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Abstract
In this paper, we investigate a relation between the differential
equations and the non trivial zeros of the Zeta function.
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1 Main result

Consider the representation of the Riemann Zeta function ¢ defined by the
Abel summation formula [[I], page 14 Equation 2.1.5] as

s teo
¢(s) i= —— 8/1 {t) dt, R(s) € (0,1), S(s)eR", (1)

o 1—s o t1+s
where {t} is the fractional part of the real t. We prove the following Theorem.
Theorem 1. Consider the function ¢ defined by the Equation (). For every
T €R* andr € (3,1) we have

|C(r+i1)| # 0.

Thanks to the Riemann functional equation we deduce that any non
trivial zero of the Zeta function has a real part equal to %, where the non
trivial zeros are defined in the following sense

Definition 2. Consider the function ¢ defined by the Equation (). Let be
s € C. We say that s is a non trivial zero of the function ( if

I¢(s)]=0 and R(s) € (0,1), S(s) € R~
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2 Main Proposition

For every r € (0,1) and 7 € R* the Equation (J) implies,
C(T + iT) - _ 1 _ /+oo u—ir—l—r{u}du'
1

r+4aT 1—r—ar

The aim is to studies the differential equation of solutions the functions

¢
ts Prp(z,t) =TT {z +/ u_iT_l_T{u}du], zeC, t>1
1

We focus only on the bounded solutions (there is a unique bounded solu-
tion. All other solutions are oscillating and diverge to infinity in norm).
More precisely, the strategy to prove the Theorem [ is to prove that
sup;s1 |¥rr (==, 1)| < 400 implies 2r < 1. In other words ]%\ =0
implies 2r < 1.

For every 7 € R* and r € (0, 1) we consider the following differential equation

d
v =(r+ iT)t e e, (2)
1

In this paper we derive the functions only on Ry /N.

Lemma 3. For every 7 € R* and r € (0,1) there exists a unique continuous
solution ) (t) : [1,400) = C of the differential equation (). Further,

t
T;Z)T,r(t) = tr-HT/ u_”_l_r{u}du, Vit > 1.
0
Proof. Let be r € (0,1) and 7 € R* fixed. Since {u} = u for every u € (0,1)
then

t
) . t
tr+m—/0 ’U,_ZT_I_T{’U,}CZ’U, = m, Vt c [O, 1]

Since 0 < {u} <1 for every u > 1 then the function

t
t— tr-i—rr/ u_”_l_r{u}du,
0

is continuous and C! on Ry/N. The Equation (@) is a non-
homogeneous linear differential equation. The unique continuous solution
Yrr(t) : [1,400) = C such that 1, ,(1) = 7 is given by

1
—r—aT

t
¢T,r(t) = tT—HT/ U_iT_l_r{’LL}d’LL, Vit > 0.
0



Proposition 4. Let be 7 € R* and r € (0,1). Consider the continuous
solution . ,(t) : [1,400) — C of the differential equation ([2)). Suppose that
sup;sq [¢rr(t)| < +o0, then 2r < 1.

Notation 5. Denote

p(t) = 112 / (tu} - —)du >0,

where we recall that {u} is the fractional part of the real u.

Lemma 6. The function p is a continuous 1-periodic function and satisfies

1
p(t) = —— exp(ij2nt), Vt>0.
].EEZ:* (2m)?

Proof. The function u — {u} is 1-periodic, then there exists a continuous
1-periodic function p : R — R such that

/{u}du—t/ {u}du——-i-p() vVt > 0.

1 1 1
/ {u}du:/ udu =,
0 0 2

/{u}du—t———-l-p() vt > 0.

Since

we get

The function p is a piecewise C'°, continuous on R and 1-periodic. By
Dirichlet Theorem, the Fourier series

n
n— Z ay exp(ik27t),
k=—n

converge uniformly on Ry to the function ¢ — p(t), where (aj)r C C are the
Fourier coefficients of the function p.

! 11
/ ({v} - —)d + =19 + Zaj exp(ij2nt), Vt>0.
JEZ
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By definition of the Fourier coefficients we have

aj = /01 exp(—z'j27ru)</0u ({v} - %)dv)du

1 (! 1
== exp(—ij2ru)u(u — 1)du = — , VjeZzr,
5 | esp(ciimutn = du = g g

[\

and

I 1
agp /0 u(u — 1)du B

1 .
p(t) = Z Tom)? exp(ij2nt), Vt>0.

P

O

Lemma 7. Let be 7 € R* and r € (0,1). Let ¢,,(t) : [1,+00) — C
be the continuous solution of the differential equation (). Suppose that
SUp;>q [Yrr(t)| < +oo. Then

k
sup n39m(n)‘ < 400 and sup n2(1+r)/ w2 0 (w)du| < +oo,
neN* k,neN* n
k>n
where _
Prr () s= e ) gy~ Wuz L

and where w— |u] is the floor function.

Proof. Let be r € (0,1) and 7 € R* fixed. By Lemma [3]

t
e (t) = 4747 /0 T du, VS 0. 3)

Suppose that
sup |7, (t)| < 4o0.
t>1

Since

+oo )
Sup [t (1)) < +o0 = | / T uddul = 0,
t>1 0



then

t ) +o00 )
/ w” T Y du = —/ w” T Y du, V> 1.
0 t

Equation (3) can be written as

. +m .
Prp(t) = —tr“T/t u” T Y du, V> 1. 4)

Consider the function p given in the Notation Bl By Lemma [6] the function
p is l-periodic, then it is bounded. Use the integration part formula in
Equation (4]),

1 1

7;[)7',7“(75) = _57' T +p(t)t_1

~ (i gn)emr [

t

+oo

u T3 / p(v)dvdu,
t

or by the notation of 6, of the present Lemma, we have

0:(t) = <H] 16T +7+ 7‘)>t”+7’ /+OO u T /tu p(v)dvdu. (5)

t

By Lemma [6] we have

p(u) = Z - ! 5 exp(ij2ru), Vu > 1.

Since ) ez W = 0, then

‘// d,udv‘<22 277) <1, VYu>s, VneNlN. (6)

JEZ*

Item 1.
Using the integration part formula in the Equation (fl), for every Vn € N we

obtain
niT—l—r/ —ZT 4— r/ / d,udvdu
By the Equation (), we get

[ oo
7‘ T’T(n),‘ < nr/ W< nT3, Ve N
|3 +r+ir|? n

1070 (n)] <TE_y |5 + 7 + i
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Item 2.
In order to simplify the notation, for every k,n € N*, denote

k ) 400 ) v
Ver(k,n) ::/ u_lLuJu”_r/ v_”_g_’"/ p(p)dpdudu.

For every k,n € N*, we have

k ) 400 )
VT7r(k7,7”L) :/ ’LL_1L’LLJ’LL”_T/ ,U—rr—3—r Z

jez*

exp(ij2mv)dv

1
(j2m)?
o /k |u|u=372" Z ! exp(ij2mu)du.
it +2+7 J,  (j2m)?
JjEZ
Implies

k ) +0o0o ) 1
Ver(k,n) :/ u_lLuJu”_’"/ pT T Z Wexp(iﬂﬂv)dv

JEZ*

1 g 3—2r 1
3 9
+7z’7’+2+7"/n {utu Z 2n) exp(ij2mu)du

JEZ*
S /k u~207) Z 1 exp(ij2mu)du.
iT+2+1 /, = (j2m)3
Use the fact
1
=0 and / 53 exp(ij2mv)dv = 0,

and use the integration part formula to obtain

Ve r(k,n)

“+oo
= (z'7'+3+7’)/ “Hoauu'm T/ v T/ / p)dudsdvdu
+ _ / {uyu=372" Z
m+247r J,

1
1 3
i G2m)

o, Lt —3%/1/
2@'7’ s / w)dpdvdu. (7)

exp(ij2mu)du



Using the Equation (@l); the Equation (B) and (7)) implies
k
‘ / w2 ) 0T7r(u)du‘ = H?:1|z’7' +7+r
n
k +o00
<|3+r+ z'7’|3/ u_r/ v dudu
n u

k
+ 51 +r + 7| / w3 du < 6]3 4 7 + TP 2T,
n

Ve )|

O

Proof of the Proposition[{ Let be r € (0,1) and 7 € R*. Use the change of
variable

t

T, Tt )+ {t), t> 1

TZJT,T (t) ==

The Equation (2)) can be written as

%qzm(t) L i) (1), VEE RSN, £ 1. (8)

For the particular initial condition of v, ,, we have

1

1—r—ar’

Yrr(1)
by the definition of z;m, we get
Vrr(l) = —1.
The Equation (8) implies the following new differential equation,

t
t (1) = (r + Z'T)t_l/ u M (u)du — t7t], V>,
1

where we recall that u — |u] is the floor function. The wronksien is given

by

4
dt

where in order to simplify the notation, we denoted

U, () = 2rt ™ 0, (1) — 267t we o (8), (9)

U (1) = ‘/t u™ e, (u)du ’ and  w;,(t) = /t u_lé]?(?[;m«(u))du.
1 1
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By definition of Q;T,T» we have

t—-1)

/t u= Yy, (u)du = — + /lt T {(7‘ + 1) (uw) + {u}|du

1 1—r—uar
o (t=1) /t d
o l—r—ir + 1 duwm(u)du
t
= rr(l
1—r—ir +rell)
Then
2
Vrolt) = et + 1wm<t>J
_2(1_7‘)%(7%;:(:))31:?(1/17,r t))t, Yt > 1’ (10)

wer(t) = -t + ?R(zpf,r(t)» Vi > 1.

Prove the Proposition by contradiction. Suppose that 2r > 1 and
Sup;>1 [ (t)| < +0o. By The Lemma[7l we have

1

3 3 2
- — < . 11
SUp [0 () 4+ 5o = p(n)‘ o0 (11)
Using the Equation (I0]), we get
sup n? ar ¥y p(n) — (IJW(n)‘ < 400, (12)
neN*
where 5
®,,.(n):=n%— T’T_rn+ Qe —2(1 —7)p(n),
7T( ) 57’,7‘ 457—,7* ( )p( )
and where

=1 =7 +7% and B, :=r>+77%

Integrate the equation (@) as a non-homogeneous linear differential equation,
we obtain

U, n(t) =t heo(t,s), VE>s>1, (13)
t
hor(t,s) i =820, .(s) — 2/ w2 w, . (u)du.
S
By hypothesis 2r > 1. From the Equation (I2]), remark that

lim k2 [k = ar, W (K)] = 0.

k—+o00



The strategy to prove the present Proposition is to find a constant time
nr, >> 1 such that

klir_ir_l kz(l_r) - aT,ThT,T(k7nTvr) >0,
—+o00

which gives a contradiction. In other words, the aim is to studies the asymp-
totic behavior of the function (solution) t — 2 — a;, ¥, ,.(¢) and find this
function, when 2r > 1, can not approximate a polynomial function of first
order. More precisely, the polynomial approximated by this function is of 2r
order. We have

k2(1—7‘) o aT,T’hT,T(k7n) — k2(1—7‘) _ aT7rn_2T\Il7-7r(n)

k
+%ma/?f”*huwvwm% Vk,n € N*,
n

Use the second Item of the Lemma [7] and the Equation (I0). Use the Equa-
tions (I2]), we get

sup [n?(1+7) [kzﬂ—” — arphry(k,m) — FT,T<k,n)} \ <Aoo,  (14)

k,neN*
k>n

where
T, (k,n) = k20 — =20, (n)

k
- / w2 ) [2(1 —rju+ % - 2ozT7rp(u)u_1] du,

or by the notation of &, ,,

FTT(k’n) - k2(1—7«) — 7’L2(1_T) + %nl—%*
- (5= - - —2r
<4,87—7r 2(1 T)p(n))n

ror

/87',7“

As in the Proof of the Lemma [7, we use the integration part formula. Using
the fact

k
— /n w2 ) [2(1 —r)u+ — 2Oér,rp(u)u_1] du.

By — T TOr 1—r

Bra  Bre(l—2r) 1-2r 7
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Since 2r > 1, we have

+o0
lim I‘TT(k‘ n) = 2(1 — r)p(n)n=2" + QCMTT/ ™ p(u)du

k—+

+o0 r +oo
+2(1 - 7‘)/ w2 ({u} — E)du + ;T: / u " {u) - %)du

+oo
- 204777“/ w2 u}p(u)du

Implies

+oo
lim T';,(k,n) = 20zm/ w7 p(u)du

k——+o0

Feo ror, [T 1
+4r(1 - r)/ w2 p(u)du + 5—/ w1 ({u} — §)du
1

+o00 +00
- am,/ w2 p(u)du — 2a77r/ w2 ({u) — §)p(u)du

lim I';,(k,n)= %n_%_lp(n)
k——+oco v

+2(r+1)(2r + 1) 5 /+0<> w3 /u (v)dvdu

+8r(1—r?)(2r + 1) /+OO 2 3/ / p)dpdvu
+42r + 1)(r + Doy / w23 / / w)dpdudu
—2(7‘+1)04m~/ u 3/ p(v)dvdu

Y [

w2 3( ))2)du.

r+1)ar,

Since

dv‘ <1 and

dudv‘<1 Yu>n, n €N,

Then, there exists ¢, > 0 such that for all n € N* we have

ro
‘ lim I';,(k,n)+ ip(n)n_z"_l‘ < ey 2047,
k—+o00 T
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Since
p(n)=-—, VYneNN

Then

. 1 raq, _o.4
lim Ty, (k,n) + — —onl =2
‘k—1>I—ir-loo r(Bn) + 33 By

‘ < CT,Tn_2(1+T).

From the Equation (I4)), there exist n,, € N* s uch that

Jim KO — o by (k)| > 2—1474;: nyr=t > 0.
The Equation (I3]) implies
But since r € (3,1), by the Equation (IZ) we have
lim k% [k — ar, W, (k)| = 0.
k—+o00
Contradiction. 0

Remark 8. In the previous Proof, using the fact
rr(1) = —1.
remark that the sequence (n"“”zﬁ(n)) N is given by the Riemann series;
neN*

. "1
n_T_ZT’l/}(’n) = — Z W’ Vn S D\‘*
k=1

3 Proof of the Theorem [

Proof of the Theorem . Let be = € (0,1) and 7 € R*. Suppose that
|¢(z +i71)| = 0. By the Equation (1) we have,

. 400 )
M = —/ u” T ) du.
T +aT 0
Then
+00 .
‘/ u_”_l_x{u}du‘ =0.
0
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Implies
t ) +o0o )
/ T Oy du = —/ w T b du, Ve > 1.
0 ¢
. t . . +m .
sup tx+ZT/ u_”_l_x{u}du‘ = sup tx+”/ u_”_l_x{u}du‘
t>1 0 t>1 t

+00 1
< sup {tx/ u_l_xdu} < —. (15)
t>1 t x

Let 17 »(t) : [1,400) — C be the unique continuous solution of the differen-
tial equation (2)). By Lemma [l and the Equation (I5]) we have,

sup [thrg(t)] < 400,
t>1

Thanks to the Main Proposition ] we get 2z < 1. O
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