N
N

N

HAL

open science

Non trivial zeros of the generalized Zeta function
W Oukil

» To cite this version:

‘ W Oukil. Non trivial zeros of the generalized Zeta function. 2024. <hal-03849860v21)

HAL Id: hal-03849860
https://hal.science/hal-03849860v21

Preprint submitted on 15 Jul 2024 (v21), last revised 5 Nov 2025 (v34)

HAL is a multi-disciplinary open access archive
for the deposit and dissemination of scientific re-
search documents, whether they are published or not.
The documents may come from teaching and research
institutions in France or abroad, or from public or pri-
vate research centers.

L’archive ouverte pluridisciplinaire HAL, est des-
tinée au dépot et a la diffusion de documents scien-
tifiques de niveau recherche, publiés ou non, émanant
des établissements d’enseignement et de recherche
francais ou étrangers, des laboratoires publics ou
privés.

Auto':iiition
HAL Authorization


https://hal.science/hal-03849860v21
https://about.hal.science/hal-authorisation-v1/
https://about.hal.science/hal-authorisation-v1/
https://hal.archives-ouvertes.fr

Non trivial zeros of the generalized Zeta function
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Abstract

We define the generalized Riemann Zeta function on the right half
plane. We prove, in particular, that for every 7 € R there exists at
most one point r € (0,1) such that |(r + i7)] = 0.
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1 Main results

Consider the representation of the Riemann Zeta function ¢ defined by the
Abel summation formula [[I], page 14 Equation 2.1.5] as

S teo
((s) := ~3 - s/ w T utdu, R(s) >0, S(s) €R,

where {u} is the fractional part of the real u. Using the integration by parts

formula, that can be written as

S

+o0
C(s) := T~ % +s(1+ s)/l w2, (u)du, (1)

where by Dirichlet Theorem, the periodic function 7, : [1,400) — R is
defined as

vl 1 .
N (u) := /1 (5 - {v}) dv = Z W(l - eXp(Z]Zﬂ'u)), YVu > 1.
JEZ*
We denote by L>® := L*°([1,+00),R) the usual set of essentially bounded
measurable functions from [1,4+00) to R. Define the generalized Zeta function
in the following sens
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Definition 1. For every n € L*, the generalized Zeta function is defined
on the right half plane as

+oo
Cll(s) = /1 W n(du, R(s) >0, S(s) € R,

We shall prove the following results:

Theorem 2. Let be n € L and consider the function ([n] given by the
Definition (@). Let be (r«,7) € R%L x R and suppose that |([n](r« +i71)| # 0,
then

Cl(r +i7) # Clnl(re +47),  Vr € (re, 1 4714).

Denote by B C C the critical strip, defined as
B = {s eC: R(s)e(0,1), (s)e ne}.

Notice that for every s € B we have |f.(s)| # 0 and fi(s) = f«(1 —s) where
the function f, : B — C is defined as

o 1( 1 1
S 1-s2 25(1+s) 2

f«(s) : 1—s+;>’ Vs € B.

Using Equation (I) and the symmetry of the non trivial zeros of the
Riemann Zeta function, the following Corollary prove in particular, that
for every 7 € R there exists at most one point r € (0,1) such that

(r+ir) tA+r+ir) 1 ¢(r + iT)‘ = 0.

Corollary 3. Let benp € L*® and 7 € R. Let f : B — C be a continu-
ous function such that |f(s)] # 0 and f(s) = f(1 —s) for every s € B.
Suppose that there exists s, € B such that R(s.) € (0,271) and such that

Cnl(s«) = f(s4). Then C[n](1 = s.) # f(1 = s.).

2 Proof of the Main results

In the following definition, we define a particular Laplace transform,

Definition 4. Let g : t € [1,400) — C be an essentially bounded measurable
function. We define the function Llg(t)] : RY — C as

+00
Llg(t)](z) ::/1 exp(—xt)g(t)dt, Vx> 0.



Proof of the Theorem[2 . Let be n € L and 7 € R fixed. By definition of
the generalized Zeta function in the Definition [Il we have

+00 .
Cl(p +it) = /1 w2 n(u)du,  Vp > 0. (2)

Let be p;1 > 0 and py € (p1,1 4+ p1) fixed. By definition of the transform £
and by using the change of variable v = ¢~!v on the following integral

+0o0
|y
0
we obtain

+oo .
/0 u_1+p2_p1L[t_2_p1_”n(t)](u)du

+oo
= ([n)(p2 + i7) /0 w1 TP2TPL exp(—u)du.

In order to simplify the notation, denote

Propopn (W) = (0] (p2 + i7) exp(—u) — L[> Tn()](u), Vu>0. (3)

Then

+00
—14p2— _
/ u PP o o () du = 0.
0

We recall that po € (p1,1+ p1). Use the integration by parts formula, we
get

+oo u
/0 u=een /0 Pr,p2,p1 (U)dvdu =0,

which can be written as

1 oo 2 “
e [ [ i o
x

T u
— _gpl=p2tp / w2tP2—p1 / D121 (v)dvdu, Y > 0.
0 0

In order to simplify the notation, denote for every continuous function,
g :v € Ry — C the integral ®[g(v)] : R — C as

ﬂmww:éﬁww,wz& (5)
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Since "
spl [ prpa s (0] < .
u_
Then
1 un u
‘(I)TH— [‘p‘r,pzml (0)](u)] < - sup | Pr,p2,01 (v)dv|, Yu > 0.
n. u>0 0

Using a successive integration by parts formula on the right term of Equation
M), we get

400 u
:El—pz+p1/ u—2+p2—p1/0 @T’p%m(v)dvdu (6)
X
X
= (b gt gt [ i (]
0
1 n
e S (W (ko)) aE O o, ()] 2).
_ Jj=1 T,02,P1
L—=p2+p1 e~

Since sup,>q |¢r,ps,0 (1) < +00, then

un+1

‘(I)n+1[907,p2,p1 (0)](u)] < sSup "Pr,pz,m (u)], Yu > 0.

(n + 1)' u>0

Which implies

x
oo [Tt 00
0

z 1
T (n+Dlp2—p1

, Vx>0, VneN.

Since p2 € (p1,1 + p1) then

Iy (k+1—=p2+p1)

n——+o0o (n + 1)' =0.

For every fixed x > 0, Equation () implies

400
(1 —pa + pl)xl—P2+P1 /

xT

u
u” e pl/ O po,p1 (V)dvdu
0

+oo
= =3 (T (= o+ 1))@ o, ()] ().
k=1



By the definition of ¢, ,, ,, on Equation (3)), we get

“+o00
C[nl(p2 +iT)(1 — p2 + p1)z P /

xT

u
w2t / exp(—v)dvdu
0

—+00

¢l (o2 + 7)Y (Wi (k= po + p1) )2~ 505+ exp(—v)] (=)
k=1

= (1—7’+p1)x_p2+p1/

T

+o0o u
u~2tr2=p / L[t 2Py (1)] (v)dvdu
0

“+o00
37 (Tath = o)) Ll (0)(0))(0)
k=1

In other words,
Cnl(p2 +im)Alp2 — p1,2,1) (7)

—+o0 u .
— (1= po+ pr)a— e / e /0 L2 (8)](v)dudu

T

+o0o
+ 37 (Tath = o)) LT (0)](0))(0)
k=1

where in order to simplify the notation, we defined the real function
A:(0,1) x R x [1,400) = R as
“+oo

A, a,t) = (1 — o™ /

xT

w2 / exp(—tv)dvdu
0
+oo
+ 3 (Wb = )2 e fep(—t)] (@) (8)

k=1
By definition of the transform £, Equation () is equivalent to the following
equality

+00

¢[nl(p2 +iT)A(p2 — p1,3,1) = A(ps — p1, @, )27y (t)dt, Ya > 0.
1

By Equation (2)), for every x > 0 the last Equation can be written as
Alp2 = pr,z,1) (C[n] (p2 + 1) = ([nl(p1 + z’T)) )

“+oo )
= / <A(p2 —p1,2,1) — Ap2 — p1, 7, t))t_2_p1_”77(75)dt,
1
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Using the integration by parts formula on the integral that defines the func-
tion A in Equation (§]), for every pu € (0, 1), we obtain

T +oo
Ap, z,t) = 271 / exp(—tu)du + a:_“/ u T exp(—tu)du
0 x

“+oo
+ 3 (Wi (k= ) )o ™ eh exp(—t0) ()
k=1
1 400
= /0 exp(—tzu)du + /1 u” T exp(—tzu)du

+oo
+ 37 (Wi (k= ) o R R exp(~tu)] (@)
k=1

By definition of ® in Equation (5] and by the Taylor formula, we have

k+1 1
o /0(1—z)kexp(—txz)dz

B exp(—tv)](x) = =

Then every (p,z,t) € (0,1) x R} x [1,400) = R we have

A(p,x,t) = Ap, xt),

where the real function A : (0,1) x R} — R is defined as
_ 1 ~+o00
Ap,y) = / exp(—yu)du + / u” HH exp(—yu)du
0 1

+o00 1 i 1 )
+ Z %! <Hj:1(k‘ — ,u)) / exp(—y2)(1 — 2)"dz. (10)
k=1 0

For every x > 0 Equation (@) is then equivalent to

Alps = p1,) (Cal(p2 + i) — Clrl(pr + 7)) (1)
+oo - .
= / (A(m —p1,x) — Alpz — Pl,tfﬂ))t_2_p1_”77(t)dt-
1
Prove the present Theorem by contradiction. Let be ., > 0
and r € (re,1 + 7).  Assuming that ([n](r« + i7) # 0 and
Cnl(r +i1) = ¢[n](r« +i7). Equation (Il implies

+oo - .
/ (A(r — T x) — A(r — 1y, tx))t_2_r*_”77(t)dt =0, Vz > 0.
1



For every x > 0 we get

+oo ptoo - .
/ / (A(r — 1Y) — A(r — 1y, ty))t_2_r*_17n(t)dtdy = 0.
T 1

Which implies

+oo  p+o00 - .
lim / <A(7‘ — T y) — A(r — 7y, ty))t_z_r*_”n(t)dtdy = 0.
1

z—0 /.

By definition of the function A in Equation (I0) and by using, at the end of
the following equality, the fact that | exp(—ztz) —exp(—zz)| < xz(t — 1) for
every t > 1, z > 0 and z € (0, 1), we obtain for every u € (0,1) the following

i [ / T (BGuty) - By 0] @)

z—=0 J,

+oo —+00

_ A 1A n(t)
= lim . < ’ Ap, ty) =t~ Ap, y)dy) T dt
+oo +oo
_ - A _ 1A n(t)
= /1 (ilﬂ% /x Ap,ty) =t Ap, y)dy) Tt
=0.
The addition of the last two Equations, gives
oo ptoo )
lirr%) / A(r — 14, y)(1 =t 7277 7T (t)dtdy (12)
Tr—r T 1

+oo +00 .
= lim Ar —ry, y)/ (1 —t™Ht= 2"y (t)dtdy = 0.

By definition of the function A in Equation (I0) we have A(y,1) > 0 for all
(w,y) € (0,1) x RY.. Equation (I2) implies

o0 )
/ (1 —t=Ht=27"""Ty(t)dt = 0.
1
In other words, and by Equation (2), we have obtained

Cl(rs +47) = C](1 + rv + 7).

By hypothesis we have ([n](r +i7) = ([n](r« + i7). Then

(L + 7y +ir) = [n](r + 7).
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Since 1+ r, € (r,r + 1) an using the same previous method, we obtain

Cl(r +i7) = ¢n](1 + 7+ i7).
Which implies
CI(A +r+ir) = ([n](1 + re +i7).
By induction, we get
Cnl(rs +i1) =Cl(k + 7o +i7), VkeN.

By hypothesis we have ([n]|(rs + i) # 0. We then obtain a contradiction
since limg_ 4 o0 [C[0](k + 7 +47)| = 0. O

Proof of the Corollary[3 . Let be n € L™ fixed. Let f : B — C be a con-
tinuous function such that |f(s)| # 0 and f(s) = f(1 — s) for every s € B.
Suppose that there exists s, € B such that R(s«) € (0,27!) and such that

C[nl(s«) = f(sx). Then [C[n](s.)| = [f(s+)] # 0. By the Theorem [2]

CII(1 = s4) = (1 = s4) = CnJ(1 = 52) = f(1 = 5:) = C[(s4) + f(55)
= (l(1 = s.) = CInl(s«) # 0.

References

[1] E.C. Titchmarsh, The Theory of the Riemann Zeta-Function (revised
by D.R. Heath-Brown), Clarendon Press, Oxford. (1986).



	Main results
	Proof of the Main results

