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Abstract

We prove that |¢(r+i7)| # 0 for every r € (3,1) and T € R*, where
¢ is the Riemann Zeta function.
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1 Main result

Consider the representation of the Riemann Zeta function ¢ defined by the
Abel summation formula [[I], page 14 Equation 2.1.5] as

+oo
C(s) ;:—3/0 W ) e0.1), S0s)er, (1)

tl-i—s

where {t} is the fractional part of the real t. We prove the following Theorem.

Theorem 1. Consider the function { defined by the Equation (). For every
T €R* andr € (3,1) we have

|C(r +i7)| # 0.

Thanks to the Riemann functional equation we deduce that any non
trivial zero of the Zeta function has a real part equal to %, where the non
trivial zeros of the function ( are defined in the following sense
Definition 2. Counsider the function ¢ defined by the Equation (). Let be

s € C. We say that s is a non trivial zero of the function ( if

I¢(s)]=0 and R(s) € (0,1), S(s) € R~
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2 Main Proposition
Notation 3. In order to simplify the notation, for every r € [%, 1) denote
fr(u) :={ulu™, u>0.
By the Equation (), remark that

lim ‘/Ot u_iT_lfT(u)du‘ = ‘M‘

t—-+oo 44T
We have the following Main proposition,

Proposition 4. Let be 7 € R* and r € [§,1). Suppose that |((r +iT)| = 0,
then

on (] g
lim (2 —7)(1 —r)?*! /0+oo > Mu‘lﬁ(u)du = 1.

n—+o00 k!
k=1

Notation 5. Denote

¢ 1
p(t) = / ({u} - —)du, vt >0,
0 2
where we recall that {u} is the fractional part of the real u. Denote

=2 t)].
w e Ip(t)]

Lemma 6. The function p is a continuous 1-periodic function.

Proof. The function u — {u} is 1-periodic, then there exists a continuous
1-periodic function p : R — R such that

t 1
/ (ubdu =t / (ubdu + p(t), V> 0.
0 0

1 1 1
/ {u}du:/ udu= =,
0 0 2

t
1
/ fuddu = t5 +p(1), ¥t >0
0

Since

we get



Notation 7. For every r € [%, 1) and 7 € R* denote
k
+00 (ln(u)) . oo
V., (k)= / Tu”_l/ v (v)dvdu, Yk > 0.
1 : u
Lemma 8. Let be 7 € R* and r € [3,1). Then

11 1 ’<w(\7']+2)
27 4 aT kTl T (1 4 p)ktL?

|V, (k) Vk >0,

where w is given by the Notation[H

Proof. Let be 7 € R* and r € [%, 1). Consider the function p given in the
Notation Bl By Lemma [0, the function p is 1-periodic, then it is bounded.
Use the integration part formula

[T (-5
- ‘ /UJFOO il ({v} — %)v_rdv‘

= ‘(ZT +1+47r) /+0<> pTiT2 (p(v) - p(u))dv‘.

u

Since
Ip(v) — p(u)| < w, Yu>0, Yo >0,

where w is given by the Notation B we get

“+oo

‘ /u+°° o1 (fr(v) - %U—T’) dv‘ < w(|r| + 2)/u =2 dv
<w(|7| +2ut".

Then

k
oo ( In(u) ‘ o
‘ /1+ %UZT—l /u+ p—iT1 (fr(v) _ %v‘ﬂdv‘du
+00 (ln(u)>k
Sw(|7'|—|—2)/1 o a

w(lt+2)
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Since

) too 1
u_”/ vy = —u~ ", Yu > 0.
w 4T

Then

1 1 1 w(|7] +2)
U, (k) — = <
’ T,r( ) 2Qr 4+ it T‘k"'l’ — (1 _|_T,)k+1’

vk > 0.

Proof of the Proposition[f} Let be 7 € R* and r € [%, 1). Suppose that
‘C(r + ZT)‘ =0.

By the Equation ([Il) we have

[t = S22 o

r+iT

Implies

t too
/ w T f () du = _/ u T e (w)du, V> 0. (2)
0 t

Since f,(u) = u'~" for every u € (0,1) then for every k > 0 we have

1 (ln(u)>k , oo
/0 71&7_1/“ v (v)dudu

k!

k

— /1 (lnl(;f)) ui'r—l /u ’U_iT_lfr(U)d’Ud’LL
0 : 0

k
1 1 <ln(u)) -
= — . / u "du
1—r—ir J k!
1 1

— k> 0.
1—r—dr (r— 1)k’ vk 20

Implies




Since r € (%, 1), by the Lemma [8] we get

1
: _ 1\n+1 : _ 1\n+1
ngr—il-loo r=1) Z Wr( 27’ r 4T an-OO(T b kzo rk
1 1 — 1\t

- — lim (T ) —0. (4)

20 —7r)r 4+ it notoo \ 71

and for r = % we get
, R 1

nEToo on+1 kz_o Ve (k) = s it 5)

By definition of W, , in the Notation [1, the addition of the Equations (3]
and () gives

1 1
1 — )", . (n) = —
n—lg-loo(r ) (n) 1l—r—ir2—1’ (©)
where
k
kN (ln(u)) iT—1 oo —iT—1
O, (n) = /0 Z BT / v fr(v)dvdu.
k=0 v
the addition of the Equations ([B]) and (&) gives
1 1 2 1
lim —® 1(2n—1)=— = . 7
n-rtoo 221 ’(n ) %—i7+3%—|—i7 @

Use the Equation (2]) and the integration part formula to obtain

k
O, (n) = —it /+OO ”i':l Mu”_l /+OO v T (v)dudu
0 u

k!
k=1

k
+o00 "+1 ln )
+/ ~ u o (u)du

0
We get
: _ 1\n+1 - _ iT : _1\n+2
nll)r}rloo(r 1", . (n) — nll}g_loo(r D", (n+1)
k
1 “+o0o "+1 ln ) L
# =t [T eyt
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By the Equations (@) and (), we obtain

on (1] g
lim (2 —7)(1 —r)?Hl /O+Oo > Mu—lﬁ(u)du = 1.

n—+oo k!
k=1

3 Proof of the Theorem I

Proof of the Theorem [ In order to simplify the notation, for all n > 1 and
z € [£,1) we denote

k
gln,z) == (2 — z)(1 — z)*H /+00 i %u_lj}c(u)du.

0 k=1

Since there exists at least one non trivial zero of the Zeta function of real part
equal to $ [1], in other words there exists 7. € R* such that = |¢(3+i7.)| = 0.
Thanks to the Lemma M we get lim, i g(n, %) = 1. Sine for every
z € (3,1) we have

d
lim d—g(n,x) <0,

n—+oo QI
then 1
lim g(n,z) <1, Vze(=,1).

n—-+o00 2

The Lemma M implies

‘C(m—i—iT)‘ #0, Ve (%,1).
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