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Isometric representation of integral operators
with positive-semidefinite kernels

Bertrand GAUTHIER "

Abstract

We describe a natural coisometry from the Hilbert space of all Hilbert-
Schmidt operators on a separable reproducing kernel Hilbert space (RKHS)
H, and onto the RKHS ¢ associated with the squared-modulus of the repro-
ducing kernel of H. We discuss the properties of this coisometry, and show that
trace-class integral operators defined by general measures and the reproducing
kernel of H always belong to its initial space. The images of such operators
are the Riesz representations of integral functionals on G, drawing a direct con-
nection between the approximation of trace-class integral operators with PSD
kernels and the approximation of integral functionals on RKHSs associated
with squared-modulus kernels.

Keywords: reproducing kernel Hilbert spaces, integral operators, low-rank approx-
imation, kernel embedding of measures, kernel quadrature.
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1 Introduction

Integral operators with positive-semidefinite (PSD) kernels play a central role in the
theory of reproducing kernel Hilbert spaces (RKHSs) and their applications; see
for instance [4, 5, 19, 26, 20]. As an important instance, this class of operators
encompasses the PSD matrices.

Among other interpretations and under suitable conditions, an integral operator
defined by a PSD kernel K and a measure u can be regarded as a Hilbert-Schmidt
(HS) operator L  on the RKHS H associated with K; see e.g. [21, 22]. Let G be

the RKHS for which the squared-modulus kernel |K|? is reproducing. In this note,
we show that when the integral of the diagonal of K with respect to the variation of
w is finite, the HS operator L on H can be isometrically represented as the Riesz
representation g, € G of the integral functional on G defined by the measure 4, the
conjugate of u. The operator L is in this case trace-class, and g is the kernel em-
bedding, or potential, of the measure u in the RKHS ¢. Consequently, in the Hilbert
space HS(H) of all HS operators on H, the characterisation of an approximate mea-
sure v (defining together with K an integral operator L  on H) for the approximation
of an initial operator L  reduces to a quadrature problem for the approximation of

integral functionals on the RKHS G associated with | K |>. More precisely, denoting
by Bg the closed unit ball of G, we have

2

”LM - Lv”HS(H) = ”gﬂ - g\/”g = SupgeBg | / g(t)dﬁ(t) - _/ g(t)dv(t)

so that the norm ||L — L ||y, corresponds to a generalised integral probability
metric (see for instance [16, 24, 2, 15, 27]) for the approximation of integral func-
tionals on G.

We give an overall description of the framework surrounding such an isometric
representation, and illustrate that it follows from the definition of a natural coisome-
try I' from HS(#) onto G; in particular, I maps self-adjoint operators to real-valued
functions, and PSD operators to nonnegative functions (Section 2). Under general
measurability conditions on K and assuming that the diagonal of K is integrable
with respect to | u|, we show that the integral operator L  always belongs to the ini-
tial space of I', and that F[Lﬂ] =g, We next describe the equivalence between
the quadrature approximation of trace-class integral operators with PSD kernels and
kernel quadrature in RKHSs with squared-modulus kernels (Section 3).
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For an approximate measure v, we denote by P, the orthogonal projection from
H onto H , the closure in H of the range of lel' We then discuss the extent to which
the kernel-quadrature setting of Section 3 can be used as a surrogate for the character-
isation of projection-based approximations of L  of the form P L , L P or P/ L P,.
Further, when the initial measure u is nonnegative, the integral operator defined by
the kernel K and the measure y can more generally be regarded as a HS operator
from, and to, L*(u) or H (four possibilities). Noticing that these integral operators
are composites of the natural embedding 1, of H in L*(u), we study the properties
of the low-rank approximations induced in this framework by partial embeddings of
the form 1, P,. We in parallel illustrate the interest of the kernel-quadrature setting
in terms of differentiability and numerical complexity, and describe the connections
between of the considered framework and the low-rank approximation of PSD ma-
trices through column sampling (Section 4).

2 Framework and notations

By default, all the Hilbert spaces considered in this note are complex; they are oth-
erwise explicitly referred to as real Hilbert spaces; we use a similar convention for
vector spaces. Inner products of complex Hilbert spaces are assumed to be linear
with respect to their right argument. For z € C, we denote by z, |z| and R(z) the
conjugate, modulus and real part of z, respectively, and i € C is the imaginary unit.
By analogy, for a complex-valued function f on a general set .S, we denote by f and
| f] the functions defined as 7(s) = m and | f|(s) = |f(s)|, s € §; we also use
the notation | f]* to refer to the function s — | f(s)|*.

For two Hilbert spaces H and F, we denote by A the adjoint of a bounded linear
operator A : H — F. The map A is an isometry if A*A = id,,, the identity operator
on H, and A is coisometry if A is an isometry (i.e. if AA® =id;). A coisometry
A is a surjective partial isometry (i.e. AA*A = A), and A* A is then the orthogonal
projection from H onto the initial space T(A) of A, with I(A) the orthogonal com-
plement in H of the nullspace of A. We denote by null(A) the nullspace of A, and
by range(A) its range. Also, for a subset C of H, we denote by C*# the orthogonal

—H
complement of C in H, and by C the closure of C in H.

2.1 Hilbert-Schmidt operators and RKHSs

Hereafter, we introduce the overall framework leading to the definition of a natural
coisometry I" from the Hilbert space HS(H) of all HS operators on an underlying
RKHS H, and onto the RKHS G associated with the squared-modulus of the repro-
ducing kernel of H; the terminology natural is used to emphasise that the considered
construction does not depend on the choice of any specific basis.

Underlying RKHS. Let H be a separable RKHS of complex-valued functions on
a general set 2", with reproducing kernel K : 2 x Z — C; see for instance
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[1,17]. Fort € 2, let k, € H be defined as k,(x) = K(x,1), with x € Z". For all
h € H, we have (k, | h),, = h(t), where (- | -),, stands for the inner product of H
(this equality is often referred to as the reproducing property); we denote by ||-][;,
the norm of H, and we use similar notations for the inner products and norms of all
the Hilbert spaces encountered in this note.

Hilbert-Schmidt space. Let HS(H) be the Hilbert space of all HS operators on H;
see e.g. [7, 11, 3]. For T € HS(H), we denote by T'[h] € H the image of h € H
through T, and by T'[h](x) the value of the function T[] at x € Z"; we use a similar
convention for all function-valued operators. For a and b € H, let T,, € HS(H) be
the rank-one operator given by

Ta’b[h] =a(b| h)H,h eH;
we also set S, = Tb,b.

Remark 2.1. An operator T" € HS(H) admits a singular value decomposition of the
formT =, 0T, ,,0 CN, where {0,},, € £*(1) is the set of all strictly positive
singular values of LT,L and where {u,},, and {v,},,, are two orthonormal systems
(ONSs) in H; the series converges in HS(H). <

Remark 2.2. Let H' be the continuous dual of H. For h € M, let ¢, € H' be the
bounded linear functional such that §,(f) = (h| f),,, f/ € H. Endowed with the
inner product (¢, | §,), = (h| f),,, the vector space H' is a Hilbert space, and the
Riesz map h — &, is a bijective conjugate-linear isometry form H to H' (we may
notice that ¢ , = a,, a € C). The linear map densely defined as T,,~a®¢, (see
Remark 2.1) is then a bijective isometry from the Hilbert space HS(#) to the tensor
Hilbert space H @ H'. <

Conjugate RKHS. Let H be the RKHS of complex-valued functions on 2~ asso-
ciated with the conjugate kernel K, with K. (x 1) = K(x,1),xand 1 € 2. For all
heH wehave h € H (i.e. the function h:xe h(x) is a vector of H) and the
map h — hisa bijective conjugate-linear isometry from H to H. We may notice

that k,(x) = K(x, 1) = k (x), and that

(k1 Kys = KCe, 1) = K(1,%) = (k, | k),

X

We denote by ¥ the bijective linear isometry from HS(H) to the tensor Hilbert
space H ® H, densely defined as ‘P(Ta’b) =a®b,aand b € H.

Remark 2.3. Followmg Remark 2.2, the linear map &, — hisa bijective 1sometry
form H' to H. Further, the linear map densely definedas a @ &, = a ® bisa

bijective isometry form H ® H' to H ® H; the composition of this isometry with
the bijective isometry from HS(H) to H ® H' discussed in Remark 2.2 yields the

isometry ¥ : HS(H) - H ® H; see the diagram (5). <
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Squared-kernel RKHS. The kernels K and K being PSD, by the Schur-product
theorem, so is the squared-modulus kernel |K|* = KK, with

IK|*(x,) = K(x, DK (x,1) = |[K(x,0)|* = |k |*(x), xand t € 2.

Let G be the RKHS of complex-valued functions on Z for which | K |* is reproducing
(G is the product of the two RKHSs H and H; see e.g. [1, 1_7]).
Following [17, Chapter 5], we denote by C, : H ® H — G the coisometry

densely defined as C,(a ® Z) = az, a and b € H, where ab € G is the complex-
valued function on 2 given by

(az)(x) = a(x)b(x) = (k, ® k_xl a® Z>H®ﬁ’ xe 2.
For Y € H ® H', we more generally have
Co[Y1) = (I, I | Co YD) = (k, @ K | Yy e )
— HOH
The initial space of C, is I(C,) = span_{k ® k |x € Z"} , the closure in
H ® H of the linear space spanned by the simple tensors k. ® k_x, xex.

Remark 2.4. From (1), for all x € 2", we have CZ[|kx|2] =k ® k_x The linear
space span { |kx|2|x € 2} being dense in G (see for instance [17, Chapter 2]), we
have C,C} = id;, and C, is thus an isometry. <

Natural coisometry from HS(H) onto G.  We are now in the position to introduce
the coisometry I' = C,¥ : HS(H) — G; since this map plays a central role in our
study, we gather some of its properties in the following Lemma 2.1.

Lemma 2.1. The linear map I' = C,¥ is a coisometry from HS(H) onto G, and its
initial space verifies

HS(H)
)= spanC{Skxlx e 2} . 2)
Further, for all T € HS(H), we have
FITI) = (S, [ Thsny = (k| Tk, = Tl J0.x€ 2. ()

Proof. The linear isometry ¥ being bijective, we have Y¥* = id and thus

HRH>
[T = C,Y¥"C; = C,C} = id, .
By definition of C, and ¥, we have I'[T,,] = C,[a ® b] = ab, aand b € H.
Noticing that T’ *[lkxlz] =¥k ® k_x] =S ,x € %, (2) follows by density of
span{ |kx|2|x € 2} in G (see Remark 2.4). From the reproducing property in G,

5
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we have I'[T'](x) = (|k, |* | T[T oo T € HS(H); as [k, 11 = S, , we obtain
C[T](x) = (S, | T)HS(H) We next notice that '

(T, | T)ysay = al|TIbl),;, aand b € H; 4)
indeed, as T, , = 0, equality (4) trivially holds for b = 0, and for b # 0, we have
(T, T)HS(H) (T, (6] T[b]),,/11blI%, with T, ,[b] = al|b||%,. Takinga = b = k_,
(4) reads (S, | T>HS(H) (k |Tlk 1);, = T[k ]I(x), concluding the proof. D

The following diagram summarises the construction of I' (the & symbol refers
to the two the natural bijective isometries discussed in Remarks 2.2 and 2.3).

HS(H)

< 7

HOH —HH

Through I', the HS operators on H belonging to Z(I") are isometrically represented
as functions in the RKHS G associated with the squared-modulus kernel |K |2.

2.2 Self-adjoint operators and real-valuedness

For T € HS(H), we have T* € HS(H), and so, from (3), I'[T*] = I'[T]. Conse-
quently, if 7' is self-adjoint, then the function I'[T] is real-valued. This observation
is intrinsically related to the structures of HS(H) and G, as illustrated below.

Remark 2.5. Form the surjectivity of I', for all g € G, there exists T € HS(H) such
that I'[T'] = g, and the function g = I'[T] is thus also a vector of G. <

Squared-kernel real RKHS. The squared kernel |K|* being real-valued, it is the
reproducing kernel of a real RKHS G, of real-valued functions on .2". The real
RKHS G, can be regarded as a closed real-linear subspace of ¢, and the complex
RKHS @ is a complexification of Gy (see e.g. [17, Chapter 5]; G, is referred to
as a standard subspace of G). More precisely, for all g € G, there exist g _and
g € Gy C Gsuch that g = g +ig;, with g = %(E +g)and g = %i@ — g), and
the decomposition G = G, + iG, holds. The functions g, and g, are the real and
imaginary parts of g, and we have ||g||é = ||g[r||é + ||gﬁ||é.

Self-adjoint HS operators. We denote by HS_(H) C HS(H) the closed real-linear
subspace of all self-adjoint HS operators on H. For every T € HS(H), there exist T,
and T, € HS,(H) such that T = T, +iT;, with T, = %(T* +T)and T} = %i(T* -T).
Endowed with the inner product of HS(H), the real vector space HS_(H) is a real
Hilbert space, and the decomposition HS(H) = HS_(H) + iHS_(H) holds. By lin-
earity of I', we may notice that if I'[T'] = g, thenI'[T,] = g_and I'[T}] = g,.
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Remark 2.6. For all T € HS(H), we have ||T'||yg,,, 2 IT[T]ll; with equality if
andonly if T € I(I'); as ||T||HS(H) = ||T*||HS(H) and ||gll; = lIgll,, it follows that if
T eIM), thenT" € I(I'),andalsoT, and T; € I(I"). <

Remark 2.7. The diagram (5) is also well-defined when all the involved Hilbert

spaces are real (the kernel K in this case verifies K = E, that is, K is symmetric).
HS(H)
We then have I(I') = spang {.S, |x € 2} ,and Z(I") thus solely consists of self-

adjoint operators. In the real case, as I'[T*] = I'[T], T € HS(H), we also obtain
that if T* = —T, then I'[T'] = 0; by comparison, in the complex case, if T* = —T,
then the function I'[T'] is pure-imaginary. <

2.3 Positive-semidefinite operators and nonnegativity

From (3), if T € HS(H) is PSD, then I'[T'](x) = (k| T'[k ]);, > O forall x € 2,
so that the function I'[T'] is nonnegative. This observation again directly relates to
the structures of HS(H) and C.

Positive-semidefinite HS operators. We denote by HST(H) c HS, (H) the closed
real convex cone of all PSD HS operators on H. For all T € HS_(H), there exist T
and T~ € HST(H) such that T = T™ — T, so that the cone HS] (H) is generating
in HS_(H).

Nonnegative functions in G. We denote by QE'R'{ C Gy, the closed real convex cone
of all nonnegative functions in G. For all T € HSI(H), we have I'[T] € Qﬁé, and
since I' is surjective, the cone QE'R; is generating (that is, for all g € G, there exist g"
and g~ € Gy such that g = g* — g").

Remark 2.8. Let T = Y. 4,5, be a spectral expansion of T € HS] (), with
J

{4;},er 1 €N, the set of all strictly-positive eigenvalues of T' (repeated with multi-

plicity), and where {¢,},.; C H is a set of associated eigenvectors, orthonormal in

M. We then have T[T] = ¥ . AT[S, 1= X, Ale,[°, so that if T € HS(H) is

J
PSD, then I'[T'] = 0 if and only if T = 0. <

3 Trace-class integral operators with PSD kernels

From Lemma 2.1, if T € HS(H) is of the form T = Z;’zl a)jSk , withn € N,
s; € 2 and w; € C,thenT € I(I'). For h € H, we in this case ha\I/e

T[h)l(x) = Z k, )k, [ )y, = ijK(x, sOh(s),x € X,
Jj=1 j=1

so that T can be regarded as an integral operator on H defined by the kernel K and

. n . .
the finitely-supported measure ), =1 @ jésj, with §_ the Dirac measure at x € 2.

7
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We in addition have ['[T] = 3_| cojlks_lz, so that (T[T1|g), = X, @,8(s)),
J

g € G, and I'[T] is thus the Riesz representation of the integral functional on G

defined by the measure Z _1 O, 6, . Under adequate measurability conditions, these

observations more generally hold for all trace-class integral operators on H defined
by the reproducing kernel K of H and general measures on .2".

3.1 Integral operators and kernel embeddings of measures
Let A be a o-algebra of subsets of Z". We consider the Borel c-algebra of C, and

make the following assumptions on K and the measurable space (2", A):

(A.1) forallt € 2, the function k, € H is measurable on (2, A);

(A.2) the diagonal of K is measurable on (2", .A).

Remark 3.1. The RKHSs H and G being separable, (A.1) ensures that all the func-
tions in H and G are measurable; see for instance [25, Lemma 4.24]. The three maps
tek,t— |kt|2 andt — S, .1 € 2, are then weakly-measurable, and since the
Hilbert spaces H, G and HS(7:[) are separable, by the Pettis measurability theorem,
these three maps are also strongly-measurable (see e.g. [8, 28]). <

We denote by M, M, and M. the set of all nonnegative, signed and complex
measures' on (2, A), and we set Mg = MU M, (we have M, C M). Noticing
that K(t,1) > 0,1t € 27, from (A.2), we define

T, = / K, nd|u|@t) € Ry U {+o0}, p € M.
P

We next introduce the sets 7, (K), 7 (K) and 7.(K) of all measures y in M, M,
and M. such that T, is finite, respectively; the inclusion 7 (K) C 7 (K) holds, and
we set T.(K) = T (K) U T-(K). We may notice that 7.(K) is a vector space, and
that 7, (K) is a real convex cone. We recall that

K(t.0) = kB, = 1S, llss = 1K, Pllat € 2.

Integral operators on H with kernel K. By assumption, for y € 7.(K), the integral
f 2 1S, ||HS(H)d| ul(®) = T, is finite, and the map 7 — S is thus Bochner—mtegrable
with respect to u (Bochner integrability criterion; see e. g [8, 28]). We then set

L, = /J Sktd,u(t) € HS(H).
From (4), for h € H and x € 2", we have
Lﬂ[h](x) ( h | L >HS(H) / <Tk h | S >H5(H)dﬂ(t) —/ K(x, yh(H)du(?),

and L € HS(H) can thus be regarded as an integral operator on H defined by the
kernel K and the measure u (see also Remark 3.2).

'We only consider finite complex measures, while signed measures may not necessarily be finite.
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Lemma 3.1. For all u € T.(K), we have

(LI f)y = / h(t)f(OdR(t), hand f € H. (©)
z

Proof. From the Cauchy-Schwarz (CS) inequality in H, we have

‘ A Wf(t)dﬁ(r>'< L [k, L[4, | £l A1l < ILf Nl

so that the linear functional @h’” L f e / e m f(du(t), f € H, is bounded.
Taking f = k , x € 2, we obtain

®,,(k,) = / hOK (1 x0)d7(r) = LTAIx) = (L, 4] | k).
Fa

so that Lﬂ[h] is the Riesz representation of ©® hop ]

Remark 3.2. For u € 7T.(K), the operator L” € HS(H) is the Riesz representation
of the bounded linear functional Z : HS(H) — C given by

Z”(T) = L»<Skt | T)ﬂs(H)dﬁ(t)a T € HS(H),

thatis Z (T) = (L, | T )yg,,- Using the CS inequality in HS(H), we in particular

have |Z”(T)| < fgg’ |<Skr |T>H5(H)|d|.ul(t) < ”T”Hs(H)Tﬂ-
We may also notice that the map ¢ — k, is Bochner-integrable with respect to
the measure m,  on (2, A) defined as mh#(A) = /A h()du(t), A € A; we then

have L, [h] = [, kh(Ddu(o), with [, 1k, L | AOIdI#1@0) < 1Al <
Lemma 3.2. For all u € T.(K), the operator Lﬂ is trace-class.

Proof. Let {h,},_, be an orthonormal basis (ONB) of H, with 1 € N. Forallt € 2,
we have k, = )., him, so that {h,(1)},, € £°(l) and Yic |hl.(t)|2 = K(1,1); see
e.g. [17, Chapter 2]. Let { f;},,, be another ONB of H; from (6), and by monotone
convergence and the CS inequality in #*(l), we have

ST L), < ZL |AOIAOId] )
i€l iel &

_ /, IGIDGEGE L VRGOVEGdlul®) = 7.

9 <
tiel

so that trace(|L,,|) < 7, with |L | = (L;';LM)I/2 the modulus of L. ]
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Kernel embedding of measures in G.  As fy I |kt|2||gd|,u|(t) =17, for u € T.(K),
the map ¢ — |kt|2 is Bochner-integrable with respect to 4. We then set

6= [ IkFauo e
X

For all g € G, we have (gﬂ lg); = f o &@)dpu(1), and g, s thus the Riesz represen-
tation of the linear functional IM : G — C such that Iﬂ(g) = / o 8(0)du(t); we may
notice that |1 (g)| < [lgll;7,. The vector g is referred to as the kernel embedding,
or potential, of the measure y in the RHKS G; see for instance [24, 6, 15].

Theorem 3.1. For all u € T.(K), we have L, eIl)andI[L =g,

Proof. From Lemma 2.1 and by definition of Lu and 8, forall T € HS(H), we have

(Clg, I Tusary = (8, I T[T g = /%<Sk, | s a0 = (L, | Ty

so that I'™* g ]=L, O

Remark 3.3. Following Section 2.2, for a signed measure u € 7 (K), the function
8, is real-valued, and the operator LH =TI [gﬂ] is self-adjoint; as expected. Also,
following Section 2.3, for a nonnegative measure y € T+(K ), the function g, 18
nonnegative, and the operator L  is PSD. We may notice that L 5. = S X € Z.<

3.2 Approximation and kernel quadrature

Let B, = {g € Glllgll; < 1} be the closed unit ball of G. For y and v € T.(K),
from the definition of g, and g, € G and by the CS inequality, we have

/ gMdu(t) - / g(t)dV(t)‘
Z Z

=llg, -8l

sup
geBg

M (pu,v) = sup |(g, — &, 18]
geBg

When the measures ¢ and v are probability measures, the term I g( u,v) is referred
to as an integral probability metric, or maximum mean discrepancy; see for instance

[16, 24, 23, 15, 27].

Remark 3.4. For all g € G, we have g € G and ||g]|; = [Igll (see Section 2.2), so
that M (u, v) = SUp,p, | [, e@du®) — [, g®)dv(®)|, u and v € T(K). <

The following Corollary 3.1 illustrates the connection between the quadrature ap-
proximation of trace-class integral operators with PSD kernels (quadrature method,
see e.g. [13]) and the approximation of integral functionals on RKHSs with squared-
modulus kernels (kernel quadrature; see e.g. [2]).

Corollary 3.1. For all y and v € T.(K), we have ||LH — LV||HS(H) =M (u,v).

10
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Proof. Form Theorem 3.1 and by linearity of I'*, we have I'™* g, —gl=L,—L,
Since I'* is an isometry, it follows that ||g” - gV”g = ||LM — LV||HS(H). 0

For a fixed initial measure y € 7 (K), the map Du s Te(K) = R, with

>0°

D,w) =L, = L Ilfsgs = g, — &Iz v € Te(K), (7

is convex on any convex set ¢’ C 7(K); the map v ~ g is indeed linear on ¢’ (that
is,foré =v+an € €, withv,n € ¥ and a € C, we have 8: = &, +ag,), and the
map g +— [lg,— & ||é is convex on G. Also, for vand n € ¥, the directional derivative
of DM at v in the direction # — v is

1113)1 . [D (v + p(n — v)) D”(V)] = 22R((gv -8, | 8, — gv>g)'

From Theorem 3.1, we may in particular notice that

(8,18,0¢ = (L, | L ysap = /% |K (x, 1)|*dp(t)dv(x)

:/ gﬂ(x)dV(x)=/ mdﬂ(t)Q

and since |K(x,1)|* = Kk, | k, )H <k, IIHIIk IIH =
(from the CS inequality in H), we have (g, 1g,)cl <7

®)

K(x,x)K(t,t), xand t € 2
v ;4'
Remark 3.5. For y € 7(K) and v € 7.(K), and denoting by v, and v, € T (K)
the real and imaginary parts of v, we have g — 8, € Cr and 8, € G- Following

Section 2.2, we obtain [|g, — g |7 = llg, — g, ||g + lg, ||g, so that D .(v,) <D, (v).
Consequently, when L  is self-adjoint, the search of an approx1mate measure v for
the approximation of L by L may be restricted to 7 (K). <

3.3 Nonnegative measures and L*-embeddings of RKHSs

Hereafter and in anticipation of the forthcoming Section 4, we further discuss the
properties verified by the integral operators considered in Theorem 3.1.

For u € T_(K), let L*( u) be the Hilbert space of all square-integrable functions
with respect to y. From the CS inequality in H, we have

/ ol dM(t)—/ A MR TGRS 2157, h € H, €)

so that the linear embedding 1, H - L2(,u), with zﬂ[h] the equivalence class of all
measurable functions u-almost everywhere equal to A, is bounded (see e.g. [26]).
Lemma 3.3. For all y € T _(K), the embedding 1 is HS and LM = l;lﬂ,‘ we in
addition have null(Lﬂ) ={he leﬂ[h] =0}.

11
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Proof. Let {h,},, be an ONB of H, with I C N. As K(t,1) = Y |h,.(t)|2, te &
(see e.g. [17]), from (6) and by monotone convergence, we have

Tl b s, = DL Y = [ 3 hoFaun =5,
i€l i€l Z el
so that 1 is HS. From (6), we also obtain
(LI £y = (R 1,11 2 = (C1, 81| £)yye hand f € H,

andso L = 1/";1#. Finally, noticing that (Lﬂ[h] | h),, = ||z#[h]||2Lz(”) and that L is
PSD, we have LH[h] = 0 if and only if lM[h] =0. O

For v € T.(K), we by definition have |v| € 7, (K) and v € T(K); from (6), we
can in addition notice that

(LRI [y = / h(t) f()AV(t) = (h| L;[f1),, hand f € H,
Z

so that L" = L_. The following relation (Lemma 3.4) holds between the range of
L, and the range of L.

M M
Lemma 3.4. Forall v € T(K), we have range(L ) C range(L,) .

Proof. Using (6) and the CS inequality in L2(|v|), we obtain

|<L;[h]|f>H|=’ / %f(r)dv(t)‘< / KOILF DIV
A A
< “l|v|[h]||L2(|V|)||l|v|[f]”LZ(M)’ hand f € H.

Lemma 3.3 then entails null(L,;) C null(L;), and so null(L;)" C null(L,,)"".
Since for all T € HS(H), we have null(T™) = range(T)lH , we conclude by noticing
that L2 =L and L} = L, ]

vl

The following Lemma 3.5 illustrates that when v is finitely-supported, then the
range of L is fully characterised by the support” of v.

Lemma 3.5. Forv = Z" v,6, withv, € C, v, # 0, and s, € X, we have

i=1"i"s
range(lel) = spanC{ksl, k)
Proof. Noticing that |[v| = Y |v,]8, € T,(K), from Lemma 3.3, we obtain
null(L,)) = {h € H]1,[h] = 0} = N_,{h € H|{k, | h),, = 0}. Since L,is
self-adjoint, the result follows. [

2Assuming that 2" is a topological space and that the RKHS H consists of continuous functions,
a similar characterisation could be obtained for Radon measures, for instance. In this note, we merely
focus on the finitely-supported case as it does not require any further assumption and is one of the
most relevant in terms of practical applications.

12
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4 Projections and subspaces defined by measures

Hereafter, we discuss the extent to which the kernel-quadrature setting described
in Section 3.2 can be used as a surrogate for the characterisation of closed linear
subspaces of H for the approximation of trace-class integral operators with PSD
kernels through projections.

4.1 Further notations and general properties

For a closed linear subspace H ¢ of H, we denote by P the orthogonal projection
from H onto H . Endowed with the Hilbert structure of H, the vector space H is
a RKHS, and its reproducing kernel K, verifies K ¢(x,1) = Pg[k,](x), xandt € 2 .

Remark 4.1. The linear map T — P,T is the orthogonal projection from HS(H)
onto R(Hy) = {T € HS(H)| range(T') € H }, the closed linear subspace of HS(H)
of all operators with range included in .

Further, the linear map T +— T P, is the orthogonal projection from HS(H)
onto Z(Hg) = {T € HS(H)| range(T™) C Hg}. The two orthogonal projections
T - PJT and T — TP, commute, and their composition T — P.T P is the
orthogonal projection from HS(H) onto R(H¢) N Z(H). For all T € HS(H), we
thus have

”T - PST”és(H) = ||T||12-IS(H) - ”PST”éS(H)a and (10)
2 2 2
”T - PSTpslle(H) = ”T”HS(H) - ”PSTPS”HS(H), (1)
with || PeT Pgllyssy < NPT sy < 1T s> i particular, if T is self-adjoint,
then so is P,T P. Since (P¢T)" = TPy, the orthogonal projections onto R(H )

and Z(H ) are intrinsically related; for this reason, in what follows, we mainly focus
on approximations of the form P,T and P;T P. <

Lemma 4.1. Let H and H be two closed linear subspaces of H, with H, C H.
Forall T € HS(H), we have

”PRT”HS(H) < ”PST”HS(H) and ”PRTPR”HS(H) < ”PSTPS”HS(H)'

Proof. We denote by H, the orthogonal complement of H, in ;. We then have
Pg = P, + P, and (P,T | PeT)HS(H) = (TP, | TPe)HS(H) =0,T € HS(H). It
follows that || PsT |[Fs 50 = I1PRT II3, + | P,T Ils¢)» and that
”PSTPS”2HS(H) = ||PRTPR”12-IS(H) + ||PeTPe||12-lS(H)
+ | PRT P, |0 + | P.T Py

2
||HS(H)9

completing the proof. [

13
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Remark 4.2. For a fixed initial operator " € HS(H) and a given rank, the subspaces
leading to minimal values of || T — PSTlle(H) or ||T — PSTPS||HS(H) correspond to
spectral truncations of T; see e.g. [12, Theorem 4.4.7]. In practical applications, a
direct implementation of such optimal approximations is therefore limited to opera-
tors for which a singular value decomposition can be computed beforehand. <

Orthogonal projections being bounded linear maps, for y € T.(K), we have

PgL, = [ PgS, du(?) (see e.g. [28)), that is

PgL [h](x) = / K (x,Hh(t)du(t), h€ Hand x € 2,
Z

and PgL € HS(H) may thus be regarded as an integral operator on H defined by
the kernel K¢ and the measure u. Since K (¢,1) < K(,1), t € 27, we may notice
that 7.(K) C T-(Ky).

Lemmad.2. Let H,, and H,, be two closed linear subspaces of H. Forall y € T.(K),
we have

1P, L, Pyllsae = //j{ Ky (6, ) K, (x, Ddu()dpu(x).

Proof. We consider an ONB {hj }jell of H, 1 C N. From (6), we have

1Py L, Pylifisar = D (L, PyL11 P, L, Pylh)1),
jel - (12)
=) // PyTh;1(0) Py Th 100K, (x, Ddu()dzi(x).
x

Jel

As Zjeﬂ PU[hj](t)PU[hj](x) = K,(t,x), xand t € 2 (see e.g. [17]), and since
K, 1) < K(t,1) and K, (¢,1) < K(2,1), from the CS inequality in fz(l]) and in H,
we obtain

// 3 1P 1 0] Py T, 00| | Ky e, 0]l (0l o) < 2
Z jel

and the result follows form (12) and Fubini’s theorem. ]

Remark 4.3. For y € T(K) and x € 2, we have
T[PgL )(x) = (k.| PgL,[k]), = / K (x, K (t, x)du(r), and
v
T[PgL,Pl(x) = (k.| PgL, Pglk,]), = / | K (x, )*du(t);
v

however, for general linear subspaces H € H, the operators P¢L and PgL  Pg do
not necessarily belong to Z(I'). <
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4.2 Approximate measures and projections

S—
Motivated by Lemmas 3.4 and 4.1, for v € 7T.(K), we introduce H | = range(LM) ,
and we denote by P, the orthogonal projection from H onto H . We refer to H  as
the subspace of H defined by v.

Lemma 4.3. Forallv € T.(K), wehave L = PL =L P =P/ P,

Proof. From Lemma 3.4, we have L = P L . Noticing that L. = P L, we also
have L, = L. =(P L))" =L P,andthus L =P L P, O

The following Lemma 4.4 illustrates the relation between the approximations
L,PL and PL P, of L characterised by an approximate measure v.

Lemma 4.4. For all y and v € T.(K), we have

2 2 2
”LM - Lv”HS(H) = ”L” - PVLM”HS(H) + ”P\,Lﬂ - Lv”HS(H)’ and (13)
I, - Lv||§S(H) =||L —PL P ||§,S(H) +|IP,L,P, - LV||§[S(H). (14)

u Tvuty

Proof. Using the notations of Remark 4.1, Lemma 4.3 reads L, € R(H )N Z(H ).
Noticing that Lﬂ - PVLM is orthogonal to R(H ) and that PVL” —L €R(H), we
obtain (13). In the same way, LM - PVLM P, is orthogonal to R(H ) N Z(H ), and
we have PVLMPV - L, eR(H)NZ(H),leading to (14). [

For u € T.(K), we introduce the two maps CE and CEP c Te(K) = R with

P 2 PP
') = |IL, = P,L,|l3sg0 and C*(v) = ||L, — P,L P

2
vy sy v € Te(K).

Theorem 4.1. For u € T.(K), the map CL) is convex on the real convex cone T (K),
and for all v and n € T_(K), we have

lim % [CP (v + ol = 1) = C*(W)] € {=00,0}. (15)
.

This statement stays true if we replace CE by CEP.

Proof. Forv,n € T.(K)and p € (0,1), weset & = v+ p(n —v) € T (K). The
three operators L , Ln and L c being PSD, independently of the value of p € (0, 1),

- H
we have null(L 5) =null(L )N null(Ln), and so Hé =H, + Hn . The two maps

pe C:(v + p(n — v)) and p+— CEP(V + p(n — v))

are therefore constant on the open interval (0, 1). From Lemma4.1 and (10), noticing
that H C Hf and Hn C Hg, we obtain C}:(&) < C}:(v) and C}:(&) < C}:(r/); from
(11), we also get CEP(f) < CEP(V) and Cip(f) < CEP(n), concluding the proof. [
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In view of Theorem 4.1, the maps Cllj and CEP are convex and piecewise-constant
on the convex cone 7, (K). In contrast to the map Dﬂ defined in (7), the directional
derivatives of C/}: and CEP are noninformative, in the sense that they do not provide
any information on the local steepness of the landscape of these maps; see Figure 1
for an illustration. From Remark 4.1 and Lemma 4.4, we have

C,(\) < C (V) < D, (v),v € T(K). (16)

Also, from a numerical standpoint and in view of Lemma 4.2, for v € T7(K), the
evaluation of C:(V) or CEP(V) requires a suitable characterisation of the reproducing
kernel K of H ;in practice, K is a priori unknown and needs to be computed from
K and v. In comparison and in view of (8), the map D merely involves the kernel
K. See Remark 4.7 for more details.

Figure 1: Graphical representation of the maps D, and CIE’P as functions of the weight
parameters characterising an approximate measure v € 7, (K). The measures y and

v are supported by the same set of points {x,,x,} € 2, and described by their

weight parameters (o, ®,) and (v,,v,) € Rio, respectively; the red star represents

the weight parameters of y = ooléxl + a)25x2. The presented graphs correspond to

the case w, = w, = 1, with K such that K(x, x,) = 1.225, K(x,, x,) = 0.894 and
K(x,,x,) = 0.316. In the graph of CE ¥ the point on the vertical axis indicates the
value of the map at v = 0, and the bold lines indicate the constant values taken by
the map along the horizontal axes.

Remark 4.4. For y € 7.(K) and s € 2, introducing s = gﬂ(s)/lK(s, $)|? if
K(s,s) > 0, and 5 = 0 otherwise, a direct computation yields Pf%LﬂPsz = ¢, Sks'
We thus have P, L, P, € I(I) and C,"(6,) = D, (¢, 5,)- Consequently, in Figure 1,
the graph of CEP is tangent to the graph of D, along the horizontal axes. <

4.3 Partial Lz-embeddings

Following Section 3.3, for u € 7_(K), the embedding 1, - H — Lz(,u) is HS. For
f € L*u)and x € 2", we have

kN EL Dy = (D1 ) g = L K(x, 0 f (0du(o).

16
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Consequently, in addition to L,= l:;l” € HS(H), the three operators

0o L*(u) > H, L L*(u) » L*(p), and 1 ruoH - L*(w), (17)

U

can also be regarded as integral operators defined by the kernel K and the nonnega-
tive measure u. These four interpretations are inherent to K, which characterises H,
and u, which characterises Lz(,u); see for instance [4, 22, 19, 26, 20] for illustrations.
In each case, the corresponding operator is HS, and we denote by HS(u, H), HS(u)
and HS(H, u) the Hilbert spaces of all HS operators from Lz(ﬂ) toH, on Lz(,u), and
from H to L2(,u), respectively.

For a closed linear subspace H; € H, the embedding 1, can be approximated

by the partial embedding 1, Pg; for f € L*(u) and x € 2", we in particular have

(k| Pot Lf 1y = (1, Polk 11 £) 2 = /J Ky(x,0f Odu().

For L =11, € HS(H), we obtain the approximation Pgi,1, P discussed in Sec-
tion 4.2, and for the three operators defined in (17), we obtain the approximations

PSl: € HS(u, H), I#PSIZ € HS(x), and IHPSIZIHPS € HS(H, p).

In what follows and for simplicity, we mainly focus on the approximations related to
HS(u, H) and HS(u); the case of HS(H, u) is more briefly discussed in Remark 4.5.

Lemma 4.5. Let H be a closed linear subspace of H. For u € T,(K), we have
”lj; - PSZZ”éS(y,H) = / K(I, t) - Ks(ta I)d//l(t), and (18)
Z

e, = 1, Pt s = //y |K(x 1) = Ky 0| du(duC). (19)

Proof. Let H ¢ be the orthogonal complement of H ¢ in H; endowed with the Hilbert
structure of H, H is a RKHS, and K,; = K — K. For an ONB {hj }jeﬂ of H,
I € N, we have

* * 112 2 2 .
”1,4 - Pslﬂ”Hs(”,H) = ”lﬂP()San(H,,,) = Z A |P05[hj](t)| du(t);

jel 4 2

since Y, |POS[hj](t)|2 = K1), 1t € 2, equality (18) follows by monotone
convergence. We also have
* * 112 * 112 2
2,0 = 1, Pst, s = 1, Post sy = 1Pos Ly Pos s
so that (19) follows from Lemma 4.2. ]

The following inequality (Lemma 4.6) holds between the approximations in HS(x)
and H§(H) deﬁiled by a subsp*ace H, . *We recall that ||1Mz;‘; ||HS(M) = ||z;zﬂ |t 24)» @nd
that ||1”zﬂ - PSl”l””HS(H) < ||1M1” - PSZMI”PS”HS(H); see Remark 4.1.
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Lemma 4.6. Let H g be a closed linear subspace of H. For all u € T,_(K), we have

k k * *
”lﬂlﬂ - lﬂPSlM”HS(ﬂ) < ”lﬂlﬂ - PSlulu”HS(H)'
Proof. We have ||z#z;: —z”PSz;’;llHS(”) = | Pys L, Pysllysa» With Pyg = id,, —Pg. The
operators P oL B¢ and P ¢L P being orthogonal in HS(H), we get

2 2 2
”POSLﬂ(POS + PS)”HS(H) = ||P0SLﬂPOS||HS(H) + ||POSL;4PS”HS(H)’

* * * *
so that ”llllll - ZMPSZM”HS(M) < ”llllll - PSlﬂZM”HS(H).

]

Lemma 4.7. Let H and H be two closed linear subspaces of H, with H, C H .
For all y € T_(K), we have

k 3k k * 3k 3k k *
12, = Pyt sy < M1, = Prt s and 11,1, =1, Pt sy < 1,0, =1, Prt, s -

Proof. We denote by H, the orthogonal complement of H, in H. Noticing that
* * * * 12 .
(1/4 — Ppi, | Pely>HS(/4,H) = ||, 1530 We Obtain

1, = Pt sz = 15, = Prtyllissqurn = 1Pty s
Denoting by H,; and H,, the orthogonal complements of H , and H  in H, respec-
tively, we have H,, C H,,, and Lemma 4.1 gives
”luPOSZ;kl”HS(y) = ||POSL;4POS||HS(H) < ||P0RL/4POR”HS(H) = ”lyPORlZ”HS(ﬂ)’
which completes the proof. [

Following Section 4.2 and considering subspaces of H defined by measures, we
introduce the maps C: and CE s Te(K) = R;o’ with

tr T #12 F _ * %012
C,V)= v, = P s and C,(v) = |l1,1, =1, P,1 lI5g,0, vV € T-(K).

The notations C:f and Ci are motivated by the relation existing between these maps
and the trace and Frobenius norms for matrices; see Section 4.4.

Corollary 4.1. The statement of Theorem 4.1 also holds for the maps C;r and C/lj,
that is, these two maps are convex on the convex cone T+(K ), and their directional
derivatives take values in the set {—o0,0}.

Proof. Following the proof of Theorem 4.1, for two measures v and € 7, (K) and

—  H
forpe (0,1),weseté =v+pn—v) € T+(K). We then have H§ =H +H, ,and

the result follows from Lemma 4.7. ! ]

Remark 4.5. We consider four closed linear subspaces H, H, H,, and H, of H,
and let {hj}je" be an ONB of H. For u € 7_(K), we have
(1, Ppi,1, Pg |1, Pyv, P

R'p"u uU'pu V>HS(H,/4)

= Z/// PV[hj](t)PS[h—j](S)KR(S’x)KU(x,t)dM(S)d/,{(t)dﬂ(x),
JjEl z
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with, form the CS inequality in £ 2(I]) and in H,

///J 3 1Py 1,10 | Py 19| | K g, )] Ky G 0]l ()l 0 el 6) < 2
2 jel

. . % * 2
The approx1mz.1t1on error ||le}41” -1, PSIHIMPS”HS(H’”) may hence be expressed as a
triple integral involving the kernels K and K. <

Through the partial embedding 1, P,, a measure v € 7-(K) defines approxima-
tions of the integral operators (with kernel K and measure y) induced by 1 in the four
Hilbert spaces HS(H), HS(u, H), HS(u) and HS(H, u); since these approximations
are all composite of 1 P,, following Section 4.2, the map D, may more generally
be used as a surrogate for the characterisation of low-rank approximations of these
operators. From Lemma 4.6, we have CE(v) < CE(V), v € T.(K), adding to the
sequence of inequalities (16). In addition to the informative nature of the directional
derivatives of D , the exploration of the kernel-quadrature approximation landscape
does not require the characterisation of orthogonal projections onto subspaces of H;
this feature is of interest from numerical-complexity standpoint, as illustrated in the
following Remarks 4.6 and 4.7.

Remark 4.6. In the framework of Lemma 3.5, for a discrete measure v supported
by aset of n € N points S = {s,--+,s,} C 2, the reproducing kernel K of H
can be written as

K,(,t)= ) K(x,5)%,,K(s;.1), xandt € 2,

ij=1

where x, ; is the i, j entry of the pseudoinverse of the nxn kernel matrix with i, j entry
K(s,, sj); see (20) in Section 4.4 for an illustration. The numerical complexity of the
evaluation of K at M € N distinct locations in .2~ X 2" is thus O@® + n*M). The
term O(n’) is related to the pseudoinversion of the kernel matrix defined by K and
S, while the term ©(n* M) corresponds to the evaluation, from this pseudoinverse
and the kernel K, of K/ at M different locations. <

Remark 4.7. Assuming that 4 and v are supported by N and » points, respectively,
from (8), the computational complexity of the evaluation of D (v) up to the constant
||gﬂ ||é is O(n* + nN). In comparison, following Remark 4.6 and assuming that the
kernel K is evaluated from K and v, the complexity is (9(n3 +n*N ) for C;r(v), and
O@n* + n*N?) for C;(v), C;"(v) and C}(v).

If we for instance in addition assume that 2" is a discrete set of size N (and so,
that n < N; see Section 4.4 for an illustration), then the numerical cost of multiple
evaluations of D, may be reduced by beforehand computing and storing the values
{ gﬂ(x) } e Of the target potential g, € G; this operation has complexity O(N %), but
can nevertheless be easily parallelised. From (8), the evaluation of (g | gﬂ)g then
reduces to the integration of g, with respect to v, with complexity O(n). <
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4.4 Column sampling for PSD-matrix approximation

Let Kbe a N X N PSD matrix, with N € N; we denote by [ V] the set of all integers
between 1 and N. For a subset I C [N] the Nystrom approximation® of K induced
by the columns of K with index in I is the N X N PSD matrix

K=K (K, 'K, (20)

where K, ; is the N Xn matrix defined by the columns of K with index in I, and where
K, I)T is the pseudoinverse of the principal submatrix of K defined by I (and K,
consists of rows of K; it is the conjugate-transpose of K ,); see e.g. [9, 18, 14, 10].

Fori and j € [N], the i, j entry of K may be regafded as the value K (i, j) of
a PSD kernel K defined on the discrete set 2" = [N]. The j-th column of K then
corresponds to the function kj € H, with j € 2, and the subset I defines the
linear subspace H; = span.{k,|j € I} C H; in particular, the i, j entry of K() is
K, (i, j), with K, the reproducing kernel of H,.

Introducing u = ZZI 0,, the Hilbert space L*(4) can be identified with the
Euclidean space C" ; following Section 4.3, we can then notice that

e the trace norm ||K — K(I )|, corresponds to (18), and

e the squared Frobenius norm ||K — K )||§ corresponds to (19).

The column-sampling problem for the Nystrom approximation of a PSD matrix K
(that is, the search of a subset I C [N] leading to an efficient approximation K(I) of
K) is thus a special instance of the general framework discussed in Section 4.3. In
particular, the support of an approximate measure v on .2 = [N] defines a subset
of columns of K, and the kernel-quadrature setting may be used as surrogate for the
characterisation of such measures.

5 Concluding discussion

We described the overall framework surrounding the isometric representation of
trace-class integral operators with PSD kernel K as potentials in the RKHS G associ-
ated with the kernel | K |?, and illustrated the parallel between the quadrature approx-
imation of such operators and kernel quadrature rules in §. Through subspaces de-
fined by measures and partial L*-embeddings, we discussed the extent to which the
kernel-quadrature setting can be used as a surrogate to characterise projection-based
approximations of general integral operators with PSD kernels. We also illustrated
the connections between the considered framework and the low-rank approximation
of PSD matrices through column sampling.

3In the machine-learning literature, Nystrom approximation refers to the low-rank approxima-
tion of PSD matrices through column sampling; although related, this terminology should not to be
confused with the quadrature method for the numerical approximation of integral equations.
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In contrast to the projection-based error maps Cf:, CEP, C;r and CE considered
in Section 4, the quadrature-based error map D, defined in (7) is convex and ad-
mits informative directional derivatives on any convex set of approximate measures;
to this extent, the map D, may be regarded as a differentiable relaxation of the
piecewise-constant projection-based error maps of Section 4. Further, from a numer-
ical standpoint and as opposed to the projection setting, the exploration of the kernel-
quadrature approximation landscape does not require the characterisation of orthog-
onal projections onto subspaces of H, and instead only involves the evaluation of
integrals related to | K |>. All together, these properties make the kernel-quadrature
setting an interesting framework for the design of numerically-efficient problem-
dependent sampling strategies for the low-rank approximation of trace-class integral
operators with PSD kernels.
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