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Abstract

We investigate a relationship between differential equations and the
Zeta function. We obtain a more flexible representation of the Riemann
Zeta function in the critical strip. This allows us to prove that the Zeta
function does not vanish at any point s € C such that R(s) € (0,271).
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1 Main results

Consider the representation of the Riemann Zeta function ¢ defined by the
Abel summation formula [[I], page 14 Equation 2.1.5] as

s oo
C(s) := ~1—a s/1 {uyu™du, R(s) € (0,1), S(s)€R*, (1)

where {u} is the fractional part of the real w. In order to simplify the
notation, denote B C C the critical strip, defined as

B:={seC: R(s)e€(0,1), (s)e R}

We prove the following theorems,
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Theorem 1. Consider the Zeta function given by the Equation (). For
every s € B we have

1 400 1
¢(s) =5 + iC(l —5) / u” 8 sin(2mu)du —  lim u”hy, (u)du.
T 0

n—-+00 0

where for every n > 1 the function hy, : (0,1) — R is defined as

o (1) = sin(r(2n — Du) sin(27mu)‘

sin(mu) U

Theorem 2. The Zeta function does not vanish at any point s € B such
that R(s) € (0,271).

2 Main Proposition

For every s € B, the Equation (1)) is equivalent to,

) 1 /+°° w1 () du.
1

s 1—s

The aim is to studies the differential equation of solutions the functions
¢
t— s(z,t) = t° {z +/ u_l_s{u}du}, zeC, t>1.
1

We focus only on the bounded solutions (there is a unique bounded solution.
All other solutions are oscillating and diverge to infinity in norm). More
precisely, the strategy to prove the Theorem [ is to find the initial condition
zs € C such that sup;s; [ths(zs,t)| < +00. Since sup;sg [¢s(z,t)| < +oo if
and only if z = — 1+°O u~'={u}du, we obtain z, = — 1+Oo u~ = {u}du.
For every s € B we consider the following differential equation

d -1
dta:—st x+t7{t}, (2)

te[l,+o0)/N, z(l)=2 2z€C, x:[l,+00)—C.

Lemma 3. Let be s € B. For every z € C there exists a unique continuous
solution s(z,t) : [1,400) — C of the differential equation [2)). Further,

t
Ys(z,t) =t° [z+/ u T uldu|, V> 1.
1



Proof. Let be s € B fixed. The function
t
t s tS/ w T {uldu, t > 1,
1

is C* on [1,400)/N and continuous on [1,+00). The Equation () is a
non-homogeneous linear differential equation. For every z € C the unique
continuous solution 9(z,t) : [1,+00) — C such that 14(z,1) = z is given by

t
Ys(z,t) =t° [z +/ w T {uldul, V> 1.
1
U

Proposition 4. Let be s € B. Let be z € C and consider the continu-
ous solution s(z,t) : [1,+00) — C of the differential equation ([2)). Then
sup;sg [¥s(z,t)| < +oo, if and only if

1 s oo
s20=— 3 + T + ;C(l - s)/o w178 sin(2mu) du
1
— lim U_shn(u)du7
n—+oo fq

where the sequence function hy, : (0,1) — R are defined as in the Theorem [1.

Lemma 5. For every s € B, there exists a unique zs € C such that the
solution s(zs,t) : [1,400) — C of the differential equation ([2)) satisfies
sup;sg [¥s(zs, )| < +o00. Further,

+00
zs = —/ w7 {u}du.
1

Proof. Let be s € B fixed. There is a unique bounded solution. All other
solutions are oscillating and diverge to infinity in norm. Let be z € C and
suppose that

sup |Ys(z,t)| < +oo.
t>1
Since R(s) € (0,1), by the Lemma [3, we have
+oo
sup v (a,t)] < oo = [z + [ (updu| =0,
t>1 1

Then oo
Zs = —/ w7 {u}du.
1
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Prove that sup,> [1s(2s, )| < +o0. Since

+o0
Zs +/ u_l_s{u}du‘ =0,
1

then

t +o0
Zs —I—/ w T {u}du = —/ w I uydu, V> 1.
1 t

By the Lemma [3] we get

—+00

Ys(zs,t) = —ts/ w I uydu, V> 1.

t

Then Sup;>1 W)s(zsa t)| < %%S)' -

Notation 6. Denote

p(t) = /lt <{u} - %)du, vt > 1,

where we recall that {u} is the fractional part of the real w.

Lemma 7. The function p is a continuous 1-periodic function and satisfies

p(t) =2 Z ﬁ(cos(j%’t) - 1), Vi > 1.

FEN*

Proof. The function u — {u} is 1-periodic, then there exists a continuous
1-periodic function p : R — R such that

t 2
/{u}du:(t—l)/ (uhdu + p(t), V¢ > 1.
1 1

/12{u}du = /Ol{u}du = /Olu du = %,

/t{u}du = (- 1)1 +p(t), Vt>1
1 2

The function p is a piecewise C'°; continuous on R and 1-periodic. By
Dirichlet Theorem, the Fourier series

Since

we get

n
n— Z ay exp(ik2mt),

k=—n



converge uniformly on Ry to the function ¢ — p(t), where (aj)r C C are the
Fourier coefficients of the function p.

/ot ({”} a %)d“ = ajexp(ij2nt), Vt>0.

Jjez

By definition of the Fourier coefficients we have

a; = /01 exp(—z’j27ru)(/0u <{U} — %)dv) du

1 1
= —/ exp(—ij2mu)u(u — 1)du = — VjeZz",
0 7T

2

and

a —1/1u(u—1)du——i——zi
72/, 12 (j2m)2’

jez~

The function p satisfies

pt)=3" #<exp(z'j2mt) - 1), vt > 0.

1 2
i g2m)
O

Proof of the Proposition[4 Let be s € B. Let be z € C and consider the
unique continuous and bounded solution ¥s(t) = ¥s(zs,t) : [1,+00) — C
of the differential equation (2)) given by the Lemma [Bl Define the function
Ys(2,t) : [1,400) = C as

t
Ps(t) ::/ Vs(u)du, t>1.
1
The Equation (2) implies
d - ~ ¢ ~
—hs(t) = t 711 + s)s(t) + t—l/ {uYdu +t7'z, (1) =0, Vt > 1.
dt 1

By the Lemma [7] we have

/lt <{u} - %)du =2 Z ﬁ(cos(ﬂmﬁ) — 1>,

JEN*
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Then

d

N ~ . 1 _
Eﬂaw=t1u+@wa»+¢1—a—2%ﬁl> )

ot Z <cos (j2rt) — 1), (1) =0, V> 1.

We will use the approximation method. Let be t +— zﬂs’n(t) the unique
solution of the following differential linear equation

Vs () =t 711 + 8)n(t) + %(1 —(1—2z)t™) (4)
+2t71 Z

In order to simplify the notation, denote

dt

<cos (j2mt) — 1) Ysn(1) =0, Vt > 1.

5s,n(t) = qzs(t) - TZJS,n(t)v vt > 1. (5)

The Equations (7)) and (@) implies

%53,,1(75) =t"1(1+ 8)8s.n(t)
+ t_lz <COS (j2mt) — 1), dsn(l) =0, Vt > 1.
Integrate
dsn(t) = 2t1+8 w2 <cos (j2mu) — 1>d u, Vt>1.
Implies

$1+R(s) +oo 1
Osn(t)] <2 - , Vit>1, VYn>2. 6
5o ®) < 25575 3 Gy n (6)

For every fixed n € N*, use the change of variable,

- u
Psn(u) = nws,n(ﬁ), Yu > n.



In term of this new variable, the differential equation () can be written as

o) = w4 ) () + (1= (1~ 25)u)

. n—1 1 ‘ .
+ 2nu Z (cos(j27m ) — 1),
j=1

— (j2m)?
wsn(n) =0, Vu>n. (7)
Integrate
u
1
pon) = [ 150 (122
n
n—1

v 1
+ 2nu1+s/ pos Z W(cos(j%m_lu) - 1) dp,  Yu >n.
n —=

In other words, we have

1 _ 1—2z 1
©s.n(u) :% (uHSn 5 u) — n2(1 n 88) (uHSn I=s _ 1)
- ‘/s(nv ’LL) + Ws(n7 u)v Vu 2 n. (8)
where in order to simplify the notation, for every u > n we denoted
n n—1 1
Vs(n,u) = 2nu1+5/ pors Z W(cos(ﬂwn_lu) - 1) djs, (9)
0 =V
u n—1 1
Ws(n,u) = 2nu1+5/ T Z m(cos(ﬂwn_lu) - 1) dpu.
0 =V )

We recall that i y
Psnlu) = nws,n(ﬁ), Yu > n.

Which can be written as
u ~
s,n = 5sn_ s\—), v >n.
Pon(t) = n3yn(5) +n(2), Vuzn

where d; 5, is given by the Equation (Bl). Replcae the last quantity of ¢, in
the Equation (). By the Equations (6], we obtain

1 1-2
‘2— (uHSn_s - u) —-n “s (uHSn_l_s - 1) — Vi(u,n) + Ws(n,u)
s

2(1+s)
=R 1HRGs) T2 -
<2 s ) :
< T R(s) 2 22 —i—nig[l)\w (w)], Yu>n
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We deduce that

. . 1 1— 2z
lim lim |— —
n—+toou—+ool2s  2(1 + s)

—u s (V;(u,n) — Ws(n,u)> ‘ =0.
In other words,

Zg = — L +(1+s) lim lim TR (Vs(u,n) — Ws(n,u)). (10)

2s n—~+o00 u—~400

Now, estimate the limits of the previous equation. For Vj, we have

lim v '"*n*Vy(u, n)
uU—>—+00

n—1

" 1
=9 1+s —2—s i -1 -1
n /0 1 g Tk (cos(] ™) >d,u

j=1

n—1

= /01 y2- ]zz:l (27T1j)2 <cos(27rjv) - 1) dv,

Implies

U——+00

1 1 : _
:/ U_de_/ U_581n(7r(2n 1)v)dv
0 0

sin(7v)

1 1 1 1
= / v %dv — / v sin(m(2n — 1)1))[ — —|dv
0 0

sin(mv)  wo
1 U—l—s )
+/0 p. sin(m(2n — 1)v)dv. (11)

For W, we have

1 n—1
s(L1+s) lim w'™*n*V,(u,n) = —2/ v ? Zcos(ijv)dv
0 -
7j=1

lim w7t Wy (n, u)
u—>—+00

n—1

+o00 1
= op!ts / pos Z — < cos(j2mntp) — 1) dpu
0

2 (2

1 +00 n—1

= u‘2_s<cos(2mw) — 1) duz

272
0 j=1

jl—s

n—1

1 s 1
= —m/o u sm(27ru)duzjl_s- (12)

Jj=1




Replace, in the Equation (I0) the quantities of Vi and Wy given by the
Equations (1)) and (I2]), we obtain

. 1 1
5% :nll)g-loo US(TI) B 5 * 1—s (13)
1 1 1
— lim v ¥sin(m(2n — 1)v) | = - —] ;
n—+oo J sin(rv)  wv

where in order to simplify the notation, for every u > n we denoted

1 1

—/ v ¥ sin(w(2n — 1)v)dv

T Jo

s [te° — 1
—|——/ % sin 27Tu)duz T

T Jo =7

We have

_n w1 sin(m(2 — n”Hu)du

T Jo

s =
—|——/ w i ¥ sin(27u) duz = <

T Jo

j= 1

which can be written as

sns n—1 1 +o00 s
Us(n) = — [— — Z -1—3} /0 u sin(27u)du
]_

T
or
~1
sns n 1 +0o0
U :_[__ ‘ }/ ~1=% 5in(2mu)d
s(n) g ;jl_s ; u sin(27u)du
ns +oo
+— (T [sin(Zwu) —sin(m(2 — n"Hu) | du
T Jo
ns 00
+— w1 sin(w(2 — nHu)du
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Since
+o0o
lim ns/ w8 sin(m(2 — n”Hu)du
n—-+0o0o n
+o00 u
=(1+s) lim ns/ u_2_s/ sin(7(2 — n™1)v)dvdu
n—-+00 n n
= 0,
Then

n—-4o0o

lim_U,(n) =2¢(1-5) [ T S i@ du
0
+ %8 /0+OO u s [Sin(Zwu) — sin(m(2 — n_l)u)] du.

The Equation (I3)), implies

Szg = — 1 + 1 + iC(l —5) /+OO w7 sin(2mu) du
T 9T s x . T
1
1 1
— lim u” *sin(7(2n — 1)u)[ - - —}du
n—+oo Jy sin(mu) 7
1 [t
+ — / (T [sin(27mu) — sin(7(2n — 1)u)] du.
T Jo
We have
“+oo
nEI}-loo 1 TR [sin(27mu) — sin(7(2n — 1)u)] du
. Foo 11— . . 1
= nll)]g:oon /n u [Sln(27ru) —sin(m(2 —n )u)} du
. oo _9_ v . . 1
=(1+s) nll)l}_loon /n u /n <s1n(27rv)d —sin(m(2—n )v))dvdu

=0

By consequence,

Sz, = — 1 + 1 + f{(l — S) /+OO u s sin(27ru)du
S92 1—-s 1 0
1
— lim u” *hy(u)du,

n——+o0o 0
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where

hn(u) =sin(m(2n — 1)u) [sin(lwu) a W_lu}
1

v {sin(27mu) — sin(7(2n — 1)“)]

T
]
3 Proof of the Theorem [1I
Proof of the Theorem [ Let be s € B. By the Equation (d]) we have,
400 o s
—s u " H{urdu = ((s) + .
1 1—s
Thanks to the Main Proposition @] and the Lemma [l we have
C(s) + T, = 5%
1 1 oo
=3 + - + %{(1 - s)/o w170 sin(2mu) du
1
— lim u” *hy(u)du,
n——+o0o 0
Implies
1 s 400 1
C(s) =3 + ;C(l —s) /0 w7 sin(2mu)du — ngl}rloo ; u” hy, (u)du.
]

4 Proof of the Theorem

Proof of the Theorem[d. Let be s € B. Suppose that s € B is a zero of the
function ¢. Thanks to the Riemann functional equation, the point 1 — s is a
zero. By the Theorem [ we get

1 , te
3 ngl}rloo ; U hy(u)du = 0,
were we recall that

_sin(m(2n — Du)  sin(2rnu)

hp(u) =

)

sin(mu) ™
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Since
sup  lim |h,(u)] < 1,
u€g(0,1) P+
then
1 : ! —s 1 ! —R(s)
—— lim u hn(u)du‘ >—— [ u du
2 n——+0oo 0 2 0
_1 1
2 1-R(s)
O
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