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Bio-hybrid micro-swimmers propelled by flagella isolated from C.
reinhardtii†

Raheel Ahmad††a, Albert J Bae††a,b, Yu-Jung Sua, Samira Goli Pozveha, Eberhard
Bodenschatza,c,d, Alain Pumira,e, and Azam Gholamia∗

Bio-hybrid micro-swimmers, composed of biological entities integrated with synthetic constructs, ac-
tively transport cargo by converting chemical energy into mechanical work in a fluid at low Reynolds
number, where viscous drag dominates over inertia. Here, using isolated and demembranated flagella
from green algae Chlamydomonas reinhardtii (C. reinhardtii), we build efficient axonemally-driven
micro-swimmers that consume ATP to propel micron-sized beads. Depending on the calcium con-
centration, we observed two main classes of motion: Whereas beads move along curved trajectories
at calcium concentrations below 0.03 mM, they are propelled along straight paths when the cal-
cium concentration increases. In this regime, they reached velocities of approximately 20 µm/sec,
comparable to human sperm velocity in vivo. We relate this transition to the properties of beat-
ing axonemes, in particular the reduced static curvature with increasing calcium concentration. To
quantify the motion, we used mode decomposition of the flagellar waveform, and we studied both
analytically and numerically the propulsion of the bead as a function of the axonemal waveform and
bead-axoneme attachment geometry. While our analysis semi-quantitatively describes the experi-
mental results, it also reveals the existence of a counter-intuitive propulsion regime where the speed
of the axonemally-driven bead increases with the size of the bead. Moreover, we demonstrated that
asymmetric, sideways attachment of the axoneme to the bead can also contribute to the rotational
velocity of the micro-swimmer. The uncovered mechanism has potential applications in the fabrica-
tion of synthetic micro-swimmers, and in particular, bio-actuated medical micro-robots for targeted
drug delivery.

1 Introduction
Bio-actuated micro-swimmers, fabricated by integration of a live
biological entity with a synthetic cargo, are the subject of growing
interest, in particular for their potential applications in the field
of targeted drug delivery or assisted fertilization in vivo1–3. It
is known that an essential aspect in designing bio-hybrid micro-
swimmers is to take advantage of biological motors, which are
highly efficient in converting chemical energy into mechanical
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work4. Therefore, the main goal in the synthesis of bio-hybrid
micro-swimmers is to integrate these highly efficient energy con-
version modules into bio-compatible nano- and micro-swimmers
to realize various tasks. In the past decade, the sensory capabili-
ties and the autonomous motility and power of various bacterial
species, mainly E. coli have been extensively utilized as a biolog-
ical micro-actuator in bio-hybrid micro-swimmers to provide an
efficient cargo (e.g. liposomes or coated beads) transport5–12.

A wide variety of motility mechanisms exist in nature. This
includes the polarized assembly and disassembly of biopolymers
for the directional movement of amoeboid cells13,14, or motil-
ity driven by eyelash-shaped cellular protrusions - cilia and flag-
ella - that perform periodic whip-like motion to generate fluid
flow and propulsion15–17. In many organisms, multiple motile
cilia coordinate their beating activity to enhance the swimming
efficiency or directional fluid transport. Examples are trans-
port of cerebrospinal fluid, which contains physiologically impor-
tant signaling molecules, through the ventricular cavities of the
mammalian’s brain18, mucus clearance in mammalian airways19,
or the bi-flagellated algae Chlamydomonas reinhardtii (C. rein-
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Fig. 1 Axonemally-driven beads and the effect of calcium ions. A) An exemplary axoneme at [Ca2+]=0 mM is attached at the basal end (s = 0) to a
bead of diameter 1 µm. The blue trajectory of the bead center shows a curved swimming path at two different time points. B) The time-projection
of the axonemal shapes highlights the counter-clockwise rotation of the axoneme as bending deformations propagate along the contour length. C)
In the presence of 1 mM calcium, the bead is propelled on average along a straight path at the propulsion speed of around 20 µm/sec, which is
comparable to the human sperm propulsion speed in mucus. D) Calcium ions trigger a transition from an ’asymmetric’ flagellar waveform that rotates
counter-clockwise to a ’symmetric’ waveform that swims along a straight path. In both experiments, the ATP concentration is 200 µM (see Videos
1,2).

hardtii) which swims in water with its two flagella using a char-
acteristic breaststroke beat pattern 20–24. Cilia and flagella have
a tube-shaped structure consisting of a periodic arrangement of
nine microtubule doublets (MTDs) at the periphery and two axial
singlet microtubules at the center. This 9+2 structure, known as
axoneme, has the diameter of 200 nm and can be actuated via co-
ordinated collective activity of dynein molecular motors that con-
vert chemical energy released during ATP hydrolysis into mechan-
ical work by sliding neighboring MTDs25–33. Flagella in different
species show a variety of beat patterns. In contrast to sperma-
tozoa (typical length 50 µm), flagella isolated from green algae
C. reinhardtii (typical length 10 µm) beat by asymmetric bending
deformations propagating at a fundamental beat frequency along
the axonemal length in a base-to-tip direction34–38. The observed
asymmetric waveform is such that the flagellar shapes over one
beat cycle average to a semi-circular arc with a mean curvature
of about -0.2 µm−1. This static component of the axonemal cur-
vature leads to a curved swimming trajectory36,39–41, whereas in
the absence of this component, the flagella swims along a straight
path34,35.

In the present work, we demonstrate the feasibility of using
isolated and demembranated flagella from C. reinhardtii as a bio-
actuator to carry and maneuver micron-sized particles. To the
best of our knowledge, there has been no report in the literature
on isolated flagella-driven propulsion of cargo. Figure 1 demon-
strates the existence of two different regimes of propulsion. At
low calcium concentration, see Fig. 1A-B, the micro-swimmer is

propelled on a highly curved trajectory. At higher calcium con-
centration, on the other hand, the bead is propelled along an al-
most straight path, at a velocity of ∼ 20 µm/s, comparable to the
velocity of human sperm in vivo, see Fig. 1C-D. The possibility
to externally modify flagellar wave components and beating fre-
quency with light or chemical stimuli (such as calcium ions, as in
Fig. 1B,D)35,42–44 opens interesting perspective to control such
a bio-hybrid micro-swimmer. The micro-swimmers, propelled by
isolated and reactivated flagella, are potentially attractive to de-
velop minimally invasive devices for medical applications, such
as in vivo active cargo transport7,8. In this context, understand-
ing the propulsion mechanism as a function of the flagellar beat
pattern and flagella-bead attachment geometry appears as an im-
portant pre-requisite.

Here, we combined experiments, numerical simulations and
analytical approximations to investigate the effect of (i) external
calcium ions, (ii) various wave components, (iii) the cargo size,
and (iv) symmetric versus asymmetric bead-axoneme attachment
on the swimming dynamics of a bead that is propelled by an ATP-
reactivated axoneme. We used calcium ions to reduce the static
curvature of axonemes by one order of magnitude, thereby34,35

inducing a transition from circular to straight swimming trajecto-
ries of axonemal-propelled beads (see Fig. 1). Furthermore, we
described the axonemal waveform as a combination of a static
curvature and a traveling wave component and used resistive-
force theory45,46 to obtain analytical approximations for the
translational and rotational velocities of an axonemal-propelled

2 | 1–26Journal Name, [year], [vol.],

was not certified by peer review) is the author/funder. All rights reserved. No reuse allowed without permission. 
The copyright holder for this preprint (whichthis version posted April 5, 2022. ; https://doi.org/10.1101/2021.05.19.444861doi: bioRxiv preprint 

https://doi.org/10.1101/2021.05.19.444861


bead in the limit of small amplitude of curvature waves, and sim-
ulated the swimming trajectories. Our analysis revealed a surpris-
ing non-monotonic behavior of the mean translational and rota-
tional velocities of the axonemal-driven bead as a function of the
bead radius. Finally, we showed that for a freely swimming ax-
oneme, which rotates predominantly with its static component of
the axonemal waveform, sideways bead attachment is sufficient
to generate mean rotational velocities comparable to the rotation
rates induced by the static curvature.

2 Materials and Methods

2.1 Isolation of axonemes from C. reinhardtii and attach-
ment to the beads

Isolation and reactivation of axonemes are done based on a stan-
dard protocol described in Refs.47,48. Briefly, wild-type C. rein-
hardtii cells, strain SAG 11-32b, are grown axenically in TAP (tris-
acetate-phosphate) medium on a 12 h/12 h day-night cycle. Upon
adding Dibucaine, cells release their flagella which we purify on
a 25% sucrose cushion, and demembranate them using detergent
NP-40 in HMDEK solution (30 mM HEPES-KOH, 5 mM MgSO4, 1
mM DTT, 1 mM EGTA, 50 mM potassium acetate, pH 7.4) sup-
plemented with 0.2 mM Pefabloc. The membrane-free axonemes
are resuspended in HMDEK buffer plus 1% (w/v) polyethylene
glycol (Mw = 20 kgmol−1), 0.2 mM Pefabloc and used freshly af-
ter isolation. To perform reactivation experiments, we diluted
the axonemes in HMDEKP reactivation buffer (HMDEK plus 1 %
PEG) supplemented with ATP at different concentrations. Beads
(Polystyrene microspehere) were washed twice with HMDEKP
buffer supplemented with 0.01% SDS and resuspended in the
same solution, and sonicated for 5 min before use. For bead
attachment, beads are incubated for 20 min with axonemes be-
fore being mixed with reactivation buffer and infused into 100
µm deep flow chambers, built from cleaned glass and double-
sided tape. The glass slides are treated with casein (2 mg/mL in
HMDEKP buffer) for 5 min before use to avoid axoneme-substrate
attachment38. For calcium experiments, we added CaCl2 at dif-
ferent concentrations to the HMDEKP reactivation buffer.

2.2 Axoneme Tracking

We used high-speed phase-contrast microscopy (100X objective,
1000 fps) to capture high-resolution images of fast beating ax-
onemes that propel micron-sized beads and swim parallel to the
glass substrate with an approximately planar axonemal beat. This
effective confinement to 2D significantly facilitates tracking of
flagellar shapes and their analysis. In these images, the bead
appears as a bright spot, which interferes with the tracking al-
gorithm of the axoneme. Therefore, the first step is to filter out
the bead by applying a threshold to the images (Fig. S1). Next,
to increase the signal to noise ratio, we invert the phase-contrast
images and subtract the mean-intensity of the time series38. To
smooth the images, we apply a Gaussian filter. Tracking of ax-
onemes is done using a customized MATLAB code (available in
the supplemental information) which is based on the gradient
vector flow (GVF) technique49–51. In this algorithm, for the first
frame, we select a region of interest that includes only one ac-

tively beating axoneme. Then, to initialize the snake, we draw a
line polygon along the contour of the axoneme in the first frame
(see Fig. S1). This polygon is interpolated at N equally spaced
points and used as a starting parameter for the snake. The GVF is
calculated using the GVF regularization coefficient µ = 0.1 with
20 iterations. The snake is then deformed according to the GVF
where we have adapted the original algorithm by Xu and Prince
for open boundary conditions49,50. The axoneme is characterized
by N points along the axonemal length s so that s = 0 is the basal
region and s= L is the distal tip. Here L is the total contour length
of the filament. The position of axoneme at contour length si and
time point t is given by r(si, t) = (x(si, t),y(si, t)). Furthermore, to
estimate the systematic error of our tracking algorithm, we gen-
erated artificial filaments with known values of mean curvature
and used the GVF algorithm to determine the curvature from the
tracking algorithm. As shown in Fig. S2, the measured values sys-
tematically deviate from the real values at small mean curvatures,
but provide a much better estimate when the mean curvature is
larger. In other words, our algorithm has a smaller systematic er-
ror (less than 4%) for curved filaments with dimensionless mean
curvature C0 larger than 0.3.

2.3 Resistive-force theory and calculations of mean transla-
tional and rotational velocities

The fluid flow generated by the swimming of small objects is char-
acterized by very small Reynolds numbers. In this regime, viscous
forces dominate over inertia and non-reciprocal motion is neces-
sary to break the time-symmetry and generate propulsion (scallop
theorem)52,53. The micro-swimmer in our system is formed of an
axoneme (a filament of characteristic length L ∼ 10 µm and ra-
dius 0.1 µm), which is attached from one end to a micron-sized
bead and swims in an aqueous solution of viscosity µ = 10−3 Pa
s and density ρ = 103 kg m−3. Given the characteristic axone-
mal wave velocity V = λ/T ≈ 0.5 mm s−1 (calculated for a typ-
ical axonemal beat frequency of 50 Hz and a wavelength which
is comparable to the axonemal contour length L), the Reynolds
number Re = ρLV/µ will be a small number around 0.005. An
important feature of swimming at low Reynolds numbers is its re-
versibility, which is a consequence of the linearity of the Stokes
equation53. In this physical regime, Newton’s laws then consist
of an instantaneous balance between external and fluid forces
and torques exerted on the swimmer, i.e. Fext +Ffluid = 0 and
τττext + τττfluid = 0. The force Ffluid and torque τττfluid exerted by the
fluid on the axoneme-bead swimmer can be written as

Ffluid = FBead +
∫ L

0
ds FAxoneme(s, t), (1)

τττfluid = τττBead +
∫ L

0
ds r(s, t)×FAxoneme(s, t), (2)

where Fbead and τττBead are the hydrodynamic drag force and
torque acting on the bead, and the integrals over the contour
length L of the axoneme calculate the total hydrodynamic force
and torque exerted by the fluid on the axoneme. The bead is pro-
pelled by the oscillatory shape deformations of an ATP-reactivated
axoneme. At any given time, we consider axoneme-bead swim-
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mer as a solid body with unknown translational and rotational
velocities U(t) and ΩΩΩ(t) yet to be determined. Ffluid and τττfluid can
be separated into propulsive part due to the relative shape de-
formations of the axoneme in the body-fixed frame and the drag
part54(

Ffluid
τττfluid

)
=

(
Fprop

τττprop

)
−D

(
U
ΩΩΩ

)
=

(
Fprop

τττprop

)
− (DA +DB)

(
U
ΩΩΩ

)
,

(3)
where the 6×6 geometry-dependent drag matrix D is symmetric
and non-singular (invertible) and is composed of drag matrix of
the axoneme DA and drag matrix of the bead DB. We also note
that a freely swimming axoneme-bead experiences no external
forces and torques, thus Ffluid and τττfluid must vanish. Further,
since swimming effectively occurs in 2D, D is reduced to a 3×3
matrix and Eq. 3 can be reformulated asUx

Uy

Ωz

= (DA +DB)
−1

Fprop
x

Fprop
y

τ
prop
z

 , (4)

which we use to calculate translational and rotational velocities
of the swimmer after determining the drag matrices DA and DB,
and the propulsive forces and torque (Fprop

x ,Fprop
y ,τ

prop
z ).

We calculate Fprop
x , Fprop

y and τ
prop
z in the body-fixed frame by

selecting the basal end of the axoneme (bead-axoneme contact
point) as the origin of the swimmer-fixed frame. As shown in
Fig. 1A and Fig. 2A, we define the local tangent vector at con-
tour length s = 0 as X-direction, the local normal vector nnn as the
Y-direction, and assume that zzz and Z are parallel. Here (xxx,yyy,zzz) de-
note an orthogonal lab-frame basis. We define θ0(t) = θ(s = 0, t)
as the angle between xxx and X which gives the velocity of the bead
in the laboratory frame as UBead-Lab

x = cosθ0(t)Ux+sinθ0(t)Uy and
UBead-Lab

y =−sinθ0(t)Ux + cosθ0(t)Uy. Furthermore, note that the
instantaneous velocity of the axoneme in the lab frame is given
by u = U + ΩΩΩ× r(s, t) + u′, where u′ is the deformation veloc-
ity of the flagellum in the body-fixed frame, U = (Ux,Uy,0) and
ΩΩΩ = (0,0,Ωz) with Ωz = dθ0(t)/dt.

To calculate Fprop
x , Fprop

y and τ
prop
z for a given beating pattern

of axoneme in the body-fixed frame, we used the classical frame-
work of resistive-force theory (RFT), which neglects long-range
hydrodynamic interactions between different parts of the flagel-
lum as well as the inter-flagella interactions45,46. In this theory,
the flagellum is discretized as a set of small rode-like segments
moving with velocity u′(s, t) in the body-frame and the propulsive
force Fprop is proportional to the local center-line velocity compo-
nents of each segment in parallel and perpendicular directions

Fprop(s, t) = ζ‖u′‖(s, t)+ζ⊥u′⊥(s, t),

u′‖(s, t) = [ṙ(s, t).t(s, t)]t(s, t),

u′⊥(s, t) = ṙ(s, t)−u′‖(s, t),

(5)

where u′‖ and u′⊥ are the projections of the local velocity on the di-
rections parallel and perpendicular to the axoneme. The friction
coefficients in parallel and perpendicular directions are defined

as ζ‖ = 4πµ/(ln(2L/a) + 0.5) and ζ⊥ = 2ζ‖, respectively. This
anisotropic hydrodynamic friction experienced by a cylindrical
segment is the basis of propulsion by a flagellum. For a water-
like environment with dynamic viscosity µ = 10−3 Pa s, we obtain
ζ‖ ∼ 2.1 pN msec/µm2. Notably, the resulting velocity is not par-
allel to the propulsive force Fprop.

Here is a brief summary of the steps in the RFT analysis: First,
we translate and rotate the axoneme such that the basal end is at
position (0,0) and the local tangent vector at s = 0 at any time t is
along the xxx-axis (see Fig. 1A). In this way, we lose the orientation
information of the axoneme at all the time points except for the
initial configuration at time t = 0. Second, we calculate propul-
sive forces and torque in the body-frame using RFT (Eq. 5), and
then use Eq. 4 to obtain translational velocities Ux, Uy as well
as rotational velocity Ωz of the axoneme. Now the infinitesimal
rotational matrix can be expressed as

dΓΓΓ(t) =

cos(Ωz(t)dt) −sin(Ωz(t)dt) Ux(t)dt
sin(Ωz(t)dt) cos(Ωz(t)dt) Uy(t)dt

0 0 1

 , (6)

which we use to update rotation matrix as ΓΓΓ(t + dt) = ΓΓΓ(t)dΓΓΓ(t),
considering ΓΓΓ(t = 0) to be the unity matrix. Having the rotation
matrix at time t, we obtain the configuration of the axoneme
at time t from its shape at the body-fixed frame by multiplying
the rotation matrix as rlab-frame(s, t) = ΓΓΓ(t)rbody-frame(s, t), which
can then be compared with experimental data. Please note that
rlab-frame(s, t) is an input from experimental data presenting the
beating patterns in the lab frame.

2.3.1 Drag matrix of a bead in 2D

Let us consider the two-dimensional geometry defined in Fig. 2A.
Note that the origin of the swimmer-fixed frame is not at the bead
center; rather it is selected to be at the bead-axoneme contact
point, as shown in Fig. 2A. In general, the tangent vector at po-
sition s = 0 of the axoneme, which defines the X-axis, does not
pass through the bead center located at (XB,YB). This asymmetric
bead-axoneme attachment is also observed in our experiments, as
shown in Fig. 1A. We emphasize that the drag force is actually a
distributed force, given by df= σ .dA, applied at the surface of the
sphere, but symmetry implies that drag force effectively acts on
the bead center. We define the translational and rotational fric-
tion coefficients of the bead as νT = 6παt µR and νR = 8παrµR3,
where µ = 10−3 Pa s is the dynamic viscosity of water and factors
αt = 1/

(
1−9(R/h)/16+(R/h)3/8

)
and αr = 1/

(
1− (R/h)3/8

)
are

corrections due to the fact that axonemal-based bead propulsion
occurs in the vicinity of a substrate55. Here R is the bead ra-
dius (∼ 0.5 µm), h is the distance between the center of the bead
and the substrate. Assuming R/h ∼ 1, we obtain αt = 16/9 and
αr = 8/7. We now look at each component of velocity and ask
what force do we need to apply to counteract the viscous force
and torque?

(i) Translation in X-direction. In this case, we have
(Ux,Uy,Ωz) = (1,0,0) as shown in Fig. 2B. We need to apply a
force in +X-direction to counteract the drag force as

Fx = 6παt µR = νT . (7)
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Fig. 2 A) Illustration of the bead orientation with respect to the axoneme
and definition of the swimmer-fixed frame. Tangent vector at s= 0 (basal
end) defines the X-direction. B-D) Schematic drawing of the forces and
torques that counteract the hydrodynamic drag force and torque.

But we must also apply a torque in +Z-direction for the case il-
lustrated in Fig. 2B (where YB < 0) to prevent rotation from oc-
curring

τττ =−τττD =−YBFx =−νTYB, (8)

so we get
(Fx,Fy,τz) = (νT ,0,−νTYB)Ux. (9)

(ii) Translation in Y-direction. This case corresponds to
(Ux,Uy,Ωz) = (0,1,0) as shown in Fig. 2C. We have Fx = 0 and
Fy = +6παt µR = νT . Note that we need to apply a negative
torque, and since XB < 0, we have τz =+XBνT which gives

(Fx,Fy,τz) = (0,νT ,νT XB)Uy. (10)

(iii) Rotation around Z-direction. For this case, we have
(Ux,Uy,Ωz) = (0,0,1) as shown in Fig. 2D. Before looking at the
forces, let us examine the motion. The rotation Ω′z = 1 of the bead
center around the origin O also generates translational velocity
U′ = (−Ry,Rx)Ωz = (−YB,XB). Note that for YB < 0 and XB < 0, we
get U ′x > 0 and U ′y < 0 which is consistent. Around the center of
the bead, drag exerts force and torque FD and τττD, as depicted in
Fig. 2D

FD =−vT U′ = (νTYB,−νT XB), and (τττD)z =−νR. (11)

To counteract the drag force, we must apply

FD = (−νTYB,νT XB), and τz = νR +FR = νR +νT R2, (12)

so we obtain (Fx,Fy,τz) = (−νTYB,νT XB,νR +νT R2)Ωz.

Now we combine parts (i), (ii) and (iii) to obtainFx

Fy

τz

=

 νT 0 −νTYB

0 νT νT XB

−νTYB νT XB νR +νT R2


Ux

Uy

Ωz

 . (13)

For the special case that center of the bead is at (XB,YB) =

(−R,0) which corresponds to the situation that tangent vector of
the flagella at s= 0 goes through the bead center, Eq. 13 simplifies
to Fx

Fy

τz

=

νT 0 0
0 νT −νT R
0 −νT R νR +νT R2


Ux

Uy

Ωz

 . (14)

Note that Eqs. 13-14 present the forces and torque exerted by the
bead on the fluid which has opposite sign of the forces generated
by the fluid on the bead, so the drag matrix of the bead DB is
given by

DB =

−νT 0 νTYB

0 −νT −νT XB

νTYB −νT XB −νR−νT R2

 . (15)

The general form of the drag matrix in 3D is derived in the next
section.

2.3.2 Drag matrix of a bead in 3D

Let us fix a couple of points P and P′ on or in a rigid body (see
Fig. 3A). The distance between these points remains constant.
Furthermore, if we attach two parallel vectors at P and P′, they
would remain parallel under movement. Since this is the case, it
follows that ΩΩΩP = ΩΩΩP′ , so we will drop the subscript and call it ΩΩΩ.

Fig. 3 Schematic presentation of the set up and the coordinate system.

Let us denote the positions of P and P′ by RP and RP′ (Fig. 3B).
The distance |RP′ −RP| is constant, but the orientation changes

UP′ −UP =
d
dt

(RP′ −RP) =−(RP′ −RP)×ΩΩΩ. (16)

Next, suppose we apply a distribution of forces fi at Ri as F =

Σifi which does not depend on P and P′. The torques depend on
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P and P′

τττP = Σi(Ri−RP)× fi, and τττP′ = Σi(Ri−RP′)× fi, (17)

and the difference gives

τττP′ − τττP =−(RP′ −RP)×F. (18)

Now let us define the problem we wish to solve: What is the
force F = (Fx,Fy,Fz)

T and torque τττ = (τx,τy,τz)
T we need to apply

at point P on the bead’s surface to make the bead move with trans-
lational velocity U = UP and angular velocity ΩΩΩ? This amounts
to asking what is the drag force and drag torque one needs to
overcome. Let us denote the center of the bead as P′ and define
R = RP−RP′ (Fig. 3B). This problem would have been much sim-
pler if we were asked what force F′ and torque τττ ′ needs to be
applied at the bead’s center to counteract drag(

F′

τττ ′

)
=

(
νT I O
O νRI

)(
U′

ΩΩΩ
′′′

)
. (19)

Here νT = 6πRµ, νR = 8πR3µ/3 and

I =

1 0 0
0 1 0
0 0 1

 , and O =

0 0 0
0 0 0
0 0 0

 . (20)

Now we use what we learned about rigid body motion in Eq. 16(
U′

ΩΩΩ
′

)
=

(
U− (RP′ −RP)×ΩΩΩ

ΩΩΩ

)
=

(
U+R×ΩΩΩ

ΩΩΩ

)
=

(
I R
O I

)(
U
ΩΩΩ

)
,

(21)
where we have defined

R=

 0 Rz Ry

Rz 0 −Rx

−Ry Rx 0

=

 0 −ZC +ZB YC−YB

ZC−ZB 0 −XC +XB

−YC +YB XC−XB 0

 .

(22)
Recall that RP = (XC,YC,ZC) are the coordinates of the flagella-
bead contact point and RP′ = (XB,YB,ZB) are the coordinates of
the bead center (Fig. 3C). Similarly, we have that(

F′

τττ ′

)
=

(
F

τττ− (RP′ −RP)×F

)
=

(
F

τττ +R×F

)
=

(
I O
R I

)(
F
τττ

)
,

(23)
so the Eq. 19 becomes(

I O
R I

)(
F
τττ

)
=

(
νT I O
O νRI

)(
I R
O I

)(
U
ΩΩΩ

)
. (24)

Multiplying both sides by

(
I O
−R I

)
and calculating the

products of matrices yields(
F
τττ

)
=

(
νT I νTR
−νTR νRI−νTR2

)(
U
ΩΩΩ

)
, (25)

where

R2 =

 0 −Rz Ry

Rz 0 −Rx

−Ry Rx 0


 0 −Rz Ry

Rz 0 −Rx

−Ry Rx 0

 (26)

=

−R2
y −R2

z RxRy RxRz

RxRy −R2
x −R2

z RyRz

RxRz RyRz −R2
x −R2

y

 . (27)

Possibly noteworthy is that

R2 +R2I =

−R2
y −R2

z RxRy RxRz

RxRy −R2
x −R2

z RyRz

RxRz RyRz −R2
x −R2

y

+

R2 0 0
0 R2 0
0 0 R2



=

 R2
x RxRy RxRz

RxRy R2
y RyRz

RxRz RyRz R2
z

= RRT . (28)

For the motion in x− y plane (2D), we are only interested in Fx,
Fy and τz as a function of Ux, Uy and Ωz. Here we also assume
Rz = 0, so we are only interested in components 1, 2, and 6Fx

Fy

τz

=

 νT 0 νTR13

0 νT νTR23

−νTR31 −νTR32 νR−νTR2
33


Ux

Uy

Ωz



=

 νT 0 νT Ry

0 νT −νT Rx

νT Ry −νT Rx νR +R2νT


Ux

Uy

Ωz

 . (29)

Up until now, we haven’t actually specified where our origin is.
Let us set the origin to be at point P on the surface of the bead
(RP = 0). We will choose X to point tangent to the flagella at
the point of attachment, and let the coordinates of the center of
the bead be located at RP′ = (XB,YB,0). Note that XB ≤ 0 and
−R ≤ YB ≤ R (Fig. 3D). Also note that R = −RP′ , so the force
equation readsFx

Fy

τz

=

 νT 0 −νTYB

0 νT νT XB

−νTYB νT XB νR +νT R2


Ux

Uy

Ωz

 , (30)

which was previously extracted in Eq. 13. Note that setting YB 6= 0
allows us to handle the case where the flagella is not attached
normal to the bead.

2.4 Principal component analysis

This analysis is based on the method introduced by Stephens et
al.56, to characterize the waveforms in C. elegans. We describe
the shape of the flagellum by its unit tangent vector t(s) and the
unit normal vector n(s) at distance s along the contour57,58. In-
stantaneous deformation of flagellum is described by curvature
κ(s, t), using the Frenet-Serret formulas56

dr(s, t)
ds

= t(s, t), and
dt(s, t)

ds
= κ(s, t)n(s, t). (31)
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Let us define θ(s, t) to be the angle between the tangent vector at
distance s and the xxx-axis, then κ(s, t)= dθ(s, t)/ds. For shape anal-
ysis, we translate and rotate each flagellum such that basal end is
at (0,0) and the orientation of the tangent vector at s = 0 is along
the xxx-axis i.e. θ(s = 0, t) = 0. Following Stephens et al.56, we
performed principal component analysis by calculating the covari-
ance matrix of mean-subtracted angles θm(s, t)= θ(s, t)−〈θ(s, t)〉t ,
defined as θCov(s,s′) = 〈(θm(s, t)−〈θm〉)(θm(s′, t)−〈θm〉)〉, where
〈θm〉 is the spatial average of θm(s, t) at a given time t. The
eigenvalues λn and the corresponding eigenvectors Mn(s) of the
covariance matrix are given by Σs′θCov(s,s′)Mn(s′) = λn(t)Mn(s).
We show that superposition of four eigenvectors corresponding to
four largest eigenvalues can describe the flagellum’s shape with
high accuracy (see Fig. 7C)

θ(s, t)−〈θ(s, t)〉t ≈
4

∑
n=1

an(t)Mn(s). (32)

Here the four variables a1(t), ...,a4(t) are the amplitudes of mo-
tion along different principal components and are given by an(t)=
∑s Mn(s)θm(s, t). The fractional variance of flagellum’s shape cap-
tured by n eigenvectors is calculated as σ2

n = Σn
i=1λi/σ2 where

σ2 = ΣN
i λi. Here N is the total number of eigenvectors. Figure S3

shows that already two modes capture 98.6% and four modes
capture 99.7% of the total variance.

3 Results

We fabricated axonemally-based propelled beads, by incubating
isolated axonemes from C. reinhardtii (∼10 µm in length) with
beads of diameter 1 µm, as described in Materials and Methods
(see subsection 2.1). Out of N =195 bead-axoneme attachments,
a single bead attaches to the basal end of the axonemes in 60.5%
of the cases. Attachment of beads to the distal tip occurs less
frequently in 22.6% of cases, and in even less frequent events
(16.9%) we observed more than one bead attached either to the
tips or along the axonemal length. The attachment of the beads
to the basal or the distal region of the axonemes is either symmet-
ric, i.e. the tangent vector of the axoneme at the bead-axoneme
contact point passes through the bead center, or asymmetric. We
emphasize that a limitation of our 2D phase-contrast microscopy
is that it is not possible to precisely distinguish a symmetric bead
attachment from an asymmetric one and 3D microscopy tech-
niques51 are required to fully determine the bead-axoneme at-
tachment geometry. This symmetric versus asymmetric attach-
ment has consequences on the swimming dynamics, as we will
discuss in the Sec. 3.3.

The propulsion of axonemally-driven beads is highly sensitive
to the axonemal waveform. In our experiments, we use calcium
ions at different concentrations to change the axonemal wave-
form and study the propulsion dynamics. In the following sub-
section, we summarize our results without and with calcium ions
and show that calcium ions play a crucial role to achieve a di-
rected cargo transport.

3.1 Overview of the results: two modes of propulsion

Returning to Fig. 1, we recall the existence of two regimes of
propagation. While in the first regime, the axonemal-driven bead
is propelled on a curved trajectory, in the second regime, the bead
is propelled (on average) along a straight path. These two distinct
modes of propulsion correspond to two different concentrations
of calcium ions in the reactivation buffer (0 mM versus 1 mM),
which directly affects the axonemal waveform34,59. As shown
in Fig. 1B, in the absence of calcium ions, the time-projection of
the ’asymmetric’ axonemal shapes indicates a counter-clockwise
rotation of the axoneme causing a circular swimming trajectory of
the bead. However, in the presence of calcium ions, we observe
a significant change in the flagellar waveform (Fig. 1C-D) that
appears to be ’symmetric’ and results in a directed bead transport.

Figure 4 characterizes in more detail the flagellar waveform of
the axonemes in the two regimes observed in Fig. 1. Figure 4A-
C shows a representative example of the first regime, where we
have tracked the axoneme over time and quantified the curvature
waves that propagate along the axonemal length. These bending
waves start from the basal end (at s = 0), which is attached to
the bead, and propagate at the frequency of f0 ∼ 38.21±0.25 Hz
toward the distal tip. Note that the beat frequency of axonemes
depends on the ATP concentration, following a Michaelis-Menten
kinetics with a linear trend at low amount of ATP and saturation
at higher ATP concentrations around 1 mM (see Fig. S4)38,42. An
interesting property of these curvature waves is that if we average
the flagellar shapes over one beat cycle, we obtain a circular arc
with the mean curvature of κ0 around -0.19 µm−1 (see the cyan
filament in Fig. 4C). The negative sign of κ0 indicates a clockwise
bend when moving from the basal end at s = 0 toward the distal
tip at s = L. In other words, we can think of the axonemal wave-
form as a superposition of a traveling wave component which
propagates along this circular arc, causing a counter-clockwise
rotation of the axoneme and the cargo (Fig. 1A-B). However, as
shown in Fig. 5A, the mean curvature of axonemes κ0 is highly
sensitive to the concentration of calcium ions and almost vanishes
above a calcium concentration of 0.1 mM. This mean axonemal
curvature appears to be linearly related to the curvature of the
swimming path of the bead, as shown by Fig. 5B. The proportion-
ality factor is estimated to be around 238,60.

Figure 4D-F illustrates how the axonemes beat at higher cal-
cium concentration (0.1 mM). In this case, the axonemal wave-
form is composed of a propagating wave that travels along an
almost straight filament, thereby propelling the axoneme and the
cargo along a straight path. This reduction in κ0 decreases the
rotational velocity of the axoneme compared to the experiment
presented in Fig. 4A in the absence of calcium ions. As we will
show in our analytical analysis, see Section 3.3, up to the leading
order, 〈Ωz〉 scales linearly with the dimensionless mean curvature
C0 = κ0L/2π. At such low values of the mean curvature of the
axoneme, we achieve directional cargo transport with a mean ve-
locity of about 20 µm/sec (Fig. 1C), which is slightly slower than
the migration speed of the human sperm in mucus (typically 25-
45 µm/sec)61.

Furthermore, in most of our experiments without calcium, the
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Fig. 4 Experiments to show the effect of calcium on axonemal waveform. A) An axonemally-driven bead reactivated at [ATP]=80 µM and [Ca2+]=0
mM (see Video 3). Tracked axoneme and trajectories of its distal (blue lines) and basal (white lines) ends. Axoneme-bead swimmer rotates counter-
clockwise while the bead center follows a spiral-like path (Fig. 6B). B) Curvature waves as they travel at the frequency of 38.21±0.25 Hz from the
proximal region toward the distal tip. C) Mean shape of the axoneme in cyan color averaged over one beat cycle showing a circular arc with static
curvature of ∼−0.19 µm−1. At different time points, the axoneme is translated and rotated such that the basal end is at (0,0) and the tangent vector
at s = 0, which defines the X-axis in the swimmer-fixed frame, is along the xxx-axis of the laboratory-fixed frame (see Fig. 1A). D) An axonemally-driven
bead reactivated at [ATP]=80 µM. The reactivation buffer is supplemented with 0.1 mM calcium to reduce the static curvature (see Video 4). The
axoneme beats at 24.42±0.18 Hz and the bead-axoneme attachment appears to be symmetric. F) The axonemal mean shape with static curvature
of κ0 ∼-0.03 µm−1 (filament with cyan color). The mean curvature of axoneme has dropped around ten times in comparison to axonemal shapes in
panel C. This reduction in C0 causes a transition from a circular to a straight swimming trajectory.

axonemes rotate counter-clockwise in the microscope’s field of
view with an effective 2D beat pattern, facilitating the tracking
procedure. This motion is characterized by a circular swimming
trajectory and a translation in the laboratory frame of reference.
The combination of rotation and translation results in a spiral-like
swimming path of the axoneme and the bead (see Fig. 6). Note
that for the exemplary experiment in Fig. 4A, the x−y positions of
the bead center exhibit tiny oscillations at the fast beat frequency
of f0 ∼ 38.21 Hz and a secondary slow global rotational frequency
around 1.5 Hz (see Fig. 6B). As the axoneme undergoes planar
shape deformations over time, at any instant of time, it may be
considered as a solid body with translational and rotational ve-
locities Ux, Uy and Ωz which we measure in the swimmer-fixed
frame (Fig. S5)60. These velocities oscillate in time, reflecting
the fundamental beat frequency of the axoneme shown in Fig. 4A
(∼38.21 Hz) and its higher harmonics. In contrast, in our experi-
ments with calcium, axonemal movement often occurs in 3D (see
Video 2), making tracking of axoneme nearly impossible.

Finally, we also performed experiments with larger diameter
beads to explore how bead size affects beating frequency and
mean curvature of the axonemes. A summary of the beat fre-
quency and intrinsic curvature of axonemes (all reactivated at
[ATP]=200 µM and [Ca2+]=0 mM) propelling beads of diame-
ter 2 and 3 micron is given in supplemental Table S1. In these
experiments, as we increased the bead diameter from 1 µm to 3

µm, we observed a reduction at both the averaged beat frequency
(∼ 12%) and the intrinsic curvature (∼ 31%) of the axonemes.

3.2 Description of the flagellar shapes

Having described the two modes of propulsion with and without
calcium, we now focus on the principal component analysis (PCA)
of the flagellar waveform as described in subsection 2.439,56. In
our flagella-driven beads, the propulsive force and torque exerted
on the bead depends on the axonemal waveform. Using the x and
y coordinates of the tracked flagellum (see subsection 2.2), we
calculate θ(s, t) which is defined as the angle between the local
tangent vector of the centerline of the tracked flagellum and the
xxx-axis (see Fig. 1A). We then average the axonemal shapes over
one beat cycle to obtain the mean shape of the axoneme, which
corresponds to the arc-shaped filament colored in cyan in Fig. 4C.

Figure 7A shows the color map of the covariance matrix of the
axoneme shown in Fig. 4A, which has an effective reduced dimen-
sionality with a small number of non-zero eigenvalues. We note
that four eigenmodes Mn(s) (n = 1, ..,4) corresponding to the first
four largest eigenvalues of θCov(s,s′) capture the axonemal shapes
with very high accuracy (see Video 6). These four eigenvectors
are plotted in Fig. 7B. We reconstruct the axonemal shapes using
the four dominant modes and the corresponding time-dependent
motion amplitudes an(t) (n = 1, ..,4) using Eq. 32. The recon-
structed shapes are presented in Fig. 7C, where the green dashed
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Fig. 5 A) The dimensionless mean curvature of axonemes defined as
C0 = κ0L/(2π) drops almost ten times at [Ca2+] around 0.01 mM. This
reduction in C0 causes a transition from circular to straight swimming
trajectory. The time-projection of experimental shapes of two exemplary
axonemes at 0 mM and 0.1 mM [Ca2+] are also shown to illustrate the
transition in the swimming path. At each calcium concentration, N = 5
axonemes (without any bead attached) are tracked to obtain C0 and the
corresponding median and standard deviation. B) The curvature of the
swimming path of the axonemes in panel A, plotted versus the mean
curvature κ0. The slope of the linear least-square fit is close to 2.

lines show the experimental data. The contribution of differ-
ent modes in reconstructing the axonemal shapes is shown in

Fig. 6 A) Color-coded time projection of the axonemal shapes of the
axoneme presented in Fig. 4A ([Ca2+]=0 mM). B) Color-coded trajectory
of the bead center from Fig. 4A showing a spiral-like trajectory. The
global rotational frequency of the swimmer is around 1.5 Hz (∼ 1 full
rotation in around 650 msec; see Videos 3,5)

Fig. S6. Please note that higher spatial modes in combination
with the corresponding time-dependent motion amplitudes, i.e.
a2(t)M2(s), a3(t)M3(s) and a4(t)M4(s), are approximately standing
waves. The motion amplitudes a1(t) and a2(t), which oscillate at
the axonemal beat frequency f0, are shown in Fig. 7D; see also
Fig. S7 for a plot of motion amplitudes a1(t) to a4(t) versus each
other.

3.3 Analytical approximations of rotational and transla-
tional velocities of an axonemal-propelled bead

In this section, we discuss analytical approximations for the mean
translational and rotational velocities of a flagellar-propelled
bead in the regime of small wave amplitude. To describe the trav-
eling curvature waves analytically, we use the following simpli-
fied waveform which is composed of a traveling wave component
with amplitude C1 superimposed on a circular arc with the mean
curvature of C0

C(s, t)≈C0 +C1 cos(ω0t− ks), (33)

where ω0 = 2π f0, k = 2π/λ is the wave number. For our ex-
emplary axoneme in Fig. 4A, following the method described
in Ref.38, we calculate the wavelength to be λ ∼13.19 µm (see
Fig. S8), which is ∼ 27% larger than the axonemal contour length
L∼ 10.38 µm.

Next, we obtain analytical expressions for the mean transla-
tional and rotational velocities of the swimmer in the regime of
small C0 and C1. For our analytical approximations and simu-
lations, we used the resistive-force theory (RFT) which is pre-
sented in Sec. 2.3. To check the validity of RFT, we extracted
rotational and translational velocities of an exemplary axonemal-
driven bead shown in the supplemental Video 7 and compared the
results with velocities obtained by RFT simulations using experi-
mental beat patterns (see Sec. 2.3). This comparison is presented
in Fig. S9, which demonstrates a semi-quantitative agreement be-
tween RFT simulations and experimental data (see also Sec. 3.4).
In the rest of the section, we will use the simplified waveform, as
defined in Eq. 33, to perform analytical analysis as well as numeri-
cal simulations for two cases: first, for a symmetric bead-axoneme
attachment, and second, for an asymmetric attachment.

3.3.1 Symmetric bead-axoneme attachment.

Let us first consider the example where an axoneme is attached
symmetrically from the basal side to a bead, so that the tangent
vector at s = 0 passes through the bead center. To determine the
dependence of the translational and rotational velocities of the
swimmer on the dimensionless bead radius r = R/L, we used the
prescribed form of the curvature waves in Eq. 33 and imposed the
force-free and torque-free conditions in 2D. The drag matrices of
bead and axoneme are calculated with respect to the reference
point, which is defined as the bead-axoneme contact point (see
Sec. 2.3.1). We approximate analytically the averaged angular
and linear velocities in the swimmer-fixed frame, as defined in
Fig. 1A, in the limit where the wavelength of the beat pattern, λ ,
is equal to the size of the axoneme, L, and up to the first order in
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Fig. 7 PCA analysis of the axoneme presented in Fig. 4A. A) The covariance matrix θCov(s,s′) of fluctuations in angle θ(s, t). B) The four eigenvectors
corresponding to the first four largest eigenvalues of θCov(s,s′). C) The time-projection of the experimental data and the corresponding shapes
reconstructed using the four eigenmodes presented in panel B. D) The time-dependent motion amplitudes a1(t) and a2(t) as defined in Sec. 2.4. The
black and cyan dashed lines in panel B and D show the Fourier fits.

C0, and the second order in C1 to obtain

〈Ωz〉
ω0
≈ β1(r,ζ ′⊥,η)C0C2

1 , (34)

〈Ux〉
Lω0

≈ β2(r,ζ ′⊥,η)C2
1 , (35)

〈Uy〉
Lω0

≈ β3(r,ζ ′⊥,η)C0C2
1 . (36)

The full expressions of functions β1, β2 and β3 are presented in the
supplemental information, Eqs. S.1- S.3. The results for a bead of
size r = 0.1 with drag anisotropy η ≡ ζ‖/ζ⊥ = 0.5 simplifies to

〈Ωz〉
ω0
≈−0.24C0C2

1 , (37)

〈Ux〉
Lω0

≈−0.04C2
1 , (38)

〈Uy〉
Lω0

≈ 0.006C0C2
1 . (39)

We note that in Eqs. 34- 36, without the even harmonic, i.e

intrinsic curvature C0 = 0, the axoneme swims in a straight path
with 〈Uy〉 = 0, 〈Ux〉 proportional to the square of traveling wave
component C1

60,62,63, and the mean rotational velocity 〈Ωz〉 van-
ishes (see the solid lines in Fig. 8A-F and Fig. S10).

In parallel to our analytical approximations, we also performed
numerical simulations given the simplified waveform in Eq. 33
and using RFT with the realistic value of η = ζ‖/ζ⊥ = 0.5. As
shown in Fig. 8A-F, the comparison between numerical simula-
tions and the full analytical approximations presented in Eqs. S.1–
S.3, shows good agreement at small values of C0 and C1 and devi-
ations at larger values. In addition, three exemplary simulations
in Fig. 8G-I highlight the dependency of the mean rotational ve-
locity 〈Ωz〉 of the model swimmer on the square of the traveling
wave component C1.

To investigate the dependency of the mean translational and
rotational velocities of our model swimmer on the bead size, we
plotted Eqs. 34-36 as a function of r (Fig. 9). We also performed
numerical simulations at different bead radii. As shown in Fig. 9,
there is a good agreement between our numerical simulations
and analytical approximations at small values of C1 (panels A-
C) but deviations at larger values (panels D-F). Furthermore, it is
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Fig. 8 A-F) Comparison of analytical approximations of rotational and translational velocities with numerical simulations at bead radius of R = 0.
Solid lines present the analytical approximations summarized in Eqs. 34- 36 and dots show the numerical simulations. G-I) Numerical simulations
performed with the simplified waveform to show the effect of C1. A bead of radius R/L = 0.1 is attached symmetrically to a model flagellum. The
mean rotational velocity decreases as the amplitude of dynamic mode C1 decreases from G) C1 = 0.7, to H) C1 = 0.5 and further to I) C1 = 0.2. The
static curvature is fixed at C0 = 0.2.

remarkable that while 〈Ux〉 reduces monotonically with the bead
radius r, both 〈Ωz〉 and 〈Uy〉 exhibit a non-monotonic dependence.
This anomalous behavior is counter-intuitive, since rotational and
translational speeds are expected to decrease with increasing the
bead radius. To examine this anomalous behavior, we looked at
the asymptotic expressions of Eqs. 34- 36 in two opposite limits
of small and large bead radii. For the case where the bead radius
R is much larger than the flagellar length L (small 1/r), we obtain

up to the second order in r−1

〈Ωz〉
ω0
≈

21C0C2
1(η−1)ζ ′⊥r−2

64
, (40)

〈Ux〉
Lω0

≈
7C2

1(η−1)ζ ′⊥r−1

36864π2 (576π−7(6η +5)ζ ′⊥r−1), (41)

〈Uy〉
Lω0

≈−
7C0C2

1ζ ′⊥r−1

36864π2 ( 35π(η−1)(4η +21)ζ ′⊥r−1

+720(3η−1)r−1−96π
2(η(9r−1 +30)−11r−1−30) ) .

(42)

In the opposite limit of small r (i.e. R� L), up to the sec-
ond order in r, we set η = 0.5 and ζ ′⊥ = ζ⊥/µ = 4π/(ln(2L/a)+
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Fig. 9 Anomalous flagella-based propulsion speed of a symmetrically attached bead as a function of its dimensionless radius R/L. Contrary to
expectations, in the cyan region the mean translational and rotational velocities increase with increasing the bead radius. Analytical approximations
(continuous lines calculated from Eqs. S.1- S.3) and simulations (dotted points) are performed at different values of C1, while the intrinsic curvature
of the axoneme is fixed at C0 =−0.01 in (A-C), and C0 =−0.1 in (D-F). The black dashed curves show the trend expected in the limit of large bead
radius (r = R/L > 1), as presented in Eqs. 40- 42. The black dashed lines with stars in magenta illustrate the opposite limit of the small r, as given in
Eqs. 43-45.

0.5)=4.33 to get

〈Ωz〉
ω0
≈−0.42C0C2

1(1−19.15r+513.77r2), (43)

〈Ux〉
Lω0

≈ 0.16C2
1(1−29.85r+960.23r2), (44)

〈Uy〉
Lω0

≈ 0.038C0C2
1(1+39.8r−3941.65r2). (45)

The black dashed lines (with and without stars in pink color)
in Fig. 9 show these asymptotic results. The transition from r2

dependency at small values of bead radius to r−2-trend at large
values of r manifests itself in an anomalous behavior. Finally, we
note that in the absence of the bead (r = 0), Eqs. 43-45 reduce to
Eqs. S.4-S.6 as discussed in the Refs.39,40.

3.3.2 The sideways bead-axoneme attachment contributes
to the rotational velocity of the swimmer.

In our experiments, we frequently observed an asymmetric bead-
axoneme attachment, i.e. the tangent vector of the axoneme at
s = 0 does not pass through the bead center. This case is schemat-
ically shown in Fig. 2A and Fig. 10B. Care needs to be taken since,
as mentioned previously, a bead that appears to be symmetrically
attached to an axoneme in our 2D phase-contrast images, could
in reality be attached asymmetrically and 3D imaging techniques
are necessary to distinguish these two scenarios. Interestingly,
our analytical approximations and simulations confirm that this
asymmetric bead-axoneme attachment is enough to rotate the
axoneme and presence of the static curvature or the second har-
monic are not necessary for rotation to occur. For this analysis, we
consider the 2D geometry where the center of the bead is at posi-
tion XB and YB which is measured with respect to the coordinate
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Fig. 10 A-C) Asymmetric versus symmetric bead attachment to an axoneme with a beat pattern consisting only of the traveling wave component C1.
While the axoneme in panel A, to which the bead is symmetrically attached, swims on a straight path (Video 8), the axonemes in panel B (Video 9) and
C (Video 10), with asymmetric bead attachment, swim on curved paths. D) Comparison of the effect of the asymmetric bead attachment (in black) as
a function of yb versus the effect of the intrinsic curvature C0 (in red) on 〈Ωz〉. E) The averaged angular velocity 〈Ωz〉 changes non-monotonically with
yb for different bead radii. XB and YB are the coordinates of the bead center in the swimmer-fixed reference frame. Parameters are η=0.5, ζ ′⊥ = 4.33
and C1 = 0.1. F) The mean rotational velocity of a bead which is asymmetrically attached to an axoneme with yb = −r and xb = 0 for two different
values of C1. The mean curvature C0 is set to zero.

system defined at the bead-axoneme contact point (Figs. 2A and
1A). The drag matrix of the bead is given by Eq. 15. To focus on
the effect of the sideways bead attachment on the axonemal rota-
tional velocity, we set the intrinsic curvature C0 to zero and con-

sider a model sperm-like axoneme with only the traveling wave
components C1 6= 0 in Eq. 33. We calculate the mean rotational
velocity of the axonemal-driven bead by combining the drag ma-
trix of the bead and the axoneme (see Materials and Methods) to
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Fig. 11 Experimental beat pattern in Fig. 4A are used to calculate translational and rotational velocities of an axonemal-propelled bead attached (A)
asymmetrically at YB = R, XB = 0 (B) asymmetrically at YB =−R, XB = 0 and (C) symmetrically at YB = 0, XB =−R. Anomalous propulsion regimes are
highlighted in cyan color. Red circles mark the experimental bead size of R/L∼0.05 and the corresponding rotational velocities. Note that the trend
observed in panel C is consistent with the trend predicted by our analytical calculations with a simplified waveform for a symmetric bead-axoneme
attachment as shown in Fig. 9.

arrive at
〈Ωz〉/ω0 ≈ α(η ,ζ ′⊥,yb,r)C

2
1 (46)

where dimensionless quantities are r = R/L, yb =YB/L, η = ζ‖/ζ⊥
and ζ ′⊥ = ζ⊥/µ = 4π/(ln(2L/a)+0.5). Here µ is the dynamic vis-
cosity of the ambient water-like fluid and a = 100 nm is the ax-
onemal radius. Note that the variable x2

b = r2− y2
b is not an inde-

pendent variable. For the complete form of the function α, see
Eq. S.7.

Some important consequences of Eq. 46 are as follows: First,
since the intrinsic curvature C0 is set to zero, 〈Ωz〉 is zero for the
case of a symmetric bead attachment, i.e. xb = −R/L and yb = 0.
The effect of sideways bead attachment on rotational velocity of
the axoneme is highlighted in Fig. 10A-C. In these simulations,
the model axoneme has only the traveling wave component C1

and it swims in a straight path if the bead is attached symmet-
rically (Fig. 10A and Video 8). An asymmetric bead-axoneme
attachment causes the axoneme to rotate (Fig. 10B-C and Videos
9-10). Second, a comparison between the effect of the intrinsic
curvature (Eq. S.1 with r = 0) versus asymmetric bead attachment
(Eq. 46 with η = 0.5, ζ ′⊥ = 4.33 and r = 0.2) on rotational velocity
shows that the contribution of the asymmetry in the attachment
to 〈Ωz〉 is comparable to that of the intrinsic curvature, C0, see
Fig. 10D. Third, as shown in Fig. 10E, the maximum rotational
velocity occurs in the vicinity of yb =−r. Last, 〈Ωz〉 changes non-
monotonically with the bead radius as shown in Fig. 10F. Note
that for an asymmetric attachment of the bead at yb = −r, the
maximum 〈Ωz〉 occurs around r = 0.4.

3.4 Analysis with the experimental waveform

To confirm that anomalous propulsion regime and the rotation
induced by asymmetric cargo attachment is general and not lim-
ited to the simplified waveform introduced in Eq. 33, we also
used the experimental beat patterns of the exemplary axoneme in
Fig. 4A. We performed RFT simulations to compute mean trans-
lational and rotational velocities of an axonemal-propelled bead
using the experimental waveform as an input for both asymmetric
and symmetric bead-axoneme attachment. As shown in Fig. 11,
the anomalous propulsion regime exists for both symmetric and
asymmetric attachments. Depending on the sign of the static cur-
vature of the axoneme C0 and the position at which the bead is at-
tached, the asymmetric attachment may contribute to an increase
or decrease in the overall mean rotational velocities. For the ax-
oneme in Fig. 11, C0 is negative and the sideways bead attach-
ment at YB = R (Fig. 11A) acts against the rotation induced by the
intrinsic curvature C0. The opposite happens in Fig. 11B where
the bead attachment at YB = −R amplifies the rotational veloc-
ity of the axoneme. We also note that the anomalous propulsion
regime is more pronounced in panel B where the bead is attached
sideways at YB =−R. Note that for the symmetric bead-axoneme
attachment, the general trend shown in Fig. 11C is consistent with
our analytical approximations presented in Fig. 9.

An experimental confirmation of our theory is provided by the
explicit comparison between the measured rotational velocity,
〈Ωz〉/ω0, with the predictions using RFT theory. To this end, we
have indicated by a red circle in the right most panels of Fig. 11A-

14 | 1–26Journal Name, [year], [vol.],

was not certified by peer review) is the author/funder. All rights reserved. No reuse allowed without permission. 
The copyright holder for this preprint (whichthis version posted April 5, 2022. ; https://doi.org/10.1101/2021.05.19.444861doi: bioRxiv preprint 

https://doi.org/10.1101/2021.05.19.444861


Fig. 12 Experimental beat pattern shown in Fig. 4D with 0.1 mM [Ca2+] and [ATP]=80 µM are used to calculate the mean translational and rotational
velocities of an axonemal-driven bead attached (A) asymmetrically at YB = R, XB = 0 (B) asymmetrically at YB =−R, XB = 0 and (C) symmetrically at
YB = 0, XB = −R. Anomalous propulsion regimes are highlighted in cyan color. Red circles mark the experimental bead radius of R/L=0.05 and the
corresponding values of 〈Ωz〉/ω0 (see supplemental Video 4). Note that the general trend in panel C is consistent with the analytical analysis presented
in Fig. 9 for a symmetric bead attachment.

C the measured values as a function of the bead size used, R =

0.5 µm (so the ratio R/L = 0.05). The value of 〈Ωz〉/ω0 = 0.026,
reported in Fig. 11C, was documented in Fig. S5C (see the red
line). In this case, the axoneme, as shown in Fig. 6A, globally
rotates around 2π in the time interval of ∼650 msec, which with
f0 = 38.21 Hz, results to 〈Ωz〉/ω0 ∼0.04. This value is closest to
the value of 0.029 in panel B with an asymmetric bead-axoneme
attachment. Overall, we observe a good agreement between the
predicted and the experimentally measured values of 〈Ωz〉/ω0.

We also considered the beat pattern from our experiments at
higher calcium concentration, corresponding to Fig. 4D, to study
the propulsion of a model bead at different radii with symmet-
ric versus asymmetric bead-axoneme attachment. Figure 12 also
shows the existence of an anomalous propulsion regimes as high-
lighted by the bands in cyan color in the three graphs on the
right. The experimental value of 〈Ωz〉/ω0 ∼ 0.004 (total rotation
of ∼ π/4 in 1299 msec; see Video 4) is slightly larger than the val-
ues 0.0024, 0.0029 and 0.0028 in panels A-C, respectively, which
are highlighted by the red circles in Fig. 12A-C. Finally, compar-
ing Figs. 11 and 12 shows that, as expected, the dependence of
the mean translational and rotational velocities on the bead size
is highly sensitive to the flagellar waveform.

Conclusions

In this work, we have characterized the motion of a bead (a
cargo) propelled by an ATP-reactivated axoneme isolated from the
green algae C. reinhardtii. We observed two distinct regimes of
bead propulsion depending on the calcium concentration. The
first regime describes the bead motion along a curved trajec-
tory which is observed in experiments at zero or very small
concentration of calcium ions (less than 0.02 mM). A directed
bead propulsion along straight trajectories occurs at higher cal-
cium concentrations where the cargo is propelled at an aver-
aged velocity around 20 µm/sec. This is comparable to the typ-
ical human sperm migration speed in mucus61. High resolution
structural information obtained by electron cryotomography64,
strongly supports the idea that calcium could regulate the trans-
mission of mechanosignals. Gui et al.64 have shown the pres-
ence of calmodulin, a calcium responsive protein, at the inter-
face between RS1 (radial spoke 1) and IDAa (inner dynein arm
a). Calcium may induce a conformational change in calmodulin,
which may directly alter the wave pattern by affecting RS1-IDAa
interaction. An alternative plausible mechanism is that calcium
affects a calmodulin-like subunit (LC4) of the outer dynein arm
(ODA) and consequently, influence the dynein behavior65. Fur-
ther experiments are required to clarify the mechanism of dynein
regulation and the precise role of calcium in shaping the flagellar
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waveform.
Since the beads in our experiments were incubated with de-

membranated axonemes, the quantity, spacing and location of
beads attached to the axonemes were not controlled. Normally,
a small fraction of the beads (less than 10%) adheres to the ax-
onemes at random sites preferably at the basal or the distal ends;
see Videos 11-15 for examples of having two axonemes attached
to one bead, two beads attached to one axoneme at two opposite
ends, one bead along the contour length, one bead at the distal
tip, and finally two beads at one end.

The axonemes beat with an asymmetric waveform, which
resembles the forward swimming motion of flagella in intact
cells24. We extracted the axonemal shapes using gradient vec-
tor flow technique49,50 and quantitatively described the beating
patterns by the dimensionless curvature C(s, t) at time t and at
arc-length s along the axonemal length. Our PCA analysis shows
that the axonemal motion is described with a high degree of accu-
racy, taking into account only the first four dominant eigenmodes
corresponding to the first four largest eigenvalues. In this pa-
per, we are focusing on the examples where axoneme-bead swim-
mer swims effectively in 2D in the vicinity of the substrate. This
greatly facilitates the tracking of axonemes and the data analysis.
However, we also observed examples where the axoneme-bead
swimmer undergoes a tumbling motion in 3D, as shown in the
supplemental Videos 16-18. This out of plane swimming dynam-
ics complicates the tracking process of the axonemes. In future
studies, 3D microscopy techniques51 are necessary to capture the
full 3D swimming dynamics of the isolated axonemes.

We used a simplified waveform to describe the axonemal
shapes which is composed of a traveling wave component prop-
agating along a circular arc (Eq. 33). This simplified waveform
allows us to obtain analytical expressions for translational and
rotational velocities of an axonemal-propelled bead in the limit
of small amplitudes of curvature waves. The rotational veloc-
ity of an axoneme is predominately controlled by its static cur-
vature C0. Remarkably, our analysis with the simplified wave-
form predicts an anomalous propulsion regime where the rota-
tional and/or some of the translational velocity components of an
axonemal-propelled bead increase with the bead radius (Fig. 9).
We also used the experimental beat patterns to demonstrate that
this counter-intuitive regime is not limited to the simplified wave-
form and also exists for waveforms closer to the experimental
ones. This anomalous propulsion regime has also been predicted
for a model sperm-like swimmer which has a zero mean curva-
ture, and is propelled by a traveling wave motion, as illustrated
by Fig. 10F. Consistent with this, we also observed anomalous
regimes in our experiments with an increased calcium concen-
tration (0.1 mM instead of 0 mM), which result in a significant
reduction (approximately 10 times) in the mean curvature of the
axonemes; see Figs. 5.

An anomalous cargo transport regime was also predicted in
biofilm forming bacteria Pseudomonas aeruginosa (PA14)11,12,
where swimming is driven by multiple (on average two) rotat-
ing helical flagella (length∼4 µm) that can bundle to propel the
bacterium in a corkscrew-like motion or unbundle to change di-
rection, exhibiting a run-and-tumble swimming pattern66. This

anomalous behavior is expected to exist for a hypothetical mu-
tant of PA14 which has a larger (around three times) bacteria
size in comparison to the wild type. This up-scaling of bacte-
ria size results in a larger rotational drag coefficient of flagella
than bacterial body, which in Ref.11 is found to be the criteria for
the anomalous propulsion. Whether such a hypothetical large-
scale bacterium exists is an open question. However, this anoma-
lous propulsion regime could be important in bacterial swimming
in polymeric solutions, where due to steric interactions between
flagella and polymers, the rotational drag coefficient of the flag-
ella can become larger than the bacterial body, fulfilling the crite-
ria for anomalous propulsion. Thus, as experimentally observed
and contrary to our expectations, the swimming speed of bacte-
ria in the polymeric solutions can increase67,68. In our system,
however, we are not able to obtain a simple analytical criteria
for the anomalous propulsion as it results from the full calcula-
tions which include inverting the 3× 3 drag matrix of the bead-
axoneme swimmer. From a general physics perspective, we re-
mark that the anomalous regime corresponds to a change in the
partitioning between translation (in the two physical directions)
and rotation as R increases, so that some components may in-
crease with R over a range while other components decrease, as
dictated by the overall increase in the drag of the bead.

Finally, our analysis shows that asymmetric cargo-axoneme at-
tachment contributes at the same order of magnitude as the mean
curvature to the rotational velocity. In other words, a sperm-
like beating flagellum without mean curvature and second har-
monic swims in a curved trajectory if it is attached sideways to a
cargo. In our experiments, since we image the sample in 2D, we
are not able to precisely distinguish symmetric versus asymmetric
bead-axoneme attachments. In a 2D-projected image, a symmet-
ric bead-axoneme attachment could in reality be an asymmetric
one. Moreover, as the bead-axoneme swimmer goes slightly out
of focus, the attachment in some frames seems to be symmetric
and in other frames asymmetric. The 3D microscopy techniques,
similar to the one used in Ref.51 are necessary to fully charac-
terize symmetric versus asymmetric axoneme-bead attachment
in 3D. This 3D characterization is absolutely essential to exper-
imentally prove the anomalous behavior predicted by our analy-
sis with a simplified waveform as well as with the experimental
beat patterns. Although we have performed a few experiments
using beads of diameters of 1, 2 and 3 µm (see Table S1), we
are unable to verify the validity of the predicted anomalous trend
because our 2D microscopy does not allow us to distinguish be-
tween symmetric and asymmetric bead-axoneme attachment. Fu-
ture experiments with a multi-plane phase contrast microscope51

is a promising step to resolve the full 3D geometry.
The design and fabrication of synthetic micro-swimmers is a

challenging task in the growing field of smart drug delivery, and
has recently become a multidisciplinary effort involving physi-
cists, biologists, chemists and materials scientists. Flagella iso-
lated from biological micro-organisms show a variety of wave-
forms and are promising candidates to provide a reliable power
source for motility by an effective conversion of chemical energy
from ATP hydrolysis into mechanical work. The C. reinhardtii
flagellar-propelled micro-swimmers investigated here have the
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unique advantage that the beat frequency can be controlled via
illumination, as we have described in our previous work42, and
chemical stimuli (e.g. calcium ions) can be used to trigger a tran-
sition from a circular to a straight swimming trajectories34,59.
They also serve as an ideal model-swimmer to investigate both ex-
perimentally and theoretically the contribution of different wave
components in cargo propulsion dynamics. Our theoretical anal-
ysis as well as numerical simulations reveal the existence of an
anomalous cargo transport regime, where contrary to expecta-
tion, the flagellar-propelled cargo swims faster as we increase the
cargo size. This counter-intuitive behavior may play a crucial role
in the design of future artificial flagellar-based propulsion sys-
tems. Finally, our analysis also highlights the contribution of the
asymmetric cargo-flagellum attachment in the rotational velocity
of the micro-swimmer. This turning mechanism should be also
taken into account in manufacturing bio-inspired synthetic swim-
mers where a directional targeted motion is critical for delivery
of drug-loaded cargoes.
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7 Supplemental Information

7.1 Rotational and translational velocities of an axoneme attached symmetrically to a bead

We used the simplified waveform given by Eq. 33 to calculate translational and rotational velocities of a freely swimming axoneme
attached symmetrically from the basal end to a bead of dimensionless radius r = R/L. In the limit of small C0 = κ0L/(2π) and C1 =
κ1L/(2π), we calculate rotational and translational velocities of the swimmer from Eq. 4 by calculating the propulsive forces and
inverting the drag matrix D (see sections 2.3-2.3.1). We then take average over one beat cycle to obtain

〈Ωz〉
ω0
≈

7C0C2
1 ζ ′⊥

5π3(7ηζ ′⊥+96πr)( 73728π2r4 +2688ζ ′⊥π(r(5r+3)+1)r+49ζ ′2⊥ )2 ( 5( 24461180928

× (η−1)π8r7 +42467328π
6 ( −720η +32(9η−11)π2 +7(η−1)(2η +9)ζ ′⊥π +240 )r6

+3096576ζ
′
⊥π

5 ( −24η(26η +67)+16(η(8η +31)−47)π2 +35(η−1)ζ ′⊥π +552 )r5

+258048ζ
′
⊥π

4 ( 288π ( 4π
2
η−21η−4π

2 +9 )+7ζ
′
⊥ ( −3η(65η +23)+(η(8η +67)

−83)π2 +24 ) )r4 +2688ζ
′
⊥π

3 ( −735(η(9η−4)+1)ζ ′2⊥ +14112(η−1)π3
ζ
′
⊥−6048

× (η +3)(3η−1)πζ
′
⊥+18432(η−1)π4 +( 245( 2η

2 +η−3 )ζ
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⊥ −27648(5η−3) )π

2

+82944(2η−1) )r3 +56448ζ
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⊥ π

2 ( 112π
4(η−1)+7(η +2)ζ ′⊥π

3(η−1)−24(η(4η +31)
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〈Ux〉
Lω0

≈−
21C2

1 ζ ′⊥
6π2 ( 49ζ ′2⊥ +2688πζ ′⊥(r(5r+3)+1)r+73728π2r4 )(7ηζ ′⊥+96πr)

( 49( 6η

+π
2−3 )ζ

′2
⊥ −672πζ

′
⊥r ( 2η ( π

2(r(20r+9)+2)−3 )−π
2(2r(20r+9)+5)+3 )−221184π

4(η−1)r4 ) , (S.2)
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Here ζ ′⊥ = ζ⊥/µ = 2ζ‖/µ ∼ 8π/(log(2L/a)+0.5)∼ 4.33 where a∼ 100 nm is the radius of axoneme, L∼ 10 µm is the contour length
of axoneme and we have assumed η = ζ‖/ζ⊥ = 0.5. Note that in the absence of the bead (r = 0) and with η = 0.5, Eqs. S.1-S.3 simplify
to

〈Ωz〉
ω0
≈−0.42C0C2

1 , (S.4)

〈Ux〉
Lω0

≈−0.16C2
1 , (S.5)
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Lω0

≈+0.038C0C2
1 . (S.6)
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which are previously discussed in Refs.39,40.

7.2 Rotational velocity of a bead attached asymmetrically to a freely-swimming axoneme
To mimic a sperm-like swimmer, we consider a model flagellum with only the main traveling wave component C1, setting the static
component C0 to zero. We calculate the mean rotational velocity of an axoneme attached sideways to a bead using the matrix introduced
in Eq. 30 and drag matrix of flagellum to obtain
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(S.7)

where x2
b + y2

b = r2, ζ ′⊥ = ζ⊥/µ=4.33 and η = ζ‖/ζ⊥=0.5.

7.3 Supplementary tables and figures

Table S1 Frequencies and intrinsic curvature values of 12 different axonemes propelling beads of diameters D=1, 2 and 3 µm. Mean and standard
deviations are also presented. All axonemes are reactivated at [ATP]=200 µM and [Ca2+]=0 mM. The axoneme No.1 corresponds to the example in
Fig. 4A.

Axoneme 1 2 3 4 5 6 7 8 9 10 11 12 13
D (µm) 1 1 1 1 1 2 2 2 2 3 3 3 3
f0 (Hz) 38.21 48.5 43.55 53.46 48.5 33.65 38.60 61.15 63.36 46.06 43.55 58.41 23.75
〈 f0〉±std 46.44±5.78 49.19±15.25 42.94±14.35

κ0 (µm−1) 0.19 0.21 0.22 0.26 0.20 0.25 0.17 0.17 0.19 0.15 0.16 0.15 0.19
〈κ0〉±std 0.22±0.03 0.19±0.04 0.16±0.02
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Fig. S1 Gradient vector flow method implemented to track the flagellum. A) High intensity of the bead interferes with tracking, therefore it is removed
by applying a threshold. B) The vector field calculated for small yellow region shown in panel A, converging toward pixels with maximum intensity.
C) A polygonal line with eight nodes along the axonemal contour to initiate the snake. D) The tracking algorithm yields a discrete approximation of
the axoneme’s contour represented by a set of N = 30 positions r(si, t) = (x(si, t),y(si, t)), i = 1, ...,N.
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Fig. S2 To measure the systematic error of our tracking GVF algorithm, we generated artificial data with known values of dimensionless mean
curvature C0 = κ0L/(2π), and tracked the filaments using GVF. The measured values of mean curvatures of tracked filaments is given by Cm

0 . As it is
shown in the panels A-E, the measured values deviate from the real values at small C0, but approaches the real values at higher C0. In other words,
our algorithm has a smaller systematic error (less than 4%) for curved filaments with C0 > 0.3.
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Fig. S3 Fraction of the total variance σ2
k , as defined in Sec. 2.4, plotted versus the number of PCA modes n for the axoneme shown in Fig. 4A.
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Fig. S4 The frequency of reactivated axonemes depends on the [ATP] and follows a Michaelis-Menton type kinetics with a linear trend at small [ATP]
and saturation at higher [ATP]. A minimum critical concentration of [ATP]critical=60 µM is needed to reactivate the axonemes. In all the experiments
[Ca2+]=0 mM.

Fig. S5 G) The translational and rotational velocities of the axoneme presented in Fig. 4A, measured in the swimmer-fixed frame, obtained with RFT
simulations using the experimental beat pattern as input. The red lines mark the mean values.
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Fig. S6 Experimental shapes over one beat cycle of the axoneme in Fig. 4A are compared with the axonemal shapes reconstructed using different
combination of PCA modes as θ(s, t) = 〈θ(s, t)〉t +Σiai(t)Mi(s). For each panel, the fraction of the total variance σ2

k is also calculated; see section 2.4
for the definition of σ2

k . Note that shapes reconstructed using modes 2, 3 and 4 are approximately standing waves.
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Fig. S7 The time-dependent motion amplitudes a1(t) to a4(t) are plotted versus each other for the exemplary axoneme shown in Fig. 4A.
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Fig. S8 The phase φ(s) of traveling curvature waves of the axoneme presented in Fig. 4A, obtained by performing Fourier transform in time at each
position s along the axonemal length. The wavelength is then calculated as λ = 2πL/(φ(L)−φ(0)) = 13.19 µm.
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Fig. S9 A-C) Velocity components of the bead’s center Ux(t) and Uy(t), and the rotational velocity of the bead Ωz(t) measured in the body-fixed
frame of the exemplary axoneme in Video 7. Comparison with results obtained in the framework of resistive-force theory shows a good agreement.
The power spectra show a dominant peak at the beat frequency of 110.24 Hz and its second harmonic. [ATP]=1 mM and [Ca2+]=0 mM.

Fig. S10 Simulations to show the effect of C0 at a fixed amplitude of dynamic mode C1 = 0.5. A bead of radius R/L = 0.1 is attached to the basal
end. A-C) Swimming trajectory and mean translational and rotational velocities of the swimmer in the body-fixed frame. Parameters are f0 = 50 Hz,
η = ζ‖/ζ⊥ = 0.5, A) C0 = 0, B) C0 = 0.25, and C) C0 = 0.5.
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