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Abstract

We prove that [((3 47 +i7)| # 0 for every 7 € R* and r € (—3,0),
where ( is the Riemann Zeta function.
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1 Main result

Consider the representation of the Riemann Zeta function ¢ defined by the
Abel summation formula [[I], page 14 Equation 2.1.5| as

¢(s) :=—s /0+0<> {t} dt, R(s) € (0,1), S(s) e R", (1)

t1+s

where {t} is the fractional part of the real . We prove the following Theorem.

Theorem 1. Consider the function ¢ defined by the Equation . For every

T €R* and r € (—3,0) we have

!q%+r+hﬂ#0

By the Riemann functional equation we deduce that any non trivial zero
of the Zeta function has a real part equal to %, where the non trivial zeros
of the function ¢ are defined in the following sense

Definition 2. Consider the function ¢ defined by the Equation . Let be
s € C. We say that s is a non trivial zero of the function  if

IC(s)]=0 and R(s) € (0,1), S(s) € R".
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2 Proof of the Theorem

Notation 3. In order to simplify the notation, for every r € (—%, 0) denote
fr(u) == {u}uiﬁﬂd, u > 0.

By the Equation ([I]), remark that

. i C(5+r+ir)
hm|/ Ly (u)du] o= S22

t—-+oo 2—|—r+z7'

Notation 4. Denote

p(t) = /Ot (w3 )du, w0,

where we recall that {u} is the fractional part of the real u. Denote

=9
w tren[g%\ p(t)].

Lemma 5. The function p is a continuous 1-periodic function.

Proof. The function u — {u} is 1-periodic, then there exists a continuous
1-periodic function p : R — R such that

t 1
/ {u}du = t/ {u}du +p(t), Vt=>0.
0 0

1 1 1
/ {u}du:/ udu =,
0 0 2

t
1
/ {u}du = £3 +p(t), V>0,
0

Since
we get

O

Notation 6. Let g : R — R be a continuous function. For every ¢t > s > 0
we denoted

ul 1 —1 1
/ u)du = / / / —g(ug)dugdug_q ...duy, Yk € N*.
Ul Uk

k times




For every r € (—%,0) and 7 € R* denote

t u
v, .(k,t) :ﬁ u”/o v f (v)dvdu, vt > 1, Vk>1,

t . +m .
U, (kt) = / u”/ v T (v)dvdu, vVt >1, Vk > 1.
1 u

Proof of the Theorem[d Let be 7 € R* and r € (—3,0). Prove the Theorem
by contradiction. Suppose that

1
(5 +r+in)|=o.
By the Equation . we have

+
A rtin) | [ ot
+T+ZT

+o0 .
‘ / u_ZT_lfT(u)du‘ =0,
0

t ) +oo )
/ w” T () du = —/ w7 (w)du, V> 0.
0 t

By the notation of @m‘ and v, ,in the Notation @ we get
Ur (k)] = [, (k,t)], VE>1, VEk>1 (2)

Then

Implies

Since 0 < fr(u) < uz~" for every u > 0 then for every k > 1 we have

y\pm(k,m:}/ / —ir=1r (y dvdu‘<// v f, (v)dvdu

< / wrdu, Yk >1, Yt > 1. (3)
1k

[
Consider the function p given in the Notation @l By Lemma [5] the function
p is 1-periodic, then it is bounded. Use the integration part formula

[ o (et
— ‘/Jroo —iT— 1 {v} — f)v_%_’”dv‘

5

= ‘ ZT+ + )/u v (p(v) —p(u))dv‘.
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Since
Ip(v) —p(u)| <w, Yu>0, Yo >0,

where w is given by the Notation 4] we get
oo 1 _1 T s
’/ vl (fr(v) - fv_i_r)dv’ <w(|r|+ 2)/ v 2 "dv
u 2 u
<w(|r|+ 2)u*%*7", Yu > 0.
Then

t ) +oo ) 1 1
iT —iT—1 T, —5T
‘/lku /u v (fr(v) 5V >dv‘du

t7
t )
< w(lr| + 2)/ Wy, VE> 1, Yk > 1
1k
t7
Since

—1iT oo —ir—3p 1 i
U v 2 dv=g———u" 27", Yu >0,
u §+7“—ZT

Then

— 1 1 b bos
> = —s—r o —s—r
|V, (k)| > 27‘% Fap—— /Lku 2 "du — w(|7| +2)[ u 2 "du.  (4)

1

Since r € (—3,0), then there exists ¢ > 1 such that

The Equations and implies that

_ t 1
: U, (kt)y 1 5= . f%ku 2 "du
lim ’7‘ > S o Am —————— = 00
koo | W, (K, 1) 215+ 71 —it| k=too ﬂ Lu? " du
T
Contradiction with the Equation ({2)). O
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