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Abstract

While acoustic black holes (ABHs) have revealed as a lightweight and efficient way to reduce structural
vibrations and sound radiation, it is well-known that their range of application limits to mid-high frequencies.
However, recent theoretical research has shown that by attaching periodic local resonators to an ABH plate,
broadband vibration reduction can be attained, also covering the low frequency range. Such metamaterial
ABH plate, hereafter referred to as the MMABH plate, could be also effective in suppressing broadband
sound radiation. To that goal, we first briefly review how to compute the vibration field of the MMABH
using the Gaussian expansion component mode synthesis (GECMS) method. Then we characterize the
far-field acoustic radiation of the MMABH and analyze its sound power level and radiation efficiency using
a discrete radiation model. The non-negative intensity (NNI) on the MMABH surface is also computed to
determine which regions of the plate are responsible for the far-field, and avoid the recirculation problem
associated with standard intensity calculations. It is observed that the MMABH can substantially reduce
sound radiation at all frequencies thanks to the combination of several mechanisms. In the low-frequency
range, the formation of bandgaps induces a low-frequency coincidence effect with air that becomes beneficial,
while at mid-high frequencies supersonic bending waves entering the ABH slow down and become subsonic
once passed the transonic boundary. Their radiation efficiency experiences a big drop, resulting in poor
outwards radiation. Simulations of all these phenomena are presented and detailed physical background
explanations are provided.
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1. Introduction

The advent of acoustic black holes (ABHs) [1] in recent years has provided a lightweight, efficient means
to reduce structural vibrations and sound radiation in the mid-high frequency range. An ABH indentation
is typically achieved by diminishing the thickness to zero in a region of a given structure, following a power
law profile. The flexural waves propagating inside the ABH slow down and concentrate at its center, or
tip [2], where their energy can be dissipated using a thin single viscoelastic layer [3], or a constrained
one [4] (among other possibilities). To date, different ABH designs have been proposed such as wedge [1, 2]
and spiral [5, 6] decreasing terminations at the end of beams, and circular [7–9], rectangular [10], double
compound [11, 12] or ring-shaped [13] indentations in plates. Recently, ABHs have also been designed to
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be embedded in circular beams [14] and cylindrical shells [15, 16]. A recent and insightful review on ABHs
is provided in [17]. It is to be noted, though, that despite a large amount of theoretical and experimental
literature exists on the benefits of the ABH effect for structural vibration reduction, works dealing with its
influence on sound radiation are less common and rather recent.

The potential of ABHs to reduce sound radiation from plates was initially explored in [18], where ex-
periments were performed on a plate containing an array of six ABHs, patched with small damping layers.
The results showed that the sound power level (SWL) was reduced in 10-18 dB in the 1-3 kHz range, as
compared to the SWL of a reference uniform plate. At the same time, computational simulations were car-
ried out in [19] for the vibroacoustics of a plate with an embedded array of 25 ABHs. The authors reported
how in addition to the vibration reduction, the radiation efficiency substantially drops once past the ABH
cut-on frequency. Wavenumber analysis helped understanding the underlying physical phenomenon [20, 21].
In [22, 23], it was clearly reported how flexural supersonic waves become subsonic beyond a given frequency-
dependent transonic boundary inside the ABH. Consequently, the ABH area inside the transonic boundary
radiates very poorly. Experimental validation followed in [24, 25]. In addition to free-field radiation, a
few more complex vibroacoustic situations have been analyzed from an experimental and numerical point
of view. For instance, in [21, 26, 27] ABH plate noise radiation inside a cavity was investigated, while
transmission loss between cavities separated by ABH plates were studied in [28–30].

As one could have expected, though, none of the above works reported sound radiation reduction below
the ABH cut-on frequency, fcut−on. In this paper, we will refer to f � fcut−on, f ∼ fcut−on, and f � fcut−on

as the low, mid, and high frequency ranges, respectively. The ABH effect essentially works for the mid-high
frequency range because of size limitations. At low frequencies, the radius of the ABH must be very large
to act on impinging waves, which is unfeasible from a practical point of view. Therefore, a lot of current
research focuses on finding ways to complement the ABH effect to attain broadband vibration reduction in
plates. For instance, nonlinear effects are being exploited for that purpose [31–35] as well as optimization
techniques [36–39], which have provided promising results. Periodic distribution of ABHs on plates have
proved effective too [40]. Also, the effects of non-locality to expand the range of applicability of ABHs are
being explored [41]. Another potential solution relies on exploiting some characteristics of metamaterials
and/or periodic systems in combination with ABHs. In particular, locally resonant metamaterials [42]
that involve periodically or randomly arranged resonators have proved very valuable to manipulate waves
at low frequencies. Locally resonant metamaterials usually perform well in the frequency band where the
resonators’ eigen-frequencies belong, though some careful designs have been conceived to try to expand their
effective frequency band [43–45]. To date, metamaterials have not only proved to be useful for vibration
reduction [46–48], but for sound insulation [49, 50] and wave manipulation [51, 52] as well. It is therefore
natural to wonder whether metamaterials could be employed to improve the performance of ABH plates
at low frequencies. This was the proposal in [53], where periodically distributed damped resonators were
added to an ABH plate and tuned at its first eigenfrequency. That metamaterial ABH plate design, which
was referred to as the MMABH plate, presented substantial vibration reduction for the whole frequency
range, from lower to higher frequencies. It is the purpose of this work to check whether the MMABH is also
capable of broadband sound radiation reduction and, if this is the case, understand the reasons behind such
behavior.

With the exception of [12, 25], in which impaired broadband sound radiation from a plate with peri-
odically tunneled double-leaf ABHs was analyzed, and as far as the authors know no further works have
contemplated the performance of enhanced ABH plates in terms of sound emission. For the time being, all
the above cited papers have basically focused on achieving and analyzing broadband vibration reduction.
As said, it is our goal in what follows to characterize the sound radiation from the MMABH plate. To
start with, we will briefly summarize how to compute the vibration field of the MMABH plate, following
the contents in [53]. Essentially, what it is done is to adapt our previously established Gaussian expansion
method (GEM) [13, 16, 54] to incorporate local resonators by means of a simplified component mode syn-
thesis (CMS) approach, which is beneficial because of model order reduction [55]. For brevity, the resulting
numerical method will be hereafter termed as the GECMS. It is worth mentioning that the very recently
developed nullspace method [56] could have been used instead to assemble substructures, yet this is left for
future developments. Once we have the velocity distribution on the MMABH surface for a given external
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Figure 1: (a) 3D sectional view for the proposed MMABH plate, in which the green portion represents the damping layer. (b)
The flat side of the MMABH plate, where the resonators are attached. (c) Discretized sound radiation model for the simply
supported MMABH plate under a point force excitation and surrounded by an infinite rigid baffle.

excitation, the far-field acoustic pressure can be determined by means of Rayleigh’s integral (see e.g., [22, 57–
60]). By introducing a discrete radiation model and an associated resistance matrix, the sound power level
and radiation efficiency of the MMABH plate can be computed, following the steps in [22, 61]. Finally, to
determine which regions of the MMABH surface are responsible for the far-field sound radiation, we will
resort to non-negative intensity (NNI) [62–65] as an alternative to supersonic intensity analysis [22, 66, 67]
because of ease of implementation and slightly better performance at low frequecnies [68].

The paper is organized as follows. In Section 2 we describe the MMABH plate. In Section 3, we in-
troduce all theoretical developments needed to analyze sound radiation from the MMABH. In particular, it
is exposed how to obtain the MMABH vibration field and how to compute the far-field acoustic pressure,
sound power level, radiation efficiency and non-negative intensity. Section 4 presents the results of the
numerical simulations and analyze them in detail. Conclusions close the paper in Section 5. For complete-
ness, Appendix A provides the mass and stiffness matrices, and the modal vectors, which are necessary to
compute the MMABH surface velocity distribution. In Appendix B, the phenomena of bandgap formation
and coincidence frequencies for the MMABH are explained and it is shown how they change depending on
the lattice constant and plate thickness.

2. Design of the MMABH plate

A sketch of the MMABH plate proposed in [53] is shown in Figs. 1a and 1b. It consists of a uniform plate
with a circular ABH indentation placed at its center and a regular lattice of local resonators distributed on
its flat surface. The MMABH plate has dimensions Lx×Ly and the thickness outside the ABH is huni. The
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Geometry parameters Material parameters
m = 2.5 ρp = 7800 kg/m3

Lx = 0.8 m Ep = 210 GPa
Ly = 0.6 m ηp = 0.01
huni = 0.01 m νp = 0.3
rabh = 0.24 m

ε = 0.3189 m−1.5 ρv = 950 kg/m3

hc = 0.001 m Ev = 5 GPa
rv = 0.12 m ηv = 0.5
hv = 0.001 m νv = 0.3

Table 1: Geometry and material parameters of the ABH plate. ρp: plate density, ρv : damping layer density, Ep: plate Young
modulus, Ev : damping layer Young modulus, ηp: plate loss factor, ηv : damping layer loss factor, νp: plate Poisson ratio, νv :
damping layer Poisson ratio.

radius of the ABH is rabh and the residual thickness at its center, (xc, yc), is denoted by hc. The thickness
profile of the ABH is given by h(r) = εrm + hc, where ε stands for the ABH slope (smoothness parameter),
m for the ABH order and r =

√
(x− xc)2 + (y − yc)2 < rabh for the horizontal local distance. To dissipate

energy, a circular thin viscoelastic layer of thickness hv and radius rv is attached at the center of the ABH.
On the other hand, and as mentioned in the introduction, the ABH effect does not work to reduce low-
frequency vibrations. This is the task of the local resonators, which are uniformly distributed on the plate
(see Fig. 1b): nx and ny resonators are respectively placed in the x and y directions resulting in a total of
nx×ny resonators. For simplicity, a square lattice is chosen with lattice constant a = Lx/nx = Ly/ny. The
MMABH is designed so that its overall weight does not surpass that of the original uniform plate where we
embed the ABH. Therefore, the mass removed to make the ABH indentation, ∆M , is recycled as that of
the resonators, so each one has mass ∆Mr = ∆M/(nxny). The resonators have springs of identical stiffness
kr = (2πfr)

2∆Mr, fr being their eigen-frequency. In this paper, we tune fr = f1, where f1 stands for the
first resonant frequency of the ABH plate. The values of the geometrical and physical parameters values of
the MMABH used for the simulations in this paper are given in Table 1.

Let us also note that we are considering a design with a single ABH indentation for the MMABH

plate. Given that the ABH cut-on frequency is given by fcut−on = πhuni

4r2abh

√
Ep

3ρp(1−ν2
p) it is clear that the

larger the ABH radius, rabh, the lower fcut−on. Therefore, if we want to achieve vibration and noise
radiation broadband frequency reduction is better to chose a single large ABH over several smaller ones [54].
Admittedly, in a real implementation this option could present some problems because of the plate stiffness
would be weakened so, depending on the target, a metaplate with more than one ABH could be a reasonable
option. However, we will not address this situation in this paper but focus on the design in Figs. 1a and 1b.

3. Characterization of sound radiation

3.1. Far field radiation

To perform sound radiation computations the MMABH vibrating surface is divided into N elementary
radiators, each one having area ∆S. Within ∆S, the plate transverse velocity vp(x0) = iωwp(x0) is assumed
to be constant. Here, wp(x0) denotes the vertical displacement at point x0 = (x0, y0) on the plate. To avoid
complications due to diffraction, the MMABH plate is set in an infinite rigid baffle, as illustrated in Fig. 1c.

The acoustic pressure at a far field point x for a given radian frequency ω can be obtained, as usual, by
means of Rayleigh’s integral,

p(x) =
iωρ0

2π

∫ Lx

0

∫ Ly

0

vp(x0)
e−ik‖x−x0‖

‖x− x0‖
dx0dy0, (1)
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where k = ω/c0 is the wavenumber and c0 and ρ0 respectively represent the speed of sound and the air
density. The integral in Eq. (1) can be computed by means of standard numerical techniques once the
surface velocity distribution vp(x0) of the plate is known. Here vp(x0) could correspond to the velocity
pattern of an MMABH plate mode, or to the velocity response to a given point or distributed external
excitation. Obtaining vp(x0) for the MMABH plate is not straightforward, as finite element simulations
become demanding due to the small value of the truncation thickness hc at the center of the ABH. An
alternative approach has been recently developed by the authors in [53]. The method is termed the GECMS
and essentially consists in first using Gaussian functions as a basis in the framework of the Rayleigh-Ritz
method to determine the modes of the bare ABH plate (i.e without resonators). A modal reduction of the
model is then carried out and finally the resonators become attached to the plate by incorporating their
influence in the Lagrangian of the overall system (i.e., the MMABH plate). In the following lines a brief
overview of the GECMS is presented given that it will be used to get vp(x0) in the simulations of Section 4
below.

The starting point is to follow [13, 54] and expand the displacement field of the bare ABH plate as

wp(x0, t) = a>(t)χ(x0) = χ>(x0)a(t), (2)

where χ(x0) represents a vector of basis Gaussian functions and a(t) their corresponding time-dependent
coefficient vector. We can use this expansion to write the Lagrangian of the ABH plate as

L = Tp − Vp =
1

2
ȧ>Mpȧ−

1

2
a>Kpa, (3)

where Tp and Vp respectively stand for the bare ABH plate kinetic and potential energy, and Mp and Kp

are their corresponding mass and stiffness matrices (see Appendix A). If we next apply the Euler-Lagrange

equations, ∂t(∂ȧL )−∂aL = 0, to Eq. (3) and consider the time harmonic dependence a(t) = Â exp(iωt), we

get the eigenvalue problem,
[
−ω2Mp +Kp

]
Â = 0, from which we obtain the bare ABH plate eigenvectors

Âi, i = 1 . . . N . Let us only select those necessary to cover the frequency range of interest, say the first
N ones. In most practical cases N � N which substantially reduces the dimensions of the problem. To
avoid confusions, the selected eigenvectors will be written as Ai, i = 1 . . . N . If P stands for the eigenmatrix

containing all Ai in columns, we can obtain the generalized mass and stiffness matrices Mp = P
>
MpP and

Kp = P
>
KpP . Introducing modal coordinates such that, a = Pεp, the Lagrangian in Eq. (3) transforms

(in the considered frequency range) to

L ≈ L = Tp − Vp =
1

2
ε̇>pMpε̇p −

1

2
ε̇>pKpε̇p. (4)

We are now in disposition to account for the influence of the resonators on the plate. This is done by
adding their kinetic energy to Tp and the potential one to Vp, namely,

T = Tp +

nxny∑
i=1

Tri =
1

2
ε̇>pMpε̇p +

nxny∑
i=1

1

2
ẇriẇri =

1

2
ε̇>Mε̇, (5)

V = Vp +

nxny∑
i=1

Vri =
1

2
ε>pKpεp +

nxny∑
i=1

1

2
ε>Kriε =

1

2
ε>Kε. (6)

In Eq. (5) and Eq. (6), Tri and Vri respectively stand for the kinetic and potential energy of the i-th
resonator, wri = wri/

√
mi denote its normalized displacement and Kri, K and M represent appropriate

stiffness and mass matrices whose expressions are provided in Appendix A. From Eqs. (5) and (6) we can
finally build the MMABH plate Lagrangian, namely,

LMMABH = T − V =
1

2
ε̇>Mε̇− 1

2
ε>Kε, (7)
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and applying the Euler-Lagrange equations again, while assuming ε(t) = ε̂ exp(iωt), we get the eigenvalue
problem (

−ω2M +K
)
ε̂ = 0, (8)

from which we can compute the modes of the MMABH plate. In the case of an external force excitation, f ,
the plate response is obtained through modal superposition.

For the radiation problem, once we get the flexural displacement of the MMABH plate, wp(x, y), from
Eq. (B.5), we can compute its mean value for each radiator ∆S and arrange the result in a vector, wp,
having as much rows as radiators in the plate. The velocity vector to be used in the discrete version of
Eq. (1) is then given by vp = iωwp.

3.2. Sound power and radiation efficiency

The radiated sound power, Wrad, of the MMABH plate is given by,

Wrad =
∆S

2
Re
(
vH
p pp

)
, (9)

where pp is the N × 1 vector containing the acoustic surface pressure of each radiator and the superscript H
stands for the Hermitian (complex conjugation plus transposition). In order to obtain Wrad solely in terms
of the surface velocity, vp, we introduce the impedance matrix, Z, such that (see [69]),

pp = Zvp, (10)

with

Z = ρ0c0


d −ik∆S

2π
eikr12

r12
· · · −ik∆S

2π
eikr1N

r1N

−ik∆S
2π

eikr21

r21
d · · ·

...
...

...
. . .

...
−ik∆S

2π
eikrN1

rN1
· · · · · · d

 . (11)

Here, rmn = rnm (1 ≤ m,n ≤ N) is the shortest surface distance between radiators m and n. When m = n,
the diagonal terms d in Eq. (11) become singular. One can avoid the singularity by integrating over a
circular area around the center of the radiator to get [69, 70],

d =
1

2

(
k

√
∆S

π

)2

− i
8

3π

(
k

√
∆S

π

)
. (12)

Using Eqs. (10) and (11), the radiated sound power in Eq. (9) can be expressed as

Wrad =
∆S

2
Re
(
vH
p pp

)
=

∆S

2
Re
(
vH
p Zvp

)
= vH

p Re

(
Z

2

)
vp∆S ≡ vH

p Rvp∆S, (13)

where in the last equality we have introduced the real symmetric and positive-definite resistance matrix R,

R =
ω2ρ0∆S

4πc0


1 sin(kr12)

kr12
· · · sin(kr1N )

kr1N

sin(kr21)
kr21

1 · · ·
...

...
...

. . .
...

sin(krN1)
krN1

· · · · · · 1

 . (14)

The radiation efficiency of the MMABH plate is finally obtained from [71],

σ =
Wrad

ρ0c0N∆S〈v2〉MMABH
=

Wrad

ρ0c0∆SvH
p vp

, (15)

where 〈v2〉MMABH designates the mean square velocity (MSV) over the MMABH plate surface.
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3.3. Non-negative intensity

To fully characterize the sound radiation behaviour of the MMABH plate it does not suffice to provide its
sound power level and radiation efficiency. One also needs to know which regions of the plate are responsible
for sound radiation at each frequency. It turns out that sound intensity is inefficient to that goal because the
contributions from neighboring radiators with positive and negative values cancel out. That problem led to
the development of supersonic intensity [66, 72], in which the acoustic pressure and velocity are transformed
to the wavenumber domain and the subsonic components responsible for near field evanescent waves are
filtered out. Supersonic intensity in the spatial domain was lately proposed for planar [67] and cylindrical [61]
surfaces, based on convolution operations. However, supersonic intensity can still show positive and negative
values and as an alternative, the concept of non-negative intensity (NNI) was introduced in [73]. NNI relies
on acoustic radiation modes and it is easy to implement. It has been recently shown that NNI is very
suitable to locate sound source at low frequencies [68], therefore in this work we will use it to determine the
effective radiation regions of the MMABH plate.

The essentials of the NNI rely on finding the eigenpairs (λi,Ψi) of the resistance matrix R in Eq. (14)
(see [73]). Note that all λi are strictly positive because R is a positive-definite matrix. The eigenvalues and
eigenvectors of R can be grouped in matrices

Λ = diag(λ1, λ2, λ3, ..., λi, ..., λN ),

Ψ = [Ψ1,Ψ2,Ψ3, ...,Ψi, ...,ΨN ], (16)

with Ψi normalized such that

Ψ>Ψ = I,

Ψ>RΨ = Λ. (17)

Eq. (17) allows one to re-express the resistance matrix as

R = ΨΛΨ> = Ψ
√

Λ
√

ΛΨ> = Ψ
√

Λ
(
Ψ>Ψ

)√
ΛΨ> =

(
Ψ
√

ΛΨ>
)(

Ψ
√

ΛΨ>
)
≡ Φ>Φ, (18)

which shows that R can be factorized as the product of two identical matrices. Taking Eq. (18) into Eq. (13)
yields the following result for the radiated sound power

Wrad = vH
p Rvp∆S = vH

p Φ>Φvp∆S = (Φvp)
H

(Φvp) ∆S ≡ βHβ∆S. (19)

In the last equality of Eq. (19) we have identified the vector β. The i-th entry of this vector, βi, represents
the square root of the NNI of the i-th radiator. In other words, the sound intensity of the i-th elementary
radiator is given by the square of βi, which makes it inevitably non-negative. The NNI vector can therefore
be defined as

INNI
p = β∗ � β, (20)

where � symbolizes the Hadamard product (entrywise) and the superscript ∗ designates the complex con-
jugate.

4. Numerical results

4.1. MMABH plate features

For the numerical simulations, hereafter we will consider an MMABH plate having the geometrical and
physical parameters listed in Table 1. As explained in Section 2, the mass removed from the plate when
fabricating the ABH, ∆M = 7.0573 kg, becomes distributed between all resonators. We chose a total of
nx × ny = 16 × 12 = 192 resonators, each one having equal mass ∆Mr = ∆M/192 = 0.0368 kg, and with
lattice constant a = 0.05 m. The first resonant frequency of the bare ABH plate is f1 = 96.7 Hz, which
implies each resonator has stiffness kr = (2πf1)2∆Mr = 13569 N/m. An external point force of amplitude
1 N is exerted at the location (0.725, 0.55) m and the MMABH plate is assumed to be simply supported at
its boundaries.

7
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Figure 2: Mean square velocity (MSV) comparison between (a) the ABH and UNI plates, (b) the MMABH and ABH plates
and (c) the MMABH and UNI plates. The reference velocity is selected as 1 m/s.

4.2. Surface vibration of the MMABH

The velocity distribution on the plate surface, vp(x0), turns to be one of the utmost variables for sound ra-
diation as it appears in the formula for the far-field radiation, Eq. (1), in that of the sound power level, Eq. (9),
radiation efficiency, Eq. (15), and non-negative intensity, Eqs. (19) and (20). Although the vibration reduc-
tion when exciting the MMABH plate in comparison to an ABH plate or a uniform one has been analyzed in
detail in [53], it is worth illustrating here some basic results for completeness. We focus on the surface mean

square velocity (MSV) of those plates, defined as MSV(dB) = 10 log
[
ω2
∫ Lx

0

∫ Ly

0
w2(x0, y0)dy0dx0/(LxLy)

]
.

In Fig. 2a, we compare the MSV of an ABH plate with that of a uniform plate (having the same amount
of damping) and observe the well-known ABH effect. Beyond the ABH cut-on frequency, fcut−on = 428 Hz,
the vibration gets substantially reduced (up to ∼ 10 dB), but for lower frequencies there is no improvement
with respect to the uniform plate. This is known to be the main drawback of ABH designs. The MMABH
plate was intended to remedy this situation. If we add 16 × 12 resonators tuned at the first resonance of
the ABH plate, namely f1 = 96.7 Hz, it is observed how the vibration attenuation is also remarkable at
low frequencies thanks to bandgap formation, see Fig. 2b and the explanations in Appendix B. It is to be
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Figure 3: Velocity distribution on the surface of (a1)-(a4) the UNI plate, (b1)-(b4) ABH plate, and (c1)-(c4) MMABH plate,
at different frequencies. The black asterisks in the last column stand for the location of the resonators. The red crosses in each
subfigure symbolize the external point force. Different color scales are used to better appreciate the results.

noticed that the resonators have to be properly damped to diminish all other peaks but f1, see [74]. In this
paper we have considered a loss factor of ηr = 0.1 for the stiffness of each resonator, i.e., kr = kr(1 + iηr).
To finally highlight the better performance of the MMABH plate in front of a uniform one with identical
weight, in Fig. 2c we present their corresponding MSVs. It is observed that the MMABH plate lowers almost
all peaks in the analyzed frequency range. The sole exception is that at f = 332 Hz. This peak could be
also smoothed by including additional resonators tuned at its particular frequency though this is deemed
out of the scope of this work. Beyond this, it becomes apparent from Fig. 2 that the MMABH plate offers
clear advantages in terms of broadband vibration reduction.

To gain some more insight on how the MMABH helps reducing vibrations, we can next have a look at the
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Figure 4: Far-field acoustic pressure radiated by (a1)-(a2) the UNI plate, (b1)-(b2) the ABH plate, and (c1)-(c2) the MMABH
plate, at frequencies f = 99 Hz (first row) and f = 2000 Hz (second row). Note that the top surface in each subfigure (z = 1 m)
has been reproduced in a different color scale to better appreciate the values in it. P1 and P2 are two test points at (0.725,
0.55, 1) m and (0.4,0.3,1) m for which results are presented in Fig. 5.

plate surface velocity distribution for different frequencies. The three columns in Fig. 3 respectively present
results for the uniform, ABH, and MMABH plates, while the rows correspond to different frequencies. Let us
first inspect the first row in the figure, whose frequency f = 99 Hz is located inside the bandgap induced by
the periodic distribution of resonators (see Appendix B). From Figs. 3a1 and 3b1 it is seen that the vibration
patterns of the uniform plate and the ABH plate are very similar though the latter exhibits much stronger
levels. The ABH effect does not work for such a low frequency and the reduction in stiffness due to the ABH
indentation induces a very high vibration level. However, when adding the local resonators to the ABH plate
the resulting MMABH one reduces the vibration of the ABH plate in ∼ 1/10, see Fig. 3c1. Moreover, the
wave propagating to the left from the excitation point gets stopped thanks to the bandgap formation. If we
next consider the higher frequency f = 460 Hz, which is slightly higher than fcut−on = 428 Hz (second row
in the figure), we observe how the vibration concentrates within the ABH region where it gets dissipated by
the damping layer. The MMABH performs similarly to the ABH plate because the driving frequency is far
from the eigen-frequency of the resonators. A similar behavior can be appreciated as long as the frequency
increases, as seen in the third and fourth rows of the figure corresponding to f = 1206 Hz and f = 2000 Hz.
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Figure 5: Far-field sound pressure level (SPL) at points (a) P1 and (b) P2 in Fig. 4.

4.3. Far-field radiation of the MMABH

Once obtained the velocity distribution on the plate surface we can compute the far-field acoustic pressure
using Eq. (1). In Fig. 4, each column presents the sound pressure distribution radiated by the uniform (UNI),
ABH and MMABH plates in a three-dimensional volume of (0, 0.8) × (0, 0.6) × (0, 1) m3 for two different
frequencies, f = 99 Hz (first row) and f = 2000 Hz (second row). It can be seen from the figure that the
sound pressure values decrease significantly as the distance from the source surface augments, as one would
expect. To better highlight the sound pressure at the plane z = 1 m, we have redrawn the results for the top
volume surface on each subplot. As observed, for f = 99 Hz, the far-field sound pressure of the ABH plate
(4.6× 10−3 Pa) is greater than that of the UNI one (1.1× 10−3 Pa), because, as explained in the preceding
section, the ABH effect does not work for this low frequency and the ABH plate is less rigid than the uniform
one. As opposed, the sound radiated by the MMABH plate is about one order of magnitude (1.4×10−4 Pa)
lower than those of the ABH and UNI plates. It is therefore clear that the MMABH significantly diminishes
the far-field acoustic radiation of the ABH plate at low frequencies, thanks to the local resonators. For the
higher frequency of 2000 Hz in the second row of the figure, the far-field radiation of the MMABH and
ABH plates are almost identical and significantly smaller than that of the UNI one, indicating that the noise
reduction effect at high frequencies is mainly due to the ABH effect.

On the other hand, in Fig. 5 we have depicted the sound pressure level (SPL) curves of the MMABH plate
at test points P1 (0.725,0.55,1) m and P2 (0.4,0.3,1) m indicated in Fig. 4. These two points are respectively
located just above the excitation force and above the centre of the ABH. Their SPLs are plotted in Figs. 5a
and 5b and compared to those of the ABH and UNI plates. As seen from the two subfigures, the MMABH
is able to substantially improve the behavior of the ABH plate at low frequencies while keeping its good
performance at higher frequencies. It also overcomes the UNI plate for the whole frequency range.

4.4. Surface sound pressure, sound power level and radiation efficiency of the MMABH

To further understand how the MMABH radiates sound, we next analyze its surface sound pressure
distribution, sound power level and radiation efficiency, following the developments in Section 3.2.

The sound pressure on the MMABH surface corresponding to the vibration fields plotted in the subfigures
of Fig. 3 is computed from Eq. (10) and plotted in Fig. 6. As seen in the first row, for 99 Hz the sound
pressure patterns of the uniform and the ABH plates are very similar (see Figs. 6a1 and 6b1), with the
largest values found at the plate centers. In fact, the maximum sound pressure for the ABH plate is almost
10 times bigger than that of the uniform plate. Again, this is attributed to the small rigidity induced by the
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Figure 6: Sound pressure distribution on the surface of (a1)-(a4) the UNI plate, (b1)-(b4) ABH plate, and (c1)-(c4) MMABH
plate, at different frequencies. Different color scales are used to better appreciate the results.

ABH indentation and has nothing to do with the ABH effect. As opposed, a drastic reduction of surface
acoustic pressure is achieved for the MMABH plate because 99 Hz lies in the bandgap induced by the
resonators. The maximum pressure levels are found close to the force excitation point with an amplitude
∼1/100 smaller than that of the ABH plate. This result confirms the usefulness of the resonators. Besides,
in the second row of Fig. 6 we plot again the outcomes for 460 Hz, which is higher than the ABH cut-on
frequency. In this case the maximum sound pressure is found in the ABH area for the ABH and MMABH
plates as most vibration concentrates therein because of the ABH effect (see Figs. 6b2 and 6c2 and compare
with the uniform plate in Fig. 6a2). The resonators have little impact on the pressure as seen from Fig. 6c2.
At 1206 Hz, which is close to the critical frequency fcrit = 1172 Hz, the sound pressure on the three plates
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augments. For the ABH and MMABH plates, very significant sound pressure levels are found outside the
ABH region because the wavenumber in the uniform portion of the plate is close to that in air (see Appendix
B). For very high frequencies, as 2000 Hz in the fourth row, the coincidence effect disappears and the sound
pressure concentrates again inside the ABH area. Observe that the last row in Fig. 6 shows the sound
pressures distributions we already depicted at the bottom surfaces of the radiation volumes in Fig. 4.

The sound power level (SWL) for the three plates is calculated from Eq. (13). In Fig. 7a, we compare
the SWL radiated by the uniform plate with that of an ABH plate. It is seen that the ABH SWL for
frequencies higher than fcut−on = 428 Hz is strongly reduced, whereas no significant reduction is achieved
at low frequencies (see e.g., the peak at f1 = 96.7 Hz), as one could have expected [22]. In contrast, the
MMABH plate also presents a noticeable SWL reduction at low frequencies, see Fig. 7b. It is seen in the
figure, where the MMABH SWL is compared to the ABH one, that the influence of the local resonators in
the SWL is noticeable and does not undermine the good performance of the ABH at higher frequencies. As
pointed out in [53], the local resonance and ABH effects are very weakly coupled (at least for the present
example). Finally, comparing the SWL of the uniform plate with that of the MMABH one in Fig. 7c,
we observe the great potential of the MMABH plate as an average reduction of SWL close to ∼20 dB is
attained.

Some additional insight on how the MMABH plate achieves such remarkable SWL reduction can be
found by analyzing its radiation efficiency, which is computed from Eq. (15). In Fig. 8, we have plotted
four different radiation efficiency curves. That with the UNI legend corresponds to a uniform plate while
MMUNI indicates a uniform plate with attached local resonators. The figure also contains results for the
ABH and MMABH plates. If we first compare the UNI and MMUNI radiation efficiencies, it is observed
that the UNI curve follows the typical trend of increasing its value until the critical frequency is reached,
and then starts diminishing. The MMUNI curve presents the same behavior except for frequencies close to
f1, where it has a dip and then slightly surpasses the values of the UNI plate. This can be attributed to the
low-frequency coincidence phenomenon reported in Appendix B. If we now compare the UNI and MMUNI
curves with the ABH and MMABH ones, it becomes clear that the ABH indentation has a profound impact
on the radiation efficiency at almost all frequencies. Besides, focusing on the ABH and MMABH curves, it is
seen that the radiation efficiency of the MMABH has a strong dip close to f1, but becomes larger than that
of the ABH plate for frequencies between f1 and fcut−on. Again, this is a consequence of the low-frequency
coincidence effect, see Appendix B.

4.5. Sound intensity and non-negative intensity of the MMABH

In this section, we investigate which parts of the MMABH are responsible for the far-field sound radiation,
by means of the non-negative intensity (NNI) introduced in Section 4.5. The results will be compared to
those of the UNI and ABH plates at the previously considered frequencies f = {99, 460, 1206, 2000} Hz.
Let us start presenting results for the standard acoustic intensity and see why it fails (see e.g., [66, 73]).
The surface acoustic intensity is shown in Fig. 9 for the three plates and four frequencies. At the lowest
frequency of the figure, namely 99 Hz (first row), the maximum intensity values concentrate at the central
region for the three plates, yet those of the MMABH one are much smaller than those of the UNI and ABH
plates (the ABH values being the biggest). Note that the acoustic intensity of the UNI and ABH plates
is almost positive at all surface points for such low frequency, but shows negative values for the MMABH.
The situation drastically changes at 460 Hz (second row). In this case, the sound intensity of the ABH and
MMABH plates focuses in the ABH center, while this is certainly not the case for the UNI one in Fig. 9a2.
In all plots negative values of the acoustic intensity become significant indicating recirculating zones which
do not radiate sound outwards. If we increase the frequency to 1206 Hz (third row in Fig. 9), the intensity
of the ABH and MMABH plates present very high values in their uniform areas, because we are close to
the uniform plate’s critical frequency. Finally, at 2000 Hz (last row) very complex recirculation takes place
in the ABH regions with alternating zones of positive and negative intensity.

While the acoustic intensity may give some hints on how the MMABH radiates sound, it is clear from the
results in Fig. 9 that one should resort to supersonic (SSI) or to non-negative intensity (NNI) to correctly
discriminate which zones in the plate are responsible for the far-field acoustic radiation, and avoid the
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Figure 7: Sound power level (SWL) comparison (a) between the ABH and the reference uniform (UNI) plate, (b) between the
MMABH and ABH plate, and (c) between the MMABH and the reference UNI plate.

recirculation problem. As said before, in this work we have favored the NNI because it presents some better
behavior at low frequencies [68].

NNI surface plots at f = {99, 460, 1206, 2000} Hz have been computed with Eq. (20) and plotted in
Fig. 10. It observed that at 99 Hz (first row), the most effective radiating region of the UNI and ABH plates
is the plate center. However, the radiation area of the MMABH plate mainly locates in the neighborhood
of the force point, and its maximum value is much smaller than those of the other two plates. This is a
direct consequence of the bandgap formation by the local resonators. Not only because of their damping
effect but mainly because of the group velocity being small, which prevents waves from propagating in the
bandgap. As shown in Figs. B.1-B.2, the dispersion curves at the band gap bounds are very flat (their
gradient correspond to the group velocity). If we next have a look at the results for 460 Hz (second row),
which is much larger than the first modal frequency of the plate but smaller than the critical frequency, it is
observed that the active radiating area for the three plates moves to the plate corners. This is consistent with
the well-known phenomenon of edge and corner radiation below the critical frequency of a uniform plate,
see e.g., [73, 75, 76]. At 1206 Hz (third row), which is bigger than the critical frequency and well-passed the
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plus resonators) plates.

ABH cut-on frequency, it is clearly seen that the NNI is zero inside the ABH indentation. Therefore the
uniform portions of the ABH and MMABH plates are the ones responsible for far-field radiation. The reason
for that is the ABH effect, which slows downs supersonic waves entering the indentation and turn them into
subsonic. When the frequency is large and well beyond the critical frequency, waves can be still supersonic at
the entrance of the ABH, and it takes some distance to diminish their velocity and make them subsonic. This
is what occurs at 2000 Hz (fourth row in Fig. 10). One can identify transonic boundaries [22], marked with
white dashed circles, where the bending wave propagation velocity transforms from supersonic to subsonic.
In this situation the NNI mainly concentrates between the ABH edge and the transonic boundary, because
the vibration is more intense there than in the uniform area of the plate and the waves are still supersonic
(see Figs. 10b4 and 10c4). In summary, the MMABH can substantially reduce the sound power and far-field
sound radiation of plates based on two reasons: i) the bandgap formation and damping effect induced by
the local resonators and ii) the ABH effect which traps and slows down waves making them subsonic.

5. Conclusions

In this paper we have investigated the sound radiation properties of the MMABH plate, which is built
from an ABH plate with attached local resonators. The resonators are periodically distributed on the plate
and have been tuned so that their natural frequency matches the first eigenfrequency of the ABH plate. The
MMABH was originally designed to achieve broadband vibration reduction by combining the low-frequency
bandgap formation by periodically distributed local resonators, with the ABH effect at mid-high frequencies.
In this work, we have observed that the MMABH also provides broadband sound radiation reduction and
we have analyzed the reasons why.

A sound radiation model has been built to be able to compute the far-field acoustic pressure radiated
by the MMABH, its sound power level and radiation efficiency, and the NNI at its surface. It is clear that
the vibration reduction of the MMABH as compared to uniform and ABH plates at low frequencies, and
to uniform plates at mid-high frequencies has a profound impact in sound radiation reduction, but there
is much more than that. In particular, the differences of radiation efficiency and NNI among plates are
very revealing. The radiation efficiency of a finite uniform plate grows from small values at low frequencies
to a maximum at the critical frequency and then diminishes to that of an equivalent piston. If we add
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Figure 9: Acoustic intensity distribution on the surface of (a1)-(a4) the UNI plate, (b1)-(b4) the ABH plate, and (c1)-(c4)
the MMABH plate, at different frequencies. Different color scales are used to better appreciate the results.

local resonators to the plate, a big drop takes place at the bandgap due to the low-frequency coincidence
phenomenon and then the radiation efficiency recovers that of the uniform plate. On the other hand, the
inclusion of an ABH indentation strongly decreases the radiation efficiency as one approaches the cut-on
frequency. Well-passed the latter, an ABH plate becomes a very poor radiator. The MMABH has the
advantage of combining both effects so, in average, one can achieve a low radiation efficiency for the whole
frequency range.

Likewise, the analysis of non-negative intensity allows one to understand how the MMABH radiates at
the far-field at different frequencies. At the lower ones, within the bandgap, wave propagation is banned and
the MMABH only radiates from a small neighborhood of the excitation point. As opposed, both the uniform
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Figure 10: Non-negative intensity distribution on the surface of (a1)-(a4) the UNI plate, (b1)-(b4) ABH plate, and (c1)-(c4)
MMABH plate, at different frequencies. The white dashed circles in the last row indicate the transonic boundary. Different
color scales are used to better appreciate the results.

and in particular the ABH plate present very high intensity values at their centers. As one approaches the
cut-on frequency, corner radiation dominates for the three plates. Close to the critical frequency, which is
well passed the cut-on frequency, the ABH and MMABH plates behave identically. The ABH effect is fully
operational and waves inside the ABH region are subsonic. Radiation then comes from the outer ABH area.
As the frequency augments, it takes some distance for the supersonic waves entering the ABH to slow down
and become subsonic, so radiation mainly takes place in the ring region between the transonic boundary
and the ABH radius.

To conclude, the MMABH plate looks as a very promising design for both, broadband vibration and
sound radiation reduction. In future works, we aim at experimentally testing MMABH-type designs as well
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as considering their analogies for other geometries, like cylindrical shells. The potential of MMABH plates
for applications like transmission loss between cavities will be also worth investigating. It is to be noted that
making ABH plates is not an easy task and including local resonators pose additional difficulties. However,
nowadays additive layer manufacturing techniques offer a wide range of possibilities to overcome them.
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Appendix A. Expressions for the mass and stiffness matrices and modal vectors used to
compute the MMABH plate surface velocity

For completeness, this appendix provides expressions for the various mass and stiffness matrices, and
modal vectors in Section 3.1 (the reader is referred to [53] for details). The mass, Mp, and stiffness Kp

matrices of the bare ABH plate in Eq. (3) are introduced by developing the expressions for their kinetic
energy,
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1

2
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2

∫ a
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2
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and potential energy,
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where Dp =
Eph

3

12(1−ν2
p) is the bending stiffness, Ep the Young modulus and νp the Poisson ratio.

The vector ε with time derivative ε̇ in Eqs. (5)-(6) has components ε = (εp, wr1, . . . , wri, . . . , wrnxny
)>.

The mass matrix M in Eq. (5) is given by,

M =

[
Mp 0
0 I

]
, (A.3)

where I stands for the identity matrix of dimensions nxny × nxny. Besides, the stiffness matrix of the i-th
resonator Kri in Eq. (6) reads,

Kri =

[
P 0
0 1

]> [
krχiχ

>
i −krχi

−krχ>i ω2
r

] [
P 0
0 1

]
, (A.4)
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while the total stiffness matrix in the same equation has the expression K = P̃>K̃P̃ , with

P̃ = diag

P , nxny︷ ︸︸ ︷
1, 1, 1, . . . , 1

 (A.5)

and

K̃ =
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. (A.6)

Appendix B. Bandgaps and coincident frequencies of the MMABH plate

To better understand the results reported in Sections 4.4 and 4.5, it is worth analyzing the formation of
bandgaps in the MMABH plate and the appearance of coincident frequencies between plate’s bending waves
and sound propagation in air. To that purpose we consider a unit cell in the MMABH plate and assume it
has constant thickness h, where h could vary between hc and huni. We will briefly discuss the influence of
h in the formation of bandgaps lately in this appendix.
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Figure B.1: Dispersion surfaces for an MMABH cell (green) together with that of air (red). The band gap is highlighted in the
zoom-in window. The black point and the blue star respectively respectively indicate the low and high frequency coincidence
points.
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[200, 1000] Hz to facilitate inspection.

To determine the dispersion curves and bandgaps in the plate due to the resonators’ periodicity, we first
need to impose the following periodic conditions on the unit cell boundaries, according to Bloch’s theorem,
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Eqs. (B.1)-(B.4) respectively account for periodicity on displacements, rotational angles, bending moments,
and shear forces. kx and ky stand for the wavenumbers in the x and y directions.

The Gaussian basis functions in Section 3 must next be modified to satisfy conditions Eqs. (B.1)
and (B.4), according to the procedure described in [77, 78]. One can then express the plate displace-
ment field wp(kx, ky, x, y, t) in terms of the new basis. Following a procedure analogous to that reported in
Section 3, but now taking into account that the mass and stiffness matrices in Appendix A will depend on
(kx, ky), we can arrive at the following eigenvalue problem for the unit cell with resonator (full details are
provided in [53]), [

K(kx, ky)− ω2M(kx, ky)
]
ε̂ = 0. (B.5)

Here, the wavenumbers can be restricted to the Brillouin zone, kx×ky = [−πa ,
π
a ]×[−πa ,

π
a ], and the dispersion

curves and surfaces can be directly obtained from Eq. (B.5).
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Figure B.3: Dependence of the dispersion curves and coincidence frequencies on the lattice constant a.

In Fig. B.1, we present the first two dispersion surfaces (green color) of the unit cell. As the plate will
interact with air, one needs to consider as well the surface, f = c0(k2

x + k2
y)0.5/(2π), where c0 = 340 m/s is

the sound speed in air. This has been included in red color in Fig. B.1. On the one hand, it can be observed
from the figure that a band gap appears between 96.7 Hz and 105.5 Hz (see the zoom-in window), which is
caused by the periodic distribution of resonators. On the other hand, we note that the red (air) and second
green (plate) surfaces interact twice in the figure (see Points C1 and C2), at frequencies fC1 = 105.6 Hz
and fC2 = 1172 Hz. It is well-known that the slope of the line connecting the origin and an arbitrary
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Figure B.4: Dependence of the dispersion curves and coincidence frequencies on the plate thickness h.
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point on the dispersion surface represents the phase velocity of the wave, which means that at Points C1
and C2 the plate bending wave velocity coincides with the speed of sound. fC1 and fC2 are known as
the coincidence frequencies. The second one, fC2, simply corresponds to the classical critical frequency,

fcrit =
c20

2πhuni

[
12ρp(1−ν2

p)

Ep

]1/2
= 1172 Hz, which has nothing to do with metamaterials. However, fC1 is a

direct consequence of the presence of the resonators as it appears in the vicinity of the upper bound of
the bandgap. This phenomenon is known as low-frequency coincidence. The influence of the coincidence
frequencies on sound radiated by the MMABH plate is discussed in Section 4.4 of the main text.

The above results obtained from the GECMS have been validated against FEM simulations using the
Shell-Acoustic Pressure module from the commercial software Comsol Multiphysics. A periodic thin air
layer of thickness ha = 0.05 m was coupled to the unit cell in the FEM model. In Fig. B.2, we have
represented the dispersion curves within [0, 0.5π/a] (note that the ordinate frequency axis is discontinuous
between 200 Hz and 1000 Hz to ease the inspection of the results). It is apparent from the figure that the
dispersion curves obtained from both methods, GECMS and FEM, are almost identical. The eigenmodes
at the upper bound of the bandgap (shaded in brown) are also plotted in the figure for the GEMCS and
FEM. Once more, no perceptible differences are found.

It is next worthwhile studying how the number of resonators on the MMABH may affect the bandgap
formation and coincidence frequencies. The influence of the resonators’ distribution on the MMABH vi-
bration was already analyzed in [53], so we will focus hereafter on its effect on sound radiation. We
can increase/decrease the number of resonators but keep the total mass constant by redistributing ∆M
among them. Four cases are considered corresponding to nx × ny = {20 × 15, 16 × 12, 8 × 6, 4 × 3} =
{300, 192, 48, 12} which imply resonators with masses ∆Mr = {0.0235, 0.0368, 0.1470, 0.5881} kg, stiffness
kr = {8684, 13569, 54276, 21710} N/m and plate lattice constants a = {0.04, 0.05, 0.1, 0.2} m, respectively.
In Fig. B.3 the dispersion curves in the Γ − X direction are plotted for the four cases, together with the
bandgaps and coincidence points. It is observed that the bandgap is almost unaffected by lattice constant
variations. Neither the low and high coincidence frequencies get modified as well. This means that the meta-
material properties are barely affected by the lattice constant as long as the total mass is kept constant. In
real situations, however, a plate will always have finite dimensions and periodicity will deteriorate for large
lattice constant values.

Given that the thickness h of the ABH in the MMABH plate changes from huni = 10 mm to hc =
1 mm (see Table 1), it is also interesting to analyze the effect that h has on the bandgaps and co-
incidence frequencies. In Fig. B.4 we plot the same type of results shown in Fig. B.3, but now for
varying thickness h = {10, 5, 2, 1} mm and constant lattice value a = 0.05 m. It is clearly observed
that the width of the bandgap augments for decreasing thickness. The lower bound of the bandgap,
flow = {96.698, 96.684, 96.448, 95.090} Hz, exhibits little variation but the upper one changes substantially,
fup = {105.49, 113.47, 134.72, 163.70} Hz. One could then expect that the ABH could broaden the bandgap
to some extent and help reducing low frequency vibrations. Moreover, we also observe in the figure that
as the thickness decreases the local slope of the dispersion curves diminishes, which moves the coincidence
frequencies to higher values. The low-frequency coincidence slightly increases its value because it moves
with the upper bound of the bandgap. As regards the classical critical frequency, it grows with decreasing
thickness because the plate flexural wave velocity diminishes with h. At the critical frequency the radiation
efficiency of a plate achieves its maximum and in some cases, this adverse effect may overcome the benefits
brought by the resonators [79, 80]. Therefore, the latter have to be carefully designed. The influence of h
on the MMABH radiation efficiency is discussed in Section 4.4 of the main text.
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