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We are interested in:
Ø the passive physical

modelling of the juncHon,
ØModels that are 

compaHble with fluid
mechanics and acous*cs.

We introduce 5 models:
Ø ranging from fluid mechanics

to linear acous*cs
Ø wriQen as port-Hamiltonian 

systems to ensure the 
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Port-Hamiltonian Framework

a

Fk F a

F uFm

k

m

x
s1

e1

e2

enS

d 1

d 2

d nD

s2

snP

Energy storing components

E =
qN

n=1 en Ø 0 (energy)

Power dissipating components :

Pdiss =
qM

m=1 dm Ø 0 (dissipated power)

Ports (inputs/outputs) :

Pext =
qP

p=1 sp (power flowing out of the system)

Conservative interconnection :

Ė = ≠Pdiss ≠ Pext (power balance)

(e�ort ◊ flow : force ◊ velocity, voltage ◊ current, etc. . . )

port-Hamiltonian formulation

A
ẋ
w
y

B

¸ ˚˙ ˝
flow F

= S(x) ·

A
ÒH(x) = e

z(w)
u

B

¸ ˚˙ ˝
e�orts E

Separation between :

- behaviour laws (H(x) et z(w))
- conservative interconnection

ET · F = ET · S · E = 0 ≈ S skew-symmetric

[A. van der Schaft, “Port-Hamiltonian systems : an introductory survey,” 2006.]
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ẋ
w
y

B

¸ ˚˙ ˝
flow F

= S(x) ·

A
ÒH(x) = e

z(w)
u

B

¸ ˚˙ ˝
e�orts E

Separation between :

- behaviour laws (H(x) et z(w))
- conservative interconnection

ET · F = ET · S · E = 0 ≈ S skew-symmetric

[A. van der Schaft, “Port-Hamiltonian systems : an introductory survey,” 2006.]

5



A Simple Example : The MKA

Mass Spring Damper Action point

k

a

m1

vext

Fext

0 xk

Parameter m1 k a ¨
vd vext, Fext

momentum elongation elongation rate velocity/force

Hpxq “ ¨ ¨
Flows F 9fi1 “ Finertia 9x¸ “ vk “ v1 vd

“ v1

vext “ v1

E�orts E fi1{m1 “ v1 kx¸ “ Fk zpvdq “ avd “ Fd ´Fext

Variable

x “ rfi1 “ m1v1 , x¸s |

1
2m1

fi2
1 ` 1

2 kx2
¸

Rigid connection

inertia force
spring elongation-rate

dashpot elongation-rate
action point velocity

¨

˚̊
˝

9fi1
9x¸

vd

vext

˛

‹‹‚“

»

——–

0 ´1 ´1 ´1
1 0 0 0
1 0 0 0
1 0 0 0

fi

��fl

¨

˚̊
˝

v1
Fk

Fd

´Fext

˛

‹‹‚

velocity of the mass m1

reaction force of the spring
reaction force of the dashpot
force received by the exterior
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With a simple variable change, we now have:
Ø a fully interpretable model (with a canonical interconnec5on)
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Approximation
The fluctuations of mass density are small compared to its
state at rest value

1)

2)

3)

4)

T

unchanged

Small mass fluctuta3ons

(App 1)

Mass convection

Nonlinear Quadra>c

Compression

Same interconnec3on

(M2) exhibits:
Ø a linear thermodynamical behaviour
Ø nonlinear mass convec3on phenomenon



Model (M3): linear acous/cs

12



Model (M3): linear acous/cs

12

Approxima>on 2



Model (M3): linear acous/cs

12

Approximation 2
The fluctuations of the kinetic variables are small:



Model (M3): linear acous/cs

12

Approxima>on 2
The fluctua3ons of the kine3c variables are small:



Model (M3): linear acous/cs

12

Approximation 2
The fluctuations of the kinetic variables are small:

1)



Model (M3): linear acous/cs

12

Approxima>on 2
The fluctua3ons of the kine3c variables are small:

1)
Small fluctutations



Model (M3): linear acous/cs

12

Approxima>on 2
The fluctua3ons of the kine3c variables are small:

1)

2)

Small fluctuta3ons



Model (M3): linear acoustics

12

Approxima>on 2
The fluctua3ons of the kine3c variables are small:

1)

2)

Small fluctuta3ons



Model (M3): linear acoustics

12

Approxima>on 2
The fluctua3ons of the kine3c variables are small:

1)

2)

Small fluctuta3ons



Model (M3): linear acous/cs

12

Approximation 2
The fluctuations of the kinetic variables are small:

1)

2)

Small fluctuta3ons

3) Quadra3c form è



Model (M3): linear acoustics

12

Approxima>on 2
The fluctua3ons of the kine3c variables are small:

1)

2)

Small fluctuta3ons

3) Quadra3c form è

4)



Model (M3): linear acous/cs

12

Approxima>on 2
The fluctua3ons of the kine3c variables are small:

1)

2)

Small fluctuta3ons

3) Quadratic form è

4) where 



Model (M3): linear acous/cs

12

Approxima>on 2
The fluctua3ons of the kine3c variables are small:

1)

2)

Small fluctuta3ons

3) Quadra3c form è

4) where 

and



Model (M3): linear acoustics

12

Approxima>on 2
The fluctua3ons of the kine3c variables are small:

1)

2)

Small fluctuta3ons

3) Quadratic form è

4) where 

and

Acous3cal mass rate

Acous3cal enthalpy



Model (M3): linear acous/cs

12

Approximation 2
The fluctuations of the kinetic variables are small:

1)

2)

Small fluctuta3ons

3) Quadra3c form è

4) where 

and

Acous3cal mass rate

Acous3cal enthalpy



Model (M3): linear acous/cs

12

Approxima>on 2
The fluctua3ons of the kine3c variables are small:

1)

2)

Small fluctuta3ons

3) Quadra3c form è

4)

Links with linear acous>cs
Acous3cal pressure:

where 

and

Acoustical mass rate

Acous3cal enthalpy



Model (M3): linear acous/cs

12

Approxima>on 2
The fluctua3ons of the kine3c variables are small:

1)

2)

Small fluctutations

3) Quadra3c form è

4)

Links with linear acous>cs
Acous3cal pressure:

where 

and

Acoustical mass rate

Acoustical enthalpy



Model (M3): linear acous/cs

12

Approxima>on 2
The fluctua3ons of the kine3c variables are small:

1)

2)

Small fluctutations

3) Quadra3c form è

4)

Links with linear acous>cs
Acous3cal pressure:

where 

and

Acous3cal mass rate

Acoustical enthalpy

For a more classical representa3on



Model (M3): linear acous/cs

12

Approxima>on 2
The fluctua3ons of the kine3c variables are small:

1)

2)

Small fluctutations

3) Quadra3c form è

4)

Links with linear acous>cs
Acous3cal pressure:

where 

and

Acous3cal mass rate

Acoustical enthalpy

For a more classical representa3on



Model (M3): linear acous/cs

12

Approxima>on 2
The fluctua3ons of the kine3c variables are small:

1)

2)

Small fluctutations

3) Quadra3c form è

4)

Links with linear acous>cs
Acous3cal pressure:

where 

and

Acous3cal mass rate

Acoustical enthalpy

Classical state-space representation also available !

For a more classical representa3on
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