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Abstract

We obtain a more flexible functional equation of the Zeta function.
Together with the Riemann functional equation, we prove that any
non-trivial zeros s of the function ¢ satisfies 2R(s) > 1.

Keywords: Zeta function, Non trivial zeros, Riemann functional equation,

Differential equations.
AMS subject classifications: 00A05

1 Main results

Consider the representation of the Riemann Zeta function ¢ defined by the
Abel summation formula [[I], page 14 Equation 2.1.5] as

S

+o0
((s) == i s/l {ulu™""%du, R(s) € (0,1), S(s)eR, (1)

where {u} is the fractional part of the real w. In order to simplify the
notation, denote B C C the critical strip, defined as

B:={seC: R(s)e(0,1), (s)eR}.

We prove the following theorems,
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Theorem 1. Consider the function  given by the Equation ({l). For every
s € B we have

) a1 - 98- ()
+a(¢.s) B4 () = B-(5)] 2R(s) < 1,
209 a1 -8 -3)
+alC, s) [5_(3) —B(1- 5)}, 2R (s) > 1
where
S N E

Thanks to the Riemann functional equation, we obtain the following
theorem,

Theorem 2. Let be s € B and suppose that s is a zero of the function (.
Then 2R(s) > 1.

2 Main Proposition

We prove in this section the following Proposition

Proposition 3. For every s € B and t € (0,1) we have

272 1, 272 1<
—ats 1—%)t27° = §(s,t) —6(1 — 5
I (o3 - (- ) = (s, 1) — (1 - 5,0),
where
s 1 g [T
8(s,t) = —m? ] Sﬁ +(1—s)t™2 / 27275 (cos(2mtz) — 1)dz
- 1

+0o0
+st—%/ {z}diifs(z,t)dz, Vs € B, Vt € (0,1].
1



and where

s€ B, VzeRy, Vte (0,1):
“+oo
fs(z,t) = —z_1+s/ w275 (cos(2mut) — 1)du

z

Notation 4. Denote

p(t) = /1t ({u} — %)du, vt > 1,

where we recall that {u} is the fractional part of the real u.

Lemma 5. The function p is a continuous 1-periodic function and satisfies

p(t) =2 Z ﬁ(cos(ﬂmﬁ) - 1>, Vit > 1.

JEN*

Proof. The function u — {u} is 1-periodic, then there exists a continuous
1-periodic function p : R — R such that

t 2
/{u}du:(t—l)/ (Whdu + p(t), W > 1.
1 1

/12{u}du = /Ol{u}du = /Olu du = %,

/t{u}du =(t— 1)1 +p(t), Vt>1.
1 2

The function p is a piecewise C°°, continuous on R and 1-periodic. By
Dirichlet Theorem, the Fourier series

Since

we get

n
n— Z ay exp(ik27t),

k=—n

converge uniformly on Ry to the function t — p(t), where (ay)r C C are the
Fourier coefficients of the function p.

/Ot ({v} — %)dv = Zaj exp(ij2mt), Vt > 0.

jez
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By definition of the Fourier coefficients we have

aj = /01 exp(—ij27ru)</0u ({v} - %)dv)du

1 M
= exp(—ij2ru)u(u — 1)du = ———, VjeZ*,
| es(ciimiut = )du = g Vi

2

and

a —1/1u(u—1)du——i——z !
"7 2/, 12 (j2m)2

The function p satisfies

pt) =3 ﬁ@xp(mm) - 1), vt > 0.

JEZ*
O
Lemma 6. Consider the function ¢ given by the Equation (Il). For every
s € B we have
or2 ) s _ (= +1)
1+s 1-s
+oo
—s Z j_l_s/ u_2_5<cos(27rut) - 1) du, Vt € (0,1).
FEN* J

Proof. By the Equation (]). For every s € B we have

O [ e
t —|—/t {u}lu u

s 1-s
1 1 oo 1
Ims g — ¢ —l—/ ({u} — §)u_1_8du, vt € (0,1).
t

-t

1—s 2s

Use the integration by part formula

_@ — Ltl—s + it—s + (1 + s) /+Oop(u)u_2_8du —p(t)t_l_s,
t

s 1-3s 2s
where the function p(u) is given by the Lemma[El Use the fact p(t) = 3(t>—t)

for every t € (0,1) we get
C(S) 1 1-s 1 -5 /+oo —2—
2\~ ¢ ¢ 1 5d
. T + 5, +(1+s) t p(u)u u

1
— 5(1&2 -t~ vt e (0,1).



Since

p(t) =2 Z ﬁ(cos(ﬂﬂt) — 1), vVt e R.

JEN*

Use the fact

+00 too
lim ‘ u 2 E
n—-+00 ¢ .
Jj=n

< cos(j2mu) — 1) du‘

(j2m)?
+o0 ) too 1
< —2-r i — _
< /t U du nglfoo; G2 0,
then
sl+s ., 1 s
=2 25— (1 + s)t
() = —5 ot (1 +5)
1 too
—2s(1+s) Z 72/ u_2_8(cos(j27ru) — 1>du vVt e (0,1).
JEN* (j27T) t
Use the change of variable u +— u = tj~'v to obtain
sl+s,,_, 1 s
=———t"—=-(1 t
() = —5 ot = (1 +5)
S Feo
- 2—2(1 S Z j_l_s/ u_2_8<cos(27rut) — 1) du.
7'[' .
FEN* J

O

Proof of the Proposition[3. Let s € B fixed. In order to simplify the nota-
tion, denote

Vte (0,1]:  @s(n,t) =Y fu(jit), Vne N
Jj=1

where
“+oo
fs(z,t) = —z‘“’s/ u” 275 (cos(2mut)—1)du, Vz € R%, Vt e (0,1), (2)

by the the Lemma [6] we get

27T2C(S)t1+5

e T 2(_ 5 .2 )
T s —sngr}rloogps(n,t)—kﬂ (1—st +t), Vte(0,1). (3)



6 W. OuKIL

For every fixed t € (0, 1], use the Euler-Maclaurin summation formula, given
by

el t) = 5101, = £n )]+ [ .00

n 1.d %
+ [ € = Pahlendz e,

or,
1 n
s ) = Js\d T ads\Ub S\~ d
pulmt) = L0 = 5h(n0)+ [ 0z
+/1 {z}dizfs(z,t)dz, Vn € N*.

Using the Equation (2]) and the integration by parts formula, we obtain

1

/nf (z,t)dz = 1nf (n,t) + - /+0<> 27275 (cos(27tz) — 1)dz
T s S J1

- %/ u”%(cos(2mtu) — 1)du, Vn € N*.
1

Then

P t) = F(L1) = 3 fulm,)

1 1 [t
+ ;nfs(n,t) + g/ 27275 (cos(27tz) — 1)dz
1

- %/ u™?(cos(27tu) — 1)du
1
n d .
+/ {2} fs(z,t)dz, ¥Yn e N"
1 dz

The Equation (2)) implies lim,_, o zfs(z,t) = 0. By consequence,

. l—s oo —2—3
lim ps(n,t) = z (cos(27tz) — 1)dz
1

n—-4oo S
1

+o0
- ;/ 272 (cos(2mtz) — 1)dz
1

+00 d
+ /1 (b fole )z



The Equation (3], implies
2 2 +00
L(S)tlﬁ = —7%t — / 272(cos(2ntz) — 1)dz + 6(s,t), Vt € (0,1].
1 +s 1
where

t°s

+oo
5(s,t) == —m? . +(1— s)/1 27275 (cos(2mtz) — 1)dz

— S

+o0o
+ s/1 {z}dizfs(z,t)dz, vt € (0,1].

3 Proof of the Theorem [l

Proof of the Theorem[dl. Let be s € B. Thanks to the Proposition B we have

272 1 272 1l g _
1_’_SC(S)t 2 - 2_§C(1_3)t2 _5(37t) _5(1_37t)7 (4)
where
+o0o
8(s,t) = —m? t2 4+ (1 - s)t_% / 27275 (cos(2mtz) — 1)dz
- 1
g [T d
+ st / (AL p (s dz Ve (0,1], (5)
1 dz
and where
se€ B, VzeRL, Vte(0,1):
+oo
fs(z,t) = —z_1+8/ u~275(cos(2mut) — 1)du (6)
Since
I t—%[ 2 s +(1-s) 1 ~2-5(cos(2mtu) — 1)du| = 0
lim L s ; u cos(2mtu u| =

then by definition of the function § in the Equation (B]) and the Equation
M), we get

@t—%%’ _ M l—g] (7)

27r211m[ )43
1+s 2—75

t—0

g [T
=limt 2 /1 {z} [S%fs(z,t) —(1- §)%f1_g(z,t) dz.

t—0
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From the Equation (@) , we have
+o0o
fs(z,t) = —t1+sz_1+5/ v 27 (cos(2mv) — 1)dv, Vz € R, vt € (0,1),
zt
Then
d oo

Efs(zat) =t'5(1 - 8)2_2+s/ v™275(cos(2mv) — 1)dv
zt

+ 273 (cos(2mzt) — 1), Vz e€RY, vt € (0,1),

In order to simplify the notation, denote
+o0 _
as(v) = / {uyu™Sdu, v>1, s€B, (8)
and denote
“+oo
B(s) :=s(1— s)/ v™ 2% (cos(2mv) — 1)dv
0
Ns(u) := —s(1 — s)/ v™2 % (cos(2mv) — 1)dv, u >0, s€B, (9)
0
The Equation (), implies that

272 lim ¢~ 27 {@ — B(s)ai-35(1) — /1+oo{z}z_2+sn5(zt)dz}

t—0 1+s
1_< 1-75 +oo =
= }E}I(l) t2—s [C(Q — ;) — B(1 —3)as(1) — /1 {z}z_l_snl_g(zt)dz]

Use the fact

+o0o
lim ¢ 3 / {z}273(cos(2mzt) — 1)dz‘
t—0 1
Ctimed] [ ) cos(2 )—1d(
= lim t g (cos(2mz )dz
L] [T 2
< lim¢2 / {21 273(cos(2mz) — 1)dz‘
t—0 1 t
otz
+ lim ¢2 / {21 273(cos(2mz) — 1)dz‘
t—0 ¢ t

1 +o0o 1
< 2rlimt2 [/ 273dz + 27r/ z_ldz]
1 t

t—0
=0



then
1 +o0
22 }/f(l) t—ats [f(——s)s — B(s)ar—3(1) — /1 {z}z_2+sns(zt)dz}
1 - — 3 too —
= %EE% t2=*s [C(;_ ;) — B(1 —3)as(1) — /1 {z}z_l_sm_g(zt)dz].

For every s € B such that 2R(s) < 1 we obtain

S 1 e
f i)s—ﬁ@ml_s(l):%%t‘g”/l {z}z7" " n(zt)dz. (10)

By definition of the function 74 in the Equation (I4]), we have
1 oo
t_2+5/ {2}272T5n,(2t)dz (11)
1
1 400 zt
=—s(1- s)t_2+5/ {z}z_2+s/ 027 (cos(2mv) — 1)dvdz
1 0

1 oo V(272 ke (1) 2R~ 15
:s(l—s)t_2+s/1 (2 3 L (CDR@nPkE)*

2k)! % —1—s
keN*
o0 k(9,\2 1. 2k—342k—2
o U A e e
=s(1 — s)t2 /1 {z}z kZN:* k) ok —1 dz.

Since

zt
s(1— s)z_2+s/ v™ 2% (cos(2mv) — 1)dv
0

B 1 (—1)F2%=3(2mt)?
_3(1_3)2(%)! % —1—s

keN*
_ (2k — 2)(2k — 1) (—1)F22k=3(2mt)2k
_IEN:* (2k)! 2k —1—-s

In order to simplify the notation, dennote

5 26(s) _
X(s) :=2m T+s B(s)as(1), Vse B. (12)
The Equations (7)) and (II]), implies that
lim | X (s)t75%5 — X (1 — g)t%—ﬂ (13)
t—0

- +0o0 =
= (1 —-2%R(s))lim¢t2""° [/1 {2}27175¢,(2t)dz|.

t—0
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where

T (2k = 1)(2k —2)  (=1)*(@m)* 22+

(2k)! 2k —24m)(2kh—1—3) Vee B. (14)

Sx(ﬂ) =

k>2

Using the fact

? —_ —
d(iﬂ [u—l(cos(%ru) — 1)} _ Z (2k (12);)2'k7 2) (_1)/&(27_‘_)21@“21@—37
k>2

then £ can be written as,

du?

Es(v) = /Ov 7 2HR() /OZ ul_sal—2 [u_l(cos(%ru) — 1)] dudz, (15)

For a fixed t € (0,1) we have
+00 _
/ {2}2717%¢, (2t)dz =as(1)E4(1)
1
+00 -
+/ (2}271F (§S(zt) - 55(1)>dz.
1
Use the integration part formula for the last term of the right side of the last
equality, we get
+o0 _ +o0
/ {2}2717%¢,(2t)dz =as(1)E4(1) — t/ as(2)€L(2t)dz. (16)
1 1

By the Equation (%)), we have

v 2
¢ (v) = v 2H2RE) / ul_s% [u_l(cos(%ru) - 1)}du.
0 U

In order to simplify the notation, denote

d2

N P | —_
O(u) := T [u (cos(2mu) 1)], Vu > 0, (17)
and denote Y
Bz (v) == / uO(u)du, v>0, x¢€ B. (18)
0
Then

5/ (U) _ U_2+2§R(S)ﬁs(v).

S
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In order to simplify the notation, denote
+o0o
ay(v) = —/ op(Wu= @ gy, v >1, zeB.
v

The Equation (I6]) implies

/+oo{z}z—1_355(zt)dz = s (1)&5(1) + g (1) B (1)t~ H2RE)
1 +o00
+ t—1+2§)%(s)/ as(z)z—2+2§R(s) (By(2t) — B (1))d=.
1

Use the integration part formula for the last term of the right side of the last
equality, we obtain

/+00{z}z—1—§£s(zt)dz = s (1)€4(1) + drg (1) Bs (1)t 1H2R()
1
4 ¢1ts /+°° as(2) 2150 (2t)dx. (19)
1 S

By definition of the function 6 in the Equation (I7]), we have

d2
T du?
= 2u3(cos(2mu) — 1) — 4w?u~! cos(27u),

0(u) [u_l(cos(27ru) —1)]

That implies

. 3
lim ¢2
t—0

+00
/ ds(z)zl_sﬁ(zt)dz‘
1

<21lim t2
t—0

“+oo
/ ds(2)2 7275 (cos(2mu) — 1)dz‘
1

+o0o
+ 42 lim ¢3 / as(z)z7° cos(27ru)dz‘
t—0 1

—2lim ¢2
t—0

“+oo
/ as(2)27 2% (cos(2mu) — 1)dz‘
1

+[s(1 +s)| lim t2
_>

+o0o
/ ds(2)2 7275 (cos(2mu) — 1)dz‘
1

—+oco
<@t st [ a7 =0,
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The Equation (I9), implies

lim [t%‘g /1+oo{z}z_1_§£s(zt)dz - V(s,t)] =0.

t—0

where
V(s,t) = as(D)E(1)E2 5 + as(1)Be (1)t 27,

The Equation (I3 and by the notation of X in the Equation (I2]), we get

2228 g5)0 (1) + (1 = R, (VA1) 2R(s) < 1
2x2 =) _ 51— Sars(1) + (- ()D&, 2R(s) > 1.

2-75

By definition of the function ¢ in the Equation (Il) and the function as in
the Equation (&), we have

400 3 1 B
as(1) = /1 {u}u_l_gdu = —% —/0 {u}u_l_sdu
B L yep
5 1-5% ’

same,

(1 —=2R(s))ae(1) = a1-5(1) — as(1)
Recall that, the function S is given by the Equation (I8)), and we have

1 1
Bs(1) := /0 w50 (u)du = s(1 — 8)/0 u27%(cos(2mu) — 1)du, Vs € B.

Finally recall that & is given by the Equation (I5]), using the integration by
part formula, we obatin

1 1
(1— 2R(s))€, (1) = /0 W0 )+ /0 0(u)du
= Bs(1) — B1-s(1), Vs€ B.



13

4 Proof of the Theorem

Proof of the Theorem[2. Let be x € B such that 2R(x) < 1 and suppose that
x is a zero of the function ¢. Thanks to the Riemann functional equation
the point 1 — T is also a zero. By the first item of the Theorem [II, we obtain

1 —2R(z)

X

B-(z) = =B (x),

where we recall

1
B-(s) :=s(1— s)/o w275 (cos(2mu) — 1)du, Vs € B,

“+oo
Bi(s) :=s(1— s)/o u 27 (cos(2mu) — 1)du, Vs e B

Then
1-7

X

1 +o0
w2 (cos(2mu) — 1)du = — w27 (cos(2mu) — 1)du.
| eostamn) = au =~ | (cos(2mu) — 1)d

We apply the second item to the point 1 — T we get

_ e —2-z — u—Ll_E)z 1u_3 T(cos(2mu) — 1)du
/1 u (cos(2mu) — 1)du = 21 —x)/o T (cos(2mu) — 1)d
1
+ 71 — 2R(z) / u_z_x(cos(27ru) — 1)du.
z 0

Implies

1
=7Z(l — 5)2/ u 3% (cos(2mu) — 1)du
0
wich can be written as

_1)k )2k _1\k )2k
IR e VRl o G G

S QRN 2k—1—u S @R 2k—2+7
or again
(—1)% (2m)2k (2k — 2)(2k — 1)?
k%\l:* (2k)! 2k—1—s
_ (—=1D)F (27)%F(2k — 2)(2k — 1)?
_Z (2k)! 2k —2+75 ‘

keN*
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Implies

(=1)% 2m)?*(2k — 2)(2k — 1)2

(1= 2R(s)) ) R (2h—1—s5)2k 215

keN*

Since 2R(s) < 1 then

(=1)F 2m)**(2k —2)(2k —1)>
Z (2K)! (2k —1 —s)(2k — 2 +3) =0

keN*

For the imaginary part, we obtain

(2m)2F (4K — 3)(2k — 2)(2k — 1)?

“DFug =0, wugp:= . 20
2 Vs =0 = G - k2w %)
Since
Vk>12: Ug k > Us k+1-
Then
—+00
Z (—1)kus,k > 0.
k=12
Since

Us ok — Ug 2(k41) > Us13—2k — Usi2—2k  Vk € [1,2] and  wuse > us7,
then 331, (—1)*ugy > 0. We deduce that > pens (—1)Fug g > 0. Contradic-
tion with the Equation (20]). O
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