N
N

N

HAL

open science

Non trivial zeros of the Zeta function using the
differential equations
W Oukil

» To cite this version:

W Oukil. Non trivial zeros of the Zeta function using the differential equations. 2024.

03849860v15

HAL Id: hal-03849860
https://hal.science/hal-03849860v15

Preprint submitted on 22 Feb 2024 (v15), last revised 8 Apr 2024 (v17)

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépot et a la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche francais ou étrangers, des laboratoires
publics ou privés.

hal-


https://hal.science/hal-03849860v15
https://hal.archives-ouvertes.fr

Non trivial zeros of the Zeta function using the
differential equations

W. Oukil
Faculty of Mathematics.
University of Science and Technology Houari Boumediene.
BP 32 EL ALIA 16111 Bab Ezzouar, Algiers, Algeria.

February 22, 2024

Abstract

Using the differential equations, we obtain a more flexible repre-
sentation of the Zeta function in the critical strip. Thanks to the
Riemann functional equation, we obtain an approach to prove that the
Zeta function does not vanish at any point s of the critical strip such
that 1 — 2R(s) # 0.

Keywords: Zeta function, Non trivial zeros, Riemann functional equation,
Bernoulli numbers, Differential equations.
AMS subject classifications: 00A05

1 Main results

Consider the representation of the Riemann Zeta function ¢ defined by the
Abel summation formula [[I], page 14 Equation 2.1.5] as

S

+o0o
C(s):=— - s/l {uyu='"%du, R(s) € (0,1), S(s)eR*, (1)

1—s

where {u} is the fractional part of the real w. In order to simplify the
notation, denote B C C the critical strip, defined as

B:={seC: R(s)e(0,1), S(s)e€R*},

In this manuscript, we denote (Bj)gen the Bernoulli numbers. We prove the
following theorem,



2 W. OUKIL

Theorem 1. Consider the Zeta function given by the Equation (Il). For
every real sequence (t,)n, C Ry and for every s € B we have

‘ n ¢(s) 1 n -
Gy Vet i) & (305 )Vl =0
where 1
n 1, n—k+2
g(n, ) = — By, _ntu™" Vn>1, YueR,

= k! (n+2—k)!

and where for every n > 1 and every real polynomial u € R — g, (u) of order
less then n + 1, the complex function t € Ry — Vi[gn(w)](t), is defined as

+00 1+s 1+s
V(0= [ (e — s 9n (0

u+ 1)n+2+s
_ t1+s +eo ('LL + 1)7l+5 oo gn—l(v) d d
' un+2+s u (U + 1)n+1+5 vau.

For the particular sequence (t, = n)nen=, the representation of the Zeta
function given by the previous Theorem, can be written as

lim n"“[%(")(g(s) + L ) +ism)] =0,

n—+o0 n! s 1—s

where

n—1 "

ZI:] n—l—j n=i=k
¥ j—i—l—i—s ‘ j+k+2+s’

k=
o By, (e n—k+2) (- 1)7 (n + 1)2k=J
) == T Tz w n+2— Z( > k+tj—1+s

|
3
_ O )l—l
7N

k=1 7=0
+n+lBk Q_k
— El (n+2—-k)l(k—1+s)
n B n—k+1 Wik n—k—j Uk
k n 7j n,k,7,m
+y = . ,
kzlk;.(n—i-l— Z k+]+1+smzz:0k+]+m+1+s

n—k+1 —1)J n—k—j\ _._._
W, k,j ::< . > ( ) y  Unkjm ::< j)’l’L k=i m,

E+j+1 m



In the conclusion of this manuscript, we present the approach to prove that
the Zeta function does not vanish at any point s € B such that 1—2%R(s) # 0.

2 Main Proposition

For every s € B, the Equation (1) is equivalent to,

) 1 / T
1

S 1-s
The aim is to studies the differential equation of solutions the functions

t

t = )s(z,t) :=t° [z—i—/ u 1_5{u}du], zeC, t>1.
1

We focus only on the bounded solutions (there is a unique bounded solution.
All other solutions are oscillating and diverge to infinity in norm). More
precisely, the strategy to prove the Theorem[d] is to find the initial condition
zs € C such that sup;sg [¥s(2s,t)| < +00. Since sup;sg [¥s(z,1)] < +oo if
and only if z = — 1+°O u~t*{u}du, we obtain zg = — 1+oo w5 {u}du.
For every s € B we consider the following differential equation

d -1 -1
—x = st t ot 2
So=st7lo k7 {t), )

te[l,+o0)/N, z(l)=2z 2€C, x:[l,+00)—C.

Lemma 2. Let be s € B. For every z € C there exists a unique continuous
solution Ys(z,t) : [1,4+00) — C of the differential equation 2l). Further,

Vs(z,t) = t° [z + /t u_l_s{u}du], vt > 1.
1

Proof. Let be s € B fixed. The function
t
t— ts/ w T uldu, t > 1,
1

is C* on [1,+00)/N and continuous on [1,400). The Equation () is a

non-homogeneous linear differential equation. For every z € C the unique

continuous solution ¥(z,t) : [1,+00) — C such that 14(z,1) = z is given by
t

Yol ) = £° [z+/ w1 fuddul, > 1.
1
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Proposition 3. Let be s € B and consider the continuous solu-
tion Ys(z,t) : [1,400) — C of the differential equation [2). Then
supys1 |¥s(z,t)] < +oo if and only if for every real sequence (tn), C Ry
the initial condition = € C satisfies the following equation

tn

Jim ot (VoG w] ) + 2Vafu](t)) =0,

where q(n,u) and Vs are defined as in the Theorem [1l.
Let us introduce the following notations,

Notation 4. Let ¢ : R — C be a continuous function, we denote the
function ®[g] : Ry — C as

D[g](t) ::/0 g(u)du, vVt >0,

Notation 5. For every k € N define the function p : R — R as

poks1(t) = (—1)F Z Wsin(ﬂmt),

JEZ*
pak(t) == (1) Y W(cos(ﬂm) - 1),
JEZ*

Lemma 6. We have

/Ot (10~ D= oty == 3 L (explizen) -1, wez0,

i 2
i (g2m)
and for every n € N* we have

n+1
D" [po] (t) = —ﬁ ;Bk <n Z 2

Proof. Prove that

>t”_k+2 +pu(t), Vt>0, Vn>1.

/Ot ({u} - %)du =po(t), Vt>0,

The function u — {u} is 1-periodic, then there exists a continuous 1-periodic
function p : R — R such that

t 1
/ (ubdu =t / (ubdu + p(t), V> 0.
0 0



Since

1 1 1
/ {u}du:/ udu= =,
0 0 2

t
1
/ fuldu = t5 +p(t), Vi 20
0

The function p is a piecewise C°°, continuous on R and 1-periodic. By
Dirichlet Theorem, the Fourier series

we get

n
n— Z ay exp(ik2mt),

k=—n

converge uniformly on Ry to the function ¢ — p(t), where (aj)r C C are the
Fourier coefficients of the function p.

t
/ ({v} — %)dv = Zaj exp(ij2nt), Vt>0.
0 ,
JjEZ

By definition of the Fourier coefficients we have

a; = /01 exp(—z’j27ru)(/0u ({v} — %)dv) du

1t 1
2/0 exp(—ij2mu)u(u — 1)du ek VjeZ”,
and .
1 1 1
0= J, o= 2 Gy

The function p satisfies
1 . -
COEDY W(exp(zm) ~1) =ho(t), VE=0.
JEZ*
Integrate successively to obtain

ck
(n—k)!

" [fo] () = Y t"F L pa(t), VE>0, Yn > 1,
k=0
where (cx)gen defined as

1
Cok+1 = 0 and Co — (—1)k Z '72]%1-1’ Vk 2 0.
. (G2m)2kry
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By definition of the Bernoulli numbers (By)ken, we get

n+1
nrx 1 n+2\ ,_
® [po](t)z—i(nw), ) Bk< N >t k2 4 pa(t), VE>0, Vo > 1,
T k=2

O

Lemma 7. For every s € B, there exists a unique zs € C such that the
solution s(zs,t) : [1,400) — C of the differential equation (2)) satisfies
sup;>1 [9s(2s,t)| < 4-00. Further,

“+oo
2s = —/ w7 {u}du.
1

Proof. Let be s € B fixed. There is a unique bounded solution. All other
solutions are oscillating and diverge to infinity in norm. Let be z € C and
suppose that

sup |[¢s(z,t)] < 400.
t>1

Since R(s) € (0,1), by the Lemma 2, we have

+oo
sup (2. 6)] < +o0 = [+ [ w1 (udau] =0,
t>1 1
Then
+oo
zs = —/ w7 {u}du.
1

Prove that sup,sq [1s(2s, )| < +o0. Since

+o0o
Zs +/ u_l_s{u}du‘ =0,
1

by consequence,

t +o00
Zs +/ u " u}du = —/ u T ubdu,  VE> 1
1 t

By the Lemma 2] we get

“+oo
Ys(zs,t) = —ts/ w T uydu, V> 1.
t

Then Sup;>1q ‘ws(zsa t)‘ < %%s) -



Proof of the Proposition[3. Let be s € B and consider the bounded contin-
uous solution s(zs,t) : [1,+00) — C defined in the Lemma [l In order to
simplify the notation, denote

Ds(t) = (25, + 1), VE>0.

Using the fact ¢ — 14(zs,t) is solution of the differential equation (2. By
definition of ® in the Notation [, we get

(14 1)@ 0 = (14 14 )8 [4](1) Q
+ hs(n,t), Vt>0, VYn>1,
" i](0) =0, Vn>1,
hant) = 2 P anlpal), W30, Va1,
2(n+1)! n!

where the function pg is defined by the Lemma [6l The previous differential
equation can be written as

LH L]0 = (4 1+ ) B () W

+t! [hs(n,t) — %@”H[zﬁs](t)}, Vt>0, Vn>1.

Integrate the differential equation (3), for every n > 1 and ¢ > 0 we have
¢
SUHUGI(1) = (¢ 4 1) / (wt )"y, w)du. (5)
0
Integrate the differential equation (), for every n > 1 and ¢t > 1 we get
OMEURJ(t) = " [4) (1) (6)

| e /1 w2 [y, w) — L@ ()] do

Since

CH L)) = SN, W1, Ve,

the Equation (@) is equivalent to
OMH)(t) = ¢ [)] (1) (7)

| gntlds /t u [hs(n,u) — "] (w) | du.
1
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Since sup;>( s (t)] = sup;>q [¥s(2s, )| < 400, then for every fixed n > 1 we
have

tn+1

OV (1)] < @7 H (¢ be(t)] = bs(8)], VE>0, (8
10| < @) sup 95(0)] = oy sup s(0)] Vo2 0, (8)
Since R(s) € (0, 1) the Equations (Bl) and (7)) implies

+o0o
/ (u+1)"""2"*hy(n,u)du = 0, Vn>1

0

+oo
ntlng, w2 n,u) — ®")(u)| du = n
) + [ [hs(n,u) = @" (] (w) | du = 0, ¥ > 1,

by consequence, for every n > 1 and ¢ > 1, the function ¢ — ®"+1[i),](t)
given by the Equations (B and (7)) can be written as

n+1r1.7 _ n+1+s +oo —n—2—s
S L)1) = —(t + 1) / (t )2y, u)du, (9)

PGI0 = e [ ) - )0

t

Implies
(t + 1)1+S /+°° hs(n,u) du = /+°° h(n,u) — D" [1hy] (u) o
t ' (u + 1)n+2+s . unt2+s
Use the Equation (@), to obtain
t+1 1+ /+OO hs(n7 u) /+OO hs(nv ’LL)
—) " ——— = du = d 10
( 7 ) L (w1t u ) untats v (10)

o0 1)nts o0 -1
+/ (U + ) / hs(n ,'U) dvdu.
t u

un+2+s (U + 1)n+1+s
By the notation of hs and by the Lemma [6] we have
1
hs(n,u) = pp(u) + o [zsu" + q(n, u)} (11)

where in order to simplify the notation, we denoted ¢(n,u) the following
polynomial

1 nlunt! nl n+2
== - B nk+2
aln. ) = 5o (n—|—2)!kz_; ’f< k >“




or since By = —%, the function g5 can be written as

n+1 n+ 2 k42 _ n+1 k2
P n—
aln,u) == n—|—2'z ( ) Zk' CET Rk

By the notation of the function hg and the Equation (III), for every real
sequence (t,)n, C Ry the equation (I0) can be written as

(b DT (7% 2 £ glnw) o BT [T " () g
n! ¢, (u41)nt2ts S . unt2+s Y

te (n) N tn1+s +0o0o (u 4 1)n+s +0o0o stn—l + Q( )d "
B (n—1)! ynt2ts (v+ 1)"+1+s

where in order to simplify the notation, for every n > 1 we denoted

es(n) == —(t, + 1)1 /t+00(u + 1) 25, (u)du

+oo
b, / w2, (u)du

—+00 n+s “+00
+ ths/ (t ) / (v+1)"""%p,_1 (v)dvdu.

. ynt2+s
We have
les(n)] < (£, + 1)1 +RE) (2 + ;> /+OO unm 2R )du[ max_|pn(v)]
B - n+R(s)/ Jy, vel01] "
tom 1\ 1+R(s) 1
- (14= p W(0)], Yn > 1.
n+1—|—§R(s)< ) +n+m(s)>v%"‘[%?i]|p ()], ¥n =

By the Notation [5, we have lim,, , { o max,c[o 1) [pn(v)| = 0, we deduce that

hm Intres(n)| = 0.

n—-+

Using the last limit, the Equation (I2]) implies

(i) ) -0

where for every n > 1 and every real polynomial u € R — g¢,,(u) of order less
then n + 1, the function ¢t — Vs[g,(u)](t), is defined as

+00 1+s 1+s
Vlanll(0) = [ (s — s ()

+o0o 1 n+s +00
—t“’s/ (ut ) / ot s gn-1(0) dvdu.
t u

un+2+s v+ 1)n+1+5
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3 Proof of the Theorem [

Proof of the Theorem[1. Let be s € B. By the Equation (IJ) we have,

¢s) , L [T

Thanks to the Main Proposition Bl and the Lemma [1] we get

Jim s [V + (S 4

JVala)(ta)] = o0,

where we recall that

ntl n—k+2

B, nlu
q(n,u) == _kz e RoET R Vn>1, Yu € R, (13)
1

and where for every n > 1 and every real polynomial u € R — g¢,,(u) of order
less then n + 1, the function ¢ — Vi[g,(u)](t) € C, is defined as

400 1+s 1+s
Vlanll0) = [ (o s — s om0l

—+00 n+s —+00
— tHS/ 7@ +1) / 7( In-1(v) dvdu.
t u

un+2+s v+ 1)n+1+s

We can apply following integration for every arbitrary sequence (t,), C R4.
Consider the particular case where t,, = n for every n > 1. By change of
variable, we have

+o0o
Valgn(w)](n) = (n+ 1)1 / i

+o0
_ Tl1+8 / u—n—2—sgn(u)du
n

s [T A D) TG0 —1)
-n n+2+s n+1+s vau
n u u+1 v

Thanks to the Binomial theorem, we have

(=1 = Y1y (j) un,

J=0
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Then
- (n\ (n+1)77
Vilur)m) = (-1 (M) 2
) =3¢ ()
B n—1(_1)j <n - 1> n_zl:_] <n -1 —]> n—i—k
= J Jj+1l+s — J+Hk+2+s

and by the notation of g(n,u) given by the Equation (I3))

n+1 n—k+2 9 fo—i
By, n (n—k+2\(n+1) J
Vit == 3 Pt S (M e
g 24K (n+ 2 k) ; i Jkri—1xs
n+1 Bk n2_k
<K (nt2— Rk~ 1+ 5)
n—k+1 Wik n—k—j -
—|— n, 7] . n,r,7,m
Z ’I’L+1— Z k+j+1+s mZ::O kEk+j+m+1+s
where
o n—k+1 (—1)j o n—k—j —k—jem
Wn,k,j = < j )k’—i—j—l— 1 Un,k,j,m = < m n .
|

4 Conclusion

In this conclusion, we present the approach to prove that the Zeta function
does not vanish at any point s € B such that 1 — 2R(s) # 0. Let be s € B
and suppose that [((s)| = 0. By Theorem [, we have

lim n"t [M r(1- s)ﬁs(n)] —0,

n—+oo n!

Thanks to the Riemann functional equation, the point 1 — 5 is also a zero of
the function (, then

lim "t [L‘g(”) +§7~]1_g(n)} —0,

n—+o00 n!
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For $(s) # 0, by taking the imaginary part of the subtraction, can be written
as

(1—2R(s)) lim n""f(n)=0,

n——+o0o

where by using the definition of the Bernoulli numbers, the quantity of f(n)
is defined as an alternating series. Using the monotonicity of the absolute
value of the general term, we obtain lim,, 1o, n" ! fs(n) # 0.
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