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Abstract

In this paper, we study, for functionals having a minimax geometry on a constraint, the exis-
tence of bounded Palais-Smale sequences carrying Morse index type information.
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1 Introduction and main results

In recent years, the search of critical points for constrained functionals having a minimax geometry
restricted to a constraint, typically a mountain pass geometry, has been an active direction of
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research. A core motivation for this is the search for solutions having a prescribed L?-norm to some
stationary nonlinear Schrédinger equations whose nonlinearity is so-called mass supercritical. As
a simple model one may consider

—Au+Mu+V(x)u=f(u), ueH (RN, (1.1)

where V (x) is a given potential and f(u) is modeled on f(u) = |u[P~2u where 2+ & < p < 2* with

2% = % and 2* = 4o if N = 1,2. A critical point of the associated Energy functional

1 2 2 1 P
E(u) = E/RN (19 +V (x)lu >dx—;/RN|u| dx
restricted to the constraint
Si={ueH'®)]| [ juPdr=p)
RN

for some u > 0 is a solution to Equation (1.1) with norm ,/z ; the A € R arising then as a Lagrange
parameter. Assuming, for simplicity, that f(u) = |u|P~*u and since p > 2+ +, the functional E
is unbounded from below on S, for any u > 0 but it enjoys a mountain-pass geometry. Namely,
there exist wi,w; € S, such that, setting

= {yeC([0,1],S,)| YO0) =wi, Y(1)=w>},

we have

c:=inf max E(y(t)) > max{E(w;),E(w2)}. (1.2)

Yel' 1€0,1]

It is a direct consequence of Ekeland’s variational principle that a functional with a mountain
pass geometry admits Palais-Smale sequences at the mountain pass level c¢. If one can prove that
one of these sequences converges then one obtains a critical point at the mountain pass level.
However, for constrained functionals, proving the boundedness of such sequences is already a
major difficulty. Furthermore, boundedness is of course not sufficient to obtain convergence, and
one must also overcome other delicate steps. In particular, using the terminology introduced by
PL. Lions [19, 20], one must show that such sequences are not vanishing.

Starting with [16], several approaches have been developed to overcome these issues but ul-
timately they all seem to rely on the fact that critical points satisfy a natural constraint on which
the functional can be shown to be coercive and for which, additionally, sequences close to the
constraint do not vanish, see for example [7, 8]. In practice, this constraint is often provided by
a Pohozaev type identity, or some connected identity, see for example [7, 8, 11, 24, 29] in that
direction. Nevertheless, to prove useful, this Pohozaev type constraint must have a simple expres-
sion which, in most cases, requires that the underlying functional enjoys some scaling properties.
Typically when dealing with problems of the type given by Equation (1.1), these equations must
be autonomous or some smallness assumptions on the potential V(x) or its derivatives, which
somehow guarantee that the problem keeps some key features of the autonomous case, must be
assumed. As a consequence, general non-autonomous equations and, more generally, problems
where scaling is not possible — such as L2-prescribed solutions for mass supercritical equations of



type (1.1) set on bounded domains or on graphs — remain essentially unexplored. See nevertheless
[2, 6, 25, 26] for interesting contributions in that direction.

A central aim of our paper is to present a general abstract tool, Theorem 1.5, to deal with
cases where a Pohozaev type identity either does not exist or does not provide useful information.
Roughly speaking, we shall show that one can expect generically, for a functional with a mountain-
pass geometry on a constraint, to find a bounded Palais-Smale sequence which carries Morse type
information. Along with that of boundedness, this second-order information will be key in the
proof that the sequence converges. In fact, our Theorem 1.5 has already proved decisive in the
papers [12, 13] in which we study mass prescribed solutions for a mass-superlinear problem set
on a graph. The fact that the underlying equation is set on a graph prevents the existence of a
useful Pohozaev identity. Actually, Theorem 1.5 will be derived as a corollary of a more general
result, Theorem 1.10, in which more general minimax geometries than the mountain pass one can
be handled.

Setting and statement of Theorem 1.5 and Theorem 1.10

We now introduce the setting in which our main results will be stated. This setting is borrowed
from [10, Section 8].

Let (E,(-,-)) and (H,(-,-)) be two infinite-dimensional Hilbert spaces and assume that:
E<—H<<—E,

with continuous' injections. For simplicity, we assume that the continuous injection E < H has
norm at most 1 and identify E with its image in H. We also introduce:

2
T
‘MP = (uvu)7

Define for u € (0, +e0):
Sy ={ucE||ul*=pu}. (1.3)

Note that S, is a submanifold of E of codimension 1 and that its tangent space at a given point
u € S, can be considered as the closed codimension 1 subspace of E given by:

TSy ={veE|(u,v) =0}.

In order to state Theorem 1.5 we need some definitions. We denote by || - ||« and || - ||«
respectively, the operator norm of L(E,R) and of L(E, L(E,R)).

Definition 1.1. Let ¢ : E — R be a C?>-functional on E and o € (0, 1]; we shall say that ¢’ and ¢
are:

HOL 1 : (globally) a-Hoélder continuous if there is M > 0 such that for any u;,u; € E,

1[0 (1) — ¢ (u2) [+ < MJuz —ur]]*, (10" (1) — 0" (u2)||x < M|ty — u2||*,

I1n the applications, these injections will also be dense but we have not used this property.




HOL 2 : o-Holder continuous on bounded sets if for any R > 0 one can find M = M(R) > 0 such
that for any u;,u, € B(0,R):

1[0 (1) — &' (u2) [« < MJuz —ur]]*,  [|0" (1) — 0" ()] < MJuy —uo|[*, (1.4

HOL 3 : locally a-Holder continuous if for any # € E one can find an open neighbourhood U of u
such that the restriction of ¢ to U, 0|y, satisfies HOL 1.

Remark 1.2. Clearly: HOL 1 = HOL 2 = HOL 3.

Definition 1.3. Let ¢ be a C?>-functional on E, for any u € E \ {0} define the continuous bilinear
map:

Do =o' - L1,

The geometric relevance of Definition 1.3 will be explained in Section 2.2.

Definition 1.4. Let ¢ be a C2-functional on E, for any u € S, and © > 0, we define the approximate
Morse index by

fitg(u) = sup {dim L | L is a subspace of T, such that: V¢ € L\{0}, D*¢(u)[, 9] < —6l|o|* }.
Our first main result is the following.

Theorem 1.5. Let I C (0,+o0) be an interval and consider a family of C? functionals Py E—R
of the form
Dp(u) =A(u) —pB(u),  pel,

where B(u) > 0 for every u € E, and

either A(u) — +oo or B(u) — +oo asu € E and ||u|| — +oo. (1.5)

Suppose moreover that CIDf) and CIDS are a-Holder continuous on bounded sets in the sense of Defi-
nition 1.1 (HOL 2) for some o € (0,1]. Finally, suppose that there exist wi,wy € S, (independent
of p) such that, setting

I'={yeC([0,1],5,)|v0) =wi, Y(1)=w2},
we have

¢p = inf max Py (y(r)) > max{Py(w;), Pp(w2)}, pel (1.6)
Yel' t€0,1]

Then, for almost every p € I, there exist sequences {u,} C S, and {, — 0" such that, as n — +oo,
(i) @p(itn) — Cp;
(ii) ||Dpls, (n)] ]+ — O
(iii) {u,} is bounded in E;

(iv) i, () < 1.



Remark 1.6. For any u € S, we denote by: <I>;, |s, () the differential at u of the restriction of ®; to
Sy itis therefore a linear map: T,,S, — Tg,(,)R = R. The notation ||®|s, (u)][«, introduced before
Definition 1.1, and used in Theorem 1.5 (ii), is understood to refer to the dual norm induced by
the norm of 7,S,, which is inherited from E. It is known from [10, Lemma 3] that, if a sequence
{va} C S, is bounded, then the following are equivalent:

* 1@y ls, (va) [l — 0, as n — Ao,

1
* D(vy) — ;(Cbé,(vn) V) (Vn,) = 0 in E', as n — oo,

Thus, in particular, Theorem 1.5 (ii) implies that

1 .
@, (1) — ;(CI):)(un) “Uty)(tty,-) — 0 in E' as n — +-o0. (1.7)
Remark 1.7. It follows immediately from Theorem 1.5 (iv) that if there exists a subspace W, C

1., S, such that

@ (1) w, w] — i(d):)(un) ) (w,w) < =Gl |wl)?,  for all w € W, \ {0},

then necessarily dimW,, < 1.

Remark 1.8. Typically, Theorem 1.5 will be used with a space E which consists of functions
defined on RY, some subset of RY, or graphs as in [12, 13]. For instance, to deal with Equation
(1.1) we shall set E = H'(R"Y) and H = L*(RN).

In such situations, denoting by |u|, the modulus of a function u € E, we shall see that it is possible
to choose {u,} C S, with the property that u, > 0 on E if all of the following are satisfied: u €
E — |u| € E, wi,wy >0, the map u — |ul is continuous, and @y (u) = Py (|ul).

Actually, Theorem 1.5 will be a consequence of a more general result, Theorem 1.10 below.
To state it we need the following definition.

Definition 1.9. A family ¥ of subsets of S, is said to be homotopic of dimension at most d
with boundary B if there exist a compact subset D of R¢, containing a closed subset Dy, and a
continuous function 1y from Dy onto B such that

F ={A CS,|A = f(D) for some f € C(D;S,) with f =mg on Dy}.

Theorem 1.10. Let I C (0,+o0) be an interval and consider a family of C* functionals @, : E — R
of the form
Dp(u) =A(u) —pB(u),  pel,

where B(u) > 0 for every u € E, and
either A(u) — +oo or B(u) — +oo as u € E and ||u|| — +oo. (1.8)

Suppose moreover that CID;) and CIDg are O-Holder continuous on bounded sets in the sense of Defi-
nition 1.1 (HOL 2) for some o. € (0,1].



Let F be a homotopic family of S, of dimension at most d with boundary B (independent of p)
such that

cp = /gggril&xd)p(u) > mngIDP, Vpel. (1.9)

Then, for almost every p € I, there exist sequences {u,} C S, and §, — 0T such that, as n — +oo,
(i) Pp(un) — cp;
(ii) ||@p]s, (un)[] — O;
(iii) {u,} is bounded in E;
(iv) iitg, () < d.

Remark 1.11. Theorem 1.10 covers the cases where the family of C? functionals D, : E — R has
a uniform mountain-pass, respectively a uniform linking, geometry. Indeed,

1. Suppose that there exist wi,w; € S, (independent of p) such that, setting

= {yeC(10,11:8,) [¥(0) = wy, Y(1) = w2},

we have

Cp = Inf max D (Y(t)) > max{Pp(w1), Pp(w2)}, pEL

Then
F={ACS,|A=v([0,1]) for some ye T}
is a homotopic family of S, of dimension at most 1 with boundary {w1,w»}, such that (1.9)
holds. Thus Theorem 1.10 indeed extends Theorem 1.5.
2. Assume that

(i) §C S, is aclosed subset of S,.

(ii)) Q C S, is such that Q =n(D), wheren : D C R — S, is continuous and D C R?is a
regular compact set with non-empty interior.
(iii) denoting by 0Q =M (dD) - the boundary of Q in S, - we have that dQ and S link,
namely 00 NS = 0 and for all g € C(S,,,S,) with g =Id on dQ, we have g(Q) NS # 0.
(iv)
sup ®p(u) < inf Py (u), foranyp el.
MGaQ ues

Then setting
F ={A C S,|A = f(D) for some f € C(D;S,) with f =m ondD}

we have that 7 is a homotopic family of S, of dimension at most d with boundary 0Q such
that (1.9) holds.



In fact, the case of a saddle point geometry, see [28] for a definition, can also be covered by
Theorem 1.10.

Under the assumptions of Theorem 1.10, one can readily observe that the function p — ¢, is
non-increasing. Therefore, its derivative cé) is well defined for almost every p € I. Then, using
a tool first introduced by Struwe in [30], and following the approach of it developed in [17], we
shall show that the existence of cé) ensures, for such a value of p, the existence of a sequence
of minimising paths in I" whose fops lie in a given ball. This key observation could lead rather
directly to the existence of a bounded Palais-Smale sequence at the level cp, but we additionally
aim to prove that some of these sequences possess approximate Morse index properties.

The first author to emphasise the importance of second order conditions, such as (iv) in The-
orem 1.10, in compactness problems was P.-L.. Lions [21], see also [3, 4]. The main idea in these
papers was to use Morse type information on exact critical points. A major contribution in dealing
instead with almost critical points, as is the case for a Palais-Smale sequence, is due to Fang and
Ghoussoub, see [14, Theorem 1]. Therein, they proved (along with other valuable properties) that
an unconstrained functional having a mountain-pass geometry possesses, at the mountain-pass
level, a Palais-Smale sequence whose elements have approximately Morse index 1.

Unfortunately, [14, Theorem 1] requires that the first and second derivatives of the functional
satisfy the Holder continuity assumption HOL 1 in a neighbourhood of the level set corresponding
to the mountain pass value. Actually, inspecting the proof of [14, Theorem 1], one observes
that this condition only needs to be required around some dual set. However, without precise
information on the functional, one has to check the full global condition HOL 1 which has limited
the possibility to use directly [14, Theorem 1]. The ideas of [14] nevertheless played a crucial role
in the works [9] and [22] in which, combining the ideas of [14, 17], the authors managed to derive
unconstrained versions of our Theorem 1.10, under the weaker assumption HOL 2.

In fact, in [15], [14, Theorem 1] was extended, directly under the assumption that the Holder
condition HOL 1 holds, to a much larger setting. In particular, in [15] one can handle general min-
max structures, as introduced in Theorem 1.10 instead of just a mountain pass one. Moreover, it
is stated in [15] that the result of [14] holds for functionals defined on a complete C 2_ Riemannian
manifold modeled on a Hilbert space E, see [15, Theorem 1.7 and Theorem 3.1] for the precise
statements. However, the proof of these two theorems is only carried out for an (unconstrained)
functional defined on a Hilbert space. In [15, page 1609], the authors indicate that the general case
follows by a direct adaptation of the proof given in the Hilbert case.

Whilst we agree that the arguments used to prove the various lemmata ([15, Lemma 3.(3-7)])
that build up to the proof of the main result [15, Theorem 3.1] are local in nature and can be made
sense of in a local chart, one cannot substitute the local Holder assumption HOL 3 — which one
could expect to extend in a standard fashion to manifolds — for HOL 1 directly in the statement
of [15, Theorem 3.1]. More specifically, inspecting the proof of [15, Theorem 3.1], one can
observe that although the inequalities need only be satisfied locally on a small ball around a point
B(ug,r), one must be able to choose the size of the ball and the constant M in HOL 1 uniformly,
i.e. independently of the point uy. The condition therefore requires at least a uniform structure,
like that provided by a distance, to speak uniformly of the size of neighbourhoods. However, to our
knowledge, there is no consensus on how to formulate a meaningful coordinate-invariant version
of HOL 1, and the authors do not define it in the statement of their theorem.



A further shortcoming of the proposed extension of [15, Theorem 1.7, Theorem 3.1] to Rie-
mannian manifolds that provides additional motivation for our investigation is the definition of the
approximate Morse index given in [15, p.1599]. Their definition uses chart dependent quantities
and eliminates this dependence by taking the inf-sup over all charts. In addition to not exploiting
in any way the assumed Riemannian structure, as stated, it appears unclear that such a quantity is
accessible enough in any applications to be useful.

The underlying reason for such a definition is the fact that on a general manifold (without
additional structure) there is no coordinate invariant analogue of the Hessian of a scalar function
¢ at arbitrary (non-critical) points. However, in the presence of a Riemannian structure, one can
define a covariant Hessian, simply as the covariant derivative Vd¢ of the form d¢ with respect
to the Levi-Civita connection V of the Riemannan structure. More generally, a covariant Hessian
can be defined whenever the manifold is equipped with a spray. We propose a new definition (see
Definition 1.4) of the approximate Morse index, based instead on this geometric structure. It is
important to remark that the notion of Hessian is most useful when measuring the second order
variation of ¢ along distinguished curves, the geodesics of the spray.

Strategy of the proof of Theorem 1.10: the use of two different sprays

It follows from the above discussion that more work is required in order to generalise [15, Theorem
3.1] in a useful way to general Riemannian manifolds, if this is indeed possible at all. Our aim in
the present paper is to make a first, limited, step in that direction, by developing an approach to the
ideas in [15] based on the notions of spray and geodesics. However, for reasons we shall explain
below, we shall do this in the restricted setting introduced by Berestycki and Lions [10, Section
8] where we study a functional on the constraint given by the submanifold S, (see (1.3)). This
already provides an interesting framework that allows to handle several applications. Working in
the presence of an ambient space also has the advantage of providing a univocal and convenient
notion of Holder continuity through the natural induced distance on S,,.

The geometric structure at the heart of our considerations is that of a spray. This general notion
provides us with three important tools to explore the submanifold S,;; a distinguished set of curves
on S, —its geodesics —, a natural way to parallel transport vectors, and finally, a spray associates
to any functional ¢ a natural second-order differential quantity we denote by D?¢, which is the
covariant derivative of the one-form d¢ restricted to S,. Just as the possibility to use information
on the second-order derivative to perform deformations that decrease the value of the functional is
key to the proof of [15, Theorem 1.7 and Theorem 3.1], we will do this with information on D?¢.
This is accomplished in Lemma 2.18, however it is more involved than the analogous statement
in [15], as we are naturally confronted with the effects of curvature, for example, in the form of
holonomy.

Although the general philosophy of our method is, in principle, applicable to more general
submanifolds than those we consider, it still has the disadvantage of requiring rather detailed
knowledge about the geodesics; curves that are defined by a non-linear second-order ordinary
differential equation. More precisely, in view of our result, the essential object we need to be able
to understand in a quantitative way is the exponential map “exp” of the spray. In general, it is only
defined, but nevertheless well understood, locally. In particular, exp enables the construction of
small convex neighbourhoods [18, Theorem 5.7, Chapter VIII §5] around each point and the “‘size”



of the neighbourhood on which it is defined is related to the existence time of solutions. However,
as we have mentioned, the nature of our result requires a certain uniformity (on a bounded set)
that is slightly beyond these local considerations.

A novel point that arises in our setting, illustrating a certain flexibility in our approach, is that
we will work with two distinct, but nevertheless closely related, sprays. The first is chosen so
that we have a nice manageable second-order quantity D*>¢ from which it is effectively possible
to extract interesting information, and the second being induced from the structure of E, we will
develop this point further in Section 2.1.

In the last part of the paper we present, in Theorem 1.12, a version of Theorem 1.10 in which
it is assumed that the family &, : E — R consists of symmetric functionals. Namely: ®,(—x) =
@, (x) for any x € E,p € I. Theorem 1.12 can be obtained as a direct consequence of Theorem 4.2
which extends our key technical result, Theorem 2.1, stated in the next section. In Theorem 4.2,
with the goal of deriving multiplicity results in the spirit of the symmetric mountain-pass theorem
or of the fountain theorem, we consider homotopic families which exhibit this symmetry. The
main additional difficulty is that we need to make deformations that preserve the symmetry of the
homotopic family.

Theorem 1.12. Let I C (0,) be an interval and consider a family of C* functionals Py E—R
of the form
Dp(u) = Au) — pB(u)

where B(u) > 0 for all u € E and
either A(u) — +oo or B(u) — +oo asu € E and ||u|| — +oo.

Suppose that CIDP\SH is even for every p € I, and moreover that <I>£, and <I>g are O-Holder on
bounded sets in the sense of Definition 1.1 (HOL 2) for some a. € (0,1]. Finally, suppose that
there exists a N € N, N > 2, given odd functions ; SN=2 S, where i = 0,1, such that the set

FN = {YE C([O7 1] X SN727S,U): Y(t7 ) is odd 7Y(O7 ) = YO;Y(L ) = YI} (110)
is non-empty and that
= inf D, (y(t,x)) > D , D , vpel. 1.11
Con=Inf max  Pp(y(1,x)) > max {o(10(x)) Bp(n(x)}, VP (L1D)

Then, for almost every p € I, there exist sequences {u,} C S, and {, — 0" such that, as n — +oo,
(i) ®p(un) = con;
(ii) [|Dpls, (un)ll+ = O;
(iii) {u,} is bounded in E;
(iv) ri, (un) <N.

Remark 1.13. The bound s, (u,) < N, where one could expect ritg, (u,) < N — 1, arises from the
fact that [0, 1] x S¥~2 need to be viewed as a subset of RY. In the case N = 2, we can improve (iv)
to 7, (u,) < N — 1 through the identification of [0, 1] x {—1,1} with a subset of R. However, note
that (iv) provides only an inequality and that, in most applications of Theorem 1.12, what shall be
used is that the approximate Morse index of {u,} C S, is uniformly bounded.



Remark 1.14. Theorem 1.12 is only one of the possible corollaries of Theorem 4.2. Its interest
lies in the fact that, in some applications, one may hope to check that, for several values of N € N,
the class I'y is not empty and that (1.11) holds. Assuming in addition that ¢, y # cp s for at least
one pair (N,M) € N2, this would lead to the existence of Palais-Smale sequences satisfying (i)-
(iv) at distinct levels ¢, 5 and open the way to establishing the existence of multiple critical points.
Actually, this type of strategy was exploited in [S] where, on the specific problem they consider
there, the authors obtain the existence of infinitely solutions with a prescribed L? norm. This paper
was one of our motivations for formulating Theorem 1.12 which we hope will lead, in particular,
to multiplicity results on graphs, extending the existence results of [12, 13].

The paper is organised as follows. In Section 2 we present our key technical result, Theorem
2.1 below, which is based on the deformations constructed in Lemma 2.18. Theorem 1.10 is
proved in Section 3 where we also explore some of its consequences when the sequence {u, } C S,
converges. In particular, we derive information on the Morse index of the limiting critical point,
see Theorem 3.4. Section 4 is devoted to establishing Theorem 4.2 which extends Theorem 2.1 to
a symmetric setting.

Acknowledgments and remark on the numbering

We thank the anonymous referee for carefully reading our original manuscript, and for their sug-
gestions for possible extensions, which have lead to this richer, extended version. As a result, we
had to slightly reconsider the organisation of the paper. In particular, the numbering of the mathe-
matical environments (theorems, lemmata, . ..) has changed with respect to the first version of the
paper. Since some results have been already quoted in the literature (e.g. in [12, 13]), we prefer to
explicitly mention that, for instance:

* Theorem 1.5 corresponds to Theorem 1 of the first version;
e Theorems 1.10 and 1.12 are new;

* Theorem 2.1 corresponds to Theorem 2 in the first version;

Remarks 1.6-1.8 correspond to Remark 1.3-1.5 in the first version;

* Corollary 2.12 corresponds to Corollary 1 in the first version.

2 Statement and proof of Theorem 2.1

This section, which is the heart of the paper, is devoted to the proof of Theorem 2.1 below.
We will work quite intensively with the induced topology on §,,. In order to simplify notations, we
will write B(S,;uo,8) = B(up,8) NS, for any uy € S,,.

Theorem 2.1. Let ¢ be a C?-functional on E, satisfying HOL 2 for some o, € (0,1]; let F be a
homotopy-stable family of S,, of dimension n with boundary B, such that

c:= inf maxd(u) > max
AEF ucA (I)( ) B (I)

10



is finite. Let R> 1,0 < oy < ﬁ < 1 and € > 0. Then for any A € F with max,cs 0(u) <c+e€
satisfying
K:={ucA|¢(u) >c—¢€} CB(O,R—1), 2.1

assuming that € > 0 is sufficiently small there exists ug € S, such that
1. c—e<0(ue) <c+e;
2. 110/l (me) || < 3% ;
3. ug €A,
4. If D*¢(ug)[w,w] < —€™||w||? for all w # 0 in a subspace W of T, Sy, then dim W < n.

In order to prove Theorem 2.1 we recall, for the convenience of the reader, some results pre-
sented in [15]; the first is [15, Lemma 2.5].

Lemma 2.2. For eachn € N*, there is an integer N (n) < (2v/n+ 1+42)" such that for any compact
subset C C R" and any € > 0, there exist a finite number of distinct points {x; : 1 <i <k} with the
following properties :

k
€
1. CcC UlB(xi, Z) C N:(C);
1=

2. The intersection of any distinct N(n) elements of the cover (B(x;, %))f‘: | Is empty.
The following result is [15, Corollary 2.4].

Lemma 2.3. Let V be a Banach space, let K be a closed subset of R", and let © be a continuous
mapping from K into the unit sphere Sy of V. If n < dimV, then 0 can be extended to a continuous
mapping from R" into Sy.

2.1 The geodesic spray coming from the scalar product of H

We will now introduce the geometric structure at the heart of our discussion: sprays. These are
second-order vector fields F' —a specific type of vector field on the tangent bundle 7X of a manifold
X — that are locally determined by a smooth family of quadratic forms on the model space E. Its
geodesics are then defined as the projections of the integral curves of F to X.

In our setting, we shall consider sprays on S, that are restrictions of sprays on E \ {0}, which
can be completely described by a map: F : T(E\{0}) ZE\{0} xE - TT(E\{0}) =2 E\ {0} x
E X E x E of the form:

F(x,v) = (x,nv, f(x,v)),

where f(x,-) is a quadratic form on E. Geodesics are then projections onto the first factor of
solutions (,v), to the system:

(v 1,v) =F(Y,v),

which of course amounts to the second order ODE:
¥=rv7)-
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We refer the reader to [18] for a detailed general discussion.

Whilst S, = {u € E, (u,u) = |u|* = u} naturally inherits from E the structure a smooth Rie-
mannian manifold, the scalar product (-,-) of H, on the other hand, does not necessarily equip it
with a Riemannian structure: the tangent spaces, in general, will not be complete under the in-
duced norm. Nevertheless, it does equip S, with a spray. This can be described as follows, let
Fi:E\{0} xE — E\ {0} X E X E X E be defined by:

Fi(u,v) = (u,v,v, —wu), (2.2)
Jul?
it is clear that this is a spray on E \ {0}, furthermore:
Lemma 2.4. The spray F) restricts to a spray on S, i.e. Fi : TS, — TTS,,.
Proof. This is a direct consequence of the following characterisations of 7'S,, and TT'S,:
TS,={(u,v) €eTE,ucS,,v €T,S,} ={(u,v) € TE,u € S,,(u,v) =0},
TTS, = {(u,v,V',w) €ETTE,u € S, (u,v) =0, (u,v') =0, (u,w) + (v',v) = 0}.

These characterisations result directly from the fact that 7'S,, is defined in TE = E X E by the
equations:

(u,v) €TS, = ucS,,veETS, < (u,v) €EXE,|ul* =u,(u,v) =0.
Consequently, if W : E x E — R? is defined by y(u,v) = (Ju]* — p, (u,v)), w1 ({(0,0)}) = TS,
and hence T(,,,) TS, = kery/'(u,v). O

The geodesics of F satisfy the equation:
(1)
G”(t) + |
o(1)[?
Remark 2.5. Lemma 2.4 is the differential expression of the fact that if the initial data of Equa-
tion (2.3) is taken in T'S, then the solution lives on Sy, i.e. for any 7 € I, lo(t)|* = .

o(t) = 0. (2.3)

The principal particularity of this spray is that:
Lemma 2.6. Let 6 :1 — S, be a geodesic of the spray F on S, then:
viel, |o'()]>=10'(0)].

A major advantage of the spray Fj is that the geodesics, with initial data (u,v) € TS, are
explicitly known:
o(t,u,v) = cos(of )u + sin(@) v, 0= M, teR. (2.4)
o VA
These curves are globally defined and, as we observed in Lemma 2.6, have constant speed with
respect to the norm of H, but not with that of E. They also possess the following homogeneity
property of geodesics a € R:

o(at,u,v) = o(t,u,av).

Let us introduce and state a few results about the exponential map associated with the spray:

12



Lemma 2.7. For (u,v) € TS, define:

exp,(v) =o(l,u,v),

and exp : TS, — Sy X Sy,
exp(u,v) = (u,exp,(v)).
Then:

- ()1 3 = () - - )

€T expy (v)) S X Su =TS X Texp,, (1) S

Let U= {(u,v) € TS, |v| < \/un}, then exp U is open and exp is a diffeomorphism onto its image,
which is {(u1,uz) € Sy X Sy, up # —uy }. For fixed ug € S,:

(UAT)
arccos ~-
exp,, (1) = — (u— (”’”°)uo> . u#—u 2.5)
1 _ (uauz()) ,u
I
and:
|exp,, ! ()| = \/marccos (u ;10) (2.6)

Proof. U={(u,v) e TE=E xE,|v| <,/un }NTS, is open in T'S,, and, given the expression of
the differential, one can see that it is (continuously) invertible at each point in U. Let us briefly
justify Equation (2.5), we solve directly for v:

V] V]
VH

where u # —ug. Since v € T,,,S,,, it follows that:

V]

(ut, 1t
— ) = |V| = y/Marccos
\/_“) ’ ‘ \/_

u = cos(——)up + sinc(—=)v, v € TSy, [v] < \/um,

(=)
~—

(u,up) = pcos(

Then:

-1
sinc L vl _ 1— (“yﬂ <arccos (";l‘“)> if u # uo,
\/_ 1 if u = uy.

Reinjecting these expressions into the original equation provides the expression given by (2.5) for
V. U

Remark 2.8. It will be convenient to note that, due to the homogeneity property, for any ¢ € R,

exp, (tv) = o(1,u,tv) = o(t,u,v). (2.7)

13



2.2 Geodesics and D*(

We shall now explain the relevance of Definition 1.3. In short, it is the covariant derivative of d¢
(viewed as a one-form) on S, induced by Fj, but we shall not develop this point of view further.
For us, the important point is given by the following lemma.

Lemma 2.9. Let ¢ be a C*-functional on E and 6 : (—¢,€) — E an arbitrary curve satisfying
Equation (2.3), then for any t € (—¢,€):

2
£30(0(1)) = D0 ()0’ (1), (1)].

Proof. ;
20(0(1)) = ¢'(0(1))- (1),
Therefore: 2
320(0(1) = 0"(6(1))[6"(1), 0" (1)] +¢'(s (1)) - 0" (1)
— o 1 o o' ()
= 0/(0(0))o(0).6/()] ~ 50/ (6(0) -0 )

O

Remark 2.10. If u is a critical point of the functional ¢[s,, then the above also shows that the
restriction of D2¢(u) to 7,,S,, coincides with the Hessian of ¢| s, atu (as defined, for instance, in [27,
p307]); this follows, for instance, from [23, Proposition 5.2.3]. This is also a direct consequence
of the fact that the restriction of D*¢(u) to T,.S,, is the covariant derivative associated with the spray
Fy of the one-form d¢|s,.

Lemma 2.11. Let ¢ be a C?-functional on E, o. € (0,1] such that ¢,¢" are a-Holder continuous
on bounded sets (HOL 2). Then for any R > 0, one can find C € R, such that for any uy,uy €
S.NB(0,R):

ID*0(u1) — D*¢(u)||sx < Cllur —ua||* if [Juy — ]| < 1,
ID*0(u1) — D*¢(u2)| | < Cllur —wa|| i [y —uo|| > 1.

Proof. Let us estimate |¢' (w1 )u; — ¢/ (u2)uz|:

10" (ur )ur — ¢ (uz)uz| < [(0 (ur) — 0" (u2)) - ur| + 0" (u2) - (uz — ur))|
< MR|[uy — ua||* + MR®||uy — up||.

It then follows that:

(03

R MR
\rD%(ul)—D%(uz)H**gM(H;)uul—uzuw it — . O
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Corollary 2.12. Let ¢ be a C?-functional on E such that ¢' and ¢" are o-Holder continuous on
bounded sets. Assume that for some R > 1, ug € S, B(0,R — 1), one can find a constant B € (0,1)
and a subspace W € T,,S,, such that for any w € W :

D¢ (uo)[w,w] < —Bllw]|*.
Then, for any u € B(S,;u0,d1) and w € W:
3p

D2o(u)w,w] < == [wl[*, (2.8)
where 1
81 = min <1,<%>a>, with C:M<1+R—;Ra>. (2.9)
Proof. This follows directly from Lemma 2.11 since if u € B(ug,d), 8 < 1, u € B(0,R). O
For future reference, let us fix K(R) > 1 such that
|D*0(u)| |+« < K(R) and ||¢/(u)||« < K(R) forany u € B(0,R)NS,,. (2.10)

2.3 Transporting W to other points

The condition expressed in Equation (2.8) in the result of Corollary 2.12 is not an intrinsic con-
dition on S,,. The problem is that in general, W is not tangent to the manifold at points u # uy on
S,. To overcome this, W should also move with the point to remain tangent to the manifold. In
other words, for each point « in a small neighbourhood of u, we should exhibit a subspace W (u)
of 7,S,, which satisfies a condition of the same nature as (2.8).

Our approach to this will be based on the notion of parallel transport of vectors along curves
associated, however, to a second spray I, # F; . Parallel transport of a given vector wg € 7,5,
along geodesics of F; originating from ug, we will obtain a vector field on a ball B(Sy;uo,d). The
spray F,, introduced below, is, contrary to Fi, naturally associated with the Riemannian structure
on S, induced by E; it is known as the canonical spray, we refer the reader to [18, Chapter VII,
§7, Chapter VIII, §4]) for the detailed construction.

To describe the spray F; in our setting, introduce the injective linear map G : E — E, such that
for any u € E, Gu is the unique vector in E that satisfies:

Vh € E, (u,h) = (Gu,h). @2.11)

Note that:
|Gul* = (Gu, Gu) = (u,Gu) < ||Gul| - |ul,

therefore, for u # 0,
||Gul| < [u] < |[ul].

Furthermore, if u € S,, then (Gu,u) = |u|> = u, thus u < ||Gul| -||u|. We collect these observations
in the following lemma for future reference:
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Lemma 2.13. The injective linear map G has norm ||G|| <1 and for anyu € S, :
1Gul| > £ (2.12)
[l

In terms of G, the canonical spray F> : T(E'\ {0}) — TT(E\ {0}) on E \ {0} can be defined
by:
Gu
[|Gul[?

One can check in a straightforward manner that it restricts to a spray on §,,; its particularity is that
it preserves the induced Riemannian structure on S, (see Lemma 2.14 below.)

On this specific example, let us describe how a spray is used to define parallel transport of
vectors along curves. The discussion applies to arbitrary curves, however in our situation, they
will systematically be geodesics of the spray F;, more precisely: let uy € S, and u € B(Sy;uo,9d);
assume & < 2,/11 so that —uy ¢ B(S,:u0,8). Set v = exp,'(u) and?, for any 7 € [0,1], o(t) =
exp,, (tv) = o(t,up,v). If wo € T,,S, we define a vector field on S, along the curve G by the
following differential equation constructed from the symmetric bilinear operator associated with
the spray F>:

FZ(M7V) = f(uvvv Vs _|V|2

). (2.13)

00) + (0l0).0'(0) oo =0,

We quote the following properties of parallel transport:

9(0) = wo. (2.14)

Lemma 2.14. Let ug,u € S, such that v = exp, | (u) and define o(t) = exp,, (tv),t € [0,1]. Define
amap: Ty uc : TugSu — TuSu by Tuy uswo = @(1) where t — @(t) is the solution to Equation (2.14).
Then:

* Ty uc is alinear isometry (for the induced Hilbert space structure on the tangent spaces),

s The inverse is given by: T, o = T, 4, 5 where &(t) = o(1 —1t),t € [0, 1.

up,u,0 =

Proof. We shall only prove that it is an isometry; differentiating (¢,G):

(Go(1),0(1))

_W((P(f),ﬁl(t)) +(9(1),6 (1)) = 0.

(@'(1).0(1)) + ((t),0'(r)) =

Since (Go(t),0(t)) = ||Go(t)||>. Similarly differentiating (¢(¢),®(t)) yields:

by L (9@),0'(1))
(0(1),0(2))" =2(9'(1),9(r)) = —ZW@GO),W»

_ 00,010 )
~ 2 Ge0IP (0(1),9(1)) = 0.

2See (2.7) in Remark 2.8.
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Since all our curves will be geodesics of F; that originate from a fixed point uy € S,, we
abbreviate: T, ,c to T, and say that we parallel transport radially from uy. Given wo € W, we
shall define a vector field on B(S,; ug,d) by:

w(u) =T,wo, u € B(Suu0,9).

The spray allows us to compare vectors at different points of S, and, the vector field defined by
Equation (2.14) is, relative to the spray F3, “constant” along the curve 6. However, viewing things
in E, it must change to remain tangent to S,; the next lemma estimates this change.

Lemma 2.15. Let wg € T,,,Sy, uo € B(0,R—1)N Sy, u € B(S,;u0,80) with 8 := min(1,/u). Then,
if v=exp,'(u):

[ Tuwo — wol| < C(R,u) [v] - [[woll
where we have set

C(R,u) = i(R + (Rﬁl)

Proof. By definition of T,wy, it is sufficient to estimate ||@(1) — @(0)||, where @ is defined by
Equation (2.14). By the mean-value theorem one has:

O -15"O)] _ [Iwoll - V[ - [[o@)]]
IGo(@)l]  — u ’
where we have used Equation (2.12) and the fact that |06’ (7)| = |06’(0)| = |v| by Lemma 2.6.

Now, taking into account that 8y < ,/u guarantees that (u,up) > 0, we estimate ||c(z)| as
follows:

). (2.15)

o)) < 1®

6()]| < R—1+ Vsin (%) %

. M) vI]
<R-1+ /.lsm<— LM
vE VE]

From Equations (2.5), (2.6) from Lemma 2.7:

|v| = \/uarccos (1 40) , Y- VA (u— (u,uo)uo).
u |V| :uz - (u7u0)2 M
Therefore: ( )
u,up
o)l <R—1+|lu— o
:R—I‘FHM—MO—MMOH
R—1)6
<R-— 1+60+u.
The result follows as &y < 1. O

We can now prove the main result of this section:
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Lemma 2.16. Let ¢ : E — R such that ¢' and ¢ are o-Holder continuous on bounded sets,
up € B(0,R—1)NSy, R > 1, and suppose that one can find B € (0,1) and a subspace W =W (ug) C
TSy of dimension n+ 1 such that:

D*¢(uo) [w,w] < —Bl[wl|*.
For any u € B(Su;uo,2\/u) set W(u) = T,W the image of W under radial parallel transport, then
for any u € B(Sy;u0,82) and w € W(u),

D20(u) ] < — 2 i,

5={™" (ﬁ (1 o <8ﬁK<IE> C(R,u>>> ’81’8(’) 3k <1§> CRw ~ " (216)

min(d;,d) otherwise

with 8y > 0 being defined in Lemma 2.15, 8; > 0 in Corollary 2.12, K(R) > 0 and C(R,u) > 0 in
(2.10) and (2.15) respectively.

Proof. According to Corollary 2.12, one can already find 8; > 0 satisfying Equation (2.9) such
that for any u € B(S,;u0,81) and any w € W (uy):

D20(u) ) < P P

Now, fix u € B(S,;u0,0,), where &, > 0 satisfies (2.16), and choose (W;,...,W,) an orthonormal
basis of T,W that diagonalises the bilinear form D*¢(u). Set for each i € {1,...,n+ 1}, w; =
T, 'W;; this defines an orthonormal basis of W. Using Lemma 2.15, and the definition of K(R),
we have forany i € {1,...,n+1}:

ID?0(u) [wi,wi] — D*0(u)[Tywi, Towi]| = [D*0(u) [wi — Twi, wi + Tuwi]|
R-1\2K®),
< (R+—ﬁ ) expy )
=2K(R)C(R,u)|exp,,' (u)].

Note that:

(u,u0) _ (u—uo,up) 1>l

8
u u /T

thus, by Equation (2.6):
o
—1 2
lexp,,, (u)| < \/uarccos(1— ﬁ)-

Thus, for any u € B(S,;u0,06,), and any i € {1,...,n+ 1}, in view of the condition on &, > 0 given

. . B
in (2.16), if SURK(R) C(RA) < T, then

8yHK

K (RICR ) exp, )] <
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otherwise,

2K (R)C(R 1) expy ()] < 2K (R)C(R.p) Yo < P,
Hence
D*o(u)[T,w;i, T,wi] < —g = —%||Tuw,-||2.
Since T, w; = w; by definition, the inequality extends to all of W («) by bilinearity. O

2.4 Fang-Ghoussoub’s result

The remainder of this section is devoted to the proof of Theorem 2.1, which will be divided
into several lemmata. Our initial goal is to show how to use the second-order information on
a functional ¢ in the conclusion of Lemma 2.16 to find appropriate deformations of an element A
of the < d-dimensional family 7 so as to locally decrease the value of the functional ¢. Asin [15],
we shall probe S, by running out along specific curves from points in a neighbourhood of a point
up € A; in our case these curves will be geodesics of the spray Fj.

Our first lemma identifies, uniformly on a bounded set, a maximal travel time that does not
take us too far on §,,.

Lemma 2.17. Let § > 0 and assume ug € B(0,R)NS,, u € B(S,;u, g), ve TS\ {0}, |]v]| <1

Set tyax = rnin{%”, % Y, then, for any 0 <t <ty

o(t,u,v) € B(ug,9).

Proof. Note that since 0 < [v| < [[v[| < 1 it follows that \/t < L. 50 tya < %“ < ﬁ. Then:

0 in(of
o) =] < eos(an)|3 + 1 ~cos(on) |+ 0
) ¢ " 1
< 5+2]sin%\ <\sin%]R+6>

<6—|—4|sinwt|<5
2 o 27

O

We will encounter two geometric issues in the sequel; the first comes from the fact that we
use two different sprays. Since the geodesics of Fj differ from those of F;, they do not paral-
lel transport their initial velocity vector according to the spray F,; therefore in general even if
o' (0,u,w) € W(u), o’(1,u,w) ¢ W(c(1,u,w)). The second is a global expression of curvature:
parallel transport along a closed curve y: [0,1] — S, ¥(0) = Y(1) = uo, defines a linear operator:
A : TS, — T,,S, which is generally not the identity map.

This means in particular that parallel transport of a vector along a geodesic of F; from a point
ug € S, to u; € S, is not equivalent to parallel transport along a geodesic path going from u to
uy via u; thus even if we parallel transport (in the sense defined by F3) a vector in W () along a
geodesic of F joining u et u; we cannot be sure that result will lie in W (u;).
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We shall deal with these issues as follows. Assume that ¢ satisfies the hypotheses of Lemma2.16
and let ug € B(O,R—1) NS, u € B(S,;uo, %) where 8 < 8, with §; > 0 also given by Lemma 2.16.
Choose w € W (u) = span {T,ey,...,Tyent1}, Where (ey,...,e,11) is an orthonormal basis of
W C T,,Sy, and assume that ||w|| < 1. Consider the curve: 6(t,u,w) = exp,,(tw), for t € [0,nay)
where 2,4 is given by Lemma 2.17. Let T € (0, #,,4,) and set:

wi =0 (T,u,w), u =o(T,u,w).

[wp?

We begin by an estimate of ||w; — w]||; by assumption: ¢’ (¢,u,w) = —=-0(t,u,w), thus:
2
l|lo” (t,u,w)|| < &R.
u
Therefore:
Rimax
[wi —wl| < s 2.17)

As we mentioned above w; may not lie in W (u; ) so we shall consider:

n+1
Pwl = Z <w17Tulei>Tulei7
i=1
the orthogonal projection of w; onto W (u;). In order to estimate ||Pw; — w||, we introduce two
intermediate vectors. First, let wy € W be such that w = T,w,, we have:

Secondly, set (Pwi)o = T, 'Pw; € W, and introduce vy = exp,'(u), vi = exp,'(u1). Using
Lemma 2.15 and Equation (2.17):

[[Pwi —wi|| <[|[Pwi— (Pwi)ol| + [|(Pw1)o—wol| + [lwo — w[| +[|w —w1]|

tmax

S C(R, w)[vill[Pwi ]| +[|(Pwi)o — wol| + C(R, w)[vo| - [Iw]| + R p

Rtmax

tmax

<CRp)(In](1+ ”

)+ [vol) +R

+1[(Pw1)o —wol]-

Due to holonomy, generally (Pw)y # wo, but we can estimate:

S
+

[1(Pw1)o —wol|? ((wi, Ter)) = (w, Tue;))?

S ~
I
—_

(w1 —w, Ty, ei) + (W, T, ei — e;) + (w,e; — Tuei>)2

I
7

Il
_

< 2

S

+ 1) ([lwr =wll =+ (v + v )C(R, 1))

S(n+1)<

Rtmax

2
(] +\vo\>c<R,u>) |
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So overall:

1Pwi — ]| < CR,)(Ivi (1 + Rm“waD+RmM+vf_‘< OWMHWD(RMO

CMMMMHMHR—+W+< HMHMW@M)

< (3+Vu+DCR,u)([vol + 1)) + (1 +M)thﬂ'

As in the proof of Lemma 2.16 :
[vo| < \/uarccos(1 0 );|vi| < y/marccos(1 0 )
vo| < — =), 1| < yu -—).
2\/u VH

Hence:

R
[|[Pwi —wi|| <2/u(3++vn+1)C(R,u)arccos(1 — %)—i—(l—kvn—k 1);2

Now let:

5 — min <ﬁ <1 _C;S (g» ’ 12K(R)R([iﬂ+ Vit 1) ’82> ! g =T (2.18)
min <12K(R)R(1H—|— NrES TR

where C := 96, /UK (R)(3 4 +/n+1)C(R,u). With this choice, for any u € B(Sy;uo,83), if % <7
we have setting K := K(R),

otherwise,

2/a(3+Vn+1)C(R, y)arccos(l—%)
B _ B
<2VHG+Vn+ DCRp)- o VEKR)3+Vnt C(Ry) 48K
and
RS Pu — B
(Hm); < (Vi) 4 12K(R)R(1+n+1) 36K’

Otherwise, we have

2\/u(3+Vn+1)C(R,u)arccos(1 — %)

<2VEG+ VAT DR M)

B
< B+ Vn+1)C(R,p)- 96/EK (R)(3 +v/n+T1)C(R, )
_ B
= ek
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and (1 ++/n+ I)L—e% < %. Thus,

B
Pwi—wi|| € .
1Pwi=wmll < 7%

It follows then that:

D20 ) wn] — D20 ) [Prr, Pwil| < 102000 -|[Pwr — wil[ [Py +wi]| < 6K b = P
M= 54Kk ~ 4
<6
Hence: [3 B
D20()wi] < b lpw P+ .

We will now assume that ||w|| = 1 and avail ourselves of the assumption that § € (0,1),

p
P > -
1Pwi ] = [l — 51

21_%_1

u 24K

w ()
>1— +2].
- ARBK \1++vn+1

SinceKZl,ﬁ\/m+2§3§3K, therefore:
p
P >1——.
IPwif =12
Hence, using that B € (0,1):
p B p B\* B
~2|P P P2 4P
Sl + 4 = =3 16) T4
2 3
__B.EF_ B
4 16 512
< B
-6

Overall we arrive at:

D2¢(u1)[w1,w1] < —%.

We can now formulate the following adaptation of [15, Lemma 3.3], key to the proof of The-
orem 2.1.

Lemma 2.18. Let ¢ : E — R a C?-functional such that ¢ ;" are o-Holder continuous (o € (0,1])
on bounded sets. Fix R > 1 and uy € B(0,R— 1) NS,. Assume that one can find W C TS, of finite
dimension n+ 1 and B € (0,1) such that for any w € W :

D¢ (uo) [w, w] < —Blw]|*.
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Let

w

P,Vo(u .
(u) = —rveny i Vo) £0,
0 otherwise,

where V0§ is the gradient® of  and P, denotes the orthogonal projection (in T, wSy) onto T,W.

2u &3

Then, ifu € B(S,,,uo7 3 ), where 83 > 0 satisfies (2.18), and tyq, = min( %, 7

) either:

1. w(u) # 0 and for any t € (0,tqx), we have:

olexp, (n9(u) < 0(u) — 117
2. w(u) =0, | =1 and any t € (0,tax),
olexp, (W) < o) D2

Furthermore, in this case, for any ty € (0,14, ), one can find 0 < 3, < % — |u—ug| such that
forany z € B(u,8,) NSy, w € T.W and t € [ty,tyax) we have:

oexp. (1)) < 0(2) ~ 1ot

Proof. Forevery w € T,W, and any ¢ € (0, ) the Taylor-Lagrange theorem guarantees that there
iste (0,1):

0(expy (1)) = 0(0) +1{Y0(u)w)-+ S Dplexp, o) [ Sexnuoo)|  Sesnutonn)] |,
1. If w(u) # 0, substitute in the above w = w(u) and notice that:
(V6(u). () = 1.
Since ¢ > 0 it follows that:
olexp, 15(6) <0(0) + 5 DP0(exp, (w000 | x| 4 entnt)]| .

2. If w(u) = 0, then take any w € T,W with ||w|| = 1, and notice that (V¢ (u),w) = 0, therefore:

2
d(exp,(tw)) = 0(u) + %qu)(eXPu(TW)) [%(GXPM(IW)) I_J '

3The metric dual of the one-form d¢|sp. At each point u € §,, this is simply the orthogonal projection (in the sense
of E) of the usual gradient VE¢ in E onto 7,,S,,, i.e. Vo(u) = VEG(u) — (¢/ (u) - Gu) HGG# € T,S, = Gu*.

d
| 2 exp, (W)

=T
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In order to conclude the proof in both cases we apply the discussion preceding the lemma which
implies that, for any u € B(S,;uo, 5—23), weT,W,||lw||=1and any T € (0,tnq):

d
= = (exp, ()

D plexp, () | 4 (exp, o) :

} < —E. (2.19)
=1 =1
The first two points ensue.
For the final point, by continuity of ¢’ at u, choose §, < % — |u — up| such that for any z €
B(u,8,)NS,:
p

[10'(w) = ¢'(2)|] < g5 o- (2.20)

We must however take into account the fact that T,W # T.W so we need to approximate w, € T,W
by w, € T,W. To this end, observe that for every u, T, can be viewed as a continuous map
T, : TuySy — T,S, C E. The restriction of 7, to W, denoted by T,|w, can be thought of as an
element of L(W,E). We claim that the map u — T, |y is continuous.

For this we shall use the fact that W is finite dimensional; choose an orthonormal basis
(e1,...,enr1) of W, if for each i € {1,...,n+ 1}: u > T,e; is continuous, it will follow that
u— T, |w is continuous. Indeed, let & > 0 and observe that || - || and* |w|. = maXeq1, i1y €] (W)]
define equivalent norms on W. Therefore, if u € B(Sy; uo, %’) is fixed and & is chosen small enough
such that for every i € {1,...,n+ 1} z € B(u,8) N S,:

3
|| Tuei — Tzeil| < panry
we have
|T,w — Tow|| < €lw|w < Cel||w||, forallweWw,

where C > 0 is a constant independent of w € W. Therefore u — T, | is continuous. It remains
to justify that the map u — T,e; is continuous for each i € {1,...,n+ 1}. Fix such an i, and recall
that 7,¢; is defined to be @(1), where @ is the solution to the Cauchy problem:

Gexp,, (tv)

[Goxp, mp ~ & PO =@

2 (expyy ()

'(1) + (9(1)
with v = exp;ol u. Denoting the differential of the map v — exp, v at a point v by exp,, ., the
above can be rewritten as a system:

Gexp,, (1y(1))
9(0) + (9(1), €XPuy ) YO) [Gerp. e = O

with initial conditions: y(0) = v, (0) = e;.
By continuity with respect to initial conditions, the solution, and a fortiori, ¢(1), depend con-
tinuously on v, however v = exp;o1 (u), so @(1) and thus T,e; depend continuously on u. This

4(6?) is the dual basis to (e;)
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proves our claim. Consequently, reducing further, if necessary, 8, we can assume that for any
z€ B(u,8,)NS,

Bio
Tulw — T, < 2.21

where K( ) i
(Sy,uo, 3)> t € [to,tmax) one can find T € (0,7) such that:

B(u,8,)NS, C

-

If we write wg = Tz_lw, then ¢/ (u) - T,wo = 0, and, using Lemma 2.14, Equations (2.10), (2.20)
and (2.21):

2
Olexp.(1w) = O(2) + /(2w + 5 D20(enp, () | £ (exp.low)

, %(expz(tw))

=1

|0/ (2) - w| =19 (2) - Towo — &' () - Tuwo
<[ (z) - Towo — 0’ () - Tywol + |0 () - Towo — ¢’ (u) - Ty wo
< 10" (z) = &' ()| - [| Towol| + 110" ()] - [| Tzwo — Two|
<Et K Bro
< gglo+K(R) 48K (R)
_Et().
24

Since z € B(uo, 52—3) M Sy, we can estimate the second order term using Equation (2.19) and thus,
for ¢ € [to, tmax):
p P

d(exp,(tw)) < 0(z )—I—tﬁt - Et

<o)~ £

O

Lemma 2.19. Assume that the hypotheses of Lemma 2.18 are satisfied and let f be a continuous
map from a closed subset D C R" into S,. Suppose that K\ C D is a compact subset of D such that

f(K1) CB(Suu0, % ) Then for sufficiently small v > 0 and ty € (0,t,qy) there is a continuous map
N : [0,tmax] X D — S, that satisfies:

1. (t,x) = F(x), if (£,%) € ({0} X D) U([0,tmar] x D\ Ny(K1));
2. 0((t,%)) < O(F(x)) i (£,%) € [0,tmar) X D;
3.0 (1,x) < O(F(x)) — B2 if (1,%) € [t0,tmax) X Ko
4. |In(t,x) — f(x)|| < 3t forall (t,x) € [0,tyax] X D.
Proof. Let Ny(K;) denote the v-neighbourhood of K; in R”, namely,

No(Ky) = {x € R |d(x,K}) < V).
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Assume that v > 0 is small enough so that, f(Ny(K;) ND) C B(Sy;uo, 52—3) and define:

T = {x € Ny(K1) N D|w(f(x)) = 0}.

By the last point in Lemma 2.18, for every y € T one can find V¥ > 0 such that for any z €
B(y,v')N D, and any w € Ty;)W, [|w|| = 1 we have the inequality:

B

24t27 IS [t07tnlax)'

O(exp(p) (tw)) < 0(f(2))

Put O = UyerB(y, %) and let g : R” — [0, 1] be a continuous function such that:

()_ 1 xeKkj,
SY7V0 xe R\ M(K).

Next, choose an orthonormal basis (eq,...,e,) of W C TS, and let f; : Ny(K;)ND\ O —
§" C R"*! be defined by:

fi(x) = (Trer, w(f (), Ty enstr, w(f ()

As in the proof of Lemma 2.18, the continuity of the map: u +— T, |y guarantees that fj is
itself continuous. Since Ny(K;)N D\ O is closed in R” one can extend f; to a continuous map
fr:R" — §" by Lemma 2.3.

Define now a continuous map f3 on D:

n+1
Bx) =Y E(H0))Tywei € TrmW,
i=1
where we denote (E;) the dual basis of the canonical basis (Ej,...,E, ) of R*"!, then set

N(t,x) = expy(y (18(x) f3(x)),x € Dt € [0, tya]-

It is straight forward to check that 1 satisfies the required conditions. The last point follows from
Equation (2.17) and the mean value theorem. |

Lemma 2.20. Let ¢ : E — R a C?-functional such that & ," are a-Holder continuous (o, € (0,1])
on bounded sets and let f be a continuous map from a compact subset D of R" into S,,. Suppose
K, is a compact subset of D with the following properties:

* There exists R > 1 such that f(K,) C B(O,R—1)NS,.

* There exists a constant § > 0 such, that for all y € K>, there is a subspace Wy, of T (y)Su with
dim W), > n+1 so that

D*O(f(y))w,w] < —BlIwl*, forall weW,. (2.22)

Then for any 0 < 8 < &3 where 83 > 0 satisfies (2.18) and v > O there is a continuous map
f:D— Sy such that if N := N(n) is the number given in Lemma 2.2, we have :
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(i) f(x) = f(x) for u € D\Ny(K2);
(i) 0(f(x)) < 0(f(x)) for all x € D;

B&

(iii) Ifx € Ko, then §(f(x)) < 0(f(x)) — SN

(iv) ||Ff(x) — f)]| < gforallxeD.

Proof. Let0 < 3 < 33 be fixed. Since f is uniformly continuous on D C R”, there exists 0 < gy < %
such that

£ () = FWII < 8%’ for all (x,y) € D x D with d(x,y) < 2ey. (2.23)

Using Lemma 2.2 with C = K, and € = 4y we deduce that there exists a finite number of dis-
tinct points {x;,1 <i <m} of R" such that U/ , B(x;,€y) covers K and such that any intersection
of N distinct B(x;,2€y) is empty.

We may certainly assume that B(x;,€y) N K # 0 for each i € {1,--- ,m} and choose y; €
B(x;,ex) N K. For convenience, we set By, = B(x;,€y). Observe, from (2.23) that

) _
fx) e B(Sy;f(yi), @), x € B, ND.

Choose 0 < T < gy small enough such that U | N¢(By,) C Ny(K3) and forie 1,---,m

S —
F) € (S f i) ) x € Na(By) D

Note also that, since T+ €&y < 2€y, any intersection of N distinct sets N¢(B,,) is empty.

We shall now define by induction, continuous functions fo, fi,--+, f : D — S, such that for all
1 <i < m we have that

2
O < OUfi1(0) — oy ifxeB,ND, (2.24)
D) <O(ii(x)) ifxeD, (225)

and
o 0 if x € D\N(By,),
/() ﬁ—1<X>HS{s if x € Ne(B,,) ND.

2N
Let fo = f and suppose that fy, f1, -, fx are well-defined and satisfy inequalities (2.24), (2.25) and
(2.26) for k < m. Clearly

(2.26)

iS i .
() = Il < 3 ifxe (YNe(By)ND.
j=1

Since any intersection of N distinct sets N¢(By,) is empty, we have that

S(N—1)

if D.
N 1Tx e

[1fi(x) = FOI] <
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Since f: By, ND — B(Su; f(yis1), & )» we see that fi maps By, ., N D into B(S,; f (Vk+1), % +

'8N
) CB(Sus fkr1), 3).-

By assumption (2.22), there is some subspace Wy, ., of E with dimW, , > n+ 1 such that
for any w € W, with ||w|| = 1, we have that D*¢(f(yk+1))[w,w] < —PB. Hence, we may apply
Lemma 2.19 with f; and any 7y € (0,,,4,) to obtain a continuous deformation 1 (7, x) satisfying the
conclusion of that lemma. Define now fi+(x) = n(%,x) to get a continuous function fi; : D —

S, satisfying
2

o1 (09) < OU0) — g
0(fir1(x)) < O(f(x)) forxeD,

forxeB

YVi+1

nD,

and _
0 ifx c D\N’c(Byk+1)7

L ifx € Ne(By,,,) ND.

[ fer1(x) = fi(x)]| < {

By induction we see that fy,---, f,, are well-defined. Clearly f = fu verifies the claims of the
lemma. U

Finally, we shall need the following lemma which follows directly from [31, Lemma 5.15]
used with S = f(K3) and V = §,,.

Lemma 2.21. Let ¢ be a C' functional on E and let f be a continuous map from a closed subset
D of R" into S,,. Let C, €, j1 > 0 be three constants. Suppose K3 is a compact subset of D satisfying

E—E<O(f(x)) <é+E forxe€K;.

Assume that, for all x € K3,

10']s, (@)l = —,  foru € B(Su: f(x),20),

=&

then there is a continuous map f : D — S, such that
(i) () = f(0) if 0(f(x)) <&~ 28
(i1) 9(/(x))) < 0(f(x)) for all x € D;
(iii) If x € K3, then §(f(x)) < é—&.
We now have all the ingredients to prove the main result of this section.

Proof of Theorem 2.1. Suppose max,cs ¢(u) < ¢+ € where A is a set in F satisfying (2.1). There
exists a continuous function f from D C R" into S, which is equal to 6 on Dy and such that
A= f(D).

Let 83 > 0O satisfy the equality in (2.18). Observing that it is not restrictive to assume that
o< % in condition (1.4) we can find a constant Y > 0 such that yﬁé < 93 for any > 0 small
enough. Now let

o o
5=25() = %min (iw—l,yev‘) 2.27)
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and observe that & < 83 when 3 > 0 is given by f = €%1.
Consider the closed set
K={xeD|¢(f(x)) >c—¢}. (2.28)

Since ¢ — maxp ¢ > 0, taking € > 0 sufficiently small, we can assume that K is a compact subset
of D\Dy and that ¢ — 2¢ > maxg ¢.

Now suppose that the conclusion of the theorem does not hold, then for all x € K, we have either
[10]s,(f(x))[| > 3™ or there is a subspace W, of TS, with dimW, > n+1 such that for all
w € W, we have D?0( f(x))[w,w] < —%||w||?.

In view of the assumption HOL 2 on ¢’ and of the definition of 8 > 0 given in (2.27), setting
0 = 28 we deduce that for all x € K such that |[¢'[s, (f(x))|| > 3e* we have ||¢'[s, (u)[| > &* for

A

all u € B(f(x),0). Let
Ty = {x € K|||¢/[s,(u)|| > €™, for all u € B(S,; f(x),8)}

and T» = K\T;. Note that 7, T, are compact, and K = T UT,. Now apply Lemma 2.20 with
Ky=T,, =€ andv = %dist(Do,K ) > 0 to obtain a continuous map g : D — S, such that

g(x) = f(x) forxeD\Ny(T,) and ¢(g(x)) <o(f(x)), forxe D, (2.29)
oc182 .

0(8(x)) < O(/(x) — =z, forxeTo, (2.30)

l|lg(x) — f(x)]] < g, for x € Ny(T,) N D. (2.31)

Observe that Inequality (2.31) yields for x € Ty, B(S,;8(x),8) C B(Sy; f (x),8). Now we apply
Lemma 2.21 withé=c,€ =¢cand i = g. Observing that since o < 557 we have that

16€
M > 5 if € > 0, is sufficiently small.

we deduce that there exists a continuous map f : D — S,, such that

f0)=g(x) ifo(g(x)) <c—2e and o(f(x)) <o(f(x)), for xeD, (2:32)
o(f(x)) <c—e, for xeT, (2.33)

Note that f(D) € F. In view of (2.30), (2.32), (2.33) and of the definition of K given in (2.28) to
get a contradiction we just need to show that

£ §? —
SGAN2 >2¢, for xeT»,. (2.34)
But, for € > 0 small enough,
62 — l g%
4
and since o < OCLH, Equation (2.34) will hold if € > 0 is small enough.

Summarising, we managed to construct, assuming that the conclusion of the theorem does not
hold, a path in ¥ for which the maximum of ¢ on this path is strictly below the value of ¢. This
contradiction ends the proof. U
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3 Proof of Theorem 1.10

This section is devoted to the

Proof of Theorem 1.10. Since, for each u € E, the function p — &, (u) is non-increasing, the func-
tion p — ¢p is non-increasing as well. Therefore, its derivative cé) is well defined for almost every
p € 1. We show that the existence of cé, ensures that of the desired Palais-Smale sequence. Let
then p € I° (the interior of /) be such that c;) exists, and let {p,} C I be a monotone increasing
sequence converging to p.

Step 1) There exist {A,} C ¥ and K = K(cp) > 0 such that, writing A, = f,(D) we have:
() [|fx(x)]| < K whenever

Py (fu(x)) = cp— (2—¢p) (P —Pn), X €D 3.1)
(i) max®p(f,(x)) < cp+ (2= cp) (P —Pn).
Let {A,} C ¥ be an arbitrary sequence such that, writing A, = f,(D) we have

max @y, (f(x)) < ¢p, + (P = Pn)- (3.2)

xeD

We shall prove that, for n € N sufficiently large, {A,} C F satisfies the desired conditions. When
fn(x) satisfies (3.1), we have

Py, (1))~ Pp(Jox)) _ o+ (P—Pa) = ot C=ch)(P—P) _ cp, ¢y

< = +(3=C)).
P—Pn P —Pn P —Pn S
Since ¢}, exists, there is a n(p) € N such that, for all n > n(p),
Con P oy, (3.3)
p—pn — P
Consequently, for all n > n(p),
P—Pn
Moreover,
A(fu(x)) = D(fu(x)) +puB(fa(x)) < cp, + (P — Pu) +Pal—2¢5 +4). (3.5)

(i) now follows from Assumption (1.8) and the fact that {A(f,(x))} and {B(f,(x))} are bounded.
To prove (ii), observe from (3.3) that for all n > n(p),

cpy <ot (—co+1)(p—pn) (3.6)

and thus, using (3.2) and (3.6), we get

Py (fu(x)) < Pp, (fa(x)) < €, + (P —Pn) < cp+ (= +2)(P = Pn)-

30



Thus (ii) also holds.

Step 2) Let K =K (cé,) be the constant found in Step 1, and let M > 1 be the constant of the
assumption HOL 2 corresponding to the value R = K + 1. Finally, let €, := (2—cp)(p—p,) — 07,
(where {p,} is the sequence introduced at Step 1). For each n € N large enough, Theorem 2.1
guarantees the existence of u, € S, with the following properties:

(@) cp—€n < Pp(ua) < cp+8ps
(b) ([P ]s, () ||+ < 351

(©) uy €Ap;

(d) g (un) < d.

Step 3) Conclusion of the proof. Recalling that €, = (2 — c(,)(p —pn) — 0T, we claim that
{un} C Sy with u,, € S, satistying (a)-(d) of Step 2 is the Palais-Smale sequence we are looking
for in Theorem 1.10.

From (a) and (b) of Step 2, it is a Palais-Smale sequence at the level ¢p. From (a) and (c) we also
have
tn € An N {Pp =2 cp— (2 Cé)(p —Pn)}

so that [|u,|| < K, thanks to Step 1; that is, {u,} C S, is bounded. Finally, we observe that, since
€% — 07, (d) of Step 2 implies (iv) of Theorem 1.10. At this point the proof of the theorem is
completed. O

Proof of Remark 1.8. The remark follows directly from the observation that it is possible to re-
place in Step 1 of the proof of Theorem 1.10, A, € F by |A,|« € T. Since u, € |A,|., this gives the
additional property u,, > 0. O

Theorem 1.10 admits variants in which some of the assumptions can be relaxed. The following
one is motivated by a remark of D. Ruiz.

Theorem 3.1. Let I C (0,+o0) be an interval and consider a family of C' functionals ®, : E — R
of the form
Dp(u) =A(u) —pB(u),  pel,

where B(u) > 0 for every u € E. Let F be a homotopic family of S,, of dimension at most d with
boundary B (independent of p) such that

Cp ::22213335@"(”) > rnglxcbp, Vpel. (3.7

Then, for almost every p € I, there exists a sequence {un} C S, such that, as n — +oo,
(i) Dp(up) — cps
(ii) ||Dpls, (n)] ]+ — O

(iii) {A(u,)} and {B(u,)} are bounded.
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Assuming in addition that the set G := {u € S, |A(u) < K,B(u) < K>} is bounded for any K| > 0,
K, > 0, then also {u,} is bounded in E.

If now ®, : E — R is of class C? and CID;), CIDS are O-Holder continuous on bounded sets in the
sense of Definition 1.1 (HOL 2) for some o € (0,1], then there exists a sequence C,, — 0" such
that, as n — oo,

(iv) mg, (up) < d.

Proof. First by a direct adaptation of Step 1) of the proof of Theorem 1.10 we obtain, see (3.4)
and (3.5), that there exist {A,} C F, A, > 0 and B, > 0 such that, writing A, = f,,(D) we have

(i) A(fa(x)) <Ap and B(f,(x)) < B, whenever
P (fu(x)) = cp = (2= ) (P~ Pn);

(i) max®@;(f,(x)) < cp+(2—cp)(p—pn)-
xeD
Let us now define
Goo={ucS,|A(u) <Ap+1,B(u) < Bp+ land |Pp(u) — cp| < o}
We claim that, for all o0 > 0
inf{||®p s, ()]« |u € Gpo} =0.

If this is true then we obtain (i)-(iii). This claim is proved in a standard way by using, on the
special paths obtained above, a deformation argument, such as [31, Lemma 5.15]. We refer to [17,
Proposition 2.2] or [9, Lemma 4.4] for details in the case of an unconstrained functional.

If we assume in addition that any set of the form G := {u € S, |A(u) < K;,B(u) < K>} is
bounded then (u,,) C E is bounded. Finally, under the above regularity assumptions on &, : E — R,
we can pursue the proof of Theorem 1.10 starting from Step 2 and obtain (iv). O

When the sequence {u, } C S, provided by Theorem 1.10 or Theorem 3.1 converges, its limit
is a critical point of ®p[s,. In this case, the information about the approximate Morse index of
{u,} C Sy, can be used to infer information on the Morse index of the critical point.

We recall, see for example [1, Definition 2.5], that
Definition 3.2. If u € S, is a critical point of ®,| s, with Lagrange parameter A € R.

1) The Morse index m(u) € NU{0,0} of u with respect to ®p|s, is defined as

m(u) =sup {dim L| L is a subspace of T,,S, such that: V@ € L\{0}, D*®,(u)[¢,@] <0 }.

2) The free Morse index m¢(u) € NU{0,0} of u is defined as

mys(u) =sup {dim L| Lis a subspace of E such that: V¢ € L\{0}, D*®,(u)[9,¢] <0 }.
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Remark 3.3. Recall that, for critical points u € S, of ®|s,, the restriction of D*®(u) to T,S,
coincides with the Hessian of @, |s, at u. See Remark 2.10.

Theorem 3.4. In the setting of Theorem 1.10 or of Theorem 3.1, we assume that the sequence
{un} C S, converges to some u € S,. Then

1) Setting Ay := ﬁdD;)(u) -u we have
@, (1) —Ap(Gu,-) =0, inkE". (3.8)

Here G : E — E is the injective linear map defined in (2.11). Equation (3.8) indicates that
u € S, is a constrained critical point of ®, with Lagrange parameter A, € R. Alternatively,
u € S,, can be viewed as a free critical point of the functional ®, — AyGu defined on E.

2) The Morse index m(u) of u is at most d.
3) The free Morse index my(u) of u is at most d + 1.

Proof. Using Equation (1.7) in Remark 1.6, we immediately deduce that 1) holds. To show that
m(u) < d we assume by contradiction that there exists a Wy C T,,S, with dimWy = d + 1 such that

D*®, (u)[w,w] <0, forall we Wp\{0}.
Since W is of finite dimension, by compactness and homogeneity, there exists a By > 0 such that
D*®, (u)[w,w] < —Bo||w||?, for all w € W\ {0}.

Now, from Corollary 2.12 we deduce, for §; > 0 given by Equation (2.9), that for any v €
B(Sy;u,?)l),

D*®@, (v)[w,w] < —3TBO||W||2, for all w € Wp\{0}. (3.9

Since {u, } C S, converges to u we have that u,, € B(S,;u,8;) for n € N large enough. Then since
dimW, > d, (3.9) provides a contradiction with Theorem 1.10 (iv) where we recall that {, — 0.
This proves 2). Finally, recording that S, is of codimension 1 in E we immediately obtain that
m f(u) S d + 1. O

Remark 3.5. If in Theorem 1.10 the conclusion only holds for almost every p € I, this is due to the
fact that it is not known if, for a given p € I, the functional &, admits a sequence of {A,} C ¥ as
in Step 1 in the proof of Theorem 1.10. For a functional for which this is known a priori Theorem
2.1 directly implies the existence of sequences {u,} C S, and {, — 07 such that, as n — oo, the
properties (i)-(iv) in Theorem 1.10 hold.

4 The case of Z,-homotopic families

In this final section, we prove Theorem 1.12. For this we shall extend Theorem 2.1 to a symmetric
setting. We consider the action of Z, on R" determined by an isometric involution of R” with its
usual distance, that we denote by S. For any subset D C R” we denote by:

SD = {Sx, x € D}.
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A subset D is invariant or stable if SD = D, in this case, a continuous map f : D — §,, is said to be
equivariant if:
foS=—F.
We assume throughout this section that Dy C D C R" are compact sets such that
{xeD, Sx=x}=0, SD=D, SDy=Dy. 4.1)

We shall restrict our attention to the following class of homotopic families:

Definition 4.1. A family ¥ of subsets of S, will be said to be a Z,-homotopic family of dimension
at most n with boundary B if there exist compact sets Dy C D C R” satisfying (4.1) for some
isometric involution § and a continuous equivariant map To : Do — B such that:

F ={A CSu|A = f(D) for some f € C(D;S,) with foS=—fand f =mg on Dy}.
Our present goal in this section is to prove the following symmetric version of Theorem 2.1.

Theorem 4.2. Let ¢ be a C*-functional on E, satisfying HOL 2 for some o, € (0,1], and assume
that |, is even.
Let F be a Z,-homotopic family of S, of dimension at most n with boundary B such that

c:= inf maxd(u) > max
AEF ucA (I)( ) B (I)

is finite. Let R > 1,0 < 0y < ﬁ < 1and e > 0. Then for any A € F with max,cs 0(u) <c+¢€
satisfying
K:={u€A|¢(u) >c—¢e} CB(O,R—1), (4.2)

assuming that € > 0 is sufficiently small there exists ug € Sy, such that

1. c—e<0(ue) <c+e;

2. |0"]s, (ue)|| < 3e™ ;

3. uc €A,

4. If D*0(ug)[w,w] < —€%||w||? for all w # 0 in a subspace W of T,,.S,,, then diim W < n.
By symmetry this also holds for —us.

The main difficulty in the proof of Theorem 4.2 is to adapt the deformation process so that Z,-
homotopic family ¥ remains stable under our deformations. Our strategy, given A = f(D) € F,
is to deform simultaneously near any f(x) = u and f(Sx) = —u, transporting the data defining the
deformation of f near f(x) to f(Sx) via the antipodal map. In order to avoid any overlap when
deforming, we crucially and repeatedly use the following lemma:

Lemma 4.3. For any x € S, 0 < 8 < \/2u we have:

0 = B(S,:x,8) N B(Sy: —x,8) = B(S,:x,8) N —B(Sy:x,9).
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4.1 Adapting the deformations and proof of Theorem 4.2

First we prove a technical lemma that extends Lemma 2.19 to the symmetric case; we recall that
we assume that ¢|s, is even.

Lemma 4.4. Assume that the hypotheses of Lemma 2.18 are satisfied and let f be a continuous
equivariant map from D into S,,. Suppose that K; C D is a compact subset of D such that f(K;) C

B(Su;uo, 5—24), where 84 = min(53,2\/§ﬁ) and 83 satisfies Eq. (2.18). Then for sufficiently small
v > 0and ty € (0,tyax) there is a continuous map M : [0,tyqc| X D — S, that satisfies:

1 0(t,x) = £(x), if (1,%) € ({0} x D) U (10, mar] x D\ (N (K1) UNy(SK1));
2. 9M(t.2)) < O(F(x)) if (1.x) € [0.tar) ¥ D

3. 0M(1,2)) <O(f(x) — B2 if (1,2) € [to,tmax) (K1 USK));

4. |In(t,x) — f(x)|| <3t for all (t,x) € [0,tyax] X Dy

5. n(t,x) = —m(z,8x) for all (t,x) € [0,t,qx] X D.

Proof. Firstly, since f is equivariant it follows from Lemma 4.3 that K; N SK; = 0. Let Ny(K;)
denote the v-neighbourhood of K in R”.

Assume that v > 0 is small enough so that, f(Ny(Ki) N D) C B(Susuo,%) and Ny(K;) N
SNy(K1) "D = 0. Define:

T ={xe Ny(Ki)ND|w(f(x)) =0}.

By the last point in Lemma 2.18, for every y € T one can find V¥ > 0 such that for any z €
B(y,v')N D, and any w € Ty;)W, [|w|| = 1 we have the inequality:

B

24t27 IS [t07tnlax)'

O(exp(p) (tw)) < 0(f(2))

Put O = UycrB(y, %) and let & : D — [0, 1] be a continuous function such that:

h(x)— 1 x€eKkj,
10 xeD\N(K)),

and set: g(x) = h(x) + h(Sx). Then g is a continuous function on D such that go S = g, and, since
Ny (K1) NSNy(K;) = 0, g satisfies:

()_ 1 xeK{USK;,
SV 700 xeD\ (N(K1) USNG(KL)).

Note that since SNy (K;) = Ny(SK) then Ny (K;) USNy(K;) is symmetric, this follows from the
fact that S is an isometry.
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Next, proceeding as in the proof of Lemma 2.19, we choose an orthonormal basis (ej,...,€,41)
of W C TS, and let f; : (Ny(K;)\ O)ND — S* C R""! be defined by:

fi(x) = (Tymer,w(f(x)))s - (T entr, w(f (x))))-

As in the proof of Lemma 2.18, the continuity of the map: u +— T, |y guarantees that fj is
itself continuous. Since (Ny(K7)\ O) N D is closed in R" one can extend f to a continuous map
f2:Ny(K1)ND — S" by Lemma 2.3. Now we define: f5: (Ny(K;) N D) U (SNy(K;) N D) — S" by

A = fr(x) x € Ny(Ky)ND,
’ —f2(Sx)  x € SNy(K;)ND.

Then using Lemma 2.3 again we extend f3 to a continuous map f3 : R” — §". Finally, define
a continuous map f5 on D:

n+1
fs(x) = Y E (fa(x) Ty ei, € TW,
i=1
where we denote (E}) the dual basis of the canonical basis (E1,...,E,1) of R*"!. Now setting

N(t,x) = expy(y (18(x) f5(x)),x € Dt € [0, tya]-

Since, exp_,(—1v) = —exp,(tv), it follows that 1 satisfies the required conditions. The point 4
follows from Equation (2.17) and the mean value theorem. O

Next we extend Lemma 2.20:

Lemmad4.5. Let ¢ : E — R be a C?-functional such that ¢ ,0" are a-Holder continuous (o€ (0,1])
on bounded sets and 0|s, is even; let f : D — S, be a continuous equivariant map. Suppose K is
a symmetric, i.e. Ky = SK;, compact subset of D with the following properties:

* There exists R > 1 such that f(K;) C B(O,R—1)NS,.

o There exists a constant B > 0 such, that for all y € K, there is a subspace W, of T (y)Sy with
dim Wy, > n+1 so that

D*O(f () w,w] < —BlIw[]*,  for all w € W,\{0}. 4.3)

Then for any 0 < 8 < 84 where 84 > 0 was defined in Lemma 4.4 and v > 0 there is a continuous
equivariant map f : D — Sy such that if N := N(n) is the number given in Lemma 2.2, we have :

(i) f(x) = f(x) for u € D\Ny(K2);
(i) O(f(x)) < O(f(x)) for all x € D;

p&’

(iii) If x € Ko, then 0(F(x)) < 0(£(%)) = 355"
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(iv) ||Ff(x) — f)]| < gforallxeD.

Proof. Let 0 < 8 < 94 be fixed. As in the proof of Lemma 2.20, we can find a €y > 0 and points
X1, ,Xp in R” such that U B(x;,€y) covers K> and B(x;,ex) N K> # 0 for each i € {1,--- ,m}.
Choosing y; € B(x;,ex) N K> and setting B, = B(x;,€y) we observe, as before, that, taking v > 0
small enough, we can assume that U” | N¢(By,) C Ny(K3), and for 1 <i <m,

8 _
fx) e B(S,,; o), m), x € Ne(By,) ND. (4.4)

In addition, any intersection of N distinct sets N(By,) is empty. Note that so far we have not used
the assumption that K; is symmetric.

We shall now define by induction, continuous equivariant functions fo, fi,--+, fm : D — S,
such that for all 1 < i < m we have that

2

 3456N2
0(fix)) < 0(fi-1(x)) ifxeD, (4.6)

O(fi(x)) < O(fi-1(x)) if x € (B,,,, USB

Yk+1

)N D, (4.5)

and
1)~ fi (]| < {Os if x € D\(Ne(By) USN:(B,)),

4.7)

Let fo = f and suppose that fy, f1,- -, fr are well-defined and satisfy inequalities (4.5), (4.6) and
4.7) for k < m. Clearly

1)~ F € > ifre (Y(N.(B,) USN:(B, ) "D,
j=1

Since any intersection of N distinct N¢(B,,) is empty, by symmetry the same is true for SN;(By,)

and hence the above intersection is empty whenever i > 2(N — 1). Thus:
5(2(N—1))

N if x e D.

[1fie(x) = f)]| <
As f: By, ND = B(Sy; f(Vks1)s 37 )» We see that fi maps By,., N D into B(Sy; f(yit1), (1 —
++5%) CB(Sus f (k1) %) By assumption (4.3), there is some subspace Wy, , , of E with dimW,,,, >
n+ 1 such that for any w € W, |, with ||w|| = 1, we have that D*¢(f(yk+1))[w,w] < —B. Hence,
we may apply Lemma 4.4 to f; and any fy € (0,%,4,) to obtain a continuous equivariant defor-
mation M (z,x) satisfying the conclusion of that lemma. Define now fii1(x) = n(%,x) to get a
continuous function fiy1 : D — S, satisfying

B o
 3456N2
O(fir1(x) <0(f(x)) forxeD,

for x € (By,,, USB

Yk+1 Yk+1

O(fier1(x)) < O(fi(x)) )N D,
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and

0 ifx € D\(Nz(By,,,) USNi(By,,,)).

|| fir1 () = ()| < {% it x € (Na(B,..) USNe(B,.. ) ND.

By induction we see that fy,---, f,, are well-defined. Clearly f = fu verifies the claims of the
lemma. U

Finally, we shall need [31, Lemma 3.1]:

Lemma 4.6. Let ¢ be a C' functional on E and let f : D — S, be a continuous equivariant map.
Let ¢, € [i > 0 be three constants. Suppose K3 is a symmetric compact subset of D satisfying

C—E<O(f(x) <¢+E, forxeKs.

Assume that, for all x € K3,

19/l )1 = . for € B(S,i(+). 20,
then there is a equivariant continuous map f : D — S, such that
(i) F(x) = f(x) if 0(f(x)) < &—28
(i) O(f(x)) < O(f(x)) for all x € D;
(iii) If x € K3, then o(f(x)) < & —&.

Proof of Theorem 4.2. Using the notations introduced in the proof of Theorem 2.1 we observe that

the sets:
K={xeD[o(f(x)) > c—e},

Ty = {x € K|||0/[s,(u)|| > €1, for all u € B(S,; f(x),)},
T, =K\Ti,
are symmetric since ¢ is even. Note also that for any symmetric subset A C D then A is symmetric.

The arguments of the proof are then identical to those of the proof of Theorem 2.1, using
instead Lemmata 4.4, 4.5 and 4.6 and modifying constants where necessary. O

Remark 4.7. Inspecting the proofs of Lemmata 4.4, 4.5 and 4.6, one might observe that the
assumption that S is an isometry can be omitted if we replace the usual distance d of R" by
a topologically equivalent distance for which § is an isometry and such that the conclusions of
Lemma 2.2 hold. This would be the case of the “average” distance:

4. (6) = 5 (d(x,y) +d(5%,5)).

Proof of Theorem 1.12. The proof follows exactly that of Theorem 1.10, with Theorem 4.2 re-
placing Theorem 2.1. We apply Theorem 4.2 with the particular choices:

S-(s,x) =(s,—x), (5,x) ERxR" Y D=10,1] xS 2 CR",Dy={0,1} x "2

Note that Yo,y; : SV 2 — S,, corresponds to Mo. O
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