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Abstract

We investigate a relation between the differential equations and the
Zeta function. We find a more flexible form of the Zeta function in the
critical strip. We prove that all the nontrivial zeros lie on the critical
line.
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Differential equations.
AMS subject classifications: 00A05

1 Main result

Consider the representation of the Riemann Zeta function ¢ defined by the
Abel summation formula [[I], page 14 Equation 2.1.5] as

s oo
C(s) = — —s/l W ) e1), S()er, (1)

1—35 t1+s

where {t} is the fractional part of the real ¢. In order to simplify the notation,
denote B C C the critical strip, defined as

B:={seC: R(s)e€(0,1), (s)e€R},

and define the critical line as s € B such that 1 — 2R(s) = 0. We prove the
following theorems,
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Theorem 1. Consider the function  given by the Equation ({l). For every
s € B we have

s(i(—f—)s)ts - _%( : + l) @)

1 1 (—1)k(j2m)?ke2h—1
+22 : 22 ' , Yt e (0,1].
by (y2m) = (2k)! 2k—1—s

Theorem 2. All the zeros of the Zeta function on B, lie on the critical line.

2 Main Proposition

For every s € B, the Equation (1) is equivalent to,

@ = S /+OO w7 {u}du.
1

S 1-s
The aim is to studies the differential equation of solutions the functions

t

t— Ps(z,t) :=1¢° [z +/ u 1_8{u}du}, ze€C, t>1.
1

We focus only on the bounded solutions (there is a unique bounded solu-
tion. All other solutions diverge to infinity in norm). More precisely, the
strategy to prove the Theorem [, is to find the initial condition zs; € C such
that sup;s; [¥hs(zs,t)| < +00. Since sup;s; [¥s(z,t)| < +oo if and only if
z=— 1+°° u~'*{u}du, we obtain — f1+oo w1 {uldu = 2.

For every s € B we consider the following differential equation

d -1
dta:—st x+t7{t}, (3)

te[l,+o0)/N, z(l)=2 2z€C, x:[l,+00)—C.

Lemma 3. Let be s € B. For every z € C there exists a unique continuous
solution s(z,t) : [1,400) — C of the differential equation [B)). Further,

t

VYs(z,t) = t° [Z+/1 w T uldu|, V> 1.

Proof. Let be s € B fixed. The function

t
t— ts/ w I {uldu, t > 1,
1



is C* on [1,400)/N and continuous on [1,+00). The Equation (@) is a
non-homogeneous linear differential equation. For every z € C the unique
continuous solution vs(z,t) : [1,400) — C such that ¢s(z,1) = z is given by

t
Ys(z,t) =t° [z +/ w I {uydu|, V> 1.
1

O

Proposition 4. Let be s € B. Let be z € C and consider the continu-
ous solution s(z,t) : [1,400) — C of the differential equation [Bl). Then
sup;>q [¥s(z,t)| < +oo, if and only if

11 LGem2 1
- 2(1 .
g=—g t2l+s) Z 22 (k) 2k —1—s
]ew* kEN*

In other words,

+oo 11
/ s uddu = ==
1 2

S

1 j2m)2k 1
—2148) ) (j2r)? > (1) (j(%%! % —1—s

FEN* keN*

Lemma 5. For every s € B, there exists a unique zs € C such that the
solution s(zs,t) : [1,+00) — C of the differential equation (3) satisfies
sup;>q [¥s(zs, )| < +o00. Further,

“+oo

“+00
2= — / uT T uddu, and 1y (2, t) = 0 / uT " uddu, V> 1
1 t

Proof. Let be s € B fixed. There is a unique bounded solution. All other
solutions diverge to infinity in norm. Let be z € C and suppose that

sup |[1s(z,t)| < 4o0.
t>1
Since R(s) € (0,1), by the Lemma [ we have

+o0
sup (0] < +o0 = | [ w " uhdu] =0,
t>1 1

Then oo
Zs = —/ w7 {u}du.
1
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Prove that sup,> [1s(2s, )| < +o0. Since

+o0o
2s +/ u_l_s{u}du‘ =0,
1

then

t +oo
Zs —I—/ w7 {u}du = —/ w T {uydu, V> 1.
1 t

By the Lemma [3] we get

+oo

Ys(zs,t) = —ts/ w T uydu, V> 1.
t

O

Then Sups>1 |ths (25, 1)] < 9‘3( )’

Lemma 6. Let be s € B. For every z € C there exists a unique Z € C
such that the solution 1/15( t) : [1,+00) — C of the differential equation (3]
satisfies

¢S(z’t) T/)s(zs, ) t8~ vt > 1.

where t — 1Ps(zs,t) is the bounded solution given by the Lemmald In addi-
tion,

z

+o0o
z —I—/ w7 {u}du.
1

Proof. Consider

z

+o0
z —I—/ w7 {u}du,
1

By the Lemma [B] we have
+o0o
Ys(z,t) = —ts/ w T uldu + 52, V> 1.
t

By the Lemma Bl we get
Vs(z,t) = s(zs,t) + 72, VE > 1.

Notation 7. Denote

p(t) = /j <{u} - %)du, vt > 1,

where we recall that {u} is the fractional part of the real u.



Lemma 8. The function p is a continuous 1-periodic function and satisfies
1 ‘
p(t) =2 Z W(cos(ﬂﬂt) — 1), vt > 1.
JEN*
Proof. The function u — {u} is 1-periodic, then there exists a continuous
1-periodic function p : R — R such that

t 2
/{u}du:(t—l)/ (whdu + p(t), ¥ > 1.
1 1

/lz{u}du = /Ol{u}du = /Olu du = %,

/t{u}du =(t— 1)1 +p(t), Vt>1.
1 2

The function p is a piecewise C°°, continuous on R and 1-periodic. By
Dirichlet Theorem, the Fourier series

Since

we get

n
n— Z ay exp(ik27t),

k=—n

converge uniformly on Ry to the function t — p(t), where (ay)r C C are the
Fourier coefficients of the function p.

t
/ ({v} — %)dv = Zaj exp(ij2nt), Vt>0.
0 ,
JjEZ

By definition of the Fourier coefficients we have

a; = /01 exp(—ij27ru)</0u <{v} - %)dv) du

e 1
2/0 exp(—ij2mu)u(u — 1)du e jeZz”,
and .
1 1 1
—— —Nduy = —— = — .
“73 /0 ule = 1du =15 ]Zez* (j2m)?

The function p satisfies

pt) =3 %(exp(ijth) - 1), vt > 0.

2 Gom)
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Proof of the Proposition[f] Let be s € B. Let be z € C and consider the
continuous solution ts(z,t) : [1,+00) — C of the differential equation (Z)).
Define the function v4(z,t) : [1,+00) — C as

1[15(2,15) = /1t Ys(z,u)du, t>1.

The Equation (B]) implies

_ B t
%%(z,t) =t + 8)s(2,t) + t—l/ {uydu +t7'z, Vt>1.
1

By the Lemma [§] we have

/1t<{u}——)du—2z <cosg27rt) 1),
- Z 22 ‘7% St Vil

jEN* keN*

Then
d ~ 1 ~ 1 .
Zs(z1) = 1T (14 8)d(2,1) + 5(1 —(1—22)t7h)
+2Z Z jz” —EL w1 ()

]ED\I* keN*

Use the fact |1hs(2,1)| = 0, integrate, to obtain

~ 1 1 1—-2z
t) = —(—=¢t 5
() 2( S+1+S> )
k (72m)* 1 2%
2 t
$2Y s Y (M
EIN* keN*
11 1-22 LGem? 1
2( s+1+s)+ Z 22 (2k)! 2k—1—s

IN* keN*

By Lemma [ and the definition of v),(z,t) we have
B t
Jalant) = / s (2 w)du (6)

Z 1+s Z
-t — vt > 1.
/¢s Zg,u)du I+s + I+s’ =



where t — 1;(zq, t) is the bounded solution given by the Lemma Bl and where

+oo
Z=z+ / u " {u}du. (7)
1
Equations (B) and (@) implies
k (52m) % L %
22 o 2 OO G o ®
]GN* keN*
11 1-22 ! Z
= £0y(5,2) = 5~ 1t T )+/1 (o u)d —

where
z 1, 1 1-22

ws(z,2) = 1+s+§(_§ 1+s)

j27T 1
+2Z 22 (2k)! 2k —1—s"

jEIN* EEN*

The aim is to prove that |ws(z, Z)| = 0. The convergence of the above series
can be deduced by the approximation in the differential Equation (), as

\Z (cosy27rt —1>]< 22]_2, Vn > 1.

In order to simplify the notation, denote

- j27T 1 ok
0(t) =2 Z 22 (2k)! 21<:—1—st'

jeD\I* EEN*
We have
HERO) — (1+ éR(s))éR(@(t» + %(s)%w(t)) (9)
- Z (j2m)? Z ) t%
jGD\I* keN~

= /1 ({“} - 3)du

By Equation (8), we have

1,1 1-2z t z
=t TSw,(2,2) — (==t / s(2s - ¢!
0(t) ws(z, Z) 2( Sit 1JFS)Jr . Vs (zs, u)du 15 (10)
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Since sup>q [1s(2s,t)| < +o00 and R(s) € (0,1), the Equations (@) and(I0)
implies |ws(z, Z)| = 0. In other words,
P 1l 12
I+s 28 s 1+s
L (j2m)2F 1
22 Ganp 2V T 1

jEIN* keN*

Using the Equation ([7]), we obtain

+0o0 11
—1 s -
/1 tufdu = 2s

(j2 1
—2(1+s) Z 22 3271:; %—1—s

EN* keN*

By the Lemma B we have sup;> [¢s(2,t)| < +o0, if and only if

+oo 11
—1-s
= Zg = — d —_
z=12z /1 u {u}du 5%
L2149 Y 5 (- i
2 (2k)! 2k —1—s
]ew* kEN*
]
3 Proof of the Theorem [I]
Proof of the Theorem[1. Let be s € B. Recall the Equation (),
s teo
C(s) = T~ s/1 u*{uldu.
Thanks to Main Proposition M)
s 1
_ 1 1
()= -2 1 (1)
+2(+0) 0 i > (- i
2 (2k)! 2k—1-—s
jGD\I* keN*

In one hand, for every ¢ € (0, 1] we have

/tl u_z_s[/ou(v - %)dv] du = %/tl TR <u2 - u)du




We recall that the function p : R — R, defined as

p(t) = /Ot ({u} - %)du, vVt e R

is a continuous 1-periodic function and satisfies

p(t) =2 Z ﬁ(cos(j%rt) - 1)

jEN*
2 2kt2k
oY LS g
]El]\l* keN* )

On the other hand, for every ¢t € (0, 1] we have

/tl u 2 [/Ou(v - %)dv} du

R A

JEN* keN*
23 (e & Plan)®
)2 2k: 21<: —1—s
jGD\I*
(]271.)2kt2k—1—s
_ZZ 22 2k 2% —1—s ‘ (13)
jGD\I* ke II\I*

Using the Equation (1), the Equations (I2]) and (I3)) implies that

C(S) _ Z Z (j27'r)2kt2k_1_s
s(1+s) Pt j27T (j2r)? ken\l* 2k 2k—1—s
Lottt
— = — t 1].
2<1_s+ s>’ vte (0.1

4 Proof of the Theorem

Proof of the Theorem[d. Let s € B. In order to simplify the notation, denote

Vie (0,1] 1 ps(n,t) := Zn:fs(j, t), Vne N
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where
fs(z,t) == z_1+s/ u”*7%(cos(2mtu) — 1)du, Vz e RYL, Vt € (0,1]. (14)
0

Since

1 -1 kz2k—2 It 2k .
fs(z,t)zz (%)'( )Qk—l(—s) , Vz e Ry, Vte(0,1],
keN* )

by the Theorem [II, we get

14s 2 Cls) ) t2 t
t o2 SOt ) —nllgloogos(n,t) T <1_8—|—8), vt € (0,1]. (15)

For every fixed t € (0, 1], use the Euler-Maclaurin summation formula, given
by
1 n
el ) = 5 A0 = Lo 0]+ [ fule.tids

n 1.d .
+/1 ({z} — E)Efs(z,t)dz, VYn € N*.

By the integration part formula, we have

n 1
/ fs(z,t)dz = 1nfs(n,t) - 1/ 27275(cos(2mtz) — 1)dz
1 8 $Jo
- %/ w2 (cos(2mtu) — 1)du, ¥n € N*.
1

Then

puln 1) = g1Fs(1,1) — fu(n 1) (16)

1 1 !
+ —nfs(n,t) — - / 2_2_5(008(27#2) —1)dz
S 0

s
1 n
— ;/ u_2(cos(27rtu) —1)du
1

" 1.d
+/1 {z} — i)Efs(z,t)dz, Vn € N*.
Prove that lim,_,  zfs(z,t) = 0. In order to simplify the notation, denote

os(t, 2) = —i [(1 + 8)2fs(2,t) + 271 (cos(2mtz) — 1)] (17)

z
= zs/ w8 sin(2ntu)du, Yz € [1,400).
0
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We have

- 1 (_1)kz2k—1(2ﬂ.t)2k—l
bs(t,2) = kZN: k-1l 2%k-1-s

The function z +— ¢4(t, z) is the unique solution of the following deferential
equation

%%(t, 2) = 527 Yy (t, 2) + 2~ L sin(2ntz),

1 -1 k 2 2k—1
6.0 = X G gt e o)
keN* ’

Using the same method as in the proof of the Proposition @ we prove that

fooo o 1 (=1)F@mt)*t
/ w78 sin(2rtu)du = — Z (2/<;—1)'( 2]2:51—)3 = —s(t, 1),
1 keN )

and the solution, z — ¢4(t, z) can be written as
“+oo
os(t,z) = —zs/ w178 sin(2ntu) du
z

1 +o0
= ( 2+t3) zs/ U_2_S(COS(27Ttu) _ COS(ZTrtz))du, Ve s 1.
n z
Then we have lim, 400 |¢s(t,2)] = 0. By the Equation (I7) we get

lim, 1o |2fs(2,t)] = 0. The Equation (I6]), implies

—_9 rl
lim ps(n,t) = 5 / 27275 (cos(2ntz) — 1)dz
0

n—-+4o00 S

1 [t
~ 3 u”“(cos(2mtu) — 1)du
1

+00
+ [ - et

The Equation (I5]), implies

_ 1
t1+527r28(§(j_)3) = 8232/0 27275 (cos(2ntz) — 1)dz

1 o[
- u”“(cos(2mtu) — 1)du
1

“+oo
= [ - et

—7r2< r +f) vt € (0,1]
1—s s/’ T



12 W. OUKIL

Suppose that s € B is a zero of the function . The above Equation implies
that

+oo
T2t + / u=2(cos(2mtu) — 1)du = 6(s,t), Vt € (0,1]. (18)
1
where
s s—2 [1
8(s,t) == —m> + / w275 (cos(2mtu) — 1)du
1—s 2 0
+eo 1. d
+s ({z} — 2)—fs(z,t)dz, ¥Vt e (0,1]. (19)
1 27 dz

Now we develop the last term of the right side of the previous equality. The
aim is to find the following limit

t—0

lim ¢t 2 /+OO({Z} — 1)ifs(z t)dz.
1 27 dz ’
By the Equation (I4]), we have

diifs(z’t) = —(1—s)z L f(2,t) + 273(cos(2ntz) — 1),

%[z_lfs(z,t)] = —(2—8)2 2 fs(2,t) + 2 *(cos(2mtz) — 1).

Then
“+oo
| @ -pgtene=-a-y |

+00
+ /1 ({z} — %)2_3(008(27Tt2) — 1)dz.

+00 1 _1
({z} — §)Z fs(z,t)dz

Use the integration part part for the first term of the right member.
—+oo 1 d —+0oo _2
[ - Pand = -0 -9 [ pe
1 27dz 1
+o0o
+ (1 - s)/ p(2)2 4 (cos(2rtz) — 1)dz
1

+o0 1. _
-1-/1 ({z} — §)Z 3(cos(2mtz) — 1)dz.

where

p(z) = /lz({u} — %)du =2 Z ﬁ(cos(ﬂﬂz) - 1).

JEN*



Use the integration part part for the last term of the right member
+o0 1. d +oo 9
[ - P sttt =~ =99 [ pez
1 z 1
+oo
—(2+ s)/ p(2)2z " (cos(2mtz) — 1)dz
1
+00
- 27rt/ p(2)2 73 sin(2ntz)dz.
1
By Lebesgue Theorem, we get

+oo
lim ¢~2 /1 ({z}—l)d% Fu(2,0)dz

t—0 2

“+oo
=—(1-5)(2-5) /1 p(2)z 2 limt 2 f(z,t)z

t—0
+oo
— (24 s)/ p(2)2z7 lim t~%(cos(27tz) — 1)dz
1 t—0
+o00
— 27 / p(2)273 lim t ! sin(27t2)dz.
We get
too 1.d
. -2 e Yl
time [ (2} = A
+o0o z
= —27%(1 — 5)(2 — 8) / p(z)z73ts / u *duz
1 0

+0o0o
—2(2 + )7 / p(2)2 2dz
1

+oo
- 4772/ p(2)z72dz.
1

Equivalent to

t—0

13

lim ¢ 2 /1+oo({z} — %)dizfs(z,t)dz = 47 /1+00 p(2)z 2 duz. (20)

Thanks to the Riemann functional equation, the point 1 — 5 is a zero of the

function ¢. The Equation (I8]), implies

+o00
Tt + / u % (cos(2mtu) — 1)du = 6(1 —5,t), VYt € (0,1].
1
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Then
|0(s,t) — (1 —3,t)| =0, Vte(0,1].
Implies
%irr(l]t_2|5(s,t) —6(1—=35,t)| =0, Vte(0,1].
%
Since
2 -9 1
lim ¢ 2 [ - 7T2t—8 + 2 / w27 (cos(2mtu) — 1)du| = 277,
t—0 1—s 2 0

which does not depend on s. By definition of the function § in the Equation

(I3), we get

0 =1limt2|6(s,t) — 6(1 —5,1)|
t—0

~ tim | /0+OO({,2} - %) sdilzfs(z,t) e —E)dilzfl_g(z,t)]dz‘

By the Equation (20]), we obtain

0 = lim ¢t 26(s,t) — 6(1 —3,1)]
t—0
+o0o
= 47?2/ p(z)z_zduz‘s —(1- 5)‘
1

+00
= 4721 — 2%(3)]/ p(2)2z 2duz.
1
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