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Abstract

We obtain a more flexible functional equation of the Zeta function.

Together with the Riemann functional equation, we prove that any

non-trivial zeros s of the function ζ satisfies 2ℜ(s) ≥ 1.
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1 Main results

Consider the representation of the Riemann Zeta function ζ defined by the
Abel summation formula [[1], page 14 Equation 2.1.5] as

ζ(s) := −
s

1− s
− s

∫ +∞

1
{u}u−1−sdu, ℜ(s) ∈ (0, 1), ℑ(s) ∈ R, (1)

where {u} is the fractional part of the real u. In order to simplify the
notation, denote B ⊂ C the critical strip, defined as

B := {s ∈ C : ℜ(s) ∈ (0, 1), ℑ(s) ∈ R}.

We prove the following theorems,

1



2 W. Oukil

Theorem 1. Consider the function ζ given by the Equation (1). For every

s ∈ B we have

2π2ζ(s)

1 + s
=α(ζ, 1 − s)β−(s)

+ α(ζ, s)
[

β+(s)− β−(s)
]

, 2ℜ(s) < 1,

2π2ζ(1− s)

2− s
=α(ζ, 1 − s)β+(1− s)

+ α(ζ, s)
[

β−(s)− β−(1− s)
]

, 2ℜ(s) > 1.

where

α(ζ, s) := −
ζ(s)

s
−

1

1− s
, ∀s ∈ B,

β−(s) := s(1− s)

∫ 1

0
u−2−s(cos(2πu)− 1)du, ∀s ∈ B,

β+(s) := s(1− s)

∫ +∞

0
u−2−s(cos(2πu)− 1)du, ∀s ∈ B

Thanks to the Riemann functional equation, we obtain the following
theorem,

Theorem 2. Let be s ∈ B and suppose that s is a zero of the function ζ.

Then 2ℜ(s) ≥ 1.

2 Main Proposition

We prove in this section the following Proposition

Proposition 3. For every s ∈ B and t ∈ (0, 1) we have

2π2

1 + s
ζ(s)t−

1

2
+s −

2π2

2− s
ζ(1− s)t

1

2
−s = δ(s, t) − δ(1 − s, t),

where

δ(s, t) := −π2 s

1− s
t
1

2 + (1− s)t−
3

2

∫ +∞

1
z−2−s(cos(2πtz)− 1)dz

+ st−
3

2

∫ +∞

1
{z}

d

dz
fs(z, t)dz, ∀s ∈ B, ∀t ∈ (0, 1].
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and where

s ∈ B, ∀z ∈ R
∗
+, ∀t ∈ (0, 1) :

fs(z, t) = −z−1+s

∫ +∞

z

u−2−s(cos(2πut)− 1)du

Notation 4. Denote

p(t) :=

∫ t

1

(

{u} −
1

2

)

du, ∀t ≥ 1,

where we recall that {u} is the fractional part of the real u.

Lemma 5. The function p is a continuous 1-periodic function and satisfies

p(t) = 2
∑

j∈N∗

1

(j2π)2

(

cos(j2πt) − 1
)

, ∀t ≥ 1.

Proof. The function u 7→ {u} is 1-periodic, then there exists a continuous
1-periodic function p : R → R such that

∫ t

1
{u}du = (t− 1)

∫ 2

1
{u}du+ p(t), ∀t ≥ 1.

Since
∫ 2

1
{u}du =

∫ 1

0
{u}du =

∫ 1

0
u du =

1

2
,

we get
∫ t

1
{u}du = (t− 1)

1

2
+ p(t), ∀t ≥ 1.

The function p is a piecewise C∞, continuous on R and 1-periodic. By
Dirichlet Theorem, the Fourier series

n 7→

n
∑

k=−n

ak exp(ik2πt),

converge uniformly on R+ to the function t 7→ p(t), where (ak)k ⊂ C are the
Fourier coefficients of the function p.

∫ t

0

(

{v} −
1

2

)

dv =
∑

j∈Z

aj exp(ij2πt), ∀t ≥ 0.
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By definition of the Fourier coefficients we have

aj =

∫ 1

0
exp(−ij2πu)

(

∫ u

0

(

{v} −
1

2

)

dv
)

du

=
1

2

∫ 1

0
exp(−ij2πu)u(u − 1)du =

1

(2jπ)2
, ∀j ∈ Z

∗,

and

a0 =
1

2

∫ 1

0
u(u− 1)du = −

1

12
= −

∑

j∈Z∗

1

(j2π)2
.

The function p satisfies

p(t) =
∑

j∈Z∗

1

(j2π)2

(

exp(ij2πt) − 1
)

, ∀t ≥ 0.

Lemma 6. Consider the function ζ given by the Equation (1). For every

s ∈ B we have

2π2 ζ(s)

1 + s
t1+s = −π2

( s

1− s
t2 + t

)

− s
∑

j∈N∗

j−1−s

∫ +∞

j

u−2−s
(

cos(2πut)− 1
)

du, ∀t ∈ (0, 1).

Proof. By the Equation (1). For every s ∈ B we have

−
ζ(s)

s
=

1

1− s
t1−s +

∫ +∞

t

{u}u−1−sdu

=
1

1− s
t1−s +

1

2s
t−s +

∫ +∞

t

({u} −
1

2
)u−1−sdu, ∀t ∈ (0, 1).

Use the integration by part formula

−
ζ(s)

s
=

1

1− s
t1−s +

1

2s
t−s + (1 + s)

∫ +∞

t

p(u)u−2−sdu− p(t)t−1−s,

where the function p(u) is given by the Lemma 5. Use the fact p(t) = 1
2(t

2−t)
for every t ∈ (0, 1) we get

−
ζ(s)

s
=

1

1− s
t1−s +

1

2s
t−s + (1 + s)

∫ +∞

t

p(u)u−2−sdu

−
1

2
(t2 − t)t−1−s, ∀t ∈ (0, 1).
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Since

p(t) = 2
∑

j∈N∗

1

(j2π)2

(

cos(j2πt) − 1
)

, ∀t ∈ R.

Use the fact

lim
n→+∞

∣

∣

∣

∫ +∞

t

u−2−s

+∞
∑

j=n

1

(j2π)2

(

cos(j2πu) − 1
)

du
∣

∣

∣

≤

∫ +∞

t

u−2−rdu lim
n→+∞

+∞
∑

j=n

1

(j2π)2
= 0,

then

ζ(s) = −
s

2

1 + s

1− s
t1−s −

1

2
(1 + s)t−s

− 2s(1 + s)
∑

j∈N∗

1

(j2π)2

∫ +∞

t

u−2−s
(

cos(j2πu) − 1
)

du ∀t ∈ (0, 1).

Use the change of variable u 7→ u = tj−1v to obtain

ζ(s) = −
s

2

1 + s

1− s
t1−s −

1

2
(1 + s)t−s

−
s

2π2
(1 + s)t−1−s

∑

j∈N∗

j−1−s

∫ +∞

j

u−2−s
(

cos(2πut)− 1
)

du.

Proof of the Proposition 3. Let s ∈ B fixed. In order to simplify the nota-
tion, denote

∀t ∈ (0, 1] : ϕs(n, t) :=

n
∑

j=1

fs(j, t), ∀n ∈ N
∗.

where

fs(z, t) = −z−1+s

∫ +∞

z

u−2−s(cos(2πut)−1)du, ∀z ∈ R
∗
+, ∀t ∈ (0, 1), (2)

by the the Lemma 6, we get

2π2ζ(s)

1 + s
t1+s = s lim

n→+∞
ϕs(n, t) + π2

( s

1− s
t2 + t

)

, ∀t ∈ (0, 1). (3)
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For every fixed t ∈ (0, 1], use the Euler-Maclaurin summation formula, given
by

ϕs(n, t) =
1

2
[fs(1, t) − fs(n, t)] +

∫ n

1
fs(z, t)dz

+

∫ n

1
({z} −

1

2
)
d

dz
fs(z, t)dz, ∀n ∈ N

∗,

or,

ϕs(n, t) = fs(1, t)−
1

2
fs(n, t) +

∫ n

1
fs(z, t)dz

+

∫ n

1
{z}

d

dz
fs(z, t)dz, ∀n ∈ N

∗.

Using the Equation (2) and the integration by parts formula, we obtain

∫ n

1
fs(z, t)dz =

1

s
nfs(n, t) +

1

s

∫ +∞

1
z−2−s(cos(2πtz) − 1)dz

−
1

s

∫ n

1
u−2(cos(2πtu)− 1)du, ∀n ∈ N

∗.

Then

ϕs(n, t) = fs(1, t)−
1

2
fs(n, t)

+
1

s
nfs(n, t) +

1

s

∫ +∞

1
z−2−s(cos(2πtz)− 1)dz

−
1

s

∫ n

1
u−2(cos(2πtu) − 1)du

+

∫ n

1
{z}

d

dz
fs(z, t)dz, ∀n ∈ N

∗.

The Equation (2) implies limz→+∞ zfs(z, t) = 0. By consequence,

lim
n→+∞

ϕs(n, t) =
1− s

s

∫ +∞

1
z−2−s(cos(2πtz) − 1)dz

−
1

s

∫ +∞

1
z−2(cos(2πtz)− 1)dz

+

∫ +∞

1
{z}

d

dz
fs(z, t)dz
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The Equation (3), implies

2π2ζ(s)

1 + s
t1+s = −π2t−

∫ +∞

1
z−2(cos(2πtz) − 1)dz + δ(s, t), ∀t ∈ (0, 1].

where

δ(s, t) := −π2 t2s

1− s
+ (1− s)

∫ +∞

1
z−2−s(cos(2πtz) − 1)dz

+ s

∫ +∞

1
{z}

d

dz
fs(z, t)dz, ∀t ∈ (0, 1].

3 Proof of the Theorem 1

Proof of the Theorem 1. Let be s ∈ B. Thanks to the Proposition 3 we have

2π2

1 + s
ζ(s)t−

1

2
+s −

2π2

2− s
ζ(1− s)t

1

2
−s = δ(s, t) − δ(1 − s, t), (4)

where

δ(s, t) := −π2 s

1− s
t
1

2 + (1− s)t−
3

2

∫ +∞

1
z−2−s(cos(2πtz) − 1)dz

+ st−
3

2

∫ +∞

1
{z}

d

dz
fs(z, t)dz, ∀t ∈ (0, 1]. (5)

and where

s ∈ B, ∀z ∈ R
∗
+, ∀t ∈ (0, 1) :

fs(z, t) = −z−1+s

∫ +∞

z

u−2−s(cos(2πut)− 1)du (6)

Since

lim
t→0

t−
3

2

[

π2 t2s

1− s
+ (1− s)

∫ 1

0
u−2−s(cos(2πtu)− 1)du

]

= 0

then by definition of the function δ in the Equation (5) and the Equation
(4), we get

2π2 lim
t→0

[ ζ(s)

1 + s
t−

1

2
+s −

ζ(1− s)

2− s
t
1

2
−s

]

(7)

= lim
t→0

t−
3

2

∫ +∞

1
{z}

[

s
d

dz
fs(z, t) − (1− s)

d

dz
f1−s(z, t)

]

dz.
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From the Equation (6) , we have

fs(z, t) = −t1+sz−1+s

∫ +∞

zt

v−2−s(cos(2πv) − 1)dv, ∀z ∈ R
∗
+, ∀t ∈ (0, 1),

Then

d

dz
fs(z, t) =t1+s(1− s)z−2+s

∫ +∞

zt

v−2−s(cos(2πv) − 1)dv

+ z−3(cos(2πzt)− 1), ∀z ∈ R
∗
+, ∀t ∈ (0, 1),

In order to simplify the notation, denote

αs(v) :=

∫ +∞

v

{u}u−1−sdu, v ≥ 1, s ∈ B, (8)

and denote

β(s) := s(1− s)

∫ +∞

0
v−2−s(cos(2πv) − 1)dv

ηs(u) := −s(1− s)

∫ u

0
v−2−s(cos(2πv) − 1)dv, u > 0, s ∈ B, (9)

The Equation (7), implies that

2π2 lim
t→0

t−
1

2
+s

[ ζ(s)

1 + s
− β(s)α1−s(1)−

∫ +∞

1
{z}z−2+sηs(zt)dz

]

= lim
t→0

t
1

2
−s

[ζ(1− s)

2− s
− β(1− s)αs(1)−

∫ +∞

1
{z}z−1−sη1−s(zt)dz

]

+ (2ℜ(s)− 1)t−
3

2

∫ +∞

1
{z}z−3(cos(2πzt) − 1)dz.

Use the fact

lim
t→0

t−
3

2

∣

∣

∣

∫ +∞

1
{z}z−3(cos(2πzt) − 1)dz

∣

∣

∣

= lim
t→0

t
1

2

∣

∣

∣

∫ +∞

t

{
z

t
}z−3(cos(2πz) − 1)dz

∣

∣

∣

≤ lim
t→0

t
1

2

∣

∣

∣

∫ +∞

1
{
z

t
}z−3(cos(2πz) − 1)dz

∣

∣

∣

+ lim
t→0

t
1

2

∣

∣

∣

∫ 1

t

{
z

t
}z−3(cos(2πz) − 1)dz

∣

∣

∣

≤ 2π lim
t→0

t
1

2

[

∫ +∞

1
z−3dz + 2π

∫ 1

t

z−1dz
]

= 0
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then

2π2 lim
t→0

t−
1

2
+s

[ ζ(s)

1 + s
− β(s)α1−s(1)−

∫ +∞

1
{z}z−2+sηs(zt)dz

]

= lim
t→0

t
1

2
−s

[ζ(1− s)

2− s
− β(1− s)αs(1)−

∫ +∞

1
{z}z−1−sη1−s(zt)dz

]

.

For every s ∈ B such that 2ℜ(s) < 1 we obtain

ζ(s)

1 + s
− β(s)α1−s(1) = lim

t→0
t−

1

2
+s

∫ +∞

1
{z}z−2+sηs(zt)dz. (10)

By definition of the function ηs in the Equation (14), we have

t−
1

2
+s

∫ +∞

1
{z}z−2+sηs(zt)dz (11)

=− s(1− s)t−
1

2
+s

∫ +∞

1
{z}z−2+s

∫ zt

0
v−2−s(cos(2πv) − 1)dvdz

= s(1− s)t−
1

2
+s

∫ +∞

1
{z}z−2+s

∑

k∈N∗

1

(2k)!

(−1)k(2π)2k(zt)2k−1−s

2k − 1− s
dz

= s(1− s)t
1

2

∫ +∞

1
{z}z−2+s

∑

k∈N∗

1

(2k)!

(−1)k(2π)2kz2k−3t2k−2

2k − 1− s
dz.

Since

s(1− s)z−2+s

∫ zt

0
v−2−s(cos(2πv) − 1)dv

= s(1− s)
∑

k∈N∗

1

(2k)!

(−1)kz2k−3(2πt)2k

2k − 1− s

=
∑

k∈N∗

(2k − 2)(2k − 1)

(2k)!

(−1)kz2k−3(2πt)2k

2k − 1− s
.

In order to simplify the notation, dennote

X(s) := 2π2 ζ(s)

1 + s
− β(s)αs(1), ∀s ∈ B. (12)

The Equations (7) and (11), implies that

lim
t→0

[

X(s)t−
1

2
+s −X(1− s)t

1

2
−s

]

(13)

= (1− 2ℜ(s)) lim
t→0

t
1

2
−s

[

∫ +∞

1
{z}z−1−sξs(zt)dz

]

.
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where

ξx(µ) :=
∑

k≥2

(2k − 1)(2k − 2)

(2k)!

(−1)k(2π)2kµ2k−2+x

(2k − 2 + x)(2k − 1− s)
, ∀x ∈ B. (14)

Using the fact

d2

du2

[

u−1(cos(2πu) − 1)
]

=
∑

k≥2

(2k − 1)(2k − 2)

(2k)!
(−1)k(2π)2ku2k−3,

then ξs can be written as,

ξs(v) =

∫ v

0
z−2+2ℜ(s)

∫ z

0
u1−s d2

du2

[

u−1(cos(2πu)− 1)
]

dudz, (15)

For a fixed t ∈ (0, 1) we have

∫ +∞

1
{z}z−1−sξs(zt)dz =αs(1)ξs(1)

+

∫ +∞

1
{z}z−1−s

(

ξs(zt)− ξs(1)
)

dz.

Use the integration part formula for the last term of the right side of the last
equality, we get

∫ +∞

1
{z}z−1−sξs(zt)dz =αs(1)ξs(1)− t

∫ +∞

1
αs(z)ξ

′
s(zt)dz. (16)

By the Equation (15), we have

ξ′s(v) = v−2+2ℜ(s)

∫ v

0
u1−s d2

du2

[

u−1(cos(2πu) − 1)
]

du.

In order to simplify the notation, denote

θ(u) :=
d2

du2

[

u−1(cos(2πu)− 1)
]

, ∀u > 0, (17)

and denote

βx(v) :=

∫ v

0
u1−xθ(u)du, v > 0, x ∈ B. (18)

Then
ξ′s(v) = v−2+2ℜ(s)βs(v).
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In order to simplify the notation, denote

α̃x(v) := −

∫ +∞

v

αx(u)u
−2+2ℜ(x)du v ≥ 1, x ∈ B.

The Equation (16) implies

∫ +∞

1
{z}z−1−sξs(zt)dz = αs(1)ξs(1) + α̃s(1)βs(1)t

−1+2ℜ(s)

+ t−1+2ℜ(s)

∫ +∞

1
αs(z)z

−2+2ℜ(s)(βs(zt)− βs(1))dz.

Use the integration part formula for the last term of the right side of the last
equality, we obtain

∫ +∞

1
{z}z−1−sξs(zt)dz = αs(1)ξs(1) + α̃s(1)βs(1)t

−1+2ℜ(s)

+ t1+s

∫ +∞

1
α̃s(z)z

1−sθ(zt)dz. (19)

By definition of the function θ in the Equation (17), we have

θ(u) =
d2

du2

[

u−1(cos(2πu) − 1)]

= 2u−3(cos(2πu) − 1)− 4π2u−1 cos(2πu),

That implies

lim
t→0

t
3

2

∣

∣

∣

∫ +∞

1
α̃s(z)z

1−sθ(zt)dz
∣

∣

∣

≤2 lim
t→0

t
3

2

∣

∣

∣

∫ +∞

1
α̃s(z)z

−2−s(cos(2πu)− 1)dz
∣

∣

∣

+ 4π2 lim
t→0

t
3

2

∣

∣

∣

∫ +∞

1
α̃s(z)z

−s cos(2πu)dz
∣

∣

∣

=2 lim
t→0

t
3

2

∣

∣

∣

∫ +∞

1
α̃s(z)z

−2−s(cos(2πu)− 1)dz
∣

∣

∣

+ |s(1 + s)| lim
t→0

t
3

2

∣

∣

∣

∫ +∞

1
α̃s(z)z

−2−s(cos(2πu) − 1)dz
∣

∣

∣

≤ (2 + |s(1 + s)|) lim
t→0

t
1

2

∫ +∞

1
|α̃s(z)|z

−2−rdz = 0.
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The Equation (19), implies

lim
t→0

[

t
1

2
−s

∫ +∞

1
{z}z−1−sξs(zt)dz − V (s, t)

]

= 0.

where

V (s, t) := αs(1)ξs(1)t
1

2
−s + α̃s(1)βs(1)t

− 1

2
+s.

The Equation (13) and by the notation of X in the Equation (12), we get

2π2 ζ(s)

1 + s
= β(s)αs(1) + (1− 2ℜ(s))α̃s(1)βs(1), 2ℜ(s) < 1,

2π2 ζ(1− s)

2− s
= β(1− s)α1−s(1) + (1− 2ℜ(s))αs(1)ξs(1), 2ℜ(s) > 1.

By definition of the function ζ in the Equation (1) and the function αs in
the Equation (8), we have

αs(1) =

∫ +∞

1
{u}u−1−sdu = −

ζ(s)

s
−

∫ 1

0
{u}u−1−sdu

= −
ζ(s)

s
−

1

1− s
, ∀x ∈ B,

same,

(1− 2ℜ(s))α̃x(1) = α1−s(1) − αs(1)

Recall that, the function βs is given by the Equation (18), and we have

βs(1) :=

∫ 1

0
u1−sθ(u)du = s(1− s)

∫ 1

0
u−2−s(cos(2πu) − 1)du, ∀s ∈ B.

Finally recall that ξs is given by the Equation (15), using the integration by
part formula, we obatin

(1− 2ℜ(s))ξs(1) =

∫ 1

0
u1−sθ(u)du+

∫ 1

0
zsθ(u)du

= βs(1) − β1−s(1), ∀s ∈ B.
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4 Proof of the Theorem 2

Proof of the Theorem 2. Let be x ∈ B such that 2ℜ(x) < 1 and suppose that
x is a zero of the function ζ. Thanks to the Riemann functional equation
the point 1− x is also a zero. By the first item of the Theorem 1, we obtain

1− 2ℜ(x)

x
β−(x) = −β+(x),

where we recall

β−(s) := s(1− s)

∫ 1

0
u−2−s(cos(2πu)− 1)du, ∀s ∈ B,

β+(s) := s(1− s)

∫ +∞

0
u−2−s(cos(2πu)− 1)du, ∀s ∈ B

Then

1− x

x

∫ 1

0
u−2−x(cos(2πu) − 1)du = −

∫ +∞

1
u−2−x(cos(2πu) − 1)du.

We apply the second item to the point 1− x we get

−

∫ +∞

1
u−2−x(cos(2πu)− 1)du =

x(1− x)2

x2(1− x)

∫ 1

0
u−3+x(cos(2πu)− 1)du

+
1− 2ℜ(x)

x

∫ 1

0
u−2−x(cos(2πu) − 1)du.

Implies

x2(1− x)

∫ 1

0
u−2−x(cos(2πu)− 1)du

= x(1− x)2
∫ 1

0
u−3+x(cos(2πu) − 1)du

wich can be written as

x2(1− x)
∑

k∈N∗

(−1)k

(2k)!

(2π)2k

2k − 1− x
= x(1− x)2

∑

k∈N∗

(−1)k

(2k)!

(2π)2k

2k − 2 + x
,

or again

∑

k∈N∗

(−1)k

(2k)!

(2π)2k(2k − 2)(2k − 1)2

2k − 1− s

=
∑

k∈N∗

(−1)k

(2k)!

(2π)2k(2k − 2)(2k − 1)2

2k − 2 + s
.
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Implies

(1− 2ℜ(s))
∑

k∈N∗

(−1)k

(2k)!

(2π)2k(2k − 2)(2k − 1)2

(2k − 1− s)(2k − 2 + s)
= 0.

Since 2ℜ(s) < 1 then

∑

k∈N∗

(−1)k

(2k)!

(2π)2k(2k − 2)(2k − 1)2

(2k − 1− s)(2k − 2 + s)
= 0.

For the imaginary part, we obtain

∑

k∈N∗

(−1)kus,k = 0, us,k :=
(2π)2k

(2k)!

(4k − 3)(2k − 2)(2k − 1)2

|(2k − 1− s)(2k − 2 + s)|2
. (20)

Since
∀k ≥ 12 : us,k > us,k+1.

Then
+∞
∑

k=12

(−1)kus,k > 0.

Since

us,2k − us,2(k+1) > us,13−2k − us,12−2k ∀k ∈ J1, 2K and us,6 > us,7,

then
∑11

k=2(−1)kus,k > 0. We deduce that
∑

k∈N∗(−1)kus,k > 0. Contradic-
tion with the Equation (20).
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