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The mean-field Zero-Range process with unbounded monotone
rates: mixing time, cutoff, and Poincaré constant

Hong-Quan Tran*

CEREMADE, CNRS, Université Paris-Dauphine, PSL University 75016 Paris, France

November 11, 2022

Abstract

We consider the mean-field Zero-Range process in the regime where the potential function r
is increasing to infinity at sublinear speed, and the density of particles is bounded. We determine
the mixing time of the system, and establish cutoff. We also prove that the Poincaré constant is
bounded away from zero and infinity. This mean-field estimate extends to arbitrary geometries
via a comparison argument. Our proof uses the path-coupling method of Bubley and Dyer and
stochastic calculus.
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1 Introduction

1.1 Model

The Zero-Range process, introduced by Spitzer, is a model of interacting particle systems in con-
tinuous time. It describes the evolution of m > 1 indistinguishable particles jumping randomly
across n > 1 sites, where the speed of a particle only depends on the number of its cooccu-
pants (hence the name Zero-Range). More precisely, the interaction is represented by a function
r:{1,2,..} — (0,00), called the potential function, where r(k) is the rate at which a site with
k particles expels a particle. For convenience, we let 7(0) = 0 (no jump from empty sites). In
this paper, we focus on the mean-field version of the model, where a jumping particle chooses its
destination uniformly among all sites. More precisely, we consider a continuous-time Markov chain
X = (X()t>0 = (X1(t), Xa(t), ..., Xpn(t))r>0 taking values in the state space

Q:: {x:(x:L’,I‘Q,,.:Un)EZ?_ZfCZ:m}, (1)
=1

whose Markov generator £ acts on an observable ¢ : Q@ — R as follows:
1
(Lo)a)=— > r(@i)(ple =i + ;) — p(x)). (2)

1<i,j<n

Here (d;)1<i<n denotes the canonical basis of Z’t. The generator L is irreducible and reversible

with respect to the following law:
n Z;
T 1
m(z) H H @» (3)

i=1k=1
with the convention that an empty product is 1. The classical theory of Markov processes says
that starting from any probability on the state space €2, X (¢) will converge in distribution to the
stationary law 7 as t — oo. The speed of convergence from the state x € ) is quantified by the

so-called mixing times:
tax (25 €) := min{t > 0 : dpy (PL, 7) < €} (4)

Here dpy (-, -) is the total variation distance, defined by drv (u,v) = max \w(A) — v(A)|, and P!
C

denotes the distribution of X (¢) under the probability P,: P.(-) = P, [X(t) € -], where P, is the
law of the process starting from x. Of particular interest is the worst-case mixing time:

taix (€) := max{tyx(z;€) : x € Q}, (5)

where we take the maximum of the mixing times over all initial configurations x.
We recall that the Dirichlet form associated with our process is defined by:

6(907 7/)) == <907 51/)>7r )

where (¢, 9). = > m(z)p(z)1(x) denotes the usual inner-product in L?(2, 7). Then the Poincaré
e
constant, denoted by Ay, is defined by:




where the minimum is taken over all non-constant observables, and Var [¢] denotes the variance of ¢
under 7. In our case, A\, coincides with the more classical absolute spectral gap due to reversibility
of the system:

. 1 "
A= i g los e (Poom).
The purpose of the present paper is to estimate A, and tyx(z;€), under certain assumptions on

r(+).

Previous works. To the best of our knowledge, the total-variation mixing time of the Zero-Range

process has only been studied in a few cases: the case where r is constant in [7], [8], [10], the case
where r is non-decreasing and bounded in [0], and the somehow-trivial case of independent walkers
where r is linear. Regarding the Poincaré constant, a notable result is given in [ 1], where Morris

determines the order of magnitude of A, in the case where r is constant. Another result is obtained
by Caputo in [3] for the case where r is homogeneously Lipschitz and increasing at infinity, i.e.

ili];l) lr(k+1) —r(k)| < oo, (6)
ki_rgar(k) —r(l) >0, (7)

for some § € Zy, where he proves that the Poincaré constant is bounded away from zero. In [7],
Salez and Hermon prove a comparison principle that allows us to compare the Poincaré constant
of many models with that of the mean-field model. We will use this principle below.

1.2 Main results

We consider the “intermediate” regime where the function r is non-decreasing, unbounded but
grows slower than a linear function. More precisely, throughout the paper, we assume that r
satisfies:

r(k+1) >r(k), Vk € Z, (8)
khﬁrglo r(k) = oo, 9)
ks;lzyi T(:) < 0. (10)

We study the regime where the number of sites diverges while the density of particles per site
remains bounded. More precisely, we always suppose that m = m(n) and z = 2 and all
asymptotic statements refer to the regime:

n — 00, m <p, (11)
n

where p is a positive constant. To lighten the notation, we keep the dependency upon n implicit as
much as possible. By a dimension-free constant, we mean a number that depends only on r and
p. Our notation O (-) (resp. (+), ©(+), o(-)) means being upper bounded by (resp. lower bounded
by, upper and lower bounded by, negligible compared to) the quantity inside the brackets up to a
dimension-free prefactor. We define a function R : {1,2,...} — R as follows:

L

o (12)

Vk € Zy, R(k) =) _
=1



Under condition (10), we easily see that

lim R(k) = oo. (13)

k—o0

We prove that R(||z| ) is a good estimate for tyux(x;€), as stated in the following theorem:
Theorem 1 (Main result). For e € (0,1) fized, for any initial state x,

b (:€) < (1+ 0(1)R([l2ll o) + O (logn). (14)

In addition, if the initial state x = (™ satisfies Hx(”)HOO 27, %0, then

tux (w3 €) > (1 —o(1))R([|z]|,)-
Maximizing over all initial states x, we obtain
Corollary 2 (Cutoff). Suppose additionally that R(m) > logn. Then for e € (0,1) fized,

tMIX(E)
R(m)

=1+o(1). (15)

In other words, the system exhibits cutoff at time R(m).
The class of functions r that satisfy conditions (8), (9), (10) is quite large. A natural example
is when r is of the form r(k) = k%, Vk € Z, for some « € (0,1). In this case,
11—«

R(k)=(1+ 0(1))%, as k — oo,

by the Stolz-Cesaro Theorem. Thereupon, a direct application of our result gives the following.

Example 1. Suppose that r(k) = k*, Vk € Z, for some a € (0,1), and suppose that m >

l—«a

m
(log n)l/(l_o‘). Then the system exhibits cutoff at time T .

Cutoff for the Zero-Range process was obtained in [10] for the case r(k) = 1 and more generally
in [0] for the case where r is non-decreasing and bounded. Our work complements these results by
investigating the case where r — co. We also prove that the Poincaré constant is bounded away
from zero and infinity:

Theorem 3 (Poincaré constant). A, = O(1).

Thanks to the comparisons in the paper [5] of Hermon and Salez, we can extend this result
to the more general case where a jumping particle chooses its destination according to a doubly
stochastic matrix P rather than uniformly among all sites (for example, take P to be the transition
matrix of random walk on a regular graph). More precisely, let P be an irreducible doubly stochastic
transition matrix on [n] := {1,2,...,n}, and let L' be the generator on  that acts on an observable
v :Q— R by:

(LP) (@)= > (@) P, 5)(p(x — 6 +65) — p(x)).

1<i,j<n

Similarly, we can define the Poincaré constants A, (P) and \.(LF) of P and £ via their associated
Dirichlet forms and their stationary laws. Then we have the following.



Corollary 4 (Poincaré constant in arbitrary geometry). A\ (LF) = O(\.(P)).

We give an example where we can compute A.(P) explicitly to obtain explicit estimate on

A(LD).

Example 2 (Poincaré constant of torus model). Let P be the transition matriz of the simple
random walk on the lattice Z /pZ?, for some p,d € Z.. Then M\ (L) = ©(1/(dp?)), as p* — .

The calculation of A.(P) is defered to the end of the paper.

Heuristics. If we ignore arrivals and only consider departures of particles, then R(||x| ) is
exactly the expectation of the time it takes for the initially highest site to be emptied. In the true
system, due to the conditions imposed on r, the arrival rate at each site is uniformly bounded,
and consequently, R(||z||,,) remains a good approximation for the emptying-time. For the lower
bound, we prove that before time R(||x||,,), the initially highest site still has too many particles,
and hence the system has not yet reached equilibrium. For the upper bound, we will see that at
time ¢t = (1 4 o(1))R(||z||,) + O (logn), [|X(t)||,, = O (logn). Afterwards, the system quickly
reaches equilibrium.

Acknowledgment. The author warmly thanks Justin Salez for constructive discussions and his
comments on the draft. The author also kindly thanks the anonymous referee for his suggestion to
make the paper more clear and readable.

2 Lower bound on the mixing time

2.1 Preliminaries

We will use the following two graphical constructions of the process X.

1
Graphical construction 1. Let = be a Poisson point process of intensity —dt®du® Card® Card
n
on [0,00) x [0,00) X [n] x [n], where Card denotes the counting measure. Define the piece-wise
constant process X = (X (t)):>0 taking values in Q as follows: X (0) = z, and for each point
(t,u,i,7) of 2,
X(t—)—0;+6;, ifu<r(X;(t—
X(t) = (=) = 005 lu—f( (=) (16)
X(t—) otherwise.

Then X is a cadlag Markov process starting from = with generator L.

Graphical construction 2. Let W be a Poisson point process of intensity dt ® du ® Card on
[0,00) x [0,00) % [n]. Consider the piece-wise constant process X = (X (t));>o which starts at
X (0) = z and has the following jumps: for each point (¢,u,j) of U,

i—1 j
X(t—) =& +d;, if 1 S r(Xp(t-)) <u < 1 > 7(Xk(t=)), for some i € [n]
n =1 N =1 (17)
X(t—) otherwise.

X(t) :=



Then X is also a Markov process starting from a with generator £. We can view the Poisson
process in the graphical construction 2 as the repartition of the Poisson process in the graphical
construction 1 according to the destination of the jumps.

Filtration. We always note (F;):>o the filtration generated by the Poisson processes in the graph-
ical construction we are using, where F; is the o — algebra generated by these processes up to time
t. It is immediate that the process X is adapted to the filtration and has cadlag trajectories.

Mean-field jump rate. At any time ¢, as the model is mean-field, the arrival rate at each site
is the same. We denote this quantity by ((t):

1 n
()= = S r(X,(0).
j=1
Condition (10) implies that
1 « r(k) r(k)
t)y < | — Xi(t) ] sup —= < p sup =: K. 18
G | 2000 | sup <0 s T (13)

Hence, the number of particles arriving at each site is stochastically dominated by a Poisson process
of dimension-free intensity k.

Martingale associated with an observable. For any observable ¢ : 2 — R, under P, the
process M = (M(t))i>0 given by

t
M(t) := p(X(t)) — ¢(x) —/0 Lp(X (u))du (19)

is a zero-mean martingale, see e.g [1]. Let 1, p2 be two observables, and let M;, My be the
associated martingales. Then the predictable covariation of M; and Ms is given by

t
(M, Mz), :/0 D LX (), y) (p1(y) — e1(X () (p2(y) — p2(X (w))) du. (20)

yeN
We recall a lemma on the concentration of martingales with jumps (see [13]):

Lemma 5 (Concentration of martingale). Let (M (t))t>0 be a zero-mean cadlag martingale w.r.t a
filtration that satisfies the usual conditions. Suppose that M(0) = 0 and M(t) — M(t—) < K for
all t > 0 and some 0 < K < oo. Then for each a > 0,b > 0,

a2
P[3t>0:M(t) > a,(M,M), <b] < ——. 21
[ - ()_CL,< ) >t— }_exp[ 2(&K+b2):| ( )
Gain/loss at a site. We will need the following quantities:

1. For i € [n], let G;(t) be the counting process that counts the number of particles arriving at
site ¢ up to time t. We call G; the gain at site i.

2. Let L;(t) be the counting process that counts the number of particles jumping out of site i
up to time t. We call L; the loss at site i.

Obviously, Xz<t) = XZ(O) + Gz(t) — Lz(t)



2.2 Elementary concentration inequalities

We write £ ~ exp(A) to mean that £ is an exponential variable with parameter A, i.e. ¢ has
density e ** L{z>0ydz. We list here some useful inequalities, whose proofs are simple applications
of Chernoff’s bound (see, e.g. [1] for more details on Chernoft’s bound).

Lemma 6 (Poisson concentration). Let Z be a Poisson variable. Then for any B > 1,

P [Z > BEZ] < 67(1+BlanB)EZ'
Lemma 7 (Concentration of sum of independent exponential variables). Let A1, ..., \x be positive
numbers, and let &, ..., & be independent random variables such that & ~ exp(\;), V1 < i < k. Let

k

=1

For B > 0 arbitrary, we have the following inequalities:
P [5 ~ES< - Var[S]B} < e B4, (22)

and

B
P [S —ES > AVar[S] + A] <e B2 (23)

where A = min {\;}.

1<i<k

2.3 Proof of the lower bound

In this subsection, we prove the lower bound on ty;x(z;€) in Theorem 1. First, we analyze the law
of a single site at equilibrium.

Proposition 8 (Single site marginals at equilibrium). There exists a dimension-free constant g > 0

such that
m(x1 = k) q

< .
m(rr=k—-1) r(k)
Proof. Let x be an arbitrary configuration in €2 such that z; > 1. Thanks to (11), the number of

Vk € Z,

n
sites that have at least 2p particles is at most £x and hence the number of sites that have less than

2p particles is at least g For any [ € [n] \ {1} such that z; < 2p, thanks to (8),

m(x) _r(z+1)
T t0) @) =

Taking average over all sites [ such that x; < 2p, we obtain

(z) < Ti[iﬁ’])i S (= o1+ )
miﬁ%p

< r(DngZﬂ'(JE — 61+ 6).

r(x1) n o




Now we take the sum over all x such that z1 = k to get:

m(x1 =k) < DP ZZ (x =01+ &)

:v1 k 1#1

= Dp ZZ (x =01+ &)
Eor—

= Z Z (change of variable: z =z — 01 + §;)
l;él lelill

< i lz S n
#1 z1=k—1

r([2p]) 2
= -y w1 =k-1)
r(k) n l;
LI
q
= ?k) (z1=k )
where ¢ = 2r([2p]). O

Now we study the effect of arrivals at a particular site. Recall that L; denotes the loss at site
1, as defined at the end of subsection 2.1.

Lemma 9 (Effect of arrivals). Let x be an arbitrary initial configuration. For i € [n] and h € Z

-1
r(k)) ,h >k >1, such that

such that x; > h, there exist independent variables Uy ~ exp
forany 0 <k <h-—1,

1. Ty :=Up+Up_1+ ... + Up_i is a stopping time,

2. almost surely, L;(Ty) > k+ 1,

3. almost surely, X;(t) > h —k, Yt € [0,T},).

The intuition is as follows: if we ignore arrivals and consider only departures at site 7, then T}
is the time to have k + 1 particles depart from 7. Arrivals, on the one hand, slow down a site from
being emptied, but on the other hand, accelerate the rate of expelling and hence increase the loss.
So the inequalities at points 2 and 3 follow.

Proof. We use the graphical construction 1. We first prove for the case k = 0. Let Uy be defined
by

Uy = inf{t >0 E([O,t] % [0,7(h)] x {i} % [n] \ {i}) > o}.
n—1

It is clear that Uy, is a stopping time and Uy, ~ exp ( r(h)). Moreover, by definition of Uy,

=([0.00) x [0,7()] x {i} x [\ {i}) =0

8



so before time U, X; cannot fall from h to h — 1. In other words, Vt € [0,U}), X;(t) > h. In
particular, X;(Un—) > h, so there should be a jump from site ¢ to [n] \ {i} at Uy. Consequently,
L;(Up) > 1 and X;(Up) = X;(Up,—) — 1 > h — 1, almost surely, which finishes the case k = 0.
Now we define Uy inductively by:

Uy = inf {t >0 5((Th_k_1, Tt + ] x [0,7(k)] x {i} x [n] \ {i}) > 0} ,

where Tj,_j_1 = Up + ... + Ug41. The variables (Uy)p>k>1 are independent by the stationary and
independent increments of Poisson processes. In addition,

U, ~ exp (”; 1r(k)) .

The claim is simply obtained by induction and by the strong Markov property. O

Useful variables. Lemma 9 allows us to compare certain random times with the random variables
(Sk)k>1 defined by

k
Se= 36 (24)
i=1

where (;)i>1 is a sequence of independent random variables such that & ~ exp(r(i)), Vi € Z.

A | k
Obviously, E[Sk] = > 0 = R(k), Var [Sg] = > OB Due to (8), (9), (10), the functions r, R
=11 i=1 T2
diverge, so we easily see that
. Var[Sg]
1 =0. 2
A s, (#)

Lemma 9 makes precise the fact that arrivals can only slow down a site from being emptied,
while Proposition 8 together with condition (9) say that at equilibrium, the typical height of a site
cannot be very large. This leads to the lower bound on tyx(z;€) in Theorem 1:

Proof of the lower bound in Theorem 1. Let § € (0,1) be fixed, and let z € Q be arbitrary. We
only need to prove that for ||z|, sufficiently large,

tl\ux(ﬂf; 6)

R(llzl[0)

Without loss of generality, suppose that site 1 is originally the highest, i.e. [|z| = z1. We know
that for any A C €,

>1-4. (26)

doy (PL ) > P'(z, A) — m(A).

We choose
A:{yElezk}a

where

b=su {12, 51RO < GR(lel}-



We only need to show that m(A) = o(1), and for ¢t = (1 — §)R(x1), PL(A) =1 — o(1).
Thanks to (13), |||l > 1 ensures that R(||z|/,,) > 1 and hence k > 1, so by Proposition 8 and
(9), m(A) = o(1). On the other hand, we apply Lemma 9 with i = 1, h = 1 to conclude that there

exists a stopping time
@ n
T:plfkfl = 1

where the sequence (Sk)i>1 is defined in (24), such that X;(t) > k41, Vt € [0,T;,_—1). We define
Skz1 = Sz, — Sk, for any k < 1. Then

(SJ:1 - Sk)?

Paglils)R(xl) [A] > Py [Ty —k—1 > (1 — 6)R(21)]
>P [Sk,ml > (1 — 5)R($1)]
1= P[Spa, < (1—8)R(x1)].

o
Moreover, R(k) < iR(xl) by definition of k, and hence E [S ,] = R(z1) — R(k) > (1 —-6/2)R(x1).
So by the concentration inequality (22),

)
]P)[Sk@d § (1 — 5)R(LL’1)] S P |:Sk7$1 — ]ES]€7$1 § 2R($1):|
1 0 2 1
< exp 1 ZR(xl) Var [Sk 2, ]

2
< exp (—fGR(:cl)Var [Sx1]1> .

= o(1),
where in the third inequality we have used the fact that Var[S,,] > Var[Sj ; ], and in the last
equality we have used (25) and the fact that x; = ||z 27 0. Hence PL(A) =1 —o(1), which
finishes our proof. O

3 Upper bound on the mixing time

We will prove the following statements:

Proposition 10 (Dissolution). There ezist dimension-free constants o,y such that for any § €
(0,1) fized, for any x € Q, for any t > (1+ 0)R(||z| ) + o logn,

Py [ X(t)]|o = a1logn] = O (n7?).

Proposition 11 (Quick convergence to equilibrium). Let o1 be defined as in Proposition 10. Then
there exists a dimension-free constant a so that for any configuration x such that ||z|| ., < oqlogn,

dry (P25, 1) =0 (n7%).

First we see how these propositions lead to the upper bound on ty;x(z;€) in Theorem 1:

10



Proof of the upper bound in Theorem 1: Let o,a1,a be defined as in Proposition 10 and Propo-
sition 11. Let = be an arbitrary configuration; let t; = (1 + §)R(||z||,) + ologn, for some 6,
tos = alogn, and t = t; + to. We only need to prove that for arbitrary § € (0, 1) fixed, for n large
enough, for any x € (,

tMIX(x; 5) <t.

By the convexity of the total variation distance,

doy (PE,m) <) Pl (y)dey (PP, 7)
yeN

<P, [IX(t1)]| o = 01 logn] + max drv (P?j?’ﬂ') ,
lyll o <1 logn

which is O (n‘2) by Proposition 10 and Proposition 11, hence smaller than ¢ when n is large
enough. O

The structure of the rest of this section is as follows. In Subsection 3.1, we prove Proposition
10 and provide some analysis on the trajectory of the system which will be used in the proof of
Proposition 11. In Subsection 3.2, we prove Proposition 11 by the path coupling method of Bubley
and Dyer.

3.1 Dissolution

Recall that G; denotes the gain at site ¢, as defined at the end of subsection 2.1. First we give an
estimate on G; at the predicted time.

Lemma 12 (Estimating the gain at a site). For any dimension-free constant d, there exists a
dimension-free constant co such that at time t = (14 6/4)(R(||z||) + dlogn), for any é € (0,1)
fized,

P[Gi(t) > co(R(||z]l ) Viogn)] = O (n7°). (27)

Proof. We use the graphical construction 2. Since ((t) < & at all time (see (18)), G; is simply

dominated by the Poisson process \I/{'X[O A% i) Consequently, at time ¢t = (1 + 6/4)(R(||z| ) +

dlogn), G;(t) is stochastically dominated by a random variable Y ~ Poisson (/1(1+5/4)(R(H36HOO) +

dlog n)) Then the result is simply obtained by Lemma 6, for ¢y large enough. O

For any site ¢, Lemma 9 says that arrivals can only accelerate the loss L;, while Lemma 12 gives
us a (random) upper bound on G;. They together lead to the following proposition:

Proposition 13 (First phase dissolution). Let d = and let co be defined as in Lemma 12.

T
r(1)’
Then for any x € Q, for any 0 € (0,1) fized, fort = (1+§/4)(R(||z| ) + dlogn),

Py ([ X (1)l < co(R(|l2l o) Viogn)] =1 -0 (n7?). (28)

Proof. Let i € [n]. We apply Lemma 9 with h = x; to conclude that there exists a stopping time
d

Toi—1 @ LlSmi such that L;(T,,—1) > x;. Note that S, is dominated stochastically by SllﬂﬁHoo’

11



hence by using (23), we deduce that

P [Tm—l > % <IE [Sl\wllm} +r(1)Var [S”m”w} + 61}<()1g)n>]

::PFMZ<Eﬁwm]+“”ww$ﬂuy+2?;)

<P [S,wnm > <E [Siel..| +r()Var Sy, | + %&ﬂ

-3

A

n

Note that Var [SHCCHOJ = o(R(||z||) V1ogn) by (25), and hence

- ﬁ 1 <E |:S||x‘|oo} +r(1)Var [SHffHoJ + 6:?1'?;)”) <t,

when n is large enough. Consequently, for n large enough,
P, [Li(t) < x;] <Py [Ty,—1 >t] <n”>.
We take a union bound of this and the event in (27) over all sites to conclude that
P[3i, Gi(t) > co(R(||x]| o) Vlogn)] + P [, Li(t) < ;] = O (n’2) .
The claim follows. O
We now recall a simple version of Gronwall’s lemma that we will use a lot:

Lemma 14 (Gronwall’s lemma). Let o, 3 be some positive numbers. Let u : [0,00) — Rt be a

d
continuously differentiable function such that %u(t) < —pBu(t) + . Then

ult) < % + <u(0) - g) e B,

1
In particular, if t > ogZ(O) , then u(t) < % + 1.
For 6 a positive number, and for i € [n], we define the observable ¢ : Q — R by

w7 () = e, (29)

and we define the observable ¢ by
1 n
Pz) == > pl(a)
i=1

Lemma 15 (Estimate on £¢?). For any dimension-free constants 0,3 > 0, there exists a number
L = L(6,5) such that, for any configuration x,

L’ (z) < —5909(1‘)11{809(9&)%} + (e’ — 1)“800(1?)]1{¢9(I)SL}' (30)
In particular,

L% (x) < =B’ (x) + (¢ — 1)k + B)L. (31)
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Proof. For simplicity, we write ¢ instead of ¢’ and ¢; instead of cpf. It is not difficult to see that

Loi(x e —1 1—e "
' (z) — Z r(z;) — Z r(x;)
wi(x) n ) n ) ]
Jen\{i} jeln]\{i}
e —1 on—1 -1
= o Z T‘(l‘j) - <(1 — € ) n + n ) T(CCZ)

JEM]

Hence, by (18),
Loi(z) < (% =) rpi(z) — (1 — e )y (x)r ().
Taking the average over all sites i we get

> ici) T(@i)pi(T) '

Lo(z) < (¢ = Drp(z) = (L—e) -

The claim follows when p(z) < L. It remains to consider the case ¢(x) > L. For any ¢ € Z,
r(z)pi(z) > r(c)(pi(z) — ) due to the monotonicity of 7, hence

Y r(@)ei(z) = r(e) Y (wile) — )

i€[n] i€[n]
> r(c)(ngp(z) — ne).

Consequently,

Lo(z) < (¢ = Drp(x) — (1= e )r(e)(p(x) — ™).

Let L = L(c) = 2¢%. If p(z) > L, then ¢(z) — e > (’0(;)7 which implies:
Lo(e) < (&~ Drpla) — (1 — e r(e) 2, (32)

We can take c¢ large enough to make the right-hand side of the inequality above smaller than
—B¢(x), which finishes the proof of (30). (31) is obtained by rewriting (30) as follows,

Lo(x) < —Bo(x)(1 = Lipwy<ry) + (€7 — 1)rp(@)L{pm)<r)
= _B@(‘T) + ((69 - 1)’€ + /B)SO(x)]l{go(x)gL}
< —Be(x) + ((¢' = 1) + B)L,

which is what we want. O

A good estimate on L£¢? will guarantee good behavior of the trajectories of X, as stated in the
following proposition.
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Proposition 16 (Dissolution). Let 6, 5 > 0 be some dimension-free constants. Then for any x € 2,

0
for any t 2 5 [[]lo;

P, {1X(0)] > g logn| =0 (n). (33)

Proof. We still write ¢ instead of ©f, for simplicity. Let L = L(6, 3) be defined as in Lemma 15.
Let u(t) = E, [¢(X(1))]. By (19),
d

1) = Ex [Lo(X ()]
This and (31) imply:

d
au(t) < —Bu(t) + (¢ = 1)k + B)L.
Therefore, by Lemma 14,
(e —1)r + B)L

B

(" =k + )L

u(t) < +u(0)e .

+1. Note that /Il < ni(z), hence E [e/IX @] <

Hence for ¢ > g |lz] s u(t) <

nu(t). Then the claim is a simple consequence of Chernoff’s bound. O
We now prove Proposition 10:

Proof of Proposition 10. We fix § € (0,1). Let ¢g be defined as in Lemma 12. Let 6; > 0 be

fixed, and let 8; be such that 9260 < é Let Ly = L(01,51) as in Lemma 15. Let t; = (1 +
1

\]

J
3/4)(R(||z| ) + dlogn), ta = §(R(H:1:HOO) Vlogn). By definition of 3; and Proposition 13,

0, || X
P, [”(fl)HOOStQ] =1-0(n7?).

By Markov property at time ¢; and inequality (33) , we conclude that for any t > 1 + to,
6

P, [HX(t)HOO > llogn] =0(n?).

6 5 1
We choose a1 = o and o0 = Zd + 3 to conclude the proof. O
1
The estimate on L£¢? in Lemma 15 also ensures that the system quickly reaches the set where
©? is small.

Proposition 17 (Exponential moment of hitting time). Let 6,5 > 0 be some dimension-free
constants, and let L = L(0,3) be defined as in Lemma 15. Let T be the hitting time of the set
{x € Q:¢x) < L}. Then for any x € Q,

E, [eBT} < P (z)/L. (34)
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Proof. We write ¢ instead of ¢. The idea is that if ¢ is large, then the drift Li is negative, and
its magnitude is of the same order as ¢. Hence the system will quickly reach the set where ¢ is
small, which will be made precise by stochastic calculus. Consider the function F' : R? — R defined
by F(u,v) = wv, which is twice continuously differentiable. By (19),

S(X(1) = p(X(0)) + /0 Lo(X (u))du+ M(1),

where M (t) is a martingale. Moreover, p(X) is a pure-jump process since X is piece-wise constant.
For a cadlag process Y, we denote by AY its jumps: AY(s) = Y (s) — Y(s—). We define G(t) =
F(eP*, (X (t))). Note that the function ¢ — e has bounded variation. Consequently, applying
It6’s formula (for example, see Theorem 33 in chapter 2 of [12]) to the function F' and the semi-
martingales ¢ — @(X (t)) and t — €5, we get:

Gt =p(X )+ [ e Le(X(wydu+ [ emarw) + [ o(x)se™du
(35)

+ 3 a6 - 5 (7 exs-n) - aptxis)].

0<s<t

oF
On the other hand, as 87(7”" v) = u and the function t — e is continuous,
v

:f'LF(

AG(s) = (X (5)) — ePp(X (s—)) = ™ Ap(X(s)) e’ w(X(S—))> - Ap(X(s)).

Hence the last term in the right-hand side of (35) is zero. Moreover, the term fg ePtdM (u) is a
martingale. Applying the formula at time ¢t A T, we get:

AT (X (EAT))

tA\T tA\T (36)
— p(X(0)) + / e (Lp(X () + Bip(X (w) ) du + / MM (u).

0 0

By Lemma 15, Lo(X (1)) + fo(X(u)) < 0 when v < T. It follows that e? (X (t AT)) is a
supermartingale. Thus,

E, X Do(X(EAT))] < o). (37)

Clearly, if x € arg min ¢, then Lo(x) > 0, and hence by (30), p(z) < L. In particular, {¢ < L} # &,
so T < oo a.s. as the process is irreducible. In (37), letting ¢ — oo and using Fatou’s lemma, we
obtain

E, ["T(X(T)] < ().
It is easy to see that o(X(T)) > (X (T—))/e? > Le™?, which leads to our claim. O

The next lemma says that if we start from a configuration x such that ||z||,, = O (logn), then
this remains true for a long time.
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Lemma 18 (Stability of trajectories). Let a be defined as in Proposition 10. There is a dimension-
free constant ao such that

sup P, [3t € [0, (logn)?], | X ()|, > aslogn] = O (n™?). (38)
[#]| oo <1 logn
6
Proof. Suppose that ||z||, < ailogn. Let 61 = —, and let 1 be a constant, and let ¢ =
aq

L}

A

L}

b1

ajlogn > — [|z|| . Then by (33),

Py [ X(t)]| o > a1logn] = O (n7°).
Moreover, by Lemma 6, for a dimension-free constant o large enough,
P [G;(t) > dhlogn] = O (n_S) .
Taking a union bound, we deduce that
P, [{|X ()|l > c1logn} U{3i: G;(t) > ahlogn}] = O (n™%).
This implies
P, [||X(t)|]OO < aglogn, sup [|[X(s)|l < (a1 + ab) logn] >1-0 (n*4) .
s€[0,t]
The inequality remains true when we take the supremum over all z such that |z||, < ajlogn.

Iterating, and using the Markov property, we deduce that, for any k € Z,

P, [HX(kt)HOO < ailogn, sup || X(s)| < (a1 + a’z)logn] >(1-0n*))r>1-0(kn?).
s€[0,kt]

We finish the proof simply by taking k = |(logn)?|, and as = a1 + a. O

In the next proposition, we prove that the bound on ||.X||, above leads to a strong bound on
©?(X) for some 6 > 0.

Proposition 19 (Strong concentration of trajectories). Let 02 and B2 be two positive dimension-
free constants and Ly = L(62, 52) as in Lemma 15. Let T be the hitting time of the set {@92 < Lo}.
Let oy be defined as in Proposition 10. Then, provided that 62 is small enough, for any x such that
2]l < e logn,

P, sup (X (s) > Lo+4| =0 (n_3) : (39)
s€[T,(logn)?]

We will need the following lemma:
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Lemma 20 (Martingale estimate). Let a1 be defined as in Proposition 10. Let 05 be a positive
dimension free constant. Suppose that ||z|| < ailogn, and let (M(t))i>o be defined by

M(t) = 6% (X (1) — "(X(0) — / 6% (X (u)) du

which is a martingale according to (19). Then, for 62 small enough,

=0 (n_?’) )

P, sup |M(s)|>1
s€[0,(logn)?]

For simplicity, in the proofs of Lemma 20 and Proposition 19, we still write ¢ instead of ¢
and ¢; instead of @?2. First we see how Lemma 20 leads to Proposition 19:

Proof of Proposition 19. Let 82 and M be as in Lemma 20. We will prove that

{ S so(X(s))>L2+4} C{ sup HIM(S)!Zl}U{TZ(logn)Q},

s€[T,(logn)?] s€[0,(logn)?

and then we show that the probabilities of the events on the right-hand side is O (n*?’). By contra-

positivity, suppose that for a realization of X which is cadlag almost surely, we have ~ sup  |[M(s)| <
s€[0,(log n)?]
1 and T < (logn)?. We prove that

sup  p(X(s)) < Lo +4.
s€[T,(logn)?]

For h € [T, (logn)?] arbitrary, let s, = sup{s € [0,h] : p(X(s—)) < Ly}. Note that for any
s € [0, (logn)?],
[Ap(X(s))] = [AM(s)| <2 sup  [M(s)] <2.
s€[0,(logn)?]

Moreover, by definition of s, (X (sp—)) < Lo, and hence ¢(X (sp)) < Lo+ Ap(X(sp)) < Lo + 2.
Also by definition of sp, ¢(X(u)) > Ly when s, < u < h, and hence Lo(X (u)) < 0 by Lemma 15.
Consequently,

©(X(h)) = (X (sp)) — M(sp) + M(h / Lo(X (u))du < Lo + 4, (40)

which proves the inclusion. Besides, Proposition 17 gives us P, [T > (log n)Q] =0 (n_?’) by Cher-
noff’s bound. Combining this and Lemma 20, we deduce the claim. O

Now we prove Lemma 20:

Proof of Lemma 20. We will provide good control on AM and (M, M), and afterward we use
Lemma 5. By (19), the process M;(t) defined by

M;(t) = gi(X(1)) — pi(X(0)) - /0 Li(X (u))du

17



is a zero-mean martingale. It it clear that M is the average of M;:

Due to the conservation of the number of particles, the martingales (M;);c[,) have negative covari-
ations. More precisely, according to (20), we have

an i, = 3 ") () v a) - 0 (5 (X0 — b 8) - (X (1)
1<k, l<n

Note that when i # j, (i(x — 0k + 01) — pi(z)) (@j(x — 0 + &) — pj(x)) is negative if {k,[} =
{i,j} and is zero otherwise. Hence (M;, Mj), <0, Vi # j. Consequently, for all ¢ positive,

1 n
(M, M), < — > (M, M), .
i=1

Let ap be defined as in Lemma 18, and let U be the exit time from {||-|| ., < azlogn}. Note that,
almost surely, for any u > 0, AM (u) = 0 or there exist k,[ € [n] such that

1(602 _ 1)(692)(1(“—) _ 602(Xk(u—)—1)).
n

AM(u) = (X (u) = 0 + 61) — o(X(u)) =

In either case, before time U, almost surely,

AM ()] < L (e — 1)eIX 0o < (b2 — 1)pfa0a—t,
n

Similarly,
i@ — 0 + &) — pi()] < (€72 — DePlolle (Lgpiy vV 1),

Hence for any u < U,
|pi( = Ok + 01) — i) < (¥ — 1)°n*%22 (Lpgmyy V L)

Then by dividing the double sum to the sum where k =i or l =i or k # i # [, we get

tAU r m
oy, = [T 3 D) (g () — 6+ ) - (X))
1<k,l<n

tAU
< / (T(XZ(U)) + C(U))(eeQ — 1)2n292a2du,
0

where we recall that {(u) is the mean-field jump rate. Taking the sum over i € [n], we get

1 tAU
<MU,MU>t < o 2n¢ (u) 2292 (&2 — 1)%du
0
1 tAU
<= 2nkn20292(%2 — 1)2du
n=Jo

— O <tn2020¢2—1> ,
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where we have used (18) in the second inequality. Now for 62 small enough, 26200 —1 < —1/2, which
implies AM (u) = O (1/y/n) and (MY, MY), = O (1//n) ifu < U and ¢ = (logn)?. Then we apply
Lemma 5 to the martingale MUAN08™) () .= M(U A (logn)2 A-), witha = 1, K = b2 = O (1/y/n),
to obtain

P, [sup MUNogn)® (s) > 1} < e UV,
s>0

Using the same argument for —M, and taking a union bound, we deduce that

Pm[sup MUAGoE )| zq < 96~ UVA)
s>0

Taking a union bound with the event in Lemma 18, we get

P, [3s € [0, (log n)?] : | M| > 1] <P, [sup ‘MUA(log”)Q(s)‘ > 1} + P, [U < (log n)Q] =0 (n_3) ,

s>0

which finishes our proof. O

3.2 Path coupling via tagged particles

For k € Z, define
Ak) == r(k+1) = r(k) > 0 (41)

1
Let © be a Poisson point process of intensity —dt ® du® Card on Ry xR X [n], independent of the
n

Poisson processes used in the graphical construction of X. For a site i € [n], define an [n]- valued
process I = (I(t))s>0 by setting 1(0) = ¢ and for each (t,u, k) in ©,

I(t) :==

{k if u < A(X(t—)) (42)

I(t—) otherwise,

where X;(t) := Xj)(t). This definition means that conditionally on X, the process I(t) will
jump with the time-varying rate A(X;(t)), and the destination is uniformly chosen among all
sites. A simple but important observation is that (X () + d7())i>0 has the same distribution as
a Zero-Range process starting at x 4+ d;. We call I a tagged particle, and we stress here that the
construction of I relies strictly on condition (8). For j another site, similarly we can construct
a second tagged particle J starting from J(0) = j using the same process ©. Thus we have a
coupling (X () + 67(¢), X (t) + d51))t>0 of two Zero-Range processes starting at x + ¢; and x + d;
respectively.We call the particles of X non tagged particles. We note P, ;; for the law of the
process (X, I, J) starting from (x,7,j) and E, ; ; for the expectation taken w.r.t P, ; ;. Let 7 be the
coalescence time of I and J:

To=inf{t >0:I(t) = J(t)}. (43)

By the classical relation between dry (+,-) and coupling, we have:

drv <P£+5i, Pa€+5j> < Poij [T > 1] (44)
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By construction, if the two tagged particles manage to jump at the same time, then coalescence
occurs. However, the jump rates of the tagged particles depend on their number of cooccupants,
which complicates our task. We will need to analyze carefully the trajectories of (X, I, J) to obtain
a good estimate on 7.
The inequality (44) gives us the estimate on the total variation distance of two processes starting
from two adjacent configurations. However, comparing processes starting from two arbitrary con-
figurations directly by coupling is in general not easy. Nevertheless, if we are interested only in
total variation, and if the comparison using coupling of processes from adjacent configurations is
simpler, we can extend the comparison to two arbitrary configurations by choosing a path between
them and then use triangle inequality. This simple but powerful idea, originally due to Bubley and
Dyer in [2], is the strategy that we will implement.
Throughout this subsection, «; will be as in Proposition 10, and 69, 82, Lo will be as in Proposi-
tion 19. Proposition 19 and (34) imply that starting from any configuration x such that ||z <
a1 logn, the system will reach the set {¢? < Ls} quickly (in time O (logn)) and then remains in
{p% < Lo + 4} for a long time (namely Q((logn)?)). We will prove that if this is the case, then
the coalescence time 7 is likely to be O (logn).

From now on, let Good := {¢? < Ly + 4}. We say that a configuration z is good if x € Good
and z is bad otherwise. We introduce the process (X*,I*) taking values in Good X [n] whose
infinitesimal generator £* acts on an observable ¢ : Good X [n] — R by:

ECHEDS ") (o — b+ 61,8) — (1) Lo s taicGood) + 3 Alwi)

n - n
k,l j=1

(p(2,7) = p(a,7)).

(45)
This definition means that X* is a Zero-Range process constrained to staying good, and I* jumps
with a time-varying rate A(X7 (1)) := A(X]. B (t)) and chooses its destination uniformly among all
sites. We can use the same Poisson processes in the graphical construction of (X, I) and (X*,I*) to
obtain a coupling of them, and we can construct the second tagged particle J* analogously. By their
construction, if the processes (X, I,J) and (X*, I*, J*) start from the same configuration (z,1,j),
then they coincide up to the time when X turns bad. For any 6 > 0, we define the observable
©? : Good x [n] — Ry by

o (w,1) = (@) = .

Lemma 21 (Exponential moment of the number of cooccupants). There exist dimension-free
constants co and K such that for any (x,1,7) € Good x [n] x [n], when t > ca(x; V x;),

E,., [692<X;<t>v<X3<t>>} < K. (46)
Proof. We will prove that there exist positive dimension-free constants as, bo such that
Lr G (2,4) < —agpl®(w,i) + b, (47)

for any (z,i) € Good x [n]. Let us see how (47) leads to the claim:
Let u(t) = E,; [¢%(X*(t), I*(t))]. Then

W (t) = By [c*gofz (X*(t),[*(t))] < —agu(t) + bo.
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Hence, by Lemma 14,

E,.; |:692(X;(t))] < bl +1
3 —_ a9 ’

0 0 b
for any ¢ > —Qxi. We take co = —2, K=2 (2 + 1>, so the claim follows from the inequality
as a2 az

2(XFOVX50) < 02X5(0) 4 02X(0)

It remains to prove (47). It is similar to Lemma 15 except now we have an extra term corresponding
to the jump of the tagged particle I, which is controlled by the fact that the system is constrained
to staying good. More precisely,

E*‘sz (ZE, Z) = Z
+ Z T(Ez‘)
ki

#3 BT (e ) (e,
j=1

<
—~
8
e
~—
VS

e’ — 1) 002 (2, 1)L {45, +5:€Good}

(6‘92 - 1) P22 (@,0) Lo+ Good)

We will bound the three terms above to obtain an upper bound on £*¢?%:
n

1
The first term: since — > r(x) < k by (18), hence,
=1

r\rg ) .
Z (n) (eaQ - 1) 9022 (.1', l)]l{x—ak-‘r(siEGood} S 5(662 — 1)@22 (CC,Z).
ki
1

The third term is negative when z; > 7
2

log(L2 + 4) since z € Good, hence,

7.7'_ eeij
A(l'z) (Z:]_l — 69211' < 1H1aX A(k})(LQ + 4):;@7
n
k<-—log(L2+4)
02

for some dimension-free constant c.

n
For the second term, we first observe that there are at most N sites [ such that x; > Np, for any

constant N > 0, thanks to (11). On the other hand, if z; > Np and 2; < Np, then % (z—6; +0;) <
©%2(z), so if = is good, then so is  — §; + &;. Consequently, as e™%2 — 1 is negative, we have

r\x; _ .
> (nl)(e 2 — 1)@l (@, i) 1 {g—s5,+6,eGood)
K

r(zi), _ .
<> Tl(e 2 — 1% (2, 1)1 (45,1 6,cGo0d) Lz Np}
Kt

< Z T(U:pr-n(e_% - 1)9022 (CL‘, i)]l{mi>Np}]l{xk§Np}
ki
<P ([N (e — 162 (2, i) gy (1 — 1/N)
=r([Np])(e™® = 1)l (,1)(1 = 1/N) +r([Np])(L — e %)l (2, i) (1 — 1/N) Lz <np)-
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We sum the three inequalities, and afterwards we take
az = —r(e” = 1) + (1 = 1/N)r([Np])(1 — ™)

and
by = c+ r([Np])e?2r.
We choose N large enough to make as > 0, which is what we needed. O

We fix a constant ¢y which satisfies Lemma 21. For any initial configuration (z,i,j) € Good X
[n] x [n], we define successively the stopping times (T} )x>1 as follows:

T = Cg(xl‘ V {L‘j) +1= CQ(X;(O) V X;(O)) +1,

. . (48)
Ty =Tp—1 4 c2 (X7 (Th—1) V X7(T—1)) + 1.

Lemma 22 (Bound of 7 by T},). Let (Ti)r>1 be defined as in (48). Then there exists a dimension-
free constant cs such that for any (x,i,7) € Good X [n] x [n], for any k > 1,

Poi [r 2 T X gy = Xl ] < (01— ) (49)

Proof. We only need to prove for k = 1, then use induction and the strong Markov property. Let
¢z be the constant used in the definition of (7});>1, and let K be the corresponding constant in
Lemma 21, and let t = ca(x; V ;) = T1 — 1. By (46) and Chernoft’s bound,

for any a > 0. We choose a large enough to make the right-hand side less than 1/2. We will prove
that for any (z,14, j) € Good x [n]| x [n] such that z; V z;<a, there exists a dimension-free constant
¢ > 0 such that

Pm,i,j [7’ < 1] > c. (50)
Assuming for the moment that we have (50), let us prove the lemma. It is not hard to see that
Purij [7’ > T1,X‘[0’Tl] = X*‘[OyTﬂ]
<Py (X7 () V X5(0) > a] 4+ Paiy [X7(0) Y X5(0) < a0, X] g = X" g o 7t + 1]
< Py [X7(8) V X5(t) = a] + (1 = ¢)Pa; [XT () V X3(2) < g
<1 —cPqy [X7 (1) V X5(t) < qf
<1-—¢/2.

In the second inequality, we have used (50) and the Markov property at time ¢. We deduce the
claim simply by taking c3 = ¢/2. It remains to prove (50):

Suppose that x is good and z; V x; < a. The scenario is that in a finite time, there is no particle
arriving at ¢ and j, and the tagged particles wait for two sites i,j to be completely emptied, and
afterwards they jump at the same time. More precisely, we use the mixed graphical construction for
the process X as follows: let = and ¥ be two independent Poisson processes defined as in Graphical
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construction 1 and Graphical construction 2. Consider the process X which starts from = and has
the following jumps: for each (¢,u,e) € ¥ where e € {i,j},

. 1 -1 1 l
X(1) = X(t—) =0+ de, if - kglr (Xp(t—)) <u< - kglr(Xk(t—)), for some [ € [n] (51)
X(t—) otherwise,

and for each (t,u,k,l) € E where [ € [n]\ {3,j},

X(t) = {X(t—) =G+, i r(Xy(t-)) > u 52)

X(t—) otherwise.

Then X is a Markov process with generator £ on ). Here we use ¥ to indicate the jumps to two
sites 7,7 and = to indicate other jumps. Let

o A={Y([0,1] x [0,x] x {3,5}) =0},

o B ={Z([0,1/2] x [0,r(1)] x {a} x [n]\ {i,j}) = a},

o B;j = {E([0,1/2] x [0,r(1)] x {j} x [n] \ {,j}) = a},

o C=1{6([0,1/2] x [0,max A(k)] x [n]) = 0)} N {O([1/2,1] x [0,r(1)] x [n]) = 1}.
In fact, A is the event that there is no non-tagged particle arriving at two sites 4, 7 up to time 1. If
A happens, then B; and B; ensure that all non-tagged particles of two sites i, j jump to [n]\ {3, j}
in [0,1/2]. If A, B;, B; happen, then two sites i, j are empty in [1/2, 1], and event C' ensures that
the two tagged particles stay at {i,j} in [0,1/2] then jump at the same time (hence coalescence)
in [1/2,1]. Moreover, the Poisson random variables used in the definitions of these events are

independent and have parameters ©(1). We conclude that the events above are independent and
their probabilities are ©(1). It follows that

Pm,i,j [7' < ]_] > Px,i,j [A NB;N Bj N C} = @(1),

which finishes our proof.
O

Lemma 23 (Exponential moment of Tj). Let co and (Tk)r>1 be as in (48), and let K be the
corresponding constant in Lemma 21. Let 03 = 63/co. Then for any (x,1,7) € Good X [n] x [n], for
any k > 1,

Ex,i,j |:€93Tk} < n(Kees)k(Lg + 4).

Proof. By convention, let Ty = 0. For any k > 2, note that T}, is Fr,_,-measurable by its
definition. Conditionally on F7, ,, we have

Bpig [T] = By [Bay |97 Fr, ]
= E.ij [693(Tk—1+1)E1’iJ [60362()(;(Tk_l)VX;(Tk_l))‘]'-Tk,g”

=Eeij [eeS(TkilJrl)EX*(kaz)J*(Tk&)J*(kaz) [eOQ(X;(Tl)VX}(Tl))H

< KeBE {693T’“*1} ,
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where the inequality is due to (46). Moreover,
By [91] = B g [(9405)59)] < (L 4 )0,

where the last inequality is due to the fact that z € Good. The claim is then obtained by induction.
O

Corollary 24 (Quick coalescence while staying good). There exists a dimension-free constant o
such that for any (z,4,j) € Good x [n] x [n],

Py [T > aslogn; X(t) = X*(t), Vt < azlogn] =0 (n_3) . (53)
Proof. For any a3 > 0 and k € Z, the left-hand side is upper bounded by

Px,i,j [Tk > aglog n] + Px,i,j [7’ > Ty; X‘[O,Tk} = X*|[0’Tk]:|
< n(K603)k(L2 + 4)n_03°‘3 +(1- 03)k,

for some dimension-free constants K, 03, c3, due to Lemma 22, Lemma 23, and Chernoff’s bound.
We choose k = O (log n) such that (1—c3)* = O (n™%) and as large enough such that (K e%)kn!-0sas
@) (n_3) to get what we wanted. O

Now we can finally prove the quick coalescence for a configuration x such that ||z|| ., < ajlogn.

Proposition 25 (Quick coalescence). Recall that oy is fized in this subsection. There exists a
dimension-free constant o such that for any x such that ||z|| ., < ailogn, for any i,j € [n],

Pyijlm > alogn] =0 (n*?’) . (54)

Proof. Let a = ay+ ag, where ag is as in Corollary 24, and a4 is a dimension-free constant that we
will choose later. Let T be the hitting time of the set {2 < Ly}. The probability that we want
to estimate does not exceed the following sum:

P, [T > aslogn]

sup " (X (s)) > Ly +4

+ P,
s€[T,(logn)?] (55)

T < aglogn; sup  @2(X(s)) < Ly+4;7 > T+ aslogn
s€[T;(log n)?]

+ Pzi

We simply prove that all the terms are O (n*3):

1. The first term: By (34) and Chernoff’s bound, it is upper bounded by O (n02a1_62a4),
which is O (n*3) when a4 is large enough.

2. The second term is O (n_3) by Proposition 19.

3. The last term: From the time 7" onward, we couple the processes (X, I, J) and (X*, I*, J*)
starting from (X (T'), I(T), J(T')) by using the same Poisson processes for their graphical con-
structions. We observe that up to time (logn)?, (X, I,.J) and (X*, I*, J*) coincide. Therefore,
this term is O (n_g) by the strong Markov property at time 7" and (53), which finishes our
proof.
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Now we can prove Proposition 11.

Proof of Proposition 11. Let t = alogn, where « is as in Proposition 25. We say that two config-
urations are adjacent if they differ only by one jump. (54) implies that for any z,y such that z,y
are adjacent and [|z]|  V||yll < e1logn, dry (PL, P}) = O (n™?). Now for z, y arbitrary such that
]| V |Ylloo < a1logn, we can always connect « and y by a path, i.e. a sequence (wo,wr, ..., wg)
in € such that wy = z,wr =y, and w;_1 is adjacent to w; for 1 <[ < k. Furthermore, we can pick
one of the shortest paths to make sure that £ < m and

< .
max [l o < llele V 9l < o logn

Then by triangle inequality,
dyy (P, P) Zdw( P, PL) <m0 (n7) =0 (n?),

where the last equality is due to (11). By stationarity of m and convexity of dvy (-, ),

drv (P;, 7r) < Z 7(y)doy (P;, P;)

yeQ

= Y awdn (PLPY+ Y w(y)de (PLEY)

{y:llyll oo >cr1 logn} {v:llyll o <aa1 logn}
< 7([[yllo > crlogn) + 7(|lyllo < c1logn)O (n7?).

Moreover, by letting ¢ — oo in Proposition 10, we obtain 7(||y||,, > a1logn) = O (n~?). Combin-
ing it with the above inequality, we deduce the claim. O

4 The Poincaré constant

This section is devoted to proving Theorem 3 and Corollary 4. We first recall a classical lemma for
general Markov processes:

Lemma 26 (Lower bound on Poincaré constant). Let Q be a finite state space, and let L be an
irreducible reversible Markov generator on Q. Fix v > 0, and suppose that for any (x,y) € Q x Q
such that L(x,y) > 0, there exists a coupling P, ,, of two processes with generator L starting from
x and y such that

Ezyle?] < o0,

where T is the coalescence time of the two processes. Then A\ (L) > 7.

Proof. Let A= max [E,,[e?"]. Then for any z,y such that £(z,y) > 0,
zy:L(2,y)>0

drv (P;, P;) <Prylr>t]<e VtIE g€ < Ae .
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Now for (z,y) € Q x  arbitrary, as £ is irreducible, we can connect = and y by a path, i.e. a
sequence (wp, w1, ...,wk) in  such that wy = z,w; =y, and L(w;_1,w;) > 0, for 1 <1 < k. Picking
one of the shortest path ensures that k& < |{2|. Hence by the triangle inequality,

dav (PL, PY) Zdw (Pwl . 51) < A|Qle .

By stationarity of 7 and convexity of dv (-, ),

doy (PL,m) <) wly)dey (P PL) < AlQJe",
yeN

We deduce that ) .
- logmeagcdTV (Paf,w) >y — E(logA + log |©2]).

The claim is obtained simply by letting ¢ — oo. O
Thanks to Lemma 26, in order to prove A, = (1), we just need to prove the following:

Proposition 27 (Exponential moment of coalescence time). There ezists a dimension-free constant
v such that for all (x,i,7) € Q x [n] x [n], for the coupling of two Zero-Range processes starting
from x4 6;, x + 6; using tagged particles as described above,

Proof. We only need to prove the result for big enough n. Let a3 be as in Proposition 10. Let
01 = 6/ay, 1 be a dimension-free constant, and L1 = L(01, 51) as in Lemma 15. Let 02 < 61 be a
constant that satisfies Proposition 19, and let Lo > L1 and Good be defined as in subsection 3.2.
Let T} be the hitting time of the set {¢? < L}. (34) says that E, [¢17!] is finite for all z € Q, so
we only need to prove the result for z € {¢?1 < L1}. By abuse of notation, we will note P, (-) (resp.
E.(-)) for the maximum of P, ; ;(-) (resp. E;;;(-)) taken over all z such that ¢ () < L; and all
(i,7) € [n] x [n]. We will prove that there exists v such that E, [¢?""¥)] is bounded uniformly in
k. Then the claim is proved simply by letting k tend to infinity using the Monotone Convergence
Theorem.

Let A = Good U {y : 3z € Good, L(z,y) > 0}. Let Tpuq be the exit time from Good, and let
Ty := Tpea N\ aglogn, where ag is defined in Corollary 24. In fact, A is the set of all possible values
of X up to time Tpeq, and in particular, X (73) € A. By our definitions of the dimension free
constants, when n is large enough, {¢% < L1} C {¢” < Lo} N {||"||, < a1logn}. Consequently,
by Proposition 19 and Proposition 25,

IP* [T > TQ] =0 (7173) .

Note that 75 < aslogn, and hence E, [ (A )]1{7<T2}] eveslogn — ny2s  We deduce that

E, [ev(f/\k)} <1 4 E, [ewwc)ﬂ {TZTQ}} .
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Conditionally on Fr,, by the strong Markov property, we have
E. [0 gy | < B [P0 B [0

SW%RVZBﬁgﬁAQWEJWMW,

where in the last inequality we use the fact that X (73) € A, almost surely. Putting things together,
we obtain

E, || <1 4 O (n7*573) maxE, [?] B, [T (57)
yed Y
Consequently,
yas
E [ "/(T/\k):| < n ,
* 1 ~ 1 -0 (nrs=3)maxE, [e771]
yEA

provided that the denominator of the right-hand side is positive. Note that for y € A, [ly[l,, =
O (logn), and hence % (y) < nP, for some dimension-free constant p. Then by (34) and Jensen’s
inequality, for all y € A and v < 1,

E, [e”Tl] <E, {eﬁlTlr/Bl =0 (nw/&) .

Then the denominator above is 1 — O (n”f‘l3+7p/ 51_3), which is positive when ~ is small enough.
This finishes our proof. O

We now prove Theorem 3 and Corollary 4.

Proof of Theorem 3 and Corollary 4. In [5] (more precisely, in Corollary 3 and Lemma 13), the
authors prove that for P a doubly stochastic transition matrix on [n],

A(L) < A;ff;) < - 1m E
where the expectation and the variance are taken with respect to the stationary law 7 of £. Lemma
26 and Proposition 27 readily imply that A\ (£) = Q(1), and hence so is A;*((Elg) It remains to
prove that
If/[;(g(}l)]] —0(). (55)
We consider two cases: the case where the density is bounded away from zero : % <E[Xi] = % < p,

1
and the case of low density: E [X;] = UL 2
n

In case the density is bounded away from zero, it is easy to deduce from Proposition 8 that
E[r(X1)] = O(1) and Var [X;] = O(1), and hence the claim.

k
In the case of low density, we have Var[X;] > E[X;] — E[X1])* and E[r(X;)] < sup r(k>E [X1].
kEZy
We deduce that
r(k)
Tk k

E[r(X1)] < kezZy <9 sup 7( )7

Var [Xl] 1 —E[Xl] k€7 k
which finishes the proof. O
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Finally, we compute the Poincaré constant of the transition matrix P in Example 2.

Proof of example 2. Let Py be the transition matrix of the simple random walk on Z/pZ. It is not
hard to see that both P and P; are reversible w.r.t the uniform measures on their domains. Note
that, for fi,..., fq some eigenfunctions of P; with eigenvalues A1, ..., Ay respectively, the function
f:(Z/pZ)* — R defined by
d
f@1, oy wq) = [ ] filw)

i=1
d
Zi:l Ai

generate the space of functions from Z/pZ to R due to reversibility, the functions f of the form
above also generate the space of functions from (Z/pZ)¢ to R. Hence every eigenvalue of P is of

Z?:l Ai
d

is an eigenfunction of P with eigenvalue A := Moreover, as the eigenfunctions of P;

the form \ = , where \;, 1 < i < d, are some eigenvalues of P;. It is well-known that the

2k
eigenvalues of Py are cos <7T) , 0 <k <p (seee.g. Chapter 12 of [9]). Due to reversibility of P,
p
A«(P) is the smallest eigenvalue of I — P (see e.g. Chapter 12 of [9]), so it is given by

1 2 1 2 1 272
)\*(P)zl—d<cos<;>+d—1> :d<1—cos<;>>md-7;,

which finishes our proof. O
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