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THE MOBIUS FUNCTION OF PSL(3,2?) FOR ANY PRIME p

MARTINO BORELLO, FRANCESCA DALLA VOLTA, GIOVANNI ZINI

ABSTRACT. Let G be the simple group PSL(3, 2P), where p is a prime number. For any subgroup H of G, we
compute the M&bius function of H in the subgroup lattice of G. To this aim, we describe the intersections of
maximal subgroups of G. We point out some connections of the Mobius function with other combinatorial
objects, and, in this context, we compute the reduced Euler characteristic of the order complex of the
subposet of r-subgroups of PGL(3, g), for any prime r and any prime power gq.
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1. INTRODUCTION

Let G be a finite group. The Mdobius function of G is defined recursively by u(G) = 1 and p(H) =
— >k Hek<c M(K) for any H < G. It was introduced independently by Weisner [27] and Hall [I1]; in
particular, Hall provides a formula to enumerate generating tuples of elements of G. For any group K, let
on(K) and ¢, (K) denote respectively the number of ordered n-tuples and generating n-tuples of elements
of K. Then 0,(G) = Y y.y<g ®n(H), and by the Mobius inversion formula ([26, Prop. 3.7.1]) one gets
on(G) = EH:HSG on(H) - p(H).

Let Probg(n) be the probability that n random elements of G generate G. Then

R (G H]™

Probg(n)
H<G

It is possible to define the following complex function (see [19]):

Pg(s) = Z a"n(G), s € C, where a,(G) = Z pe(H).

s
neN [G:H]=n

It satisfies Pg(t) = Probg(t) for t € N.
In case of a profinite group G, the above function is generalized as follows:

) — pe(H)
PG() ch [G:H]Su

where H ranges over all open subgroups of G. Mann conjectured that this sum is absolutely convergent
in some half complex plane for positively finitely generated (PFG) groups. This conjecture is verified if the
following two facts hold for any PFG profinite group (see [19, 20]): |u(H)| is bounded by a polynomial
function in [G : H]; the number of subgroups H of index n satisfying |u(H)| # 0 grows at most polynomially
in n. The conjecture was reduced by Lucchini [I8] to the following one: there exist ¢1,co € N such that, for
any almost simple group G, |u(H)| < [G : H]®* for any H < G; and, for any n € N, the number of subgroups
H < G of index n in G satisfying G = H soc(G) and u(H) # 0 is upper bounded by n°2. This was proved
in [4] in the case of alternating and symmetric groups.

Not very much is known about the exact values of u(H) when G is a simple group; up to our knowledge,
the only infinite families of non-abelian simple groups for which the Mébius function is completely known
are the following.
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The groups PSL(2, q); for ¢ prime see [I], for any prime power ¢ see [7], where also the groups
PGL(2, q) are completely worked out.

The Suzuki groups Sz(q) for any non-square power ¢ of 2; see [9].

The Ree groups Ree(q) for any non-square power ¢ of 3; see [23].

The 3-dimensional unitary groups PSU(3,22") for any n > 0; see [28].

For any of these families Mann’s conjecture is verified. In this paper we consider the case of 3-dimensional
projective general linear groups PGL(3, ¢); again, Table [0 confirms Mann’s conjecture when ¢ = 2P with
prime p.

The main result of this paper, Theorem 3.1 provides the Mobius function of the simple group G =
PSL(3,2?) for any odd prime p (note that G = PGL(3,2?)). The subgroups with non-zero Mobius functions
are summarized in Tables [I In the second column we specify the Aschbacher’s classes in which H is
contained, with an N when H is not maximal in G [2]; for example C1,Cs (N) means that H is intersection
of maximal groups in C; and Cy and H is not maximal. For the sake of completeness, Table [2] summarizes
the case p = 2, which can be easily computed using GAP, via the full table of marks of PSL(3,4).

We observe that, when considering the group PSL(3,2") with a non-prime n, other maximal subgroups
appear, such as subgroups isomorphic to PSL(3,2"/), or PGL(3,2"l), or PSU(3,2"I), or PG(3,2"/), for
certain divisors n’ of n. This makes the computations quite longer and not easily tractable.

Throughout the paper we will use the following group-theoretic notation which is based on the ATLAS
[B]: given two subgroups H and K of G, H x K denotes their direct product, H : K a split extension of H by
K, and H. K a (split or non-split) extension of H by K; C,, a cyclic group of order n; D,, a dihedral group
of order n; E,» an elementary abelian group of order p"; H™*" denotes the extension H™. H"; Sym(n) and
Alt(n) denote respectively the symmetric and the alternating group of degree n; Syl,.(G) denotes a Sylow
r-subgroup of the group G under consideration. For simplicity, we will use S, for Syl.(G); when ¢ is a power
of 2, SQ = El}+2.

In order to prove Theorem [B.1] the intersections of maximal subgroups of G, their conjugacy classes and
normalizers are carefully investigated and determined; for each subgroup, the Mobius function is computed.
To this aim, we apply geometric arguments regarding the geometry of G and its subgroups in their natural
action on the plane PG(2,q) over F,, and more generally in their action on the plane PG(2,FQ) over the
algebraic closure of F,.

Finally, we point out that the Mobius function of a finite group G has connections with different areas of
mathematics, in which the Mobius inversion formula turns out to be applicable. We list some objects whose
enumeration can be performed by means of the Mobius function of G.

(1) Epimorphisms from a free group of finite rank to the group G; see [9].

(2) Graphs T which are a G-covering of a given graph T'; see [I7].

(3) The structure of the group of units of the monoid of cellular automata over the configuration space
AC for a given finite set A; see [3, Section 4].

(4) Reduced Euler characteristic of the order complex of posets P associated to G.

We will explicitly work out the computation of point (4) in Section Bl where we consider the order complex
of the finite poset P = L, of r-subgroups of PGL(3, ¢) ordered by inclusion, for any prime power ¢ and any
prime r. The results are summarized in Table

This paper is organized as follows. Section Bl contains preliminary results on the Mé&bius function of a
finite group, and on the groups PGL(3, ¢). In Section[3 the main result on the M&bius function of PSL(3, 2P)
is stated, namely Theorem B.Il Section Ml provides the proof of Theorem Bl Finally, Section Bl computes
the reduced Euler characteristic of certain ordered complexes associated to PGL(3, ¢q).
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2. PRELIMINARY RESULTS

For any locally finite poset (P, <), define the Mobius function up : P X P — Z by

pp(r,y) =0ifz Ay, ppe,2) =1, pp(z,y)=— >  pplzy) ifz=<y.
z€P :x<2=xy
For x < y, pp is equivalently defined by up(z,y) = — Zzep:wjz-<y pp(z,z). We will consider the poset

‘P = L of subgroups of a finite group G, ordered by inclusion; L is a lattice with greatest element G and least
element {1}. For simplicity, we denote by p(H) the Mobius function of H < G. The function p : L — Z,
H — p(H) will be called the Mébius function of G.

Clearly, if H, K < G are conjugated, then u(H) = pu(K). The following property restricts the investigation
to the intersections of maximal subgroups of G.

Theorem 2.1. ([I1, Theorem 2.3]) If H < G satisfies p(H) # 0, then H is the intersection of maximal
subgroups of G.

Let ¢ be a prime power; we consider the group PGL(3, ¢). Note that, when ¢ = 2P with p an odd prime,
PGL(3,q) = PSL(3,q); ¢ = 2P implies also PSL(3, ¢q) = SL(3, ¢), which allows us to use matrices to denote
the elements of PSL(3, q).

The classification of subgroups of PGL(3,q) goes back to Mitchell [21I] and Hartley [12] . We refer to
[21, 12| 15] for the proof of the following classical results, and to [14] for a general reference on projective
planes.

Theorem 2.2. For any prime power q, the following are self-normalizing mazimal subgroups of PGL(3, q),
and they are unique up to conjugation:

(1) the stabilizer E, : GL(2,q) of an Fy-rational point, of order ¢*(q — 1)*(¢ +1);

(2) the stabilizer E, : GL(2,q) of an F-rational line, of order ¢*(q — 1)*(q + 1);

(3) the stabilizer (Cy—1)? : Sym(3) of an F,-rational triangle, of order 6(q — 1)?;

(4) the stabilizer Cy2 gy : Cs of an Fya \ Fy-rational triangle, of order 3(¢*> + q + 1).
If ¢ = 2P with p an odd prime, the only other maximal subgroup of PGL(3,q) up to conjugation is the
following:

e the stabilizer of a subplane of order 2, of order 168 and isomorphic to PSL(3,2).

It follows immediately that every Sylow subgroup of PGL(3,¢) in contained in one of the maximal sub-
groups (1) to (4) in Theorem For the reader’s convenience, we recall in Remark 223 which points, lines
or triangles in PG(2,F,) are stabilized by any element o € PGL(3, g), in terms of ord(o).

Remark 2.3. Let g be a power of a prime r and o € PGL(3,¢)\ {1}. Then one of the following cases holds.

e ord(c) =r and o is an elation, i.e. o stabilizes every line through an Fy-rational point C' and every
point of an F4-rational line £ passing through C; C and ¢ are called the center and the azis of 0.

e ord(c) =r#2, orr =2 and ord(c) = 4. Also, o stabilizes exactly one point P and one line {; both
P and £ are Fy-rational, and P € (.

e ord(o) | (¢ — 1) and o is a homology, i.e. o stabilizes every line through an F,-rational point C and
every point of an Fy-rational line not passing through C'; C' and € are the center and the axis of 0.

e ord(o) =7 -d with 1 #d | (¢ —1); o stabilizes two Fy-rational points C' and P, the line CP, and
another F,-rational line passing through P.

e 2 # ord(o) | (¢ — 1) and o stabilizes three non-collinear Fq-rational points P,Q, R and the lines
PQ,PR,QR.

e ord(o) | (¢* = 1) and ord(c) { (¢ — 1). Also, o stabilizes an Fq-rational point P and two Fp \ Fy-
rational points @, R which are conjugated under the IFy-Frobenius collineation: Q1 = R, R1 = Q; o
stabilizes the Fg-rational line QR and the F 2 \ Fy-rational lines PQ and PR.
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e ord(0) | (¢* + ¢+ 1) and o stabilizes three non-collinear F s \ Fy-rational points P,Q, R which are
an orbit of the Fy-Frobenius collineation; o stabilizes the Fys \ Fq-rational lines PQ, PR, QR.

Remark 2.4] lists some of the actions of PGL(3, ¢), which will be used in the proof of Theorem [B.11

Remark 2.4. Let q be a prime power and G = PGL(3, q).

G is 2-transitive on the points of PG(2,q).

o G is transitive on the points of PG(2,¢?) \ PG(2,q); the stabilizer in G of a point P € PG(2,4¢?) \
PG(2,q) stabilizes also its Frobenius conjugate PY.

G has two orbits on the points of PG(2,¢%) \ PG(2,q); namely, one is made by the points on the
F,-rational lines, the other is made by the remaining points.

G 1is 2-transitive on the Fy-rational lines.

G is transitive on the Fy-rational point-line pairs (P,¢) with P € L.

G is transitive on the F4-rational point-line pairs (P,¢) with P ¢ L.

G is transitive on the non-collinear triples (P, Q, R) of F,-rational points.

G is transitive on the F s \ Fy-rational triangles {P, P, P9} C PG(2,¢%) \ PG(2,q) left invariant
by the Fy-Frobenius collineation.

G s transitive on the projective frames of PG(2,q), i.e. on the 4-tuples of Fq-rational points no three
of which are collinear.

3. THE MOBIUS FUNCTION OF PSL(3,2P) FOR ANY ODD PRIME p

We state the main result, Theorem B.I] whose proof is worked out in Section [dl We assume that p is an
odd prime and ¢ = 27, so that G = PSL(3, ¢) = PGL(3, ¢). The main argument in the proof is to find which
subgroups of G are intersection of maximal subgroups. Roughly speaking, we start with the intersection of
two maximal subgroups M; and Ms. Through the geometry of M; and Ms, we determine the structure of
M; N My and we are able to identify which other maximal subgroups of G contain M; N M, ; also, we study
whether the group M; N M» is unique up to conjugation in G. Clearly, the group M; N M2 may vary when
M; and Ms run in their conjugacy classes. For instance, if M; is the stabilizer of a point P € PG(2,q)
and My is the stabilizer of an [F -rational triangle 7', then M; N My =2 (Cq_1)2 : Oy if P is a vertex of T
My N My = Cy4—yy if P is on a side of T' but not a vertex; and M; N Ma = Sym(3) if P is not on a side of
T. We continue by intersecting M; N My with other maximal subgroups, stopping when the geometry of the
chosen maximal subgroups forces their intersection to be trivial.

Theorem 3.1. The subgroups H < G which are intersection of maximal subgroups of G are exactly the
groups in Table[f| where the normalizer Ng(H) and the Mébius function p(H) are provided. For any such
H there is just one conjugacy class in G.

4. PROOF OF THEOREM B.1]

We use the same notation as in Section Bl The proof is divided into the following steps: for any H in
Table @l we prove that G has exactly one conjugacy class, and we determine Ng(H) (Proposition [L1]); we
show that the intersections of maximal subgroups of G are exactly the groups in Table dl (Propositions
and [43)); for any H in Table @] we determine p(H) (Proposition [£.4)).

Proposition 4.1. For any group H in Table[]] there is exactly one conjugacy class in G, and Ng(H) is as
in Table[4)
Proof. We consider the groups H according to their line in Table Ml

e Lines 1 to 5. H is a maximal subgroup; the claim follows from Theorem
e Line 31, H = {1}. The claim is trivial.
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e Line 30, H = (3. The involution a of H is an elation, and hence is uniquely determined by its
center P, its axis £, and its action on a third point not on £. Hence, there is just one conjugacy class
for H by Lemma 24l Also, Ng(H) stabilizes P and ¢. Thus, up to conjugation, P = (1 : 0 : 0),
{:7Z =0, and

1 0 1 1 a b
a=|0 1 0], NgH)=0aper=|0 X c|:abcEF , NeF; s XET?:Cq 1.
0 0 1 0 0 1

e Line 29, H = (5. Since 3 | (¢ + 1), the fixed points of a generator a of H are three non-collinear
points P € PG(2,q), Q,R € PG(2,¢%) \ PG(2,q); note that R = Q7 and the line £/ = QR is F,-
rational. By Lemma 2.4 P and ¢ are unique up to conjugation; since Gp, acts as GL(2,¢q) on
£, {Q, R} is also unique up to conjugation. Hence, there is just one conjugacy class for H. The
pointwise stabilizer of {P,Q, R} in G is cyclic of order ¢*> — 1. Also, Ng(H) stabilizes P and acts on
{Q,R}. Thus, |[Ng(H)| =2(¢*>—1) and Ng(H) =2 Cp2_q : Cs.

e Line 28, H = E; < Gp,,p,,p,- Here, P, P, P3 are three collinear [Fy-rational points. For ¢ €
{1,2,3} let a; € G be the elation with center P; and axis { = Py PoP3, with as = ajas and
H = (oq,a2) & E4. For any P € PG(2,q) \ ¢, the set F = {P1, P2, P,as(P)} is a projective
frame of PG(2,¢q). Also, H is uniquely determined by F'; in fact, a3 (P) = PP, N Paas(P) and
as(P) = PP> N Prag(P). Then there is just one conjugacy class for H by Lemma 241

The normalizer Ng(H) acts on { Py, P, P3}; for any o € Ng(H), o(P;) = P; implies oo™t = a;.
Thus, the pointwise stabilizer S of {Pi, P2, P3} in Ng(H) is made by those ¢ € Ng(H) which
commute with «; for any ¢ and stabilize £ pointwise. Since no homology with axis ¢ commutes with

an elation with axis £, S is only made by elations with axis ¢. Since two elations commute if and
only if they have the same center or axis, this implies S = E;. Now, Ng(H)/E,; acts faithfully

on { Py, Py, P3} and hence is a subgroup of Sym(3). Finally we can choose H up to conjugation and
obtain Ng(H) as follows:

1 0 1 1 0 1 0 b 01 0 01 0
ar=[0 1 0], as=1[0 1 . ooper=(0 1 ¢|, =1 1 0], w=|1 0 0].
0 0 1 0 0 0 0 1 0 0 1 0 0 1

0
1
1
By direct computation, Ng(H) = {o0,,c,1 : b,c € Fg} : (1,w) = Ep2 : Sym(3).

e Line 27, H = E4 < Gy, 4,.0,- Here, £1,05,03 are three Fj-rational lines, concurrent in P. Let
H = {l,a1,a2,a3 = a1} = E4, where «; has center P and axis ¢;. A dual argument with
respect to the one used in the previous point, shows that there is just one conjugacy class for H,
and Ng(H) = Eg : Sym(3).

e Line 26, H = (4. Let o be a generator of H = Cy4, with fixed point P € PG(2,¢) and fixed F,-
rational line ¢, where P € £. Then « is uniquely determined by its action on F' = {P, Q, «(Q), R},

where @ € PG(2,¢) \ £ and R € PG(2,¢q) \ Qu(Q). Since F' is a projective frame of PG(2, ¢), there
is just one conjugacy class for H in G. Up to conjugacy, we have

1 1 1 1 0 1
a=|0 1 1], o?2=]0 1 0].
0 0 1 0 0 1

Thus, Ng(H) < Ng({a?)) and Ng((a?)) is in Equation (). By direct checking, o4 € Ng(H)
if and only if A =1 and either a =c+1 or a = c. Also, Z(Ng(H)) = {00,p,c,1 : b € Fg}. Therefore,
Ng(H) = E, . Eay.

e Line 25, H = Sym(3). Let H = {(a) : (8) with o(a) = 3, 0o(8) = 2. Then («) is uniquely determined
by its fixed points P € PG(2,q), Q, R € PG(2,¢?) \ PG(2,q), while 3 fixes P, interchanges @ ad
R, and is uniquely determined by the projective frame F = {P,Q, R, S}, where S is an F,-rational
point on the axis of § different from P. Hence, there is just one conjugacy class for H in G.

From the previous points about Cy and C5 follows that Ng(H) contains H x Cy—1, where Cy_1
is made by the homologies with center P and axis QR. Also, Ng(H) fixes P and acts on the three




®3)

(4)

MARTINO BORELLO, FRANCESCA DALLA VOLTA, GIOVANNI ZINI

intersection points between QR and the axes of the three elations in H. Since Cy_; is the whole
subgroup of Gp acting trivially on QR, Ng(H)/Cq—1 < Sym(3) and hence Ng(H) = H x Cy_1.
Line 24, H = (7 < Grn. Here, II is a subplane of order 2, and T is a triangle; we have
Gr = Cpigr1 : C3 or Gp = (Cy—1)? : Sym(3), according to p > 3 or p = 3, respectively. Suppose
p > 3. There is just one conjugacy class for H in G, because H is characteristic in G which is
unique up to conjugation in G (Theorem 22); this also shows Ng(H) = Gr = Cpqqyr : Cs. If
p = 3, the claim follows by direct inspection with MaGaMA [1].

Line 23, H = Dg. As in Line 26, we can assume that an element o € H of order 4 is as in Equation
@). Let 8 € H be an involution with 8 # a?. Let 7 € Ng(H) < Ng({a)) be an involution with
Tat™! = a~!'. By direct checking, either 7 = 01,6,0,1 OF T = 09p,1,1 for some b € Fgy; also, 7 is
conjugated by some g 0,1 either to S or to aB. Thus, there is just one conjugacy class for H in
G. By direct checking, an element o451 € Ng({a)) is in Ng(H) if and only if a,c € {0,1}, and
Z(Ng(H)) = {UO,b,O,l RS Fq}. Therefore, Ng(H) = Eq .Ey.

Line 22, H = C7 : C3. If p = 3, then the claim follows using MAGMA [I]. Suppose p > 3. Then H
is characteristic in M = Cy2, 441 : C3, which is unique up to conjugation; hence, H is unique up to
conjugation. Ng(H) stabilizes the triangle T fixed pointwise by C7 < H, hence Ng(H) < M; thus
Ng(H) 2 Cy, : C3 with 7 | m | (¢> + ¢+ 1). Since G does not contain subgroup Ey (as Syl;(G)
is cyclic), the action by conjugation of the 2m 3-elements of Ng(H) on the 14 3-elements of H is
fixed-point-free; thus, m = 7 and Ng(H) = H.

Line 21, H = Sym(4) = Gy 1. For any subplane IT of order 2, the maximal subgroup Gr 2 PSL(3, 2)
of G has two conjugacy classes of subgroups Sym(4), containing respectively the groups Gy and
the groups Gp 1, where ¢ and P range over the 7 lines and points of II. As Gy is unique up to
conjugation in G, the same holds for H. For any o in the centralizer Cg(H), 0 commutes with all
elations in H and hence stabilizes their centers; hence, o stabilizes II pointwise, so that Cg(H) is
trivial. Thus Ng(H) = H, because Aut(Sym(4)) = Sym(4).

e Line 20, H = Sym(4) = Gpn. The claim follows as in the previous point.

Line 19, H = Cy,_1 = Gp,,.. P11, 00, Here, P ..., Pyi1 € PG(2,q) are distinct collinear
points and ¢1,...,¢,41 are Fg-rational distinct lines, concurrent in a point P and different from
£ =P P Pyiq. It is easily seen that there is just one conjugacy class for H in G, determined by
(P,0); H is the center of Ng(H), because the following holds up to conjugation:

1 0
P=(1:0:0), £: X =0, Ng(H):{<O a >:a,b,c,dEFq,ad—bcySO}EGL(2,q).
0 ¢

d

Line 18, H =2 E, = Gp,,...P,i1 01,... .54, Here, Py, ..., Pyi1 € PG(2,q) are distinct points, collinear
in a line ¢, and ¢1,...,¢,41 are F -rational distinct lines, concurrent in a point P of £. Then H is
the group of elations with center P and axis ¢; H is uniquely determined by (P,¢). Hence, there
is just one conjugacy class for H in G. Also, Ng(H) fixes P and stabilizes ¢ linewise. Thus, up to
conjugation and by direct checking, H and Ng(H) are as follows:

1 0 b X a b
H= 01 0 , Ng(H) = 0 p cf| :Apmabce€Fy, A p#0y 2 ET2:(Co 1)
00 1)), 0 0 1
q

Line 17, H = Cy4_1). By Remark 23, H = () stabilizes two distinct points P,C € PG(2,q), the
line C'P, and another F-rational line £ through P. By Line 19, (%) is unique up to conjugation in G.
The involutions of Ng({a?)) form a unique conjugacy class, as the same happens in Ng({a?))/{a?) =
PGL(2, q). Hence, there is just one conjugacy class for H in G. Since the normalizer N (H) stabilizes

{P,C,CP, ¢} elementwise, we have up to conjugation and by direct computation that P = (1:0: 0),
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C=(0:1:0,CP:Z=0,£:Y =0, and

10 1 1 0 d
H_< 0 ¢ 0 > Neg(H)=3 [0 u 0] :deF,uecF;y =B, xCypu,
00 1 00 1

where € is a primitive element of F,,.

Line 16, H = E, : Cy_1 = Gy,,...4,,,,p- Here P € PG(2,q) and /1,...,4,41 are F,-rational lines
concurrent in a point C' # P. The elementwise stabilizer of {¢1,..., {441, P} contains the elations
E, of center C' and axis C'P, and the homologies with center C' and axis through P; such homologies
form subgroups C,—; which are conjugated under E,, as E; acts regularly on the ¢ F,-rational lines
through P different from C'P. Thus, H = Gy,,...¢,,,,p = E; : C;4—1 and no elation and homology in
H commute. As G is 2-transitive on PG(2,¢), H is unique up to conjugation in G. Also, Ng(H)
stabilizes both P and C; hence |Ng(H)| divides ¢?(q — 1)? by the orbit-stabilizer theorem. Up to
conjugacy and by direct checking, we have C = (1:0:0), P=(0:1:0), and

A0 A 0 b
H= 0 1 , Ng(H) = 0 p c|:Ambce€Fgy Au#0p2E3:(Cq1)’.
00 c€Fg,\eF; 0 0 1

Line 15, H = E,: Cy1 = Gpl)...7pq+17g. Here Pi,..., Pyy1 are IFy-rational points collinear in a line
r, and £ # r is another Fy-rational line. A dual argument with respect to the one in the previous
point yields the claim.

Line 14, H = (C,_1)?. H is the pointwise stabilizer of an F,-rational non-degenerate triangle T,
and hence is unique up to conjugation in G. N¢(H) is the stabilizer of T, i.e. a maximal subgroup
(Cy—1)? : Sym(3) of G.

Line 13, H 2 (Cy_1)? : C3. The characteristic subgroup (Cy,—1)? of H is unique up to conjugation
in GG, as shown in the previous point. By Schur-Zassenhaus theorem, the complement Cs is unique
up to conjugation in H. Hence, there is just one conjugacy class for H in GG. Let T be the triangle
pointwise stabilized by (C,_1)? and P be the vertex of T stabilized by H. Then Ng(H) stabilizes
T, so that Ng(H) < Gr. Also, Ng(H) stabilizes P, which implies Ng(H) = H.

Line 12, H 2 E, : (C;—1)?. Such a H < G exists, for instance as follows:

=

A0 ¢
0 u O]:c, A pelFy, \,n#0
0 0 1

Consider a group L : M < G, with L = E,, M = (C,—1)?. The group L is made by elations
with either the same center or the same axis. Suppose that the elations of L have the same axis /.
Consider an element 5 € M of order ¢ — 1 with exactly three fixed points P, @, R; let R be the one
out of £. Then § does not commute with any o € L* (otherwise « stabilizes R), and hence the action
of () by conjugation on E; is fixed-point-free. Also, BaB~! has the same center as o. Therefore,
the elations of L have the same center. Similarly, if the elations of L have the same center, they
also have the same axis. Thus, L is made by the elations with the same center P and axis /. Being
uniquely determined by (P, Q, R), H is unique up to conjugation in G. Being L characteristic in H,
we have Ng(H) < Ng(L); thus, by Equations {@)) and (@), Ng(H) = H.

Line 11, H 2 Ep : Cy1 = Gy,,... 0, - Here, £1,..., 0,41 are distinct F-rational lines concurrent in
a point P. Thus, the elementwise stabilizer of {{1,..., ¢;+1} is made by the elations and homologies
with center P. The elations with center P (resp. the homologies with center P and given axis /)
form a subgroup L = Ejp2 (resp. M = Cy_1). The action by conjugation of the elements of L on
the homologies with center P is fixed-point-free (as no elation with center P stabilizes a line ¢ not
through P); hence, Gy, =L : M. Since H is uniquely determined by P and G is transitive on
PG(2,q), H is unique up to conjugation in G. As Ng(H) = Gp, Theorem 2.2 yields the claim.
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e Line 10, H=2 E; : Cy 1 = Gp,,... .p,,,- Here, P1,..., Pyy1 are distinct collinear F,-rational points.
The claim follows with a dual argument with respect to the one used in the previous point.

e Line 9, H 2 Ep : (Cy—1)? = Gy,p. Here, {,r are distinct Fy-rational lines. Since G is 2-transitive
on PG(2, ¢) and hence also in the dual plane, Gy, is unique up to conjugation in G. Let P = ¢Nr, so
that Gy, < Gp. Then Gy, contains the group L = E 2 of elations with center P, and by Remark 23]
Gy, does not contain any other 2-element; in particular, L < Gy . Also, G, contains the pointwise
stabilizer N = (Cy—1)? of an F,-rational triangle with two sides in ¢ and r. Hence, Gy, contains
L : N. Every nontrivial element whose order divides ¢ 4+ 1 does not stabilize two F,-rational lines;
since |Gp| = ¢*(¢ + 1)(g — 1)?, this implies Gy, = L : N = Ep2 : (C4—1)?. Ng(H) acts on {/,r},
and H is the pointwise stabilizer of £,r. Thus, Ng(H) = H : C, where the complement C5 is given
by a suitable elation; in fact, the group of elations with center C' # P and axis C'P acts transitively
on the lines through P different from CP.

e Line 8, H ~ Ep» : (Cy_1)* = Gp. Here, P,Q € PG(2,q), P # Q. The claim follows with a dual
argument with respect to the one used in the previous point.

e Line 7, H = GL(2,q). Such a subgroup H < G exists, as shown in Equation ([B]), and H = Ng(Z),
where Z = C;_; is the center of H and is made by homologies with a given center P and axis . H
is uniquely determined by (P, {); hence, by Remark [Z3] H is unique up to conjugation in G. Since
Z is characteristic in H, we have Ng(H) < N¢(Z) = H and the claim follows.

e Line 6, H = Eé” : (Cy—1)?. Equation {@) shows that such a subgroup H < G exists, and
H = Ng(K) where K = E, is made by the elations with a common center P and axis ¢. Since K
is unique up to conjugation in G (see the point above regarding Line 18), H is also unique up to
conjugation in G. Ng(H) stabilizes P and ¢, and hence preserves the elations with center P and
axis £. This implies Ng(H) < Ng(K), so No¢(H) = H.

.....

O

Proposition 4.2. Every H in Table[]) is intersection of mazimal subgroups of G.

Proof. For every group H, we use what has been already shown in the proof of Proposition [£I] and we give
a summary description of each case.

e Lines 1 to 5. In these cases, H is a maximal subgroup of G.

e Lines 6 and 7, H = E;*‘? : (Cy—1)? and H = GL(2, q), respectively. We have H < Gp, where P
and ¢ are an Fg-rational point and line, with either P € ¢ (Line 6) or P ¢ ¢ (Line7). From Remark
23 and the orbit-stabilizer theorem follows H = Gpy = Gp N Gy. No other maximal subgroup
contains H.

e Line 8, H =Gpg = Ep : (Cy—1)?* = Gp N Gg for some distinct points P,Q € PG(2,q). No other
maximal subgroup contains H.

e Line 9, H = Gy, = Ep : (C'q,l)2 = G¢ N G, for some distinct Fy-rational lines ¢,7. No other
maximal subgroup contains H.

e Line 10, H = Gp,,...p,., & Ep : Cyo1. We have H = Gp, N--- N Gp,, NGy, where £ is an
F,-rational line and P,..., P41 are the ¢ + 1 distinct F,-rational points of £. No other maximal
subgroup of contains H.

e Line 11, H = Gy, ,..0,,, = Ep : Cg—1. We have H = GpN Gy, N---NGy,,,, where P € PG(2,q)
and 01,...,0g41 are the ¢ 4+ 1 distinct Fg-rational lines through P. No other maximal subgroup
contains H.

e Line 12, H @ E, : (C,—1)?. Up to conjugation, H is as in Equation (). Then H = Gp g ¢, where
P=(1:0:0,Q=(0:1:0),¢:Y=0,r:2Z=0. Thus H=GpNGgNG;NG,. No other
maximal subgroup contains H.

e Line 13, H = (C,_1)? : Cy. H stabilizes an F,-rat. triangle T = {P,Q, R} and a vertex P. Then
H =GpNGgrNGr. No other max. subgroup contains H.
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Line 14, H = (C,_1)?. H is the pointwise stabilizer in G of an F-rational triangle T'= {P, Q, R}.
Then H = GpNGoNGrNGpg NGprNGgorNGr, and no other maximal subgroup contains H.
Line 15, H = Gp, .. p,.,¢0 = E; : Cq—1. H is the subgroup of G stabilizing the line 7 through
Py, ..., Pyyq pointwise, and the line £ linewise. Hence, H = Gp, N---NGp,, NG, NGy No other
maximal subgroup contains H.

Line 16, H = Gy, .. ¢,,,,p = Eq : C4_1. H is the subgroup of G stabilizing all lines £1,..., 0411
through a point C' € PG(2, q), and a point P € PG(2,¢)\{C}. Hence, H = GpNGcNGy, N---NGy
No other max. subgroup contains H.

Line 17, H = Cy4—1). We have H < Gpc,cpy, where P,C € PG(2,q), P # C, [ is an Fy-rat.
line, P € £, £ # CP. No other F,-rat. point or line is stabilized by H. Also, H stabilizes exactly ¢
F,-rat. triangles T; = {C, Q;, R;}, where the {Q;, R;}’s are the orbits of H on 4(F,) \ {P}. Thus,
H=GpNGcNGecpNGeNGp, N---NGr,, and no other maximal subgroup contains H.

Line 18, H = Gp,,...p, 1 .01,... tg41 = Eq. Here, P1,..., P;11 are the Fy-rat. points of a line £, and
l1,...,4q41 are the Fy-rat. lines through a point P of ¢; H is the group of elations with center P
and axis ¢. Thus, H =Gp, N---NGp,,, NGy N--- NGy No other maximal subgroup contains
H.

Line 19, H = Gp,,.. p1 .01, 0g1 = Cq—1. Here, P1,..., Py are the F-rational points of a line /,
and ¢1,..., 041 are the Fy-rational lines through a point P ¢ ¢; H is the group of homologies with
center P and axis ¢. Also, H stabilizes (pointwise) the (q42-1) [F-rational triangles with one vertex in
P and two vertices on £. Thus, H = GpﬁGp1 n-- 'ﬁquH ﬁGzl Nn---NGy ﬁGzﬁGTl n-- 'mGT(q42r1)'
No other maximal subgroup contains H.

Line 20, H = Gp = Sym(4). We have H = Gp N G, for some subplane II of order 2 and some
point P € II. No other maximal subgroup contains H.

Line 21, H = Gy 1 = Sym(4). We have H = Gp N Gy for some subplane IT C PG(2, ¢) of order 2
and some [F -rational line ¢ containing three points of II. No other maximal subgroup contains H.
Line 22, H = (7 : (3. By double counting arguments, H = Gz N G, with a subplane II of order
2 and a triangle T. No other max. subgroup contains H.

Line 23, H = Dg. Let P and ¢ be the unique point and line stabilized by an element of order 4
in H; then H < Gpy. By double counting arguments, H is contained in exactly 4 max. subgroups
Gm,, ..., Gn,,, isomorphic to PSL(3,2); also, H is equal to the intersection of any two of them (see
Lines 20 and 21). Thus, H=Gp NG, NG, N---N Gnq/z. No other max subgroup contains H.
Line 24, H = C7 < Grn. If p > 3, then H stabilizes no Fy-rat. points or lines; if p = 3, the Fy-rat.
points and lines stabilized by H are the vertices P, @, R and the sides of T. The number of subplanes

q+1°

q+1°

q+1

IT; of order 2 stabilized by H is either ‘12+—7q+1 or 7, according to p > 3 or p = 3, respectively; H is equal
to the intersection of any two of them (see Line 22). Thus, either H = G "My M-+~ N M g2 4 q41)/7
or H=GpNGogNGrNGpog NGprNGgogr NGr N My N---N My, according to p > 3 or p = 3,
respectively. No other max. subgroup contains H.

Line 25, H = Sym(3). Let P € PG(2,q) and Q, R € PG(2,¢?) \ PG(2, q) be the fixed points of the
3-elements of H. Then P, QR are the unique F,-rat. point and line fixed by H. By double counting
arguments, H stabilizes exactly ¢ — 1 F,-rat. triangles T;’s and ¢ — 1 subplanes II;’s of order 2. For
1 # j, we have H = GTi ﬁGTj and H = Gni ﬂan. Thus H = GPQGQRQGTl ﬁ"'ﬁGTq,1 n
MiN---N Mg_q. No other max. subgroup contains H.

Line 26, H = (4. The group H stabilizes exactly one F,-rat. point P and one F4-rat. line £. By

double counting arguments, H stabilizes exactly % subplanes II;’s of order 2. Every overgroup of
H isomorphic to Dg stabilizes exactly % of such subplanes (see Line 23); hence, Gnl,...,nq2/4 = H.
Thus, H =GpNG¢ N MiN---N Mgy No other max. subgroup contains H.
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e Line 27, H = F4, H < Gy, 4,.0,- Let P the center of the elations in H, and ¢1,...,¢;4+1 be the
Fg-rat. lines through P. Then H stabilizes P,¢y,...,{q11, and no other Fs-rat. points or lines.

Also, H stabilizes exactly % subplanes II;’s of order 2, and Gnl,...,nq2/4 = H (see Line 23). Thus,
H=GpNGyN---NGy,,, NG, N--- N Gnq2/4, and no other max. subgroup contains H.

e Line 28, H = E4, H < Gp, p, p,- Asin Line 27, H =Gp, N--- ﬁGPq+1 NGeNGr, N--- ﬁGHq2/47
where £ is a line through the P;’s, and the Il;’s are subplanes of order 2. No other max. subgroup
contains H.

e Line 29, H = (5. The group H stabilizes exactly one F,-rat. point P and one F,-rat. line £. By
double counting arguments,

(8) H:GpﬂGgmGTlﬁ-'-ﬂGT

(¢2-1)/3

NGz Mo GTz(an/s NGm M- GH(qZ—l)/s’
where the T;’s are distinct F,-rat. triangles, the Ti’s are distinct [Fys \F,-rat. triangles, and the II,’s

are distinct subplanes of PG(2, q) of order 2. No other max. subgroup contains H.
e Line 30, H = (5. Let a be the elation of H, P,..., P;41 be the Fg-rat. points of the axis of a,
and f1,...,4441 be the Fy-rat. lines through the center of @. By double counting argument,

9) H=Gp, N---NGp,

q+lﬂGglf-‘l~~ﬂGz

a+1 NGr N "'OGTqS(qfl)/z NGm N---NGo

a3(q—1)/8’
where the T;’s are distinct F,-rat. triangles and the II,’s are distinct subplanes of PG(2, ¢) of order

2. No other max. subgroups contain H.
e Line 31, H = {1}. As G is simple, H is the Frattini subgroup of G.

O

Proposition 4.3. Let H < G be the intersection of mazimal subgroups of G. Then H is one of the groups
in Table [

Proof. The claim is proved as follows: we consider every subgroup K < G in Table @ starting from the
maximal subgroups of G; for any maximal subgroup M of G satisfying K £ M, we show that H := K N M
is one of the groups in Table @l

e Line 1: K = Gp with P € PG(2,q).
- If H=KnNGg, Q€ PG(2,q) \{P}, then H=GCGpo = Ep : (Cq_1)>
— If H= KNGy, { an Fyrat. line, then H = E}*?: (Cq_1)* if P € {, H = GL(2,q) if P ¢ (.
— If H= KNGy, T an Fyrat. triangle, then either P is a vertex of T, and H = (C,_1)? : Cy;
or P is not a vertex but on a side of T, and H = Cy(,_1); or P is not on the sides of T', and
H < Sym(3).
-IfH=KnGy, T an Fys \ Fg-rat. triangle, H < C3 by Lagrange’s theorem.
If H = KNG, IT a subplane of order 2, then either P ¢ II and H = {1}; or P € II and
H =~ Sym(4).
e Line 2: K = G, for some Fy-rational line 4.
—If H=KnNG,, r#{anFgrat. line, then H = Gy, = Ep : (Cq_1)>.
— If H= KNGy, T an Frat. triangle, then either ¢ is a side of T', and H = (Cy—1)* : Ca; or £
contains exactly one vertex of T', and H = Cy(,_1); or £ does not contain any vertex of T', and
H < Sym(3).
- IfH=KnGj, T an Fgs \ Fg-rat. triangle, then H < Cs.
— If H= KNG, II a subplane of order 2, then either £ is not a line of Il and H = {1}; or £ is a
line of IT and H = Sym(4).
e Line 3: K = G for some Fy-rational triangle T'= {A, B, C'}.
— If H =K N Gy for some Fy-rat. triangle T" = {A’,B’,C"} # T and H £ Sym(3), then some
element of H \ {1} stabilizes T' and T” pointwise. Hence, TUT’ C {P} U/ for some point P and
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line ¢, so that T and 7" have a vertex in common. If T and 7’ have another vertex in common,
then H is the group Cj;—1 of homologies. Otherwise, H = Cy(4_1)-
-IfH=KnNGj, T an F,s \ Fg-rational triangle, then H < Cs.
— If H = KNG, I a subplane of order 2, and H £ Sym(3), then ¢ = 8 and H = C7 : C3 by
direct checking with Macma [1].
Line 4: K = G for some Fgs \ F4-rational triangle T.
— If H= K N Gj,, for some Fs \ F-rational triangle 7’ # T, then H < Cs.
— If H =K NG, IT a subplane of order 2, and H £ C5, then H = C7 : Cj.
Line 5: K = Gy for some subplane II of order 2. Let H = K N Gy, II' a subplane of order 2.
Assume that H contains the only proper subgroup of PSL(3,2) not appearing in Table [ namely
Alt(4). Let A € PG(2,q) be the pointset containing the centers of the 3 elations in Sym(4) and the
F,-rat. points stabilized by one of the 4 subgroups C3 of Sym(4). Then A has 7 distinct Fg-rat.
points and is a subplane of order 2; thus A =II =1II' and H = K.
Line 6: K = Gpy = E}*?: (Cy_1)?, where P and ¢ are Fy-rational, and P € (.
- If H=KnNGq, Q € PG(2,q)\{P}, then either Q € L and H = Gpo = Ep2 : (Cq_1)*;0r Q ¢ ¢
and H = E, : (Cy—1)2.
If H=KNG,, r #{ an Fyrat. line, then either P € r and H = Gy, = Ep : (Cy_1)?; or
P¢rand H2E,: (Cy1)?
— If H=KNGr, T an Fg-rat. triangle, then one of the following holds:
* P is a vertex and /£ is a side of T. Then H = (Cy_1)?.
x P is a vertex of T and / is not a side of T'; or P is not a vertex of T and ¢ is a side of T'.
Then H = Cg(qfl).
* P is not a vertex but is on a side of T', and £ is not a side of T'. Then either H = Cy(,_1),
or H = 02.
* P is not on a side of T and ¢ is not a side of 7. Then H < Sym(3).
If H=KNGs, T an Fs \ Fyrat. triangle, then H = {1}.
— If H = K NG, II a subplane of order 2, and H = {1}, then P and ¢ are a point and a line of
H, and H & Dg.
Line 7: K = Gpy = GL(2,¢), where P and ¢ are Fy-rational, and P ¢ /.
—If H=KNGg, Q € PG(2,q) \ {P}, then either Q € £ and H = E, : (Cy—1)% or Q ¢ ¢ and
H = FE,;:Cy_1 is as in Line 15.
—If H=KnNG,, r#/{anF,rat. line, then either P € r and H = E, : (Cy_1)%; or P ¢ r and
H=F,:Cy_1 is as in Line 16.
— If H=KNGr, T an Fg-rat. triangle, then one of the following holds:
* P is a vertex of T and Gpr = (Cy—1)? : Co. Then either H 2 (Cy_1)? : C2 or H < Cs.
* P is not a vertex but on a side of T' and Gpr = Cy(4—1). Then either H = {1}, or
H = (C;_, is made by homologies.
* P is not on a side of T and Gpr < Sym(3). Then H < Sym(3).
If H=KnNGy, T an Fgs \ Fg-rational triangle, then H < Cs.
If H = K NG, 1T a subplane of order 2, and H # {1}, then P is a point and £ a line of II, and
H = Sym(3).
Line 8: K = Gpg = E,2 : (Cq_1)? for some P,Q € PG(2,q) with P # Q.
—If H=KnGgr, R € PG(2,q) \ {P,Q}, then either H = E; : Cy_; is as in Line 10, or
H= (Cq_1)2.
— If H= KNGy with £ # PQ, and R = ¢N PQ, then either R € {P,Q} and H & E, : (Cy—1)%;
or R¢{P,Q} and H= E,: Cy_ is as in Line 15.
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— If H=KNGr, T an Frat. triangle, then either P,Q are vertices of T and H = (Cy_1)?%; or
P, @ are not both vertices but still on the same side of T', and H is a group Cq—; of homologies;
or H < Sym(3).

— If H=KNGj, T an Fs \ Fyrat. triangle, then H = {1}.

— If H = K NG, II a subplane of order 2, then either {P,Q} ¢ Il and H = {1}, or {P,Q} C II
and H = F, is as in line 28.

e Line 9: K =Gy, = Ep (Cy—1)? for some F,-rat. lines ¢,7 with ¢ # r. Dual arguments with
respect to the ones used in the previous point prove the claim.

e Line 10: K = Gp, .. p,,, = Ep : Cyoq where Py, ..., Pyyq are the distinet Fy-rat. points of a line
L.

- IfH=KnNGp, PePG(2,9)\ ¥, then H is a group Cy_; of homologies.

If H=KNG,, r#/{anF,rat. line, then H 2 E, : (Cy_1)*

— If H=KNGr, T an F,-rat. triangle, then either H is a group C,_1 of homologies, or H < Cs.

— If H= KNG, T an F s \ Fyrat. triangle, then H = {1}.

— If H= KNG, II a subplane of order 2, then either ¢ is not a line of IT and H = {1}; or £ is a
line of IT and H = F, is as in Line 28.

e Line 11: K = Gy, .. ¢,,, = Ep : Cyq where {y,...,0;41 are concurrent Fy-rat. lines. Dual
arguments with respect to Line 10 prove the claim.

e Line 12: K = Gpgur = E; : (Cy—1)?, where P,Q € PG(2,q), P # Q, r = PQ, and { # r is
another F-rational line with P € /.

If H=KNGg, RePG(2,q) \{P,Q}, then either R € r and H 2 E; : Cy_1; or R € { and

H = (Cy—1)% or H is a group C,_1 of homologies.

If H=KNGs, s ¢ {l,r} an Fy-rat. line, then dual arguments yield either H = E, : Cy_1, or

H = (Cy_1)? or H = C,_1 made by homologies.

—If H=KnNGp, T an Fyrat. triangle, and H £ Sym(3), then some o € H \ {1} stabilizes T

pointwise. Since o cannot stabilize a projective frame pointwise, the points P, () are on some

side of T and the lines ¢, r pass through some vertex of T'. If P, Q are vertices of T" and r, ¢ are
sides of T', then H = (C,—1)?; otherwise, H is a group C,_; of homologies.

If H= KNG, T an F \ Fy-rational triangle, then H = {1}.

— If H =K NG, I a subplane of order 2, then H < Cs.

e Line 13: K = Gpr = (Cy—1)*: Ca, P a vertex of an F-rational triangle 7.

—If H=KnNGg, Q € PG(2,q) \ {P}, then either Q is a vertex of T and H = (C,_1)?; or Q
is on the side not through P and H = Cy(,_1); or @ is on a side thorugh P and H is a group
Cy—1 of homologies; or H = Cs.

— If H= KNGy, ¢ an Fg-rat. line, then dual arguments prove the claim.

—IfH=KnGy,T' #T an Frat. triangle, and H £ Sym(3), then either H = Cy,_1) or H
is a group Cy—1 of homologies, according to [I'NT"| =1 or |[T'NT’| = 2, respectively.

— If H=KNGj, T an Fys \ Fyrat. triangle, then H = {1}.

— If H = KNGq # {1}, 1T a subplane of order 2, then either H 22 C5, or p =3 and H = C.

e Line 14: K = Gy = (C;_1)? for some F,-rational triangle 7. Let H = K N M for some maximal
subgroup M of G such that {1} < H < K. Then either p > 3 and H is a group Cy_; of homologies;
or p=3 and H = (5 is as in Line 24.

e Line 15: K = Gp, .. .p, 10 = Ey: Cy1, where P1,..., Py are the Fg-rat. points of an Fy-rat.
line r, and ¢ # r is an F,-rat. line meeting r in P.

- If H=KnNGg, Q € PG(2,q) \ r, then either @ € ¢ and H is a group Cy_1 of homologies, or
Q¢ ¢ and H={1}.

—If H=KNG,, s ¢ {r, ¢} an F,-rat. line, then either P € s and H is a group Ey of elations, or
P ¢ s and H is a group Cy—1 of homologies.
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— If H=KNGr, T an Fg-rat. triangle, then either H is a group Cy_;1 of homologies, or H < Cs.
— If H=KNGjs, T an Fs \ Fyrat. triangle, then H = {1}.

— If H= K NGr, II a subplane of order 2, then H =< Cj.

tyr1,P = By Cq1. Dual arguments with respect to Line 15 prove the claim.

.....

[ )
e Line 17: K = Cy4_1). Let H = KN M, for a maximal subgroup M of G with {1} < H < K. Then

either H = C5 or H is a group Cy_; of homologies.

Line 18: K = E, is the group of elations with a given axis and center. Let H = K N M, for a
maximal subgroup M such that {1} < H < K. Then H = Cs.

Line 19: K = C,_; is the group of homologies with a given axis and center. Let H = K N M, for
a maximal subgroup M such that H < K. Then H = {1}.

Lines 20 to 31: if K is in one of the Lines 20 to 31, then every subgroup of K is in Table Ml
apart from the subgroup Alt(4), which has already been shown not to be intersection of maximal
subgroups of G (see Line 5).

O

Proposition 4.4. For any H < G in Table[q), p(H) is given in Table[§

Proof. We make implicit use of what has been shown in the previous propositions. In particular, the proof
of Proposition 2] contains all the maximal subgroups of G containing H. We denote by n(H) the number
of such maximal subgroups.

e Lines 1 to 5. Since H is a maximal subgroup of G, u(H) = —1.

e Line 10, H = Gp,

e Line 11, H = Gy, .. ¢

e Line 16, H = Gy,

Line 6, H = E} 2 : (C,_1)?. Since n(H) =2, u(H) = 1.
Line 7, H =2 GL(2,q). Arguing as in Line 6, u(H) = 1.
Line 8, H = Gpg = Ep : (Cq—1)?. We have n(H) = 3, H = Gp NGg, H # Gp N Gpg,
H # GoNGpg. Thus, u(H) = 0.
Line 9, H = Gy, 2 E2 : (Cy—1)?. Arguing as in Line 8, u(H) = 0.
_____ Py = Ep2 : Cy1. Let £ be the line through Py, ..., Pyy1. Then n(H) = q+2;
the overgroups of H in Tabled are the following: Gp,,...,Gp,,,, G, ¢+ 1 groups Gp, ¢, and groups
Gp,,p;. Thus, u(H) = 0.

Ly = Eg 1 Cg_1. Arguing as in Line 10, pu(H) = 0.
Line 12, H = Gpg 0 2 E,; : (Cy—1)*. Here,r = PQ, P € (,Q ¢ ¢, and P,Q,r,{ are F -rational.
We have n(H) = 4, and the overgroups of H in TableMare Gp, Gg, G, G¢, Go.r, Gpr, Gpyi, Go s
Gpq, Grg. Thus, p(H) = —1.
Line 13, H = (Cy—1)? : C. Then n(H) = 3 and H = Gp NGgr N Gr for some F-rational triangle
T ={P,Q,R}. The overgroups of H in Table[d are Gp, Gor, Gr, Gpgr. Thus, u(H) = 1.
Line 14, H = (C,_1)?. Then the overgroups of H in Table M are the following: 7 maximal
subgroups of G; 6 groups of type Eé” : (Cy—1)?%; 3 groups GL(2, q); 3 groups (Cy—1)? : Co; 6 groups
E,: (Cy—1)*. Thus, u(H) = 0.
Line 15, H = Gp,,..p, 0 = Ey : Cyo1. Here, P1,..., Py are collinear in r, and £ # r; let
@ = rN{. Then the overgroups of H in Table [ are the following: ¢ + 3 maximal subgroups of G;
2q + 2 groups Ejt? : (Cy-1)? or GL(2,q); groups Gp, p;, Gre, Gpi,...py.ys q groups Eq : (Cy1)?.
Thus, u(H) = 0.
tyi1,P = Eq: Cy_1. Arguing as in Line 15, pu(H) = 0.

.....

e Line 17, H = Cy(,_1). Then the overgroups K of H in Table 4 with p(K) # 0 are the following:

¢+ 4 maximal subgroups of G; 4 groups E} 2 : (Cy-1)? or GL(2,¢); 1 group E, : (Cq—1)?; ¢ groups
(Cy—1)? : Cy. Thus, pu(H) = 0.

Line 18, H = E,. Here, H is the group of elations with a given center and axis. Then the overgroups
K of H in Tabled with u(K) # 0 are the following: 2¢+ 2 maximal subgroups of G; (¢ + 1)? groups
E}t?: (Cy-1)? or GL(2,q); ¢° groups E, : (Cy—1)*. Thus, u(H) = 0.
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Line 19, H = C,_;. Here, H is the group of homologies with a given center and axis. Then the
overgroups K of H in Table [l with u(K) # 0 are the following: n(H) = 2¢ + 4 + (q;rl) maximal
subgroups of G; (¢ +2)* groups E}t? : (Cy—1)? or GL(2,¢); (¢+1)% + (¢ + 1)q groups E, : (Cy—1)%;
(93") + (¢ + 1)q groups (Cy_1)? : Cy. Thus, pu(H) = 0.

e Lines 20 to 22: we have n(H) = 2 and hence pu(H) = 1.
e Line 23, H = Dg. The overgroups K of H in Tabledwith p(K) # 0 are the following: 2+4 maximal

subgroups of G; 1 group Eé” (Cye1)?; 4 groups Gpn = Sym(4); 4 groups Gy = Sym(4). Thus,

u(H) = 4.

Line 24, H = C7. The overgroups K of H in Table [ with u(K) # 0 are the following: if p > 3,

14 ‘IZJFT‘IH maximal subgroups, ¢? + q + 1 groups C7 : C3; if p = 3, 14 maximal subgroups, 6 groups

E}?: (Cyq-1)?, 3 groups GL(2,q), 6 groups E, : (Cy-1)?, 3 groups (Cy—1)* : Oy, 7 groups C7 : C.

Thus, u(H) = 0.

Line 25, H = Sym(3). The overgroups K of H in Table [ with u(K) # 0 are the following: 2¢

maximal subgroups of G; 1 group GL(2, ¢); ¢+1 groups Gp = Sym(4); ¢+1 groups Gy = Sym(4).

Thus, u(H) = 0.

Line 26, H = Cy. The overgroups K of H in Tabledwith u(K) # 0 are the following;: qiTJFS maximal

subgroups of G; 1 group E3+2 :(Cy1)? % groups Gpn = Sym(4); % groups Gy = Sym(4); 4

groups Dg. Thus, u(H) = 0.

Line 27, H = E4, H < Gy, 4,0,- The overgroups K of H in Table @ with u(K) # 0 are the

a’+4q+8
1

following: maximal subgroups of G; g+ 1 groups E; 2 : (Cy—1)?; % groups Gp 1 = Sym(4);

3. % groups Gy, 1 = Sym(4); 37‘1 groups Dg. Thus, u(H) = 0.

Line 28, H = Fy, H < Gp, p, p,- Arguing as in Line 27, u(H) = 0.

Line 29, H = C5. The overgroups K of H in Table ll with p(K) # 0 are the following: 4"2%2
maximal subgroups; 1 group GL(2,q); % groups Gp = Sym(4); % groups Genn & Sym(4);
@ groups C7 : Cs5. Thus, u(H) = 0.

Line 30, H = C5. The overgroups K of H Table [ with u(K) # 0 are the following: 2g + 2 +
QS(%_D + q3(‘§_1) maximal subgroups of G; 2¢ + 1 groups E;j*? : (Cy_1)?; ¢* groups GL(2,q); ¢*
groups E, : (Cy-1)%; '13(‘1—2_1) groups (Cy—1)? : Cy; 3@ groups Gpn = Sym(4); 3% groups
Gon = Sym(4); w groups Dg. Thus, u(H) = 0.

Line 31, H = {1}. The overgroups K of H in Table @ with ;(K) # 0 are the following: ¢* + ¢ + 1
groups Gp = E2 : GL(2,q); ¢* + ¢+ 1 groups G, = E,2 : GL(2, q); w groups (Cy—1)?
Sym(3); w groups Cpeygi1 ¢ Cs; % groups PSL(3,2); (¢> + ¢+ 1)(g+ 1)
groups E;t? 1 (Cyo1)%; (¢% + g + 1)¢* groups GL(2,q); (¢° + ¢ + 1)(¢* + ¢)q groups E, : (Cy1)%;

(q2+q+12)q3(q+1) Co; qs(q3—2li(q2—1) groups Gp = Sym(4); qs(q3—2li(q2—1) groups

groups (Cy—1)* :
3/.3 2 2/ .3 2

Gy = Sym(4); W groups Cr : Cs; w groups Ds. Thus, u(H) = 0.

0

5. THE MOBIUS FUNCTION AND OTHER COMBINATORIAL OBJECTS

There are several situations in which the knowledge of the Mobius function of a group may be of help.

We mention an application of in topological graph theory; see [17] for the details. Given a finite group G,
define dj, := | ut(c)| dH<G w(H)|H|*. Let T' be a connected simple graph with vertex set V(T') and edge

set E(T'), and let 5 = |E(T)| — |V(T')| + 1 be the first Betti number of I'. Let Isoc(I’; G) be the number of
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isomorphism classes of connected simple graphs I" such that I' admits G as an automorphism group acting
semiregularly on T’ and the quotient graph T'/G is isomorphic to T'. Then Isoc(T; G) = ds(G).

We now give another topological application of the Mobius function. Let (P, =) be a finite poset, and P
be the poset obtained from P by adjoining a least element 0 and a greatest element 1. Let A(P) be the order
complex of P, i.e. the simplicial complex whose vertices are the element of P and whose k-dimensional faces
are the s ag < a; < -+ < ay, of distinct elements ag,...,ar € P. Let x(A(P)) be the Euler characteristic
and Y(A(P)) be the reduced Euler characteristic of A(P). The Mébius function of P is related to Y(A(P))
as stated in Proposition 5] which essentially restates a result by Hall [T1] on the computation of P(Ov 1)
by means of the chains of even and odd length between 0 and 1.

Proposition 5.1. (see [26, Proposition 3.8.6]) Let P be a finite poset. Then
zeP
Let 7 be a prime number and P = L, be the poset of nontrivial r-subgroups of a finite group G ordered

by inclusion.

Lemma 5.2. ([24, Prop. 2.1]) Let H € L,. If H is not elementary abelian, then pij (0,H) =0. If H is
elementary abelian of order r*, then pj (0,H) = (—1)57“(;),

For the rest of this section, ¢ is any prime power and G is the group PGL(3,¢q). Using Proposition 5.1
and Lemma [5.2] we determine x(A(L,)) for any prime 7.

Proposition 5.3. For any prime number r, exactly one of the following cases holds:
r1|G| and x(A(L,)) = 0;

Plomd WAL =@ -1

(¢ +q+1), r+#3, and Y(A(L )) = w;

P (q+1), r #2, and Y(A(L,)) = L1

r|(g—1), r¢{2,3}, and x(A (Lr)) 2 +q+1><q2+q—3> .

o 7 =2, qis odd, and Y(A(L3)) = -4 *(¢® +q+13)(q +q 3) ;

r=3,3|(g—1), and x(A(L3)) —q2(q67q4+87q3*7Q*8)'

Proof. From ged(q —1,¢% + ¢+ 1) € {1,3} and the order of G follows that the divisibility conditions in the
claim are exhaustive and pairwise incompatible.

e Suppose 71 |G|. Then x(A(L,)) = x(0) = 0.

e Suppose r | ¢, i.e. r is the characteristic of F,. Then H < G is an elementary abelian r-subgroup
if and only if H is made by elations with the same center or axis. Let N,.(¢) be the number of
subgroups E,: whose elements have both the same axis and center. Let N, (i) (resp. N.(¢)) be the
number of subgroups F,:. whose elements have a common axis (resp. center) but not a common
center (resp. axis). By duality, N, (i) = N.(¢) for any i. The subgroup of all elations with both the
same axis and center is a Eg; the subgroup of all elations with a given axis (resp. center) is a Eg2
Using the Gaussian coefficient, this implies

d g 2d g
AL = — (Z Nae(i) - (—1yr(3) 1257 Mo (i) (—wr@)
i=1 =1

1) (¢
- ((q2 +a+ D)@ +1) D (-1t (Z) -
i=1 "
2d . d

L2+ a4 D) ( (1) (C.l)r—<q+1)2<—1>ir(3)(‘f)r>>.

i=1 =1
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Using the property (Z)T =k ("gl)T + (Zj)r7 the claim follows.

e Suppose 7 | (¢> + ¢+ 1) and r # 3. Then S, is contained in a maximal subgroup Cy2 441 @ Cs

of G and determines it uniquely. Thus G has exactly [G : (Cpiq41 : C3)] subgroups C,, and

- 3(g=1)2(g+1

X(A(L,)) = _M - (=1).

Suppose r | (¢ + 1) and r # 2. Then S, is contained in a Cy41 and hence is cyclic. Cy11 < G is

uniquely determined by its fixed points P € PG(2,¢) and Q, R € PG(2,¢?)\PG(2, q), where R = Q1.

Hence, we have ¢% 4+ g + 1 choices for P, and then ¢? choices for the line QR and ‘Iszq choices for
~ 2 202

{Q, R} on QR. Thus, Y(A(L,)) = -4+ 00 (1),

Suppose r | (g — 1) and r ¢ {2,3}. Then S, is contained in a maximal subgroup Gr = (Cy_1)?

Sym(3); hence, the elementary abelian r-subgroups of G have size r or 72. A subgroup E,: is

contained in exactly one group Gr; thus, G has exactly [G : Gr] subgroups E,:. A subgroup C.

made by homologies is uniquely determined by its center and axis; hence, G has exactly (¢>+q+1)q?

subgroups C of homologies. A subgroup C, not made by homologies stabilizes pointwise an [Fy-rat.

r2—1

triangle T'; G has exactly 3 subgroups C,. of homologies and ==+ — 3 = r — 2 subgroups C,. not of
homologies. Then G has exactly [G : Gr] - (r — 2) subgroups C, not of homologies. Altogether,

X(A(Lr)) = =

(q3(Q+ D(q®+q+1)

Ala+1)(@+q+1)(r—2)
; )

~r—((q2+q+1)q2+ 5
Suppose r = 2 and g odd. Every involution of G is a homology (see [21]); hence a subgroup Co < G
is uniquely determined by the choice of the center and axis, and there are (¢*> + q + 1)¢? such
choices. A subgroup E; < G is uniquely determined by the Fg-rat. triangle fixed pointwise by
E4; hence G has exactly [G : Gr] subgroups E4. No more than 3 homologies of the same order
in PSL(3,¢) can commute pairwise (as they stabilize the center and axis of each other, and the
homology of a given order, center and axis is unique). Hence, G has no subgroups Es. Thus,

UAL)) = = (@ + g+ 1) (-1) + LoD ),
Suppose 7 = 3 | (¢ — 1). Then 7 | (¢*> + ¢+ 1), and the elements of order 3 are either homologies,

or stabilize pointwise a triangle. G has exactly ¢%(¢?> + ¢ + 1) homologies of order 3, [G : G7]
elements of order 3 stabilizing an Fy-rat. triangle T, and [G : G ;] elements of order 3 stabilizing an
F,s \ Frat. triangle 7. Altogether, G has ¢*(¢*> + ¢+ 1) + q3(lJ+1)(6q2+q+1) + q3(q_1;2(q+1) elements
of order 3. Let H < G with H = Ey. Since 91 (¢°> + ¢+ 1), H is contained in a max. subgroup
Gr = (Cy—1)% : Sym(3). This implies in particular that G has no subgroups E»7. Suppose that
H contains a homology, with center C. Then C is a vertex of T, and H is the unique Fg < G
stabilizing T pointwise. Thus, the number of F9 < G containing a homology is [G : Gr|. Suppose
that H does not contain any homology. It is easily seen that there exists o € H \ {1} which stabilizes
T pointwise. Hence, H = (o, 7) where o and 7 act respectively trivially and with a 3-cycle on T.
Up to conjugation, T is the fundamental triangle and o = diag(\, A?,1), where A € F, has order
3; up to replacing 7 with 72, 7 : (X : Y : Z) = (uY : pZ : X) with u,p € 7. The short orbits
of H in PG(2,F,) are exactly the four distinct triangles T, T}, Ty, T3 stabilized pointwise by some
Cs < H. By direct checking, T1,T», T3 are either Fy-rat. or Fys \ Fy-rat., according to 3 | Oq(;;) or

. @ subgroups F9 < G which
stabilize four F,-rat. triangles; and (o) is contained in exactly % . —2(‘1;1)2 subgroups Fg < G which
stabilize one F,- and three Fys \ Fy-rat. triangles. Viceversa, any subgroup Ey < G stabilizing only
Fg-rat. triangle (resp. one F - and three Fys \ Fy-rat. triangles) contains exactly 4 subgroups (resp.
1 subgroup) Cj stabilizing pointwise an Fy-rat. triangle. Then, a double counting argument shows

3¢ Oq(%;), respectively. Therefore, (o) is contained in exactly %

that G contains exactly: [G : Gr]- @ - 1 subgroups Ey with no homology and only F,-rat. fixed
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triangles; [G : Gr] - w subgroups FEy stabilizing an Fys \ F-rat. triangle. The claim now follows
by direct computation.
O
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TABLE 1. Conj. classes of subgroups H < G = PSL(3,q), ¢ = 2P, p an odd prime, with

u(H) #0
H Ci elements of the plane stabilized by H Ng(H) | p(H)
G - - H 1
Egp GL(2,q) C1 an Fg-rat. point H -1
Ep2 : GL(2,q) C1 an Fg-rat. line H -1
(Cq=1)? : Sym(3) Ca an Fg-rat. triangle H -1
Co21q41: 038 Cs an F s \ Fg-rat. triangle H -1
PSL(3, 2) Cs a subplane of order 2 H -1
E;JFQ : (Cq—1)? C1 (N) an Fg-rat. point P and an Fg-rat. line £, P € £ H 1
GL(2,¢9) C1 (N) an Fg-rat. point P and an Fg-rat. line £, P ¢ £ H 1
Eq: (Cq-1)? C1 (N) two [Fgq-rat. points and two F4-rat. lines H -1
(Cq=1)? : Co C1,C2 (N) an F4-rat. triangle and one of its vertexes H 1
Sym(4) C1,C5 (N) a subp. II of order 2 and a point of II H 1
Sym(4) C1,C5 (N) a subp. II of order 2 and a line of IT H 1
C7:C3 C2,C5 (N) a subp. II of order 2 and a triangle not in II H 1
Dsg C1,C5 (N) | asubp. II of order 2, a point P and aline ¢, P€ { | Eq.E4 —%
TABLE 2. Subgroups H of G = PSL(3,4) with u(H) #0
H~ conj. cl. | pg(H) H =~ conj. cl. | u(H) H~ conj. cl. w(H)
G 1 1 Ey :Cy 3 2 Dg 3 —4
Erg.SL(2,4) 2 1 || Sym() 6 Sym(3) 1 —14
Alt(6) 3 -1 || coros 1 Cy 3 -8
PSL(3,2) 3 -1 Alt(4) 6 —2 Cs 1 24
PSU(3,2) 1 -1 Alt(4) 1 -1 Cs 1 544
EfT?: 03 1 1 Dig 1 -3 {1} 1 —120960
Alt(5) 7 1 Qs 1 2

TABLE 3. Reduced Euler characteristic of the order complex of the poset of r-subgroups of PGL(3, q)

prime r X(A(Lr)) prime r X(A(Ly))
2/ 2 2
T {|PGL(3,q)| 0 rl(g—1), r¢ {23} | -l tatDleHazs)
rlq —(g®—1) r=2](q-1) — e te (e +a3)
3£ | (> +q+1) w r=3](g—1) _42(q6*q4+87q377q78)
P Cli)
247 (g+D) G
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TABLE 4. u(H) for any H < G which is intersection of maximal subgroups of G

H Ne(H) u(H)
Line 1 Ep GL(2,9) =Gp H -1
Line 2 Egp GL(2,9) = Gy H -1
Line 3 (Cq=1)2% : Sym(3) = Gr H -1
Line 4 Cgriqt1:C3=Gp H -1
Line 5 PSL(3,2) = Gy H -1
Line 6 EIT2:(Cy-1)? H 1
Line 7 GL(2,q) H 1
Line 8 Ep: (Cq—1)2 =Gpo H:Cy 0
Line 9 Ep (Cq=1)% = Gy, H:Cy 0
Line 10 Ep :Cq-1=Gp,.. Py, Ep: GL(2,q) 0
Line 11 Ep:Cq-1 = Gelv“-alq+l Ep : GL(2,q) 0
Line 12 Eq:(Cq-1)? H -1
Line 13 (Cq=1)?: C2 H 1
Line 14 (Cq—1)? (Cq—1)? : Sym(3) 0
Line 15 | Eq:Cq-1=Gp, P, ¢ Ep i (Cq1)? 0
Line 16 Eq:Cq-1=Guy,. 0y4,,P Ep.: (Cq=1)? 0
Line 17 Cagg1) Eq x Cy—1 0
Line 18 | Eq=Gp, . Py ib1.byir B2 (Cqmn)? 0
Line 19 | Cy_1 = Gply_“yqurly(gl,myeq+1 GL(2,q) 0
Line 20 Sym(4) = Gpn H 1
Line 21 Sym(4) = Gy H 1
Line 22 C7:Cs H 1
Line 23 Dg Eq.Ey —%
Line 24 C7 < Grn {quJr(Hl - ?fp -3 0
’ (C7)2:Cs ifp=3
Line 25 Sym(3) H x Cq—1 0
Line 26 Ca Eq . Eag 0
Line 27 Ea < Goy gt E,> : Sym(3) 0
Line 28 E4 < Gp, py.py E,» : Sym(3) 0
Line 29 Cs3 Cq271 : O 0
Line 30 Cs EMF?. 044 0
Line 31 {1} G 0
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