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A NON-ARCHIMEDEAN APPROACH TO K-STABILITY, II:
DIVISORIAL STABILITY AND OPENNESS

SEBASTIEN BOUCKSOM AND MATTIAS JONSSON

To the memory of Jean-Pierre Demailly, with admiration

ABSTRACT. To any projective pair (X, B) equipped with an ample Q-line bundle L (or
even any ample numerical class), we attach a new invariant S(u) € R, defined on convex
combinations p of divisorial valuations on X, viewed as point masses on the Berkovich
analytification of X. The construction is based on non-Archimedean pluripotential theory,
and extends the Dervan—Legendre invariant for a single valuation—itself specializing to Li
and Fujita’s valuative invariant in the Fano case, which detects K-stability. Using our -
invariant, we define divisorial (semi)stability, and show that divisorial semistability implies
(X, B) is sublc (i.e. its log discrepancy function is non-negative), and that divisorial stability
is an open condition with respect to the polarization L. We also show that divisorial
stability implies uniform K-stability in the usual sense of (ample) test configurations, and
that it is equivalent to uniform K-stability with respect to all norms/filtrations on the
section ring of (X, L).
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Consider, for the moment, a complex projective manifold X, equipped with an ample

Q-line bundle L. The notion of K-stability of the polarized manifold (X
nally phrased in [Don02] (building on [T1ia97]) in terms of certain equivariant one-parameter
degenerations of (X, L) known as test configurations. The ‘uniform’ Versionﬂ
Tian-Donaldson (YTD) conjecture states that the cohomology class ¢1 (L) contains a unique
constant scalar curvature Kahler (cscK) metric iff (X, L) is uniformly K-stable (see [BHJ1T,
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More general versions, involving in particular the action of a reductive group of automorphisms, will not
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2 SEBASTIEN BOUCKSOM AND MATTIAS JONSSON

Der16]). By [BDL20, [CC21], the former condition is known to be equivalent to the coercivity
of the Mabuchi K-energy functional, which implies in turn uniform K-stability [BHJ19].

As originally pointed out in [WN12|, (ample) test configurations for (X, L) can be un-
derstood as filtrations of finite type on the section ring of (X, L); following the work of
G. Székelyhidi [Szé15] and the authors’ preprints [BoJ18a, [BoJ18b], C. Li [Li20] studied
K-stability for general filtrations (see Definition , and proved the remarkable result that
uniform K-stability for filtrations implies coercivity of the Mabuchi K-energy functional—
and hence the existence of a unique cscK metric. To sum up, for any polarized manifold
(X, L) we have

uniform K-stability for filtrations = unique cscK metric = uniform K-stability, (0.1)

and the missing part of the (uniform) YTD conjecture thus consists in proving the (purely
algebro-geometric) statement that uniform K-stability for filtrations already follows from its
version for test configurations, viewed as filtrations of finite type.

Our primary goal in this paper is to provide a valuative characterization of uniform K-
stability for filtrations, as used by Li in [Li20]. Using this, we will prove:

Main Theorem. Uniform K-stability for filtrations is an open condition on the polarization.

More precisely, the condition of (X, L) being uniformly K-stable for filtrations only de-
pends on the numerical class of L, and is an open condition on the ample cone. This result
holds also when X is singular, see Theorem [4.12] In the smooth case, the openness property
ties in well with the corresponding result for cscK metrics [LS94].

To explain the proof of the main theorem, let us first consider the Fano case L = — K.
In this situation, the YTD conjecture was first established in full generality in [CDSI5],
and the missing implication in is thus known. It can alternatively be obtained by
purely algebro-geometric means, combining techniques from the Minimal Model Program
(MMP), which allows us to convert uniform K-stability into uniform Ding-stability [LX14)
BBJ15, [Fuj19a], together with the non-Archimedean version of Berman’s ‘thermodynamical
formalism’, which yields the equivalence between uniform Ding-stability and uniform K-
stability for filtrations (see Corollary .

Crucially, the MMP techniques of [LX14] further show that K-stability of a Fano manifold
(or, more generally, any log Fano pair) can be tested using only ‘special’ test configurations,
which correspond to so-called ‘dreamy’ divisorial valuations [Fuj19a]; this leads to a purely
valuative characterization of K-stability [Lil7, [Fuj19a], which has been instrumental in the
recent spectacular progress towards the deeper understanding of K-stability of log Fano
varieties and the construction of moduli spaces thereof; see [BLXZ21l, [LXZ21], to name just
a few.

Motivated by this, R. Dervan and E. Legendre initiated in [DL20] the study of a valuative
criterion in the case of a general polarization, by providing a purely valuative expression
B(v) € R for the Donaldson-Futaki invariant of a special test configuration in terms of the
corresponding ‘dreamy’ divisorial valuation v. Their invariant f(v) in fact makes sense for
any divisorial valuation v (see below), and gives rise to a notion of (uniform) valuative
stability, which was recently proved in [Liu2I] to be an open condition with respect to the
polarization.

In contrast with the log Fano case, valuative stability is not expected to imply K-stability
for a general polarization, and the MMP will likely play a less important role in that case
as well. Using our previous works [BoJ22| [BoJ21], we will extend the S-invariant to convez
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combinations of divisorial valuations, viewed as atomic measures on the Berkovich analyti-
fication of X, and show that the corresponding stability notion, which we call divisorial
stability is equivalent to (uniform) K-stability for filtrations.

Valuative stability. As in the main body of the paper, we consider from now an arbitrary
polarized pair (X, B;w), where X is a normal projective variety over an algebraically closed
field k of characteristic 0, B is a (not necessarily effective) Q-Weil divisor on X such that
Kx p = Kx + B is Q-Cartier, and w € Amp(X) C N'(X) is a (possibly irrational) ample
numerical class, of volume V,, = (w") with n := dim X.

Before describing our notion of divisorial stability, let us first briefly revisit the definitions
of [DI.20, Lin2i] in the present setting. Denote by X9V the set of divisorial valuations
v: k(X)* — R, of the form v = sordp where F' is a prime divisor on a smooth birational
model m: Y — X and s € Q¢ (the case s = 0 corresponding to the trivial valuation veyiy).
The volume function vol: N}(Y) — Rsq is continuous, and positive precisely on the big
cone. Set

+oo
0]l == sVt /0 vol(m*w — AF) dX\ € R>. (0.2)

This quantity, which appeared in [MRI5] [Lil7, [Fuj19a] under various normalization and
notation, coincides with the ezpected vanishing order Sp(v) when w = c¢i(L) with L €
Pic(X)g (see [BIJ20]). The function || - [|,: X9 — Rsq so defined is homogeneous with
respect to the scaling action of Q~, and vanishes precisely on the trivial valuation vy .

Using the differentiability of the volume function on the big cone [BFJ09, [LM09], one
checks that ||v||,, is a differentiable function of w € Amp(X), see §2.5| This allows us to
define

B(v) = Bx.pw(v) == Ax.p(v) + o1 [llorirxs €R, (0-3)
t=0

where Ax p(v) = sAx g(F) € Q is the log discrepancy of v = sordp. Differentiating under
the integral sign in yields an expression of the invariant 5(v) that coincides with the
one in [DL20, Liu21] (up to a factor V,,), see for details.

The S-invariant defines a Qsg-homogeneous function §: X4V — R. Following [DL20)
Liu21], we say that (X, B;w) is valuatively semistable if 3 > 0 on X4V, and valuatively
stablel% if 3> ¢l - ||, for some € > 0.

Divisorial stability. Our stability notion involves the larger space MY of divisorial mea-
sures on X. This is the set of probability measures on X9V of the form

T
p= Zmiém,
=1

where 7 > 1, m; € Rug, v; € X4V, and >, m; = 1. If L is an ample Q-line bundle, then
any ample test configuration (X, L) for (X, L) defines a divisorial measure, whose support
is exactly the set of divisorial valuations associated with the irreducible components of the
central fiber of the normalization of X', see [BHJ17]. However, not every divisorial measure
is of this form. For example, a Dirac mass d, with v € X9V is of this form iff v is dreamy
with respect to L (i.e. the corresponding filtration of the section ring is of finite type).
There is an obvious embedding X4V < MV given by v + §,, and we can extend
the functional 8 from X4V to MV as follows. The first term in is extended by

2For simplicity, we drop ‘uniformly’ from the terminology.
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linearity: following [BHJ17, [BHJ19] we define the (non-Archimedean) entropy of a measure
n= Zz MmOy, as

Entx p(p) :== Zmz‘AX,B(W) = /AX,B 5

this does not depend on the class w. To extend the second term in , we interpret
the invariant as the energy of the Dirac mass 6, in the sense of non-Archimedean
pluripotential theory [BoJ22].

To explain this, recall first that the space X4V admits a natural compactification X, the
Berkovich analytification of X (with respect to the trivial absolute value on k), whose points
can be viewed as semivaluations on X, i.e. valuations v: k(Y)* — R for some subvariety
Y of X. We can therefore embed M%Y into the space M of Radon probability measures
on the compact Hausdorff space X?", and define the energy of any such measure y € M,
as follows. Assume first that w € Amp(X) is rational, i.e. w = ¢1(L) with L € Pic(X)q.
Any function ¢ € C%(X3") induces a filtration on the vector space R, := H*(X,mL) for m
sufficiently divisible, given by

FARy, := {5 € Ry, | v(s) + mp(v) > X for all v € X*}, A €R,

where X2 can be replaced with the dense subset X4V, by continuity. Suitably normalized,
the volumes of these filtrations (i.e. the average of their jumping numbers) converge to a
number volz(¢) € R, see [BCII]. It further follows from [BoJ22] that volr(¢) = vol, ()
only depends on w = ¢;(L), and that w +— vol,(¢) uniquely extends by continuity to the
whole ample cone Amp(X) C N1(X).

Each w € Amp(X) thus defines a concave functional vol,: C%(X?") — R, and the energy
functz’onaiﬂ | - |lw: M — [0,400] can be described as its Legendre transform, i.e.

|pllo = sup {Volw(sO)/sou}
peCO(Xam)

for p € M. The energy is convex, lower semicontinuous in the weak topology of M, and
vanishes precisely at the trivial measure fiiyiy 1= 0y, ; it is further homogeneous with respect
to the natural scaling action of Ry.

As mentioned before, the energy ||d,||., of the Dirac mass associated to a divisorial val-
uation v € X4V turns out to coincide with ; in particular, it is finite, and the energy
functional therefore restricts to a finite-valued, convex functional | - ||, : MY — Rs.

When w = ¢;(L) with L € Pic(X)g and u € MV is associated to a (semi)ample test
configuration (X, L) for (X, L), ||u||z equals the minimum norm of (X, L) in the sense of
Dervan [Derl6]; this corresponds to INA — JNA in the notationﬁ of [BHJ1T], and can be
expressed as a certain linear combination of the intersection numbers (£"!) and (L3 - L"),
with (X, L) — P! the canonical compactification of (X,£) — A, and Ly the pull-back of
L. In fact, this fully characterizes the energy functional, as any u € MYV can be written
as the weak limit of measures (u;) associated to test configurations in such a way that

il — [l -
Our first main result is as follows:

3This corresponds to EY in [BoJ22]; the change of notation is intended to make the formalism of the
present paper easier to digest.

4Generally speaking, the ‘non-Archimedean’ functionals of [BHJ17, BHJ19] were denoted by adding a
superfix ‘NA’ to the corresponding functional in Kéahler geometry; in later works [BBJ21) [BoJ22|, this
superfix was dropped when no ambiguity can arise.
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Theorem A. For any measure u € MYV, the function w — |||, is of class C' on Amp(X).

The result actually holds for all measures of finite energy, i.e. ||ull, < oo (a condition
that is independent of w). The proof, which relies on rather sophisticated estimates for
Monge-Ampere integrals from [BoJ22], ultimately deriving from the Hodge index theorem,
further yields Holder estimates for the derivative of the energy, a key ingredient in the proof
of Theorem B below.

Given w € Amp(X), § € NY(X), and u € MYV, we write

Vollulo = | s

for the directional derivative of the energy with respect to w. By approximation, this is
again fully characterized by the case where w = ¢;(L) and p is associated to a (semi)ample
test configuration (X, L) for (X, L), for which Vy||p||, can be expressed as a certain linear
combination of the intersection numbers (£"*1) and (65 - £") (see (2.6), (2.8)). In partic-
ular, Vy||pllw = ||#|lw- Note, however, that Theorem A does not directly follow from the
description of ||p||,, in terms of intersection numbers, which cannot be used anymore for the
perturbed energy || z|w+t6-

For any polarized pair (X, B;w), we may now define the desired extension 3: MY — R
of (with respect to the embedding X < MIV) by setting

ﬁ(ﬂ) - BX,B;w(,U') = EntX,B(M) + vK;{gHMHhﬁ

We say that (X, B;w) is divisorially semistable if B > 0 on MY and divisorially stable
if 8> €| - ||l for some € > 0. By considering Dirac masses, it follows immediately that
divisorial (semi)stability implies valuative (semi)stability, and we expect the converse to fail
in general; see [DL20, Example 2.28].

When w = ¢;(L) with L € Pic(X)g and p is associated to an ample test configuration
(X, L), it follows from the description of Vi ,||plw in terms of intersection numbers men-
tioned above that 5(u) coincides with the (non-Archimedean) Mabuchi K-energy of (X, L),
i.e. its Donaldson—Futaki invariant up to a simple error term that disappears after base
change (see [BHJI1T]). As a result, divisorial semistability implies K-semistability, and divi-
sorial stability implies uniform K-stability; here we conjecture that the converse does hold:
more on this below.

Divisorial stability threshold and openness. As in [Liu21], it is convenient to introduce
the divisorial stability threshold of the polarized pair (X, B;w), defined as

Bx,Biw (1)
.LLGMdiV\{.U‘triV} ||/’LHUJ
Thus (X, B;w) is divisorially semistable (resp. stable) iff o4;, (X, B;w) > 0 (resp. > 0).

odiv(X, Byw) = e RU{—o0}. (0.4)

Theorem B. For any polarized pair (X, B;w), the following holds:
(i) oaiv(X, B;w) > —oo iff (X, B) is sublc;
(il) oqiv(X, B;w) depends continuously on w € Amp(X).

Recall that the pair (X, B) is sublc (a short-hand for sub-log canonical) if its log discrep-
ancy function Ax p: X div 3 Q is non-negative; the pair (X, B) is then lc in the usual sense
iff B is further effective. As an immediate consequence of Theorem B, we get:
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Corollary C. If a polarized pair (X, B;w) is divisorially semistable, then (X, B) is necessar-
ily sublc. Furthermore, divisorial stability of (X, B;w) is an open condition on w € Amp(X).

Note that the last part of Corollary C implies the Main Theorem above. The first part
can be viewed as a version in our context of a celebrated result of Y. Odaka [Odal3] (see
also [BHJ1T]), to the effect that any polarized pair (X, B; L) with L € Pic(X)g ample and
B effective that is K-semistable is necessarily lc. While the proof of the latter result relies
on the MMP through the existence of log canonical blowups, the proof of Theorem B (i)
is of an entirely different nature, and rests on an estimate for the energy on certain affine
segments in MY,

Part (ii) of Theorem B is a consequence of a refined version of Theorem A, involving
Holder estimates for the directional derivative w +— Vy||u|l, of the energy (which actually
show that w — og;y (X, B;w) is locally Holder continuous). This should be compared with
the work [Liu2l] of Yaxiong Liu, who considers a similar threshold of waluative stability,
defined using only Dirac masses = 6,, v € X4V, and shows that this threshold is a
continuous function on the ample cone. In fact, given any subset M C M9V, one could
consider the threshold defined by restricting the infimum in to M, and our proof yields
the continuity with respect to w € Amp(X), which recovers Liu’s result. However, we cannot
prove that uniform K-stability is an open conditionﬂ in this way, since the subset of MV
used to test the K-stability of (X, L) depends on L.

In the log Fano case, the divisorial stability threshold essentially reduces to the §-invariant
defined in [FO18|, B1J20]. In fact, for any sublc polarized pair (X, B;w) such that —Kx p =
Aw with A € R, the identity V|| -||o = | - || mentioned above yields the simpler expression

Bx.Bw = Entx B +Viy gl - [l = Entx g =All - [lw.
By linearity of the entropy and convexity of the energy, this implies
odiv(X, Byw) = §(X, B;w) — A
where A
v
0(X, Byw) = inf Ax.p(v)
EX NV {vgriv } HUHW
coincides with the usual d-invariant. As a consequence, divisorial stability, (uniform) val-
uative stability, and uniform K-stability are all equivalent in the log Fano case (see Corol-

lary [4.11)).

K-stability for filtrations. Next we discuss the relation between divisorial stability and
the stability notions by C. Li [Li20]. We note that Li assumed that X is smooth, as he relied
on the preprint [BoJ18b], and specifically continuity of envelopes, which is not yet known in
the singular case. Using [BoJ21], we are able to bypass this obstacle.

Consider thus a polarized pair (X, B;w), and assume that (X, B) is subklt, i.e. its log
discrepancy function Ax g: X div 3 Q is positive outside {viy}. This function then admits
a maximal Isc extension Ax p: X* — [0, +o00], which coincides with the one constructed
in [JMI12, BAFFUI5] on the subspace X' C X of valuations on k(X), and is infinite
outside it (see Appendix . We may thus define an lIsc extension Entx p: M — [0, 400] of
the entropy functional by setting Entx p(p) := [ Ax pp. This yields in turn an extension
B: MY — R U {+cc} of the B-functional to the space M! C M of measures u of finite

5Note that openness of uniform K-stability was stated in [SD20], but the article has been withdrawn due
to a gap in the proof. See [Fujl9b] for a partial result.
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energy, i.e. ||p]l, < 400, which we characterize as the maximal lsc extension of 3: MV — R
with respect to the natural (strong) topology of M!. In particular, the divisorial stability
threshold can be computed using all measures in M, i.e.

oqiv(X, Byw) = inf Bln) _ inf B(w), (0.5)

neMN\ e} [pllw pemt, jiull=1
where the last equality holds by homogeneity with respect to the scaling action of Rxy.
Assume further w = ¢; (L) with L € Pic(X)g ample. As in [BoJ21], denote by NV the set
of norms x: R(X,dL) — R U {+o0} on the section ring of (X,dL), with d > 1 sufficiently
divisible (depending on x). Such norms are in 1-1 correspondence with the more commonly
used (multiplicative, graded, linearly bounded) filtrations, via the inverse maps

FARp = {s€ Ry | x(5) > A}, x(s):=max{\eR|sec F'R,,}

where R, := H(X, mL) for m sufficiently divisible. The space N comes with a translation
action (¢, x) — x + ¢ of R, such that (x + ¢)(s) := x(s) + mc for s € R,,.

The Rees construction yields an identification of the subset 7z C Ng of Z-valued norms of
finite type x with the set of ample test configurations for (X, L). Each x € Tz thus defines
a divisorial measure MA(y) € MYV, called the Monge-Ampére measure of x. By [BoJ21],
the space AR is equipped with a natural pseudometric di, with respect to which 7z is dense,
and the Monge-Ampere operator admits a unique d;-continuous extension MA: Nz — M*,
which is invariant under the translation action of R. We may now define the Mabuch:
K-energy and the minimum norm of any x € Nr by

M(x) = BMA(X)), x| == [MAX)]|z-
Theorem D. The divisorial stability threshold of any polarized subklt pair (X, B; L) satisfies
M
odiv(X, B; L) = %)

XEN, x>0 (x|

In particular, (X, B; L) is divisorially semistable (resp. stable) iff M > 0 on Mg (resp. M >
gl - || for some e > 0), which respectively correspond to K-semistability and uniform K-
stability for filtrations, as considered in [Li20]. Note that this notion of K-stability for
filtrations a priori differs from the one in [Sz¢15] and relies on working on the full Berkovich
space X" rather than just X4V,

In view of , the main step in the proof of Theorem D consists in showing that
the image of MA: Ng — M! contains the set MY of divisorial measures. This follows
from [BoJ21]), where it is proved that the Monge—Ampeére operator induces a 1-1 map

MA: NV /R 5 MY,
where /\/Igi" C Mg denotes the set of divisorial norms, of the form x = min;{x., + ¢;} for
a finite set (v;) in X4V and ¢; € R. We then have MA(x) = ., m;d,, for the same set of
valuations (v;), where m; = m;(c) is a certain (non-linear) function of ¢ = (¢;).

As a consequence, the infimum in Theorem D can be computed on the space Nﬂgi" of
divisorial norms; we show that it can be further restricted to the subspace N&iv of rational
divisorial norms, whose coefficients ¢; above can be chosen rational. By [BoJ21], such norms
arise from arbitrary (i.e. not necessarily ample) test configuration for (X, L), called models

in [Li20], and it follows that divisorial stability is also equivalent to uniform K-stability for
models in the sense of C. Li; see
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A fortiori, divisorial stability implies uniform K-stability, as we already noted above.
The two notions are equivalent if a certain entropy regularization conjecture holds, as first
formulated in [BoJ18b|. A stronger, and more precise conjecture, goes as follows:

Conjecture. Let x € /\/’6iv be a rational divisorial norm, and let (xq) be its sequence of

canonical approzimants, where xq is generated in degree 1 by the restriction of x to HY(X, dL)
for d sufficiently divisible. Then limgEntx p(MA(xq)) = Entx g(MA(x)).

Granted this conjecture, divisorial stability is the same as uniform K-stability—and the
uniform YTD conjecture thus holds for any polarized complex manifold, as discussed in the
beginning of the introduction. See also [Li21].

In the Fano case, divisorial stability and valuative stability are equivalent. In the general
case, we do not expect this to be true, but one can ask whether it is enough to consider
divisorial measures with a fixed bound on the cardinality of their supports. For exam-
ple, [Don02, Proposition 5.3.1] shows that on a toric surface, it suffices to consider measures
supported on a set of cardinality at most two.

Structure of the paper. The article is organized as follows.

e Section || recalls some aspects of our previous work [BoJ22l, [BoJ21] of relevance for
the present paper.

e Section [2]is devoted to the proof of Theorem A (cf. Theorem , along with some
key estimates that will lead to the proof of Theorem B (ii).

e Section [3] studies the entropy functional of a pair, the associated d-invariant, and
its relation to Ding-stability. Theorem is the main ingredient in the proof of
Theorem B (i).

e Section [4] introduces the main concepts of this paper, the S-invariant of a divisorial
measure, and the associated notion of divisorial stability. It completes the proof of
Theorems A and B.

e Section [5| compares divisorial stability and K-stability. Theorem D is proved, and
the entropy regularization conjecture is discussed. Along the way, we prove the Main
Theorem above.

e Finally, Appendix[A]reviews the properties of the log discrepancy function of a pair,
and its extension to the Berkovich space in the subklt case.

Acknowledgment. The authors would like to thank R. Berman, H. Blum, R. Dervan, E. di
Nezza, A. Ducros, V. Guedj, M. Hattori, E. Inoue, E. Legendre, C. Li, Yaxiong Liu,
Y. Odaka, R. Reboulet, L. Sektnan, Z. Sjostrom Dyrefelt, A. Zeriahi, and K. Zhang for
fruitful discussions and useful comments. The first author was partially supported by the
ANR grant GRACK. The second author was partially supported by NSF grants DMS-
1600011, DMS-1900025, DMS-2154380, and the United States—Israel Binational Science
Foundation.

1. PRELIMINARIES

The main purpose of this preliminary section is to recall results from non-Archimedean
pluripotential theory, as developed in [BoJ22], which form the building blocks of our ap-
proach.
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1.1. Notation and conventions.

e We say that a function f: Z — R defined on a set Z endowed with an action of
R~ (or a subgroup thereof) is homogeneous if it satisfies the equivariance property
f(t-z)=tf(x) for t € Ry and = € Z.

e A net in a set Z is a family (z;);cs of elements of Z indexed by a directed set, i.e. a
partially preordered set in which any two elements are dominated by a third one.

e If Z is a Hausdorff topological space, and ¢: Z — R U {£o0o} is any function, then
the usc reqularization p* of ¢ is the smallest usc function with ¢* > . Concretely,
¢*(x) = limsup,,_,, ¢(y). The Isc reqularization is defined by ¢, = —(—p)*.

e For z,y € Ry, z < y means z < C,y for a constant C,, > 0 only depending on n,
and z =~ y if ¢ < y and y < z. Here n will be the dimension of a fixed variety X
over k.

1.2. Quasi-metric spaces. A quasi-metric on a set Z is a function d: Z x Z — R that
is symmetric, separates points, and satisfies the quasi-triangle inequality

ed(z,y) <d(z,z) +d(z,y)

for some constant € > 0. A quasi-metric space (Z,d) comes with a Hausdorff topology,
and even a uniform structure. In particular, Cauchy sequences and completeness make
sense for (Z,d). Such uniform structures have a countable basis of entourages, and are thus
metrizable, by general theory.

A continuous function f: Z — R on a quasi-metric space is uniformly continuous if, for
each € > 0, there exists 0 > 0 such that d(x,y) <0 = |f(z) — f(y)| < e for any z,y € Z.
The following standard result will be used several times in the paper:

Lemma 1.1. Let (Z,d) be a quasi-metric space, D C Z a dense subset, and f: D — R

a uniformly continuous function. Then f admits a unique uniformly continuous extension
f+Z—=R.

Proof. Uniqueness is clear, by density of D. Pick z € Z, and a sequence (x;) in D such that
x; = x. Then ed(x;, x;) < d(x;, x) + d(z,x;) tends to 0 as i, j — oo. By uniform continuity
of f, it follows that (f(z;)) is a Cauchy sequence, which thus admits a limit f(z) € R.
Using again uniform continuity, it is further easy to check that the limit is independent of
the choice of (z;), and that the extension constructed this way is uniformly continuous. O

1.3. Positive numerical classes. In the entire paper, we work over an algebraically closed
field k£ of characteristic 0, and X denotes an irreducible projective variety over k, i.e. an
integral projective k-scheme (not necessarily normal for now). We set n := dim X.

Denote by N!(X) the finite dimensional R-vector space of numerical classes of R-Cartier
divisors on X. Ample classes form a nonempty open convex cone Amp(X) C N'(X). We
generally denote by 6 an element of N!(X), and by w an element of Amp(X). The closure
Nef(X) € NY(X) of Amp(X) is the closed convex cone of nef classes. We denote by > the
corresponding partial order on N'(X), i.e.

0 >0 < 0—0 € Nef(X). (1.1)
Each w € Amp(X) induces a norm || - ||, on N}(X), defined by
10]|w :=sup{s > 0| —sw < 0 < sw}. (1.2)
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We will occasionally use the Thompson metric of the open convex cone Amp(X), defined
by
§(w,w’) :=max{d > 0] e ’w < ' < ew}. (1.3)
It is locally equivalent to the metric on Amp(X) induced by any norm on N*(X) (see [Tho63,
Lemma 3)).
The volume of w € Amp(X) is defined as

Vo = vol(w) = (w"). (1.4)

We define the trace of € N'(X) with respect to w € Amp(X) as

n—1
tr,(0) := n(w(wn)e) (1.5)
Note that tr, () is linear with respect to 6, with

| tro (0)] < n[|0]].- (1.6)

The trace computes the logarithmic derivative of the volume, i.e.
Vi W = 1+ tro,(0)t + O(82), t— 0. (1.7)

Example 1.2. When k = C and X is smooth, tr,(c1(X)) = — tr,(Kx) computes the mean
value S of the scalar curvature of any Kdhler form representing w.

The volume function
vol = Vlet NI(X) — RZO
is continuous, positive precisely on the open convex cone Big(X) C N!(X) of big classes,
and coincides with ([1.4)) on the ample cone. It is further homogeneous, log concave on the
pseudoeffective cone Psef(X), and of class C! on Big(X), with derivative at a € Big(X)
given by

Vo vol(a) := 4 vol(a + t0) = n(a™ 1) - 6 (1.8)
dt|,_,
for all § € N'(X), where (a"" 1) € Nj(X) is a positive intersection product (see [BEJ0]).
The latter is in fact defined for any a € Psef(X), with (o) = lim._,o, ((a +ew)""1), and
we set (a"71) = 0 for o € NY(X) \ Psef(X). This makes sense of Vg vol(a) := n(a""1) -0
for any a € N'(X). Note, however, that this might not compute the directional derivatives
of vol when « lies on the boundary of the big cone.

1.4. Berkovich analytification and psh functions. The Berkovich analytification X"
of X (with respect to the trivial absolute value on k) is a compact Hausdorff topological
space, whose points are semivaluations on X, i.e. valuations v: k(Y)* — R for a subvariety
Y C X. It contains as a dense subset the space XV of actual valuations on X, endowed
with the topology of pointwise convergence as maps k(X)* — R.

The space X" comes with a continuous scaling action Rsg x X — X2 (t,v) — tv,
which fixes the trivial valuation vy, € XY, defined by viiy = 0 on k(X)*.

The subspace XU ¢ XVal of divisorial valuations is already dense in X2, Each v € X4V
is of the form v = tordp for a prime divisor F' on a smooth birational model Y — X and
t € Q>¢ (the case t = 0 corresponding to vy ).

We denote by C°(X) the Banach space of continuous functions ¢: X* — R, endowed
with the supnorm, and by C°(X)V its topological dual, i.e. the space of (signed) Radon
measures on X?®. It contains the subspace M = M(X) C C°(X)Y of Radon probability
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measures, which is convex and compact for the weak topology. The scaling action of Rsq
on X induces an action (¢, ) +— tou on CO(X) preserving M.

The space C°(X) contains a dense subspace PL(X) of piecewise linear (PL) functions,
see [BoJ22, §2]. Among various possible descriptions, each such function is of the form
¢p € PL(X) for a vertical Q-Cartier divisor D on some test configuration X — Al for X
where ¢p(v) = o(v)(D) for v € X*", with o: X" — X?" denoting Gauss extension. This
construction is invariant under pullback to a higher test configuration, and one can thus
always assume that X dominates the trivial test configuration X x Al.

To each w € Amp(X), one associates a class PSH(w) of w-psh functions ¢: X*" —
R U{—0o0}, ¢ # —o0, defined in [BoJ22| §4], and characterized as follows:

e a PL function ¢, written ¢ = pp as above, is w-psh iff wy + D is relatively nef on
X, with wy € N*(X/AY) the pullback of w to &’;

e cach ¢ € PSH(w) can be written as the pointwise limit of a decreasing netﬁ (i) in
PL(X) N PSH(w).

Each ¢ € PSH(w) is usc, and hence bounded above. Further, supy = ¢(vtriv). Define
T=T,: X* — [0,40c0] by

T(v):= sup {supy —(v)}.
pePSH(w)

A simple approximation argument yields T(v) = supg,epr,npsu()isup¢ — ¢(v)}, which
shows that T is lsc; further,

T(v) =0 < v = Vyiv, and T(tv) =t T(v), t € Rsy.

The (Borel) set
X' = {y e X* | T(v) < oo} (1.9)

is independent of w. It is contained in XV® and a point v € X" lies in X' iff p(v) > —o0
for all ¢ € PSH(w), i.e. iff {v} is nonpluripolar.

Example 1.3. If w = ¢;(L) with L € Pic(X)q ample, then
T(v) = sup {m_lv(s) | s € HO(X, mL) \ {O}} =sup{v(D) | D € |L|g}, (1.10)
and hence v € X' jff v is a valuation of linear growth in the sense of [BKMSIH).

Example 1.4. If v € XU s written v = tordp for a prime divisor F' on a smooth model
m:Y = X, then

T(v) =tsup{X € Ryg | 7w — AF € Psef(Y)} < 0. (1.11)

In particular, every w-psh function is finite-valued on X4V  X!: it is further determined
by its restriction to X4V, and we equip the space PSH(w) with the (Hausdorff) topology of
pointwise convergence on X9V, The scaling action of Rso on X?" induces an action on the
topological space PSH(w), denoted by (¢, ¢) +— t - ¢ where

(t-@)(v) := to(t o). (1.12)

6In fact, sequences turn out to be enough, but this will not be used in this paper.
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1.5. Energy pairing and functions of finite energy. The energy pairing is first defined
as a symmetric (n -+ 1)-linear map on N*(X) x PL(X), that takes a tuple (6;, ;) € N}(X) x
PL(X),i=0,...,n, to

(6o, o) - -+ - (Bn,on) = (0,2 + Do) - .. - (B & + D) €R, (1.13)

where X — Al is a high enough test configuration such that ¢; = @p, for some vertical Q-
Cartier divisor D; on X, 0, 3 € NL(X) is the pull-back of 6; to the canonical compactification
X — P!, and the right-hand side is an intersection number computed on X. See [BoJ22,
§3.2]. The energy pairing (which is simply an extension to numerical classes of [BHJ17,
Definition 6.6]) satisfies

(00,0) - ...-(0,,0) =0, (1.14)
(0,1) - (61,01) - (Onyon) = (01 ...« Op). (1.15)

Further, if ¢;,1; € PLNPSH(w;) with w; € Amp(X), ¢ =0,...,n, then
i < for all i = (wo, o) - -+ (Wn, on) < (Wo,%0) - ... (Wn, Un). (1.16)

For any w € Amp(X), the Monge-Ampeére energyﬂ of ¢ € PL(X) with respect to w is defined

as
n+1

Ew(‘/)) = (W, QO)

) 1.17
(n+1)(w™) ( )

This normalization guarantees the equivariance property
Eu(p+¢) =Eu(p) +c (1.18)

for ¢ € Q (see (1.15)). By (L.16)), the restriction E,: PLNPSH(w) — R is increasing; it
admits a unique usc, increasing extension E,: PSH(w) — R U {—occ}, given by

E.(¢) = inf{Eu (1) | ¢ € PLAPSHw), ¥ > ¢}.

The space of w-psh functions of finite energy is defined as
£H(w) = {p € PSH(w) | Eu(p) > —oo},

and the strong topology of £'(w) is defined as the coarsest refinement of the subset topology
from PSH(w) (i.e. the topology of pointwise convergence on X4V) in which E,: £'(w) — R
becomes continuous.

The vector space £ generated by £ (w) (interpreted as functions X'™ — R) turns out to
be independent of w € Amp(X). It contains PL(X), and we have £'(w) = £* N PSH(w) for
any w € Amp(X). See [BoJ22, §7] for details on this and the remainder of

Theorem 1.5. The energy pairing (6o, o) - - - .- (0, n), previously defined as a multilinear
function of tuples (0;, ;) € N*(X) x PL(X), admits a unique extension to a symmetric,
(n + 1)-linear function of tuples (0;,p;) € NY(X) x EY such that, for any w € Amp(X), its
restriction to tuples in N1 (X) x £Y(w) is continuous with respect to the strong topology of
ENw).

The energy pairing is further homogeneous with respect to the scaling action (1.12), i.e.

(0o, p0) - (Ot on) =1(00,0) - - (O, on) (1.19)
for t € R>0.

"This should not be confused with the eztended Monge—Ampere energy of ¢ as in [BoJ22| §8].
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Since PL(X) is a dense subspace of C°(X), we can now associate to any tuple (6;, ;) €
NN X)x &L i=0,...,n, a mized Monge-Ampére measure
(01 +ddp1) A--- A (B, +ddp,) € CO(X)Y (1.20)
by requiring that

/‘PO (01 +dd 1) A= A (On+dd ) = (0,¢0) - (01,01) - - .. - (On, on)

for all o € £'. The Radon measure has total mass (61 - ... - 6,) (see (L.15)), and it
is positive when 6; is ample and ¢; is 6;-psh.

Fix now w € Amp(X), with volume V,, = (w™). By Theorem the Monge-Ampere
energy (|1.17)) makes sense for any ¢ € g 1 and yields the more standard expression

1 & . .
Eu(p) = — — > vt /go(w + dd€ p)? AW, (1.21)
=0
By (1.19)), we further have
Eu(t - ¢) = Ew(te) = tEu(p) (1.22)

for t € Ryg.

We also get a Monge-Ampeére operator MA,,: ' — CO(X)V, that takes ¢ € &' to the
Radon measure

MA, () =V, (w + dd p)".

If p € E1(w) = &n PSH(w), then MA, () is a probability measure, and the induced map
MA,,: £ (w) — M is further strongly continuous. The energy E,: €' — R can be under-
stood as the anti-derivative of the Monge—Ampere operator; indeed, a simple computation
yields

Gl Bt = [vrase) (1.23)
t=0
for all ¢, € €. The scaling action (1.12) preserves £, and
MA,(t- ) = t. MA,(p) (1.24)

for any ¢ € Elandte Rp.

1.6. Measures of finite energy. Fix w € Amp(X), and set for simplicity ! := £}(w),
E=E,, MA = MA,. The energgﬂ of a Radon probability measure p € M is defined as

il = il = sup {B() = [ u} € 0.420] (1.25)

A mazximizing net for p is defined as a net (p;) in &' that computes ||u||, i.e. J,(p;) — 0,
where

u(e) =l ~Ee) + [ onzo0 (1.26)
for any o € L. See [BoJ22, §§9-10] for details on this and on what follows.
The energy functional || - ||: M — [0, 400] is convex; it is also lsc for the weak topology

of M, as a simple regularization argument shows that £! can be replaced by PL NPSH(w)

8This corresponds to EY (1) in [BaJ22]; the change of notation is intended to make the formalism of the
present paper easier to digest.
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in the right-hand side of ((1.25). Despite the chosen notation, the energy is not actually a
norm; however, it satisfies

[l =0 p=puiv, [tepll = tlull, [l = tlpllo, € Rso. (1.27)
The space M! C M of measures of finite energy is defined as the domain

M= {p e M|||pl| < +o0}.

of the energy functional. By definition, any p € M! satisfies &' C L!(u), and the converse
holds as well.

In contrast with £! = £1(w), the space M! turns out to be independent of w € Amp(X),
a property that plays a key role in the present paper. More precisely, for any w’ € Amp(X)
and s > 1 such that s 'w < ' < sw, we have

sl < Npller < € e (1.28)
for all u € M, where C,, := 2n? + 1. See [BoJ22, Theorem 9.24].

Example 1.6. For any ¢ € E', the Monge-Ampére measure MA(y) lies in M, and
computes its energy (1.25)), i.e.

| MA(g)]| = E(g) - / o MA(p). (1.29)

When n = 1, this can be rewritten as | MA(p)|| = 3 [(—) dd® ¢, whose analogue in the
Archimedean case coincides with the classical Dirichlet functional.

As in the case of £, the strong topology of M! is defined as the coarsest refinement of
the (weak) subspace topology induced by M such that the energy functional || - [|: M? — R
becomes continuous. The strong topology of M! is also independent of w € Amp(X).

By Example the Monge-Ampere operator defines a map MA: £! — M!. By [BoJ22,
Theorem A], this induces a topological embedding with dense image

MA: EV/R — M1,
with respect to the strong topology on both sides. Further, a net (¢;) in &' and p € M!
satisfy MA(¢;) — u strongly in M! iff (¢;) is a maximizing net for u, i.e. J,(¢;) — 0.
The Monge-Ampere operator maps £' onto M! (and hence induces a homeomorphism
EY/R 5 M1) iff the envelope property (aka continuity of envelopes) holds for w, which is
the case when X is smooth.

We define the normalized potential of a measure p in the image of MA as the unique
function ¢, € £' such that

p=MA(pu)
1.30
{ f%puﬂ =0. ( )
By , we have
el = E(ep), (1.31)

and ¢, is characterized as the unique function that achieves

1e]] = sup {E(sO) | peél, /sou = 0} :
For any 9 € £', the normalized potential of MA(z)) € M! is given by

OMA(p) =¥ — /UJ MA(%). (1.32)
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Example 1.7. For any v € X?", set
[0l := [lvllw == [|6v]] € [0, +o0].

Then ||v|| = T(v) (see [BoJ22, Theorem 11.1]), and hence ||v|| < 0o & v € X see (T.9).
By [BoJ21, Theorem 7.22], if w = ¢1(L) with L € Pic(X)q ample, then ||v|| = ||v|| coincides
with the expected vanishing order S(v) = Sr(v) [FO18, BLJ20]. Thus

|lv|| = limmax{v(D) | D € |L|g of m-basis type}
m

where D € |L|g is of m-basis type if D = L3 div(s;) for a basis (s;) of H(X,mL)
(see [FOI8, Definition 0.1]). For a divisorial valuation v € XU, written v = tordp for a
prime divisor F' on a smooth model w: Y — X, we further have

T(v) 400
Jv]| =tV / vol(m*w — AF) d\ =tV ! / vol(m*w — AF) d), (1.33)
0 0

see (|1.11)).

In [BoJ22] and [BoJ21], it was respectively shown that the strong topology of M! can
be defined by a certain quasi-metric IV = I}, and also by a (Darvas-type) metric d; = dj 4,
these two (quasi-)metrics being further Holder equivalent on bounded sets. The metric d;
on M! will not be used in this paper; as to the quasi-metric IV, it will be advantageously
replaced by the following equivalent, more natural quasi-metric, directly induced by Aubin’s
I-functional on £1.

Theorem 1.8. There exists a unique strongly continuous functional I =1,: M! x M —
R>o such that

I(MA(¢), MA(p)) = I(p,9) := /(4/9 — ) (MA(¥) — MA(¢p)) (1.34)

for all p, € EL. For all juy, pa, p3, o € M and ¢ € EL, we further have:

(1) Wp, p2) = Lo, p1), and L(pa, p2) = 0 < py = po;

(i) I(p1, p2) < W, ps) + Lps, pi2) s
(iii) T is a quasi-metric on M" that defines the strong topology, and the quasi-metric

space (MY 1) is complete;
(iv) I(n, MA()) = Ju(p) (see (1.26))); in particular, I(p) := I(w, priv) = || ]
Finally, for all o, € ' and p,v € M' we have

‘/(cp — ") (=)
with o :== 27",

Proof of Theorem[1.8 By [BoJ22l §10], Theorem is valid for a certain quasi-metric IV
on M! in place of I, except for (1.34)), which is replaced by

IV (MA(p), MA(9)) = I(p, ). (1.36)

Next, note that uniqueness is clear, by density of the image of MA, and that (1.34)) is
equivalent to

< 1) Lpa, )2 max{1(0), 1), ], 142132 (1.35)

(1.0) = Wowo) = [ wuv+ [on
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for all y,v € M in the image of MA, by (1.32)). Pick y,p/, v, in the image of MA, and

" Ip,v) =1(1,v) Z/SDMVJr/%M—/W V'—/W W
:/(gpu—(p#/)y+/g0u/<v—V/)+/(QPV_WV’)N+/SOV’<M_N/)'

Using I(pp, o) = IV(p, 1) and (v, @) = 1Y(v,1/), the ‘TV-version’ of (1.35) yields a
Holder estimate

1, v) = 1 )| S TV (oo ) M=+ max {1 (v,0/), 1Y (1, )} 2 M 2 (1.37)

with M := max{||u|[, [|¢']], ||¥||, ||[//||}- This shows that I is uniformly continuous on a dense
subspace of the quasi-metric space M! x M!, and hence that it admits a unique umformly)
continuous extension M! x M! — Rsq (See Lemma [1.1). Finally, (1.34] - and (|1.36]) imply
I(p,v) =~ 1V(u,v) for all u,v € M by continuity, and it is now immediate to see that
(i)—(iv) and follow from their version for IV. O

2. DIFFERENTIABILITY OF THE ENERGY OF A MEASURE

The main purpose of this section is to establish the differentiability of the energy of a mea-
sure with respect to the ample class (Theorem below, which corresponds to Theorem A
in the introduction), along with Holder estimates for the derivative (Theorem that will
be the main ingredient for the continuity of the divisorial stability threshold (Theorem B (ii)
in the introduction).

As before, X denotes an arbitrary (possibly non normal) projective variety, of dimension
n, defined over an algebraically closed field k& (whose characteristic can in fact be arbitrary
in this section).

2.1. The twisted Monge—Ampeére energy. Fix for the moment w € Amp(X), with
volume V,, = (w"), and pick § € N1(X).

Definition 2.1. We define the 0-twisted Monge—Ampere energy Esz E' SR by setting
o () =V (w 9)" - (9,0).
The right-hand side involves the energy pairing, see Theorem |1 . 1.5 By (L.15] -, we have
EY (0 4 ¢) = EY (¢) + ctr,(6) for c € R, (2.1)

where tr,(f) = nV;  (w" ' 0) (see §1.3)). Further, EY (¢) is a linear function of € N'(X),
and
E9<- o) = tES(p), El(ty) = B (p) (2.2)
for t € Ryg. By Theorem |1.5] the restriction Eg E' — R is continuous in the strong
topology.
As with the Monge—-Ampere energy E,, (see , ), straightforward computations
yield a more standard description of the twisted Monge—Ampere energy EZ in terms of

mixed Monge-Ampere integrals, and also as the anti-derivative of ¢ +— (w + dd® )" 1 A0
(compare [Che00), §3]ﬂ and [BDL17, §1] in the usual Kédhler setting).

INote that E and E’ are respectively denoted by I and J in Chen’s paper, and in much of the ensuing
literature on the J-equation and the J-flow.
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Proposition 2.2. For all p € EL we have

n—1
BL(o) = 3 Vo [+ ddiep nwn i ng, (2.3)
=0
and
pr El (o +ty) =nV ! /w (w4 dd® )"t Al (2.4)
t=0

for ally € EL.
As a special case of [BoJ22, Theorem 3.25], we also have:

Lemma 2.3. If 0 is nef, then the restriction of EY, to £(w) = €' NPSH(w) is concave.
The twisted energy is closely related to the differential of E,, with respect to w:

Lemma 2.4. For each ¢ € £', E,(¢) is a smooth function of w € Amp(X), with directional
derivative

VoEu(¢) = | Fusuly) (2
given by
Vo Bule) = E(9) — trul0) Eul). (2:6)

Note that (2.6) is translation invariant as a function of ¢ (see (2.1)) and (1.18))).

Proof. Smoothness follows from the fact that V,, = (w™) and V,, E,(¢) = (w, @)™ - (0,0) are
both polynomial functions of w. Next, pick # € N'(X). Then

(w+10,0)" " = (w, )" + (n+ Dt(w, )" - (6,0) + O(t?).
Combined with (1.7)), this yields

Eurin(9) = (1= ttr,(8) + O(2) (Fule) + tEL () + O(2))

= Fu(p) +t (B (9) — tru(0) Bule) ) + O(t2),

which proves (12.6)). O
By (2.2)) (or by differentiating (1.22]) with respect to w), we have
VoEu(t-¢) =tVeE,(p) and VyEu(te) = Ve E,(p) (2.7)

for t € Ryg. We also note:

Lemma 2.5. For any ¢ € £ we have

Vo Bu(p) = Eulp) - / o MAL(¢) = [ MAL(9)]lo.

Proof. For each t > 0 we have Ey,(tp) = tE,(p), see (1.22). Differentiating this at ¢t = 1
yields

VoE()+ [ ¢ MAL() = Eu(e),
see ([1.23]) and ([2.5)). The rest follows from Example O
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2.2. The twisted energy of a measure. Fix w € Amp(X), and recall that the Monge—
Ampere operator induces a topological embedding MA,,: £'(w)/R < M! with dense image.

Proposition-Definition 2.6. For any 0 € N'(X), there exists a unique strongly continuous
functional V|| - || : M* — R such that

Vol MAL(9)llw = Vo Ew(p) (2.8)
for all p € EY(w). Further,
Vollullo = Vellvllo| S Lo(u v)® max{|lullw, [V]lw} = 16]l (2.9)
for all p,v € M, where a = a, € (0,1) only depends on n. In particular,
Vollulle] < 112l 10]]e- (2.10)

By uniqueness, Vg||u||,, is a linear function of § € N'(X). The choice of notation will be
justified by Theorem below.

Remark 2.7. When w has the envelope property (e.g. when X is smooth), the Monge—
Ampére operator induces a homeomorphism MA,: E'(w)/R = M', and Vy|| - || is then
simply obtained by transporting the translation invariant functional Vg E,,. Equivalently, for
any p € MY with normalized potential o, € E'(w) (with respect to w), we have Vglpll, =

Vo Ew(@#)-
Lemma 2.8. The exists o = o, € (0,1) such that

Vo Eu(#) = Vo Eu(¥)] < L, ) max{T(v), Lo(¥)} [0k, (2.11)
for all o, € EY(w).
Proof. By homogeneity, we may first assume [|f]|, = 1, and hence —w < 0 < w. Set

0y =0+ 2w, 0_ :=2w. Then § = 0, — 0_ and w < 1 < 3w. By linearity, we may thus
assume wlog w < 0 < 3w, and hence |tr,(6)] < 3. By translation invariance of Vg E,,, we
may further normalize ¢, by sup ¢ = supy = 0. By Theorem 7.34 and (7.29) of [BoJ22],
we then have

EL () = EL@)| = V5 (8,0) - (w,0)" = (6,0) - (w, ¥)"| S Lu(p, ) max{Lu(¢), Lo (1)}
and

|Eu(9) —Eu(®)] = (n+1)Va) 7" [(w, )" = (w, )" ] S L, 9)° maX{Iw(@),Iw(@ﬁ)(}l_“)-
2.12
with a = a,, € (0,1). The result follows, by (2.6). O

Proof of Proposition[2.6. Pick u,v € M! in the image of MA,,, and denote by ¢, ¢, €
EY(w) their normalized potentials (with respect to w), cf. (1.30). By (2.8) and (2.11)), we

have
Vollpllw = Vellvllwl = Vo Eu(pn) — Vo Ew(py)|

< Lo(pu, 00)* max{Lu (o), Lo(00) }' 7 & Lo, 1) max{|pllw. 10},
see Theorem|[L.8] This proves when p, v lie in the image of MA,,. As a result, Vy|-||. is
uniformly continuous on a dense subspace of the quasi-metric space (M1, 1,,). By Lemma
it thus admits a unique continuous extension M — R, which clearly still satisfies . O

Proposition 2.9. For all p € M! and t € R+, we have
Vollpllew = Vollpllw,  Volltspllw = tVol| |- (2.13)
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Proof. By continuity, we may assume that u = MA,(p) = V! (w+dd® p)" with ¢ € Y (w).
Then = MAy, (tp), tipw = MAL(t- @) (see (1.24])), and hence
Vollullw = Vo Erw(te) = Vo E(e) = Vol|ullw,
Vol[tapllo = Vo Eu(t - @) = tVo Eu(p) = tVol|pll,
see (2.7)). O

Note also that
Vallpllo = llullw- (2.14)
for each € M', by Lemma and continuity.

Remark 2.10. If we take for granted Theorem then (2.13)) can alternatively be obtained
by differentiating (1.27)), while (2.14]) becomes the Euler equation reflecting the homogeneity
property ||pllw = tlpllw, t € Rso.

For later use, we also note:

Lemma 2.11. If j lies in the image of MA,,, with normalized potential ¢,,, then | ES (¢,)]| <

161l 4]l -
Proof. By (2.6), ([2.8) and (1.31)), we have EY(p,) = Vol ullw + try(0)|pllo. The desired
estimate now follows from (2.10) and ((1.6)). O

2.3. Holder continuity of the energy of a measure. The next result will be the main
ingredient leading to the continuity of the divisorial stability threshold (see Theorem 4.12)).

Theorem 2.12. Suppose w,w’ € Amp(X) and 6 € [0,1] satisfy e Ow < ' < e’w. Then
Vollll = Vallullwr| S 6% 1llwllOlle (2.15)
for all § € NY(X) and u € M, where a € (0,1) only depends on n.

Combined with (1.28)), this implies that w +— Vg||ull, is locally Holder continuous on
Amp(X).

Lemma 2.13. Suppose w,w’ € Amp(X) satisfy w < o' < ew with § € [0,2]. Pick ¢ €
EYNw) Cc EYW') and 0 € NY(X), and set 1 := MA,(p), i := MA,/ (). Then:

| Ew(p) = Eu(9)| < 0l tlles (2.16)

|E5 () = EL ()] < 810lwlllo, (2.17)
Vo Eu(p) = Vo Ewr (0)] < 6110l |, (2.18)
max{ |||, | ller 10 1l } S il (2.19)
L (1, 1) < 6|l (2.20)

The proof relies on the following variant of [BoJ22, Lemma 9.25].

Lemma 2.14. Assume given w,w’ € Amp(X), s > 1 such that w < W' < sw, and a nef
class 0 € Nef(X). For any 0 > ¢ € EX(w) C EYW'), we then have

0> s "Ey(p) > Eu(p) > s"Eu(p), 0>s"EL(p) >EY (p) > s"LEL (p).



20 SEBASTIEN BOUCKSOM AND MATTIAS JONSSON

Proof. The first estimates are already proved in [BoJ22, Lemma 9.25], and we simply re-
peat the argument to get the remaining ones. Since ¢ < 0 and w < W' < sw, [BoJ22,
Proposition 7.3] implies

0> (wa Qp)n ’ (970) > (wla So)n ’ (07 0) > (sw, (p)n ’ (970) = Sn(wv S_lgp)n ’ (0>O)'

By concavity of EY (see Lemma, we further have (w, s~ 1p)™- (6,0) > s~ H(w, )" (6,0),
and hence

0> (w,)" - (0,0) > (&', 0)" - (6,0) = 8" Hw, )" - (6,0).
The result follows after dividing by 0 < V,, < V,» < s™V,. |

Proof of Lemma[2.13, Note that the desired estimates are invariant under translation of ¢.

To prove (2.16)), (2.17) and (2.18), we first normalize ¢ by sup ¢ = 0. By Lemma we

then have e B, (¢) > Ey () > ™ Ey(p), and hence

’Ew((p) - Ew’((p)| S 5‘ Ew(go)’a

Further, ¢(vyiv) = supp = 0 yields —Eu(p) = Ju(p) ~ Lu(v) = L(p) = [|ulw, see

Theorem (iv); this proves ([2.16)).
Similarly, Lemma yields e EY (¢) > EY, (¢) > e O EY (), and hence

|ES(¢) — EL (9)] S 61 EL(#)]-
By (2.11)) and (|1.6), we further have
Vo Eu(0)| S Lo(@)[0llw = [[nllwllfllw, [ tro(0)] < (6]
By ([2.6)), this yields
|EL(#)] < [ tru (O Ew(@)] + Vo Ea(9)] S lall10]l

and (2.17)) follows.

Finally, (2.6) implies
Vo Eu() = Vo Bur(9) = EL () —E (9) + (tru(6) — trer(6)) Ewo () + trur (6) (Bu () = Ewr (9)),
and (2.18]) thus follows from (2.16]) and (2.17) together with |tr,(0) — tr,/(0)] < 910w,

which is readily checked.
Next we turn to (2.19) and (2.20), for which we now normalize ¢ by [ u = 0, so that
¢ = ¢, is the normalized potential of 1 with respect to w. Then

[l = Ew(e),  supp =1Lu(p) = Lu(p) = [|ullw, (2.21)
see Theorem (iv). By (2.16]) we further have |E/(¢)| < ||u]lw, and hence
114l = Jur (0) = sup @ — Eur (@) < lltlless
which yields (2.19) thanks to (2.21)) and (1.28]). Finally,

Lo (11 1) % Jur u(0) = [[illr — B (),
see Theorem (iv). By (1.28]), (2.16) and (2.21)), this yields

Lo (g, 1) = (L4 O() |1l — Ew () + O0) |l = OS) ||l
where the implicit constant in O only depends on n. This proves (2.20)).
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Proof of Theorem [2.13. Note first that w” := e %w < w’ < e’w, and hence

JT< W < 625w// S <w< eéw”.
Arguing successively with w”,w’, and with w”,w, and relying on (|1.28)), it is thus enough to
prove the result when w < w’ < ¢®w, which we assume from now on. Next, pick ¢ € £} (w) C
EYw') and set

pi=MAu(p), ' :=MAy(p),
so that
Vollulle = Vo Eu(v),  Vallillor = Vo Ewr(9),

see (2.8). By (2.18)), we have

Vollullo = Volli'llr] < 0110011l
On the other hand, (2.9)), (2.19)) and (2.20) yield

IVollllwr = Vollp'llur| < 0 [l llesl1€1]

with a € (0, 1) only depending on n. Summing up these estimates yields (2.15) when pu lies
in the image of MA,,: £!(w) — M!, and hence in general, by strong continuity of V|| - ||,
and Vg|| - || (vecall that the strong topology of M? is independent of w). O

2.4. Differentiability of the energy with respect to the class.

Theorem 2.15. For any u € M, the function w — ||p||w is locally C* on Amp(X) for
some a € (0,1) only depending on n. Further,

d

- -V
i), Wllosao = Vol

for all w € Amp(X) and 6§ € N'(X).

Lemma 2.16. Pick w € Amp(X) and 6 € N*(X) such that ||0||. < 1, and hence w + 0 €
Amp(X). Assume also given A > 0 and p € M?' such that

AT <V, <A plle < A

Then
#llro = il + Vollllw — ClIOIZ
for a constant C > 0 only depending on A and n.

Proof. We may assume that € := |||, > 0, and write § = €0 with |||, = 1. Note that
l-ew<w+<(1+e)w<(1—¢e) w. (2.22)

By density of the image of MA,: £'(w) — M, it is enough to prove the result when
= MA,(p) with ¢ € EY(w). We further normalize ¢ by [¢u = 0, so that ¢ = ¢,, is the
normalized potential of y with respect to w. Then

0 < supp = Lo(¢) ~ Fulp) = il < A. (2.23)
On the other hand, implies
(1-e)p el —ew) C EXw+0),
and hence ||t]|w+9 > Ewro (1 —€)¢), see (1.25). Now
(1 + )Vt By (1 — £)9)) = (w+6, (1 — e)p)™+!
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= (@) +0,~¢)" = @@ + (14 e, )" - (6, ~) + a(e)
with

ntl n+1 . . ~ .
o) =3 (" T By
=2
On the one hand, we have (w, p)" - (0, —cp) = (w, )" - (0,0), since

(w.)" (0.60) =i [ MAL(p) = 0.
On the other hand, injecting in [BoJ22, Corollary 7.35] yields, for j =0,...,n+1
| )17 (0, —py| < ©
where C' = C(A,n) > 0 only depends on A and n. This shows
Vi WVaro Buro((1 — €))) = Eu(p) + Ef(¢) + O(?)
where the implicit constant in O only depends on A and n. Since
Vo Wate = 1+ t1,(0) + O(?),
see , we infer
lilloso > Buro (1= )¢) = (1= tru(0) + O(2) (Bulp) + EL(9) + O())

= Eu () + Vo Eu(p) + O(e?) = [lullw + Vol ullw + O(e?),

using (2.6), [2.8), (2.23) as well as tr,,(f) = O(e) and EY (p) = O(e), where the implicit
constant only depends on A and n, see (1.6) and Lemma The result follows.
O

Proof of Theorem [2.13, Pick w € Amp(X) and § € N}(X) such that ||0]|, < 1/2, and note
that w + 6 € Amp(X) and ||0]|,+9 < 2/|0||,- By Lemma we thus have

illcoo = el + Vollllw — ClIOIZ

and

Itlles = 1l ptlloro — Vol pllwsa — ClON1Z,
where C' > 0 is independent of #. On the other hand, Theorem yields Vo||ullwto =
Vollpllw + o(]|0]]) as & — 0, and hence

oo = llnllw + Vel ulle + o([10]l)-

This proves that w +— |||, is differentiable, with differential equal to Vgl/ull,. By The-
orem the latter is locally C* with respect to w, and we conclude that w — ||, is
locally C1@, O

Remark 2.17. Assume that all ample classes on X have the envelope property (e.g. X is
smooth). Then any p € M?' lies in the image of MA,, and hence admits a normalized
potential o, = @, characterized as the unique mazimizer of the concave optimization
problem

Il = sup{Eu(e) | ¢ € £(w), / o1 =0}. (2.24)

Since Vollpllw = Vo Ew(pw), Theorem[2.15 asserts that the differential of (2.24)) with respect
to the parameter w coincides with the differential of E, evaluated at the unique mazximizer
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Yw- This is analogous, for instance, to the well-known differentiability of the distance to a
closed convex subset in a Hilbert space.

2.5. The case of a Dirac mass. In this section, we fix w € Amp(X) and 0 € NL(X).
For any v € X" recall that v € X' & §, € M, and that we then write, for simplicity,
|v]lw = ||0v]|w; We similarly set

Volvllw = Vol|6u]l (2.25)

By (1.27)) and (2.13), we have
[tvllw = tllv]lw,  Volltv[l = tVellv[le (2.26)

for t € Ryy.

In what follows, we provide explicit formulas for these invariants when v € X9V is a
divisorial valuation, i.e. v = tordg for a prime divisor F' C Y on a smooth birational model
m:Y — X and t € Q5. By , we assume wlog ¢t = 1, to simplify notation.

Theorem 2.18. Pick a prime divisor FF CY on a smooth birational model m:' Y — X, and
set v :=ordp. Then:

400
lvllw = wal / vol(w — AF) dA; (2.27)
0

+oo
Vollvllw = V! /0 Vo vol(w — AF) dX\ — try,(0)||v]|w- (2.28)

For simplicity, we have set
vol(w — AF) :=vol(m*w — AF), Vgvol(w — AF) := Vg voly (1*w — \F),

see for the notation. Recall from that vol(w — AF) > 0 <= X\ < Ty (v), so that
the above integrals actually take place over [0, T, (v)].

Up to the factor V,,, the right-hand side of is precisely the quantity that features
in the Dervan—Legendre S-invariant [DL20], see Lemma below.

Proof of Theorem [2.18 By (1.28)), the left-hand side of (2.27) is continuous With respect to

w. The same holds for the right-hand side, using f vol (w— )\F d\ = f . vol (W—AF)d\
and the continuity w +— T, (v) and the volume function. By - holds when w is
rational, and the general case follows. As a consequence, for any t € R small enough we get

—+o00
[ollsts = Vb /O F(t, A)dA

with f(¢,\) := vol(w + t§ — AF). By (L.8), we further have
0
ot
for X # A(t) := Ty149(v). On the other hand, Theorem yields

ft,A) =g(t,\) == Vgvol(w + t0 — \F)

d
Vollv|lw = at 1V]|wt05
t=0

and a simple computation thus shows that (2.28)) is equivalent to

d +o0o +o0
— / ft, \)d\ = / 9(0, \)d.
dt t=0 0 0
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While this appears to be a simple differentiation under the integral sign, the slight twist
here is that f(¢,\) might fail to be differentiable at (¢, A(t)). To circumvent this, note first
that ¢ — A(¢) is locally Lipschitz continuous. Indeed, pick C' > 0 such that —Cw < 0 < Cw.
For any t,s € R we then have

T (w4 (t+5)8) — At + s)F € Psef(Y) = 7*((1 + [s|C)w + t8) — A(t + s)F € Psef(Y)

— At +5) < (1+C|s)A),

which proves that ¢ — A(t) is locally Lipschitz, since it is locally bounded.

Next, we may assume 6 € Amp(X), by linearity of the desired formula with respect to 6.
In that case, t — A(t) is further strictly increasing, and f(t,\) is thus C! on {(¢t,\) | t >
0, A< A(0)}. By usual differentiation under the integral sign, we thus have

d A(0) A(0)
Gl [ rean= [ g0
0 0

t=04
and it remains to see
+o0 At)
[ senan= [ peaan=of
A(0) A(0)

as t — 04. But |A(t) — A(0)| < Ct, and f(t, A(t)) = 0, which yields the desired estimate by
(uniform) continuity of f, thereby finishing the proof. U

3. ENTROPY AND THE J-INVARIANT

In what follows, (X, B;w) denotes a polarized pair, i.e. X is a normal projective variety,
B is any Q-Weil divisor such that Kx p := Kx + B is Q-Cartier, and w € Amp(X) is an
ample numerical class. We introduce the entropy functional of (X, B), defined on the space
of divisorial measures, and study the associated d-invariant. When (X, B) is subklt, we
prove that the entropy admits a natural extension to all measures of finite energy, and show
that the d-invariant is a threshold for Ding-stability.

3.1. Divisorial measures.

Definition 3.1. We define a divisorial measure on X*" as a Radon probability measure
with support a finite subset of XU, We denote by MY the set of such measures.

A divisorial measure p € MYV is thus a measure of the form
o= Z midyi (3'1)
i

for a finite set (v;) of divisorial valuations and m; € R>¢ such that ), m; = 1. In other
words, MYV is the convex hull of X4V < M.
As X4V © X i5 stable under the scaling action of Qs, the same holds for MY, i.e.

pe MW teQug= t,uec MW,
Example 3.2. For any ¢ € PLNPSH(w), the Monge-Ampére measure MA(p) lies in M.

Lemma 3.3. The space MY of divisorial measures sits as a dense subset of MY for the
strong topology.
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Proof. For any v € X4 < Xln 5 lies in M', and hence MY c M, by convexity of
|+ lo: M — [0,+0c]. Next, pick u € M, and choose a maximizing sequence (y;) in
PLNPSH(w) for . Then p; := MA(p;) lies in MV (see Example , and p; — p
strongly in M!. Thus MYV is strongly dense in M. O

3.2. The entropy functional of a pair. Following [BHJ17], we define the entropy func-
tional

EntX’B: Mdiv —R
of the pair (X, B) by setting
Entx p(p) = /AX,B,u
for all u € MYV, Here Ax p: XU — Q is the classical log discrepancy function of the pair
(X, B), see Appendix

Remark 3.4. When k = C, the above (non-Archimedean) entropy computes the ‘slope at
infinity” of the usual (relative) entropy functional along certain rays of smooth volume forms
(see [BHJ19, Theorem 3.6]); this explains the chosen terminology.

The entropy functional is clearly affine on the convex set MYV and simply given by

Enty () = Z miAx,B(v;)

if =73, midy, as in (3.1)). Note also that
Entx p(t.p) = tEntx g(p) (3.2)
for 1 € MY and t € Qs, by homogeneity of Ax B.

3.3. The d-invariant. Consider as above an arbitrary polarized pair (X, B;w).
Definition 3.5. The é-invariant of (X, B;w) is defined as

Entx p(u)

0(X, Byw) = in
#eMdlv\{Htriv} ||:u||w

e RU{-co}. (3.3)

Note that
§(X,B;sw) = s 16(X, B;w)

for s € Rso, by (L27).

Theorem 3.6. For any polarized pair (X, B;w), the following holds:
(i) 0(X, B;w) > —o0 <= (X, B) sublec <= §(X, B;w) >0;
(ii) 6(X, B;w) > 0 <= (X, B) subklt;
(iii) of (X, B) is suble, then
A
§(X,B;w) = inf Ax.p(v)
veXM\fou} ([0l
(iv) if ' € Amp(X) and s > 1 satisfy s 'w < w' < sw, then
5796 (X, B;w) < 6(X, B;w') < s“8(X, B;w)

where C, := 2n% + 1.
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Note that (iv) implies in particular that 6(X, B;w) is continuous with respect to w €
Amp(X) (see [Zha2ll, Theorem 1.7] for an extension to the big cone).

When w = ¢1(L) with L € Pic(X)g ample, we have [[v]| = S(v) (see Example [L.7),
and then shows that 6(X, B; L) coincides with the usual d-invariant [FO18| [BLJ20].

In what follows, we write for simplicity || - || = || - || when w is fixed.

Lemma 3.7. For any u € M! and t € [0,1] we have
(1 = 8) oy + tual| S |

for a constant € > 0 only depending on n.

Proof. Pick a maximizing sequence (¢ ;) for p; := (1—t) periv-+tp, so that gy j := MA (¢ ;) —
¢ strongly in M. Then

[t 511 & L(pe5) = et ) = / ot (firiv — pej) =1 / ot (tiv — 1) + ey (3.5)

with &, := [ (e — pu;)- By (1-35) and the quasi-triangle inequality for I, we have

’/%j(utm - u)‘ S N1 maxc{ ]l e, el 3~ (3.6)

and

1 1
le5| < Wpaes pae, ) > max{lpel], e 51132, (3.7)
with a := 27", Combining (3.5)), (3.6 and (3.7]), we infer

_ 1 1
el S Hllpe gl masc{ll el el 3= + Tue, pre,g) 2 masc{]lpell, e} 2

Letting j — oo, this yields
I

el < el masc{ gl 1pall 3=
By convexity of the energy functional || - ||, we further have

el < el + (1 = D)l i | < [lpe]-
We thus get [|pe]| < ¢llpe]|®|lpe]], and hence ||pg]| < ¢~ 7"|| ||, which yields the result with
e>0suchthat 1+e=(1-a)™! (ie.e=(2"-1)71). O
Proof of Theorem[3.6, Assume ¢ := §(X, B;w) > —occ. Pick v € X9V and set as above
bt = (1 - t)ﬂtriv + t(sv € Mdiv
for t € [0,1]. By Lemma we have
tAx,p(v) = Entx p(p) 2 6]l uel| = O(t"+)
with € > 0, and hence Ax g(v) > 0. This shows that (X, B) is sublc, which in turn trivially
implies 6(X, B;w) > 0. This proves (i).

Assume now (X, B) subklt. By Theorem and Example there exists a > 0 such
that Ax p(v) > aT(v) = aflv|| for all v € X, and hence §(X, B;w) > 0. The converse
trivially holds, and (ii) follows.

Next, assume that (X, B) is sublc. Suppose given ¢ € R>¢ such that Ax g(v) > c||v||
for all v € X4V and pick yp € MUY, Write py = >, midy, for a finite set (v;) in X4V and
m; € Ry, such that ), m; = 1. Then

Entx p(n) = ) miAx,p(v) =Y mc|éy | = ¢|ul, (3.8)



A NON-ARCHIMEDEAN APPROACH TO K-STABILITY, II 27

by convexity of || - ||. This proves (iii). Finally, (iv) is a direct consequence of (|1.28)). O

Remark 3.8. Note that (3.4) fails when (X, B) is not sublc. Indeed, using dual cone
complezxes as in Appendiz|A}, one can show that the right-hand side of (3.4]) is finite for any
polarized pair (X, B;w), whether (X, B) is sublc or not.

3.4. Extending the entropy functional. We assume in this section that the pair (X, B)
is subklt (i.e. Ax,p > 0 on XU\ L9040 }). The log discrepancy function Ax p: Xdiv Q>0
then admits a greatest Isc extension Ax p: X*" — [0, 4+00], which further satisfies

{ve X | Ax p(v) < +oo} = X ¢ xval (3.9)
see Appendix [A] The entropy functional thus admits a natural extension
Entx p: M — [0, 4+00],
defined by

EntX7B(,u) :—/AX’B,U,

for any € M. By (83.9), we have
Entx p(p) < +00 = p(X*\ X4) =0 (3.10)

for any p € M.

Note also that Enty p: M — [0,400] is Isc in the weak topology, since Ax g is Isc on
X Its restriction to M! is thus a fortiori strongly lIsc, but it is not strongly continuous
in general.

Example 3.9. Assume X = (X,0) is a smooth curve, and normalize w € Amp(X) by
V., = 1. Pick any finite subset ¥ € X (k) of cardinality N, and set

1 .
uy = N Z 6ordp S Mdlv.
peEX
By [BoJ22, Example 3.19], we have uyx, = MA(px) where s, € PLNPSH(w) is given on
each ray (tordy)icio,4o0) of X by

1 .
_ ) ymax{—t,—1} ifqe;
px(tordy) { 0 otherwise.

As N — oo, we have oy, — 0 uniformly on X®; thus ¢x, — 0 strongly in E', and hence
Us, — firiy Strongly in MY, by strong continuity of the Monge—Ampére operator. However,
EntX7B(,ug) = % ZpEZ AX(ordp) =1 75 0= EntX,B(,Utriv)-

The following approximation result, which can be viewed as a non-Archimedean analogue
of [BDL17, Lemma 3.1], plays a key role in what follows.

Theorem 3.10. Any p € M can be written as the strong limit of a sequence (yu;) in MUY
such that Entx p(wi) — Entx p(u). BEquivalently, Entx g: M! — [0,+00] is the greatest
(strongly) lsc extension of the entropy functional.

When X is smooth and B = 0, the result follows from [Li20, Proposition 6.3] and its
proof (itself based in part on the authors’ preprint [BoJ18al).
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Corollary 3.11. The d-invariant of any polarized subklt pair (X, B;w) satisfies
Entx p(1)

0(X,B;w) = inf — = inf Entx (). 3.11

( ) peMN\ (i} |4 peM,|lul|=1 (k) (3.1)
Proof. By definition of § := §(X, B;w), we have Entx g > 6| - || on M4V, By Theorem
and the strong continuity of || - ||, this inequality extends to M?; this proves (3.11]), the
right-hand equality being a consequence of the homogeneity of Entx g and || - || with respect
to the scaling action of Rsg on M1, O

We will rely several times on the following simple observation:

Lemma 3.12. Let f: Z — RU{+o0} be an Isc function on a topological space, and pick a
convergent net x; — x in Z such that f(xz;) < f(z) for alli. Then f(x;) — f(z).

Proof. Since f islsc, we have f(z) < liminf; f(z;), while the assumption yields lim sup, f(z;) <
f(x). The result follows. O

The next two results are the key ingredients in the proof of Theorem [3.10

Lemma 3.13. Assume X is smooth. Let X be an snc test configuration for X, and denote
by px: X — Ay the retraction onto the associated dual complex Ay — X2 (see .
Then:
(i) any ¢ € PSH(w) satisfies o|a, € CO(Ax) and p < @ opy;
(ii) PSHaup(w)|a, has compact closure in C°(Ax) for the topology of uniform conver-
gence;
(iii) for any weakly convergent net p; — p in M(Ax) = M, [ppui — [ p uniformly
with respect to ¢ € PSH(w).

Here PSHg,p(w) = {¢ € PSH(w) | sup ¢ = 0}.

Proof. (i) and (ii) follow from Theorems A.1 and A.4 of [BoJ22] (the latter being a conse-
quence of the uniform Lipschitz estimates of [BFJ16a, Theorem C]). Now consider a con-
vergent net p; — p as in (iil). Since [¢@(p; — p) is invariant under translation of ¢ by a
constant, it is enough to show [¢u; — [ p uniformly for ¢ € PSHgy,(w). Denote by
K the (compact) closure of PSHgyp(w)|a, in C°(Ay), equipped with the supnorm metric.
By assumption, the functions F; € C(K) defined by F;(¢) := [ ¢ u; converge pointwise to
F(¢) := [@u. Since p; is a probability measures, F; is 1-Lipschitz, and (iii) now follows
from the ‘easy direction’ of the Arzela—Ascoli theorem. O

Lemma 3.14. Assume X is smooth. Pick u € M, and set
px = (px)pt € M(Ax) = M
for each snc test configuration X. Then:
(1) px — p weakly in M;

(i) [opuxr = [pp in RU{—oo} for all p € PSH(w);

(iii) Entx p(px) — Entx g(p) in [0, 400].
Proof. Any ¢ € PL(X) satisfies p = ¢ o px, and hence [pux = [(popx)p = [¢u, for
all X high enough. This implies (i), by density of PL(X) in C°(X). Pick now ¢ € PSH(w).

Then ¢ is usc, and ¢ < @ o py (see Lemma [3.13)). Thus [op < [(popx)p= [ px, and
(i) follows, thanks to Lemma (applies to the lsc function v — — [ pv).
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Since Ax is Isc and Ax o py < Ax (see Theorem , Lemma similarly yields
Entx(px) — Entx(u), which proves (iii) when B = 0. In the general case, observe that (iii)
trivially holds if Ent x p(u) = 400, again by Lemma We therefore assume Entx p(1) <
+00, and hence p(X?*\ X1) = 0, by (3.10). By Proposition we have Ax p = Ax — 9B
on X¥ 5 X4 where ¢5(v) := v(B). Write B = By — By with B; <0, i = 1,2. Pick an
ample line bundle L such that B; + L is semiample, for ¢ = 1,2, and hence ¢, € PSH(L)
(see [BoJ22, Lemma 6.7]). By Theorem [A.6| (ii), each 1p, satisfies 0 < —pp, < CAx p
on X?" for some C > 0, and hence is integrable with respect to pu and all py. Since
Axp = Ax +vYp, —9¥p, on Xﬁd, Ax p is integrable with respect to p and px as well,
and Entx p(px) = Entx(pux) + [ ¥, px — [¥B, px. By (i) and the case B = 0 of (iii),
this converges to Enty g(u) = Entx(u) + [¢p, p — [ B, . and the general case of (iii)
follows. U

Proof of Theorem [3.10. Observe first that the result is trivial if Enty p(u) = +o0o0. By
Lemma we can indeed pick a sequence (y;) in MY converging strongly to p, and we
then have Enty p(u;) — Entx g(1), by Lemma

We therefore assume Enty p(p) < +00, and hence (X \ Xfd) = 0, by (3.10). Since
the strong topology of M! is defined by the quasi-metric I (see Theorem , it is enough
to show that, for any ¢ > 0, there exists v € M such that

I(pp,v) <e and Entxp(p)— Entx p(v)| <e. (3.12)

To see this, pick a resolution of singularities 7: X’ — X. Since the induced map X’** — Xn

is surjective, it follows from general theory that m,: M(X’") — M(X) is surjective as well (see

for instance [SW99, V.5.4]), and we can thus write p = m,p’ for some measure p' € M(X’).
For any snc test configuration X for X', set

Py = (pa)sxtt’ € M(Ax) C M(X'),  px = mpy € M(X).
By Lemma we have limy pfy, = 1/ weakly in M(X’), and hence limy py = p weakly

in M(X). Next, pick w € Amp(X), and ' € Amp(X’) such that 7w < '. For any
¢ € E(w), ™ € PSH(w') satisfies (7*p) < (7*¢) o px, and hence [ u < [@ux. Thus

|nxllw = sup (Ew(cp)—/w;c> < sup <Ew(so)—/sou> = || pf]w-
pEEN(w) peE(w)

By Lemma we infer limy ||px|lo = ||¢t]lw, and hence py — p strongly in M!(X) (the
strong topology being the coarsest refinement of the weak one in which || - ||, is continuous).
Finally, set B’ := n*Kx p — Kx/. By Proposition we have m*Ax p = Ax/ p on
X™al In particular, (X', B) is subklt, and hence 7*Ax p = Ax/ pr = 400 outside Xval,
This implies Entx g(px) = Entxs p(pty), which converges to Entx g(p) = Entxs p(1) by
Lemma (iii).

Replacing p with py, it is thus enough to show when p = mp’ with 4/ € M(Ay).
By density of the set of rational points Ax(Q) in the simplicial complex Ay, we can now
write p/ as the weak limit of a sequence of measures u; € M(Ay) with finite support in
Ax(Q) = Ay N X' and hence lying in M%V(X’). We claim that j; := mpu, € MIV(X)
satisfies the desired estimate for ¢ large enough.

On the one hand, by continuity of 7*Axp = Axs/p on Ay, the weak convergence
w; — ¢/ implies Entx p(pi) = [Ax/ g p; — [Axs g1 = Entx g(p). On the other hand,
since ™ € PSH(w') for any ¢ € PSH(w), Lemma (iii) implies [@u; = [T op; —
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[ 7 ¢op' = [ ¢p uniformly with respect to ¢ € PSH(w). By [BoJ22, Theorem 10.12], this
implies, in particular, u; — p strongly in £'(p). O

3.5. The §-invariant and Ding-stability. As in the previous section, we assume that
(X, B;w) is a polarized subklt pair. Extending [Fuj19a], we then show that the d-invariant
is a threshold for the Ding-stability of (X, B;w). See also [Hat22l Appendix A.2].

For any function ¢: X4V — R we set

Lx.p(p) = if (Axp +¢) € RU{~oo}.

The (non-Archimedean) Ding functional D: £'(w) — R U {—oc} of the polarized pair
(X, B;w) is defined for ¢ € £Y(w)

D(¢) = Dx,Bw(¥) == Lx,5(¢) — Eu(p), (3.13)
where Lx g(¢) := Lx B(¢|xav). It is easy to see that
D(p+¢)=D(¢) and D(t-¢)=1tD(p) (3.14)

for c € R and t € R+y.

Proposition 3.15. The Ding functional is finite-valued, and satisfies a Holder estimate

[D(¢) = D(¥)| < CL(p, v)* max{l(), ()} (3.15)

for all ¢, € EY(w), where a = a,, € (0,1) only depends on n and C = C(n,8) > 0
only depends on n and § := 6(X, B;w) > 0. In particular, D is strongly continuous, and
D(p) > =C1(p).

Proof. By translation invariance of the Ding functional (see (3.14))), we may assume that
¢, are normalized by sup ¢ = supty = 0. We first claim that Lx p(¢) > —C'I(y), where
C =C(n,d) > 0. Indeed, Ax p(v) > 6||v|| together with (L.35) implies
1 1

AxB(v) +¢(v) = 6]v]| = C(n) I(w)*[Jo][> max{|[v], I(¢)}> (3.16)
for each v € X4V, The right-hand side is easily seen to be bounded below by —C(n, §)I(y),
and the claim follows. By (3.16)), we can further find B = B(n,d) > 0 such that

HU” Z BI(SO) - AX,B(U) =+ SO(U) 2 0= AX,B(Utriv) + So(vtriv)-
Thus

L - inf A n , 3.17
x.B(¥) vGXdiV,lHI}JHSBI(Lp){ x.8(v) +¢(v)} (3.17)

and the same holds for ¢. Now set M := max{I(),1(¢)}. By (1.35) for any v € X4 with
|v|l € BM, we have |p(v) — ¢(v)| < B'I(¢,9)*M'™ with a = o, and B’ = B'(n,§). In
view of (3.17)), this implies

|Lx,5(p) — Lx,s(¥)| < CL(p, )M

with C' = C(n,d). By (2.12)), a similar estimate holds for E,, and (3.15) follows, by (3.13).
U

As we next show, the d-invariant is a threshold for Ding-stability (see also [BBJ21, BL22]).

Theorem 3.16. Set § := 0(X, B;w). Then:
(i) 0 > 1 iff (X, B;w) is Ding-semistable, i.e. D > 0 on £ (w);
(i) § > 1 iff (X, B;w) is uniformly Ding-stable, i.e. D > ¢J on EY(w) for some e > 0.
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By strong continuity of the Ding functional (see Proposition [3.15]), it is enough to test
the conditions in the second halves of (i) and (ii) on the dense subset PLNPSH(w).

Proof. Assume first D > € J with € > 0. Pick v € X4V, and choose a maximizing sequence
(o) in EY(w) for 6y, i.e. Ey(pi) — @i(v) = ||v||. Then u; := MA(p;) — d, strongly in M*.
The assumption yields
AxB(v) +¢i(v) — Eu(pi) 2 Lx,B(#i) — Eu ()
= D(pi) = e J(@i) = ellpil,

where the first term tends to Ax p(v) — ||v||, while the last one tends to ¢||v||. We infer
Ax p(v) > (1 + Cre)||v||, and hence 6(X,B;L) > 1+ Cpe, see (3.4). This shows the ‘if’

parts in (i) and (ii). Conversely, assume § := 6(X, B;w) > 1, and pick ¢ € £}, (w). Then
s lpe Eslup(w). For each v € XU, we thus have |[v]| > E, (67 1) — 6 ¢(v), and hence

Ax,p(v) + ¢(v) = 8]lv] +¢(v) = GEL(67"p) = 5" Eulp),

see [BoJ22, Lemma 7.33] for the last inequality. Since J,(¢) = — E,(¢), this implies D(p) >
eJu,(p) with e := 1 — 6"/ >0, and € > 0 if § > 1. This proves the ‘only if’ parts of (i)
and (ii). O

4. DIVISORIAL STABILITY

As before, (X, B;w) denotes an arbitrary polarized pair. We introduce the main concepts
of this paper, the S-invariant of a divisorial measure and the associated notion of divisorial
stability, and prove Theorem B and Corollary C in the introduction.

4.1. The S-functional. We now introduce the key functional in this paper.

Definition 4.1. The (-functional 8 = fx p.w: MUV 5 R of the polarized pair (X, B;w) is
defined by setting

B(u) = Entx,p(1) + Viy pllplle (4.1)
for € M3V,

To simplify notation, we slightly abusively use Kx p to also denote the image of the log
canonical class in N'(X). By Theorem (4.1) can be rewritten

d
Bu) = /AX,BM+ 7

ltlleoterex 5 (4.2)
t=0

Note that
ﬁ(t*ﬂ) = tﬁ(,u), BX,B;sw(N) = /BX,B;UJ (N) (43)
for all p € M3V, t € Qs and s € Rwg, by ([3.2) and ([2.13).

The S-functional is closed related to the (non-Archimedean) Mabuchi K-energy functional
of (X, B;w). In view of [BHJIT, Proposition 7.22] (extended to a possibly irrational class)
and (12.6]), the latter can indeed be defined as a functional

M = My p.: PLNPSH(w) — R

by setting
M(e) := Ent(MAL(#)) + Viy 5 Eu(p) (4.4)
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for ¢ € PLNPSH(w) (see (2.5) for the notation). The Monge-Ampere operator induces an
injection
MA: PLNPSH(w)/R < MY,
and (28, [26) yield
M(p) = B(MA(p)). (4.5)
The main advantage of 5 over M lies in the fact that both the domain and the entropy term
of the former are independent of w.

Consider next v € X'™ hence 6, € M, and set for simplicity
B(v) == B(0v) = Ax,B(v) + Vi g lv]lw,

compare (2.25). Then B(tv) = tB(v) for t € Rwg. When v € X4V Theorem provides
the following explicit description:

Lemma 4.2. For any prime divisor F' on a smooth birational model m: Y — X, v := ordp
satisfies

—+o0
B(v) = Ax.p(v) + V! Vicyp vol(w — AF) dX — tr,(Kx,5)|v]l. (4.6)
0

Since |Jv]| = V! 0+°° vol(w — AF') dA, the right-hand side of (4.6]) coincides (up to the

w

factor V,,) with the invariant introduced in [DL20] (generalizing the Fano case of [Fuj19al).

Assume, finally, that (X, B) is subklt. The entropy then admits a natural extension
Entx p: M! — [0,+00], characterized as the maximal lsc extension (see §3.4). The (-
functional thus admits as well an extension

B = BxBw: M' = RU {400}, (4.7)

defined by for any p € M'. By strong continuity of Vixplllo: M! = R, is
characterized as the maximal (strongly) Isc extension of the S-functional. Note that is
then valid for all © € M"' and t € R+.

The Mabuchi K-energy also admits an extension

M = Mx B.w: Sl(w) —RU {+OO},
defined by (4.4) for ¢ € £Y(w), that still satisfies (4.5)).

4.2. Divisorial stability. We are now in a position to introduce the main new concept in
this paper.
Definition 4.3. For any polarized pair (X, B;w) with 5-functional f = fx By : ME SR,
we say that (X, B,w) is:

(i) divisorially semistable if 3 > 0 on M%Y;

(ii) divisorially stable if 3 > || - || on MY for some ¢ > 0.
Remark 4.4. This notion is stronger than the one introduced in [Fujl6], see Remark .

As noted above, Lemma shows that the restriction of 8 to X4V «— MV coincides
(up to the factor V,,) with the invariant introduced in [DL20]. As a consequence, we get:

Lemma 4.5. If (X, B;w) is divisorially semistable (resp. divisorially stable), then (X, B;w)
is valuatively semistable (resp. uniformly valuatively stable) in the sense of [D1.20), Liu21].
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As we next show, divisorial stability also implies the usual notion of K-stability (see
for a more detailed discussion).

Lemma 4.6. Assume w = c¢;(L) with L € Pic(X)g ample. If (X,B;L) is divisorially
semistable (resp. divisorially stable), then (X, B;L) is K-semistable (resp. uniformly K-
stable).

Proof. By [BoJ22l, Corollary 2.32], the set of normal, ample test configurations (X, L) for
(X, L) is in 1-1 correspondence with the set H(L) C PLNPSH(L) of Fubini—Study func-
tions ¢ for L, and B(MA(yp)) = M(yp) further coincides with the K-energy functional
of [BHILT], see (4.5). If (X,B;L) is divisorially semistable, we thus get M(yp) > 0 for
all o € H(L), which is equivalent to (X, B; L) being K-semistable, by [BHJ17, Proposi-
tion 8.2]. If (X, B; L) is divisorially stable, then M(y) > ¢|| MA(¢p)|| for a uniform constant
e > 0. Now || MA(p)|| = J(¢), and we conclude that (X, B; L) is uniformly K-stable, again
by [BHJ17, Proposition 8.2]. O

When (X, B) is subklt, divisorial (semi)stability turns out to be equivalent to K-(semi)stability
with respect to norms/filtrations on the section ring of (X, L), the restriction to norms of
finite type corresponding to K-stability (se . We conjecture, however, that the converse
direction in Lemma [£.6] holds as well, see

According to an important result of Odaka [Odal3] (see also [BHJ17, Theorem 9.1]), any
pair (X, B) with B > 0 such that (X, B; L) is K-semistable for some ample L € Pic(X)q is
necessarily log canonical, i.e. Ax g > 0 on X div " Theorem directly yields the following
version for divisorial stability.

Corollary 4.7. If (X, B;w) is divisorially semistable for some w € Amp(X), then (X, B)
1s sublc.

Proof. The assumption amounts to § = Entx g +Vi ;| - [l > 0 on MV By ([2.10]), we
further have Vi, .| - [lo < C|| - [lw for some C > 0. Thus §(X, B;w) > —C, and the result
follows from Theorem [3.6| (i). O

4.3. Divisorial stability threshold and openness.
Definition 4.8. We define the divisorial stability threshold of a polarized pair (X, B;w) as

Bx,Bw(1t)

| eRU{—o0}.
HEMIVA{preriy } HMHW

odiv(X, Byw) =

By definition, we thus have
(X, B;w) divisorially semistable <= o4y (X, B;w) > 0,

(X, B;w) divisorially stable <= o4;v(X, B;w) > 0.
Note also that
odiv(X, B; sw) = s_ladiV(X, B;w) (4.8)

for s € Rog, by (E3) and (T:27).

As in Corollary Theorem (i) and (2.10) directly imply:
Proposition 4.9. For any polarized pair (X, B;w), we have

odiv(X, B;w) > —o0 <= (X, B) sublc,



34 SEBASTIEN BOUCKSOM AND MATTIAS JONSSON

and we then further have
|oaiy (X, Biw) = 6(X, B;w)| S [ Kx.Bllw- (4.9)
In particular, if (X, B;w) is divisorially semistable then (X, B) is sublc.

This proves Theorem B (i) and the first part of Corollary C in the introduction.
In line with [OS15] (see also [BHJ17, §9.1]), we next show:

Proposition 4.10. Let (X, B;w) be a polarized sublc pair such that —Kx p = Aw, A € R.
Then
odiv(X, Byw) = §(X, Bjw) — A (4.10)
Further:
(1) if A <0 (log canonically polarized case), then (X, B;w) is divisorially stable;
(ii) if A = 0 (log Calabi-Yau case), then (X, B;w) is divisorially semistable, and it is
further divisorially stable iff (X, B) is subklt;
(iii) if A > 0 (log Fano case), then (X, B;w) is divisorially semistable (resp. stable) iff
(X, B;w) > X (resp. §(X,B;w) > \), and (X, B) is then necessarily subklt.

Proof. By (2.14)) and linearity of Vy|| - ||, with respect to 6, we have
Vil o ==AVollpllo = =All- o,
and the S-functional thus takes the simpler form
B=Entxp—Al"[w- (4.11)

This directly implies (4.10f), and the rest follows from Theorem (3.6 O
Corollary 4.11. For any polarized subklt pair (X, B;w) such that w = —Kx g, we have:

(i) (X, B;w) is divisorially semistable iff it is Ding-semistable;

(il) (X, B;w) is divisorially stable iff it is uniformly Ding-stable.
If we further assume that B is effective, i.e. (X, B;w) is log Fano, then (i) and (ii) are also
equivalent to (X, B) being K-semistable and uniformly K-stable, respectively.

Proof. (i) and (ii) are direct consequences of Theorem and Proposition while the
final assertion follows from [Fuj19a, Corollary 6.11].
U

We may now state one of the main results of this article.

Theorem 4.12. For any sublc pair (X, B), the divisorial stability threshold o4y (X, B;w) is
a (locally Hélder) continuous function of w € Amp(X). In particular, the set of w € Amp(X)
such that (X, B;w) is divisorially stable is open.

Proof. Set, for simplicity,
0w = 0div(X, Biw), Bu = Bx,Bw =Entx 3 +Vi, sl |lo

By (4.9) and Theorem [3.6| (iv), oy, is a locally bounded function of w € Amp(X). Next,
recall that the (Thompson) metric

5(w,w') == sup{d € Ryg | e °w < W' < ePw}

of the open convex cone Amp(X) is locally equivalent to the metric defined by any norm on
NY(X). Pick w,w’ € Amp(X) such that § := 6(w,w’) < 1. By Theorem we have

Vix sl lw 2 Vi pll - o + OO0 -l
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for a constant o« > 0 only depending on n. Since
Bw = Entx p +VKX,B|| o = 0wl - [l on Mdivv
we get
Bar = Bt +9 |- ot 2 (0 + O - s on M.
On the other hand, (1.28) yields || - ||ls > e~ "9|| - ||,. Thus
Bur 2 (1+0(0))(1 4 O(6%))ow|| - llurs
and hence
on > (14 0(9)) (0w, + O(6%)) .
Since oy, is locally bounded, this implies o, > o, + O(6*) locally uniformly in Amp(X).

By symmetry, we get the desired Holder estimate |0, — 0,/ = O(d%) locally uniformly in
Amp(X). O

Remark 4.13. As in [Liu2l], one can introduce the valuative stability threshold

BX,B;w(U)

oval(X, Byw) =
Val( ) UGXdiV\{Utriv} ”UH"J

> oqiv(X, B;w).

Restricting the above argument to XUV < MYV shows that ova(X, B;w) is also a (locally
Hélder) continuous function of w € Amp(X); this recovers [Liu2ll, Theorem 5.3].

Remark 4.14. Assume (X, B) is subklt, and let 8: M! — R U {+o00} be the mazimal lsc
extension of the B-functional, cf. . The inequality 8 > o4iv(X, B;w)|| - ||, which holds on
MY by definition, extends to MY, as in Corollary|3.11. This yields

Bm) _
peMN\{peivt 1l weMtjul=1

where the right-hand equality holds by homogeneity of B and || - ||.

oaiv(X, Byw) =

5. COMPARISON TO OTHER STABILITY NOTIONS

In this final section, we consider a polarized pair (X, B; L), where L is ample Q-line
bundle, and provide a detailed comparison of divisorial stability with usual K-stability, and
its version for norms/filtrations.

5.1. Norms and filtrations. We use [BoJ21] as a reference for what follows. For any
d € Z~¢ such that dL is an honest line bundle, we set

Ry:=H(X,dL), R(X.dL):= D Rpa.
meN

We denote by Ng = Ng(L) the set of (superadditive, k*-invariant, linearly bounded) norms
x: R(X,dL) — RU{+o0} for some sufficiently divisible d € Z~¢; these are in 1-1 correspon-
dence with the more commonly used (multiplicative, graded, linearly bounded) filtrations,
via the inverse maps

F R, :={s € Ry, | x(s) > A}, x(s):=max{\eR|ve F*R,}, AeR.

The space N comes with a natural scaling action (¢, x) — tx of Rsq, which fixes the trivial
norm Xuiv € NR, such that xuiv(s) = 0 for s € R, \ {0}; there is also a translation action
(¢,x) = x + c of R, where (x + ¢)(s) := x(s) + mc for s € Ryy,.
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The space NR is equipped with a natural pseudometric di, and we endow it with the
corresponding (non-Hausdorff) topology (see [BoJ21l §3]). It contains as a dense subset the
space Tz C Ng of Z-valued norms of finite, which can be identified with the set of ample
test configurations (X, £) for (X, L), thanks to the Rees construction.

The Monge—Ampére operator

MA : NR — Ml

is the unique continuous map (with respect to the d;-topology on Ng and the strong topol-
ogy on M) that takes the norm y € 7z corresponding to an ample test configuration
(X, L) to the divisorial measure MA(x) = >y mEg dy,, where E ranges over the irreducible
components of the central fiber Xy of the normalization (X, L) of (X, L), vg € X4V is the
associated divisorial valuation, and mpg := ordg(Xp)(E - L) (sce [BoJ21 §7)).

Extending [Derl6], we define the minimum norm of x € Ng as the energy

Il = [MAQO (5.1)

of the Monge-Ampeére measure MA(x). It depends continuously on y, and vanishes iff
d1 (X, Xtriv + ¢) = 0 for some ¢ € R.

Any v € X9V defines a norm x, € Ag, such that y,(s) := v(s) for s € R,,. More
generally, a divisorial norm is defined as a norm of the form

X = {}rgg{)(v + Cv} (5'2)

for a finite subset ¥ ¢ X9V and ¢, € R. The notation means x(s) = minyex{v(s) + mc,}
for s € R, the corresponding filtration thus being

F Ry ={s€ Ry, | v(s) +me, > A forallve X}, AeR.

The subset Nﬂgi" C Ng of divisorial norms is preserved by the scaling action of Q¢ and
the translation action of R. A divisorial norm x € Nﬂgi" is rational if it is Q-valued, which
equivalently means that the ¢; in ((5.2)) can be chosen in Q. They form a subset N&iv C Nﬂ%i",
which is dense in Ng. By [BoJ21, Corollary 7.16], the Monge-Ampere operator induces a
homeomorphism

MA: N /R 5 MY,

where the left-hand side is equipped with the quotient topology and the right-hand side
with the strong topology. In particular, a divisorial norm y € NV satisfies |x| = 0 iff
X = Xtriv + ¢, ¢ € R. Further, if y € /\/’H%i" is written as in then MA(x) is supported in
>

Recall from [BoJ21, §2.2] that a norm y € N is homogeneous if x(s?) = dx(s) for any
s € Ry, and d > 1. To any y € Nr we can associate a homogenization x"™ defined by
xPom(s) := limgd~'x(s?). This is the smallest homogeneous norm such that y < y"m™.
We have di(x, x™™) = 0 and MA(x"™) = MA(x) for any x € Ng, see Corollary 5.2 and
Proposition 7.4 in [BoJ21].

To any (not necessarily ample, nor normal) test configuration (X, L) for (X, L) we can
associate a norm x = xx ¢ € Ng, see [WN12, BHJ17].

Lemma 5.1. We have N@iv = {X}/{ﬁ’%‘ (X, L) test configuration for (X,L)}. In particular,
MA(xx.c) = MA(X%”Z‘) is a divisorial measure for any test configuration (X, L).
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Proof. For any test configuration (X, £) for (X, L), the homogenization 3’7 of xx,c lies
in N&i", see [BoJ21, Corollary A.8]. Conversely, consider any norm y € N(Siv. By [BoJ21],
Theorem 6.12], x = IN(¢p) for some PL function ¢ € PL(X). Moreover, such a PL func-
tion ¢ is of the form ¢y  for a normal test configuration (X, L) for (X, L), see [BoJ22,
Theorem 2.31]. By [BoJ21l, Proposition A.3] x = Xf{g% O

5.2. Divisorial stability in terms of divisorial norms. Consider the functional § =
Bx.p.: MY — R of the polarized pair (X, B; L); thus

B(p) = Entx p(1) + Vi llplle

for p € M. As we just saw, the Monge-Ampere operator induces a homeomorphism
MA: NVgV/R 5 MIV: in line with (4.5)), we define the Mabuchi K-energy functional

M: VgV - R (5.3)
by setting
M(x) := Mx B;z(x) := B(MA(x)) € R. (5.4)
Then
M(x +¢) =M(x), M(tx) =tM(x) (5.5)

for all c € R and t € Q.
Theorem 5.2. The divisorial stability threshold of any polarized pair (X, B; L) satisfies

M(x) e M(x)

oa(X,B;L)=  inf  —=l=  inf 2L
XeNEV x>0 Xl xendv, x>0 x|l

In particular, (X,B;L) is divisorially semistable iff M(x) > 0 for all rational divisorial
norms x € N3V, and it is divisorially stable iff there exists € > 0 such that M(x) > e[/x||

for all x € J\/&iv.
Recall that a divisorial norm x € M3 satisfies ||x|| = 0 < X = xtriv + ¢ for ¢ € R.

Lemma 5.3. For any x € N{V, there exists a sequence (x;) in ./\/'(Si" such that d1(x:, x) — 0
and M(x;) = M(x).

Proof. Pick a finite subset ¥ C X4V such that y = minyex{x, + ¢,} with ¢ € R¥. As
recalled above, we then have supp MA(x) C ¥. Writing ¢ as the limit of a sequence (¢;) in
Q% defines a sequence Y; := maxyex{Xv + Civ} € N div such that

dl(Xi7 X) S dOO(Xz)X) S Iil)’IGaZ}]( |ci,’u - CU| — 07

see [BoJ21, (6.2)]. By continuity of MA: Ng — M, this implies p; = MA(x;) — pu =
MA (x) strongly in M!, and hence Vixslwille — VKX,BHNHL- Further, p; = Y, s Mi w00,
= ZUEE mydy. Thus p; — p implies m;, — m,, for all v € 3, and hence

Entx p(ui) = meAX’B(v) — Entx p(p) = vaév.
VEXD vEYD

Thus M(x;) = B(pi) = Entx p(1:) + Vicy g llpill = M(x) = Entx (1) + Vi gz, and
we are done. O
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Proof of Theorem [5.3. For any y € NV we have

M(x) = BMMA(x)), Ixll = [IMACOI,
Since MA : NV — MY is onto, this directly yields

M
oaiv(X,B; L) = n Bl = inf ﬁ
peMIV >0 [[ul] yendv x>0 x|l

Using Lemma [5.3} it is further easy to see that the latter infimum can be computed using
norms in N3 and the result follows. O

Remark 5.4. In [Fujl6], K. Fujita defined a notion of divisorial (semi)stability for a Q-
Fano variety X by requiring that n(D) := 1 — V=1 [P°vol(L — AD)d be (semi)positive for
each effective Weil divisor D on X, where L = —Kx (see also [Gri20]). By monotonicity of
the volume, it suffices to check this when D =), D; is reduced. In this case, one can show
that n(D) = M(xp) with xp := min; Xordp, - This shows that the present notion of divisorial
stability implies that of [Fuj16].

5.3. K-stability for filtrations. In this section, we assume that (X, B) is subklt. Recall
from that B: MY — R admits a natural extension 5: M! — RU{+o0}, characterized
as its maximal (strongly) lsc extension. We may thus introduce:

Definition 5.5. We define the Mabuchi K-energy functional
M: Mg = RU{+0} (5.6)
of the polarized subklt pair by setting
M(x) := Mx 5;1(x) = B(MA(x)) € RU {+o0}
for any x € Ng.

When x € Tz corresponds to an ample test configuration (X, £), this definition is com-

patible with [BHJ17, §7.3]. Indeed, (4.5)) yields M(x) = B(MA(X, L)) = M(X, L).
By continuity of MA: Mg — M, (5.6) is an Isc extension of (5.3)); it is in fact character-
ized as the maximal Isc extension, as follows from the next result.

Lemma 5.6. For any x € Ny, there exists a sequence (x;) in ./\/'(SiV such that (x4, x) — 0
and M(x;) = M(x).

Proof. By Lemma it is enough to produce such a sequence in J\/ﬁi". By Theorem we
can find a sequence (y;) in MY such that u; — MA(x) strongly and B(u;) — B(MA(x)) =
M(x). Since MA: NV /R 5 MV is a homeomorphism, we can find y; € NV such that
MA(x;) = pi and d1(x4, x) — 0. Then M(x;) = 5(pi) — M(x), and the result follows. [

Definition 5.7. A polarized subklt pair (X, B; L) is K-semistable for filtrations (resp. uni-
formly K-stable for filtrations) if M > 0 on Ng (resp. M > ¢|| - || on Nr for some e > 0).

Theorem 5.8. The divisorial stability threshold of any polarized subklt pair (X, B; L) sat-
isfies
M(x)

—s = in M(x)-
XNz, x>0 [IxIl xeNz, Ixl=t )

In particular, (X, B; L) is divisorially semistable iff it is K-semistable for filtrations, and it
is divisorially stable iff it is uniformly K-stable for filtrations.

oaiv(X,B; L) =
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Note that Theorem and Theorem together imply the Main Theorem stated in
the beginning of the introduction.

Proof. Set o := 04;v(X, B; L). For any x € Ng, we then have

M(x) = B(MA(x)) = o MAC) | = allxl],

see Remark Thus o > infyepg, y)>0 M(X)/[Ix||, while the other inequality follows from
Theorem Finally, the last equality holds by homogeneity with respect to the scaling
action of R-. O

Remark 5.9. The analogue of the last expression involving the ‘unit sphere’ |x|| = 1 does
not feature in Theorem[5.4. The reason for this is that it would involve rescaling by || x| €
Rwo, which is possibly irrational even when x = X, with v € X4V, whereas divisorial norms
are only preserved by the scaling action of Qsg.

In view of Corollary we also get the following result in the log Fano case.

Corollary 5.10. For any polarized subklt pair (X, B; L) with L = —Kx g, we have:
(i) (X, B; L) is K-semistable for filtrations iff it is Ding-semistable;
(i1) (X, B; L) is uniformly K-stable for filtrations iff it is uniformly Ding-stable.

5.4. K-stability for models. Let (X, B; L) be a polarized subklt pair. As a direct conse-
quence of Lemma [5.1] and Theorem we have

Proposition 5.11. The divisorial stability threshold satisfies
odgiv(X, B; L) = sup{oc € R | M(xx.z) > ollxx,cll for all test configurations (X,L)}. (5.7)

In particular, (X, B; L) is divisorially semistable (resp. divisorially stable) iff M(xx,c) > 0
(resp. M(xx,c) > €llxx.cll for some e > 0) for all test configurations (X, L) for (X,L).

This means that divisorial stability is equivalent to Li’s notion of uniform K-stability
for models introduced in [LiQO]H Indeed, a (normal) test configuration is called a model
in loc.cit. Li assumes X is smooth as his definition relies on continuity of envelopes as
in [BoJ18b], but we can bypass this using [BoJ21]. We note that Proposition 6.3 in [Li20]
can be used to show that uniform K-stability for models is equivalent to uniform K-stability
for filtrations, in the setting considered there.

5.5. Divisorial stability vs. K-stability. We return to the setting of an arbitrary polar-
ized pair (X, B; L).

Let NE°™ C Ng denote the set of homogeneous norms. We have N3V ¢ Vo™ and

7(—50m C N(Siv C Néom’

where 780“1 denotes the set of rational, homogeneous norms of finite type.

Homogenization y + x"™ maps T onto ’76“)“‘ C N&i" (see [BoJ21, Corollary 2.18]),
and we may thus define the Mabuchi K-energy of x € Tp by M(x) := M(x"™). This is
also equal to B(MA(x"™)) = B(MA(x)), as d1(x, x"™) = 0 implies MA(x) = MA(x"™),
showing compatibility with Definition [5.5]in the subklt case.

Recall that the Rees construction yields an identification of the set Tz of Z-valued norms

of finite type with that of ample test configurations for (X, L). We denote by T " C 77 the
subset corresponding to normal (i.e. integrally closed) test configurations; it contains the set

1074 also incorporates the action of a reductive group; in our case, this group is trivial.
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7?Zh°m of homogeneous Z-valued norms of finite type, which correspond to test configurations
with reduced central fiber. Homogenization y — x"™ induces a 1-1 map 7?Zint = 7801“

(see [BoJ21, Theorem A.11]).
To each x € T;™ is associated its Donaldson—Futaki invariant
DF(x) = DFx p;L(x) € Q,
(see for instance [BHJ17, Definition 3.17]), and (X, B; L) is said to be

e K-semistable if DF(x) > 0 for all y € T
e uniformly K-stable if there exists ¢ > 0 such that DF(x) > ¢||x|| for all x € T ™.

In analogy with Definition (see also [BLZ19, Theorem 1.1]), we introduce:
Definition 5.12. The K-stability threshold of (X, B; L) is defined as
DF(x)

xer™, x>0 lIxll

Thus (X, B; L) is K-semistable iff ox(X,B;L) > 0, and it is uniformly K-stable iff
ok(X,B; L) > 0.

ok(X,B;L) := (5.8)

Theorem 5.13. The K-stability threshold of any polarized pair (X, B; L) satisfies

ok (X,B;L) = inf MG _ inf MG _ inf  M(y).

xerrom (x>0 Ixll xeTaslid=o Xl xeTo, Ixi=1
In particular, ox (X, B; L) > oqiv(X, B; L).
Lemma 5.14. Any x € T™ satisfies DF(x) > M(x), and equality holds iff x € Tro™.

Proof. Let (X, L) be the normal, ample test configuration that corresponds to x. By [BHJ1T7,
(7.7)] we have DF(x) = M(x) + V"1 Xy — Xorea) - L™ Thus DF(x) > M(x), and equality
holds iff (Xp — X red) - L = 0 & Xo = Xy red & X € TFO™, since L is ample. a

Proof of Theorem [5.13. Set
M(x) . M(x)

ox :=ok(X,B;L), ogp:= inf —=2 oy = inf —,

B 70 = ase T N NN I
For any x € 7™ C Tp, Lemma yields DF(x) > M(x) > ogl|x||, and hence ox > oq.
For x € T1om C Tt it yields, on the other hand, M(y) = DF(x) > ox/||x|, and hence
oz > ok. For any y € 76‘°m, dx lies in ’7'Zh°m for d € Z-o sufficiently divisible. By

homogeneity of M and || - ||, we infer oy = infxef]amm’ |0 % Since M and || - || are both

invariant under homogenization, this is also equal to og. By homogeneity, oq is also equal
to infy e, |x|=1 M(x), since Tg is preserved by the scaling action of Q¢ and the minimum
norm || x/|| of any x € 7Tg is rational. The proof is complete. O

We conjecture that equality holds in Theorem [5.13

Conjecture 5.15. For any polarized pair (X, B; L) we have o4iv(X,B; L) = ox(X, B; L).
In particular, (X, B; L) is divisorially semistable (resp. divisorially stable) iff it is K-semistable
(resp. uniformly K-stable).
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Note that the last part holds in the log Fano case, see Corollary
Assuming k = C, X smooth and B = 0, the last point of Conjecture would complete
the proof of the ‘uniform version’ of the Yau—Tian—Donaldson conjecture, to wit
(X, L) uniformly K-stable <= (X, L) uniquely cscK,

where uniquely cscK means that ¢;(L) contains a unique Kéhler form of constant scalar
curvature—uniqueness being equivalent to the triviality of the so-called reduced automor-
phism group Aut®(X, L)/C*. Indeed, the main result of [[i20] (combined with §5.4)) and [BDL20,
BHJ19] respectively yield

(X, L) divisorially stable = (X, L) uniquely cscK = (X, L) uniformly K-stable.
Conjecture [5.15| would in turn follow from the following:

Conjecture 5.16. Pick x € N&i", and denote by (xq) its sequence of canonical approxi-
mants, where xq is the norm on R(X,dL) generated in degree 1 by x|gr,, for d sufficiently
divisible. Then M(xq) — M(x).

Conjecture can be viewed as a more precise version of [BoJ18bl Conjecture 2.5] (see
also [Li21l Conjecture 4.4]). Indeed, it is equivalent to requiring

Entx p(pqa) — Entx p(p)
with pg ;= MA(xq) and p := MA(x). Indeed, M(xq) = Entx 5(tta) + Vi g llpallL, M(x) =
Entx (1) + Vi ez, see (5.4), where di (x4, x) = 0 (see [BoJ21, Theorem 3.18]), which
implies g — p strongly, and hence Ve, pllualle — Vg plpllc-
Conjecture [5.16| is trivially true when X is a curve, or in the toric case, if we restrict to

toric norms. Indeed, in both cases x will automatically be of finite type, and hence equal to
x4 for all d sufficiently divisible.

Remark 5.17. In his pioneering work on K-stability for filtrations, G. Székelyhidi de-
fined the Donaldson—Futaki invariant of a norm/filtration as DF(x) := liminfy_, DF(xq),
see [SzEé15, Definition 4]. Following [BHJ1T], it is perhaps more natural to replace DF
with its homogeneous counterpart M, and hence to consider instead iminfy oo M(xq); this
is greater than M(x), by lower semicontinuity of , and Conjecture predicts that
equality holds.

APPENDIX A. LOG DISCREPANCY AND DUAL COMPLEXES

The goal of this appendix is to review the extension of the log discrepancy function on
a projective klt pair from the set of divisorial valuations to the whole Berkovich space. We
also describe this extension using dual complexes of test configurations.

A.1. The log discrepancy function on valuations. First let (X, B) be an arbitrary pair,
that is, X is a normal projective variety, and B is a Q-Weil divisor such that Kx g := Kx+B
is Q-Cartier. We wish to extend the classical log discrepancy function

AX,B5 Xdiv—>(@ (Al)
to XV2l in a canonical way. To this end, we will prove
Lemma A.1. The log discrepancy function Ax p: X9 - Q is Isc.

Granted this result, we can define the extension as follows.
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Definition A.2. We define the log discrepancy Ax p: Xval s RU{%oo} as the greatest Isc
extension of Ax p: X4 5 R. In other words, we set
Ax p(v) ;== liminf Ax p(w) (A.2)

weX AV, w—v
for all v e X,

In fact, Ax p never takes the value —oo, see Proposition below.

To prove Lemma and to get a more precise understanding of the log discrepancy
function, we rely on [JMI2], which gave a different way of extending the log discrepancy in
the case when X is smooth and B = 0; see also [BFJ08, BAFFU15].

By a log smooth pair (Y, D) over (X, B), we mean the data of a birational morphism
m:Y — X with Y smooth and projective, and D a reduced snc divisor on Y such that 7 is
an isomorphism outside D, and the support of B is contained in the image of D.

Let 9t = Mix p be the set of isomorphism classes of log smooth pairs (Y, D) over (X, B).
Given (Y, D) € M, the Q-divisor Ky/(x p) := Ky — 7" Kx p on Y has support contained in
D. Any divisorial valuation v € X4V ig of the form v = tordg, where t € Q>0 and E is an
irreducible component of D, for some (Y, D) € M, and we then have

Ax p(v) =t(1 +orde(Ky/(x B)))-

Given (Y,D) € M, let 7y be the continuous function on X'¥ = Y2l given by 1y (v) =
v(Ky/(x,p))- It follows that

AX,B = Ay + 7y on xdiv — ydiv, (A?))

Proof of Lemma[A.1l By [JM12, Lemma 5.7], the log discrepancy function Ay is Isc on ydiv,
As 7y is continuous, (A.3) implies that Ay p is Isc on X4V = ydiv, O

Proposition A.3. When X is smooth, the log discrepancy function Ax: XV — R in
Definition [A.3 coincides with the one defined in [JM12].

To prove this, we need to recall the construction in [JM12]. Given (Y, D) € 9, the dual
cone complex A(Y,D) embeds in an Rsg-equivariant way into Y'# = XVal. The subset
X4v = xval s the union of the rational points of A(Y,D) over all log smooth pairs. For
any log smooth pair (Y, D) of X, there is also a continuous retraction

pyp: X = Ayp

satisfying py p(X9V) ¢ X4V,

We say that a log smooth pair (Y’, D) over X dominates another, (Y, D), if the canonical
birational map Y’ --+ Y is a morphism and D’ contains the support of the pullback of D. In
this case, BY, p C By/’ pr and py,popy’ pr = py,p. This turns the set of (isomorphism classes
of) log smooth pairs into a directed set, and the retractions py p induce a homeomorphism

X 5 lim Ay p, (A.4)
Y,D
see [JMI12, Theorem 4.9]. In particular, limy p py,p = id pointwise on X val
Let us temporarily write A’y : xval R>p U {400} for the log discrepancy function
in [JM12, §5]. It is characterized by the following properties:

(a) A = Ax on X4,
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(b) for any (Y, D) € 9, the restriction of A’y to KY’ p is continuous, and integral linear
on each cone; furthermore,

(c) for any (Y, D) € M, A’y > A’y opy.p on X", with equality precisely on Ay p;

(d) Ay =limy,p Ay opyp.
Proof of Proposition[A.3 We must prove that Ax = A’y on X" Tt follows from (b) and (d)
that A’y isIsc, so A’y < Ax by the definition of A x. On the other hand, for each (Y, D) € I,
the function Ay o py,p 'is continuous, whereas Ax o py,p is Isc. As the two functions agree
on the dense subset X d“’, we have A’X opy,p > Ax opy,p. This implies

Ay = %}IBAIX opy,p > limAxopyp > Ax,

)
)

by (c) and the lower semicontinuity of Ax. The proof is complete. O
The log discrepancy functions satisfy the following expected properties.

Proposition A.4. Let (X, B) be any pair. Then:
(a) Ax.p > —00 on xval.
(b) for any Q-Cartier divisor D on X, we have Ax pyp = Ax,p —¢¥p on Xvalwhere
¥p(v) :==v(D);
(¢) for any projective birational morphism w: X' — X, we have Axp = Ax/ p on
Xval = X’Val, where B/ = W*KX7B — KX’-

Proof. The equality in (b) holds on X% and the function p is continuous. By the nature
of Definition equality must hold on X"2. A similar argument proves (c), and (a) now
follows since A x > 0 when X is smooth. O

A.2. Extension to the whole Berkovich space. Given a pair (X, B), we seek to extend
the function Ay g on X' defined above to an lsc function Ay g: X" — R U {400} on
the whole Berkovich space. This is only possible when (X, B) is sublc, that is, Ax p > 0 on
X4V Indeed, such an extension is necessarily bounded below, by compactness of X", and
hence nonnegative on X4V, by homogeneity of A x,p on X div

Definition A.5. For any sublc pair (X, B), we denote by
Ax p: X — [0, +0o0] (A.5)
the greatest lsc extension of Ax p on XU, given by (A-2).

Note that a suble pair (X, B) is subklt if Ax g > 0 on X4\ {4y }. Such pairs can now
be characterized as follows:

Theorem A.6. For any sublc pair (X, B), the following are equivalent:
(i) (X, B) is subklt;
(i) for any w € Amp(X), there exists a > 0 such that Ax p > a'T,, on X?*";
(iii) Ay p = +oo on X\ XVal,

Proof. Assume that (X, B) is subklt. To prove (ii), we may assume w = c¢1(L) with L €
Pic(X)g ample. Denote by |L|g the set of effective Q-Cartier divisors D such that D ~gq L.
As is well-known (see for instance [BHJI17, Theorem 9.14]), there exists o > 0 such that
(X, B+ aD) is subklt for all D € |L|g, and hence

0 < AX,B—Q—aD(”) = AX,B(U) - ow(D)
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for all v € X4 and D € |L|g. Since the maximal vanishing order satisfies
Tr(v) = sup{m tv(s) | s € H*(X,mL) \ {0}, m sufficiently divisible}
=sup{v(D) [ D € Lo},

we get Ax g > Ty on X4V and hence also on X®", since Ty, is Isc. This proves (i)=(ii),
and (ii)=(iii) is trivial, since X" = {T} < +o0} is contained in X*¥. Finally, assume (iii).
Pick v € X4\ {04y}, and denote by Z C X the closure of the center of v, which is a strict
subvariety since v # vgiy. We obtain a trivial semivaluation vz iy € X"\ X Val, such that
limy 400 tV = Uz triv in X, As Ax p is Isc on X*", we infer

o S Oy .
liminftAx,p(v) 2 Ax,p(vzuiv) = +00
Thus Ax p(v) > 0, which proves (iii)=(i). O

A.3. Valuations of finite log discrepancy. If (X, B) is a pair, Proposition shows
that the locus {Ax p < oo} C X val does not depend on B, and it is a birational invariant.
This naturally leads to the following notion.

Definition A.7. For any (not necessarily normal) projective variety X, we define the set
Xfd < xval of valuations of finite log discrepancy as the subset {Ay < +oo} of YVl = xal
for some (or any) projective birational morphism Y — X with Y smooth.

Clearly X4 is a birational invariant of X. We also note
Lemma A.8. The set X4 is a Borel subset of X?® for any projective variety X .

Proof. We may assume X is smooth. Applying Theorem to the klt pair (X,0) shows
that X9 = {Ax < +oo} C X which is a Borel set since A is Isc. (]

Remark A.9. Similarly X'™ C X is a Borel set as X' = {T,, < +oo} for any w €
Amp(X). We do not know whether X' C X is a Borel set when k is uncountable.

A.4. Log discrepancy via snc test configurations. We refer to [BoJ22, Appendix A] for
details on the following discussion. For any projective variety X, Gauss extension provides
an embedding
o: X%y (X x Py
onto the set of k*-invariant semivaluations w € (X x P!)3 such that w(w) = 1, where @
denotes the coordinate on Al C PL. If v € X, then o(v) is a valuation iff v is.
Now assume that X is smooth, and consider an snc test configuration

X — A! = Spec k[w]

for X, i.e. a test configuration dominating the trivial test configuration, such that X is
nonsingular and X req is snc. The canonical compactification X — P! provides a log smooth
pair (X, Xy ed) over X x PL. As in the dual cone complex

AX = A(Xy XO,red)

embeds in (X x P!)¥. The preimage Ay := 0 1(Ay) C X" is compact, and o4 (Ax) C
A x is a compact simplicial complex cut out by the equation w(w) = 1. We view Ay as a
simplicial complex itself, and each simplex has an integral affine structure with respect to
which the rational points are the divisorial points; hence Ay N X9 is dense in Ay.
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Let us write py: (X x P1)? — Ay for the retraction above. Then we have a continuous
retraction py = o ‘opyoo: X' — Ay. This extends continuously to X, and we obtain
a retraction py: X®" — Ay; this in turn induces a homeomorphism

X 5 Jim Ay, (A.6)
X

see [BoJ22, Theorem A.1]. Thus limy py = id pointwise on X?".

Theorem A.10. If X is a smooth projective variety, then
Ax =Axpoo—1 (A.7)
on X?®". Moreover, for any snc test configuration X, we have:
(i) Ax is integral affine on each face of Ax;
(ii) Ax > Ax opx on X2, with equality precisely on Ax;
and Ax = limy Ax o py pointwise on X",

Proof. Set A’y := Axyp1 oo — 1. By [BHIJIT, Proposition 4.11], we have Ay = Ax on
X4V Note that A’y is Isc since A xp1 is Isc and o continuous. As Ax is the maximal Isc
extension of its restriction to X4V, see Definition we get Ay < Ax on X?".

Now o: Ay — Ay is contmuous and A x,pt is continuous on A, so A’y is continuous
on Ay. As Ax is Isc, and Ax = A’y on the dense subset X9 N Ay, we get AX < Ay, and
therefore A’y = Ax on Ay. As Ay, p1 is integral affine on each face of A, we obtain (1).

By [IMI12] we have Ay, p1 > Axypr 0 Py on (X x AN with equality exactly on Ax.
This implies A%y > A’y o py on X" with equality exactly on Ay. As Ay > A’y with
equality on Ay, we obtain Ax > Ax o py on X', with equality exactly on Ay. This
implies (ii), since Ax = +o00 on X® \ X* see Theorem

The equality Ax = limy Ax opy pointwise on X" is now a consequence of (ii) and
since Ax is Isc, see Lemma Similarly, we saw above that A’y > Ay opy on XV,
and hence on X?" since Ay = 400 on X\ X val The same argument as above now gives
A’y =limy A’y o py pointwise on X**. As A’y = Ax on Ay, this shows that Ay = Ax on
X?" and we are done. [l

REFERENCES

[BBJ15] R. J. Berman, S. Boucksom, M. Jonsson. A wvariational approach to the Yau-Tian—Donaldson
conjecture. Preprint (2015) arXiv:1509.04561v1.

[BBJ21] R. J. Berman, S. Boucksom, M. Jonsson. A wvariational approach to the Yau—Tian—Donaldson
congecture. J. Amer. Math. Soc. 34 (2021), 605-652.

[BDL20] R. J. Berman, T. Darvas, C. H. Lu. Regularity of weak minimizers of the K-energy and applica-
tions to properness and K-stability. Ann. Sci. Ec. Norm. Supér. 53 (2020), 267-289.

[BDL17] R. J. Berman, T. Darvas, C. H. Lu. Convezity of the extended K-energy and the large time
behavior of the weak Calabi flow. Geom. Top. 21 (2017), 2945-2988.

[BLJ20] H. Blum, M. Jonsson. Thresholds, valuations, and K-stability. Adv. Math. 365 (2020), 107062.

[BL22] H. Blum, Y. Liu. Openness of uniform K-stability in families of Q-Fano varieties. Ann. Sci. Ec.
Norm. Supér. 55 (2022), 1-41.

[BLXZ21] H. Blum, Y. Liu, C. Xu, Z. Zhuang. The ezistence of the Kahler—Ricci soliton degeneration.
arXiv:2103.15278.

[BLZ19] H. Blum, Y. Liu, C. Zhou Optimal destabilization of K-unstable Fano varieties via stability
thresholds. arXiv:1907.05399. To appear in Geom. Topol.

[BC11] S. Boucksom, H. Chen. Okounkov bodies of filtered linear series. Compos. Math. 147 (2011),
1205-1229.



46

SEBASTIEN BOUCKSOM AND MATTIAS JONSSON

[BAFFU15] S. Boucksom, T. de Fernex, C. Favre, S. Urbinati. Valuation spaces and multiplier ideals on

[BFJOS]
[BFJO0Y]
[BFJ16a]
[BHJ17]
[BHJ19]
[BoJ18a]

[BoJ18b]
[BoJ21]

[BoJ22]
[BKMS15]
[Che00]
[CC21]
[CDS15]
[DS16]
[Der16]
[DL20]

[DN15]
[Don02]

[Fuj16]
[Fuj19a]

[Fuj19b)
[FO18]

[Gri20]

[Hat22]
[Ino21]

[Ino22]
[IM12]

[LMO09)]

singular varieties. Recent advances in algebraic geometry, 29-51. London Math. Soc. Lecture
Note Ser. 417, Cambridge Univ. Press, Cambridge, 2015.

S. Boucksom, C. Favre, M. Jonsson. Valuations and plurisubharmonic singularities. Publ. Res.
Inst. Math. Sci. 44 (2008), 449-494.

S. Boucksom, C. Favre, M. Jonsson. Differentiability of volumes of divisors and a problem of
Teissier. J. Algebraic Geom. 18 (2009), 279-308.

S. Boucksom, C. Favre, M. Jonsson. Singular semipositive metrics in non-Archimedean geometry.
J. Algebraic Geom. 25 (2016), 77-139.

S. Boucksom, T. Hisamoto, M. Jonsson. Uniform K-stability, Duistermaat—Heckman measures
and singularities of pairs. Ann. Inst. Fourier 67 (2017), 743-841.

S. Boucksom, T. Hisamoto, M. Jonsson. Uniform K-stability and asymptotics of energy function-
als in Kdahler geometry. J. Eur. Math. Soc. 21 (2019), 2905-2944.

S. Boucksom, M. Jonsson. Singular semipositive metrics on line bundles on varieties over trivially
valued fields. arXiv:1801.08229.

S. Boucksom, M. Jonsson. A non-Archimedean approach to K-stability. arXiv:1805.11160.

S. Boucksom, M. Jonsson. A mon-Archimedean approach to K-stability, I: Metric geometry of
spaces of test configurations and valuations. arXiv:2107.11221v2.

S. Boucksom, M. Jonsson. Global pluripotential theory over a trivially valued field. Ann. Fac. Sci.
Toulouse. 31 (2022), 647-836.

S. Boucksom, A. Kiironya, C. Maclean, T. Szémberg. Vanishing sequences and Okounkov bodies.
Math. Ann. 361 (2015), 811-834.

X.X. Chen. On the lower bound of the Mabuchi functional and its application. Int. Math. Res.
Not. 12 (2000), 607-623.

X.X. Chen, J. Cheng. On the constant scalar curvature Kdhler metrics (II) — existence results.
J. Amer. Math. Soc. 34 (2021), 937-1009.

X.X. Chen, S. K. Donaldson, S. Sun. Kahler—Finstein metrics on Fano manifolds, I-11I. J. Amer.
Math. Soc. 28 (2015), 183-197, 199-234, 235-278.

V. Datar, G. Székelyhidi. Kdhler—FEinstein metrics along the smooth continuity method. Geom.
Funct. Anal. 26 (2016), 975—1010.

R. Dervan. Uniform stability of twisted constant scalar curvature Kdihler metrics. Int. Math. Res.
Not. (2016) 15, 4728-4783.

R. Dervan, E. Legendre. Valuative stability of polarised varieties. arXiv:2010.04023. To appear
in Math. Ann.

E. Di Nezza. Finite Pluricompler energy measures. Potential Analysis 44 (2015), 155-167.

S. K. Donaldson. Scalar curvature and stability of toric varieties. J. Differential Geom. 62 (2002),
no. 2, 289-349.

K. Fujita. On K-stability and the volume functions of Q-Fano varieties. Proc. London Math. Soc.
113 (2016) 541-582.

K. Fujita. A waluative criterion for uniform K-stability of Q-Fano varieties. J. Reine Angew.
Math. 751 (2019), 309-338.

K. Fujita. Openness results for uniform K-stability. Math. Ann. 373 (2019), 1529-1548.

K. Fujita, Y. Odaka. On the K-stability of Fano varieties and anticanonical divisors. Tohoku
Math. J. 70 (2018), 511-521.

N. Grieve. Divisorial instability and Vojta’s Main Conjecture for Q-Fano wvarieties. Asian J.
Math. 24 (2020), 995-1005.

M. Hattori. On K-stability of Calabi—Yau fibrations. arXiv:2203.11460.

E. Inoue. Entropies in p-framework of canonical metrics and K-stability, I — Archimedean aspect:
Perelman’s W -entropy and p-cscK metrics. arXiv:2101.11197.

E. Inoue. Entropies in p-framework of canonical metrics and K-stability, I — Non-archimedean
aspect: non-archimedean p-entropy and pK-semistability. arXiv:2202.12168.

M. Jonsson, M. Mustata. Valuations and asymptotic invariants for sequences of ideals. Ann. Inst.
Fourier 62 (2012), 2145-2209.

R. Lazarsfeld, M. Mustata. Convez bodies associated to linear series. Ann. Sci. Ec. Norm. Supér.
(4), 42 (2009), 783-835.



[LS94]

[Li17]
[Li20]

[Li21]
[LX14]

[Liu21]
[LX721]
[MR15]
[Oda13]
[0S15]
[SW99)

[SD20]
[Szé15]

[Tho63]

[Tia97]
[WN12]

[Zha21]

A NON-ARCHIMEDEAN APPROACH TO K-STABILITY, II 47

C. LeBrun, S.R. Simanca. Extremal Kdhler metrics and complex deformation theory. Geom.
Func. Anal. 4 (1994), 298-336.

C. Li. K-semistability is equivariant volume minimization. Duke Math. J. 166 (2017), 3147-3218.
C. Li. Geodesic rays and stability in the cscK problem. arXiv:2001.01366. To appear in Ann.
Sci. Ec. Norm. Supér.

C. Li. K-stability and Fujita approximation. arXiv:2102.09457.

C. Li, C. Xu. Special test configurations and K-stability of Fano varieties. Ann. of Math. 180
(2014), 197-232.

Yaxiong Liu. Openness of uniformly valuative stability on the Kdahler cone of projective manifolds.
arXiv:2110.02795.

Yuchen Liu, C. Xu, Z. Zhuang. Finite generation for valuations computing stability thresholds
and applications to K-stability. arXiv:2102.09405. To appear in Ann. Math.

D. McKinnon, M. Roth. Seshadri constants, diophantine approrimation, and Roth’s theorem for
arbitrary varieties. Invent. Math. 200 (2015), 513-583.

Y. Odaka. The GIT stability of polarized varieties via discrepancy. Ann. Math. 177 (2013),
645—661.

Y. Odaka, S. Sun. Testing log K-stability by blowing up formalism. Ann. Fac. Sci. Toulouse 24
(2015), 505-522.

H.H. Schaefer, M.P. Wolff. Topological vector spaces. Second edition. Graduate Texts in Mathe-
matics 3. Springer-Verlag, New York, 1999.

7. Sjostrom Dyrefelt. Openness of uniform K-stability in the Kdahler cone. arXiv:2011.14806.
G. Székelyhidi. Filtrations and test-configurations. With an appendix by S. Boucksom. Math.
Ann. 362 (2015), 451-484.

A.C. Thompson. On certain contraction mappings in a partially ordered vector space. Proc. Amer.
Math. Soc. 14 (1963), 438-443.

G. Tian. Kdhler—Finstein metrics with positive scalar curvature. Inv. Math. 130 (1997), 239-265.
D. Witt Nystrom. Test configurations and Okounkov bodies. Compos. Math. 148 (2012), 1736—
1756.

K. Zhang. Continuity of delta-invariant and twisted Kdhler—FEinstein metrics. Adv. Math. 388
(2021), 107888.

CNRS-CMLS, EcoLE POLYTECHNIQUE, F-91128 PALAISEAU CEDEX, FRANCE
Email address: sebastien.boucksom@polytechnique.edu

DEPT OF MATHEMATICS, UNIVERSITY OF MICHIGAN, ANN ARBOR, MI 48109-1043, USA
Email address: mattiasj@umich.edu



	Introduction
	1. Preliminaries
	2. Differentiability of the energy of a measure
	3. Entropy and the -invariant
	4. Divisorial stability
	5. Comparison to other stability notions
	Appendix A. Log discrepancy and dual complexes
	References

