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Abstract 

Chiral effects in 2D Cosserat continuum model may arise from coupling between stretching deformations and the micro-rotation for hemitropic 

materials. An orthotropic 2D chiral Cosserat continuum is introduced to account for this type of coupling. The expected chiral effects are verified 

through an experimental effort using a specimen with granular motif. A granular micro-mechano-morphology is considered that leads to 2D 

orthotropic macroscopic response. The resultant metamaterial is designed by the aid of micro-macro links provided by the granular 

micromechanics model, where the relationship between micro-rotation is exploited as well as the coupling of shear and normal responses of 

grain-pair interactions. A square specimen is fabricated by 3D printing and subjected to unidirectional compression. The specimen deformation 

field is characterized using digital image correlation (DIC) via mesoscale analyses. The predicted displacements and micro-rotations are found 

to closely follow their measured counterparts. Moreover, the measured reaction-displacement response agrees well with that predicted by the 

continuum model. The results demonstrate that it is possible to rationally design micro-mechano-morphologies that yield desired emergent 

behavior at the macroscale. 

© 2015 The Authors. Published by Elsevier Ltd. 

Keywords: Chiral Cosserat continua; 2D orthotropic auxetic media; granular micromechanics; digital image correlation; stretch-micro-rotation coupling.

1. Introduction 

Higher-order and higher-gradient continuum models have 

attracted increased interest for the description of mechanical 

behavior. These generalized models offer an effective approach 

to describe the micro-mechano-morphological effects upon the 

macroscale response [1-4]. Cosserat models or more generally 

micro-polar models, introduced by the Cosserat brothers at the 

beginning of the XXth century [5], are examples of such 

generalized descriptions. Micro-polar models, which consider 

an additional (i.e., rotational) kinematic degree-of-freedom 

associated with every continuum material point, are being 

applied to a wide variety of materials to account for 

microstructural effects in their macroscale responses [6-9]. The 

ability to describe chiral effects using these models have been 

recognized recently (see for example [10, 11]). With the advent 

of additive manufacturing and precision laser cutting, attempts 

have also been made at realizing micro-structures that yield 

chiral micro-polar or higher-gradient continuum behavior [12-

17], Nevertheless, chiral effects that arise from coupling 

between stretching deformations and the micro-rotation are 

often overlooked in many micro-polar models. Moreover, the 

micro-scale origins of chirality in such media has been rarely 

explored. It is notable that for rational design of materials that 

achieve the desired behavior, predictive theories are needed 

that link the macro-scale behavior to the micro-structural 

characteristics. Pioneering work on 2nd and higher gradient 

theories leading to fabricated pantographic metamaterials [18-

27] and chiral micromorphic beams [28, 29], are exemplar of 

such rational design. 

In a recent work [30], an extended Cosserat model was 

presented for hemitropic deformable solids that describes 

chirality in 2D continua. In this extended model, it was shown 

from a theoretical viewpoint that chirality in such media can 

also arise from coupling between stretching deformations and 
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micro-rotation. Further, it was shown that this chirality could 

be linked to specific grain-interactions for materials with 

granular morphologies using the granular micromechanics 

approach (GMA) [31, 32]. Inspired by these developments, the 

present work intends to exemplify the synthesis of 2D 

metamaterials based upon the GMA micro-macro 

identification schema. Similar 2D metamaterial synthesis has 

been studied in the context of pantographic motifs [33-36]. 

Anticipating fabrication of a metamaterial with granular 

motif and particular orthotropic symmetry, the chiral Cosserat 

model [30] is further extended herein to orthotropic 2D chiral 

Cosserat continua. The present effort is, therefore, devoted to 

the experimental verification of the theoretically predicted 

effects. To this end, the micro-macro linkages are exploited via 

granular micromechanics that connects the grain-pair behavior 

to the macroscale response. Consequently, a 2D metamaterial 

is designed with granular micro-mechano-morphology that 

yields a 2D orthotropic macroscale response with chirality. A 

square specimen is fabricated by 3D printing and subjected to 

unidirectional compression and imaged at various steps of 

deformation. Digital image correlation (DIC) [37-39] is applied 

to determine the kinematic quantities of interest that define the 

deformation of the metamaterial. The measured displacements 

and microrotations are compared with those predicted by the 

continuum model. In addition, the measured reaction-

displacement response is compared with that predicted by the 

model.   

2. 2D Cosserat-Like Continuum Model with Orthotropic 

Symmetry 

The following kinematic variables can be used to describe 

the deformation of a 2D Cosserat-like micromorphic 

continuum: the displacement field ui(Xj) and the scalar 

microrotation ψ(Xj). In the 2D case, the indices in the subscript 

take values of 1 and 2 corresponding to the two Cartesian 

coordinate axes. A tensor notation is used such that the 

summation convention over repeated indices (in the subscript) 

is implied unless noted otherwise. Using the two kinematic 

fields, the following deformation measures are defined to 

describe the response of the medium, under small deformation 

assumption. First, the infinitesimal strain tensor Eij is 

considered 

𝐸𝑖𝑗 = 𝑢(𝑖,𝑗) =
1

2
(𝑢𝑖,𝑗 + 𝑢𝑗,𝑖),  (1) 

in terms of the components of the gradient of the displacement. 

Second, the micro-macro relative rotation is defined as 

𝛾 =
1

2
(𝑢1,2 − 𝑢2,1) − 𝜓  or   e𝑖𝑗𝛾 = 𝑢[𝑖,𝑗] − e𝑖𝑗𝜓, (2) 

where [ , ]i ju  is the antisymmetric part of the displacement 

gradient, thus, represents the macrorotation in a small 

deformation setting, and eij is 2D Levi-Civita symbol. The third 

considered deformation measure is the micro-rotation gradient 

ψ,j. Note that the comma (as that in Eqs. (1) and (2)) denotes a 

partial differentiation with respect to the material coordinates 

Xi specified by the following index. 

Considering orthotropic material symmetry, the strain 

energy density is expressed as the sum of different 

contributions, namely 1) one related to the orthotropic behavior 

[40], 2) one related to the Cosserat micro-macro interaction, 3) 

and one inducing the chiral effect characterized by the coupling 

between the relative rotation γ and measures of stretching 

𝑤 =
1

2
𝜆 (tr𝐸)2 + 𝜇 tr(𝐸2) + (𝛼1 𝐴1 ∙ 𝐸𝐴1 + 𝛼2 𝐴2 ∙

𝐸𝐴2) tr𝐸 + 2 𝜇1 𝐴1 ∙ 𝐸2𝐴1 + 2 𝜇2 𝐴2 ∙ 𝐸2𝐴2 +
1

2
𝛽1 (𝐴1 ∙

𝐸𝐴1)2 +
1

2
𝛽2 (𝐴2 ∙ 𝐸𝐴2)2 + 𝛽3 (𝐴1 ∙ 𝐸𝐴1) (𝐴2 ∙ 𝐸𝐴2) +

𝛽 𝛾2 + 𝛼 ‖𝛻𝜓‖2 + 𝜂1 𝛾 (𝐴1 ∙ 𝐸𝐴1) + 𝜂2 𝛾 (𝐴2 ∙ 𝐸𝐴2) +
𝜂3 𝛾 tr𝐸 (3) 

where 𝐴1 and 𝐴2 are the unit vectors defining the directions of 

orthotropy, the symbol “tr” stands for the trace of a tensor, and 

the operation “∙” represents the scalar product between vectors. 

Further, considering the case in which the orthotropy directions 

are aligned with the axes of the reference frame, Eq. (3) 

becomes 

𝑤 =
1

2
[(2 𝛼1 + 𝛽1 + 𝜆 + 2𝜇 + 4 𝜇1)𝐸11

2 + (2 𝛼2 + 𝛽2 + 𝜆 +

2 𝜇 + 4 𝜇2)𝐸22
2 + 2 (𝛼1 + 𝛼2 + 𝛽3 + 𝜆)𝐸11𝐸22 + 4 (𝜇 + 𝜇1 +

𝜇2)𝐸12
2 ] + 𝛽 𝛾2 + 𝛼 (𝜓,1

2 + 𝜓,2
2 ) + [(𝜂1 + 𝜂3)𝐸11 +

(𝜂2 + 𝜂3)𝐸22] 𝛾 (4) 

where the coefficients λ, µ, µ1, µ2, β1, β2, α are material-

dependent stiffnesses, while α1, α2, β3, β, η1, η2, and η3 are 

coupling coefficients. These coupling terms allow for exchange 

of energy between the different deformation mechanisms. 

Furthermore, the coupling between the relative micro-macro 

rotation γ and the two stretching deformations E11 and E22, 

introduces the envisaged chiral effect. The coefficients in Eq. 

(4) should be chosen to ensure positive definiteness of the 

energy density, which yields the following conditions 

(𝜇 + 𝜇1 + 𝜇2) > 0, (2 𝛼1 + 𝛽1 + 𝜆 + 2 𝜇 + 4 𝜇1) > 0,  

[𝛽1 𝛽2 − 𝛽3
2 − 𝛼1

2 − 𝛼2
2 + (𝛽1 + 𝛽2 − 2𝛽3 + 4 𝜇) 𝜆 +

(2 𝛽1 + 2 𝛽2 + 4 𝜇) 𝜇 + 4 (𝛽2 + 𝜆 + 2 𝜇 ) 𝜇1 + 4 (𝛽1 + 𝜆 +
2 𝜇 + 4 𝜇1) 𝜇2 + 2 𝛼2 (𝛽1 − 𝛽3 + 2 𝜇 + 4 𝜇1) + 2 𝛼1 (𝛼2 +

𝛽2 − 𝛽3 + 2 𝜇 + 4 𝜇2)] > 0, (5) 

[− ((𝜂2 + 𝜂3) (−((𝜂1 + 𝜂3) (𝛼1 + 𝛼2 + 𝛽3 + 𝜆))

+ (𝜂2 + 𝜂3) (2 𝛼1 + 𝛽1 + 𝜆 + 2 𝜇

+ 4 𝜇1)))

+ (𝜂1 + 𝜂3) ((𝜂2 + 𝜂3) (𝛼1 + 𝛼2 + 𝛽3 + 𝜆)

− (𝜂1 + 𝜂3) (2 𝛼2 + 𝛽2 + 𝜆 + 2 𝜇 + 4 𝜇2))

+ 2 𝛽 (−(𝛼1 + 𝛼2 + 𝛽3 + 𝜆)2

+ (2 𝛼1 + 𝛽1 + 𝜆 + 2 𝜇 + 4 𝜇1) (2 𝛼2 + 𝛽2

+ 𝜆 + 2 𝜇 + 4 𝜇2))] > 0 

For the case in which the two orthogonal directions have the 

same response, orthotropy simplifies to square symmetry and 

the strain energy density (4) simplifies to 

𝑤 =
1

2
[(2 𝛼1 + 𝛽1 + 𝜆 + 2𝜇 + 4 𝜇1)(𝐸11

2 + 𝐸22
2 ) +

2 (2𝛼1 + 𝛽3 + 𝜆)𝐸11𝐸22 + 4(𝜇 + 2𝜇1)𝐸12
2 ] + 𝛽 𝛾2 +

𝛼 (𝜓,1
2 + 𝜓,2

2 ) + [(𝜂1 + 𝜂3) (𝐸11 + 𝐸22)] 𝛾 (6) 

Similarly, Eq. (5) reduces to 

(𝜇 + 2𝜇1) > 0, (2 𝛼1 + 𝛽1 + 𝜆 + 2 𝜇 + 4 𝜇1) > 0,  

[𝛽1
2 − 𝛽3

2 − 2𝛼1
2 + 2(𝛽1 − 𝛽3 + 2 𝜇) 𝜆 + 4(𝛽1 + 𝜇) 𝜇 +

8 (𝛽1 + 𝜆 + 2 𝜇 ) 𝜇1 + 4𝜇1
2 + 4 𝛼1 (𝛽1 − 𝛽3 + 2 𝜇 +

4 𝜇1) + 2𝛼1
2] > 0, (7) 
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[− ((𝜂1 + 𝜂3) (−((𝜂1 + 𝜂3) (2𝛼1 + 𝛽3 + 𝜆))

+ (𝜂1 + 𝜂3) (2 𝛼1 + 𝛽1 + 𝜆 + 2 𝜇

+ 4 𝜇1)))

+ (𝜂1 + 𝜂3) ((𝜂1 + 𝜂3) (2𝛼1 + 𝛽3 + 𝜆)

− (𝜂1 + 𝜂3) (2 𝛼1 + 𝛽1 + 𝜆 + 2 𝜇 + 4 𝜇1))

+ 2 𝛽 (−(2𝛼1 + 𝛽3 + 𝜆)2

+ (2 𝛼1 + 𝛽1 + 𝜆 + 2 𝜇 + 4 𝜇1)2 )] > 0 

To complete the discussion, the principle of virtual work, 

neglecting inertia and bulkterms, states that 

−𝑡ℎ  ∫ 𝛿𝑤 d𝐴 + 𝛿𝑊𝑒𝑥𝑡 = 0
ℬ

, (8) 

for every portion of the considered bi-dimensional body B of 

out-of-plane thickness, 𝑡ℎ, and for every virtual displacement 

δui as well as virtual rotation δψ. The external virtual work 

compatible with the strain energy reads 

𝛿𝑊ext = 𝑡ℎ ∫ 𝜏𝑖𝛿𝑢𝑖d𝑠
𝜕𝜏𝐵

+ 𝑡ℎ ∫ 𝛹𝛿𝜓d𝑠
𝜕𝛹𝐵

, (9) 

which is defined on the boundary of the bi-dimensional body 

B. Therefore, the external actions are τi and Ψ, i.e., the force per 

unit line and the micro-couple, respectively. 

3. Links to granular mechanics and design of 

metamaterial 

It was shown previously that the postulated strain energy 

density (6) was linked to the micro-mechano-morphological 

properties of materials with granular motif. It is useful to note 

here that materials with granular motif can be defined as 

composed of nearly rigid elements (or grains) such that the 

elastic strain energy is stored and/or energy dissipated in the 

deformable mechanisms represented through interconnections 

or interfaces between the grains. The strain energy density of 

such materials is given by the aggregation of the deformation 

energies of interacting grain-pairs. The granular 

micromechanics approach (GMA) provides a practical way for 

the identification of the continuum model in terms of the grain-

pair behavior at spatial scales in which the spatial material point 

represents the collective behavior of grain collections forming 

a representative volume element (see for example Refs. [32, 41, 

42]). In GMA, the continuum model is derived by 

(i) identifying the continuum kinematic measures and the 

grain-scale motions of a discrete model; (ii) identifying the 

continuum strain energy density and the volume average of 

grain-pair interaction energies; and finally (iii) applying a 

variational approach for defining stress/force conjugates of the 

kinematic variables, determining constitutive relations, and the 

governing Euler-Lagrange equations [32, 41-43]. In this sense, 

GMA can be viewed as a heuristic homogenization scheme that 

relates strain energy densities in terms of interrelated discrete 

and continuum kinematic descriptors. GMA has resemblance 

to Piola’s concepts of continuum descriptions of materials as 

an approximation of a molecular view [44-47]. 

 

3.1 GMA identification of continuum model for 2D material 

with granular motif  

To identify a homogeneous 2D continuum, which at 

microstructural scales possesses a granular motif, the body is 

placed in a macroscale Cartesian coordinate system denoted by 

Xi. The continuum material point at Xi, represents a sub-body 

that may be composed of multiple grains [48]. Let us consider 

a micro-scale Cartesian coordinate system denoted by Xi’, 

attached to the barycenter of the sub-body in which the grain 

locations and motions are revealed. Considering the 

observations of the grain motions both in experiments and 

discrete simulations of ordered and disordered granular 

systems [49-54], the displacement field of grain centroids, i, 

under an arbitrary deformation of this granular solid is written 

as [32] 

𝜙𝑖 = 𝑢𝑖(𝑋𝑚) + 𝜓𝑖𝑗
𝜙

(𝑋𝑚)𝑋′
𝑗 + 𝜓𝑖𝑗𝑘

𝜙
(𝑋𝑚)𝑋′

𝑗𝑋′
𝑘, (10) 

where the last two terms represent the micro-motions, and the 

quantities 𝜓𝑖𝑗
𝜙

  and 𝜓𝑖𝑗𝑘
𝜙

, that depend upon macroscale 

coordinates Xm, are termed as the second and the third rank 

micro-deformation tensors, and, iu  denotes the grain motion 

represented by the macroscale displacement field. It is worth 

noting that up to 2nd order terms were chosen to represent the 

micro-displacement, although higher-order terms may be 

considered [32]. The non-affine grain motions expressed by 

Eq. (10) arise from a number of factors including irregularity 

of granular structure, spatial variability and high contrast of 

grain interactions (stiff or soft), and the peculiar and non-local 

nature of grain interactions. In the present work, the peculiar 

and non-local nature of grain interactions is exploited to design 

an orthotropic chiral Cosserat material. 

For further discussion, the displacement expressed in Eq. 

(10) is used to find the following objective macro-relative 

displacement, 𝛿𝑖
𝑎𝑀 , macro-micro relative displacement, 𝛿𝑖

𝑎𝑚 , 

and micro-relative displacement, 𝛿𝑖
𝑎𝑔

, for a generic grain-pair 

(as discussed in detail for the case of linear approximations 

under small deformations [30])  

𝛿𝑖
𝑎𝑀 = 𝐸𝑖𝑗𝑙𝑗

𝑎;  𝛿𝑖
𝑎𝑚 = 𝑒𝑖𝑗𝛾𝑙𝑗

𝑎; 𝛿𝑖
𝑎𝑔

= 𝑒𝑖𝑗𝜓,𝑘𝐽𝑗𝑘
𝑎  (11) 

where the macro strain 𝐸𝑖𝑗 =  𝑢(𝑖,𝑗) is given as the symmetric 

part of the macro-displacement gradient, micro rotation 

gradient 𝜓,𝑘 =  𝑒𝑖𝑗𝜓[𝑖𝑗],𝑘
𝜙

 corresponds to the gradient of the 

skew-symmetric micro-deformation tensor, and the micro-

macro relative rotation e𝑖𝑗𝛾 = 𝑢[𝑖,𝑗] − e𝑖𝑗𝜓  expresses the 

difference of macro- and micro-rotations. Further, 𝑙𝑗
𝑛𝑝

= 𝑋′
𝑗
𝑝

−
𝑋′

𝑗
𝑛

 is a grain-pair branch vector joining the centroids of grains 

n and p, the tensor product 𝐽𝑗𝑘
𝑛𝑝

≈ 𝑙𝑗
𝑛𝑝

𝑙𝑘
𝑛𝑝

/2  is the gyration 

tensor. Eqs. (10) and (11) relate the continuum kinematic 

variables  to those of the grain motion.  

The strain energy density, 𝑤, is expressed in terms of grain-

scale kinematic measures as  

𝑤 = 𝑤(𝐸𝑖𝑗 , 𝛾, 𝜓,𝑘) =
1

𝑉
∑ 𝑤𝑎(𝛿𝑖

𝑎𝑀 , 𝛿𝑖
𝑎𝑚, 𝛿𝑖

𝑎𝑔
)

𝑎
 (12) 

where 𝑤𝑎 is the grain-pair strain energy, and the summation is 

performed over all grain-pairs, denoted by a, within the volume 

element forming the continuum material point. The grain-pair 

interactions are represented in a local coordinate system 

composed of a unit normal vector, ni, along the line that 

connects the grain centroids, and the tangential unit vector, si, 

orthogonal to ni 

𝑛𝑖 = 〈𝑛1, 𝑛2〉 = 〈𝑐𝑜𝑠𝜃, 𝑠𝑖𝑛𝜃〉

𝑠𝑖 = 〈𝑠1, 𝑠2〉 = 〈−𝑠𝑖𝑛𝜃, 𝑐𝑜𝑠𝜃〉
 (13) 

where θ is the polar angle of the 2D polar coordinate system. 

In this local coordinate system, the objective grain-pair relative 
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displacements is decomposed as  

𝛿𝑛
𝑎𝑀 = 𝐸𝑖𝑗𝑙𝑗

𝑎𝑛𝑖
𝑎;  𝛿𝑠

𝑎𝑀 = 𝐸𝑖𝑗𝑙𝑗
𝑎𝑠𝑖

𝑎; 𝛿𝑠
𝑎𝑚 = 𝑒𝑖𝑗𝛾𝑙𝑗

𝑎𝑠𝑖
𝑎;  𝛿𝑠

𝑎𝑔
=

𝑒𝑖𝑗𝜓,𝑘𝐽𝑗𝑘
𝑎 𝑠𝑖

𝑎  (14) 

where the subscripts n and s denote the quantities along the 

local coordinate axes. Further, it is easily see that 𝛿𝑛
𝑎𝑚 =

𝑒𝑖𝑗𝛾𝑙𝑗
𝑎𝑛𝑖

𝑎 = 0;  𝛿𝑛
𝑎𝑔

= 𝑒𝑖𝑗𝜓,𝑘𝐽𝑗𝑘
𝑎 𝑛𝑖

𝑎 = 0. The grain-pair elastic 

strain energy, 𝑤𝑎, is defined as  

𝑊𝑎 =
1

2
[𝐾𝑛

𝑎𝑀(𝛿𝑛
𝑎𝑀)2 + 𝐾𝑠

𝑎𝑀(𝛿𝑠
𝑎𝑀)2 + 𝐾𝑠

𝑎𝑚(𝛿𝑠
𝑎𝑚)2 +

2𝐾𝑛𝑠
𝑎𝑚(𝛿𝑛

𝑎𝑀𝛿𝑠
𝑎𝑚) + 𝐾𝑠

𝑎𝑔
(𝛿𝑠

𝑎𝑔
)

2
] (15) 

assuming a particular constitutive choice in which we consider 

the coupling between the normal component of the grain-pair 

relative displacement induced by macro-strain, 𝛿𝑛
𝑎𝑀 , and the 

shear component induced by relative rotation, 𝛿𝑠
𝑎𝑚. It is worth 

noting that the subscripts in Eq. (15) do not follow the tensor 

summation convention. The considered grain-pair elastic strain 

energy is such that Eq. (12) results in the continuum model 

postulated in Eq. (6). To ensure the square material symmetry 

aligned with the axes of the reference frame, it is assumed that 

the grains are arranged in a square pattern schematically shown 

in Fig. 1. For obtaining the simplest construct of granular motif 

it is assumed that all grain-pairs are identical, such that the 

representative volume is shown by the dashed square in Fig. 1, 

in which the grain-spacing is taken as l. In this case the micro-

rotation, ψ, maybe identified with the grain rotation.  

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 1- Schematic view of the continuum material point, P, 

and its granular microstructure magnified for visualization, 

where the X’ coordinate system is attached to its barycenter. 

 

The strain energy density, 𝑤, in Eq. (12) for the envisaged 

construct is written as the sum of 4 grain-pairs, two oriented for 

𝜃 = 0 and two when 𝜃 =
𝜋

2
. Since all grain-pairs denoted by 

the superscript, a, in Eq. (15) are identical, the superscript is 

dropped for subsequent development. The constitutive 

relationships in terms of the stress and strain measures is now 

obtained, where it is recognized that macroscale stress 

measures are defined as conjugates to each of the continuum 

kinematic variables (see for example [31]). In the present case, 

also from Eq. (6), the following relationships are obtained 

𝜏11 =
𝜕𝑤

𝜕𝐸11
= 𝐴𝐸11 + 𝐵𝐸22 + 𝜂𝛾; 𝜏22 =

𝜕𝑤

𝜕𝐸22
= 𝐵𝐸11 +

𝐴𝐸22 + 𝜂𝛾; 𝜏12 = 𝜏21 =
𝜕𝑤

𝜕𝐸12
= 𝐶𝐸12  (16a) 

 𝜎 =
𝜕𝑤

𝜕𝛾
= 2𝛽𝛾 + 𝜂(𝐸11 + 𝐸22);  𝜇𝑘 =

𝜕𝑊̅

𝜕𝜓,𝑘
= 2𝛼𝜓,𝑘 (16b) 

with  

𝐴 =
2

𝑡ℎ
𝐾𝑛

𝑀 = (2 𝛼1 + 𝛽1 + 𝜆 + 2𝜇 + 4 𝜇1);

𝐵 = 0 = 2 (2𝛼1 + 𝛽3 + 𝜆);  𝐶 =
1

𝑡ℎ
𝐾𝑠

𝑀 = 8(𝜇 + 2 𝜇1)

𝜂 =
1

𝑡ℎ
𝐾𝑛𝑠

𝑚 = (𝜂1 + 𝜂3);  𝛽 =
1

𝑡ℎ
𝐾𝑠

𝑚;  𝛼 =
𝑙2

𝑡ℎ
𝐾𝑠

𝑔
;

 (17) 

where 𝜏𝑖𝑗 , is the symmetric Cauchy stress, 𝜎  the relative 

moment stress, and 𝜇𝑘 the double moment stress. Further, in 

Eq. (17) the grain-scale stiffness parameters is linked with the 

macro coefficients of Eq. (6). It maybe noted that the coupling 

between the relative micro-macro rotation γ and the two 

stretching deformations E11 and E22, is widely overlooked in 

the literature on Cosserat and micro-polar solids (see for 

example [14]), although this type of chiral coupling has been 

utilized recently for describing certain lattice structures [16, 17] 

and bars with granular motif [29, 55].  

 

3.2 2D metamaterial with granular motif  

While the general problem of synthesis of a micro-

mechano-morphology that results in a strain energy given in 

Eqs. (6), (12) and (15) through rigorous homogenization is 

challenging, the GMA-based micro-macro identification 

provides a practical point of departure for conceiving such 

mechano-morphologies for granular motif. The analysis 

presented in the previous section shows that for a granular 

material to exhibit chiral Cosserat effects of the type postulated 

in Eq. (6), the description of grain-scale kinematics i) must be 

characterized by micro-rotation 𝜓  and micro-macro relative 

rotation 𝛾 as given in Eq. (11), and ii) the grain-pair relative 

displacement caused by these quantities must store energy. 

Consequently, the synthesis of a granular micro-mechano-

morphology must satisfy these requirements. Such effects are 

present in granular microstructures [56], and the micro-

mechano effects have been further expounded recently through 

analyses and experiments on 1D structures modeled as granular 

materials [28, 29, 55, 57].  

Taking cue from previous studies with 1D structures [29, 

55], a 2D system is designed, which follows the square 

mechano-morphology schematized in Fig. 1. To ensure that the 

grain-pair energy has all the representative terms given in Eq. 

(15), grain-pairs are connected via a duoskelion mechanism 

that permits grain-pair relative stretch, shear, and rotations as 

well as couplings among these grain-pair kinematics [29], such 

that Eq. (15) could be representative of the grain-pair strain 

energy. The conceived duoskelion mechanism is shown in Fig. 

2a and the designed specimen with the square mechano-

morphology in Fig. 2b. 

4. Results and Discussions 

The 2D granular motif depicted in Fig. 2(b) was generated 

using CAD software SolidWorks (Dassault Systems 

SolidWorks Corporation, Waltham, MA, USA). The designed 

specimen was fabricated with a Low Force Stereolithography 

3D printer Form 3 (FormLabs, USA), using the so-called 

“Durable Resin” monomer, with XY resolution and layer 

thickness of 50μm. The Young’s modulus of the cured resin 

is nominally 1.0 GPa. The 2D specimen was composed of 64 

grains with the geometrical parameters b = 0.7 mm and 

t = 1.0 mm, and an out-of-plane thickness of 10 mm (Fig. 2(b)). 

The value of out-of-plane thickness was chosen to induce 2D 
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planar deformations, while preventing out-of-plane 

deformation during testing and warpage in the fabrication 

process. 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 2- Designed 2D metamaterial with granular motif. (a) 

Building-block geometry showing the duoskelion mechanism. 

(b) Perspective view of the specimen with square mechano-

morphology. 

 

4.1 Compression tests and Digital Image Correlation (DIC) 

The fabricated specimen was tested as a first step in 

compression using an ElectroForce 3200 (TA Instruments) 

testing machine (Fig. 3) for the ease of implementing specific 

boundary conditions. The testing machine was equipped with a 

load cell of capacity ± 450 N, a measurement uncertainty of 

0.1%, and resolution of 1 mN; and a displacement transducer 

with a range of ± 6.5 mm, a measurement uncertainty of 0.1%, 

and a resolution of 1 µm. The specimen was compressed at a 

velocity of 50 µm/s. The top and bottom row of grains were 

constrained from displacement in the horizontal direction and 

from rotation. Digital image correlation (DIC) was utilized to 

extract the kinematic quantities relevant to the  

For DIC, images were acquired of the specimen surface 

during the compression test using a DLSR camera. Figure 3a 

gives an example image of the specimen. The image 

acquisition specifications are listed in Table 1. As shown in Fig. 

3a, the specimen surface was patterned using black and white 

paints. A red background was adopted to create a clear contrast 

between the black upon white speckle pattern of the specimen 

and the remaining space. Further, soft light boxes were used to 

generate diffusive lighting to provide a consistent exposure. To 

quantify uncertainties associated with imaging, ten images 

were acquired in the reference configuration before the 

compression commenced. Subsequently, the images were 

acquired at regular intervals during the experiment.  

The captured images were transformed into black and white 

for performing DIC registrations and post-processed using the 

Correli 3.0 DIC framework in which Hencky-elastic 

regularization has been implemented [58]. In previous works, 

details on the application of DIC analyses for specimen with 

granular motif at three different scales were discussed [29, 55]. 

These scales are referred to as i) macroscale, at which the 

granular structure is overlooked and the specimen is treated as 

a continuum; ii) microscale – where the complete granular 

structure is represented such that all the geometrical features, 

including grains are their beam-like connections, are distinctly 

recognized; and iii) mesoscale – at which the specimen is 

treated as set of rigid interconnected grains whose motions 

(translations and rotation) are measured.  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 3- (a) Example acquired image. (b) Identification of 

grain centroid. (c) Identification of grain perimeter. 

 

For the studied metamaterial, multiscalar DIC analyses [55] 

were performed. In this work, only the results corresponding to 

the mesoscale that provide the grain rigid body motions are 

discussed. For each grain, its three degrees of freedom are 

determined, namely the transverse displacement, tx, the axial 

displacement, ty, and the rotation, 𝜃, about its center of mass. 

Mesoscale analyses are justified since the strain energy of the 

deforming 2D specimen is essentially localized in the grain-

pair interactions analyses [55]. The grains themselves 

experience only rigid motions as demonstrated for a range of 

grain connections used in the present work [29]. Table 2 

gathers the standard measurement uncertainties that were 

evaluated on a series of 10 pictures acquired prior to the 

compression experiment. 

Table 1. DIC hardware parameters. 

 

Table 2. Standard uncertainties for mesoscale DIC analyses. 

 

4.2 Model verification by comparison with measurements 

The proposed linear 2D chiral Cosserat continuum model 

and its links to granular motif developed herein are validated 

by comparison with the results of the compression test. The 

continuum model described by Eq. (6) was implemented into 

the commercial software COMSOL Multiphysics for 

numerical solution of the compression test directly resorting to 

a standard finite element formulation. The link of the 

continuum model with the granular micromechanics was 

exploited by considering the continuum model stiffness to be 

Camera NIKON D300 

Definition 4288 × 2848 pixels (RGB image) 

Gray levels amplitude 8 bits 

Lens AF-S VR Micro-Nikkor 105mm f / 2.8G ED 

Aperture f / 4.5 

Field of view 450 × 299 mm2 

Image scale 105 μm / px (B&W images) 

Stand-off distance ≈ 120 cm 

Image acquisition rate 1/5 fps 

Exposure time 20 ms 

Patterning technique Sprayed black paint 

Pattern feature size 2.0 px 

 

Axial direction Transverse direction Rotation 

10 μm 14 μm 2 × 10−4 
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obtained from the micro-stiffness as shown in Eq. (17). In the 

calculations of the continuum stiffness in terms of micro-

stiffness, the grain-spacing l = 10 mm, the out-of-plane 

thickness 𝑡ℎ =10 mm, and the values of micro- and macro-

stiffnesses are listed in Tables 3 and 4, respectively.  

 

 

 

 

Table 3. Micro-scale stiffnesses (N/m). 

 

 

 

 

 

 

Table 3. Macro-scale stiffnesses (N/m2 unless otherwise 

specified). 

 

The simulation of compression test was performed for a 

square domain of 75 × 75 mm dimension keeping the two 

vertical boundaries free (such that the dual of the kinematic 

quantities, i.e. force per unit line and the micro-couple are zero) 

and applying the following conditions on the two horizontal 

boundaries 

𝑢1(𝑋1, 0) = 𝑢2(𝑋1, 0) = 𝑢1(𝑋1, 𝐿) = 0;

 𝑢2(𝑋1, 𝐿) = 2.75𝑚𝑚;  𝜓(𝑋1, 0) = 𝜓(𝑋1, 𝐿) = 0
 

 (18) 

mimicking the conditions of the compression test, in which the 

top and bottom row of grains were constrained from 

displacement in the horizontal direction and from rotation. The 

square domain was discretized using quadrilateral elements 

characterized by shape functions of the Lagrange type with a 

quadratic order belonging to the Hilbert space H1. This choice 

is compatible with the postulated continuum deformation 

energy in Eq. (4). The number of elements adopted in the 

discretization was 10,000, corresponding to 122,409 degrees of 

freedom to be evaluated during the simulations. 

In Fig. 4, the comparison of measured and predicted reaction 

force-displacement curves is shown in the linear range of the 

compression response. The reaction force in the linear range is 

well represented. The constants for the continuum model were 

based upon estimates of the grain-pair stiffness determined 

using an FE model of the connector. It is notable that at the 

2 mm mark, there is deviation from linearity. This nonlinear 

force-displacement response likely reflects the effect of finite 

deformation of the duoskelion mechanism that represents the 

grain-pair behavior. The finite deformation or large bending 

within the duoskelion mechanism leads to a nonlinear grain-

pair response. The implication is that for describing the 

behavior of the designed metamaterial, nonlinear grain-pair 

effects have to be specified for compressive strains greater than 

3%. The metamaterial, in this sense, represents a case in which 

geometrically nonlinear deformations at microscales lead to a 

nonlinear response at the macroscale. It is also notable that 

linearized model of the microstructure, say using linearized 

classical Cauchy continuum theory, that does not accurately 

describe the large bending in the connecting ligaments is also 

likely to be non-representative.  

 

 

 

 

 

 

 

 

 

 

 

Figure 4- Comparison of predicted (solid line) and measured 

(symbols) reaction force and applied axial displacement. 

 

In Fig. 5, the predicted kinematic fields are presented. The 

chiral effect is apparent from the lack of symmetry in all the 

kinematic fields, but manifests itself in the asymmetry of the 

total stored strain energy density (Fig. 5(d)). A measurable 

predicted outcome is the lack of linearity as seen from the 

distribution of axial displacement u2 in Fig. 5(a). Further, non-

uniformity and asymmetry of the Poisson’s effect is noticeable 

in Fig. 5(b). More importantly, a negative Poisson’s effect is 

observable in Fig. 5(b). What is remarkable is that this 

Poisson’s effect is a direct manifestation of the microrotation 

included within the 2D orthotropic Cosserat model of square 

symmetry. In a classical 2D orthotropic model, without the 

microrotation degree-of-freedom, material of square symmetry 

exhibits no Poisson’s effect since the coupling stiffness B 

vanishes (see Eq. (16)). In such a case, the transverse 

displacement will be zero for the given compressive boundary 

condition. Another measureable quantity is the micro-rotation, 

particularly in the center region of the body as seen from the 

distribution of micro-rotation ψ in Fig. 5(c). It is observed that 

micro-rotation attains a maximum near the center of the 

specimen. In addition the micro-rotations are coherent, that is 

have the same sense as indicated by the negative sign, as 

opposed to gear-like rotations observed in some frictional 

granular systems [59, 60]  

Figure 5- Predicted (a) axial displacement u2, (b) transverse 

displacement u1, (c) rotation, 𝜓, and (d) deformation energy 

density, 𝑤, under compression.. 

 

M

nK  M

sK  m

sK  m

nsK  g

sK  

276.88 5116.6 200.73 229.25 124.08 

 

𝛌 𝛍 𝛂𝟏 𝛃𝟏 𝛍𝟏 

-68589 58144 -3429.5 2907.2 2907.2 

𝛈𝟏 𝛈𝟑 𝛂 (N) 𝛃 𝛃𝟑 

11463 11463 1.2408 20073 75448 
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In Fig. 6(a)-6(c), the predicted kinematic quantities (the 

axial displacement, u2, the transverse displacement, u1, and the 

micro-rotation, 𝜓) are shown at the barycenter locations of all 

64 grains. The predicted grain displacements and rotations can 

be compared directly with the DIC measurements (the axial 

displacement, ty, the transverse displacement, tx, and the 

rotation, 𝜃) shown in Fig 6(d)-6(f). A remarkable agreement is 

seen in the trends of all the kinematic quantities both 

qualitatively and quantitatively. The agreement is particularly 

remarkable given the high precision of DIC measurements with 

very low uncertainties as shown in Table 2 and inevitable 

fabrication defects even though a high precision 3D printer was 

used. Some asymmetries and non-smoothness are observed in 

the measured transverse displacements, tx, and rotations, 𝜃 , 

particularly for the boundary grains. These effects could be a 

result of imperfect implementation of the desired boundary 

conditions. Future work will consider more precise 

implementation of boundary conditions in the experiments. It 

is notable also that certain subtle effects, such as the measured 

variation of grain rotation from the left to the right boundary of 

the specimen is replicated by the micro-rotation predicted by 

the continuum model. The grain rotations are smaller in the 

center of the specimen as opposed to the left and the left and 

the right boundaries.  

 

Figure 6- Theoretical predictions using the continuum model 

of (a) axial displacement u2, (b) transverse displacement u1, and 

(c) micro-rotation, 𝜓, at the grain barycenter(s) compared with 

the DIC measured grain rigid body (a) axial displacement ty, (b) 

transverse displacement tx, and (c) rotation, 𝜃. 

 

Lastly, Fig. 7 shows the predicted and measured deviation 

from linearity of the predicted axial displacement u2 and the 

corresponding measured axial displacement, ty. Such 

deviations are characteristic of granular material as observed in 

experiments with frictional grain packing [50-52]. Although 

both predictions and measurements depict a deviation from 

linearity, the nature and magnitude of this deviation is quite 

different. The predictions show that the axial displacements 

exceed the linear trend (super-linear) in the top half of the 

specimen, while are below the linear trend (sub-linear) in the 

bottom half. The deviations from the linearity diminishes 

towards the middle part of the specimen when compared to the 

left or right boundaries. In contrast, the measurements show 

that the axial displacements are sub-linear on the left side of the 

specimen, while on the right they are super-linear. There is a 

gradual transition in this trend from left to the right of the 

specimen. The predicted magnitude is also ~20% of the 

measured deviations. These disagreements are of second order 

but not insignificant and deserve additional investigations. 

Further refinement of the model maybe needed, for instance by 

enriching the kinematic description with additional micro-

strains as in micromorphic models [48, 61] to capture these 

discrepancies. 

 

Figure 7- Theoretical predictions using the continuum model 

of the deviation from linearity of axial displacement, u2, at the 

grain barycenter(s) compared with the DIC measured deviation 

from linearity of the grain rigid body axial displacement ty. 

 

5. Summary and conclusion 

In this paper, the behavior of a 2D metamaterial is 

investigated whose substructure is inspired by pair-grain 

interactions of granular materials. Specifically, a granular motif 

is conceived in which a bi-dimensional array of nearly rigid 

grains are linked by soft links that confers a specific 

macroscopic deformable behavior to the material [29, 55, 62]. 

This substructure is designed in order to have at the 

macroscopic scale of observation, deformation energy that is 

characterized by an orthotropic material symmetry, internal 

contact actions including forces per unit line, as well as 

microcouples per unit line (namely a micropolar continuum), 

and a chiral effect.  

 

The present work follows the previous paper by the authors 

in which it was shown that such a chiral effect can be modeled 

using a deformation energy that includes a coupling term 

between the micro-macro relative rotation and a stretching 

deformation. The metamaterial exemplified herein is designed 

by the aid of micro-macro links provided by the granular 

micromechanics (GMA) model, where the relation between 

microrotation and the coupling of shear and normal responses 

of grain-pair interactions are exploited. Using the GMA, a 
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micro-macro identification of grain-scale motion with 

continuum kinematic variables is performed to consider the 

equivalence of postulated deformation energy in the continuum 

model with that of the granular model.  

 

Assuming that the considered substructure provides a 

possibility to reproduce an orthotropic Cosserat material with a 

chiral effect, we have compared the results of macroscopic 

model and the experiments performed on a square specimen 

fabricated by 3D printing. Digital image correlation is applied 

to determine the kinematic quantities of interest that define the 

deformation of the metamaterial. The orthotropic chiral 

Cosserat model was evaluated with a finite element method and 

simulated numerically in the same experimental conditions as 

that of the laboratory. The experimental analysis of the 

deformation of the considered sample was performed by 

employing a digital image correlation (DIC) based on recently 

discussed mesoscale analyses [29, 55]. The comparison 

between the numerical simulations and the experimental data 

has shown a good agreement for the analyzed fields, 

confirming that the substructure conceived is indeed 

representative of the energy adopted. A few discrepancies are 

found for large deformations that deserve to be further 

investigated, perhaps by introducing in the continuum model 

some enhancements such as micromorphic model which 

accounts for the nonlinear grain-pair interactions, as well as 

implementing more precise boundary conditions in the 

experiments. 
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