& the lift of qbf} to S% via D,

so that the identity

¢Z oD, =D,o¢
holds. The generating vector field X of ¢' is the Reeb vector field of the contact
form f,\o. Let , be the lift of the frame o, (71) to S* by D,. Then &, is a d(f;)\o)-
symplectic global frame of £ = ker \g, and as in (2) we get a well-defined global
circle coordinate O3, : (£\0)/Ry — R/27Z. The linearised flow D¢ on & induces a
flow on (€\0)/R,., still denoted D¢, whose generating vector field is denoted by X .

Lemma 3.3. We have min{l, Ky} < i5dOs, < max{l, Ky} where we denote
by Kuin, Kmax the minimum and the maximum of the Gaussian curvature of (S?, g).

Proof. Let p € S® and vy € &, be arbitrary. Then D,(¢'(p)) = (d(t),d(t)) for
some unit speed geodesic d(t) on (S?,g). With v(t) = D¢' - vy € Eye(p), we have
dD, - v(t) € ker A\, and can use the splitting T7'S* ~ H @&V to decompose

dD, - v(t) = (%)Vm + (J(1)"

into vertical and horizontal components, for some Jacobi field J(t) along d(t) every-
where perpendicular to d(t), see | , Lemma 2.3]. We find a real-valued function

b(t) such that J(t) = b(t)d(t)* and B2 = ¥/(t)d(t)*. The equation for Jacobi fields
becomes b”(t) = —K (t)b(t) where K(t) is the Gaussian curvature at d(t). Using the
frame o, (71) we can represent (dDg)g () - v(t) as u(t) = (V'(t),b(t)) € R? satisfying

4 () = JoS(E)u(t) S(t) = ((1) K‘z t)) Jo = ((1) _01> .

If we write u(t) = |u(t)]e”®® then we get
Ql(t) _ <S(t)6i9(t)7 6i@(t)>
from where the desired conclusion follows. O

Let ¢ : R/LZ — (S?, g) be a unit speed smooth immersion. It induces a smooth
immersion s € R/LZ ~— (c(s),¢(s)) € T;5? such that A - 2 (c,¢) = g(e)(¢,¢) = L.
If ¢ has no positive self-tangencies then (c,¢) defines a knot on TngQ. Note that
m(T,, 5%, pt) is isomorphic to Z/2Z, and a generator can be taken as s — (c(s), ¢(s))
for an embedded unit speed loop s + ¢(s) in S2.

Lemma 3.4 (] ], subsection 3.1). Let ¢ : R/LZ — S? be a smooth unit speed
embedding, and denote by . : R/2LZ — S* a lift to S® by D, of the double cover
of s = (c(s),¢(s)). Then ~y, is unknotted with self-linking number —1.
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Suppose now that ¢ : R/LZ — S? is a unit speed embedding. Choose a lift
Ye : R/2LZ — S® of the double cover of s — (c(s),¢(s)) to S* by D,. The Birkhoff

annulus A, C Tng2 associated to c is parametrised by
a:R/LZx [0,7) = T,5?% a(s,0) = (c(s),cos0 é(s) +sind ¢(s)b). (79)
It follows from this formula that a admits a unique double lift to S3
a:R/2LZ x [0, 7] — S° (80)

fixed by requiring that D, o a(s,f)) = a(s mod L, ) holds identically, together
with the boundary condition a(s,0) = 7.(s). The image A. of a is an embedded
annulus in S? and will be referred to as the lifted Birkhoff annulus associated to c. If

A, C Tg1 S? is the image of a then as sets we have flc = D;l(Ac) which holds because

A, is antipodal symmetric and satisfies Dg(flc) = A.. When A, is oriented by dsAdf
the oriented boundary 9A. consists of 7. together with a lift 4, : R/2LZ — S? of
the double cover of s — (¢(—s), —¢(—s)).

Lemma 3.5. The identity

link(f,7e) 4 link(3, 7c) = int(6, Ac)

holds for every loop B on S*\ (7. UA.).

Proof. Let D and D be oriented disks spanned by 7. and 4., respectively, in such
a way that the boundary orientations coincide with the flow orientation. Then
C=D+D— A, is a 2-cycle on $3. Thus 0 = int(5, C') holds for every loop 8 on
S3. The conclusion follows. O

From now on we make the standing assumption that c is an embedded closed
geodesic. We consider covering maps

P:R/2LZ x [0,7] = R/LZ x [0, 7] (s,0) — (s mod L,6), <1
Py :R x [0,71] = R/2LZ x [0, 7] (s,0) — (s mod 2L, 0). (81)
We have an identity Djoa = ao P. Let ¥ : A, — A. be the return map, which
exists by the result of Birkhoff | ]. Note that, in principle, this return map
would only be defined on the interior of A, but then it can be extended smoothly
up to the boundary by taking second conjugate points. We proceed assuming that
the map has been extended in this manner. Then A, is a global surface of section
for the lifted flow on S® and the return map ¥ : A, — A, satisfies D,o U ="Uo D,.
As above, this map exists and is smooth up on the closed annulus A
Later we will use the geometry to choose an appropriate smooth lift

U:Rx[0,7] = R x [0, n] (82)
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of U, i.e. a map that satisfies Go Py, oW = Wogo P, and hence makes the following
diagram commute

R x [0, 7] = R/2LZ x [0,7] —%— A, Doy oA,
! b
R x [0, 7] —25 R/2LZ x [0,7] —s A, —25 A,

3.2 Asymptotic estimates on linking and intersection num-
bers

Denote by ¢ > 0 the pinching factor. We may assume that
)= Kmin < Kmax =1 (83)

where K i, Knax denote the minimum and the maximum of the Gaussian curvature.
Recall that if § > 1/4, then ¢} is dynamically convex ([ ]), hence so is ¢
Lemma 3.4 and Theorem 1.10 imply that both 7, and 4, span disk-like global surfaces
of section. Denote by D a O-strong disk-like surface of section spanned by A.; see
Remark 1.11.

We write © = O3, for simplicity. With u € £, u # 0, arbitrary we denote

AO(T,u) = O(T,u) — O(0,u)

where t — O(t, ) is a continuous lift of ¢ — ©(D¢'(u)). It does not depend on the
choice of lift.

Let T > 0, x € 5%\ A.. Recall that k(T,x; ﬁ) is a loop obtained by closing the
piece of trajectory QZ)I(T’x;f))(%) with a path « in ZAD\% From now on we shall refer to
« as a closing path for (7', x; 15) Clearly, link(k(T, x; 15), J.) does not depend on the
choice of a. Suppose further that € S3\ (7,U4.). The number int(k(T,z; D), A,)
might not be well-defined since « could go through the (unique) intersection point
of 7. and D. Even if it does not touch this point, « can be chosen in such a
way that int(k(T, z; D), A,) is any integer. Below we might write ko (T, 2; D) if the
dependence on « needs to be made explicit.

Lemma 3.6. There exists C' > 0 with the following property. For every point
r € S\ (7. U4e) and every T > 0 there exists a closing path o for (T,z; D)
contained in D\ (7. U~.) such that

lint (ko (T, z; D), A,) — #{t € [0,T] | ¢'(z) € A.}| < C. (84)

Proof. Since D is 0-strong we can invoke Lemma A.4 to slightly C'*°-perturb D to
a new 0-strong disk-like global surface of section D satisfying 0D = 4. in relative
generic position with respect to A..
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Denote by K the closure of (D \ D) N (A.\ 0A.) = (DN A,)\ (3. U~.). By
Lemma A.6, K is a smooth compact 1-manifold, 0K = K N (4. U ".), and at the
boundary points of K the 1-manifolds 4. U 7. and K are not tangent.

Recall the interval I(T,z; D) defined in (4). Denote by &, € D and &, € D the
initial and end points of the trajectory ! Tr;ﬁ)(:ﬂ). We consider the small transfer
map 1 : p € D — ¢9P)(p) € D where g is the function in (e) Lemma A.4, see
Remark A.8. Define &y = ¢~ '(o), &1 = ¢~ '(21). There is an _induced interval
I whose end points are close to those of I(T,z; D) such that ¢!(z) is a piece of
trajectory from Zy to Z1. The Lebesgue measure of the symmetric difference between
I and I(T,z; D) is not larger than 2||g|| << 1.

Assume Zy # #;. Consider a smooth immersion ag : [0,1] = D\ (5. U 7.)
from Z; = ap(0) to Ty = ap(1) that is transverse to K. Let  be a connected
component of K, and suppose t, < t; satisfy ag(to),ao(t1) € B. Consider the
piecewise smooth arc Gy obtained from ag by replacing gl with the arc in
from ap(to) to ap(ty). A further small perturbation of &g creates a smooth immersed
arc ay : [0,1] = D\ (5. U~.) from & to &, transverse to K, such that the number
of intersection points of a; and any component of K is no larger than that of ay,
and the number of intersection points of ay with § is strictly less than the number
of intersection points of oy with . Proceeding inductively in this way, after a finite
number of steps we end up with an immersed arc & in D \ (3. U 7.) from Z; to &
which is transverse to K and intersects each connected component of K at most
once. Consider the loop k obtained by concatenating ¢’ (z) with &. Then

lint(k, A) — #{t € I | ¢'(z) € A.}] < N +2 (85)

where N is the number of connected components of K. The image v = (&) C D is
an arc from &, to Zo. By construction k. (T, ; D) is homotopic to k on S3 \ (7eUAe)-
Hence

int(k, A.) = int(ka (T, z; D), A,) (86)
Finally, consider Tmax(f?) the supremum of the return time of D and Tmin(flc) > 0 the
infimum of the return time of A.. Note that the Lebesgue measure of the symmetric
difference of I and [0, 7] is not larger than 2(Tmax(D) + ||g||z>). Note also that for
any interval J one estimates

#teJ| o) € A} < #ﬂmm
Hence . . ~
[#{t e 1| d'(x) € Ay —#{t € [0,T] | ¢'(x) € Ac}|
< Q(ﬂmmiﬁ)%:HgHLw)_%z (87)
7-min(*Ac)

Combining (85), (86) and (87) we arrive at (84) with

2<Tmax(ﬁ> —i: ||g||L°°)
7—rnin<14(:)
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as desired.
The case T = T is left to the reader. O

Next we recall some definitions and facts about Riemannian geometry that will
be useful all along this section; see | -

Definition 3.7. A set D C S? is said to be a geodesic polygon if it is the closure of
an open disk bounded by a simple closed unit speed broken geodesic v : R/LZ — S2.
A corner of v : R/LZ — 57 is a point v(t) such that 7/, (t) ¢ R+ (¢), where v/,
denote one-sided derivatives. The corners of ~ are called vertices of D, and a side
of D is a smooth geodesic arc contained in D connecting two adjacent vertices.

For p € S? and u,v € T,,5% non-colinear vectors, consider the sets
A(u,v) == {su+tv| s,t >0}, A (u,v) = {w € A(u,v)| |w|< r}

for some r > 0. We denote by inj, the injectivity radius at p, and inj = inf, inj, the
injectivity radius of g.

Definition 3.8. A geodesic polygon D C S? is convex if for every corner p = 7(t) of
0D we find 0 < 7 < inj, small enough such that DN B,(p) = exp(A,(—7"(t), 7, ())).

@) ()

Figure 1: Examples of geodesic polygons, convex (a) and non convex (b).

Theorem 3.9 (Corollary of Toponogov’s Theorem | , Theorem A.12)). If
D is a convex geodesic polygon in (S?,g) then |0D|< 27 /+/§ where |0D| denotes the
perimeter of D.

Theorem 3.10 (| 1Ll , Theorem 2.6.9]). The injectivity radius satisfies
inj > .
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In particular it follows from theorems 3.9 and 3.10 that if D C S? is a convex
geodesic polygon for the metric g then

27
27 < |[0D|< —. 88
T <| !_\/5 (88)

Notation 3.11. Let (z,v) € T,S? satisfy = € c. If v is not tangent to ¢ then define
7 (z,v) == min{t > 0 | w o ¢y (z,v) € c}. (89)

That is, 74 (z,v) is the first positive time when the geodesic ray with initial condi-
tions (x,v) meets again c¢. Since § > 1/4, by | , Lemma 3.9] the geodesic arc
{mogl(x,v) |t €0, (v,v)]} is embedded, in particular x # 7o ort ) (2 0). If v
is tangent to ¢ then define 7, (x,v) as the time to the first conjugate point of (z,v).

x,v)(

Denote by a (z,v) the path contained in ¢ joining = to 7o ¢;+( x,v) following

the orientation of c¢. See Figure 2.

¢7g'+(z,v) (z,v) //\ (ma ,U)

¢+ @) (z, v)

Figure 2: Examples of paths a.

Lemma 3.12. Assume that 6 > 4/9. Let v be a unit vector based at x € . The
length of the arc obtained by concatenating o (z,v) and o (g5t ™" (z,v)) lies in

(2L/3,3L/2). In particular, for every (s,0) € R/LZ x [0, 7] it holds

moW(a(s,0)) #c (s+ g) .

Proof. By | , Lemma 3.9] the geodesic arc (;S[go’u(x’v)}(x,v) is embedded, we
denote by ¢ its length. Thus the length 1 of the arc a(z,v) satisfies n € (0, L).
Similarly, the length v of o (¢5" ™" (z,v)) satisfies v € (0,L). The length of the

arc obtained by concatenating a (z,v) and o (¢" ") (x,v)) is then 5 + v.
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¢[0T+ :L‘v}(

Consider the convex geodesic polygon bounded by z,v) and oy (z,v).

By (88) we have

2r <n+L< (90)

\/_

Sl[mllarly we consider the convex geodesic polygon whose boundary is made up of
0,74 (z,v

g (z,v) and of ¢\ ai(x,v). Observe that the length of ¢\ ay(a(s,8)) is
L—ne€(0,L). Again by (88)
2
or <L-n+0< = (91)

Vo

Thus, considering the difference between (90) and (91), it holds
L N (1 1 ) < L N ( 1 1)
—+7n(l-— —4r|l—=-1].
2 Vo) =1=72 Vo

“Vi<n<T—. (92)

Now, repeat then the same argument at the point (z/,v') := ngT+ @) (z,v). Ob-
serve that
¢T+(x/v”/)+7+(x’v)($ U) — \If(x ’U)
g ) ) *

As above one proves that

L L1
“Ve<u< 2=
5 Vi <v< S (93)
Consequently,
L
LVs<n+v< N
Since § > 4/9, we deduce that
2 3
-L —L 94
sl <ntv<s (94)
as desired.
Observe now that the distance along the geodesic ¢ between ¢(s) and moW(af(s, #))
is equal to n + v modulo LZ. By (94) it cannot be equal to £ mod LZ. O

The proof of Lemma 3.12 actually also proves the following statement.

Lemma 3.13. If § > 1/4 then for every (z,v) € T, S* with x € c it holds

o (0] < F(0) (95)
where |ay(x,v)| is the length of ay(z,v) and F : (1/4,1] — [0,400) is the function
L 1
F(0) ==+ ——1]). 96

& =%+ (=-1) (96)
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The above estimates allow us to fix the special lift ¥ (82).

Corollary 3.14. If § > 4/9 then there is a unique lift ¥ : R x [0,7] — R x [0, 7]
such that for every (S,6) € R x [0, 7]

- 2L 3L
proV(S,0)—S € (?7 7)

where p; : R x [0, 7] = R is the projection on the first coordinate.

Proof. Consider the return map ¥ : A, — A.. Let ¥ : R x [0,7] — R x [0, 7] be
any lift of @' o W o @. The latter map is defined on R/2LZ x [0, 7]. Observe that ¥
is also a lift of a=! o W o a. In particular, ¥ is a diffeomorphism that preserves the
area form sin @ ds A df, maps each boundary component into itself and satisfies

U(s+ L,0)=¥(s,0)+ (L,0).

Let (s,0) € R/LZ x [0,7]. The arc a,(a(s,f)) has length 7, and the arc
s (67 (a(s,0))) has length v, where we see 1 and v as functions of (s, ).
These functions are continuous. By Lemma 3.12 the length of the arc obtained by
concatenating these two arcs is n + v € (2L/3,3L/2), for every (s,6). The end-
points of such arc are ¢(s) and ¢ (p; oa™' o W oa(s,d)), where here we still denoted
by p1 : R/LZ x [0, 7] — R/LZ the projection onto the first coordinate, with no fear

of ambiguity. Thus, for every (5,0) € R x [0, 7]
p1oV(S,0)—S=n+v+EkL,

for some k € 7Z, where now 1 and v are seen as continuous functions of (.9, 6) that
are L-periodic on S. To complete the proof we now simply need to consider the
unique lift with &£ = 0. O

From Lemma 3.13 and Corollary 3.14, we also deduce the following

Corollary 3.15. If § > 4/9 then there exists a unique lift ¥ : R x [0, 7] — R x [0, 7]
such that, for every (S,0) € R x [0, 7], it holds

1 _ 1
L42r (1= =) <poU(S,0)—S<L4+2r|——1).
”( ﬁ)”lo( ) ”(ﬁ )

According to | 19, Appendix B, let (II,~v.U4.) be the open book decompo-
sition of S% such that A, is one of its pages. It holds that

Hi(S?\ (e UAe) ~ Hi(A) @ () ~ZDZ

where e is a loop such that IL.e is the positive generator of H;(R/Z). In particular,
we can choose e so that link(e,v.) = 0 and link(e,4.) = 1. Choose now a loop f
lying in A, \ (7. U #.) which is a generator of Hi(A,). We can choose f so that
link(f,v.) = 1 and link(f,4.) = —1. See Figure 3.
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Figure 3: The chosen loops e and f.

Lemma 3.16. The loop f is homotopic to the loop s € [0,2L] + a o Py(—s,0.) in
S\ (. U0). for any 6. € (0,7)

Proof. The free homotopy classes of loops in S%\ (7. U #.) are determined by the
linking numbers with -, and 4.. Note that @ o Py(—s,0) is —7,., and that a o
P.(—s,m) is 4., where s € [0,2L]. Hence the loop §: s € [0,2L] — a o Py(—s,0.)
is homotopic to —7. in S% \ 4., and is homotopic to 4, in S\ 7.. We conclude that
link(5,4.) = link(—~.,4.) = —1 and link(f,v.) = link(J,7.) = 1. Hence 5 and f
are homotopic in S?\ (7. UA.). O

Let us introduce some notation needed for the statement of Lemma 3.17 below.
Let T > 0 and 2 € %\ (7. U4e), and consider the loop k(T,z; D) in S3\ (7. U4e).
There is a choice of closing path in D\% which is not made explicit in the notation.
Assume that this closing path does not intersect 7., and denote

M(T,z) = link(k(T,z; D),%.),  N(T,z) =link(k(T,z; D),7.).  (97)

Note that M depends only on (7, z) and that, in contrast, N highly depends on
the choice of closing path; again we do not make this dependence explicit in the
notation, for simplicity. By Lemma 3.5 we write in H;(S?\ (7. U~.))

k(T,a; D) = (M(T,z) + N(T,z))e + N(T,z) . (98)

Let t >0 and z € A, \ (7. U 4.) be defined by

Il
-
Tk
+
o+
[le}
&
—~
&
~—
—~
Ne)
o)
~—

t=min{t > 0| (bt+t§(w)(x) € Ac}, z
Note that t and z depend only on z and D.
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Lemma 3.17. There exists C > 0 depending only on D and A, with the following
significance. Let T > 0 and x € S*\ (v.UA.) be arbitrary, and let (s, 6p) € Rx [0, 7]
satisfy @ o Py (So,00) = x. Then there ezists a closing path in D \ 7. such that

Py o \IIM(T’IHN(T’I)(SO, 90) — s

0
— <
o M(T,z)| < C

where p; : R x [0, 7] — R is the projection onto the first coordinate.

Proof. Denote p = gbt—ﬁ(z) (x). Consider

m(T,z) = #{t € [0, T +t2(¢7 (2)) — t2(2)] | 6'(p) € A.}.
For each i = 0,...,m(T,x) — 1 let t; be defined by

W(p) €Ay 0<ty=t <ty <- < tlmma <T+t2(@7(x)) — t°(2).

If (s0,0p) € R x [0, 7] satisfies @ o Py (s0,00) = x and (s;,6;) := ¥¥(sg, ) then we
have

a0 Po(si,0;) = ¢"(p)
for every i =0,...,m(T,z) — 1. Let k € Z be such that

Sm(T,x)—1 — 50
Ek—1< —— <k 100
2L - (100)
We introduce a path ¢ : [0,1] = R x [0, 7] from £(0) = (Spr,2)-1, Om(r,2)—1) tO

e(1) = (so + 2Lk, 0y) defined in the following way:

e(r) = (Sm(T)—1 + 27(S0 + 2Lk — Sm(r2)-1), Om(r0)-1) 0 <7 < 1/2,
(SO + 2Lk‘, em(T,x)fl + (27’ - 1)(90 - Gm(T@),l)) 1/2 <7< 1.

See Figure 4.
Forevery i = 1,...,m(T,z)—1 construct a path ¢; : [0, 1] — Rx [0, 7] as follows.
If i <m(T,z) — 2 then

() = (si +27(si-1 — 5:),6;) 0<7<1/2
. (sic1,0i + (27 = 1)(0i1 — 0;) 1/2<7< 1

The path /(121 is defined similarly, but following e with a path from (1) =
(80 + 2Lk, 0p) t0 (Spm(r.)—2, Om(r.c)—2), see Figure 4. Note that ¢; connects (s;, ;) to
(Sifb 9#1)-

Denote by £ the concatenation of the path 7 +— €(1 — 7) with all the paths ¢;,
i=1,...,m(T,z) — 1. By Lemma 3.16, the path @ o P,,(£) is a loop homotopic to
kfin %\ (7. UA4.). Denote p = ¢*°@(z). Fori=1,...,m(T,z) — 2 denote by v;
the loop

vi = ¢l (p) + @ o P (L))
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\i,m(T,z)—l(So’ 00)
TS —.— —S>—
d \%
/ Em(T,m)—l
v < .(So—|— 2Lk, 90)
2 )
s,+2L(k—1) s,+ 2Lk

Figure 4: The path £,,(74)-1.

See Figure 5. Consider also
Vin(Toa)—1 = QUm@o=2tn@a=1l(p) 4G o Pog (Cyn(r.a)-1)-
In S3\ (7. UA,), since @ o Py (L) is homotopic to kf, we have that
glotna=t(p) + o Puole) + kf
is homologous to

Vi F Un(Ta)—1-

This implies
link(@ =11 (p) + @ 0 Pao(e), Ae) — k

= link (!0 -1)(p) + @ o Py () + k f, Ae)
m(T,x)—1

= ) link(v,4e).

i=1

(101)

CrLAam 1. For every i = 1,...,m(T,x) — 1 it holds link(v;,4.) = 0.
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U3(s, 0
I (%4
Vs
2 L L0 €
vaf U(s,6) * 3
b | o4
(VT U5, 6)
(546 (s,+ 6L, 6)

Figure 5: An example of the paths ¢;,v; and ¢.

Proof of Claim 1. The loop v; C 83\ (7. U4.) is made up of a trajectory of the
lifted geodesic flow ¢ and a path contained in the annulus A.. Consider the loop
D,(v;) C T;SQ, see Figure 6. This loop consists of the velocity vectors of a geodesic
starting at (and transversely to) ¢ up to the second hitting point with ¢ (first hit
with A.), and then of velocity vectors obtained by parallel transport back the initial
point, and then of a vertical deformation. In particular, D,(v;) does not intersect
the set ¢ U (—¢) = Dy(v. U4.). The path Dy(r;) can be deformed in a continuous
way into a loop I' contained in ¢ as depicted in Figure 6: the initial velocity vector
of mo Dy(v;) becomes more and more positively tangent to ¢, the second hitting
point converges to second conjugate point, and one parallel transport back by vec-
tors positively tangent to ¢. Such a deformation can be realised within Tng2 \ (—¢).
Moreover, observe that the loop I' C ¢ is homotopic to a point in ¢. Thus, D,(;) is
contractible to a point in Tng2 \ (=¢). By the homotopy lifting property, also the
loop v; is contractible to a point in S\ 4.. Hence link(v;,%.) = 0 and Claim 1 is
proved.

From (101) and Claim 1 we deduce that
link (gm0} (p) + a0 Pool(e), 4e) = k. (102)
CLAIM 2. link(glfotmao-1l(p) + o Py (e),4.) = M(T, x) + O(1).

Proof of Claim 2. Recall that k(T x; D) was defined as the concatenation of the
piece of trajectory @07 +H @ @)~t2@)](p) with a path o € D. Hence

M(T, z) = link(k(T, z; D), 4.)

: A ) (103)
=#{t € [0, T +t2(¢" (2)) = t2(2)] | ¢'(p) € D} — 1.
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Figure 6: The projection through D, of the loop v; can be deformed into a loop
contained in ¢.

Now note that

; [t0 tm (T, 2)—1] a0 2
k() a0 P(9)5) o
= #{t € [to, tm(ry—1] | ¢'(p) € D} + Q
where () € Z satisfies R
|Q|< limsup int(S, D) + 2 (105)

B—aoPss ()

where the lim sup is taken with respect to smooth and C°-small perturbations 3 of
a o Py(€), with endpoints fixed, that are transverse to D (up to end points), as
CP-converges to ao Py, (¢). Clearly this lim sup exists. Moreover, it is bounded from
above by a constant independent of (7', z) since the horizontal translation of e in
R x [0, 7] is bounded by the constant 2L, which is independent of (T, z). It follows
that

link(plotnro-1)(p) + G o Po(e),4e) — link(k(T, ; D), 3]
< #{t €[0,) | ¢'(p) € D}

FH{EE (a1, T+ 267 (@) ~t2@)] | o) e Dy (109
+ limsup mt(ﬁ,D) + 2.
B—a0 P (€)

Since D is a strong global surface of section, we get estimates of the form

—a

#ltelal]| ) e Dy <% 41

Tmin

uniformly in y € S%\ e and in la,b] € R. Here Ty > 0 denotes the infimum
of the return time on D. Finally note that the lengths of the intervals [0,¢y] and
(o)1, T + tf (¢7(x)) — t2(z)] are bounded from above by the supremum of the
return times on D and on A.. Hence (106) is bounded from above by a constant
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independent of (7', x), and the proof of Claim 2 is complete.

CramM 3. There exists C' > 0 independent of (7, z) such that the inequality
im(T, x) — M(T,z) — N(T,z)|< C holds for some choice of closing path defining
E(T,x; D).

Proof of Claim 3. Note that A, is a O-strong global surface of section. This is
true by positivity of the curvature (along ). Hence, the return time back to (the
interior of) A, is bounded away from zero and bounded from above. We find § > 0
depending only on A, such that for every a < b and ¢ € S3 \ OA,. we have #{t €
[a,b] | ¢'(q) € A} < 8(b— a). Now note that |[t2|| < oo. This is true because D

is 9-strong. With L = max{|[t2]| e, [t2]| 1} we get
0 <m(T, ) —#{t €[0,T] | ¢'(z) € A}

< #{t € [tP(x),0]] ¢'(z) € A}

+#{t € 0,t2(¢7(2))] | 67T (2) € A}
< 2L6.

By Lemma 3.5 we have
M(T,z) + N(T,z) = int(k(T,2; D), A,),
and by Lemma 3.6 there exists C' > 0 independent of (7, z) such that
#{t €0, 7] | ¢'(x) € A} — int(k(T,x; D), A,)|< C'

holds for some particular choice of closing path. The proof is complete if we set

C=0C"+2LJ.

By Claim 2 and (102)
M(T,z) =k+ O(1)
and (100) gives B
p1o WO =1(s 9) — s
2L

k= +0(1).

Thus B
p1 o U2 =1(5 9) — 5

M(T, z) — T — 0(1)

Up to now the constants O(1) are independent of (7', z) and also of choice of closing
paths. By Claim 3 we find

m(T,x) — M(T,z) — N(T,x)| = O(1)
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where this last constant is still independent of (7', z), although it depends on the
particular choice of closing path. Hence

Py o \ijm(T,r)—l(& 9) — s py o @M(T@)-i—N(T,x)(S, 0) —s| 0(1)
2L 2L N '
All of this implies that
p1 o GMTD+NT2) (5 9) — g
M(t,z) — =0(1
(e, . 0
and the proof is complete. O]

We now complete the proof of Theorem 1.13. Combining Corollary 3.15 with
Lemma 3.17 we get

int(k(T, x; D), A,) M(T, z)+ N(T, z)
link(k(T, z; D), 4) M(T, x)
B M(T,z)+ N(T,x)
B Py o @M(T,z)—{—N(T,:B)(S’ 9) — s

1 (107)
5] +0(1)
2L 1
>
= 1 +0 (M(T,x}+N(T, x))
L+2r | —=—-1
V6
On the other hand by Lemma 3.3 and Lemma 3.6 we have an estimate
AO(T k) 1
( ’Zl) — > —= :67m1n+0(—) (108)
int(k(T,z; D), A.) — —— +0(1) T

where 7,,i, denotes the infimum of the return time function of A,. By Lemma 3.6
we can find some constant X > 0 that is independent of the point x such that
XT > M(T,z) + N(T,z) > XT, which means that

1 B 1 : : 3 .
@) (M(T,x} TN m)) =0 (T) uniformly in z € 5\ (7. UA.).

Plugging this together with (107) and (108) we finally arrive at

AS(T, u) o0 1> +o<%>. (109)

. A N Z 6Tmin
link(k(T, x; D), 4.) L+ 9n (_ B
Ve
Let us consider an auxiliary constant g > 1 and look for § < 1 such that
2L 7

L+27r<%—1) I L<25‘”>>2w(%—1>_
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Since by (88) we have L > 2, it suffices to ask for
< 26V/8
Under this condition on u, by (109) we need
Tminft > 27

in order to get x(7.) > 2m and complete the proof. Toponogov’s Theorem yields

Tmin > 27 <2 — %)

1
2—— | >1.
g ( m)
Combining all of the above, we need to ask
1 V6

20V6 > 1 > - . 110
p TR (110)

hence we need

Note that 2\/?_1 > 1 as long as i < 6 < 1. Under this condition, a choice of u as

in (110) is possible if

Vo
2 6V > N/ 26(2V0 — 1) > 1. (111)

Introducing the variable = v/d we get the inequality P(x) := 222(2z —1) —1 > 0.
The polynomial P(z) has a unique real root z, because it is negative at its critical
points 0 and 5. This root z, lies in (3,0.85) because P(0.85) > 0. Hence we get
0. = 22 < 0.7225 and (111) holds for all § € (4., 1], as claimed.

A Global surfaces of section in generic position

A.1 Blow up construction

Let X be a smooth vector field on an oriented 3-manifold M with flow ¢'. We
need to consider the rank-2 vector bundle ¢ = TM/RX — M, and the S'-bundle
P.& = (£\0)/Ry — M. The linearised flow D¢' induces a flow on & still denoted by
D¢, and a flow on P,£ again denoted D¢'. The generating vector field of D¢' on
P. ¢ is denoted X. Both ¢ and P, ¢ get oriented as bundles by the flow orientation
and the orientation of M. Let I' be a finite family of (non-constant) periodic orbits
of ¢'. Let v : R/TZ — M be a periodic orbit in this family. The total space T of
the (trivial) S*-bundle v(T-)*P,¢ — R/Z, which we see as a submanifold of P,
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is a D¢'-invariant torus. As explained in the introduction, the dynamics of D¢ on
T, will be referred to as linearised polar dynamics along .

In | | Fried explains how to blow the orbits in T' up to obtain a smooth
3-manifold with boundary where the restriction of ¢* to M \ T' can be extended as
a smooth flow leaving the boundary invariant. Details are explained in the proof of
the next lemma. Let us identify I' with the corresponding link of periodic orbits.
As a set the blown-up manifold is defined as

Mp=(M\T)u| |T,

yCTI'
where the disjoint union is taken over the connected components v of I'.
Lemma A.1. The following hold:

(a) My has the structure of a second countable, Hausdorff, smooth manifold with
boundary such that OMp = U,crT., and My \ OMp = M \T'. These identities
respect the topology and differentiable structure previously defined on M \ T
and on the T,.

(b) The flow ¢'|anr extends smoothly to a flow on My that agrees with D¢' on
OMr.

Proof. We sketch (a), details are left to the reader. Let v be a connected component
of T'. Choose an orientation preserving embedding F': R/Z x D — N, where N is
a compact neighbourhood of v, satisfying F'(¢,0) = v(TW). Equip R/Z x D with
coordinates (¢, z = x + iy). Consider ® : R/Z x [0,1] x R/27Z — R x D defined
by ®(0,r,0) = (9,7e"?). Note that ® is smooth. Then (9, 6) at r = 0 define global
coordinates on T, and (¥,7,6) € R/Z x [0,1] x R/27Z determine coordinates on
(N\y)uT, Which we use to define the topology and the differentiable structure
on a neighbourhood of T, in M. One can repeat this process at every connected
component v of T.

For (b) we provide full details. We first claim that the vector field W = (Fo®)* X
which is in principle only defined on R/Z x (0, 1] x R/27Z, extends smoothly to
R/Z % [0,1] x R/27Z. To prove this claim, write in components

F*X = (XY =X"+iXYV)eRx C
Note that X?(¢9,0) = T~ and Y (9,0) = 0 for all ¥J. Hence we can write
XU0,2) =T "+ MW, 2)z  Y(,2) = A0, 2)z
with smooth functions A, Ay satisfying

A (9,0) = Do XV (9,0)  Ay(9,0) = DoY (0,0)
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Using the formula

| 10 0
DO W, x4y =re?) = [0 cos 0 sin 0
0 —r~'sinf r~'cosd

we get

W = (T_l + Ay (9, re)ret?, (TCO.SO " 9) As (0, rew)ew) (112)

—sinf cos@

The upshot is that (112) reveals that W has a smooth extension up to r = 0.
Moreover, the vector field W on {r = 0} ~ T, is given by

Wl o= Ty + b(0,0)0p

where

b(Y,0) = (DoY (9,0)e”, ie)

The linearised dynamics along ~ is given by
00(t)\ _ (0 Do X'(t/T,0)\ (60(t)
6z(t))  \O0 DyY(t/T,0) ) \0z(t)

If one writes 6z = |6z|e? then

: DY (t/T,0)6z
6 = Re =2 (é .0) = (DY (t/T,0)e" ie”) = b(t/T,0)
i0z
Thus the dynamics of W|;,—gy is precisely linearised polar dynamics along . O

A.2 Global surfaces of section in generic position

We use the notation established above, and consider the case where I' = 9% is the
boundary of some global surface of section ¥ < M for ¢'. For each periodic orbit
~v C 0% consider

v¥y = {R,v | v € TY|, is outward pointing}

Then v /RX is the graph of a smooth section of v(T-)*P, £ and, as such, it defines
a smooth submanifold of T,.

Definition A.2. The global surface of section ¥ is called d-strong if v>v/RX is a
global surface of section for D¢ on T.,, for every v C OT.

Definition A.3. Two global surfaces of section ¥, 3 for ¢! are said to be in relative
generic position if ¥\ 0¥ intersects ) \ % transversely, and if for every connected

component y of 8% N JT the manifolds 5y and >y intersect transversely in T.,.
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Lemma A.4. Let 3,3 be global surfaces of section for ¢'. Assume that S is O-
strong. There exists an arbitrarily C*-small perturbation of 3 to a new embedded
surface X such that the following hold:

(a) 0% = 0%,
(b) 3 is a O-strong global surface of section.

(c) The infimum/supremum of the return time function on ZN]AiS arbitrarily close
to the infimum/supremum of the return time function on X.

(d) ¥ and ¥ are in relative generic position.

(e) There exists a smooth function g : Y = R that is C™-close to zero, satisfying
#I®P)(p) € X for every p € X.

Remark A.5. The function g is defined and smooth on > up to the boundary, and
is C*°-small on the compact surface X.

Lemma A.6. Let ©,3 be global surfaces of section for g?t. Assume that they are
in relative generic position. Then the closure® K of (3\ X) N (X \ 9X) is a smooth
1-dimensional manifold satisfying the following properties:

(a) OK = K N (02 U 9%).

(b) If v is a connected component of 0% U 9% and p € K N v C OK then the
identity T,K N'Tyy = {0} holds.

Proofs of lemmas A.J and A.0. If 09X N d% = (0 then the boundary of each of the
global surfaces of section considered intersects the other in finitely many inte-
rior points. Lemma A.4 follows from a direct application of Sard’s theorem, and
Lemma A.6 is trivial in this case.

We proceed assuming that 92 NOL # (). This set is a finite collection of periodic
orbits. Let the periodic orbit v be a connected component of 9% N 9%, and let
F = F(9,z = x + iy) be an orientation preserving embedding of R/Z x D onto
a neighbourhood of 7 as in the proof of Lemma A.1. By requirement, it satisfies
¢'(F(0,0)) = F(t/T,0).

Let (p,a) € (1 —¢,1] x R/Z be smooth coordinates on a neighbourhood of ~
in 3. Hence, in the coordinates induced by F', 3 is parametrised as an embedded

strip near y
(p, @) = (Gi(p, @), Ga(p, ) € R/Z X D

where Gy, Gy are smooth functions of (p, ) € (1 —¢,1] x R/Z. We have G5(1,-) =0
and Ga(p, ) # 0 if p < 1. Moreover o — G4 (1, a) defines a diffeomorphism of R/Z,
and D1G5(1, ) # 0 for all a.. It follows from this and the implicit function theorem

3The closure is taken in X, or equivalently in 3, or equivalently in M.
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that (p,a) — (p,G1(p,@)) defines a diffeomorphism between neighbourhoods of
{1} x R/Z in (1 — ¢,1] x R/Z. In other words, there is no loss of generality to
assume that o = 9, i.e. X is parametrised as a strip (p,9) — (¢, G(p,?)) where
the smooth function G : (1 — €, 1] x R/Z — D satisfies G(1,-) = 0, D;G(1,9) # 0
for all ¥. Hence one can write G(p, ) = (1 — p)G'(p, ) for some smooth function
G : (1 —¢1) x R/Z — C satisfying G'(1,9) = —D1G(1,9). It follows that the
argument (p,d) € R/27Z of G(p,1), which is in principle only defined for p < 1,
can be smoothly extended up to p = 1 in such a way that ¢(1,4) is the argument
of —D1G(1,9). If we denote r(p,9) = |G(p,)| then the formula D;r = (¢**, D;G)
for the partial derivatives of r shows that r is smooth up to p = 1; here D; and D,
denote partial derivatives in p and 9, respectively. Moreover, one computes

Dyr(1,9) = (%" DyG(1,9))

(1,9)
<|Dl< ) 1G<“9>>
— _ID\G(1,0)|< 0 V9

The implicit function theorem implies that we can use (r,9) € [0,€¢) X R/Z as
coordinates of X near v, and parametrise X smoothly as

(r,9) = (9, 7€)

in terms of (r,7). Repeating this analysis in a neighbourhood of 7 in f], we see that
such a neighbourhood can be smoothly parametrised as

(r,9) — (¥, rei‘f’(’"’ﬁ))

where (r,9) € [0,€) x R/Z are smooth coordinates of 3 near v, and ¢ is smooth.
The submanifolds v=y and =7 are represented as the graphs of ¥ — ©(1,9) and
¥ — ¢(1,49). This proves that after performing Fried’s blow up construction along
the connected components v of 9% N %, the surfaces ¥ and 3 induce embedded
surfaces in the blown up 3-manifold meeting the boundary components T, (corre-
sponding to the various v C o2 N 0Y) transversely in embedded circles; the circles
corresponding to 3 are global surfaces of section for D¢'|r,. It follows from these
local representations that a C'*°-small perturbation of )y supported on an arbitrarily
small neighbourhood of v, keeping  fixed as a boundary component of S, will make
v¥y transverse to v>v: this amounts to making the graph of 9 — $(1,49) transverse
to the graph of ¥ — ¢(1,1). Moreover, the infimum and supremum of return times
to 3 will only slightly change. It follows that for small r the graph of ¥ — o(r, 9)
is transverse to the graph of ¢ — @(r,1). We can repeat this process at every
component ~v of 9% N A%, and achieve transversality of the various pairs of sections
vEy, vF "y along the components 7 of 0¥ N IX. Tt also follows that the interiors of
Y and ¥ intersect transversely near 9% N X, but away from 9% U 9% we achieve
transversality by a further C'"*°-small perturbation supported in the interiors, using
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Sard’s theorem. Again the return time to 3 can only change slightly. One does not
need to perturb the surfaces near components of (9% \ %) U (9% \ d%). Properties
(a)-(d) follow. Since the surfaces in the blown-up manifolds are C*°-close to each
other the flow extends smoothly up to boundary, the function g as in (e) exists. The
proof of Lemma A.4 is complete.

Let us now prove Lemma A.6. As we can see from the above, the intersection
of the interiors of the two surfaces ¥ and 3, which are assumed to be in generic
relative position, cuts out near a connected component v C 9% N 9% a smooth 1-
manifold intersecting 7 transversely (relative to each surface). This is so since there
the intersection is described as the equation ¢ = ¢ which, by the implicit function
theorem, determines v locally as a smooth function of r, up to r = 0. The assumed
transversality of the intersection (X \ d%) N (X \ %) guarantees that these graphs
continue to the interiors as 1-manifolds. Hence the set K defined as the closure of
(2\02)N(Z\ L) has the desired structure of a smooth 1-dimensional submanifold
near connected components of 9% N 9% and also on common interior points. The
analysis near connected components of (9% \ 9%) U (9% \ 9%) is trivial. O

Remark A.7. In Lemma A.G the boundary 9K might contain points in ¥\ 9%. Such
points must also belong to 0.

Remark A.8. There is a “small transfer map” ¥ — 3 defined by p — ¢9®)(p) where g
is given in (e) Lemma A.4. By transversality it restricts to a smooth diffeomorphism
between interiors.

A.3 Comparing linking numbers

Consider a disk-like global surface of section D of a flow on S® spanned by the
(unknotted) periodic orbit 79 = dD. Define for z € S* \ 7, the functions

tP(z) = sup{t < 0| ¢'(z) € D} t?(x) = inf{t > 0| ¢'(x) € D} (113)

Note that £ are smooth on S\ D, discontinuous and vanishing on points of D\ 7.
For any x € S3\ 7o and T > 0 define the interval

I(T,z; D) = [t2(x), T + (6" (2))] (114)

and denote by k(T z; D) a loop obtained by concatenating to the piece of trajectory
¢! T=D) (1) a path in D\ vo from ¢7+F @ @) (2) to ¢ @) (z). Note that

link(k(T, z; D),yo) = #{t € I(t,x; D) | ¢'(z) € D} — 1
=#{te[0,T]| ¢'(x) e D} +£—1 (115)
for some ¢ € {0, 1, 2}

Now let D be another global surface of section satisfying 0D = Y. Assume that
D and D are in generic relative position. Hence, by Lemma A.G, the closure K of
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(DN 15) \ Y in D, or equivalently in D or S3, is a 1-submanifold with boundary
satisfying 0K = K M~,. Moreover, at a point p € K the spaces T, K and Ty, are
distinct. Let N denote the number of connected components of K.

Lemma A.9. Suppose that the return time functions to D and to D are bounded
away from zero and bounded from above. Then there exists a constant C' > 0 de-
pending only D and D such that [link(k(T, z; D), ~o) —link(k(T, z; D), 7o) |< C holds
for allT > 0 and all x € S*\ 7.

Proof. We start by proving that for every x € S3\ v and every T' > 0 there exists
an open neighbourhood V' C S3\ 7 of x such that

max |link(k(T, z; D), 7o) — link(k(T, 2"; D),7)|< 2  Va' e V. (116)

D=D,D

It suffices to consider D = D. There exists a neighbourhood V' C S\ 7, of & such
that for every 2’ € V' the 1-cycles k(T z; D) and k(T,z'; D) differ by a sum of two
cycles I'1, T’y such that for i = 1,2 we have [link(T';,v0)|< 1. Hence

link(k(T, z; D), ) — link(k(T, 2"; D), v)|< Z [link(T;, 7o)< 2.

i=1,2

By (116), in order to prove the lemma we can assume that z is such that
{6261(2), 67427 0), ¢219 ), TN () 1 K = 0.

Denote by « the 1-chain consisting of the piece of trajectory from ngt?("”)(x) to
¢"°@)(z), oriented in favour (if t2(z) < tP(z)) or against (if t2(z) > tP(z)) the
flow. Analogously, consider the 1-chain 3 consisting of the piece of flow trajectory
from ¢ @) (1) to $THE@T @) (1), oriented accordingly in favour or against the
flow. Let ¢ be the 1-chain in D \ vy and ¢ be the 1-chain in D \ v such that

k(T,z; D) = ¢" TP (z) + ¢ K(T,x; D) = o' T=D)(2) 4 ¢.
Then, as an identity of 1-cycles, we get

k(T,xz; D) = k(T,z;D) + 6 where d=c+a—c—p.
It follows that

link(k(T, z; D), ) = link(k(T, ; D) 4 6,7

= link(k(7', z; D), v) + int(, D) (117)

A C'*°-small perturbation of ¢ keeping end points fixed will make ¢ transverse to K.
It follows that
lint(¢, K)|< N + 2 (118)
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where we use here that every component of K is trivial in m;(D,dD). Note that «

and (3 are pieces of trajectories of time-lengths not larger than L := max{r2 72 1

D and 72 are the suprema of the return time functions to D and D

max max

where T,
respectively. To see this for «, consider the case tP(z) < t”(x) < 0, the case
tP(x) < tP(x) < 0 is analogous. Then the time-length of « is

t(0) = t2(x) < —tP(x) € 0,72,
For 3 one argues analogously. Clearly, all intersections of a and § with D are
transverse. From the estimate just proved, the number of such intersection points is
bounded from above by L/72 where 72 is the infimum of the return time function

to D. Combining with (118) we get

2max{7. , Ti )}
D ’

min

lint(6, D)< N + 2+

Thus, the desired constant C' in the statement of the lemma can be taken as

2 maxX{ T Tona}
TD .

min

C=N+6+

From Lemma A .4 and Lemma A.9 we deduce the following corollary.

Corollary A.10. Let vy be a periodic unknotted Reeb orbit whose self-linking num-
ber is —1. The quantity k(o) does not depend on the choice of the O-strong disk-like
global surface of section spanned by ~o.

A.4 Independence of the global frame

Lemma A.11. Let vy C S® be a periodic unknotted Reeb orbit whose self-linking
number is —1. The quantity k(v) does not depend on the choice of the global
symplectic trivialisation o.

Proof. Let ¥ be a 0-strong disk-like global surface of section spanned by ~y. Let
01,09 be two global symplectic trivialisations of the contact structure (£,d\). In
particular, o1 and o, are homotopic trivialisations. Denote then, for ¢ = 1,2,
O,.(T,u) — O,,(0,u)
i = liminf inf —2 AN Ry
ri(o) = il it = T ), 70)

As a first case, let us assume that x;(79) # £oo for i = 1,2. Fix ¢ > 0. For every T
large enough it holds

o [(60,(T,u) — 6,,(0,u)
> )
1xn1f ( link(k(T', z;3), ) + €2 ra(7)
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Moreover, there exists a sequence (T,),en, satisfying T,, — 400 as n — oo, such
that, for every n,

_ o, (T, u) — o, (0, u)
f L L —e< :
f ( link(k(T,, z; 3),v0) €< mn)

Thus, for every T, large enough, we have

Ka(v0) — K1(0) <

. (éaﬂn,u) - éaxo,u)) i (@ (T, u) - ém<o,u>> o

zu \  link(k(T,, z; %), v0) zu \  link(k(T,, z; %), %)

Let (zn,u,) be such that

inf —

T

éa'l (Tmu) - éa'l (O,U) > éUl (Tnvun) - (:)01 (O,Un)
link(k(T,, x;2),70) link(k(T, xn: 2), Y0)

Consequently, it holds
K2(70) — K1(70) <

éaz (Tmun) B édz (Oaun) éol (Tnvun) B éUl (O7un>
. - + 3¢
link(k(T,, 203 2), Y0) link(k(T,, 203 2),70)

for n large enough. Observe that, for i = 1,2,

@cri (Tn7 un) - @Ui (07 Un)

is the variation of the angle coordinate of the vector D¢y (xy,)un € €4, (,), between 0
and T;,, with respect to the frame { X}, Xt} where o; 0 X| = (1,0),0; 0 X} = (0, 1).

For i = 1,2, let 6; : [0,7,] — R be a continuous argument of ¢t — D¢, (z,)u,
with respect to the frame {X?{, JXi}, where J is a fixed reference almost complex
structure (compatible with dA). Then, by | , Claim 1.1.1], it holds

O, (T}, in) — Oo, (0, 1y) < 0;(T,) — 6;(0) + 1. (119)
For any given curve v : [0,1] — S3, denote as

Wind,y(O'l, 0'2)

the variation of the oriented angle between X| = o;'(1,0) and X? = 0, '(1,0) along
the curve v, with respect to the frame {X], JX{}, where J is the aforementioned
fixed almost complex structure.

Observe then that

(QQ(Tn) — 92(0)) — (01(Tn) — 01(0)) = Wind(@(?ﬁn))te[o,Tn](O_l? 0'2). (120)
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CLAIM. Fix a Riemannian metric g on S3. Let oy, 09 be two trivialisations of the
contact plane. There exists a constant C' > 0 such that for every p,q € S®

lwind,, , . (01, 02)|< C, (121)

where 7o) 1 [0,1] = S? is a path of the form ¢ € [0,1] — exp,(tv) € S* for some
v € T,5% satisfying g,(v,v) < diam S, exp,(v) = ¢.

Since the two trivialisations are homotopic, considering the loop

[ = (¢¢(Tn))teo.1] T Vb, (@n)sn)s
it holds

0 = windr (01, 02) = Wind (g, (z,)),e 0.2, (015 02) + Wind%m(wn)’z”)(crl, 09) .

From the previous Claim, we deduce that

’Wind(fbt(rn)te[o,m])(017 Ug)’ﬁ C. (122)
From (119), (120) and (122), it holds
C+2
/ﬁ?g(")/o) — K)l(’}/o) < + 3e.

link(k(T,, 2n; 2),70)
Since link(k(T,,, z,; X), ) — 400 as n — 400, we deduce that
k2(70) — K1(70) < 3e.
By exchanging the roles of o and o9, and letting ¢ — 0, we conclude that

51(70) = KQ(’YO)‘

Assume now that k1(7y) = 400 and k(7)) < +o0o. Let M € R be such that
M > 3ky(7) and M > C, where C' is the constant in (121). Then, there exists a
sequence (T}, )nen, so that T,, — +00 as n — +00, and such that for every n it holds

inf (901(Tn7u) — @01(07u>> >M> M > inf (@02<Tnvu) — @02(0,U)> )

zu \ link(k(T,, z;3),70) 2 " oz link(k(T,, 2;3),%0)
Let (zn,u,) be such that

Ou, (T, 1) — Oy, (0, uy,) M O, (T, ) — Oy (0, 1)
M= .
< Tnk(k(To a0 70) )~ 7 2 7\ k(R (T, 203 %), 70)

Consequently, it holds

(60, (T 1) = 05,0, u)) = (O (T ) = 61, (0,10,))
link(k(T,, 2n; 2), Y0)

>M
5 -
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As done in the previous case, from | , Claim 1.1.1], (120) and (122), we con-

clude that
C+2 M

nk(k(Tp 2m 2),%0) 2

since link(k(T,, zn;X),v) — +00 as n — +oo and since M > C, we obtain a
contradiction. Thus, we deduce that if one between k() and k(7o) is equal to
~+00, then also the other one has to be +00. An analogous argument allows us to
deduce that if one between £1(79) and ka2(70) is equal to —oo, then also the other
one has to be —oo. O]

B Abundance of global surfaces of section

Here we prove Theorem 1.1. Let ~,...,7, be periodic orbits of the flow ¢’ of a
smooth non-vanishing vector field X on a homology 3-sphere M. We see each ~; as
a knot oriented by X, and consider the oriented link L = v, U ... U7,.

Let X be any oriented Seifert surface satisfying 03 = L, orientations included.
Fix also oriented Seifert surfaces ¥; satisfying 0%; = ~;, orientations included. Note
that 3, ¥; exist because M is a homology 3-sphere. Denote by ¥* € H'(M \ L) the
cohomology class dual to ¥, and by ¥f € H*(M \ L) the restriction to M \ L of
the cohomology classes in M \ 7; dual to 3;. These cohomology classes exist with
integer coefficients, but we only need to consider them with real coefficients.

Denote by 22 (M \ L) the set of ¢'-invariant Borel probability measures on M\ L.
From | , Theorem 1.3] we get the following criterion for L to bind an open book
decomposition with pages that are global surface of section:

(I) p* (v:) > 0 holds for every i.
(IT) p-X* > 0 holds for every € L2(M \ L).

Hence, we are left with the task of checking these conditions under the assumption
that ¢' is right-handed.

We check (I). By definition, the right-handedness of ¢' implies that any two
periodic orbits of ¢' (oriented by X) are positively linked. It also implies that
p~i (7;) > 0. Then (I) follows from a direct application of Corollary 2.4.

We now check (II). In | , section 3] one finds the construction of a compact
smooth 3-manifold D with boundary, obtained by blowing the periodic orbits in L
up. This construction is originally due to Fried | |. There is a natural inclusion

t: M\ L— Dy,

that defines a diffeomorphism M\ L ~ Dy \ 0Dy, and for each i there is a boundary
torus associated to the end of M \ L near v;. The key property is that there
is a smooth nowhere vanishing vector field X on Dy, tangent to 0Dy, such that

Xlppon,= t:(X|anz).
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We denote the flow of X by ¢!, and the set of ¢'-invariant Borel probability
measures on Dy by Z(Dy). Let Zy(Dy) be the set of those A € Z(Dy) satisfying
A0Dp) = 0. There is a bijection

P(M\ L) — Py(Dyp), W = Ll (123)

This follows from the formula t,u(E) = p(:=*(E)) for every Borel set E C Dy.
In [ , section 2] the existence of a smooth closed 1-form § on M\ L representing
the class X2* and satisfying sup e 1 [ix8(p)|< oo is established. Likewise, for every i
there is a smooth closed 1-form §; on M \ ~; representing the class ¥} and satisfying
SUDpe s\ [ix Bi(p)|< oo. Let B, B; be the 1-forms on Dy, \ 0D, = M \ L induced
by (3, 5; respectively. Hence zXB o1 = 1x/ and ZXBZ ot =1ix0B; on M\ L. Since
AODy) = 0, for every A in Zy(Dy), we conclude that

isB, g, .., igfBn € L¥(Dp,N), VYA € Zy(Dy).

We see from | , section 2| that for every p € (M \ L)

pes = [ ipda= [ igidp
M\L Di\oDy

o X5 :/ ixBi dp :/ ZXBZ dpt
M\L Di\oDy,
holds.

Let u € (M \ L) be arbitrary. Let £ C Z(Dy) be the set of ergodic measures.
By Choquet’s theorem there is a Borel probability measure v, on € such that the
following holds. Let f : U — R be a bounded continuous function defined on some
open set U C Dy, and consider the Borel measurable function

(124)

5—>R7 ,Uze'_>/fdue~
U

Lf@zé(éﬂ%)%@& (125)

Denote &, = £\ Po(Dy), i.e. pe € E < pe(0Dr) = 1. We claim that:

Then

(i) vu(EL) = 0 for every fi in the image of the map (123).

(ii) fDL\aDL ZXB dpe > 0 for every p. € E\ Er.

To prove (i) note that 14, p,)(tte) = pe(Dr \ 0D1) Ve € € where we denote by
1 the characteristic function. This and (125) imply that

1= D\ODL) = [ DL\ ODLI) = [ 1oy v = v Zo(DL) 1)
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and hence v;(Er) =1 — v (Po(D) N E) = 0.

Let us now prove (ii). Fix any p. € £\ &L € Po(Dr). Then p.(Dr \ 0D) = 1.
From Birkhoft’s ergodic theorem and Poincaré’s recurrence combined we get a Borel
set £,, C D, \ 0Dy, consisting of recurrent points of ¢! such that

. /"LB(E,U&) = 1

e For every p € E,, and every 4, if p := .~ *(p) then

R 1 n 1
13 dyue = lim —/ = lim —/
/DL\BDL X To+oc T é[ovﬂ(ﬁ)ﬁ T—+oo T ¢>[07T1(p)6

R 1 R
Z‘ﬁld e — lim —/ BZ: lim —/ Bl
/DL\aDL X T T 30T (p) Totoo T J o1 (p)

Note that p is a recurrent point of ¢'. If T;, — +oo satisfies ¢*(p) — p and «, is a
short geodesic arc* from ¢’ (p) to p, and if we denote by k(T,,, p) the loop obtained
by concatenating a,, to ¢7#!(p), then

(b2 = [ ] < [l et

0Tl (p)
< |8l (B) Length(a,)

link(k(Tp, p), ;) — / Bi

$10:Tn) (p)

where B C M \ L is a compact neighborhood of p. Hence for every p € .7*(F) and
every ¢

o0

A 1
/ iy dy. = lim ?int(k(Tn,p),E),
DL\ODL I (126)
A 1
/ i B dpe = lim T—link(k:(Tn,p),%).
DL\BDL n—oo

Since Hy(M,7Z) vanishes, the 2-cycle ¥ — ¥; — --- — ¥, is a boundary and we get

n

int(c,X) = Zint(c, ) = Zlink(c, Vi)
i=1

i=1

for every closed loop ¢ in M \ L. It follows that

/ ixB dpe = Z/ icBidpe  Vpe € ENEL = Po(DL)NE. (127)
Dp\oDy,

i=1 DL\aDL

Now we use the assumption of right-handedness to prove that

/ ZXﬁz dpe > 0 Ve € E\ Ep, Vi (128)
Dr\oDy,

4Fix an auxiliary Riemannian metric on the background.
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In fact, consider any p. € £\ £, and the ¢'-invariant Borel probability measure fi,
on M uniquely determined by ¢ (fic|ar\r) = fte. In other words, fic(A) = pe(¢(A\L))
for every Borel set A C M. If A C M is a ¢'-invariant Borel set then t(A\ L) is a
¢'-invariant Borel set in Dy, and fie(4) = pe(«(A\ L)) € {0,1} since p, is ergodic.
This shows that fi. is ergodic. For each i consider the ¢'-invariant ergodic measure

(71)Leb

Moy = L
on M, where 7; > 0 is the primitive 7; which is seen as a map ~; : R/7,Z — M, and
Leb denotes Lebesgue measure on R/7,Z. By definition s, is supported in v; C L
and fi.(L) = 0. Hence for each i the pair of ergodic measures fi., i, falls into case A
explained in subsection 2.2. Note that ., X fi.(y; x ¢7(E,,)) = 1. For p,, X [i.-
almost all points (x,p) € v; x ¢™*(E,.), we can consider any sequence T; — ~+00
satisfying ¢%7(p) — p, and estimate using (126)

R 1
/ i B dpe = lim flink(%‘,k(ijp))
DL\ODy 7ot

=7; lim -

link(k(j7i, z), k(T},p)) > 0.
The last inequality follows from the definition of right-handedness and the assump-

tion that ¢' is a right-handed flow. We have proved (128). From (i), (124), (125),
(127) and (128) one can estimate

pes= [ i dﬂz/(/ ixh due) dvape)
DL\BDL & DL\aDL
= / (/ ixh d/%) dvy(pte)
&\&, \JD;\oD;,

= Z/ (/ 1)231 d;ue) dljﬂ(p“e) > 0.
i=1 YE\EL Dr\oDy,
The proof of (II) is complete.

A direct application of | , Theorem 1.3] provides the desired global surface
of section with boundary equal to L. The proof of Theorem 1.1 is complete.

C Blown-up global coordinates
In this appendix we prove Proposition 2.8. The proof is divided into several steps.
Step 1: A (! global surface of section from a finite energy plane

Definition C.1. Let v be a periodic Reeb orbit of a contact form A on a 3-
dimensional manifold M, of primitive period 7" > 0. We may think it as a map
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v : R/TZ — M. The contact structure & = ker A is oriented by d\, and M by
AN dN. A Martinet tube around + is, by definition, a diffeomorphism

F:R/Zxint(D) CR/ZxC—U (129)
onto an open neighbourhood U of v such that
(MT1) F(t,0) =~(Tt).

(MT2) There exists a smooth function f : R/Z x int(D) — (0,+00) such that
f(©,0) =T, df(¥,0) =0, and F*\ = f(09,z + iy)(dV + zdy).

The following lemma is proved in | ].

Lemma C.2. Martinet tubes always exist. Moreover, the vector fields 0,0, along
v can be arranged to be any d\-positive frame of & along v given a priori.

Let us consider the so-called asymptotic operator A associated to (7o, A, J), where
J 1 & — £ is any d\-compatible complex structure on £. It is an unbounded operator
on the space of L%-sections of the bundle vo(Ty-)*¢é — R/Z. Tt is defined by

A= —J(Vip = TyV,X) (130)

where V is any symmetric connection on M, and V,; denotes the associated covariant
differentiation along ¢ — ~o(7pt). It turns out that A does not depend on the choice
of V, as we shall see below.

To get a more concrete representation of A we use a Martinet tube F' around 7
to represent all objects with respect to the induced coordinates (¢, x +1iy). Let V be
any symmetric connection on M. If we pull back V by F' then we get a symmetric
connection on R/Z x int(D) still denoted by V. It can be explicitly written in these
local coordinates as V,Y = DYv + B(v,Y) where B is a smooth map defined on
U with values on the space of symmetric bilinear maps R? x R3 — R3. In view
of the form of F*A we have that, along ~vo(Tpt) ~ (¢,0), £ is represented as 0 x C
and d\ on &, (g is represented as Ty dx A dy, for every t. If a section 7(t) of
Yo0(Tp-)*¢ is represented as t € R/Z — (0,v(t)) € {0} x C then V,n is represented
by (0,v) + B(t,0)((1,0), (0,v)). The operator n — V;n — TyV, X gets represented
as

(0,v) = (0,0) + B(t,0)((1,0), (0,v)) — ToDX (t,0)(0,v) — ToB(¢,0)((0,v), X(¢,0))
= (0,0) — TyDX(t,0)(0, v).
Here it was used that X (,0) = (T;',0) = T, '0y and that B is symmetric. Now

we need to compute DX (¢J,0). Since A is pulled back to f(dv + xzdy) by F we get
that X is written locally as X = XY0y + X®0, + X¥0, where

f+fx T f_f y _ fw
By s
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Using that f(¢,0) = Ty and df (¢,0) = 0 one can compute

0 0 0

1 1 /0 0
DX(,0) == [0 £,0,0)  f,®,0) | =~ ( )

where the first matrix (3 x 3) is expressed in the basis {0y, 0, 0, }, the second matrix
is written in blocks, and

)) ‘

)

o — (o —1) o sw) = %0 <fm(z9,0) fyx(g,

0
1 0 fxy(ﬁao) fyy( 70

If the matrix-valued function

(132)

J21(19,$ + zy) JQQ(??,]? —+ Zy)

represents the complex structure J on £ with respect to the (conformally symplectic)
frame {0,, 0, — 0y}, then with the above formulas together we represent A as

u(t) s —J(t,0)(5(t) + JoS(t)u(t)). (133)

This is a symmetric operator with the respect to the Hilbert bundle structure in-
duced by the inner-product

(v, w) = /R o0, (4 0yt .

From (133) it follows that the spectrum o(A) is real, discrete, accumulates only at
+oo0, see | ]. We still denote by A this local representation, with no fear of
ambiguity.

It is known from | | that dynamical convexity of a contact form A on
S3 forces € to be a tight contact structure. The main result from | | gives a
global surface of section spanned by any unknotted periodic Reeb orbit vy with self-
linking number —1. Let us choose a d\-compatible complex structure J on . This
means that dA(-, J-) defines a metric on the vector bundle {. Then we can follow
Hofer [ ] and consider an R-invariant almost complex structure J on R x S?
defined by

J: 0y — X J)e=J (134)

where X denotes the Reeb vector field of A. Here we see X and ¢ as R-invariant
objects in R x S3. The interior of the global surface of section produced by [ ]
is the projection to S? of a smooth embedding

i:C—RxS3 (135)
solving the Cauchy-Riemann equations
dii+ J(@) odiioi =0
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asymptotic to v : R/TyZ — S® in the following sense. If we write in components
u(s,t) = (a(s,t),u(s,t)) with respect to exponential polar coordinates

(s,t) € R x R/Z s 2"+ e €\ {0}
then a(s,t) — +oo uniformly in ¢t € R/Z as s — +oo and

lim u(s,t+ to) = vo(Tot) C*(R/Z,S?) (136)

s——+00
for some t.

Lemma C.3. There exists an embedded closed disk D — S* of class C' such that
0D =y and D\ 7o = u(C).

The above lemma is probably well-known to specialists, but we prove it here
since we need to understand well the behaviour of D near 7.

Proof. Fix a choice F' of Martinet tube around 7. In view of (136) we can represent
the map u(s,t) in the (¥, x + iy)-coordinates as

Flou:(s,t)r (9(s,t),2(s,t) = z(s,t) +iy(s, 1)) (s > so) (137)

for some sy > 1 large enough. In | , section 8] one finds the proof of a very
precise asymptotic formula for the plane (135) which we will now describe. There
exist b > 0, ag € R and ty € R/Z such that

lim sup €”|D%[a(s,t) — Tys — ap)| = 0

s§——+o00
' teR/Z b (138)
lim sup e”|D*[J(s,t) —t —to]| =0
5F00 4R /7
holds for all D% = 0910;. Moreover there is an eigenvalue py < 0 of A, an

eigenvector e(t) € ker(A — ugl) and smooth functions u : [sg,+00) — R and
R : [s9,+00) x R/Z — C such that

2(s,t) = el "D (e(t) + R(s, 1)) (139)
lim |D7[u(s) = poll =0 Vj >0
S$—+00 140)
lim sup [D“R(s,t)] =0  VD* =00, (
SF00 4R /7
hold.
Remark C.4. It should be noted that, in general, such asymptotic behaviour is only
guaranteed when the asymptotic limit 7o is non-degenerate. But in | , sec-

tion 8] Hofer, Wysocki and Zehnder obtain this formula for the special pseudo-
holomorphic plane @ without any non-degeneracy assumptions. The same asymp-
totic behaviour is proved for the pseudo-holomorphic planes from | -
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Perhaps after translating in the coordinate ¢ and increasing sy we may assume
that to = 0, s > sop = u(s) < up/2 < 0, and the map ¢ — J(s,t) defines an orienta-
tion preserving self-diffeomorphism of R/Z for all s > sy. This follows from (138).
Hence

w(& t) = (57 19(3’ t))

defines a self-diffeomorphism of [sg, +00) x R/Z. Again by (138) with tg = 0 we
have
lim sup €”|D*[Di(s,t) — I]|=0, VD% = 031 0;.

5F00 4cR /7

For the inverse mapping ¢ ~!(s, ) = (s, t(s,9)) we must also have

lim sup €”|D*[Dy~'(s,9) —I]|=0  VD* =005

s——+oo 196R/Z

from where it follows that

lim sup |D%e(V¥) — e(t(s,v))]|= 0, VD = 051 0y2.

57400 yeR/Z
Hence in view of (139) and (140) we can write
2o (s,9) = el "D (e(9) + R(s, 1))
where R(s,9) = e(t(s,9)) — e(9) + R(¢~'(s,0)) satisfies

lim sup [DYR(s,9)|= 0, VD® = 071 05>,

s——+oo ﬁER/Z

Let us denote by G : [sg, +00) — (0, 4+00) the function
G(s) = elso 1T

It satisfies G((so) = 1, G'(s) = u(s)G(s) < 0, and G(s) — 0 as s — +oo. Consider
a parameter p > 0 and a solution s(p) of the initial value problem

S (p) G (s(p)) = —1. 5(0) = so.

Then G(s(p)) = 1 — p, from where it follows that the maximal forward existence
interval of s(p) is [0,1) and that s(p) — +o0 as p — 1. In particular the map
G(s(p)) extends smoothly to [0, 1] as the function p — 1 — p. We claim that

e(p,¥) == (1 — p)R(s(p), ) (141)

extends to a C'! function on [0, 1] x R/Z whose 1-jet vanishes at {1} x R/Z. To see
this, first note that the function and the partial derivative in 9 clearly converge to
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0 uniformly in ¥ as p — 1. For the partial derivative in p we have
9pl(1 = p)R(s(p), V)]
= |~ R(sp), ) + (1 = p)2R(5(0), )5 ()|

[~ A(st0) )+ 0uts(). 05 () E (142)

= |=R(s(p), V) — —
< C (1R(s(p), )| +10,R(s(p), 9)] ) = 0 as p = 1
as claimed. Denote

L(p,9) = zo9 (s(p), ) = (1 = p)e(V) + €(p, V) (143)

where €(p, ) is defined in (141). Above we proved that €(p, ) defines a C'-function
up to p = 1 whose 1-jet vanishes on {p = 1}. Hence the map I', which was defined
on [0,1) x R/Z, admits a C" extension to [0, 1] x R/Z. We still denote this extension
by T, it satisfies

I(1,9)=0, DiI(1,9) =—e(¥), VIeR/Z (144)

As consequence, the map
(p, ) = (0, T(p, ) (145)

extends the map F~' ouot¢~!(s(p),?), and defines an embedding. Since u is an
embedding into S? \ 7y we can glue the embedding u| {jw|<e2ms0} With the embedded
strip (145) to produce the C! embedded disk D as desired. O

The following lemma provides additional information about the second order
derivatives of I'; it will be crucial later on.

Lemma C.5. The partial derivatives Dosl', D1oI" = Doy of the map (143) extend
continuously to [0,1] x R/Z as

DQQF(l,ﬁ) = O, D21F(1, ’19) = D12F(1, 19) = —6/(19).
The partial derivative D11 (p, ) satisfies

lim (1 —p) sup |DiI'(p,9)|=0. (146)
p—1= YER/Z

Proof. Note that

A

Da[T(p,9) — (1 ple(®)] = Dal(1 — p)R(s(p), )] = (1 — p)DaR(s(p). )
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hence

Das[T(p,9) = (1 = p)e(¥)] = (1= p) Do R(s(p), ),
DalD(p,9) — (1= p)e(®)] = (1= p)s' (o) Dor R(s(p), 9) — DyFr(5(p), V).
But note that s'(p)(1 — p) = —u(s(p))~t is bounded as p — 1~. Hence, in view

of (140), the partial derivatives (147) converge to zero uniformly in 9 as p — 1~.
For the second assertion we compute

Dul(p,9) = Di[(1 — )R(s(p),ﬁ)]
= Di[=R(s(p), 9) + (1 — )S’(p)Dlﬁ(S(p),ﬁ)]

(147)

R 1
_ 5 s w(s(p)) ;
1 o
- M(S(P)) ( )DUR(S(:O)???)

and hence

(1 —=p)Dul(p,J)

= (1-p)¢ [_DlR(s J) + u;(s>) D R(s,9) — ﬁDnR(Sﬁ)} (149)
B _L B ~ s ,U,(S) N s _ L » S
- { D1 R(s,9) + u(s)2D1R( ) /L(S)DHR( ,19)}

Using that p(s) is bounded and bounded away from zero, that /(s) is bounded and
that the partial derivatives of R converge to zero as s — 400, we conclude that the
function in (149) converges to zero uniformly in 9 as p — 17. O

Step 2: Regularising the disk D to a 0-strong C'™ global surface of section

From now on we assume that the frame 0,,d, along R/Z x {0} corresponds to a
J-complex frame along 7o, which means that

JW,0)=J, VIeER/Z (150)

This is not a necessary assumption, but it simplifies our calculations. In complex
notation, the asymptotic operator (133) assumes the simplified form —id;, + S(t),
and is symmetric with respect to the standard L? inner-product.

Lemma C.6. Let D be the Ct disk provided by Lemma C.5. There exists a C™
family of embedded C*> disks Ds, 0 < § < 1, satisfying

(i) Ds is a 0-strong global surface of section satisfying 0Ds = ~o.
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(ii) Ds — D in C' as § — 0.

Proof. A neighbourhood of 0D in D is a strip parametrised with coordinates (p, )
by the map (145) where I'(p, ) is the map (143). Consider the smooth map

d:R/Z x[0,1) x R/2r = R/Z x int(D) &, r,0) = (I, 7). (151)

Direct calculations found in Appendix A, see also | , section 3|, show that ®*X
extends smoothly to a vector field W on R/Z x [0,1) x R/27 satisfying

W(9,0,0) = Ty 0 + (0, 0)0y (152)

for some smooth function b : R/Z x R/27Z — R. In the following we need a precise
description of the function b(1J, §) appearing in (152). Denote

Y,z +iy) = X°(0,x +iy) + 1 XY,z +iy) : R/Z x int(D) — C

and write

X(ﬁa Z) = (7—1071 + Al(ﬁa 2)27 A2(197 Z)Z)
where z = x + iy and
A1(9,0) =0 Ay(9,0) = DY (9,0) = —Ty *Jo.S(9)

Here we used that Dy XV (19,0) = 0, which follows from (131) and the properties of
f. In the basis {0y, 0,,0,} we can write

1 0 0
D® (0, rcosf +irsind) = | 0 cos 6 sin 0
0 —r~tsinf r'cosb

Hence

rcosf rsinf
—sinf@ cosf

W(,r,0) =Tyt + A (9, re)re®, Ay (9, 7€) e® 153)
0

showing that W extends smoothly all the way to r = 0 and satisfies (152) with
b(9,0) = (=T, ' JoS(9)e” ie”) = =Ty (S(9)e”, ) (154)

A neighbourhood of D = 7 in D is C'-parametrised as a the strip (145) where
0D corresponds to p = 1. Denote

o1, T(p, ) = (0,17(p,9), T (p, ) (155)

Note that I'? is, at this moment, only defined for p < 1, but now we argue to prove
that it extends continuously up to p = 1. We have I' = "¢, Since I is C!

m ——— = lim —
p—1— 1 —0p p—1- p—1

= —D,(1,9) = e(d)
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uniformly in 9. Since e(¥) never vanishes we conclude that I'? extends continuously
up to p = 1, and if we still denote this extension by I'? then

e(d) = |e(d)]e™ ). (156)

This defines an extension of (155) to a C° embedded strip in R/Z x [0, 1] x R/27Z.
Fix a smooth bump function x : R — [0, 1] satisfying

o x(p)=1if p <1, x(p) =01if p>0.
® X'(p) <0 Vp, supp(x’) C (=1,0), [[x'[|r=< 2.

With § > 0 consider

Xs : R —1[0,1], xs(p) = x(6 7 (p—1)).
We have 9
supp(x;) € (1 - ,1) ol (157)
and
1= o)io)l= ]%5»&;@)] <2 W Voe () (158)

since x5(p) #0=p>1—-0= % < 1. One can write

L(p,9) = (1 = p)e(?) + e(p, )

Ls(p.0) = (1= p)e(®) + es(p, ) (159)

with
e(p,0) =T(p, V) = (1 = ple(¥),  es(p, V) = xs(p)e(p, V). (160)

The map € was already defined in (141). It follows that I's(p, ) # 0 for all p < 1 if
d > 0 is small enough. Lemma C.5 together with (157)-(158) gives

les(ps )l Lo /2y + | Daes(ps )| Lo my2)

lim sup =0
p—1- 5€(0,1] 1-— P (161)
lim  sup [[Dies(p, )| oo ®/z)= 0
p=17 5€(0,1]
Analogously as before define T, T% by I's = I';e"s. Then
19, T(p,9)) = (9,5, 9), T, ) (162)

The strip (155) is not even C* but (162) is C* since T's(p,9) = (1 — p)e(d) for p
close enough to 1. Moreover I'j(1,9) = I'"(1,9) = 0 for all § > 0. From (161) we
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conclude that

lim sup M -1 =0

P=17 5e(0,1] (1 =pe(-) Lo(R/Z)

lim sup Dalls(p:) () =0 (163)
p—=17 5¢(0,1] (1-p) Lo(R/7)

lim sup Dils(p, ) +1 =0

=17 5e(0,1] e(-) L>®(R/Z)

which can then be used to obtain

lim sup || DiT%(p, ) + le()] | oeqjzy = 0

p—=17 5e(0,1]
limsup sup ||(1—p)DiT%(p, ')HLOO(]R/Z) =0
p—1- 6€(0,1]
| : ¢0) oy
lim sup ||Daol5(p,-) — Im =0
=17 6e(0,1]) e(-) L*>=(R/Z)
li DT (p, ) DT (p, - =0
s 192010510

The first three limits in (164) are straightforward consequences of (163) and are left
to the reader. Here we only spell out the details for the last limit.

D,I's DiT%
- rie (277 i (5 ) =Re () (7
e (P o ()

= Re (S5 I (le()) =0

where the convergence is uniform in (6,9) € (0,1] x R/Z in view of (163).
Denote the components of W by

W= W? W, W% =Wy + W0, + W0,

Consider
1 o wY
K(;(p,ﬁ):det DQFS le‘g wr
D% DY WO (166)

= DiIsW? — DiTSW™ + WP (DoI's DTS — DT DoT%)

where WY W WY are evaluated at (162). Consider also the function

K(0) = |e(9)] <—b(19, I?(1,9)) + Ty 'Im (%)) (167)
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It follows from (163) and (164), together with the fact that IV is smooth and satisfies
Wr‘{r:()}: 0, that

lim sup [[Ks(p,-) = K()||Loew/z)= 0 (168)
p=17 5e(0,1]

Here it was used that W”/(1 — p) is bounded as p — 17, uniformly in 9.
We now claim that

K(W) <0 VieR/Z (169)
Note that I'?(1,4) is the argument of e(1), hence by (154)

b(9.T0(1, 9)) = 71430, e(¥)
T, .

O (170)

By (150) the ODE solved by e(?) is written in complex notation as
—ie'(9) + S()e(®) = poe(V)

from where we conclude that

CO _ (SWO)e). )
m(d@)‘“ EOE 1)

from where it follows that K () = Ty *uole(9)|< 0 thus proving (169).
We can find n > 0 and §,, € (0,1) such that

0<d <, = |Ks(p,0)|>n V(p,v) e (1—-06,1] xR/Z. (172)

In fact, by (169) we can fix 0 < 2n < infy|K(9)|. By (168) there is p, € (0,1) such
that
pm<p<l = sup  |Ks(p,¥) — K(W)] < n
5€(0,1],9€R /2

Now take 0 < 6, <1 — p,. Hence 0 < < 4, and p > 1 — ¢ implies p > p, and
| Ks(p, D)= [ K ()| =|Ks(p, V) — K(9)|= 2n —n =1

for all 1.

Define Ds by replacing the strip (155) by the strip (162). Hence Dy is smooth
and differs from D only on a d-small neighbourhood of vy and Ds — D in C! as
d — 0. It follows from (172) that Djs is transverse to X for all 6 small enough.
The proof of Lemma C.6 is now complete since the graph of the argument of e(1),
i.e. the graph of ¥ + @ = I'(1,9), is a global surface of section of the linearised
dynamics on the torus r = 0. ]
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Step 3: Projecting vector fields onto Ds \ 7

Fix 6 small. Near 7 we can find a non-vanishing section Yy of & that on points of D;
near v, satisfies RYy = TDs N €. Using the coordinates (9, z + iy) in the Martinet
tube near vy, we can write

YE) = Goax + bo(ay — 1'619)
where the C-valued function ag + ibg does not vanish. Consider the vector field

vimaneh@ ) (5= (h) o) () 0

Since g has self-linking number —1 and Y; winds —1 with respect to Y along 7o,
there exists a smooth extension of Y; as a non-vanishing section of ¢ — S3.

By Lemma C.6 we know that Dj is a global surface of section spanned by 7y
for small enough 6, and D; — D in C* as § — 0. From now on we will denote by
Ds = Dj \ 0Ds = Ds \ Yo the interior of Dys. The projection along the Reeb direction
is a smooth vector bundle map

P : TS5y — TD;

characterised by
P? =P, ker P = RX.

Note that P becomes singular on the boundary since X is tangent to dDs; = 7o.
Note also that P defines a vector bundle isomorphism between & |b5 and TDs, this

follows from the transversality between the Reeb vector field and Djy.

Let As C Ds be a small compact neighborhood of vy = dD;s in Ds, small enough
so that it is contained in the domain of definition of Y;. Denote Ag = As \ 7. Note
that As is equipped with polar coordinates (p, ) when parametrised as the strip
(p, ) — (U,Ts(p, ). Here T's is the map (159). There is no loss of generality
to assume that As corresponds to {(p,9) € [1 — ¢, 1] x R/Z} for ¢ > 0 small
enough. Hence Ajs corresponds to {(p,9) € [1 —¢,1) x R/Z}. In particular the
local slice disk {¢ = 0 mod Z} intersects As in a smooth arc 7 transverse to 0A;
defining a generator of H;(As, 0As). In the coordinates (p,v), n corresponds to
{pell—e1], 6=0 mod Z}.

By (173), Yy and Y] are positively collinear only at {¢ =0 mod Z}. Hence on
As the vector fields P(Y;) and Yy = P(Yp) are positively collinear only at n\ 7.
The universal covering of As can be given coordinates (p,9) € [1 — ¢, 1] x R, where
¥ =19 mod Z. Hence the universal covering of A is [1—¢,1) xR, The disk Ds can
be equipped with global coordinates u + iv € I such that u + v = pe’?™ near the
boundary. We can write

Yo = Ro(cos pg O, + sin g 0,) on As
P(Y1) = Ry(cospy O, +sinpy 8,) on Dy
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in polar coordinates, where
wo:[1—€1] xR/Z — R/27Z ¢1: Ds — R/27Z
are smooth. Choose smooth lifts

Go:[l—61]xR—=R and ¢ :Ds—R

of pp and ¢y, respectively. We will also write $;1(p,9) to denote the corresponding
lift of the restriction of ¢; to As, with no fear of ambiguity. Note that

53

{sﬁo(p,éﬂ) = @o(p, 19; + 27, (a7

P1(p, 0+ 1) = ¢1(p,
Note also that ¢ is bounded on any compact subset of [1 — ¢€,1] x R since Yj is
smooth on As. As observed before,

o1(p, ) — @olp, V) € 277 & Ve Z. (175)

The lifts of n divide the universal covering of As in fundamental domains. It follows
from (175) that on each such fundamental domain [1 — €, 1) X [k, k 4 1] the function
P01 — Qo takes values on [27(m —1), 2wm] for some m € Z, in particular it is bounded
there. Hence the function ¢ = ¢¢+ @1 —Pg is bounded on each fundamental domain
[1—€1) x [k, k+ 1]. In view of (174) we can conclude that ¢; is bounded on Aj.
By compactness of the closure of Dy \ As, we get that ¢ € L®(D).

This shows that the desired vector field Z satisfying property (e) in Proposi-
tion 2.8 can be taken as Z =Y;.

Step 4: Completing the proof

In Step 1 we fixed a Martinet tube F': R/Z x int(D) — U onto a neighbourhood U
of 79 as in Lemma C.2. Consider the space

M= (S*\1 U R/Zx[0,1) x R/2aZ)/ ~ (176)

where a point F(9,7¢?) € U\ v is identified with (9,7,0) € R/Z x (0,1) x R/27Z.
One gets a differentiable structure on M which makes M diffeomorphic to R/Z x

D in such a way that 7e®™ are polar coordinates near the boundary of the D-
factor. Starting from a special finite-energy plane @ obtained from | |, or
from | ], we showed in Step 2 that there exists a smooth embedded disk Ds C S3

satisfying D5 = 7o, and such that Ds = Dj \ 0Dy is the interior of a smoothly
embedded meridional disk D C M intersecting OM cleanly. This claim follows
from (162) since I's(p,v) = (1 — p)e(¥) when p is close to 1; here e(¥) is the
eigenvector of the asymptotic operator (130) governing the asymptotic behaviour
of 7 near co. Moreover, we proved that X|gs\,, extends to a smooth vector field
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W on M represented as (152) in the coordinates (¢, 60) on 9M. In particular, W is
tangent to OM. Finally, in Step 2 we showed with (168)-(169) that D is transverse
to W up to the boundary. From (152) we see that DNOM = 0D is a global surface
of section for the flow of W on dM. Since D\ M = Dj is also a global surface of
section for the flow of W on M\ OM, one gets that D is a global section for the flow
of W on M. Using the flow of W to deform D one constructs a smooth foliation
{D:}ieryz of M by embedded disks in such that D = Dy and all D, are transverse
to W. It follows that all D, are global surfaces of section for the flow of W on M
since D = D, is. Hence we get a diffeomorphism

M ~R/Z xD Dy~ {t} xD

Properties (a)-(d) follow from this construction.

We fix coordinates u + iv on Dy ~ {0} x D. In Step 3 we proved that there
is a non-vanishing vector field Z on S® tangent to the contact structure & = ker A
that projects to Dy ~ Dy \ 9Dy ~ {0} x D along the direction of X ~ W to a
non-vanishing vector field on D for which any continuous choice of argument (in the

o

coordinates u + iv) defines a function in L°°(ID). This is property (e).
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