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Abstract

We investigate a relationship between differential equations and the
Zeta function. We find a more flexible form of the Zeta function in the
critical strip. We prove that all the nontrivial zeros lie on the critical
line.
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1 Main results

Consider the representation of the Riemann Zeta function ¢ defined by the
Abel summation formula [[I], page 14 Equation 2.1.5] as

S

+o0o
C(s) := T s/l {uyu=du, R(s) € (0,1), S(s) €R*, (1)

where {u} is the fractional part of the real w. In order to simplify the
notation, denote B C C the critical strip, defined as

B:={scC: R(s)ec(0,1), S(s)<cR*},

and define the critical line as s € B such that 1 — 2R(s) = 0. We prove the
following theorems,
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Theorem 1. Consider the function  given by the Equation ({l). For every
s € B we have

(s) _ 1

s(l+s)  2(1-s)

2n—1
, 1 2n\ (2n +1)7F
lim ————— B —
+niTooln(2n+1)kZ:1 k(k:) kts+1°

where (By)ken are the Bernoulli numbers and (2,?) are the binomial coeffi-
cients.

We prove that |((s)| # 0 for every s € B such that 2R(s) < 1. Thanks
to the Riemann functional equation, we obtain the following theorem,

Theorem 2. All the zeros of the Zeta function on B, lie on the critical line.

2 Main Proposition

For every s € B, the Equation () is equivalent to,

s) 1 /+°° e
—t = — U utdu.
S 1-s 1 {u}

The aim is to studies the differential equation of solutions the functions

¢

t— Ps(z,t) :=1t° [z +/ u_l_s{u}du}, ze€C, t>1.

1
We focus only on the bounded solutions (there is a unique bounded solution.
All other solutions are oscillating and diverge to infinity in norm). More
precisely, the strategy to prove the Theorem [ is to find the initial condition
zs € C such that sup;>; [¢hs(zs,t)| < +o00. Since sup;>q [¢s(z,t)| < +oo if

and only if z = — 1+°° u~17*{u}du, we obtain z; = — 1+°O w3 {u}du.
For every s € B we consider the following differential equation
i$ = st e + 7t} (2)
dt

te[l,+o0)/N, z(l)=2 2z€C, x:[l,+00)—C.
Lemma 3. Let be s € B. For every z € C there exists a unique continuous
solution s(z,t) : [1,400) — C of the differential equation [2)). Further,

t

bz t) = t° [z+/ W uda], > 1.
1



Proof. Let be s € B fixed. The function
t
t— ts/ u T uldu, t > 1,
1

is C* on [1,+00)/N and continuous on [1,4+00). The Equation () is a
non-homogeneous linear differential equation. For every z € C the unique
continuous solution ts(z,t) : [1,400) — C such that ¢s(z,1) = z is given by

t
Ys(z,t) =t° [z +/ w T {udu|, V> 1.
1

O

Proposition 4. Let be z € C and consider the continuous solu-
tion g(z,t) : [1,+00) — C of the differential equation @). Then
sup;>q [¥s(z,t)| < +oo if and only if the initial condition z € C satisfies

2n—1
1 , 1 2n\ (2n +1)7F
s==-—(1 lim ————— B —_—
S (+S)nﬂl@oln(2n+1)kz:1 k(k:) k+s+1

where (Bg)ren are the Bernoulli numbers.

Lemma 5. For every s € B, there exists a unique zs € C such that the
solution s(zs,t) : [1,4+00) — C of the differential equation ([2)) satisfies
sup;sg [¥s(zs, )| < +o00. Further,

+o00
zs = —/ w7 {u}du.
1

Proof. Let be s € B fixed. There is a unique bounded solution. All other
solutions are oscillating and diverge to infinity in norm. Let be z € C and
suppose that

sup |Ys(z, t)| < +oo.
t>1

Since R(s) € (0,1), by the Lemma [ we have
+oo
suplvu(a,t)| < oo = [o+ [ (updu| =0,
t>1 1

Then oo
Zs = —/ w7 {u}du.
1
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Prove that sup,> [1s(2s, )| < +o0. Since

+0o0
Zs +/ u_l_s{u}du‘ =0,
1

then

t +o0
Zs —I—/ u T {u}du = —/ w T {uydu, V> 1.
1 t

By the Lemma Bl we get
+oo
Ys(zs,t) = —ts/ w T uydu, V> 1.
t

Then Sup;>1 |7;Z)s(zsat)| < % -

Let us introduce the following notations,

Notation 6. Let g : R — C be a continuous function, we denote the
function ®[g] : Ry — C as

D[g](t) ::/0 g(u)du, ¥Vt >0,

Notation 7. For every k € N define the function p; : R — R as

1

k .
pok+1 = (—1) VTSRV sm(j27rt),
];Z* (j27'[')2k ’

1 .
por == (—1)F Z W cos(j2mt),
JEZ*

Lemma 8. We have

/Ot ({u} - %)du =po(t), Vt>0,

and for every n € N* we have

1 11 1
" [po](t) = Mt — ———=Bu(t) +pa(t), VE>0.

(n+1)! 2 n! (n+1)

where By (t) is the Bernoulli polynomial defined as

B (t) := ZBk (Z)t"—k, Vt>0, Vn>1,
k=0



Proof. Prove that

/Ot ({u} - %)du =po(t), Vt>0,

The function u — {u} is 1-periodic, then there exists a continuous 1-periodic
function p : R — R such that

t 1
/ (u}du =t / {uydu+ pt), V> 0.
0 0

1 1 1
/ {u}du:/ udu ==,
0 0 2

t
/ (u}du = t% Fp(t), W0,
0

The function p is a piecewise C°°, continuous on R and 1-periodic. By
Dirichlet Theorem, the Fourier series

Since

we get

n
n— Z ay exp(ik2mt),

k=—n

converge uniformly on Ry to the function t — p(t), where (ay)r C C are the
Fourier coefficients of the function p.

t
/ ({v} — %)dv = Zaj exp(ij2nt), Vt>0.
0 °
JjEZ

By definition of the Fourier coefficients we have

a; = /01 exp(—z’j27ru)(/0u ({v} — %)dv) du

1! 1
- = _:.2 —-1 d = y Z*
2/0 exp(—ij2mu)u(u — 1)du ek VjeZ”,

and

a—l/lu(u—l)du——i——z !
72/, 12 (j2m)2’

JEZ*
The function p satisfies

pt) =Y ﬁ(exp(ijﬂﬂt) - 1) = polt), Vt>0.

JEZ*
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Integrate successively to obtain

3
—

" [po](t) = 0 ?“k),t"—’f +pu(t), V>0, Vn>1,
k=0 :

where (cg)gen defined as

1

Cokt1 =0 and cop = (—1)F Z
jez*

By definition of the Bernoulli numbers (By)ken, we get

" IR n+1\,,_
P [po](t):—m23k< N >t 1 pa(t), YE>0, Vn>1,
k=2

then

BO n+1 Bl n 1

" [po](t) =

where the Bernoulli polynomial is defined as

n—1
Bu(t):=Y_ By (Z) "k vt >0, Vo> 1,
k=0

We have By = 1 and Blz—%. O
Proof of the Proposition[f] Let be s € B and consider the bounded contin-

uous solution ¢(zs,t) : [1,4+00) — C defined in the Lemma [5 In order to
simplify the notation, denote

- t
Ps(t) = /0 Vs(zs,u+ 1)du, Vt>0.

Since t — 9s(25,t) is solution of the differential equation (2)), then the func-
tion ¢ — 1s(t) satisfies the following deferential equation

(44 1) S00(1) = (L 5)3u() + 51+ 20+ po),
t € Ry/N, 9(0) = 0.



where the function pg is defined by the Lemma 8 By definition of ® in the
Notation [6], we get

i - )
Eq)"_l[ﬂ)s](t) = (n+s)(t+ 1) " ] (t)
+ (t41)"the(n,t), Vt>0, VYn>1,
"M [ghs](0) =0, Vn>1, (3)
hant) = 2 T e, Ve 0, Ve,

2n! (n—1)!
Use the change of variable

Dy(n,t) :=(n—1)! /Ot(u + 1) ) (u)du, Yt >0, Vn > 1.

Then

d -
T 2a(n,t) = (L 8)(t + 1)~ 0y (n, 1)

+(n—-D!(t+1) 1/ (u+1)""hs(n,u)du, ¥n > 1.
0

Integrate, for every n > 1 we get

y(n, t) (4)

=(n—1! (t+ 1) / (u41)727° /u(v +1)""hg(n, v)dvdu.
0

0

Since sup;>q [¥s(2s,t)| < +00, then for every fixed n > 1 we have

Bu00)| = [0 =0t [ e e 5)

1 t
< sup |¢s(zs,u + 1)|— / (u+1)""u"du
u>0 n Jo
1/t t
< sup WS(ZS’ )| ldu < — sup WS(ZS,U)L vVt > 0.
u>1 n Jo nu>1

Since R(s) € (0,1) the Equation (@) implies

+o00 u
/ (u+ 1)_2_5/ (n—1)! (v+1)""hs(n,v)dvdu = 0,
0 0
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and the sequence ®,(n,n) can be written as

Dy(n,n) (6)

+oo u
= —n1+5/ (w+1)727° / (n—1)! (v+1)""hs(n,v)dvdu.
n 0

By the notation of hg and by the Lemma B we have

(n — 1)hs(n,v) = g% + (25 — %)fun_1 - ;Bn(’u) + (n—1)pp_1(v)

Implies

3 1 &
= §n1+5/ w T du + (2 + §)n1+s/ w27 In(u)du
S ee —2—s ‘< —1-k
n u Z By, ) (v+1) du
n 0 ,_

+00 u
- ns/n u_z_s/o <Bn(v) — Bp(v+ 1)) (v+ 1) "du,

Use the fact
Bp(v) = By(v+1) = _mfn_ly

Then
plts /TL+OO(U 1) /Ou(n - D (v+1)™" <hs(n,v) —ﬁn_l(v))dvdu

3 +00 1 400
~ —n1+5/ u T du + (2 + §)n1+s/ w27 In(u)du
n

2 n
0o n—2
+n® /+ uw s Z % <Z> (1 —(u+ 1)_k>du
n k=1




where
- 1 ‘
Pokrr = (—1)F Z Wsm(ﬂﬂt),
JEZ*
1
~ o 1\k X _
, Pk = (—1) Z 702@2(“1) (cos(j27rt) 1), (7)
JEZ*
By the Equation (), for every we have
1 -
o )“Ds(”’”)( =0

The Equation (@) implies

1 n—2 —k
Zs — 5 1 n—1 n
li [ 2 B —— + € =0,
n—rtoo 1—|—s+ln(n)z k< k >k‘—|—8—|—1+€(n) 0

k=1
where
plts 4o [ o
€s(n) :== In(n) /n (u+1) /0 (n—=1! (v+1)"pp-1(v)dv, ¥Yn > 2.
In particular,
ol B 1 = 2\ @n+1)k
LN [m kZ:l Bk<k>%+es(2n+1)] —0,

(8)
where we prove now that lim, .~ €s(,2n + 1) = 0. By the notation (),
for every u > 0 and n > 1 we have

“ o1~ 1 — (cos(j2mv)
2n—1 o —2n—1
‘/0 (v+1) an(’L))dU‘ —/ v+1) E NEDECON ————~dv

jez*
+°° 1— (cos 32711))
—2n—1
<[ eenmey e
jEZ*
“+oo
- | / (v+1)—2"—1ﬁ2n(v)dv(. )
0

Integrate by parts successively, to obtain

2n—1 _
dk 1

+o0o
(271)!/0 (04 1) B () = Y (20— R (0
k=1

+o00 ) d2n 1
+/0 (v+1)" WP%( v)dv.
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By the notation (7)), we have
1
Pon(v) = (=1)" ——————(cos(j2mv) — 1),
j%:* (]27-‘-)2(n+1)
then
d2n 1 1
‘d 57— D2n (v ‘ < Z ‘ 5 sin ]271"[))‘ < 2JZ G2np

EN*

We get

oo 2n—1 gh—1
e [0 tptna] < | - )

+Z]27T

JEN*

By the Lemma [8] we have

Pon(v) = 2" [po] (v +ZBk< >t" koo >0,

Then
+o00 2n—1 B 1
2 !( 1)-2n-1 d‘<‘ —’“( 25
e [0 o] <| X 42 3 g
= JEN
Since
2n— 1 1
NETOO‘Z ‘_exp —1 Ty
We get
—+00
lim (2n) ‘/ (v+1)" dv‘<a
n—>+oo

o= exp(l) + + Z ]2
The Equation (@) implies

sup lim (2n)"/ (v—i—l)_%_lﬁgn(v)dv‘ < a.
0

u>0 n——+00
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By the notation of e5(2n + 1) we get

< 1
ngm les(2n + 1) nEToo In(n)

—+00
(2n + 1)1”*(8)/ (u+1)"2 R gy
2n+1

o 1
<

S N Y S Y

The Equation (), implies

2n—1
1 2n +1)
—-_q 1 B Sall LN
=5 +S)n—l>g-looln2n—|—1 kz_l ’“( >k‘—|—s—|—1

O
3 Proof of the Theorem [1I
Proof of the Theorem [ Let be s € B. By the Equation (IJ) we have,
C(S) . 1 /+OO —1—s
Pt . u {u}du.
Thanks to the Main Proposition M and the Lemma [B] we have
+o0 1
/ w T uldu = —=
1 2
+(1+s) lim b Qf (2n)!  @n+1)7F
n=too n(2n +1) = “*KI@2n — k) k(k + 5+ 1)
Then
S S
C(s) = 2 1—_s
2n—1
1 (2n)!  (2n+1)7F
1 lim —— B .
Tell4s) I o) ; "R — k) k(k + 54 1)
O

4 Proof of the Theorem

Proof of the Theorem[d. Prove the present Theorem by contradiction. Sup-
pose that there exists s € B such that 2R(s) < 1 and ((s) = 0. By the
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Theorem [1 we get

@) 2n+ 1)k

+ i S
21 —5)  noteoln@n+1) & F 20— R)Ik+s+1)

where the numbers (cg)ren are defined as

Cokr1 =0 and co = (_1)k+1 Z
JEZ*

1

Z;g;yﬂg;fj, vk > 0. (10)

Since 1 — 5 is also a zero of the function (, then

@) @n+ 1)k

— 4+ lim _ Z c
25 | notoo(2n+1) &= (20— k)l(k —5+2)

= 0.

The imaginary parts, satisfies

ST T A SR EL)
72l —s2 0 Js]2] nsteoIn(2n 4+ 1) Pt REsUH R
where
(2n)! (2n + 1)k 1 1
s(n, k) = -
vs(n, k) 2n — k)! [\k—i—s—l—llz ]k—s+2\2}

By definition of (ca)x in the Equation (I0) and by the hypothesis 2R(s) < 1,
the sequence

(]0%\05(71, 2/<;)>

is positive and strictly decreasing, then

k>0

2n—1

1
> crvs(n, k) >0,
k=1

li -
n—1>I-ir-loo In(2n + 1)

Implies

<1{ 1 1]
« - — - —.
T2l -2 [s]?

Since 2R(s) < 1, then ay < 0. Contradiction with the Equation (IIJ). O
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