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differential equations

W. Oukil
Faculty of Mathematics.
University of Science and Technology Houari Boumediene.
BP 32 EL ALIA 16111 Bab Ezzouar, Algiers, Algeria.

January 31, 2024

Abstract

Using the differential equations, we obtain a more flexible repre-
sentation of the Zeta function in the critical strip. Thanks to the
Riemann functional equation, this representation allows us to prove
that the Zeta function does not vanish at any point s of the critical
strip such that 1 — 2%(s) # 0.
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1 Main results

Consider the representation of the Riemann Zeta function ¢ defined by the
Abel summation formula [[I], page 14 Equation 2.1.5] as

s +oo
((s) == e 3/1 {uyu™"du, R(s) € (0,1), S(s) € R*, (1)

where {u} is the fractional part of the real w. In order to simplify the
notation, denote B C C the critical strip, defined as

B:={seC: R(s)e€(0,1), (s)e R}

We prove the following results,
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Theorem 1. Consider the Zeta function given by the Equation (). For
every s € B we have

1 ! 1 1
—— lim u” ¥ sin(2mnu) <— + 7) du.
2 no+oo Jy mu  tan(mu)

((s) =

Theorem 2. For every s € B we have

9 1
((s) =—= lim w78 sin(2mnu) du.
T n—+00 Jq

Theorem 3. For every s € B such that 1 — 2R(s) # 0, we have

‘dﬁ_CG—@
1+ s 2—75

(#0

In other words, the Zeta function does not vanish at any point s € B such
that 1 — 2R(s) # 0.

2 Main Proposition

For every s € B, the Equation (1) is equivalent to,

¢(s) S /+OO u {u}du.
1

S 1-s

The aim is to studies the differential equation of solutions the functions
t
t— Ps(z,t) :=1¢° [z +/ u_l_s{u}du}, ze€C, t>1.
1

We focus only on the bounded solutions (there is a unique bounded solution.
All other solutions are oscillating and diverge to infinity in norm). More
precisely, the strategy to prove the Theorem [ is to find the initial condition
zs € C such that sup;>q [¥s(zs, )| < +00. Since sup;sg [¢s(2,t)] < +oo if
and only if z = — 1+°O u~'={u}du, we obtain z, = — 1+Oo u~ = {u}du.
For every s € B we consider the following differential equation

d -1
E:E—St x4+t {t}, (2)

te[l,+o0)/N, z(l)=2 2z€C, x:[l,+00)—C.



Lemma 4. Let be s € B. For every z € C there exists a unique continuous
solution Ys(z,t) : [1,4+00) — C of the differential equation 2l). Further,

t
Ys(z,t) =t° [2 +/ u_l_s{u}du], vt > 1.
1
Proof. Let be s € B fixed. The function
t
t— ts/ w T uldu, t > 1,
1

is C* on [1,400)/N and continuous on [1,+00). The Equation () is a

non-homogeneous linear differential equation. For every z € C the unique

continuous solution vs(z,t) : [1,400) — C such that ¢s(z,1) = z is given by
t

Ys(z,t) = t° [z+/ w T {uldul, V> 1.
1
O

Proposition 5. Let be s € B. Let be z € C and consider the continu-
ous solution s(z,t) : [1,+00) — C of the differential equation ([2)). Then
sup;sg [¥s(z,t)| < +oo, if and only if

L1 i 1_5.(2 )<1+ 1 )d
§2=—= — lim u”®sin(2mnu) ( — u
2 1-—s notoo ) mu  tan(mru)/

and

Lo s >/+OO 1% sin(2ru)d
SZ = — — _— — — S u S1n u)au
2 15 ' 7 . m

1

1 1

+ lim u”® sin(27mu)<— — 7>du,
n—+oo Jy mu  tan(mu)

Lemma 6. For every s € B, there exists a unique zs € C such that the

solution s(zs,t) : [1,+00) — C of the differential equation () satisfies

sup;>q [¥s(zs, )| < +o0o. Further,

+o0o
Zs = —/ w7 {u}du.
1

Proof. Let be s € B fixed. There is a unique bounded solution. All other
solutions are oscillating and diverge to infinity in norm. Let be z € C and
suppose that

sup |Ys(z,t)| < +oo.
t>1



Since R(s) € (0,1), by the Lemma ] we have

+oo
sup i (a,t)| < oo = [z + [ {ujdu] =0,
t>1 1

Then
+oo
Zs = —/ w5 {u}du.
1

Prove that sup,s [1s(2s, )| < +o0. Since

+o0
2s +/ u_l_s{u}du‘ =0,
1

then
t +00
Zs +/ u T {uldu = —/ u T uydu, V> 1
1 t
By the Lemma [l we get

“+oo
Ys(zs,t) = —ts/ w T uydu, V> 1.
t

Then Sup;>1 W)s(zsa t)| < %:(LS)'

Notation 7. Denote

p(t) :== /lt <{u} - %)du, vVt > 1,

where we recall that {u} is the fractional part of the real w.

W. OUKIL

Lemma 8. The function p is a continuous 1-periodic function and satisfies

p(t) =2 Z #<COS(27Tjt) - 1), Vi > 1.

; 2
o G2

Proof. The function u — {u} is 1-periodic, then there exists a continuous

1-periodic function p : R — R such that

t 2
/{u}du: (t—l)/ (uydu+p(t), V> 1.
1 1

/lz{u}du = /Ol{u}du = /Olu du = %,

Since



we get
t
/{Mmﬁza—m%+pu% V> 1.
1

The function p is a piecewise C°°, continuous on R and 1-periodic. By
Dirichlet Theorem, the Fourier series

n
n— Z ay exp(ik2mt),
k=—n

converge uniformly on Ry to the function t — p(t), where (ay)r C C are the
Fourier coefficients of the function p.

¢
/ ({v} - %)dv = E ajexp(ij2nt), Vt>0.
0 ,
JjEZ

By definition of the Fourier coefficients we have

a; = /01 exp(—z'j27ru)</0u <{v} - %)dv) du

1 1
= 5/0 exp(—ij2nru)u(u — 1)du = i VjezZ”,

and .
1 1 1
= - —du=——=— N
a0 = /0 u(u — 1)du B ]Z (j2n)?

The function p satisfies
pt) =3 #<exp(z'2wjt) - 1), Vit > 0.
— (j2m)? -
JEZ*
O

Proof of the Proposition[3. Let be s € B. Let be z € C and consider the
unique continuous and bounded solution ©(t) := 1s(zs,t) : [1,+00) — C
of the differential equation (2)) given by the Lemma [6l Define the function
Ys(2,t) : [1,400) = C as

%@%zAVmWMw t>1.
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The Equation (2]) implies

ii}s(t) =711+ 8)ehs(t) + 71 /t{u}du +t7lz, (1) =0, VE> 1.

By the Lemma [§] we have

/lt ({u} - %)du = 2]%;* ﬁ(cos(%rjt) - 1)’

Then
Loty = 711+ 8)0u(t) + (1 — (1 — 22)t™) (3)
dt S S 2 S
B 1 ‘ .
+ ot 1j§ew 2y <cos(27rjt) - 1), $(1) =0, Vt>1.

We will use the approximation method. Let be t — Q/NJSW(t) the unique
solution of the following differential linear equation

d - _ - 1 _
E¢s7n(t) =t (1 + 8)ths n(t) + 5(1 — (1 =2zt (4)

n—1

- 1 . .

AT o (cos(2mjt) = 1), on(1) =0, Ve = 1.
J=1

In order to simplify the notation, denote
Os.n(t) i= Ds(t) — hsn(t), V> 1. (5)
The Equations (7)) and () implies

d

T 0sn(t) =171 (14 5)d5.n(t)

400
+2t71 ) 702177)2 <COS(27TJ't) — 1>, Son(1) =0, Vt > 1.
j=n

Integrate

t +oo
1
Osn(t :2t1+s/ u2s E ,7<cos 2mju) — 1>du, Vi > 1.



Implies
ARG 2

TR 2 G V> 1, Vn>2. (6)

|05, n(t)] <2

j=n

For every fixed n € N*, use the change of variable,
~ U
(Psm(U) = nws,n(;), Yu > n.

In term of this new variable, the differential equation () can be written as

%cpsm(u) = u_l(l + 5)sn(u) + %(1 —n(l— 225)u_1)

(427)?

Ysn(n) =0, VYu>n. (7)

. n—1 1 .
+ 2nu Z <COS(27T]’I’L u) — 1),
j=1

Integrate

u
_1-s1 _
©s.n(w) :u1+5/ pt 55(1—71(1—225)/; Ydu
n
n—1

v 1
+ 2nul+s/ T Z (jan)? (cos(27rjn_1u) - 1) dp, Yu>n.
n =0

In other words, we have

1 _ 1—2z2 _1—
o) = (0 =) -2 o)

~ Vi(n,u) + Wy(n,u), Yu>n. (8)

where in order to simplify the notation, for every u > n we denoted

n—1

" 1
— 1+s —2—s .1
Vs(n,u) = 2nu /0 L Z W(COS(QT(]R W) — 1>d,u, 9)
7j=1
u n—1 1
Ws(n,u :2nu1+s/ pors ——(cos(2mjn~tp) — 1) du.
(n, ) DY Gy (o )—1)

We recall that i )
Psnlu) = nws,n(ﬁ), Yu > n.
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Which can be written as
U ~ U
©sn(w) n5s7n(n) + m/)s(n), Yu>n

where J; 5, is given by the Equation (Bl). Replcae the last quantity of ¢, in
the Equation (8). By the Equations ([l), we obtain

(u“’sn_s — u) - n;(;fzs) <u1+sn_1_s — 1) — Vi(u,n) + Ws(n,u)

—R(s) 4, 1+R(s) +oo 1

28

u
< - .
<2 T+ R(s) 5 +n( 1)sup [vs(u)|, Vu>n

(j27'(') n u>1

j=n

We deduce that

. . 1 1- 2ZS —1-s_s _
A Bz oy T (e - W) [ <o
In other words,
1
2zg=——+(1+s) lim lim u '"%n° (VS(U,H) - Ws(nau))' (10)

2s n——+00 u—+00

Now, estimate the limits of the previous equation. For Vj, we have

n n—1 . |
2 -1
lim u_l_snsVs(u,n) — 2n1+s/ Iu—2—s z : COS( Tn M) du
0

u—+00 ] 2
—+ st (j2m)
1 n—1 1
= —2-s (cos(2mjv) —1)d
v . cos(2mjv) v,
/0 ; (27j)?
Use the fact
. n—1
sin(m(2n — 1)u) ‘
=1+2 2
sin(7) + ;COS( Tju),
Then
1 n—1
1 lim w7 RtV =-2[ v7® 27 11
s(1+s) JJm n*Vs(u,n) /0 v ;cos( mjv)dv (11)
1 1 . _
:/ U_de_/ U_881n(7r‘(2n 1)U)dv
0 0 sin(mv)
1 b si —
_ _/ U_SSIH(T(‘(2TI 1)v) do
1-s Jy sin(mv)

1 ! in(2
= —/ v_s[ism( nmv) _ cos(2mnv) | dv.
1-s )y tan(mv)



For W, we have

oo i, (j2mn~tp) —1
im w W (n, u) = 2 1+S/ Pt =2 qu (12
u—1>I—|I—loou " S(n U) " 0 : j=1 (j27T)2 : ( )

1 [t — 1
=— u” _s(cos 27u) — 1>du -
5 | (o) = 1)au 3 5
1 +o0 g
= —7/ w178 sin(2mu) du -
m(1+s) Jo =
n=s 400 s n—1 1
=—— v~ Tsin(2mno)dv .
i )i 3 7
Using the fact
1 n
lim ‘/ v ? cos(27mv)dv‘ = lim n_1+s/ v? cos(27rv)dv‘
n—+oo | fq n——+00 0
n
= lim n_1+s/ v ¢ cos(27rv)dv‘
n—+oo 1
n
= |2i| Erf n_1+s/ v Sin(27rv)dv‘
m™n oo 1
5]

lim n~HRE) Q- ROy =0

Replace, in the Equation (I0) the quantities of Vi and Wy given by the
Equations (1)) and (I2]), we obtain

1 1 L sin(27nv)
I T : —sMETY |,
o 2 * 1— 5 notoo [U (n) +/0 Y tan(mv) dv} (13)

where in order to simplify the notation, for every u > n we denoted

s +00 n—1 1
Us(n) :=— /0 v 178 sin(2rnw)dv [n_s Z jl_s} ,
j=1

™

By the Abel summation formula, we have

n—-+0o0o

lim [S jll_s - "ﬂ —¢(1—s). (14)
j=1
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Item 1.
By the last equality; we have

. _ 1 1
lim n~° g T ==
n——+oo — 9175 S
Jj=1
Since
—+00
lim w178 sin(2mnu)du
n—-+o0o 1

+00
= lim ns/ w10 sin(2mu) du
n

n——+o0o

1 Feo
_ 1t lim ns/ u_2_8<cos(27ru) - 1)>du

By the notation of Us, the Equation (I3]), implies

L )<1+ ! )
Szs = —= — lim u”°sin(2mnu) (| — U.
B 2 1—s mno+too )y mu  tan(mu)
Item 2.
By the notation of U, we have
s [T w1
Us(n) = —/ v~ sin(27nw)dv [n_s Z '1—5}
T Jo = J
s [T = 1
= - /0 u” ¥ sin(2mu)du Z ==
j=1
which can be written as
n—1
1 s +0o0
Us(n) = %[Z =i %] /0 w178 sin(2mu) du
+0o0o
+ —/ ¥ sin(27u)du,

By the Equation (I4]), we obtain
s Foo
lim Us(n) = C(l - s)/ w1 sin(27u) du

n——+00
+0o0o
+ —/ ¥ sin(27u)du.



The Equation (I3]), implies

1u_ssin(7r(2n—1)u) " 1/+°° 1
0

We have

“+00
1

+o0o
lim u” " ¥sin(2rnu)du = lim ns/ w78 sin(2mu) du
n

n—-4o0o 1 n—-4o0o

_1+s

+o00
= lim n® / T < cos(2mu) — cos(27m)> du
2 n—4oo n

=0.

By consequence,

1+ 1
SZs = — =
5 2 1-—3s

! 1 1
+/ u® sin(27mu)<— - 7),
0 mu  tan(mu)

s teo
+—=C(1— s)/ w8 sin(2mu)du
™ 0

3 Proof of the Theorem 1]

Proof of the Theorem [ Let be s € B. By the Equation (I]) we have,

+o0 s
—3/1 u S {uydu = ((s) +

1—s
Thanks to the Main Proposition [fl and the Lemma [6] we have
] 1 1
C(s) + 1-s _SZS__§+ 1-s

1

1 1
— lim u” ¥ sin(2mnu) (— + >du.

n—+o0 J mu  tan(mu)

Implies
1

1 . e 1 1
Cls) = 2 nEI-ir-loo 0 w " sin(2mnu) (E + tan(wu))du'

u” % sin(2mnu)du.

11
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4 Proof of the Theorem

Lemma 9. Consider the function ¢ given by the Equation (Il). For every
s € B we have

2m%C(5) s _ 2 t* + 4
s(1+s) l1-s s

_ Z j_1+5/ U_2_5<Cos(27rut) - 1) du, vt € (0,1).

“+oo

Proof. By the Equation (J). For every s € B we have

C(S) 1 1— /+ —1—
=t 5d
5 T ) {u}u U

1 1

+oo 1
=— !¢ — u " du, vt 1].

Use the integration by part formula

¢(s) Lo L /+ —2— —1-
_ pl=s 5 4 (14 s tyios
. T + 5% ( s) ) p(u)u u—p(t) ,

where the function p(u) is given by the Lemmal8l Use the fact p(t) = %(t>—t)
for every t € (0, 1] we get

_ﬁ Ltl—s 4 it—s + (1 + S) /+Oop(’u,)u_2_sd’u,
t

s T 1o s 2s
1
- 5(152 — )t vt e (0,1).

Since
1
t) =2 T 12 —1 R.
p(t) jgw an)? (cos(] mt) ), Vt e

Use the fact

lim ‘/Jroo u_2_8+i.f - ! <cos(j27ru) - 1)du‘
n—+oo | J, = (j27T)2
< /+OO w2 R gy lim i" # =0
' nertoo £ (j2m)%

j=n
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then

31+s 1—s 1 -
= ——(1 t*
((s) = =3t = S (1 +3)

—2s(1+s) Z ﬁ /t+00 u_z_s(cos(j%ru) — 1>du.

JEN*

1

Use the change of variable u +— u = tj~ v to obtain

31+S 1—s 1 _
ST (g
()= g0 L)

+oo
~ 5 2(1 S Z j_1+8/ u_2_8<cos(27rut) — 1>du.

JEN* J

Lemma 10. For every s € B, we have

C(s) = %C(l —s) /0+00 v sin(2mv) dw.

Proof. Let s € B fixed. In order to simplify the notation, denote
Ve 01]: wmt) =3 L1, ¥ne N
where
+oo
fs(z,t) = —z_HS/ u™?"5(cos(2mut) — 1)du, ¥z € R%, Vt € (0,1], (15)

By the the Lemma [0 we get

2m2(s) e b Bt
ZA) s = lim gy (n, ¢ 5), vt e (0,1]. 16
s(1+s) n—1>IJIrloo(‘D(n )+ (1—s+s> €©1] (16)

For every fixed t € (0, 1], use the Euler-Maclaurin summation formula, given

by
/fszt

poln, 1) = 1s(1,1) — fuln,
+/1<{z}—§>ddfs<z iz, Ve N,
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Using the Equation () and the integration by parts formula, we obtain

S

/n fs(z,t)dz = lnfs(n,t) + E /+OO 27275 (cos(2mtz) — 1)dz
1 § 1

1 n
- —/ u”?(cos(2rtu) — 1)du, Vn € N*.
1

S

Then
pal0) = 51A(1,0) = fo(n, 1)

+oo
+ énfs(n, t)+ % / 27275 (cos(2mtz) — 1)dz
1

- % /ln w2 (cos(2mtu) — 1)du
n 1, d .
+/1 ({z} — §)Efs(z,t)dz, Vn € N*.

The Equation (I5]) implies lim,_, 1 zfs(z,t) = 0. By consequence,

. 2—s [T —2—s
lim ps(n,t) = z (cos(27tz) — 1)dz
1

n—+oo 2s

1t
~ 3 27 %(cos(2mtz) — 1)dz
1

oo 1. d
[ - PTG

The Equation (I6), implies

() 1y T[T
S+ s)t T ;/1 27 (cos(2ntz) — 1)dz + 6(s,t), ¥Vt € (0,1].

where

2 t2 2—s [T, | B
0(s,t) :=—m 1 + 5 z (cos(2mtz) — 1)dz
— S S 1

/ ({=} 1) fs(z,1) t€(0,1]
+ . z 5) 7, 45(% dz, Vte (0,1].
The Dirichlet integral, implies

400 t
. / 272 (cos(2mtz) — 1)dz = t/ 272 (cos(2mz) — 1)dz
1 0



15

Then

w2 ((s)ttTs ¢

The function 6 can be written as

2 — 2 2—s (!
0(s,t) :?Sn(s)tlﬁ e —— s /0 27275 (cos(2mtz) — 1)dz

1-s 2s
too 1. d
+ ({z} — =)—fs(z,t)dz, Vte (0,1]. (18)
1 27 dz
where in order to simplify the notation, we denoted
+00
n(z) = / v~ 2% (cos(2mv) — 1)dv, z € B. (19)
0
Since
lim t_2‘7r2 + 2 /1 27275 (cos(2mtz) — 1)dz‘ < 400
t—0 1—s 25 Jo ’

then by definition of the function ¢ in the Equation (I8) and the Equation

(), we get

‘<27T2C(8) 2 877(8)>t1+8 _ V(s,t)‘ < +o0, (20)

lim ¢~
10 s(1+s) 2s

t—0

where in order to simplify the notation, we denoted

oo 1. d
Viz,t) = — =)= fa(2,t)dz, B.
@)= [ () - st Vi €
From the Equation (IT) , for every « € B we have

dilzfm(«z’t) =(1—x)z 2+ /;OO u™ " (cos(2mut) — 1)du
+ 27 3(cos(2m2t) — 1).

By the notation of V(s,t) we get
+00 1
V(s,t) = / {z} — 5)2_3(008(27T2t) —1)dz
1

+o0 +oo
+(1— s)/1 ({z} — %)z_%s/ w275 (cos(2mut) — 1)dudz,
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which can be written as
V(s,t) = £ (s)(1 - s) /1 TR %)z_2+8dz
4 /1 TR %)z_?’(cos(%rzt) ~1)dz
C(—s) /1 ) - R /0 T (cos(2rut) — 1)duds,

where we recall that the function x — n(x) is given by the Equation (I9I).
By definition of the function ¢ in the Equation (dI), we have

oo 1. ops,  C-—s) 2—s
/1 ({“}_5)“ odu =~ 1—s  2s(1—s)

Then
2—s
2s

+oo 1. _
+ /1 ({z} — 5)2 3(cos(2mzt) — 1)dz

V(s t) = =t n(s)C(1 - 5) — )it

n(s

+oo 1 z
- (1- s)/ ({z} - 5)2_2+5/ w273 (cos(2mut) — 1)dudz,
1 0
Using the integration by parts formula on 7, we obtain
— 2—s 1+s
Vis,t) = —(n(s)c1 = ) + "n(s) )¢
+o00
- /1 p(z)diz [2_3(005(277215) - 1] dz
+oo d z
+(1— s)/ p(z)— [z_2+5/ u” 27 (cos(2mut) — 1)dud] dz.
1 dz 0

where the 1-periodic function p is given by the Lemma [8l By the Lebesgue
Theorem, we get

%1_1)1(1) t_z‘V(s,t) + <n(s)§(1 — )+ %n(s))t”s < +o0.
The Equation (20)), implies
2
2 sy s) (21)

s(1+s)
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By the notation of 7 in the Equation (I9]), we have

2
1+2x

+o00 “+00
wa) = [ v eostzn) - Do = 2 [0 s
0 0
O
Proof of the Theorem[d . By the Equation (Il) we have,

S

_S'

“+oo
—s/ w T uldu = ((s) + 1
1

Thanks to the Main Proposition Bl and the Lemma [6] we have

S 1+ 1
=8zs = —2
1—s s 2 1-—s

s Feo
+—=C(1— s)/ w78 sin(2mu) du
™ 0

1

— lim u” *hy(u)du,
n—+4o00 0

¢(s) +

Implies

1 s “+00 1
¢(s) =3 + —((1—ys) / w18 sin(2ru)du — lim u” *hy(u)du.
Q0 0

n—-4o0o 0

By the Lemma [I0, we have

+o00
C(s) = %{(1 - 8)/0 v sin(2mv) dw.
Then

) =+ o)+ Tim [ utsin(zenn) (2~ )
5) =3 s)+ lm ; u” sin(2mnu) | — o~ U,

In other words

1 . 1

2 1 1
lim u‘sM u=-+— lim w175 sin(27nu) du,
n—+oo Jy tan(mu) 2 wnotoo Jy

By the Theorem [I we obtain
1
1

((s) = - ngl}rloo ; u” ¥ sin(2mnu)du.
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5 Proof of the Theorem
Proof of the Theorem [3 By Theorem 2] we have

1
2 1

-2 ~1=5 sin(2mnu)d
¢(s) — dim ; u sin(2mnu)du
1 1
= +28 lim n_l/ u"275(1 — cos(2mnu))du.
e n—-+oo 0
Then
1_%
7T2(4(8) G _8))
1+s 2-5
1
1 -1 —3+s5 _ , —2—s o
= ngrfwn /0 (u u ) (1 cos(27mu))du
VE(27n)2k
1—2 lim n~! Al :
= (1= 2R(s)) lim n Z (2k)! 2k—2+s)(2k—1—s)
U
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