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A note on the nonlinear

derived Cauchy problem

Frédéric Paugam

November 9, 2022

Abstract

We define and study a generalization of the analytic Cauchy problem, that spe-

cializes to the Cauchy-Kowaleskaya-Kashiwara problem in the linear case. The main

leitmotive of this text is to adapt Kashiwara’s formulation of this problem both to

the relatively D-algebraic case and to the derived analytic situation. Along the way,

we define the characteristic variety of a derived nonlinear partial differential system.
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1 Introduction

The classical real analytic Cauchy problem is the initial value problem (see e.g. Niren-
berg’s article [Nir72]):

∂m
t u = F (t, x, u, ∂α

x∂
j
t u), ∂

k
t u|t=0 = ϕk, k = 0, . . . , m− 1.

Here x is in an open subset Ω ⊂ R
n, t ∈ R and u may be vector valued; if is a function

that depends on t, x u, and all of its derivatives of order smaller than m of the form
∂α
x∂

j
t u, |α|+ j ≤ m, j < m. If f and the ϕk’s are analytic then the problem has a unique

analytic solution in a neighborhood of any initial point (x0, 0).
We will say that we are in the relatively algebraic situation of the Cauchy problem if

the analytic function F is algebraic in the variable function u and its partial derivatives.
Kashiwara proposed in his memoir [Kas70] (see also [Sch13] for an exposition) a gen-

eralization of this problem adapted to the algebraic study of linear systems of partial dif-
ferential equations using D-modules. Let f : X → Y be a morphism of complex manifolds
and M and N be two D-modules on Y . Then one says that the Cauchy-Kowalevskaya-
Kashiwara theorem is true for the triple (f,M,N ) if the natural morphism

ν : f−1
RHomD(M,N ) → RHomD(f

∗
DM, f ∗

DN )

is an isomorphism. Kashiwara showed that this theorem is true if f is smooth and also if
f is non-characteristic for a coherent M and N = O.

Let us reformulate this result of Kashiwara in a nonlinear context. If P• ∼
→ M is

an acyclic resolution (given by a simplicial module), then we have that the natural maps
between sheaves of spaces

RMaps−D−alg(RSym(P•),O) → RMapD(M,O)

and
RMaps−D−alg(f

∗
DRSym(P•),O) → RMapD(f

∗
DM,O)

are isomorphisms, so that having Kashiwara’s isomorphism is equivalent, if we denote
A := RSym(P•) ∼= RSym(M) and B = O, to having that the natural map

ν : f−1
RMapD−alg(A,B) → RMapD−alg(f

∗
DA, f ∗

DB)

is an isomorphism of sheaves of spaces. This condition for arbitrary simplicial D-algebras
A and B will be a formulation of the nonlinear derived Cauchy problem.

Definition 1. Let f : X → Y be a morphism of complex manifolds and A and B be two
simplicial DY -algebras. One says that the Cauchy-Kowalevskaya-Kashiwara theorem is
true for the triple (f,A,B) if the natural morphism

ν : f−1
RMapD−alg(A,B) → RMapD−alg(f

∗
DA, f ∗

DB)

is an isomorphism of sheaves of spaces on Y .

2



One may ask, as a conjecture, if this result is true if B = O, and A is non-characteristic
for f in the sense of Subsection 2.2. We will give a proof of this conjecture in the relatively
algebraic case of a smooth morphism f : X → Y (submersion).

The above derived formulation of the relatively algebraic nonlinear Cauchy problem
will be precisely formulated and studied in Section 2.

The theory of D-algebras is well adapted to the study of relatively algebraic nonlinear
partial differential systems, because the associated jet algebras are relatively algebraic. We
will give another formulation of the derived Cauchy problem adapted to general analytic
nonlinear partial differential systems in Section 3, using a more geometric approach, based
on the use of Simpson’s de Rham spaces and of Porta’s derived analytic geometry from
[Por14] (see also [Por17] for a combination of those two tools).

This will lead to the following formulation of the derived Cauchy problem.

Definition 2. Let f : X → Y be a morphism of complex manifolds and Z and Z ′ be
two derived analytic stacks over the de Rham space YdR. One says that the Cauchy-
Kowalevskaya-Kashiwara theorem is true for the triple (f, Z, Z ′) if the natural morphism

ν : f−1
RMapYdR

(Z,Z ′) → RMapXdR
(f ∗

dRZ, f
∗
dRZ

′)

is an isomorphism of sheaves of spaces on Y .

One may ask, as a conjecture, if this is true if Z = YdR and Z ′ is non-characteristic
for f in the sense of Subsection 3.4. We prove this conjecture in the particular case of a
smooth submersion.

Remark: in all this note, we use derived functors without further notice.
Aknowledgments: The author thanks Pierre Schapira and Bertrand Toën for useful

discussions.

2 The relatively algebraic derived Cauchy problem

2.1 The classical Cauchy problem in terms of D-algebras

It is possible to relate the derived Cauchy problem to the relatively algebraic classical
Cauchy problem

∂m
t u = F (t, x, u, ∂α

x∂
i
tu), ∂

k
t u|t=0 = ϕk, k = 0, . . . , m− 1

in the complex analytic setting, where u : Y → E is a section of a (say, trivial) vector
bundle of rank r. The D-algebra in play is the quotient A = Jet(Oalg

E )/(um
t − F ) where

Jet(Oalg
E ) is generated as an algebra over OY by the coordinates of u and of its formal

partial derivatives, the DY -algebra structure being given by the usual action of partial
derivatives on jet coordinates (by décalage). The sheaf of sets

HomD−alg(A,OY ) ⊂ HomD−alg(Jet(O
alg
E ),OY ) ∼= HomOY −alg(O

alg
E ,OY ) ∼= Or

Y
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is the sheaf of solutions of the given nonlinear partial differential equation. The initial
value condition corresponds to the situation where we study the pullback along the closed
embedding

f : X = {t = 0} →֒ Y

for which
f ∗
D(∂

α
xu) = ∂α

x (f
∗u)

and
f ∗
D(∂

k
t u) = ∂k

t u|X .

The jet algebra Jet(Oalg
E ) is locally generated over Oalg

E by the coordinates uk,α
t,x with

standard action of DY = {
∑

ak,α∂
k
t ∂

α
x } by décallage. Its pullback f ∗

DJet(O
alg
E ) is generated

over f ∗Oalg
E by the same coordinates uk,α

t,x with action of DX = {
∑

aα∂
α
x }. Then the

quotient DY -algebra A = Jet(Oalg
E )/(um

t − F ) is generated over Oalg
E by the coordinates

uk,α
t,x for k ≤ m− 1.

The natural map

ν : f−1HomD−alg(A,OY ) → HomD−alg(f
∗
DA,OY )

thus corresponds to taking the initial value of the solutions of the given partial differential
equation, and it is an isomorphism by the classical Cauchy-Kowalevskaya theorem.

2.2 Characteristic variety of a D-algebra

We propose here an adaptation of Bächtold’s construction (see [Bae09]) of the character-
istic variety of a (non-derived) diffiety to the derived D-algebraic context.

Let A be a simplicial D-algebra on Y and LA be its cotangent complex. Suppose that
LA is perfect (as an A-module in the category of D-modules, i.e., as an A[D]-module).
Let Tℓ

A be the left A[D]-module associated to its A[D]-dual. We will call Tℓ
A its tangent

complex. We may locally write this complex as a complex of free A[D]-modules of finite
rank. Let π : T ∗Y → Y be the natural projection and EY be the sheaf of microdifferential
operators on T ∗Y . Define the support of a complex to be the union of the supports of its
cohomology spaces. The support of the microlocalization

µ(Tℓ
A) := π∗

T
ℓ
A ⊗π∗A[π∗DY ] (π

∗A)[EY ]

of the tangent complex Tℓ
A in

SpecT ∗Y (π
∗A) = SpecY (A)×Y T ∗Y

is called the characteristic variety of A and denoted Char(A). It may be defined as the
derived space of zeroes of the A ⊗OY

OT ∗Y -ideal IChar(A) that is the derived annihilator
of the microlocalization module µ(Tℓ

A).
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If ϕ : A → OY is a classical solution of A (morphism of D-algebras), we may pullback
T
ℓ
A along ϕ∗ : Y → SpecY (A) to get a D-module on Y that is the linearization T

ℓ
A,ϕ of

the nonlinear system A along its solution ϕ. Similarly, we may pull-back µ(Tℓ
A) to T ∗Y

along ϕ∗ : Y → SpecY (A) to get the microlocalization µ(Tℓ
A,ϕ) of the linearization, whose

support gives the characteristic variety Charϕ(A) of this linearization Tℓ
A,ϕ.

We want to say that f : X → Y is non-characteristic for A if, for every solution ϕ,
Charϕ(A) is non-characteristic for f in the sense of Kashiwara. This may be formulated
directly in terms of the characteristic variety

Char(A) ⊂ SpecY (A)×Y T ∗Y.

Indeed, we have a cartesian diagram

SpecY (A)×Y T ∗X

��

SpecY (A)×Y X ×Y T ∗Y
fdoo fπ //

π

��

SpecY (A)×Y T ∗Y

��
X X

idXoo f // Y

and we may say f is non-characteristic for A if

f−1
π (Char(A)) ∩ SpecY (A)×Y T ∗

XY ⊂ SpecY (A)×Y X ×Y T ∗
Y Y.

By pullback along a solution ϕ, we get the classical non-characteristic condition for the
linearization of the given partial differential system Tℓ

A,ϕ.

2.3 The Cauchy problem in the smooth case

Let f : X → Y be a smooth morphism (submersion). Since the Cauchy problem is a local
question, we may assume that f is the natural projection f : X = Y × Z → Y from a
product space. The pullback functor f ∗

D is exact.
Recall that coherent D-modules have a perfect resolution. Their derived analogs are

given by compact objects in the category of D-modules, that are given by complexes
with bounded coherent cohomology. A possible nonlinear analog of coherent D-modules
is given by D-algebras that are homotopy finitely presented, i.e., compact objects in the
homotopy category of dg-D-algebras. These are given1 by dg-D-algebras that are retracts
of cellular objects (see [TV07], Definition 2.1 and Proposition 2.2) whose building blocks
are of the form SymO(E) for E a compact D-module.

In the case of such a homotopy finitely presented algebra A, showing that the natural
map

ν : f−1
RMapD−alg(A,OX) → RMapD−alg(A,OY )

is an isomorphism reduces to showing that it is an isomorphism when A is a free D-algebra
on a given coherent D-module. The result then reduces to the linear case of a coherent
D-module, that reduces to the free case (by using a free resolution locally), that is a
particular case of the relative de Rham theorem (see [Sch13], proof of Theorem 2.4.1).

1This result was explained to the Author by Bertrand Toën.
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2.4 About the relatively algebraic non-characteristic derived Cauchy

problem

The argument for the non-characteristic Cauchy problem should be the same as the one
used in the linear case (see [Sch13], Theorem 2.4.1): one writes the morphism as a com-
position of a closed (graph) immersion and a smooth (projection) morphism. The case of
a closed immersion remains open because its treatment is more complicated than in the
linear case.

The main point here is to be able to make the “ homotopy dévissage” of the given
non-linear system in linear ones (a homotopy finitely presented D-algebra admits such a
dévissage in terms of symmetric algebras of linear systems) compatible to the “homotopy
dévissage” of the corresponding characteristic varieties.

We thus formulate it as a conjecture.

Conjecture 1 (Relatively algebraic non-characteristic derived Cauchy problem). Let f :
Y → X be a morphism of complex manifolds and suppose that A is a derived DY -algebra
that is homotopy finitely presented and non-characteristic for f . Then the natural map

ν : f−1
RMapD−alg(A,OX) → RMapD−alg(f

∗
DA,OY )

is an isomorphism.

In the simplest case of the symetric algebra A = Sym(M) of a compact complex of
D-modules, the tangent complex T

ℓ
A is naturally identified with A⊗O M, and the non-

characteristic condition is equivalent to the classical one, and one can thus conclude using
Kashiwara’s result.

2.5 The cellular devissage of the derived Cauchy problem

In the more general case of a homotopy finitely presented D-algebra A, that is a retract of
a cellular algebra A0 = O → A1 → · · · → An = A, where there is, for each i, a homotopy
cocartesian square

Ai
// Ai+1

Sym(Mi)

OO

// Sym(Mi+1)

OO

with Mi a compact complex of D-modules, given by a complex with bounded coherent
cohomology, and Sym(Mi) → Sym(Mi+1) a cofibration.

These diagrams give cartesian diagrams

f−1RMapD−alg(Ai,OX)

��

f−1RMapD−alg(Ai+1,OX)oo

��
f−1RMapD−alg(Sym(Mi),OX) f−1RMapD−alg(Sym(Mi+1),OX)oo
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and
RMapD−alg(f

∗
DAi,OY )

��

RMapD−alg(f
∗
DAi+1,OY )oo

��
RMapD−alg(f

∗
DSym(Mi),OY ) RMapD−alg(f

∗
DSym(Mi+1),OY )oo

and a natural morphism ν between them.
If ν is an isomorphism at the level of the symmetric algebras, one shows by induction

on i that it must be an isomorphism at the level of the cells Ai. So it remains to show
that one may apply Kashiwara’s result, i.e., that the given D-modules Mi may be chosen
so that the morphism f is non-characteristic for them.

3 The derived analytic Cauchy problem

It is possible to give another derived generalization of the nonlinear Cauchy problem to
the non relatively algebraic situation where the function F of the Cauchy problem

∂m
t u = F (t, x, u, ∂α

x∂
i
tu), ∂

k
t u|t=0 = ϕk, k = 0, . . . , m− 1

is only analytic, using Porta’s approach [Por14] to derived analytic geometry. This may
be done using the geometric formulation of nonlinear partial differential systems, through
the use of Simpson’s de Rham spaces.

3.1 Recollection about derived analytic geometry

For the convenience of the reader, we recall from [Por17], Section 2, some basic definitions
of derived analytic geometry (see also [Por14]).

Definition 3. Let Tan be the category whose objects are Stein open subsets of Cn and
whose morphisms are holomorphic functions, and let τan be the analytic topology on it.
A morphism in Tan is called admissible if it is an open immersion.

Definition 4. Let X be an ∞-topos. An analytic ring in T is a functor

O : Tan → X

such that O commutes with products and pullbacks along admissible morphisms, and O
takes τan-covers to effective epimorphisms in X . A morphism f : O → O′ of analytic
rings is said to be local if for every admissible morphism ϕ : U → V in Tan, the square

O(U) //

��

O(V )

��
O′(U) // O′(V )

is a pullback square. A pair (X ,O) is called an analytically structured ∞-topos.
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The main example of analytically structured ∞-topos is given by the following.

Example 1. Let X be a C-analytic space and X top be the underlying topological space of
X. Let X = Sh(X top) be the ∞-topos of sheaves on X top. One defines an analytic ring

O : Tan → X

by sending U ∈ Tan to the sheaf O(U) on X top defined by

O(U)(V ) = HomAn(V, U).

Remark that this structure gives back the usual structure sheaf of X simply by evaluation
of O at the analytic affine line U = A1.

Definition 5. A derived C-analytic space is an analytically structure ∞-topos (X ,OX)
such that

1. locally on X , (X , π0(OX)) is equivalent to a structured topos arising in Example 1;

2. the sheaves πi(OX(A
1)) are coherent as sheaves of π0(OX(A

1))-modules.

We denote dAnC the category of derived analytic spaces with local morphisms between
them. A derived C-analytic space is called Stein if (X , π0(OX)) is a Stein analytic space.
We denote by dStnC the ∞-category of derived Stein spaces. The category of derived
analytic stacks is defined as

dAnStC := ShS(dStnC, τan).

There is a natural embedding

dAnC → dAnStC.

3.2 The de Rham stack and geometry of derived nonlinear PDEs

We recall from Porta’s paper [Por17], Section 3, the definition of the de Rham stack.

Definition 6. The de Rham functor

(−)dR : dAnStC → dAnStC

is defined, for U ∈ dStnC by

XdR(U) := X(t0(U)red)

where t0(U) denote the classical truncation of a derived analytic space U and Vred denotes
the reduced analytic space associated to a given (classical) analytic space V . There is a
natural projection map

p : X → XdR

induced by the natural map
t0(U)red → U.
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Definition 7. Let X ∈ dAnStC be a derived analytic stack. The right adjoint p∗ to the
inverse image functor p∗ : dAnStC/XdR → dAnStC/X is denoted

JetX : dAnStC/X → dAnStC/XdR

and called the X-Jet functor. A derived nonlinear partial differential system on the
sections of a morphism E → X of derived analytic stacks is a subspace Z of JetXE
defined over XdR.

Remark 1. It is a classical result that if X ∈ AnC is a smooth complex analytic space,
then an O-module over XdR is the same as a DX -module. This result will be useful for
the study of the characteristic variety of derived analytic nonlinear partial differential
systems.

The non-linear analog of the derived solution space RHomD(M,O) of a D-module M
is given by the derived solution space

RMapXdR
(XdR, Z)

of an XdR-stack Z. By replacing XdR on the left by an arbitrary XdR-stack, we get the
derived solution space

RMapXdR
(Z ′, Z)

for the nonlinear partial differential system Z with values in Z ′.

3.3 The classical Cauchy problem and geometry of PDEs

By translating what we did on the formulation of the relatively algebraic Cauchy problem
in geometric terms, we get a natural formulation of the derived analytic Cauchy problem.

Definition 8. Let Y be a derived analytic stack. Two derived YdR-spaces Z and Z ′ and
a morphism f : X → Y of complex analytic manifolds are said to satisfy the derived
Cauchy condition if the natural morphism

ν : f−1
RMapYdR

(Z ′, Z) −→ RMapXdR
(f ∗

dRZ
′, f ∗

dRZ)

is an isomorphism of sheaves over Y , where fdR : XdR → YdR is the natural morphism
between analytic de Rham spaces.

As before, one may show that if Z is the solution space of the equation

∂m
t u = F (t, x, u, ∂α

x∂
i
tu), ∂

k
t u|t=0 = ϕk, k = 0, . . . , m− 1

and Z ′ = YdR, the validity of the above result (at the level of π0) is equivalent to the
usual Cauchy-Kowalevskaya theorem, that is known to be true, even if F is an analytic
function.
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3.4 Characteristic variety of a derived nonlinear PDE

A definition of the characteristic variety of a nonlinear PDE was proposed by Baechtold
in [Bae09] in a non-derived setting. We propose here another construction that is better
adapted to the derived situation.

Let Y be a smooth analytic space and p : Y → YdR be the natural projection. Let Z
be a derived space over YdR. Its relative cotangent complex gives an O-module LZ over
Z relative to YdR. Let q : p∗Z → Y be the natural projection and denote A := q∗Op∗Z .
The pullback of LZ along p : Y → YdR gives an A[D]-module over the space Y . If we
make the necessary hypothesis that this module is perfect, we may take its left dual to get
another A[D]-module Tℓ

Z called the tangent complex of the derived space. By pullback
and tensorization, we may extend this to an A[EY ]-module over p∗Z×Y T

∗Y . The support
of this module will be called the characteristic variety of Z and denoted Char(Z).

For f : X → Y a morphism, we have a cartesian diagram

p∗Z ×Y T ∗X

��

p∗Z ×Y X ×Y T ∗Y
fdoo fπ //

π

��

p∗Z ×Y T ∗Y

��
X X

idXoo f // Y

and we may say f is non-characteristic for Z if

f−1
π (Char(Z)) ∩ p∗Z ×Y T ∗

XY ⊂ p∗Z ×Y X ×Y T ∗
Y Y.

3.5 About the non-characteristic derived Cauchy problem

We propose here a general formulation of the nonlinear derived Cauchy-Kowalevskaya-
Kashiwara problem.

Conjecture 2 (Analytic non-characteristic derived Cauchy problem). Let f : Y → X
be a morphism of complex manifolds and suppose that Z is a derived YdR-stack that is
homotopy finitely presented and non-characteristic for f . Then the natural map

ν : f−1
RMapYdR

(YdR, Z) −→ RMapXdR
(XdR, f

∗
dRZ)

is an isomorphism of sheaves of spaces over Y .

It is possible that a proper definition of “homotopy finitely presented stack” for the
above conjecture to be true involves the use of a grothendieck topology analogous to
Tate’s Grothendieck topology (see [Bam14]) in the definition of derived analytic stacks,
because it has better finiteness properties than the usual complex analytic topology (it
is moderate in Grothendieck’s sense, and the associated topos is locally a quasi-compact
topological space).
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