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Abstract

In this paper, we investigate a relation between the differential
equations and the non trivial zeros of the Zeta function.
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1 Main result

Consider the representation of the Riemann Zeta function ¢ defined by the
Abel summation formula [[I], page 14 Equation 2.1.5] as

1—35 t1+s

s oo
C(s) = — —s/l g w1, S()er, (1)

where {t} is the fractional part of the real t. Define the non trivial zeros of
the function ¢ in the following sense

Definition 1. Let be s € C. We say that s is a non trivial zero of the
function C if

I¢(s)]=0 and R(s) € (0,1), S(s) € R

Theorem 2. [Riemann hypothesis| Let s € C be a non-trivial zero of the
function (. Then R(s) = 3.
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2 Main Proposition

For every r € (0,1) and 7 € R* the Equation (J) implies,
C(T + ZT) — 1 _ /+OO u_iT_l_T{u}du.
1

r4aT 1—r—ar

The aim is to studies the differential equation of solutions the functions

¢

ter e p(2,t) =T [z +/ u_”_l_r{u}du], zeC, t>1
1

We focus only on the bounded solutions (there is a unique bounded solu-

tion. All other solutions are oscillating and diverge to infinity in norm).

More precisely, the strategy to prove the Theorem [l is to prove that

supysq |¥rr(=2=,1)| < +oo implies r = 1. In other words \CTTJ’:iTT)] =0

D=

implies r =
For every 7 € R* and r € (0, 1) we consider the following differential equation

d wxo 1
pre (r +Z7')? + g{t}, (2)
1

Lemma 3. For every T € R* and r € (0,1) there exists a unique continuous
solution . ,(t) : [1,+00) = C of the differential equation (2)). Further,

t
7;[)7',7‘(75) = tr+iT/ u_”_l_r{u}du, Vit > 1.
0

Proof. Let be r € (0,1) and 7 € R* fixed. Since {u} = u for every u € (0, 1)
then

t
—, Vte|0,1].
1—r—ir [0,1]

t
tr-i—z"r/ u—ir—l—r{u}du —
0
Since 0 < {u} <1 for every u > 1 then the function
t
t— tr—l—m—/ u—m——l—r{u}du’
0

is continuous and C!' on Ri/N. The Equation (@) is a non-
homogeneous linear differential equation. The unique continuous solution
rp(t) 1 [1,400) — C such that ¢, ,(1) = is given by

1
l—r—ir

t
Yy (t) = t”’”/ u_iT_l_T{u}du, vVt > 0.
0



Proposition 4. Let be 7 € R* and r € (0,1). Consider the continuous
solution . ,(t) : [1,400) — C of the differential equation ([2)). Suppose that
Supy>q [Yrr(t)| < +oo, then r = %

Notation 5. Denote

p(t) = /Ot ({u} — %)du, vt > 0,

where we recall that {u} is the fractional part of the real w.

Lemma 6. The function p is a continuous 1-periodic function and
maXtec[o,1] Ip(t)] < %

Proof. The function u — {u} is 1-periodic, then there exists a continuous
1-periodic function p : R — R such that

t 1
/ (u}du = t / (whdu + p(t), ¥t > 0.
0 0

Since
1 1 1
/ {u}du:/ udu= =,
0 0 2
we get
¢ 1
/ {uddu =t + plt), V>0,
0
We have

1
< ——d < —,
ma 9(0) < e | [ () = )] < 3

More precisely, the function p is a piecewise C'°°, continuous on R and 1-
periodic. By Dirichlet Theorem, the Fourier series

n
n— Z ay exp(ik27t),
k=—n

converge uniformly on Ry to the function ¢ — p(t), where (aj)r C C are the
Fourier coefficients of the function p.

/ ({U} - —)dv = Zaj exp(ij2nt), Vt>0.

JEZ
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By definition of the Fourier coefficients we have
1 u 1
aj = / exp(—z'j27ru)(/ ({v} - —>dv>du
0 0 2
= 1/1 exp(—ij2ru)u(u — 1)du = ! Vjez*
and .
1 1
ap = 5/0 u(u — 1)du = T
The function p satisfies
1
t) = 7< "2t—1>, t>0.
p( ) ]gz:* (]271')2 eXP(Z] ™ ) v 0
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Lemma 7. Let be 7 € R* and r € (0,1). Let ¢,,(t) : [1,+00) — C
be the continuous solution of the differential equation ([2). Suppose that

SUp;>q [Yrr(t)| < +oo. Then

Yrr(t) +

1 1 1 )
e ‘<‘ +r+”‘t_1, vt > 1.
2r 4T 147r

Proof. Let be r € (0,1) and 7 € R* fixed. By Lemma [3]

t
Prp(t) = 77 / u” T by, Yt > 0.
0

Suppose that
sup |1z ()] < +00.
t>1

Since
+oo )
sup s, (0] < +o0 — | [ w I (uhdu| =0,
t>1 0

then

t ) +o00 )
/ uw™ T O du = —/ w” T Y du, V> 1
0 t

Equation (3) can be written as

. +(X) .
o (£) = —7T / W, s 1.
t



Consider the function p given in the Notation Bl By Lemma [6] the function
p is l-periodic, then it is bounded. Use the integration part formula in
Equation (4]),

1 1
rrlt) = —= ;
v ’T( ) 2r+ir
. too
—(iT+1+ r)t””/ i (p(u) — p(t))du,
t
Since
lp(u) —p(t)] <1, Yu>t>1,
we obtain
1 teo
ot — —| < |1 iT|t" T
Unr®)+ g | <Pl [
_ |1+r—|—i7’|t_1
147 '

O

Proof of the Proposition[f Let be r € (0,1) and 7 € R*. For every n > 1,
use the change of variable

r 4T

w'r,r,n(t) = (T+i7)¢r,r(exp(t))— exp(t)—n, YVt € [ln(n), ln(n+1)> .

1—r—ar

Use the fact {u} = u —n for every u € [n,n + 1). The Equation (2]) implies

d .
a?ﬁr,r,n(t) = (r4+im)Yrrn(t), Vte [ln(n), In(n + 1))

Integrate,

n+1

r+iT
Grraln(n+ 1) = (22) 7 grpalnm), vz 1.

Use the fact

n (k:+1

r+iT .
i (— ) =(n+1)T", ¥n>1.

We obtain

7y e(In(k + 1)) = (n+ 1) 9, 1 (In(k)), Vo > 1.
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Then

et [rrg(n(k + 1) = (n+ D¥IR_ e (k) ¥n>1. (5)

By definition of 1 ,.,, for every n > 1 we have

. r+aT

Urrp(n(k +1) = (r+im)pr,(k+ 1) = ————(k+1) -k
. r+T

= (7’ + ZT)w'r,r(k + 1) — m(kﬁ + 1) —k

= Yrpp(n(k+1)) +1, Vk>1.
The Equation (&), implies
Iy et (In(k + 1)) + 1% = n® P21 e, 1 (In(K)))?,  Yn > 2,
in other words

HZ=2‘¢T,T,k(1n(k)) + 1’2 (6)
= 0% 1y 1 (0)PTIRZ 4, i (In(R)) 2, W > 3.

Since )
)= ——
w'r,r( ) 1—7r_ir’
and by the definition of ¥, ,,, we get
Yrr1(0) = -1

The Equation () implies
o[tk (k) + 11> = n* IG5 97k (I(R) 2, V0 > 3,
equivalent to
I ok™ i (In(k)) + 1 = IR 6™ ¢r (k) ?, Vo> 3. (7)
Then for every m > n > 3 we get
Ptk (k) + 117 = TR e (In (k) .

For every m > n > 3 we have obtained

k 2r
1 () W (k1) +1P = I (). (®)



Suppose that sup;>q [¢7,,(t)| < +00. By The Lemma [7 we have

, 1 +r+ar)?
o) o <« T e g s 1
‘(7‘+ZT)1/17()+2‘< 5y vt >
By the definition of 1, ;, we obtain
1 k 1+7r+ir]21
(k) + = ( S oVE>1,
Y (I ))+2+1—r—z7' < 1+r Kk -
Which can be written as
1 k 1
r.r In(k = -5 T _67-7*7 kZl,
/l/}vyk(n( )) 2 1_7.,_27_—’_]€ 77k v
where
0 = ki (ln(k:))—l—é—i-ki2 Vk > 1
Trk «— T,rk 2 1— 7 —ir’ - 4
and satisfies )
1 .
|9”k|<ﬂ, VE > 1.
n 147

For every m > n > 3, the Equation (8) implies

-1k )kt 1 Orrkr)?
F=n\k+1

1—r—dr 2 kE+1

Use the fact m > n = 400 implies

2
Mtk +1— 101 —r —ir) — 2501 (1 =7 — w)‘ 1
I, ’
1 1 1 2
T e+ L1 —r —ir) — 20,1 — 7 — iT)‘
~ 1,
I, v
where
Urg = (k+1)% = (1 —r)(k+1),
v i =k2+ (1 -1k, VEk>3.
We get

k

2r m—1
k+ ) e S I

m>n~+00 = HZ”;;(
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Which is satisfied if

sup ‘Hm_l (L>2ru p— " =0
mon>>11 P\ +1 " f=n "1 '

We deduce that r = % O

Remark 8. In the previous Proof, by the notation

Srp(n) = II7 Y (k) n>2.

P aW(k) F 1T

remark that
Yrrnt1(In(n+1)+1 =4, ,(In(n+1)) = —(n+ 1)T+iTST7T(n).

We get '
(n+1)""7S . (n)+1

Tr 1) = - Tr .
S El (n + ) (n + 1)T+ZTS7—7T(TL) S k] (n)
In other words,
1
Srr(n+1) = (e ks + Srr(n),

we obtain the Riemann series

n

1 1
Sq—’r(n) = 57—77-(2) —1- W + Z W
k=1

3 Proof of the Theorem

Proof of the Theorem[4. Let be x € (0,1) and 7 € R*. Suppose that
|¢(x +i7)] = 0. By the Equation (1) we have,

C(m + Z‘_T) - _ /+OO u—ir—l—x{u}du.
0

T +T
Then
+o0o )
‘ / u_”_l_x{u}du‘ = 0.
0

Implies

t too
/ u—m——l—m{u}du _ _/ u—m——l—m{u}du’ Vit 2 1.
0 t



. t . . +m .
sup tw+”/ u_”_l_m{u}du‘ = sup tw+”/ u_”_l_x{u}du‘
t>1 0 t>1 t
+oo 1
< sup [tx/ u_l_xdu} < -, (9)
t>1 t T

Let 97 2(t) : [1,400) — C be the unique continuous solution of the differen-
tial equation (2)). By Lemma [3 and the Equation (@) we have,

sup [thre(t)] < 400,
t>1

Thanks to the Main Proposition [ we get = = % O
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