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CUTOFF PROFILES FOR QUANTUM LEVY PROCESSES AND QUANTUM
RANDOM TRANSPOSITIONS

AMAURY FRESLON, LUCAS TEYSSIER, AND SIMENG WANG

Abstract

We consider a natural analogue of Brownian motion on free orthogonal quantum groups and prove that it
exhibits a cutoff at time N In(N). Then, we study the induced classical process on the real line and compute
its atoms and density. This enables us to find the cutoff profile, which involves free Poisson distributions and
the semi-circle law. We prove similar results for quantum permutations and quantum random transpositions.

Résumé

Nous considérons un analogue naturel du mouvement brownien sur les groupes libres quantiques orthogo-
naux et montrons qu’il a une coupure au temps N In(N). Nous étudions ensuite le processus classique induit
sur la droite réelle et calculons ses atomes et sa densité. Cela nous permet de trouver le profil de coupure,
qui fait intervenir des lois de Poisson libres et la loi du semi-cercle. Nous prouvons des résultats similaires
pour les permutations quantiques et les transpositions aléatoires quantiques.

1. INTRODUCTION

Let (Xn)nen be a sequence of irreducible aperiodic finite state Markov chains, py(¢) the distribution of
X after ¢ steps, and un(00) the stationary measure of Xy. Let also

dn(t) = drv(pn(t), p(00))

be the distance of the process to equilibrium at time ¢, where the total variation distance dpv(p,v) between
two probability measures ¢ and v on a finite set E is defined by the formula

1
drv(p,v) = B Z [u(z) —v(z)|.
zel
Let (tn)nen be a sequence of times. We say that (Xy)nyen exhibits a cutoff in total variation distance at
time (tN)NeN if for all € > 0,

dN<(1—6>tN) — 1 and dN((l—i-e)tN) — 0.
N—o0 N—o0

This means that the convergence to equilibrium occurs through a sharp phase transition, falling rapidly from
1 to 0 around time ¢ty

To get a better understanding of this phenomenon, one may try to zoom in on the window where the
“fall” occurs. The cutoff phenomenon tells us that the width of this window is negligible with respect to the
sequence (tn)nvenN, and the next step is therefore to find the next significant “higher order term”. Here is a
way to formalize this. If there exists a sequence (wy)nen and a continuous function f decreasing from 1 to
0 such that for all ¢ € R,

dy(ty +cwy) —— f(c),

then we say that f is the cutoff profile or limit profile of (Xn)neN-

Computing the cutoff profile is a difficult task in general, but it could already be done for some important
families of Markov chains and commonly involves important probability distributions shaping the profile.
For instance, for the lazy random walk on the hypercube (which is equivalent to the Ehrenfest Urn) we have
by [36, 31]

1 _
dy ( sNIn(N) +cN | —— drv (M (e7%,1) , N (0,1)),
2 N—00
1We do here (and sometimes in the sequel) a common abuse of notations, not writing the sequence indices. We also do not

always write integer parts for random walk times.
1
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involving Gaussian distributions. Similar profiles were found for the dovetail shuffle [5], simple exclusion
process on the circle [24], Ehrenfest Urn with multiple urns [29], or Gibbs Sampler [29]. For random trans-
positions, we have by [34]

dy @(Nln(N) + cN)> <= drv (Poiss (1 + ™€), Poiss (1)) ,

involving Poisson distributions. The same profile appears also for k-cycles [29].

This last result on random transpositions, by the second-named author, is one of the motivations of the
present article, where we endeavour to compute the cutoff profile for some specific processes. One important
difference however is that we will not work with finite classical groups, but with infinite compact quantum
groups.

Compact quantum groups were introduced by S.L. Woronowicz in [39] as a generalization of classical
compact groups. In particular, many results from the representation theory of compact groups carry on to
this setting, providing tools similar to those used in the study of random transpositions. A recent work of the
first-named author [22] showed that indeed, there are natural quantum Markov chains on compact quantum
groups exhibiting a cutoff phenomenon in a way paralleling the classical case. However, the cutoff profile
was not studied there.

In the present paper, we will push further the study of the cutoff phenomenon for stochastic processes on
compact quantum groups in two ways. First, we will consider continuous processes instead of discrete ones
and second, we will study and describe the cutoff profiles.

The most natural continuous process on a simple compact Lie group is certainly Brownian motion. Recall
that this is the process whose diffusion kernel is the heat kernel corresponding to the canonical Riemannian
structure on the group. Unfortunately, for quantum analogues of compact Lie groups there is to our knowledge
no canonical Riemannian-like structure available to provide an analogue of the heat kernel. However, a
result of M. Liao in [25] shows that if (g;);er, is a Lévy process on a simple compact Lie group which
is invariant under the adjoint action, then its infinitesimal generator is the sum of the Laplace-Beltrami
operator (which is the infinitesimal generator of Brownian motion) and a “jump part” given by a so-called
Lévy measure. It turns out that a similar decomposition also holds for some compact quantum groups.
Indeed, F. Cipriani, U. Franz and A. Kula proved in [14] that on the quantum orthogonal group Of;, there
exists a distinguished process (1;);cr, such that for any Lévy process which is invariant under the adjoint
action, the corresponding infinitesimal generator splits as the sum of the infinitesimal generator of (¢;)er.,
and a “jump part” characterized by a Lévy measure. As a consequence, (¢;);cr, can be seen as an analogue
of Brownian motion.

Our main result is the computation in Section 3 of the cutoff profile for this Brownian motion on the
quantum orthogonal group O]J\r,, a compact quantum group which can be thought of as analogue of the group
SO(N), for which the cutoff phenomenon was proven by P.-L. Méliot in [27]. More precisely, we prove in

Theorem 3.9 that for any ¢ € R and suitable extensions dy of the distances dy to the quantum setting,

dy (NIn(N) + cN) —— drpy (Poiss™ (€%, =€) % Sgeyoe, VsC) -
N—o0

where vgc denotes the semi-circle distribution and Poiss™ denotes the free Poisson distribution. It is known
that the correspondence between SO(N) (or rather O(N)) and O3, has to do, at the probabilistic level, with
the Bercovici-Pata bijection [6] (for instance the law of fundamental characters change under the liberation
procedure according to that bijection, see [?, Sec 5]). From that point of view, the appearance of the semi-
circle distribution in the cutoff profile is quite satisfying. On the contrary, the appearance of the free Poisson
distribution is surprising because it is not a priori a “deformation” of the semi-circle distribution. The picture
becomes clearer when written in terms of free Meizner distributions (see Section 3.2 for the definition) :

dy (N1In(N) + ¢N) FYE dpy (Meix™ (—e™¢,0) * §—c, Meix ™ (0,0)) .
—00

Let us briefly comment on the proof. On the one hand, the quantum group OX, is easier to study than
SO(N), because its representation theory is simpler (the underlying combinatorics is essentially that of the
representation theory of SU(2)). This enables to reduce the problem to the study of a classical process on the
interval [N, N]. But this is compensated by an analytic issue which is absent from the classical case : the
measure associated with the quantum process has atoms as soon as ¢ < 0, hence is not absolutely continuous
with respect to the limiting distribution. These issues are the translation of a failure of absolute continuity
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of the process with respect to the Haar measure, which is a purely quantum phenomenon (see Proposition
3.6). As a consequence, our strategy is first to compute the cutoff profile for ¢ > 0 in Proposition 3.10, where
we have absolute continuity and can therefore reduce the problem to the convergence of the densities, and
then to guess from it the form of the cutoff profile for ¢ < 0. With this in hand and a method inspired
from P. Biane in [8], we are then able to compute the measure of the process also for ¢ < 0 and prove the
convergence to the cutoff profile in Proposition 3.14.

In the end of Section 3, we investigate other types of convergence and prove that the convergence to
the cutoff profile for ¢ > 0 also occurs in LP-norm for all 1 < p < co. Let us mention that for ¢ < 0, the
aforementioned analytic issues enter the picture again, making the very definition of the LP-norm problematic,
but we nevertheless have convergence of the absolutely continuous part. We furthermore investigate analogues
of Brownian motion on some homogeneous spaces of O;{, called free real spheres, the computations essentially
boiling down to the previous ones for O]J\r,.

The article concludes in Section 4 with a second family of examples called the quantum permutation groups
and denoted by S]f,. Despite bearing strong analogies with the classical permutation group Sy justifying
its name, SJJ\F, is an “infinite” compact quantum group. In particular, it has a well-defined Brownian motion,
given by a Lévy-Khintchine decomposition similar to that of O]J\r,. After computing its cutoff profile, we
turn to a problem which was left open in [22] : the quantum random transposition walk. Here, the absolute
continuity issue of the orthogonal case becomes critical : the measure of the corresponding classical process
always has an atom so that we cannot resort to densities for ¢ > 0. We therefore have to resort to another
idea, which is to compare the process with the so-called pure quantum transposition random walk and prove
that they asymptotically coincide. This is a specifically quantum phenomenon connected to the fact that the
pure quantum transposition walk has no periodicity issue because there is no quantum alternating group.
More precisely, we show in Theorem 4.4 that for ¢ > 0,

~ (1 o 1—e ¢ —e € -
dN <2(NIH(N) +CN)> m dTV (Dm (MGIX <\/]__|_7, 1 +6_C>) * 6676,Me1x (1,0)) .

As Meix"(1,0) = Poiss™(1,1) * §_; is the standard free Poisson distribution, this provides a quantum
analogue of the result of [34].

Acknowledgments. The authors are indebted to Uwe Franz for pointing out to them the article |8], the
ideas of which helped to improve significantly the results of an earlier version of the present work, and
to P.-L. Méliot for discussions on topics linked to the subject of the present paper. A.F. and S.W. were
partially funded by the ANR grant “Noncommutative analysis on groups and quantum groups” (ANR-19-
CE40-0002) and the PHC Polonium “Quantum structures and processes”, A.F. was also partially funded
by the ANR grant “Operator algebras and dynamics on groups” (ANR-19-CE40-0008), the PHC Procope
“Quantum groups and quantum probability” and the PHC Van Gogh “Quantum groups, harmonic analysis
and quantum probability”. S.W. was also partially supported by a public grant as part of the Fondation
Mathématique Jacques Hadamard.

2. PRELIMINARIES

Compact quantum groups will be one of our main objects of studies in this work, and the one the probabilist
reader may be least acquainted with. We will therefore devote this preliminary section to some definitions and
fundamental results concerning them. In order to keep things simple, we will only introduce free orthogonal
quantum groups for the moment, as well as some results concerning Lévy processes on them. Details on
quantum permutation groups will be given when needed later on.

2.1. Free orthogonal quantum groups. Free orthogonal quantum groups are examples of compact quan-
tum groups in the sense of S.L. Woronowicz [39] which were first introduced by Sh. Wang in [37]. The
original definition uses C*-algebras, as may be expected for objects of noncommutative topological nature.
We will nevertheless use a different definition which we believe may be easier to understand for the non-
expert reader, by focusing first on the purely algebraic aspects. We refer to the books [28] and [35] for a
comprehensive treatment of the theory and proofs of the main results.
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2.1.1. Definition and representation theory. We recall that a x-algebra is an algebra A endowed with an
involution z +— z*, i.e. an antimultiplicative linear map such that (z*)* = z and (Az)* = Az* for all z € A
and A € C. Also, a x-ideal B of A is a *-subalgebra of A such that {ba,ab} C B for alla € A and b € B.

Definition 2.1. We define O(O};) to be the universal *-algebra generated by N? self-adjoint elements u;;
(i-e. uj; = u;;) such that for all 1 <i,j <N,

N N
E UikUj = 045 = § Ui U -
k=1 k=1

In other words,

O(O+) = C<’LLZ] 1<, < N)/I
where C(u;; : 1 < 4,7 < N) denotes the *-algebra of noncommutative polynomials in variables w;;, u;; with
1 <1,7 < N, and I denotes the x-ideal generated by the elements

{ — Uiy, Zuzkuyk 62]7 Zukzuk] zja < Z7j < N} .

Let Oy be the usual orthogonal group, let ¢;; : Ox — C be the function sending a matrix to its (¢, j)-th
coefficient and let O(On) be the algebra of regular functions on Oy, i.e. the x-algebra generated by the
functions ¢;;, where the involution corresponds to the complex conjugation : ¢f; = ¢;;. Then, quotienting
O(O%) by its commutator ideal yields a surjection

m: 0(0%) = O(On)

so that OX, can be seen as a ‘noncommutative version” of On. The group structure can be encoded in this
setting thanks to the following remark : for any two orthogonal matrices g and h,

N
cij(gh) = Z 9)eki(h) =Y (cir @ cxy)(g, h),
k=1 k=1
where we identify O(On x On) with O(Oy) ® O(Oy). The “group law” of O(O%;) will therefore be given

by the unique x-homomorphism A : O(O j\',) — (O]J\r,) ® (’)(O+), called the comultiplication, such that

um E Uik, & Uk

The existence of A follows from the universal property of O(O};), since the elements U;; = > ui ® uy;
satisfy the defining relations of the algebra O(O%,).

Probability measures can be generalized to this setting by identifying them with their integration linear
form. They then correspond to states, i.e. linear maps

Y :0(0%) = C
such that (1) = 1 and ¢(z*x) > 0 for all z. There is a particular state which plays the role of the uniform
measure on OX,
Theorem 2.2 (Woronowicz). There is a unique state h on O(OR) such that for all x € O(O%,),
(id®h) o A(z) = h(z) ® 1 = (h®id) o A(z).

It is called the Haar state of O]J\r,.

Since the founding works of P. Diaconis and his coauthors, it is known that representation theory is a
powerful tool to study the asymptotic behaviour of random walks on groups (see for instance [16, Chap 4]).
For O]‘\L,, the representation theory was computed by T. Banica in [1|. However, for our purpose we will only

need to understand the subalgebra (’)(O;{,)Central generated by the characters of the irreducible representations
(we refer the reader for instance to |28, Sec 1.3| for the definitions of these notions and details).
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Theorem 2.3 (Banica). Let us set xo =1 and x1 = Zfil wii. Then, the irreducible representations of O3,
are labelled by the integers such that if x, denotes the character associated to the integer n € N, we have the
recurrence relation :

Vn =1, XiXn = Xnt1+ Xn-1.

Note that this implies that xJ, = x» for all n € N. This recurrence relation is reminiscent of Chebyshev
polynomials, and one can indeed express x, in terms of x; using them. More precisely, let (P,)nen be the
sequence of polynomials defined by Py(X) =1, Pi(X) = X and

XPo(X) = Poi1(X) + Po_y(X).
In particular, P,,(2) =n+1, P,(=2) = (—=1)"(n+ 1), and for 0 €]0,n[ and n € N,

sin((n + 1)9).

P,(2cos(f)) = S0 (0)

Then, the map ¢ : x,, — P, yields an isomorphism between C’)(O;{,)Central and C[X]. Moreover, by [2, Prop 1],
the restriction of the Haar state to this subalgebra coincides with integration with respect to the semicircle
distribution vg.. More precisely, for any x € O(O]J\})Central we have

h(x) —/ (x)dvge,
[_272}
where vy, denotes the measure on [-2,2| with density

1
dvge = 2—\/4 — x2dz.
T

The polynomials P, are exactly the orthogonal polynomials for this measure. Moreover, denoting by d,, the
dimension of the n-th irreducible representation, we have for n € N,

d, = Po(N).

2.1.2. Central Lévy processes. Let us now describe what the analogue of a Lévy process is on OX,. On a
classical group, this is a cadlag stochastic process (X;)iecr, with independent and stationary increments. In

particular, if p; is the distribution of Xth_l then we have

® jip = 014,

® [ * [lg = [bt+ts,

e lim uy = po weakly.
t—0

In other words, we have a right-continuous convolution semigroup of probability measures. Because this
semigroup contains most of the probabilistic information about the process, and in particular concerning
its asymptotic behaviour, we will focus on it and define a quantum Lévy process to be a right-continuous
convolution semigroup of states. More precisely, given two states ¢, ¢’ on (9(0}), their convolution is defined
by p* ¢ = (p®¢) oA A family (¢y)er, of states on O(OF) is called a right-continuous convolution
semigroup of states if it satisfies

e Yy = e, where ¢ : O(O}) — C is the co-unit, i.e. the unique *-homomorphism determined by
£(uij) = dij,

o Yy x1Pg = (¢t®¢S)OA:wt+Sy

. 2111]% Yi(z) = Yo(x) for all z € O(OF).
—

Let us mention that the theory of Lévy processes on compact quantum groups can be developped in full
generality (not just restricted to marginals), see for instance the survey [18].

As mentioned in the introduction, we will be interested in the case where the Lévy process is invariant
under the adjoint action. In other words we will focus on states which are central, in the sense that they are
invariant by conjugation (see the beginning of [14, Sec 6] for the definitions). By [14, Prop 6.9], such states
have a specific form. First, there is a conditional expectation

E: O(O?\}) — O(O?\_[)ccntral )
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that is to say a linear map satisfying E(z*z) > 0 for all z, and E(z) = z for all # € O(O})central. Then, a
state 1 is central if and only if there exists a state ¢ on O(O]t])central such that

P = {pv oE.
Definition 2.4. A central Lévy process on O]J\r, is a continuous convolution semigroup of states (¢¢)ier, on
O(O}) such that ¢y is central for all ¢.

Central Lévy processes on O]J\r, were classified by F. Cipriani, U. Franz and A. Kula in [14, Thm 10.2]
through an analogue of the Lévy-Khinchine formula. Note that because of centrality, it is enough to know
the image of x, for all n € N.

Theorem 2.5 (Cipriani-Franz-Kula). Any central Lévy process (11)ier, on Op is of the form
Yr 2 Xn Pn(N)e_t/\":

where

@ MW TR )T Now

for some b >0 and a finite measure v on [—N, N| such that v({N}) = 0.

P/(N) 1 /N Py(N) — Py(z) ()

Comparing this formula with the one proved by M. Liao for classical compact Lie groups in |25], we see
that the process corresponding to A, = P/ (N)/P,(N) plays a role analogous to the one associated to the
Laplace-Beltrami operator. As a consequence, we will call this process the Brownian motion on O]J\r,. The
term is further justified by a recent result of M. Brannan, M. Junge and L. Gao. They show in |?, Prop 3.9]
that the semigroup (v;)er, can also be constructed from the usual Brownian motion on Oy (that is to say
with infinitesimal generator given by the Laplace-Beltrami operator) through an averaging procedure.

2.2. The cutoff phenomenon. This work is mostly concerned with the diffusion of central Lévy processes
and in particular the time needed for the process to spread all over the group. This can be rigorously defined
by measuring the distance between v and the Haar state h. Classically, one interesting and widely used
distance for this is the total variation distance

drv(p,v) = llp = vllrv = sup [u(A) — v(A)],
ACG

where the supremum is taken over all Borel subsets A of the classical group G. For quantum groups, the
corresponding definition requires the introduction of a suitable version of the Borel o-algebra.

To this end, one may consider the universal enveloping C*-algebra (see for instance [9, Sec I1.8.3]) C(O%)
of O(0O}). By definition, any state on O(Oy;) has a unique extension to a state on C(O}), hence yields
an element of the Fourier-Stieltjes algebra, which is the topological dual C'(OF;)* of C(O%;). In view of the
Riesz representation theorem, this dual space is thought of as a noncommutative analogue of the measure
algebra equipped with the total variation norm. Let us denote by || - ||rs the norm on this dual space and
call it the Fourier-Stieltjes norm. Moreover, the topological double dual C(OF)** of C(O};) is known to
be the universal enveloping von Neumann algebra of C(O;\r,), which is regarded as a noncommutative and
universal analogue of measure spaces. Using the theory of Haagerup’s noncommutative LP-spaces, we may
easily adapt the argument in [22, Lemma 2.6] to show that

1
lle = ¥lrs = suple(p) = ¥ (p)],
peEP
where P denotes the set of orthogonal projections in C(O]'t,)** (thought of as indicator functions of Borel
subsets). We omit the details of the proof since we do not need it in this paper. We will use this generalized

total variation distance in our cutoff statements and write :

Il = 50 lles.
In the classical setting, a particularly important case is that both p and v are absolutely continuous
with respect to the Haar measure. We may consider the similar situation in the quantum setting. Let us
define an inner product on O(O}) by the formula (z,y) = h(zy*). Then, taking the completion yields a

Hilbert space L*(0}), and O(Oy;) embeds through left multiplication into B(L*(O%)) (see [28, Cor 1.7.5]
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and the comments thereafter). The weak closure of the image is denoted by L>(O};) and is a von Neumann
algebra. If ¢ : (’)(O}t,) — C is a linear map which extends to a normal bounded map on LOO(OX,), then ¢
becomes an element of the Fourier algebra, which is the Banach space predual L>(O% ). of L°(OF) and
lellrs = HSDHLoo(o;)* (see for instance [12, Prop 3.14]), which further implies by [22, Lem 2.6]:

[ = [l = sup[p(p) — ¥ (p)l,
pEP
where P is the set of orthogonal projections in L>*(0%;). Note that in order for this formula to make sense,
the states ¢ and 1 must extend to the von Neumann algebra L>(Oy). This is not always the case due to
absolute continuity issues (see for instance Proposition 3.6).
Let us mention an elementary but useful fact on the monotonicity of that norm which is well-known in
the classical case.

Lemma 2.6. For N fized, the map t — ||¢s — h|| is decreasing.

Proof. First note that for any two bounded linear forms ¢, on C (O]“\L]),

le*||rs = (¢ @) o Allrs < |l @ Y| rs < |l¢llrsllv] Fs-
Thus, for any t > s,
Ve — hllps = ||(¥s — h) * Ye—s||Fs < ||20s — Bl Fs,

where we used the fact that any state ¢ on a C*-algebra has norm one (see for instance [32, Lem 9.9]). The
result follows. g

The evolution of the distance from the process to the Haar state can exhibit various behaviours. One
which is especially striking is the so-called cutoff phenomenon. Here is a precise definition of what we mean
by this :

Definition 2.7. Let (Gy, (wt(N))tePH)NeN be a family of compact quantum groups with a Lévy process
(¢§N))teR+ on each of them. We say that the processes exhibit a cutoff phenomenon at time (ty)yen if for
any € > 0,

- (V) _ : V) _
Nli}l}’kloo Hw(l_e)tN - hNH =1 and Nli}IEOO ||1/}(1+€)t]\] hNH =0.

One very useful tool to prove that such a phenomenon occurs is the following lemma originally due to
P. Diaconis and M. Shahshahani in [17] for finite groups and to J.P. McCarthy in [26] for finite quantum
groups. A proof for compact quantum groups can be found in [22, Lem 2.7], but we simply state it in our
particular case.

Lemma 2.8. Let ¢ be a central state on O]J\r,. If for some t > 0 the sum Z:g d2e=2n s finite, then

+oo
1
2 2 _9thn
(2) e — R|I* < 42%@ :

Remark 2.9. The right-hand side is nothing but the L?-norm of the density of 1; — h with respect to h,
computed using the Plancherel formula. We recover in that way the fact that as soon as a state has an
L%-density with respect to the Haar state, it has an extension to L>(O},).

Let us end these preliminaries with some computational results concerning the Chebyshev polynomials
introduced above. First, there is an explicit formula to compute these numbers for ¢ > 2 : setting

it is easily checked by induction that

q(t)f(nJrl) _ q(t)n+1

g '—q
This enables us to give a precise expansion of the polynomials P,.

Pu(t) =
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Proposition 2.10. For any n > 1, we have as t — oo

po-e (- hvo(2))

Proof. Let n > 1. First, as t — 0o, we have

t—vVt2—4 1 1 1 1 1
q(t):f + = —i—O( )andq(t)_ _t_+0<t3>

t
We deduce, writing g for ¢(t), that for ¢ > 2 we have

) =nln(g”!) +1n (1 — qQ("‘H)) —1In (1 - qQ) )

Note that —In(1 — ¢%) = ¢*> + O (q4) = tQ +0 (%) and 2(n+1) >4 so In (1 — q2(”+1)) =0 (i), hence

mgﬁ»:ncmw—;+oQD>+o<l>+1+0<1>

Hence, putting the three O ( ) together (it might change the implicit constant, but we can still take it to
be independent of n), we finally have

IMRﬁ»:nmU%Hn—U<—;+O<;>>,

1 1 n—1 1 1 n—1
P"@:t"exp(‘w()(ﬁ)) :t”<1‘t2+0<t4>> '

3. THE QUANTUM ORTHOGONAL BROWNIAN MOTION

—(n+1) q 2(n+1)

2
1—¢2

—n (Y
In(P,(t)) = 1 ( ;

1.e.

In this section we study the cutoff phenomenon for the analogue of Brownian motion on O;\r]. As explained
above, this means that we will take v = 0 in Equation (1). Once that choice is made, changing the value of
b is equivalent to rescaling the time, so that there is no loss in generality in fixing b = 1 for all NV, leading to

EL(N)

Ap = Pa(N)’

3.1. The cutoff phenomenon. We first want to prove that the process (¢;);cr, exhibits a cutoff phenom-
enon. It turns out that this result can be recovered as a consequence of the existence of a cutoff profile,
proven in Theorem 3.9, as will be explained in Remark 3.17 below. Nevertheless, the proof below is inde-
pendent of the computations of the cutoff profile and is interesting in its own right. One reason for this is
that, in particular as far as the lower bound is concerned, the argument below fills a gap in the proof of
previous similar theorems in [22] and [21] (see in particular Remark 3.2). Another reason is that to compute
the profile, one must know the cutoff time and guess what the next order is, which we do when proving
the cutoff phenomenon. That being said, let us give some additional details concerning the Fourier-Stieltjes
norm needed for the proof.

As explained in Section 2.2, proving a cutoff phenomenon requires precise estimates for the Fourier-Stieltjes
norm. As soon as the right-hand side of Equation (2) is finite, we can use it to bound the total variation
distance, which is then well-defined and coincides with the half of the Fourier-Stieltjes norm. This is the
strategy which was already used in [22] and the computations will be similar. To obtain the lower bound,
however, we need to deal directly with the Fourier-Stieltjes norm and this will require an alternate description
which we now detail.

By [11, Lem 4.2], the closure of (’)(O;{,)Central in C(O;\r,) is a commutative C*-algebra isomorphic to
C([-N, NJ). Moreover, if ¢ = @ o E is a bounded central linear form, then

< ll¢llrs = e o Ellrs < [|@llFs

1ollrs = H%om;)m e
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so that the problem reduces to the computation of the norm of a bounded linear form on a commutative
C*-algebra. By the Riesz Representation Theorem, there exists a measure p on [—N, N| such that

N
Fa) = [ adu
-N
and moreover, the Fourier-Stieltjes norm of @ coincides with twice the total variation of p. Using that
observation, we can now establish that Brownian motion on O;\r, exhibits a cutoff phenomenon.

Theorem 3.1. Brownian motion on OY; ezhibits a cutoff phenomenon at time ty = N In(N).

Proof. We start with the upper bound and we will obtain an estimate which is finer than what is actually
needed. It was proven in [19, Lem 1.7] that (we will give in Lemma 3.5 on a finer estimate, but that one is

sufficient for our present purpose)

no n
N TP N2
Using this and the estimates of [22, Lem 3.3], and writing ¢ = ¢(N) for simplicity, the sum in the right-hand

side of Lemma 2.8 applied to 1; can be bounded as soon as g te /N <1 by

+ - —_ j—
fiedtn/zv _ 1 g 2e 2/N _ 1 1
n=1 (1 - q2)2 (1 — q2)2 1— q—2€—2t/N (1 . q2)2 q262t/N 1 .
For ¢ > 0 and t = NIn(N) + ¢N, we get, using 1/2 > g(N) > 1/N (see for instance [22, Lem 3.8]),
1 1 4 €_2C

<= .
(1 _ (]2)2 q2N2e2c -1 31— 6720

Taking ¢ = eln(NN) with € > 0 then yields the upper bound part of the cutoff phenomenon.
For the lower bound, we will show that the character xi is a good witness of the distance between 1, and
h. To do that, let us first estimate its mean and variance. We have, for ¢ < 0 and ¢t = N In(N) + ¢N,

Pi(x1) = Ne /N = ¢=¢
and the variance vary, (x1) = ¥:(x3) — ¥(x1)? is given, using the fact that x? = 1+ x2, by
vary, (x1) = 1+ (N? — 1)6—2“\7/(1\72—1) _ N2e2/N
<1+ N2 2t/N _ N2g—2t/N
<1
Let us now view x1 as a continuous function on [—N, N] and consider the Borel subset
B={se[-N,N]|[xi(s)] <e°/2}.

The indicator function p = 1p can be seen as a projection in the von Neumann algebra L*°([—N, N]) of
essentially bounded functions. If we denote by vy, (respectively p¢) the unique Borel probability measure on
[~ N, N] such that for any x € (’)(O]J\r,)central,

N N
h(z) :/ xduy, (respectively Uy(x) :/ J:d,ut),

-N —-N

then these formulae provide norm-preserving extensions of the states h and v, to L*°([—N, N]). Moreover,
because ¢(x1) = e ¢, we have B C {s € [-N,N] | |x1(s) — ¥:(x1)| = € ¢/2} so that by Chebyshev’s
inequality

ne(B) < (e7¢/2) - var,, (x1) < 4e*.
Using again Chebyshev’s inequality for v, with h(x1) = 0 and var,(x1) = 1, we eventually get
(B) = va(B)| > v (B) — pu(B)
— 1~ un([=N, N]\ B) - ju(B)
> 1 — 4e* — 4e*
=1-—8e%*.
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To conclude, recall that because p; and v, are probability measures, the total variation norm of their
difference coincides with twice their total variation distance, so that

1 C
|1¢ — Rl = ilut — | ([=N, N)) = ||t — villrv = |e(B) — v (B)] > 1 — 8e*.

For ¢ = —eIn(N) (e > 0 fixed), the right-hand side becomes 1 — 8 N ~2¢ which tends to 1 as N — +o0, hence
the proof is complete. O

Remark 3.2. In the papers [22]| and [21], the lower bounds were only proven for ¢ such that the corresponding
state is absolutely continuous with respect to the Haar state. As a consequence, this does not yield a
cutoff phenomenon in the sense of Definition 2.7 unless one makes sure that the states are asymptotically
always absolutely continuous. As we will show in Proposition 3.6, and this was already observed in the
aforementioned papers, this is never true. Hence, the term “cutoff” was slightly abusive there. However,
using the same argument as in the above proof together with the estimates of [22| and [21], one can easily show
that the random walks studied there indeed exhibit a bona fide cutoff phenomenon for the Fourier-Stieltjes
norm.

Remark 3.3. In [27], P.-L. Méliot proved that Brownian motion on SO(N) exhibits a cutoff phenomenon
at time 21In(V). The factor 2 comes from the fact that he chooses one half of the Laplace-Beltrami operator
as an infinitesimal generator. As for the additional factor N in our result, it could be removed through
setting by = N. A scaling-free statement on our case would therefore be that the cutoff time ¢y satisfies
tnby = NIn(N) while in the case of P.-L. Méliot we have tyby = In(N).

Remark 3.4. Thanks to the work of F. Cipriani, U. Franz and A. Kula [14], it is possible to construct a
non-commutative Riemannian structure (a spectral triple) on O;{, out of a Lévy process. However, it was
already noted in [14, Sec 10] that in our case, and independently from the choice of b, the dimension of
the resulting object is infinite, while one would expect a canonical Riemannian-like structure to be able to
recover N through a notion of dimension.

We mentioned earlier that the use of the Fourier-Stieltjes norm was necessary because 1, cannot be
extended to LOO(O}) in general. This can be thought of as an absolute continuity issue in the following
sense. Let us denote by L'(O%) the completion of L*>°(0OF;) with respect to the norm ||z|y = h(|z|), where
|z| is obtained by functional calculus. A state i is then said to be absolutely continuous (with respect to
the Haar state) if there exists p, € L' (OF) such that ¢y(z) = h(pez) for all z € O(OF). It follows from the
general theory (see [32, Thm V.2.18]) that a state on O(Oj) is absolutely continuous with respect to the
Haar state if and only if it extends to a normal linear map on L®(0%,).

We now want to give a precise result about absolute continuity, and this requires a finer estimate on A,
than that of [19, Lem 1.7]. In fact, we will prove that A, is very close to being affine (and even linear).

Lemma 3.5. Set ay = 1/VN2 —4 and by = (N — /N2 —4)/(N? — 4). Then, for anyn € N and N > 4,

+o00 27 27 .

1 2 n+1 2
e =ent =5 (5) | 2 (7))

=0

l=j+1
£=j mod n+1

and moreover,

Proof. Let n € N and N > 4. Recall that the roots of P, are xj = 2cos(kn/(n+ 1)) for 1 < k < n, so that

PN 1 A& ey 1R 2V kr O\’
v o ()t (7)) R ()

We are therefore led to compute some sums of powers of trigonometric functions.
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Let j € N and set for convenience in the next computations § = 5. Then we have,
Y e 4 ikt iko(2e—j) _ 1 L\ & ik0(20—j)
S ooy = 3 () LSS (e - L35 () 3w

Now observe that
n

Zeikg(Qg_j) _ 0 lf 2(n + 1) T2£ —j
P n+1 if2(n+1)|20—j.

From this we see immediately that if j is odd, then the sum vanishes. If j is even, it is possible that
2(n+1)|20—j (ie. that n+1|¢—j/2), and we have to consider all such £’s. We can hence rewrite the
sum as

n + 1 4 j
(k@) .
> e > ()

=0
(=j/2 mod n+1

We deduce, splitting the previous sum according to whether ¢ = j5/2 or not, that

A+1§:° P 2j_n+1§:° 1\ (2j +1*i:’° 2\Y [ n+1 i 2j
"TNZA\N) TN &\N i) T NEA\N 92j : )]
3=0 j=0 j=0 l=j+1

£=j mod n+1
i.e., observing that (1 — 4z)~ /2 = >0 (237)1'3 for |z] < 1/4,

1 1 n+1 1

A — =

which rewrites exactly as
An = ann+ by + cy(n).

Let us now bound cy(n). Because the sum Egijﬂ (=i mod nt1 18 empty if j <n, we get

. (n)_i“’" 2\ [ nt1l & (2 C LR 2\ (1, ndl 2\
N *NZ N 22 Z ¢ \NZ N 22j T N-—2\N/)
Jj=0 l=5+1 j=n
{=j mod n+1

As N > 4, we finally obtain
n+1l [/2\*" 1 n+1 " 2\"
< — < < | — .
CN(")\N—2<N> SN2 o (N) S\

We can now give a precise criterion for absolute continuity.

Proposition 3.6. Let N > 4. Then, there exists a positive time tapscont(IN) such that

o Ift < tapscont(IN), then 1y is not absolutely continuous with respect to the Haar state,
o Ift > tapscont(IN), then 1y is absolutely continuous with respect to the Haar state.
Moreover,

tabscont(N) = W = NIn(N) — 211}\([]\7) +N_>O+oo <]1[> .

Proof. Let N > 4, and set

“+00
Pt = Z dneit)\an-
n=0
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If this series converges in L! (OX,), then 1y is absolutely continuous with respect to the Haar state with density
pt. Moreover, if it converges in L2(O;\r,), then it converges also in LI(OX,) (as the L'-norm is dominated by
the L?-norm), and

+o00
lodll3 = dre™>
n=0

Recall that d,, < ¢(N)™"/(1 — q¢(N)?). Using Lemma, 3.5,

In (dieﬂt/\") < 2nIn(1/¢(N)) —In(1 — q(N)?) — 2t\,
< 20 (I0(1/g(N)) — tax) + In(1/g(N)) — In(1 — g(N)?) — (b + et
< 2n(In(1/g(N)) — tan) + g(t, N)

where g(t, N) is a quantity independent of n. Consequently, || p¢||2 is finite (so that 1, is absolutely continuous
with respect to the Haar state) as soon as

In(1/q(N)) — tay < 0.
As for the second point, observe that

Py (Xn) _ dne_t/\n
IXnllo  n+1°

If the right-hand side is not uniformly bounded with respect to n, then ¢, cannot extend to LOO(OX,). Using
the previous lemma and the fact (see for instance [22, Lem 3.8]) that d,, > N¢(N)~=1 and proceeding as

dneft)\n

T will not be bounded as soon as

above, we see that

In(1/g(N)) — tay > 0.

It follows from our two inequalities that tgpscont = — In(g(V ))a;,l. Using the Taylor expansion of q(N)~!

computed in the proof of 2.10, we see that In(1/¢(N)) =In(N) + O (ﬁ) so that
fapseont(N) = (In(N) + 0 (= ) ) VN2 —2
abscont = | N2

(v s0(3)) (1 0 )

~ Ny = 2B L <1> :

N N
This concludes the proof. [l

Remark 3.7. This is in sharp contrast with the classical case, where any non-degenerate (a condition
analogous to requiring b > 0) Lévy process automatically has an L2-density with respect to the Haar
measure by [25, Thm 1], and is thus absolutely continuous. Indeed, the existence of bounded approximate
identities by convolutions of Li-densities is equivalent to the co-amenability of the quantum group, which
can not hold for OF; (see for instance [?]).

Remark 3.8. As we will see in Proposition 3.14, ¢, is absolutely continuous with respect to the Haar state
if and only if the measure of the corresponding classical process is absolutely continuous with respect to the
semi-circle distribution. Moreover, the lack of absolute continuity is witnessed by the appearance of an atom
in that measure.

In particular, ¥ x1n(n)4en is absolutely continuous if and only if ¢ > —2 In(N)/N?+ 0 (1/N?), which goes
to 0 as N goes to infinity. Thus, the total variation distance is asymptotically only defined for ¢ > 0.
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3.2. Cutoff profile. We will now try to get a better understanding of the cutoff phenomenon by computing
the corresponding cutoff profile, that is to say the limit of the distance between the process at time t. =
N In(N)+cN and the Haar state as N goes to infinity, ¢ being fixed. Our main result is an expression of this
limit as the distance between two explicit probability measures. Before stating it, let us give some heuristics.

In the proof of Theorem 3.1, we saw that it was enough to consider the element y; to obtain a lower bound
of the correct order for the mixing time. In the case of a classical compact matrix group, x1 is nothing but the
trace function, and this would mean that the trace of the matrices is the last thing to be mixed by Brownian
motion. In the case of OX,, we know that the distribution of x; under the Haar state is the semi-circle
distribution vgc, so that we may expect the cutoff profile to be given by the distance between vgc and a
“deformation” of it. The whole problem of course lies in the vague meaning of the word “deformation”.

We will show in the first part of Theorem 3.9 that the profile indeed appears as the distance between vgc
and a family of closely related laws called the free Poisson distributions. Let us recall that the free Poisson
distribution with rate A and jump size « is given, for A > 1, by (see [30, Def 12.12] for details)

1
dPoisst (N, a)(t) = 270¢t\/4)\a2 — (t —a(l+ X))2dt.
7

Unfortunately, there is no value of the parameters for which the free Poisson distribution equals the semi-circle
one.

One can nevertheless write things differently using a larger family of probability distribution called the
free Meizner distributions. Let us denote by Meix™ (a,b) the standardised (i.e. with mean 0 and variance 1)
free Meixner law with parameters a and b (see for instance [10, Sec 2.2| for details). Its absolutely continuous
part with respect to the Lebesgue measure is given by

. VA1 +b) — (t —a)?
d Meix™ (a, b)(t) = o2 +at 1) Lla-2vitbatayvizdt

For a = b = 0, the formula reduces to the density of the semi-circular distribution, while for b = 0 it yields
the density of a free Poisson distribution with mean 0 and variance 1.

We will now state our result using both the free Poisson and the free Meixner settings, after introducing
some extra notations. If X is a random variable with law p, then we denote by D,(u) the r-dilation of u
(that is to say the law of rX') and by p*J, its translation by a (that is to say the law of X +a). Moreover, we

denote by dv the usual total variation distance for Borel measure on R and by dy the distance associated
to the norm || - || on O

Theorem 3.9. Let c € R, and recall t. = NIn(N) +cN. Then
dy (¢, h) oo fle) :==dry (Poisst (€%, =€) * §eey o—c, V50)
=dpy (Meix® (—e7%,0) * §,-c, Meix"(0,0)) .

As the proof of this result is long, we will split it in two, depending on the sign of ¢. For convenience
and clarity, the two cases will be stated in the separate Propositions 3.10 and 3.14, each treated in a proper
subsection.

3.2.1. The profile on the right. We start with the case ¢ > 0, which turns out to be the simplest one. The
reason for this is that it follows from Proposition 3.6 that v, is absolutely continuous with respect to the
Haar state in that case, so that the convergence in total variation distance boils down to L'-convergence of
the densities, which in turn follows from L?-convergence. The main part of the work is therefore rather the
identification of the limit and its expression in terms of Poisson or free Meixner laws.

Proposition 3.10. For ¢ > 0,
dy (¢, h) o f(e) =dry (Poiss™ (€2¢, =€) * Sy o, VsC)
=dpy (Meix" (—e7%,0) * d,—c, Meix™(0,0)) .

Proof. Recall that as ¢ > 0, 1;, has an L'-density given by

“+o00
—teA
Pt. = E dne “"Xn-
n=0
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Moreover, we know from Lemma 3.5 that

1 1
M:"<N+Nﬁm@w>)

and an easy computation yields d, Nine N™. In particular, for each n, d,e~t*
—00

» converges to e~ " as N goes

to 4+00. Moreover,

”dneitCAan”l < ”dneitC}\anHQ = dneitg)\n

and because ¢N > 1, for N > 3,

—n

_a
(1-4¢?)
The latter being summable and independent of N, we can exchange the sum over n and the limit in N. This
yields (recall that there is an isomorphism between O(O?\_])central and C[X] sending x, to P, and sending
the measure associated to h to the semi-circle distribution)

dne—tckn < N e < e e

N W

1 “+o00
li k=< e P,
N—1>I-I-1<>o||wtc H 2 n:1e " l’

where the L'-norm is computed with respect to the standard semi-circular distribution. Using the generating
series of the Chebyshev polynomials of the second kind (which is easily computed, multiplying by ¢ and using
the recursion relation), we get for every t € [—2,2],

400 1
—Ccn — —
Z € Pn(t) T 1 —te—c +e2 1
n=1
11
I
= F,(t) — 1.

where 8 = e~¢ and v = 3/(1 + 8%) < 1/2. Thus, the cutoff profile is equal to

1 2
I h) ==
Jm = bl = [

Performing the change of variables u =1 — ~t,

42_1621[_272](t)dt = ;2 4— <1 —u
T 2r(1 4 ?)u ol
1
~ 2m2(1+ A
Setting o = By = v2(1 + B2) and A = 872 > 1, this density becomes
1
2rau

Fe(t) — 1] dvsc(t).

du

2
> 110y, 142y (0) —

Fe(t)dvsc(t) = Fe(t) 5

492 — (1 = 1)1 _gy 1424 (u)du.

Vara? — (u— ol + A))zl[a(lfﬁ)27a(1+ﬁ)2](u)du.

This is exactly the free Poisson distribution with rate A = ¢ and jump size o = e72¢/(1 4 e~2¢). Reversing
the change of variables, we see that F.(t)dvsc(t) is the density of the law

D_y, (POiSS+ (6_2, —67) * 5_1) = Poiss™ (ﬂ_g, —B) * 01/ = Poiss™ (620, —e_c) * Ope o—c,

hence the result. Using the facts that Poiss™ (a2, a) *§_,-1 = Meix"(a,0) and that vsc = Meix*(0,0), the
second formula follows. O

As explained heuristically at the beginning of this subsection, the fact that Brownian motion is not
completely mixed is witnessed by the “trace” it can attain, and the cutoff profile gives a precise quantitative
description of this phenomenon. In particular, it shows that the “trace” of Brownian motion is averagely
shifted to the right and more concentrated around its mean. Here is a plot of the density of Meixt(—e™¢,0) *
0.—c with respect to the Lebesgue measure for values of ¢ between 0 and 5 :
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For ¢ = 0 we get a free Poisson law (this is the curve with a peak on the right) while for ¢ = 5 the density is
already indistinguishable to the naked eye from that of the semi-circle distribution.

Remark 3.11. The quantity dpy (Meix™ (—e ¢, 0) * .-, Meix™(0,0)) can be computed explicitly in terms
of ¢ through integration, yielding the formula :

2c —3c —c 2c —c —2c
-1 -3 1—- 2
fle) = ‘ arcsin (e ‘ ) + © arcsin (62 > +u 4e2c — 1.

2 2 27 4
Using the facts that 0 < £~ < 1/2 and that 3arcsin(z) = arcsin(3z — 423) for 0 < 2 < 1/2, this can be

rewritten as )
2 —c —2c 2
f(e) = (1 —€*)= arcsin <62 ) + %\/m‘
™ T

3.2.2. The profile on the left. By Proposition 3.6, the computations above can only make sense for ¢ > 0.
However, the free Poisson distribution makes sense even for A < 1, with the only difference that some mass
is carried by an atom :

. A
dPoiss™ (A, ) (t) = (1 — ) § + %\/4/\0(2 —(t—a(l+ A))zl[a(lfﬁ)gﬂ(Hﬁ)g](t)dt
As a consequence, the formula
fle) =dry (Poiss+ (6267 —efc) * Ogepo—c, Vsc)

still makes sense for ¢ < 0 and we will now show that this is indeed the profile. Let us start with a
characterization of the limit distribution in terms of “Chebyshev moments”.

Lemma 3.12. For any ¢ € R, the measure

l"LC = POiSS+ (6287 _eic) * 566-‘1-676

1s the unique probability measure on R such that for any n € N,

/ P,dy. =e .
R

Proof. Let us first recall that the free cumulants (see [30, Def 11.3] for the definition of free cumulants and
[30, Prop 12.11] for the free Poisson case) of the free Poisson distribution Poiss™ (), ) are given by

Kn = Aa™.
As a consequence, the free cumulants of Poiss™ (626, —e_c) are Laurent polynomials in e®. The free additive
convolution with d.c .~ only modifies the first cumulant 1 by adding e®+e~¢ to it, hence the free cumulants
of p. are Laurent polynomials in e®. Because the moments are polynomial functions of the free cumulants

(by virtue of the moment-cumulant formula, see [30, Prop 11.4]), we conclude that there exist Laurent
polynomials L,, such that for any ¢ € R,

/ P, (x)dpe(z) = Lyp(e9).
R
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Let us now assume that ¢ > 0. Then, we know from the proof of Theorem 3.9 in Subsection 3.2.1 that for
¢ > 0, pc is absolutely continuous with respect to the semi-circle distribution vgc with density Fe. Using the
fact that the polynomials P, are orthonormal for the semi-circle distribution, we get

“+oo
Pnd,uc:/ P, e "P, | dvgc = e ",
foran= for (e

n=0

As a consequence, L,(x) = =™ for any x > 1, so that by uniqueness of the decomposition of a Laurent
polynomial, L,(X) = X" and the formula for the integral of Chebyshev polynomials also holds for ¢ < 0.

As for the uniqueness assertion, it simply follows from the fact that p. has compact support and is
consequently determined by its moments. O

With this in hand, we can complete our proof of the cutoff profile. To do so, let us define, for ¢ > 0 and
N € N, a probability measure mgN) on R by requiring that mEN)(R\ [N, N]) =0 and for all n € N,

N
/ Po(z)dm{™) = e P, (N).
—-N
Such a measure exists because it corresponds to the restriction of the state ¢, to the algebra (’)(O}G)Cemral.
Using the centrality of the process and the Riesz representation theorem (see the discussion at the beginning
of Section 3.1), we know that
N

Iige, =l = [mfX = e |
To find the limit of the right-hand side, we will compute mg\/) explicitly. Our approach is based on an idea
of P. Biane in [8, Sec 12.2] for the study of a similar process on the duals of free groups. One would naively
want the measure to be absolutely continuous with respect to the Haar measure with density

TV

+oo
> e PP, (N)P,
n=0

However, we know that for t = N In(IN) +cN with ¢ < 0, this series does not converge in L?([—2,2]) because
e~ P, (N) grows exponentially (this is the lack of absolute continuity with respect to the Haar state). The
idea is to find a point N (¢) such that e **» P, (N)— P, (N (t)) is small enough to be summable. Then summing
the previous difference to produce an absolutely contiNnuous measure and adding a Dirac mass at N (t) will
produce an expression of the measure. To find that N(t), let us first recall that for z > 2,if 0 < ¢(z) < 1
denotes the unique number such that ¢(z) + ¢(z)~! = z, then
q(x)_("+1) _ q(m)""H

@) — (@)
In particular, considering (with the notations of Lemma 3.5) that A, is roughly equal to ayn, we have
q(N)f(nJrl) _ q(N)n+1

(V)T — (V)
~ e—ntaNq(N)—n
~ Py (e7N'q(N) ™ + e*¥'g(N))

P,(z) =

e—t)\nPn(N) ~ e—nmN

so that setting
N(t) = e™"q(N)™! + e"'q(N)
has a good chance of giving the correct order of magnitude. There is still a normalization coefficient required,

and the next result is meant to make all this precise and rigorous. We will write ¢ for ¢(N) in order to lighten
notations.

Lemma 3.13. For any fized ¢ <0 and t. = N1In(N) + ¢N, there exists N such that for all N > N,

+oo
mi = alte)dg ) + D (€7 PalN) = Pa(N () yyy ) Pay)dpisc(y),
n=0
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where t —1 t
—ant,—1 _ ,an
at) = eant=bntE g —
0 s
and -
3 (e’tc)‘”Pn(N) — afte) Pa(N (tc))) P, € L*([~2,2], vsc).

n=0

Proof. To lighten notations, let us simply write a, b, ¢ for ay, by, cy. Since by definition ¢ (ﬁ(t)) = (evq)*™!
(depending on which one is less than one, but this does not change the expression of P, (N(t))),

( )" —a(Nn)""
(qfl o q) Ct(t)Pn (N(t)) _ eatfbt (efatq 1 — e -~
o(Y0) ™ ~a (V)
_ pat=bt <€—a(n+1)tq—(n+l) _ ea(n-l-l)tqn-i-l)

_ e—(an—i—b)tq—(n—l—l) - ea(n—i—Z)t—btqn—i-17

from which we deduce that

~ n+1
a(t) P, (N(t)) — e~ thtp (N & qf’l

(ef(cm+b)t _ e(a(nJrQ)fb)t) 7
-9

which eventually leads to the equality

n+1

a(t)P, (N(t)) . e—/\ntPn(N) _ (ec(n)t _ 1) e—)\ntPn(N) + (6—(an+b)t . 6(a(n—%—Q)—b)i&) '

—1
q " —4q
Using that eV — 1 < (e — 1)y < 2y for 0 < y < 1 and using Lemma 3.5, we see that for N > 4,

2 n
e(nt _ 1 < il
e 1\2<N> .

Moreover, a > 1/N and b,c(n) > 0 so that et < e~ < ¢™™/N (remember that ¢ < 0). Taking
t=t.= NIn(N)+cN (and of course N large enough so that ¢, > 0), and using also |P,(NN)| < N we can
bound the first term :

2\" 2\ "
c(n)tc — ) _Antc ) < _ —ntC/N n —
‘(e e Mep V)| <2( 1) e Nt =2 (=

Taking N greater than some N, depending on ¢, this converges exponentially fast to 0.
Let us now bound the second term. First observe that ¢~ ! —¢ = VN2 — 4 and e~ (@0t < 1 L ((n+2)-0)t,
hence we have

0

N

1 1 1
' EIT ( o~ (antd)t _ (a(n+2)-b)t ) < qn+ (a(n+2) bt g palnt2)t
qa " —q N2 _ 4
At t = t., we then get as N — oo, using a = (Ni) that

¢ ca(n2)te _ ( ( )) a(N In( )+cN)>n+2
N2 -4

= < —In(N)+0O( 1/NQ))”Jr2 ( In(N) +c+O(1n(N)/N2))

_ <€c+0(1)>n+2 .

Hence, as ¢ < 0 and N > N, is fixed, this term converges exponentially fast to 0 as n — oco. Combining
those two bounds, we conclude that for N fixed large enough,

‘a(t)Pn (N(t)) - e_)‘"tPn(N)‘

n+2

converges exponentially fast to 0 as n — oo. Because (Pp)nen is a Hilbert basis for L?([~2,2],vsc), this
proves that the sum stated in the lemma belongs to L?([~2,2], vsc).
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Now the first formula in the statement makes sense for N large enough and defines a probability measure
on [—N, N]. Moreover, the integral of any Chebyshev polynomial with respect to that measure coincides
by construction with its integral with respect to mgv) Because Chebyshev polynomials form a basis of
C[X], it follows that the two measures have the same moments and hence coincide since they have compact

support. ([l
We are now ready to establish the cutoff profile for negative c.

Proposition 3.14. For any fized ¢ < 0 and t. = N In(N) + ¢N, we have

~ . (N) feat (p2¢ _ —cC
dn (Yt., h) = Hmtc VSCHTV Notoo [Poiss™t (e, —e™¢) = 5EC+€‘C’VSCHTV'
Proof. To compute the limit of the total variation distance, let us first notice that if ﬁziﬁv) = 1[_2’2]mgv),

then

(N) (N)

i = el = 1122 (i = 50) |, + [t (il = 05)

~ (N
= ngc ) _ VSCHTV + Oé(tc).

We will deal with each part separately :

e It is straightforward to see that as N goes to infinity, a(t.) — 1 — €2¢ and that N(t.) — e + e,
which are exactly the parameters of the atom of the free Poisson distribution in the statement.

e Observe moreover that mgfv) converges in moments to a measure for which the integral of P, equals
e”. By Lemma 3.12, this must be the free Poisson distribution in the statement. Therefore, if

we can prove that T?L,Eiv) converges in total variation distance, then its limit must be the absolutely

(N)

continuous part of Poiss™ (620, —6*0) % Oceye—c- The density of m; ~ with respect to vsc is

+00 "

3 (e—kntcpn(zv) - Pn(N(t))) P,

n=0
and each term of the sum converges as N goes to infinity. Therefore, if we can bound these terms in
L?-norm by a summable sequence not depending on N, then we can conclude. But this was already
done in Lemma 3.13, since it follows from it that such a bound exists at least for N large enough
depending on c.

O

Remark 3.15. Note that we do not prove that mgv) converges in total variation to Poiss™ (eQC, —e*C) *
Oece—c. This is actually false since their atoms are not at the same place. If we change slightly the time by
setting

~ —In(g(N))+c c
tc - % = tabscont(N) + —,
an an
then N(f,) = e+e ¢ and m%N)
this would be somewhat unnatural, and we prefer to state only results which are true for all times t. + o(N)

than for a very specific sequence of times.

converges in total variation distance to Poiss™ (626, —e*c) *O0ccy o—c. HOwever,

Remark 3.16. Once again, the integral giving the total variation distance can be computed explicitly in
terms of ¢. The computation differs however depending on whether ¢ is greater or smaller than —In(2)
(because of the absolute value in the integral). For —In(2) < ¢ < 0, the result is the same as the first
expression given in Remark 3.11 for ¢ > 0, except for an extra (1—e%¢)/2. However, this time 1/2 < e7¢/2 < 1
and for x € [1/2,1], 7 — 3arcsin(z) = arcsin(3z — 423) so that we end up with the same result, namely

2 e\ e *+2
= (1 — 2c\ 2 3 T \/4 - —2c
fley)=(1-e )71- arcsin < 5 ) + y - e

while for ¢ < —In(2),
fle)=1—e*.
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The combination of Propositions 3.10 and 3.14 yields the complete proof of Theorem 3.9, therefore yielding
the cutoff profile for Brownian motion on OX,. As an illustration, here is a plot of the profile :

Remark 3.17. Theorem 3.9 is not just a refinement of the cutoff phenomenon established in Theorem 3.1,
but a stronger result. In other words, the existence of a cutoff profile implies the cutoff phenomenon, as was
already mentioned in the beginning of the proof of Theorem 3.1. This follows from the fact that the profile
converges to 1 at —oo and 0 at +oo, together with the monotonicity of Proposition 2.6.

3.3. Further results. Let us complete this section with some additional remarks and results concerning
various generalizations of the original problem.

3.3.1. Other norms. We have worked so far with the Fourier-Stieltjes norm, because it is the only natural
norm available which makes sense for all ¢t € R;. However, the upper bound was computed using the total
variation distance, and one may wonder whether the cutoff upper bound also holds with respect to other
distances. It turns out that the answer is yes.

Corollary 3.18. Brownian motion on O]J\rf satisfies, for all 1 < p < oo and ¢ > 0, with t. = NIn(N) + ¢N,
. _ . + — . +
N1—1>I-Is-1<>o ¢, — hllzr = ||Meix™ (—€7,0) * 6, — Meix (O,O)HLP.

Proof. Recall that the density of the process at time ¢t is, if the series makes sense,

—+o00
_tA'"/
Pt = Z dnpe Xn-
n=0

Using the fact that ||xnllcc = Pn(2) = n + 1, we see that the density converges in L°°-norm at ¢, as soon as
¢ > 0 since (for N > 3) and

3
Hdneftc/\"an < (n4 Ddye et < §(n + 1)e "".

oo
Moreover, using this bound the same strategy as for Proposition 3.10 yields the cutoff profile in the case
p = oo. As for finite p, it follows from the noncommutative Holder inequality (see for instance [33, Thm
2.13.iv]) that for any 1 < p < oo,

Hdne_tc/\anHp < Hdne_tcAanHoo
hence we can once again resort to the same argument. (]

Remark 3.19. Note that for ¢ < 0, according to the discussions in the previous subsection, we may
decompose )¢, into an absolutely continuous part v, which admits a LP-density for all 1 < p < oo and such
that ¢, — v, is singular with respect to h. It is easy to see that the above theorem still holds for ¢, even
for ¢ < 0.

Let us compare this with the classical case. P.-L. Méliot proved in |27, Thm 7|, building on results of G.
Chen and L. Saloff-Coste in [13], that the cutoff phenomenon for Brownian motion on SO(N) indeed occurs
for all 1 < p < oo and that the cutoff time is the same as for the L'-norm for all 1 < p < co. However, for
p = 00, the cutoff time is doubled and becomes 41In(NV). It is therefore quite surprising that in the quantum
case, the difference between the case of finite and infinite parameter p disappears. This must nevertheless
be tempered with the fact that there is no lower bound in our case, because our definition of the LP norm
only makes sense for absolutely continuous states.
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3.3.2. The free real sphere. In [27], P.-L. Méliot did not only prove the cutoff phenomenon for compact simple
Lie groups, but also for their homogeneous spaces. In the quantum setting, there is no structure theory of
compact homogeneous spaces paralleling the classical one, but there are nevertheless some explicit examples.
We will now consider the simplest of them, which is an analogue of the real sphere on which the classical
orthogonal group acts. The same idea of “liberation” as for the definition of free orthogonal quantum groups
suggests that the free analogue of the real sphere should be described by the universal x-algebra generated
by N self-adjoint elements (z;)1<i<n such that

Denoting by (’)(Siv_l) this object, it is endowed with an action of O} through the map

N
QT Zuij X Tj.
i=1
Note that the abelianization of O(Siv _1) is exactly the algebra of polynomial functions on the N — 1 dimen-
sional sphere in RY and that the formula defining o also defines the usual action of Oy on that sphere.
Intuitively, Brownian motion on such a space should be a Lévy process invariant under the action «, and
the analogue of the uniform measure should be the unique probability measure invariant under «. Such an
o-invariant state does indeed exist and can be constructed in the following way. Consider the subalgebra
O(Xn) C O(O%,) generated by the elements u;; for 1 < i < N. Then, there is a surjective *-homomorphism
e O(Sffl) — O(Xy) sending x; to u;1. Moreover, one has
(r®id)ca=(A®id)om
so that the state w = h o 7 is invariant under the action «. As a consequence, we will only consider the
“concrete” model O(Xy) instead of (’)(Siv_l).
Brownian motion considered in [27] on a homogeneous space is then the projection of Brownian motion
coming from the group. In our case, this simply amounts to restricting ¢, to O(Xy). Before giving the

expression, let us first recall that by [15, Lem 7.3], one may find a basis for the carrier Hilbert space of each
irreducible representation u" of Oj\} such that

O(Xy) =Span{uj; | 1 <i< N,n € N}

Proposition 3.20. The Lévy process given by the restriction of ¥y to O(Xy) exhibits a cutoff phenomenon
at time ty = %Nln(N). Morevoer, it has the same cutoff profile as Brownian motion on Oﬁ

Proof. For t large enough, the density of ¥y — h is
+00
Z dne*tPn(N)/Pn(N)u?1
n=1

whose L?-norm squared is
+oo
Z d, e~ 2 (N)/Pr(N)
n=1

The difference with the previous case is that the dimension d,, is not squared, due to the fact that coefficients
of irreducible representations form an orthogonal but not orthonormal basis. This accounts for the factor
1/2 in the cutoff time, exactly as in [27]|. The proof is now exactly the same as for Theorems 3.1 and 3.9. O

There is also another candidate for a Brownian motion on the real free sphere. Lévy processes on the later
quantum space were classified by B. Das, U. Franz and X. Wang in [15, Thm 7.5] using a formula similar to
Equation (1), i.e. involving a positive constant b and a Lévy measure v. Taking as before b =1 and v =0
yields a reasonable notion of a Brownian motion on Xy which is not the projection of the one on O]J\r,. The
convolution semigroup of states (¢;)icr, we are interested in is then given by :

—tRh (1
©p s ul > GreHin(),
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where the polynomials (R, )n,en are the orthogonal polynomials associated to the spectral measure of wui;
(see [4] for details and explicit computations).

Proposition 3.21. The O]J\r,—mvarmnt Lévy process on X given by (¢¢)icr,. evhibils a cutoff phenomenon
at time ty = 3 In(N).

Proof. For t large enough, ¢; has an L?-density with respect to w = h o 7 given by

+o0

—tR, (1
Zdne nMyn
n=0

so that
1 1 1 1
2 2 2 _ / _ ’
e =l < 5 o= 11 < § o= 1B = 1 e B0 uly = 1 3 due 0.
n=1 n=1
Now, we know from [15, Cor 7.14] that
N -1

n< R (1)< N 3™

and combining this with [22, Lem 3.3] shows that ¢ = $(In(IV) + ) is enough to ensure the existence of the
L?-density and that

1 &=

1 1 1 1 1 e

2 § —n _—2tn

— < - — — < _

e =l 4(1—¢2) n:lq ‘ 41— qe?t—1 21 —¢c
and the upper bound follows.

As for the lower bound, it is obtained by using the element x = v/ Nu1; instead of x; and the computations

are similar to the proof of Theorem 3.1. O

Remark 3.22. Note that there is an abuse of notations since the polynomials R,, also depend on the integer
N. This is different from the case O;{, where for all N, the orthogonal polynomials were always the same
Chebyshev polynomials P,. That fact, combined with the cumbersome available descriptions of R, (see for
instance [15, Sec 7.3|), make it difficult to compute the cutoff profile. However, because the spectral density
of v/ N 4 2uj; converges uniformly to the semi-circle distribution when N goes to infinity by [4, Thm 5.3],
and because all these densities are supported on the closed unit disk, the convergence also holds in moments
hence N + 2" R, (X/v/N + 2) converges to P,(X) since the coefficients of the orthogonal polynomials are
continuous functions of the moments. It is therefore reasonable to expect that the process has the same
cutoff profile as the Brownian motion on O]J\r,.

4. QUANTUM PERMUTATIONS

Our second family of examples will be quantum permutations. The quantum permutation groups SJJ{,
were introduced by Sh. Wang in [38]. The corresponding x-algebra O(S}) is the quotient of O(O}) by the
relations u?j = u;j. The coproduct factors through this and yields the compact quantum group structure.
The connection to classical permutation may seem loose from that definition, but one easily shows that if
cij : Sy — Cis the function sending a permutation o to (50(2')]')1‘]‘ , then there is a surjective *-homomorphism
O(S%) — O(Sn) sending u;; to ¢;j, and that O(Sy) is in fact the abelianization of O(S};). Thus, S}, is a
quantum version of Sy somehow like O; is the quantum version of Opy. Beyond this fact which motivated
the original definition, several connections between classical and quantum permutations have emerged which
strongly support the idea that SJJ\F, is the correct generalization of Sy. An example of particular interest from
the probabilistic point of view is the free De Finetti theorem of C. Kostler and R. Speicher [23].

The representation theory of S]J\r, is close to that of O]J\r,, with the difference that when multiplying two
characters (which are still indexed by the integers with xo = 1 and xo+ x1 = Zl]\i 1 Uii), one gets the formula
X1Xn = Xn+1 T Xn + Xn—1-

The corresponding orthogonal polynomials are then given by the restriction to [0,4] of Q,(t) = Pan(V1),
yielding the free Poisson law Poiss™(1,1) as spectral measure of y; under the Haar state. The associated
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dimensions of irreducible representations are d, = Q,(N). We are now going to study two examples of
processes on S, one continuous and one discrete.

4.1. Brownian motion. The natural candidate for Brownian motion on S]J\r, can be constructed exactly as
in the case of O}. Indeed, U. Franz, A. Kula and A. Skalski proved in [20, Thm 10.10] a decomposition result
for central Lévy processes on SJJ{, involving as before a positive constant b and a Lévy measure v. Setting
b=1and v = 0 leads to a central Lévy process. We will again denote by (A, )nen the sequence determining
the process, which is in this case given by

Qn(N)

Qn(N)
The previous arguments carry on almost verbatim to yield the cutoff phenomenon and one can once again
describe the cutoff profile as a distance between two free Meixner laws.

Ap =

Theorem 4.1. The central Lévy process defined above exhibits a cutoff phenomenon at time N In(N). More-
over, setting again t. = N In(N) 4 cN, for every c € R, we have

1—e ¢ —e¢
. _ . + . Jr
i = bl = [ e (et (255 555 ) ) e — et 0.1
Proof. As mentionned in Remark 3.17, the existence of the cutoff profile implies the existence of the cutoff
phenomenon, hence we will focus on the former. The proof proceeds as for Theorem 3.9 and involves similar

estimates. We will therefore focus on the features which differ.
Assuming first ¢ > 0 and setting

—+00

Golt) = 3 e Qu(t),
n=0
the cutoff profile equals
[G2c(t) = 11,

where the L' norm is computed with respect to the spectral measure of 1 with respect to the Haar state,
which is Poiss™(1,1). Note that because Py, is an even function and Ps,41 an odd one,

G2c Z efQCnP (\/) +2F ( \[) )

Setting 8 = e~¢ and v = $/(1 + B?) as in Subsection 3.2, this leads to the formula

Conlt) = L < Lo, )_ 11
T4 It 14w TR
1—+/1—4~2

Then, making the changes of variables u = ¢t — 5 and v = u/,/7, and observing that 7? = (n — 1)n~2, the
density of Ga(t )d Poiss+(1 1)(t) becomes

1
- (t —2)21p 4 (t

nl— 2t 27t
VA = (u— (2 =)L 4y (w)du

1
= o T T
1 1
= S == Doy ey em ¥ '~ OV~ Q=L a0 Vide
1 1
27T1—|—U(2 77)/\/>+02 /77\//77 (v—(2— )/\f) 1[\[ }( v)do.

Setting a = (2 —n)/y/n, and b = (1 — n)/n, this is exactly the density of the standardised free Meixner law
with parameters a and b,
1 /401 (v—a)?

o 1 + av —|— bv? LooyiThatovisdt:

Let us also set

1”:
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Thus, Gac(t)d Poiss™ (1, 1)(¢) is the density of the law

. 2—n 1—n
D Meix (,)) * 0.

Writing Poisst(1,1) = Meix"(0,1) * 61, applying * d_1 on both sides and replacing 2¢ by ¢ now yields the
desired result.

Assume now that ¢ < 0. Let us first mention that the free Meixner distribution in the statement then has
an atom given by the following formula :

(1 — 60)566\/]_-"-7'
Applying the dilation by a factor v/1 4+ e~¢ and the translation by e~¢ changes the indices of the Dirac mass
into e° 4+ 1 + e ¢ and translating again by 1 to turn Meix™(0,1) into Poiss*(1,1), we see that the atom of
the measures mgiv) has to converge to €€ + 2+ e~ ¢ = (e“/2 4+ e~/2)2. The same argument as in Proposition
3.14 yields an explicit formula for the measure of the corresponding classical process at time t. and the proof
is done similarly. Note that by [10], the cumulants of Meix™ (a, b) are polynomials in a and b, hence in our
case Laurent polynomials in e™¢, so that the analogue of Lemma 3.12 holds. (I

Here is an interpretation of this result inspired by the analogy with the classical permutation groups.
Indeed, the function giving the number of fixed points of a permutation is, in terms of the generators of
O(Sn), F =" ¢i;. Therefore, the elements x; = ) w;; is the quantum version of the number of fixed points.
In particular, its law with respect to the Haar state, which is Poiss*(1,1), can be considered as the “fixed
points law for quantum permutations”. As a consequence, the difference between Brownian motion and the
uniform measure on S]J{, is asymptotically due to the fact that Brownian motion has “too many fixed points”.

4.2. Quantum random transpositions. We will conclude with a discrete example, namely the quantum
random transposition walk on the quantum permutation group. The reason for this is that the second-named
author recently computed the cutoff profile for the classical version of that walk, while nothing is known in
the quantum case.

Recall that if ug, is the uniform measure on the set of transpositions, then the classical random transpo-

sition walk has increment distribution
_N-1 n 1 5
n= N Htr N e
One of the first results in the theory of cutoff phenomenon was the proof by P. Diaconis and M. Shahshahani
in [17] that the random transposition walk exhibits a cutoff phenomenon at 3N In(N) steps. The second

named author proved in [34] that the cutoff profile has the following form : for any ¢ € R,

1

drv <M*2(NIH(N)+CN), h) = dpv (Poiss (1 + ™€), Poiss(1)) .
—00

Note that Poiss(1) is the asymptotic law of the number of fixed points of a uniformly distributed permutation,
which is the same as the law of the trace of a permutation matrix under the Haar measure, i.e. the law of
x1+xo=x1+1

The de-part in the definition of u appears in a natural way. If we had decided to work with the pure
random transposition walk, working with the transition law p¢, instead of p, we would have had periodicity
issues, as the signature would alternate from 1 to —1. Including an extra d.-part (sometimes refered to as
the “laziness” of the walk) in the definition of p is the way used by P. Diaconis and M. Shahshahani to rule
out this problem. Note that in this case it is very natural to have a coefficient 1/N if one thinks of the
random walk as a card shuffle : spread a deck of N cards on a table and then choose two cards uniformly at
random and swap them if they are different. The probability that the same card has been selected twice is
then exactly 1/N.

On the quantum side, there is a natural analogue of p, introduced in [22] and denoted by ¢,. This is a
central state given on the characters by

(Ptr(Xn) = Qn(N - 2)7

where Q,,(N) = P3,(v/N) as in the previous subsection. We may then consider the quantum analogue of 1,
the walk given by
N -1 1
p= " tut o
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where ¢ is the unique state on O(Sy) such that e(u;;) = d;; and hence ¢ is a well-defined state in the
Fourier-Stieltjes algebra C'(OF;)*.

It was proven in [22] that the random walk on Sy corresponding to ¢, exhibits a cutoff phenomenon
(with the same caveat as in Remark 3.2), and that there is no periodicity issue, unlike for the classical walk.
Consequently, in the quantum setting we can also naturally work with the pure random walk without extra
laziness. As for the quantum lazy random walk associated with ¢, the study of cutoff phenomenon becomes
more delicate and was left as an open problem in [22]. In this subsection we will show that the two random
walks are asymptotically identical and hence have the same cutoff profile, which we will then compute.

For notational simplicity, we write for a state 1) on O(Sy)

(n) = d1nw<xn>-

It is well-known and easy to see from definition that **(n) = (n)* for all K € N. Lemma 2.8 still holds if
we replace 9; by ¥** and d;; ¢y (xn) = e~ by 1 (n)".

4.2.1. The pure walk. We start by revisiting the work of [22] concerning the pure quantum transposition
walk. There, the upper bound of cutoff phenomenon was shown to happen at time N In(N)/2, while the
lower bound can be deduced from these computations and the methods used in the proof of Theorem 3.1.

It is therefore natural to wonder whether the same strategy as in the orthogonal case can also yield the
cutoff profile. The answer turns out to be yes, but requires a fine estimate on ¢(n), in the same spirit as
the affine approximation of A, in Lemma 3.5.

Lemma 4.2. There exist ay,by < 0 depending only on N and a function cy of n such that for all n > 0,
pualn) = mvbrten(o)
Moreover, 0 > cy(n) = —2q(v/N — 2)4n+2,
Proof. First, set for this proof ¢ = ¢(v/N) and p = ¢(v/N — 2), and recall that
-1
— Qn(N — 2) _ P2n( N — 2) _ p7(2n+1) _p2n+1 <q(2n+1) - q2n+1>
—1 *
)

(Ptr(n> - Qn(N) - PQ’IL(\/N) p_1 —p

Factoring, we obtain

_ _ —(2n+1) _ 2
_p(2n+1)_p2n+1q1_q_ D (n+)q1_q1_p4n+2_ q "1—q21—p4”+2
P (n) =\ -

T g @) g2t -l g q pl—pl—gint2  \p 1—p21— gint2’
so that setting ay = 2In(¢/p), by = In G:?j) and cy(n) = In (%) yields the first part of the

statement. As p > ¢, we have that by < 0 and ex(n) < 0.
Let us now prove the lower bound on c¢y(n). Using that for z < 1, In(1 — z) < —z and for 0 < z < 1/2,
In(1 — ) > —21In(2)z, we have

[l

We can now compute the measure of the classical process to prove the convergence of the complete profile,
defined through the formula

N
/0 Qu()dm™ (@) = (n)*Qu(N).

Because of Lemma 4.2, it is natural to look for an N (k) such that Q,(N(k)) ~ ¢ *(n)Qn(N), which leads
heuristically to

2
N(k) = (e—kaN/2q+ ekaN/2q—1>

Theorem 4.3. Set
O((k) = e_aNk'/Q-‘rka‘eaNk/zqil — e*aNk/Qq

q—l

—q
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Then, for any ¢ < 0, and N large enough setting k. = [(N In(N) + ¢N)/2],
mi) = alke)dg ) + Z (01 () Qn(N) = Qu(N (k)| Qud Poiss™ (1,1).
Moreover, for all c € R,

1— c __ _—cC
(3) ’ prke _ hH e HDW <Meix+ <\/% : jec)) %8, c — Meixt(0,1)

Proof. We start by proving (3) for ¢ > 0. This follows from the same argument as in Proposition 3.10 using
the following computations : by Proposition 2.10, we have for every fixed n > 1, as N — oo,

a0 (10 5:))

=0 = (-3 (Fpend) () (o)
N

where we recall that i (n) = d;, '@u(xn). For ¢ € R fixed and k. = [(

(1-2)" o (o[ v -] (-2 50 ()

TV

and

In(V
= exp <n <—ln(N) —c+0 ( a( )>
N
B e—nlcto(1))
= R
It follows that (o))
—n(c+o
ke _ nm no(1) € _ —n(cto(1)) —nc
dppir(n) N"e —a =€ N_>—+>OO e .

Moreover, for N large enough we have c+o(1) > ¢/2 > 0, hence we have a uniform bound d, ¢ (n)Fe < e="¢/2,

which is summable with respect to n and enables us to conclude when ¢ > 0.
We now assume, until the end of the proof, that ¢ < 0. Let us set ¢ = ¢(v/N) and omit the NV indices for
an, by, cn(n) for convenience. Then,

(' — q)a(k:)Qn(N(k)) — —ak/2+bk (ea(2n+1)k/2q7(2n+1) _ efa(2n+1)k/2q2n+1>
eank+bkq7(2n+1) e a(n+1)k+bkq2n+l
( ) ank—i—kan( ) + eank+bkq2n+1 - e—a(n+1)k+bkq2n+1
( ) ( ) e—c(n an(N) + ebk (eank o e—a(n+1)k> q2n+1’
so that
~ ek g1
P )@n(N) = aB)QuN ()| < 1= e ou(m) Qu(N) 4+ [t — ek g2

Let us now bound both terms for & = k. :
e For the first term we use the fact that @i (1) Qn(N) = O(e™") together with

‘1 — e_c(”)k’ < 2|e(n)|k < 4kq (\/ﬁ)

e As for the second term, the fraction involving b in front of the absolute value does not depend on n,
hence has no impact on the summability, while a < 0 for N large enough so that we can bound the
rest by

n n+1 n+1
geln )k 2t _ <61H<N>+C+O(1 <N))q2> _ < e+o("52) (4 +O(1/N))> .

4n+2
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For N large enough, the term in parenthesis is bounded by ec/2

with respect to n.

, hence the whole thing is summable

The proof is now concluded as in the proof of Proposition 3.14 to obtain the measure and the convergence of
the profile for ¢ < 0. Note that a(k) converges to 1 — e, which is the mass of the discrete part of the limit,
and that N (k) converges to (ec/2 + 6*0/2)2.

Remark that the case ¢ = 0, which was not treated above, follows from the monotonicity of the distance
proven in Lemma 2.6 and the continuity of the profile at 0. O

4.2.2. The lazy walk. We now turn to the lazy random walk associated with the state
N -1 1

As mentioned previously, the study of the corresponding cutoff phenomenon is subtler. Indeed, as pointed
out in [22], the states ¢** never admit L2-densities and hence the previous method based on Lemma 2.8 for
¢ > 0 does not work any more. Our idea in the present work will be to approximate the lazy random walk
by the pure one by mimicking an alternative classical way of avoiding periodicity for Markov chains, which
was used for example to study the cutoff for k-cycles by Berestycki, Schramm and Zeitouni [7]. It consists in
working in continuous time and considering a clock which rings at a random time given by an exponential
law of parameter one. Each time the clock rings, we make one step, and reset the clock. Note that the
standard deviation of a sum of order N In(/N) independent variables of law Exp(1) is of the order \/N In(N),
which is negligible when compared to NN, the size of the cutoff window, so it doesn’t change the cutoff profile
at all. A similar comment can be made about adding extra laziness as long as the laziness coefficient is not
too large.

As the next result will show, one can transfer this idea to the quantum setting and the result is formally
equivalent to adding laziness. Moreover, it leads to a simple proof of the cutoff phenomenon.

Theorem 4.4. The random walk associated to p = %gptﬁ—%s exhibits a cutoff phenomenon at N In(N)/2
steps in Fourier-Stieltjes norm. Moreover, the associated cutoff profile is given, for every ¢ € R, by

)) * 0p—c — Meix™(0,1)

1—e¢ —e ¢

Vitee l+ee

Proof. As explained in Remark 3.17, it suffices to prove the cutoff profile. For each j € N, we denote by
X, a random variable following the binomial distribution of parameters j and p = 1 — 1/N. Then for any

j € N, we have
i k k n—k
* X _2 : J N -1 1 xk _ xj
]E (‘ptr J) - <k3> < N > <N> thr =@ ]7

k=0

Jlim[[rTonaensen] ) - H Dis <Meix+ <

TV

where we make the convention that ;) = e. Write k. = [5(NIn(N) + ¢N)]|. We have
*Xp, xke . *Xp,. xke *Xpe xke
[ (i) - it g = [ (o™ i) < Bl e

Note that E (X}, ) = pke = ke + O(In(N)), so that by the Markov inequality,

FS'

P <|Xkc k< \/N> 1
N—o00
Using this together with the dominated convergence theorem yields

lim_|[B (™) - eir
G B (ef7) - e

*Xe

. *ke
s Sy E (1‘X’vc*kc|<\/ﬁ H‘p“ ~ P

rs)
o)

Let us first assume ¢ > 0. The proof of Theorem 4.3 shows that for any sequence ky = k.+o(N), we have

* Xk, ke

=k <N1—i>I£oo 1|Xkc—kc|<\/ﬁ H@tr — Pir

dn@tr(n)kN — g~ nlcto(1))
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as N — +oo, and moreover dypi(n)N N——> e and d,pi(n)Fy < e "¢/2 for N large enough. In
—00

particular, applying the same strategy of exchange of sum and limit as in the proof of Proposition 3.14, we
have

*kN *k,
P | —
H¢“ 0 | ps Nooo
Together with the previous estimates, this yields
. wke ke : #Xpe  wke _
Pl L4 P SE (Nl—lffooleckc“/ﬁ H@“ Pr FS) =0
and the result follows from Theorem 4.3. )

Now assume ¢ < 0 and consider the measures m, ~ associated with the pure random walk which were
defined just before Theorem 4.3. Note that for any £k € N, E (mg{Nk)) is a bounded measure on [0, N] such
that

*k _ (V) :
o] = e o) P,
Note also that

(N) (N) _ () (N) () (N)
[t (& (m52) = mi) [y = £ (o (m i), < B[t (m i),
The same argument as for the case ¢ > 0 yields that the right hand side tends to 0. So together with Theorem
4.3, we deduce that

lim |10, (B (m{)) = Poiss* (1) = tim |10, (i = Poiss* (1,1))

N—+o00 TV N—+oc0 HTV '

On the other hand, using again Theorem 4.3, we see that

HlR\[OA} (E (m(X]\Q) — Poiss™ (1, 1)) HTV = ||1r\[0,4E (mg?;i) HTV = HE (O‘(X’fc)dﬁ(Xkc)> HTV

= D P(X, = D)oz =D P(Xk, = i)ali)
ieEN TV €N
=E (a(Xk.)),
which tends to the mass of the discrete part of the free Meixner law in the desired profile. The proof is now
concluded as in the proof of Theorem 4.3. [l
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