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Abstract
In this paper, we investigate a relation between the differential
equations and the non trivial zeros of the Zeta function.
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1 Main result

Consider the representation of the Riemann Zeta function ¢ defined by the
Abel summation formula [[I], page 14 Equation 2.1.5] as

s teo
¢(s) i= —— 8/1 {t) dt, R(s) € (0,1), S(s)eR", (1)

o 1—s o t1+s
where {t} is the fractional part of the real t. We prove the following Theorem.
Theorem 1. Consider the function ¢ defined by the Equation (). For every
T €R* andr € (3,1) we have

|C(r+i1)| # 0.

Thanks to the Riemann functional equation we deduce that any non
trivial zero of the Zeta function has a real part equal to %, where the non
trivial zeros are defined in the following sense

Definition 2. Consider the function ¢ defined by the Equation (). Let be
s € C. We say that s is a non trivial zero of the function ( if

I¢(s)]=0 and R(s) € (0,1), S(s) € R~
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2 Main Proposition

For every r € (0,1) and 7 € R* the Equation (J) implies,
C(T + iT) - _ 1 _ /+oo u—ir—l—r{u}du'
1

r+4aT 1—r—ar

The aim is to studies the differential equation of solutions the functions

¢
ts Prp(z,t) =TT {z +/ u_iT_l_T{u}du], zeC, t>1
1

We focus only on the bounded solutions (there is a unique bounded solu-
tion. All other solutions are oscillating and diverge to infinity in norm).
More precisely, the strategy to prove the Theorem [ is to prove that
sup;s1 |¥rr (==, 1)| < 400 implies 2r < 1. In other words ]%\ =0
implies 2r < 1.

For every 7 € R* and r € (0, 1) we consider the following differential equation

i ,
P t [(r +im)x + {t}], (2)
1

In this paper we derive the functions only on Ry /N.

Lemma 3. For every 7 € R* and r € (0,1) there exists a unique continuous
solution ) (t) : [1,400) = C of the differential equation (). Further,

t
T;Z)T,r(t) = tr-HT/ u_”_l_r{u}du, Vit > 1.
0
Proof. Let be r € (0,1) and 7 € R* fixed. Since {u} = u for every u € (0,1)
then

t
) . t
tr+m—/0 ’U,_ZT_I_T{’U,}CZ’U, = m, Vt c [O, 1]

Since 0 < {u} <1 for every u > 1 then the function

t
t— tr-i—rr/ u_”_l_r{u}du,
0

is continuous and C! on Ry/N. The Equation (@) is a non-
homogeneous linear differential equation. The unique continuous solution
Yrr(t) : [1,400) = C such that 1, ,(1) = 7 is given by

1
—r—aT

t
¢T,r(t) = tT—HT/ U_iT_l_r{’LL}d’LL, Vit > 0.
0



Proposition 4. Let be 7 € R* and r € (0,1). Consider the continuous
solution . ,(t) : [1,400) — C of the differential equation ([2)). Suppose that
sup;sq [¢rr(t)| < +o0, then 2r < 1.

Notation 5. Denote

p(t) :== /Ot <{u} - %)du, vt >0,

where we recall that {u} is the fractional part of the real u.

Lemma 6. The function p is a continuous l-periodic function and
1
max;eoq1] [p(t)] < 5.

Proof. The function u — {u} is 1-periodic, then there exists a continuous
1-periodic function p : R — R such that

t 1
/ (u}du =t / {uydu+ p(t), V> 0.
0 0

Since
1 1 1
/ {u}du:/ udu= =,
0 0 2
we get
¢ 1
/ fuddu = t5 +p(t), Vi >0
0
We have

1
— __d < =
s b0 = s | [ (00 - S)a] <5

O

Lemma 7. Let be 7 € R* and r € (0,1). Let ¢, ,(t) : [1,+00) — C
be the continuous solution of the differential equation (). Suppose that
Supy>1 Y7, (t)| < +o00. Then

1 1 |1+ 7+ 7|
<

Yrr() + 5 147

, 7 vt>1.
2r 44t

Proof. Let be r € (0,1) and 7 € R* fixed. By Lemma [3]

t
(1) = 474 /0 W Yy, VES 0. (3)
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Suppose that
sup |7 (t)| < 4o0.
t>1

Since
+o0o )
sup s, ()] < +o0 — | [ u I (updu| =0,
t>1 0

then
t ) +o0o )
/ w T du = —/ w T Y, V> 1.
0 t

Equation (3) can be written as
o (t) =~ / W e, VS . ()
t

Consider the function p given in the Notation Bl By Lemma [0, the function
p is l-periodic, then it is bounded. Use the integration part formula in
Equation (4),

1 1

2r+ar

¢T,r(t) =
. +m .
— (i + 147t / u T (p(u) — p(t))du,
t
Since |p(u) — p(t)] <1 for all u >t > 1, we obtain

T ‘< ’1+T+iT!tr/+mU_2_T=7|1+T+i7|t_1
2r +ir . 1+ '

Yrr(t) +

O

Proof of the Proposition[f] Let be r € (0,1) and 7 € R*. Use the change of
variable
~ t
. S— i) r . t>1
Yrr(t) rp—— + (r+im) e (t) +{t}, t>1

The Equation (2]) can be written as

d - _
() =t i), (1), VE> 1 (5)
For the particular initial condition of 1) ,, we have

B 1
C1—r—ir’

7/)7-,7“(1)



by the definition of Q;T,T» we get

Urr(1) = —1.

The Equation (Bl implies the following new differential equation,

t
t N, (t) = (r+ Z'T)t_l/ u M (u)du — t 7], V>,
1

where u +— |u] is the floor function. The wronksien is given by

d

7 Urr(t) = 20t W, (t) — 2t 7|t w, (1), (6)

where in order to simplify the notation, we denoted
‘2

U t) = | [
Wrr(t) := /1t u_lé)%<1/~1¢7r(u))du and  vr,(t) := /1t u_lg(zﬁw(u))du.

Integrate the Equation (@) as a non-homogeneous linear differential equation,
we obtain

t
U () = —26 /1 7w, (w)du, V> 1. (7)

Suppose that sups; [1r(t)| < +oo. Thanks to the Lemma [7 there exist
wr, > 0 and a continuous function €, : [1,400) — C such that

ler s ()] < wr ™, VE>1, (8)

and there exists a constant ¢, , € C such that

t
/ u_l [(T + Z.T),I;Z)T,T(u) + {U} du = Crr + 67—,7«(75), Vit > 1.
1

By definition of 1[)7-,7« we have

t
1 t _
/1 u o (u)du = T tarten(t), Vi1,

1

67—,7“ =Cryr +
1—r—uar



For every t > 1, the Equation (7)) implies

~ 2 2(1 — T) T ! —2r
+C7—77~+€7-77»(t)‘ = mtz /1 u 2 I_UJdU

— 2R <57,r) £ /lt u™ " udu

1—r—ar

— 2% /lt TR Luj?)%(ew(u»du.

By the Lemma [ for every ¢ € Ry /N we have

!%ewtﬂ = t‘l\(r +iT) ey () + {t}(
[L+r+ir 1\, 1
<yt

By the Equations () and (I0]) we deduce that 2r < 1.

Remark 8. In the previous Proof, using the fact

1;7',7”(1) =1
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(9)

(10)

remark that the sequence <n_r_i71/~1(n)) R is given by the Riemann series;
neN*

. "1
n_r_”—w(n) = — Z W, Vn S D\l*
k=1

3 Proof of the Theorem [

Proof of the Theorem[1. Let be = € (0,1) and 7 € R*. Suppose that

|¢(z +i1)| = 0. By the Equation (IJ) we have,
. +00 '
C(ﬂj‘ + Z_T) — _/ u—m——l—m{u}du.
0

T +T
Then
+o00 )
‘/ u_”_l_m{u}du‘ =0.
0

Implies

t too
/ u—m——l—m{u}du _ _/ u—m——l—m{u}du’ YVt 2 1.
0 t



sup
>1

tw—l—m—/ u—m——l—m{u}du‘ = sup tw—l—m— / u—ZT—l—ZB{u}du‘
0 t

t>1

+00 1
< sup [tx/ u_l_xdu} < —. (11)
t>1 t T

Let 97 () : [1,400) — C be the unique continuous solution of the differen-
tial equation (2)). By Lemma [l and the Equation (II]) we have,

sup [thrg(t)] < 400,
t>1

Thanks to the Main Proposition [ we get 2z < 1. O
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