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Abstract

The aim of this article is twofold. First, we develop the notion of a Banach
halo, similar to that of a Banach ring, except that the usual triangular inequality is
replaced by the inequality

la+b|r < [[(lal g, [blr)llp
involving the /P-norm for some p €]0, +oc], or by the inequality
la + b|gr < C'max(|a|gr,|b|r)

for C' € R% . This allows us to put on Banach halos a natural R -flow, and to propose
a setting for normed algebra over bases such as (Z, |-|2,) where |-|% is the square of
the usual archimedean norm. Then we define and study the groups SIso(C, o, || - ||)
of short isometries of normed involutive coalgebras over a base commutative Banach
halo R. An aim of this theory is to define a representable group K,, C GL, over
Z whose points with values in R give O, (R), and whose points with values in Q,
give GL,,(Z,), giving to the classical analogy between these two groups a kind of
geometric explanation. ' 2
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1 Introduction

A classical leitmotiv of analytic number theory, following Tate’s thesis [Tat67], is to treat
all places of a number field on equal footing, using adelic methods. Another possible way
to interpret this idea, is to try to develop normed algebra and global analytic geometry
(see [Ber90], [Poi07]) in a setting where one can define a natural R -flow on Banach rings

by setting

or(R. | [r) = (R,]" ).

We propose here a table of analogies between geometry over C, over a finite field F,, and
arithmetic geometry (D denotes a disc), to show the importance of this flow in analytic

geometry:
Geometry Over C Over I, Arithmetic
Ring Cl7] F,[t] Z
Origin (2) (t) (p)
Unit “disc” D(z=0,1)¢c = D(t=0,1)g, = D(p=0,1)z =
centered at the origin {zeC||z| <1} MEL[t], |- |triv) M(Z, |+ |trivw)
“Disc” of radius p D(z=0,p)c = D(t =0,p)r, D(p=0,p)z
centered at the origin {zeC||z| <p} ME,[t], |- |ep) M(Z, | |)
Affine space AZ™ = M(C[z]) =C = A%F’pa" = M(F,[t]) = M(Z) =
Use[o o) D(t = Ovp)i;p Use[O,oo) D(p=0,p)3,
Compactification IP’(lc’“" = CP! = ]P’]IF’:” = M(Z) =
Ag™ U {o0} Ag™" U {00} M(Z) U {o0}?
Symmetries GL, ¢ GL,F, GL,.(Z) N O,(R)

The usual triangular inequality

|a+b|R S ‘CL|R—|— ‘b|R

is not stable by this flow on multiplicative semi-norms because (for example) the square
| - |2, of the archimedean absolute value on Z doesn’t fulfill it. A possible solution to this
problem, proposed by Artin in [Art67] is to use the generalized triangular inequality

la + b|r < C - max(|a|g, |b|r)

for some C' > 1. Developing normed algebra directly in this setting give quite different
notions of what one usually gets when the usual triangular inequality is fulfilled. We
propose here to also use the family of /P-norm triangular inequalities

la+0[r < [[(|a]g, [b]r)l|,,

for varying p €]0, +-00] because it is also indeed stable by the above R -flow.
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We thus define analogs of Banach rings in those two settings, called respectively short
and Lipschitz Banach halos, and develop in Chapter 2 the basics of normed algebra over
Banach halos. An interesting property of this setting is that there is a natural embedding
of Banach halos in the category of monads on normed sets, that is compatible with
the natural R* -flows on both categories. In Chapter 3, we study the groups of short
involutions of Banach coalgebras with involutions and show that under some natural
finiteness hypothesis, they are representable. We finish by applying this to the definition
and study of the subgroups of short isometries of various classical groups over (Z, | - |~)-

2 Banach halos and their modules

2.1 Normed sets and semi-normed abelian groups

We denote R} = [0, +oo[ and R =]0, +-00[. Recall from [Paul4] the following definition
and results.

Definition 1. A normed set is a pair (X, |- |x) composed of a set X and a map |- |y :
X —>Ry. Amap f:(X,|-|x) = (Y,|-|y) between two normed sets is called

1. a Lipschitz map if there exists C' > 0 with |f(z)]y < C - |z|x for every z € X.

2. a short map if |f(z)|y < |z|x for every x € X i.e., if it is Lipschitz with constant
C=1

We denote NSETSg the category of normed sets with short maps, and NSETSLipschitz
the category of normed sets and Lipschitz maps.

The category NSETSgno is complete and cocomplete, but the category NSETSyipschitz
is not. However, it will be useful for some purposes.

Proposition 1. There is a natural multiplicative symmetric monoidal structure on normed
sets given by setting (X, |- |x) @™ (Y,|-|y) to be X x Y with the norm given by

(2, ) xemy = |2|x - |y]y.

The internal homomorphism object for this monoidal structure on NSETSgnor 1S given by
the set

Hom(X,Y) :={f: X =Y, 3C >0, |f(2)|y < Clz|x forallx € X}
of Lipschitz maps with the operator norm given by

| fIl :=inf{C >0, ;|f(z)|y <Clz|x for allx € X}.
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For each p €]0,+0o0], there is a symmetric monoidal structure ®F on normed sets given
by setting (X, |- |x) @ (Y,|-|y) to be X x Y with the norm given by

(@, y)xery = [|(|2]x; [yl)llp = {/ 2% + [yl

(7, y)xe=y = [[(I7]x; [y[y)llec = max(|z|x, y[y).

if p < 400 and

The symmetric monoidal structures give variations of norms of the direct product of
copies of a normed set. Since we will use them later, we prepare the convention here.

Definition 2. Let X be a normed set with the underlying set Xy, n € N\ {0}, and
p € [1,00]. We denote by || - ||xp: X& — [0, 00| the norm of X",

There is a natural R -flow on normed sets given by
or(X, |- Ix) = (X, |- %)

and it acts on both categories NSETSgpot and NSETSpipschitz and stabilizes ®™ and @,
but modifies P.

Since /P norms will play an important role in this text, we recall here the following
classical result, for the reader’s convenience.

Lemma 1. Let 0 < g < p < oo. There is a natural short inclusion
(N,Ry) C P(N,RY).

Proof. Suppose given a sequence x = (xy)gen € (4(N, R, ). We want to prove the inequal-

1ty
[zl < [lllg-

If z =0, it is clear. Suppose = # 0. Suppose first that p < co. We have

|
[l ~
so that
|zil” |z |?
lzll> ~ flzllz’

for any k € N, and summing over k gives

l=ll5 _ Nl

Al Tl

This implies

][5 < ll=[I3
and the desired inequality follows by taking ¢-th roots. If p = oo, the inequality is also
clear. ]



Definition 3. A short semi-norm on an abelian group A is a norm |- |4 : A — R, on
the underlying set of A such that |0]4 = 0 and there exists p €]0, +oco] such that the
p-triangular inequality
@ = bla < [|(lala; [b[a) I,
is fulfilled for every (a,b) € A%. A Lipschitz semi-norm on an abelian group A is a norm
|- ]a: A — Ry such that |04 = 0 and there exists C' € R* such that the substraction
map is C-Lipschitz, i.e.,
la —bla < C-max(|al, |b]).

A Lipschitz semi-normed abelian group is thus an abelian group object in the cartesian
monoidal category (NSETSpipschitz, ), and a short semi-normed abelian group is an
abelian group object in one of the monoidal categories (NSETSgport, BF).

Remark 1. If | - | 4 is a semi-norm on an abelian group A, there is a maximal p €]0, +oc]
such that

@ = bla < |[(lala; [b[a)]l,
for every (a,b) € A?. We will denote it p’y**.

To every semi-normed abelian group (A, |- [4) one may associate the corresponding
completion (A, |- |4), defined in the usual way as the quotient of Cauchy sequences by
sequences with limit 0, equipped with the quotient norm, defined by

|(an)| 4 = lim |ay|a.
n—0o0

A semi-normed abelian group is called a Banach abelian group if the natural morphism
(A1) = (A1)

is both a (short or Lipschitz) isomorphism of normed sets and of abelian groups. This is
equivalent to having the fact that every Cauchy sequence in (A, |- |4) converges.

2.2 Banach halos

A Banach halo is a ring that is a Banach abelian group with a sub-multiplicative semi-
norm. More precisely, a short Banach halo is a ring object in the bimonoidal category
(NSETSghort, @™, @) for some p €]0, +oc], and a Lipschitz Banach halo is a ring object
in the bimonoidal category (NSETSLipschitz, ", ®>°). Let us write all this explicitely.

Definition 4. A short Banach halo is a triad (R, |- |gr, pr) composed of a ring R, a map
|- |r: R — Ry, and a constant pg €]0, +00] satisfying the following:

1. |1|g = 1 unless R = {0}.
2. For any f € R,|f|gr =0 if and only if f = 0.
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3. Forany f,g € R, |f —g|lr < |(|f|r:19]8)|lpx-
4. For any f,g € R, |fg9|r < |f|r"|9|r

5. The semi-normed abelian group (R, |- |g) is complete.

For a p = (C, D) €]0, oc]?, we denote by || - ||, the seminorm on R? defined by

@, )llp = € - max(f], [y))

for (z,y) € R% Although the convention redundantly refers to the unused datum D, using
the same convention as in the short setting allows us to make parallel arguments. We
note that we do not introduce a notation like || - || x, for a normed set X, because it leads
confusion due to the fact that the £°*°-norm rescaled by C' does not give an appropriate
norm for a direct sum of modules with suitable norms introduced in §2.3.3.

Definition 5. A Lipschitz Banach halo is a triad (R, |- |r, pr) composed of a ring R, a
map |- |gr: R — Ry, and a pair pgp = (Cg, Dg) of two constants Cr > 0 and Dg > 0
satisfying the following:

1. |1|g = 1 unless R = {0}.

\)

. Forany f € R,|f|r =0 if and only if f = 0.

w

. Forany f,ge R, |f —glr < [[(|f|r, |9|r)|lps-
4. For any f,g € R,|fglr < Dr-|f|r"|9|r

5. The semi-normed abelian group (R, |- |g) is complete.

We equip [0, oo]? with the direct product order of the opposite order of the usual order.
Namely, p; < py holds for a p; = (C1, Dy) € [0,00]? and a py = (Co, Dy) € [0, 00]? if and
only if Cy, < C7 and Dy < Dy.

Let 3 denote either “short” or “Lipschitz”. A 3 morphism (R, |- |r,,Pr,) = (R2,| -
|R,s PR,) between 3 Banach halos is a 3 ring homomorphism (Ry, | |g,) — (R2,]| - |r,)
with pr, < pr,.

For a short Banach halo (R, |- |g,pr), we denote by Lip(R,| - |r,pr) the triad (R, |-

IR, (2$, 1)), which forms a Lipschitz Banach halo because

()l < (2 max(r?®, 5"))n = 275 - max(r, s) = [(r. )] ot

for any (r,s) € [0,00[%2. Then Lip is a functor from the category of short Banach halos
and short morphisms to the category of Lipschitz Banach halos and Lipschitz morphisms.
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Definition 6. A X Banach halo is called commutative if the underlying ring is commu-
tative. An algebra over a Y Banach halo R is a ¥ morphism R — A between ¥ Banach
halos.

One motivation for introducing Banach halos is that they give a replacement of the
notion of Banach ring that is stable by the natural R* -flow on normed sets. Indeed, one
may define such a flow on the category of short Banach halos by the formula

o1(A) == (A, - [4,pa/t)
and on the category of Lipschitz Banach halos by the formula
at<A) = (A7 ‘ ' |an (Cféb DAtA))

This flow is already well understood in the non-archimedean context, and the notion of
Banach halo allows its extension to the archimedean context, because for example

02(27 | : |007 1) = <Z7 | : iov 1/2)

is not a Banach ring but is a Banach halo.
The Lipschitz case was already known to Artin, and the short case allows an easier
treatment of convergent series.

Example 1. We now give various examples of short Banach halos.

1. Let (R,|-|r) be a Banach ring in the usual sense. Then (R, ||, 1) is a short Banach
halo.

2. For example, suppose n > 1 and equip V = Z" with the ¢? norm on (Z, |- |+ ). Then
the algebra End(V') of Z-linear endomorphisms of Z with its operator norm and with

constant 1 is a non-commutative short Banach halo (see the proof of Proposition
5).

3. Let (R,|-|r,pr) be a short Banach halo. Then there is a maximal p > pg such that
(R,| - |g,p) is a short Banach halo, denoted p®* and there is a natural morphism

(defined using Lemma 1)

<R7 | ' |Rva) - (Rv‘ ’ ‘Rapgam>'

A short Banach halo of this form is called a maximal halo.

4. For example, the commutative short Banach halos (Z, | - |, 1), (Z,] - |0, 00), (Zy, | -
|p,00) and (Z,] - |2, 1/2) are all maximal.

5. There is no initial commutative short Banach halo. Indeed, the underlying ring
would be Z and the norm on it should be the limit of all norms | - |, for ¢ going
to oo, that is not well defined. This problem may be solved by working with pro-
Banach halos (or ind-Banach halos).



2.3 Banach modules

In this Subsection, > denotes either of the words “short” or “Lipschitz”.

2.3.1 Definitions

Modules over Banach halos are essentially modules in the bimonoidal categories (NSETSgport, @™, BF)
and (NSETSLipschitz; @™, ©>°) with bounded constants.

Definition 7. A module over a short Banach halo (R, |- |, pr) is a triad (M, |- |ar, par) of
an R-module M, a map |- |y : M — Ry and a constant py; €]0, +00] such that py; > pr
and satisfying the following:

1. For any m € M, |m|y = 0 if and only if m = 0.

2. For any m,n € M, |m — n|y < |[(Im]ar; [n]ar) llp,

3. Forany f € Rand m € M, |fm|ym < |f|r-|m|m

4. The semi-normed abelian group (M, | - |y/) is complete.
A morphisms f : M; — M5 between modules M; and M; over R is a short R-linear map
with par, < pu,. We denote MODp, the category whose objects are R-modules and whose
morphisms are short morphisms.
Definition 8. A module over a Lipschitz Banach halo (R, |- |r,pr) with pg = (Cg, Dg)
is a triad (M, |- |ar, par) of an R-module M, a map |- |y : M — R, and a pair py =
(Car, Dyyr) €]0,00]? of two constants Cyy and Dy, such that py; > pr and satisfying the
following:

1. For any m € M, |m|y = 0 if and only if m = 0.

2. For any m,n € M, |m —n|y < |[(Im]ar; [n]ar) llp,

3. Forany f € Rand m € M,|fm|y < Dy |f|r - |m|m

4. The semi-normed abelian group (M, | - |5s) is complete.
A Lipschitz (resp. short) morphisms f : M; — M, between Lipschitz modules M; and
M, over R is a Lipschitz (resp. short) R-linear map with py, < pa,. We denote MODg

the category whose objects are Lischitz R-modules and whose morphisms are Lipschitz
morphisms and SMODg the category with the same objects and short morphisms.
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For a module (M,| - |a, pa) over a short Banach halo (R,| - |g,pr), we denote by

Lip(M,| - |a,par) the triad (M, | - |, (Qﬁ, 1)), which forms a Lipschitz module over
Lip(R,| - |r, pr) because

m = nla < l(mlar, [lan)llpy < (2max(mfy, nffy))r

1
= 2»m max(|mly, [n|ar) = [[(|m]ar, |n|M)||(2ﬁ71)'

Then Lip is a functor from the category of short modules over (R, |- |g,pr) and short
morphisms to the category of Lipschitz modukes over Lip(R, |- |g, pr) and Lipschitz mor-
phisms.

Definition 9. For p > pg, and R a short or a Lipschitz Banach halo, we denote Mob%,
(resp. SMoD%,) the subcategory of MODp (resp. SMODg) whose objects are modules M
with py > p.

2.3.2 Endomorphism rings

Let ¥ denote either “short” or “Lipschitz”. Let R be a ¥ Banach halo with the underlying
ring Ry, and M an R-module. We denote by Endg(M) C Hom(M, M) the Ry-algebra of
Lipschitz Ry-linear endomorphisms of M, equip it with the norm | - [gna, ) the operator
norm | - |,, in the case where X is “short” and the rescaled operator norm Dj/'| - |,, in the
case where X is “Lipschitz”, and with the constant pgna, ) = par-

Proposition 2. The triad (Endg(M), | - [Endp(a)s PEndg(a)) forms an R-algebra, and M
forms a module over it.

Proof. The only non-trivial condition is the triangular inequality. Let f,g € Endg(M).
If 3 is “short”, then for any m € M, we have

((f =g)mlu = [fm—gmlu < |[([fmlar [gm|a) o
< |[([flop [mlar; [glop [mlar) lpas
||(|f|EndR(M)7 |g|EndR(M))||pM |m|M

- H(|f‘EndR(M)7 |g‘EndR(M)>HpEndR(JVI) |m‘M7

and hence ‘f - g|EHdR(M) = |f - g‘Op < ”(‘f|EndR(M)7 ‘g|EHdR(M))”pEndR(]M)' If ¥ is “Lips-
chitz”, then for any m € M, we have

((f =g)mlu = [fm—gmlu < |[([fmlar [gm|a)llp
< [ flop Imlar;1glop [m2lar)par
DM||(|f|EHdR(M)> |g|EHdR(M))||pM |m|M

= DMH(|f‘EndR(M)7 |g‘EndR(M)>HpEndR(JVI) |m‘M7

and hence |f - g|EHdR(M) = D]Td1|f - g‘Op < ”(‘f|EndR(M)7 ‘g|EndR(M))”pEndR(]M)' O

10



2.3.3 Direct sums

Let R be a short Banach halo, and (M;);e; a family of short modules over R. For each i €
I, we denote by M; the underlying Abelian group of M;. For an m = (m;)ier € B,c; M,

and a p € [pr, 00|, we put |[|m||;, = c/ > icr Imily, . We introduce a Lipschitz counterpart

of || - ||7,- For this purpose, we introduce convention for binary trees.

Let S be a set. We denote by BTs the set of finite binary trees whose leaves are
coloured by S, i.e. the set defined in the following recursive way:

(i) S x {0} C BTs.
(ii) BTZ C BTs.

For a t € BTg, we denote by leaves(t) the set of leaves of ¢, i.e. the set defined in the
following recursive way:

(i) If t = (s5,0) € S x {0}, then leaves(t) = {s}.
(ii) If t = (to,t1) € BTZ, then leaves(t) = |J;_, leaves(t;) x {i}.

For a t € BTg, we denote by col(t) the colouring of ¢, i.e. the map leaves(t) — S defined
in the following recursive way:

(i) If t = (5,0) € S x {0}, then col(t) is the inclusion leaves(t) = {s} — 5,
(ii) If ¢ = (to,t1) € BTZ, then col(t) assigns col(t;)(x) € S to each (z,7) € leaves(t).

For a map f: Sy — 51 and t € BTg,, we denote by f ot € BTg, the replacement of the
colouring of ¢t by the composition of f.

Let C' € [0,00[. For at € BTy, we define ||t]|c € [0,00[ in the following recursive
way:

(i) It = (s,0) € [0,00[x{0}, then [[t||c = s,
(i) If t = (to,t1) € BTZ, then ||t||c = C - max(||to]|c, ||t1]lc)-

Let R be a Lispchitz Banach halo, and (M;);c; a family of Lipschitz modules over R. For
each i € I, we denote by M, the underlying Abelian group of M;, and by X the normed set
|l;c; M; regarded as a subset of @, ; M;. For an m € @,.; M; and a C €]0, oo[, we put
BT (m) == {t € BTx | 3_, cieaves(ry COLt) (x) = m}, and [|m||1.c == infieprm) ||| - [x o tllc €

[0, 00[. For a p=(C,D) €]0,00]?, we put || - |l7, =1 ll1.c-
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Ezample 2. If the direct sum is of the form M; &M, with I = {1,2} and C' = inf(C\y,, Chy,),
then the Lipschitz norm is given by

1(0,0)|l7,c =0

[(m1,0)[[1.c = [malar,

[0, m2)[|1.c = [ma|a,

[ (m1, ma)||lrc =

( Cmax(|ma|a,, [malan),
inf{C max(Cmax(|mi 1|, [malan), Imialan) | (may)ie; € X},
inf{C max(Cmax(|mi|as, [mai|amn), Imealas) | (me;)io; € Xoa},

inf {Cmax(C max(C max(|my1|an, [mai|asn), [Mazla), mazlan)
(mi )7 j=1€X1,2X X2,2

inf {Cmax(C max(C max(|my1|an, [mai|an), [mizlan ), Imeslan) }
(ml”j)?’jzle)(lﬂ x X229

inf {Cmax(Cmax(|my1|ar, [mai|a), Cmax(|mia|an ), [mazlan))}
(ml”j)?’jzle)(lﬂ x X292

inf

L

for an (my, my) € (M; \ {0}) x (M \ {0}), where

Xin = {(mi,j)?l SV

n
mi = E M, j
j=1

for each 7 € I and n € N. More explicitely, if M} = My = Z with C' = 2 and the usual
archimedean norm | - |, on Z, then we get

126 2|72 = 2 - max(|2]o, [2|0c) = 4.

Indeed, the expression
202=02d0)+(0®2)

is the only expression of 262 as a binary sum of elements in the subset (Z&{0})U({0}BZ).
Therefore all other sum expression of 2 & 2 are at least 3-ary sums. Then the value
associated to those sum expression is at least C? x 1 = 4, because the norm of non-zero
elements of is at least 1. This proves that the norm of 2 ¢ 2 is 4.

Let R be a ¥ Banach halo, and let (M;);c; a family of ¥ modules over R. For each
1 € I, we denote by M, the underlying Abelian group of M;. When ¥ is “short”, we put
p = sup;c; pa;- When X is “Lipschitz”, we put p := (inf;e; Cyy,, infie; Day,). We have
introduced a seminorm || - ||z, on &@,.; M;, and denote by €,.; M; its completion with
respect to || - |1,

Proposition 3. The above constructed sum €, ; M; satisfies the universality of the col-
imit of (M;);er in the category SMODg of ¥ modules over R and short morphisms.
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Here, the reader should be careful that we are considering short morphisms even when
> is “Lipschitz”.

2.3.4 Free modules

Let ¥ denote either “short” or “Lipschitz”. For a normed set X, we denote by (P2(X, R)
the ¥ module P, , R|z[x, where Rr for an r €]0, cc] is the regular ¥ module over R
whose norm is rescaled by r. We give another description of /?%( X, R) as a completion of
R™) in order to make its universality clearer.

Let ¥ denote either “short” or “Lipschitz”. When ¥ is “short”, for a p €]0, o], we
denote by | - |x, the seminorm on R™) given by

1> aafa}np = N(aelr - |2]x)llp,

When ¥ is “Lipschitz”, for a p = (C, D) €]0, c0]?, we denote by | - |x, the seminorm on
R™) given by

1> au{a}lxy = inf{r € [0,00[ Vt € BT((ax)sex), Il - Iy o tlle < 7},

where Y denotes | |,y R|z|x and Rr for an r € [0, 00| denotes the seminormed Abelian
group given as the regular Lipdchitz module over R rescaled by r. In both cases, (P2( X, R)
is naturally identified with the completion of the free module R™) with respect to |- | X,pa-

Proposition 4. Let R be a 32 Banach halo. Then the forgetful functor MODg — NSETSy,
has a left adjoint functor given by X — (PE(X, R).

Proof. Denote for simplicity p = pgr. The norm | - |, fulfills the p-triangular inequality.
Indeed, let (a,b) € R™) witha =", _ya{z} and b= _ b.{z}. If ¥ is “short”, then
we have

|+ blxp [(laz + be|r - |2 x )aex|lp

IClICae ] [0zl R - [2]x)eex s

= of D aalfy + balR) - Jalk

IN

reX
= O laalf - ) + O bal - l2l%)
reX zeX

= ll(lalxp, [blxp)llp-

If ¥ is “Lipschitz”, then for any t = (to,t1) € BT ((ay)zex) X BT ((by)zex), we have
t € BT ((az + bs)zex) and

Il Iy otlle < Cmax([|[ - [y o tolle; [I| - |y o tallo) < Cmax(falxp, [b]x,)

= [(lalxp, [blxp)llp,

13



where Y denotes | |, R|z|x as above. We already know that X — RYX) is a left adjoint
in the algebraic setting. Suppose given an R-module M with py, > p and a X map
i: X — M. Then we may extend i by linearity to 7 : R*) — M, and we have

[1(Fsex a{z})]

= [2rex ()], < (laelr - [i(z)[a)zexlpu
< [l(aelr - lilop - [2[x)zexllps < lilopll(laz]r - |2[x)rex]lp

by Lemma 1 because p < py;. This shows that i extends to the completion into a %
morphism

("(X,R) — M,

that is a morphism of modules if we further set ps(x ry := p = pr. Since the restriction
of the obtained map to X gives the original map, we have obtained a bijection

HomMODR((EpR(Xa R)7 | : |pRapR)7 (M7 | : |M7pM)) ;) HomNSETSE(Xa M)

We will need an improvement of the above result, whose proof is more technical.
First, let us prove a Lemma.

Lemma 2. Let R be a X Banach halo. Then if p > pg, there is an algebra R, that is
universal among algebras over R with constant greater than p.

Proof. Let (S,]-|s,p) be a triad of aring S, amap |-|s: S — R, and a p € (0, 00] (resp.
p = (C, D) € (0,00]?) satisfying the following:

(i) |1]s =1 (resp. > 0) unless S = {0}

(i) [fgls < |fls - lgls (resp.DIf[s - |gls) for any f,g €5

By the conditions, we have |1|g € {0,1} (resp. |1|s € (0,00)). We denote by |- |s, the
map

S — Ry

fo= inf{!\(lfi\s)?;ollln,p neN,(f)in es™ ) fi= f} :
=0

where n is regarded as a normed set {i € N | i < n} equipped with the norm given as
the constant map with value 1, the sum of the empty sequence in S ((f;)"; in the case
n = 0) is defined as 0 € S, and the ¢P-norm of the empty sequence in [0, 00) ((|f;|s)i; in
the case n = 0) is defined as 0 € [0, 00). Then the triad (S, |- |s,, p) satisfies the following
properties:

(i) |1|sp € {0,1} (resp. (0,00)).

14



(ii) |0]s, = 0.
(iif) For any f,g €5, [f = glsp < (|f]sp: |9]s.)llp-

(iv) Forany f,g €5, [fglsp < |flsplglsy (resp. D|flsplglsy):

The condition (ii) immediately follows from the definitions related to the empty sequence.
The condition (iii) follows from the definition of | - |g,, using the infimum. The condition
(i) follows from the condition (iv). We show the condition (iv). For simplicity, we only
consider the case where X is “short” because the computation is quite similar. By the
continuity of the multiplication on R, it suffices to show |fgls, < (|f|sp + €)(|g9]sp + €)
for any € € (0,00). By the definition of | f|s,, there exists an (f;);/, € S"/ with n; € N,
S fi=f,and 0 < ||[(Ifils)iZill, < (|f]sp + €). By the definition of |g|s,, there exists
2 (g%, € 5™ with ny € N, 50, g, = g and 0 < |(1g;]s)s s < (lglsn + ). By the
definition of |fg|s,, we have

ny ng
f9lsp = Zgj =D fig;
S,p =1 j5=1 S,p
nfg mng
< (1 figsls)il)j2lle = <ZZ|f,g]|”>
i=1 j=1

Sl

< (ZZIﬁ 591 ) =<Z|fi|§2|gjl’é>
<Z|g]|p> (1 fils)iZallpll (1951 5) 2 1l

= (é |f¢|’é>

< (flsp+e)lglsp +€)-

B =

Therefore the condition (iv) holds.

We denote by R, the completion of R with respect to the uniform structure associated
to | - |ryp, i-e. the uniform structure generated by the basis {{(f,g) € R* | |f — glr,p <
€} | e € (0,00)}. Since | - |ry satisfies the conditions (i) — (iv), its extension | - |z, to R,
also satisfies the conditions, and (R, |- |r)p := (Rp, |- |r,,p) forms a Banach halo.

In addition, if (R,| - |g,¢) forms a Banach halo for a ¢ < p, then (R, |- |g), forms an
(R, |- |r, q)-algebra, which is universal in (R, ||, ¢)-algebras whose constants are greater
than or equal to p. O

Proposition 5. Let R be a ¥ Banach halo. For p > pg, the forgetful functor SMoDY, —
NSETSy, has a left adjoint.

15



Proof. Let X = (X,]|-|x) be a normed set. We need to construct the free p-normed
module on X. For this purpose, we will use Lemma 2 to enlarge pg.

We recall that P2(X, R) the R-module is naturally identified with the completion of
the free module R¥) on the underlying ring of R with respect to the uniform structure
associated to || - ||xp,. For any p > pg, we denote by Resg"ﬁp(X, R,) the restriction
of scalar of the R,-module ¢?(X, R,) by the canonical homomorphism (R,| - |g,pr) —
(R,|-|r),. Here, the restriction of scalar works by Lemma 1.

We show that Resg” (?(—, R,) gives the left adjoint functor to the forgetful functor
SMob}, — NSETSs.

For this purpose, it suffices to show that for any normed set X, any ¥ R-module (M, | -
|ar, Par) With pas > p, and any short map ¢: X — M, the R-linear extension R(¥): R(X) —
M of ¢ uniquely extends to a short morphism Resg” ?(X,R,) — M of ¥ R-modules.
Indeed, when ¥ is “Lipschitz”, the extension property for a Lipschitz morphism follows
from that of a short morphism because the rescaling of a norm on X by a positive
real number is an isomorphism in NSETSpipschitz. When p = pgr, the assertion follows
from the natural isomorphisms R = R, and Resgpﬁp(){ ,R,) = (Pr(X, R). Therefore it
suffices to show that the ¥ R-module structure of M uniquely extends to a ¥ R,-module
structure, because then the R,-linear extension Rl(f): RZ(,X) — M of ¢ uniquely extends
to Resg”fp(X, R,).

By Lemma 1 and Proposition 2, (Endz(M), | - |gndn (), p) forms an R-algebra and M
forms a module over it. Therefore by the universality of R,, (Endg(M),| - [gndgr), )
forms an R,-algebra, and M forms an R,-module. O

There is a natural flow on monads on normed sets induced by the flow on normed sets,
and defined (Following Nikolai Durov) by

o X(X) = 0 X(01 4 X).

Another motivation underlying the definition of Banach halos is given by the following
result.

Corollary 1. There is a natural fully faithful functor

CBANHALOSy — MONADS(NSETSy)
A — AA

from commutative 3 Banach halos to monads on normed sets defined by
As(X) =P (X, A).

This functor is compatible with the R’ -flow.
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Proof. In the short situation, the functoriality in A follows from Lemma 1. Indeed, if
f: R — S is a morphism of Banach halos and > a,{z} € Ar(X), then we have

> Flaa){zHps = (£ (a0)ls-|2lx)exlps < I(aclr-2]x)eex]lps < [I(lazlr-[2]x)eex]lp

because pr < ps, so that f induces a short map Ar(X) — Ag(X). The same result is
also true in the Lipschitz setting. The full faithfulness of the functor follows from the
identification

Ar({11}) =R.

The fact that it is compatible with the flow, in the short setting, follows from p,,gr = pr/t
and from the equalities

|22 iz} po, e = N(laalr - [2]x)lp,,

_ (Z ‘am|ii§§ . ‘x|patR)1/potR t
1/pr
= ((Sauliyere - (alrmyrry )

1/t
= [(jaelr - |2[¥OIE,,

This compatibility with the flow is clear in the Lipschitz setting because the monoidal
structure @ on normed set is compatible with the flow. O

Let S be a Lipschitz Banach halo with the underlying ring Sy. It is notable that
the notion of the freeness of an R-module is strictly stronger than the freeness of the
underlying Sp-module even if it is of finite rank. For example, Lip(Z, |- |y, 00) is a Lip(Z, |-
|oo, 1)-module which is not free but whose underlying Z-module is a free Z-module of rank
1. Indeed, there exists no non-trivial Lipschitz Lip(Z,| - |, 1)-linear homomorphism
Lip(Z,| - |o,00) = Lip(Z,| - |s, 1). In order to avoid such a pathlogic setting, we give a
criterion for the boundedness of Sy-linear homomorphisms using || - |[s.« (cf. Definition
2).

Proposition 6. Let M and N be S-modules. Suppose that the underlying Sy-module of
M is a free So-module of rank n € N with an Sy-linear basis (e;)7_; € M™ and there exists
a C € [0,00[ such that for any (s;)i—, € S, (5))7=1lls.00 < C| 325, sj€jlar. Then every
So-linear homomorphism f : M — N 1is Lipschitz.

Proof. Put Cp = max_,|e;j|y €]0,00[ and Cy = max_,|f(e;)|n. For any (s;)}_, € Sg,

17



we have

n

> sifle))

j=1

f (Z Sj€j> < O [[(sif(e))i=ill oo
= Cx || Usif(ep)n)i=ill . < Cr T I(Dnlsslslf(e)In)i=i]
< CR'DnCr ||(Is5]9)7=1]| . = CR DGy || (s5)

=l
J=1118,00

< CR'DNCIC )Y sje
=1 o
This implies that f is of operator norm < C}\‘,_lDNCfC . O

2.4 Direct sums, tensor products and symmetric algebras
Let Y denote either “short” or “Lipschitz”.

Proposition 7. Let R be a ¥ Banach halo and fix p > pr. Let (M;)ier be a family
of modules over R such that sup,c;(pa,) = p. Then the coproduct of the family in both
SMob¥, and SMoODg, denoted @,., M; exists.

Proof. One may write the direct sum as a quotient

EBMi = Resg”fp (H Mi,Rp> / ~

iel iel
of the free p-normed module of Proposition 5 by the closure of the appropriate direct sum
relations. This will fulfill the desired universal property. O

Definition 10. Let (M;);c; be a finite ordered family of modules over a > Banach halo
R such that sup(pas,) = p. Then we define the tensor product ), ; M; as the quotient

® M; = Resgpgp(@)m,ielMiv Ry)/ ~
1€l
of the free p-module of Proposition 5 on the multiplicative tensor product of the underlying

normed sets by the appropriate bilinearity relations. The corresponding constant is fixed
to be p.

Proposition 8. Let (M;);cr be a finite ordered family of modules over a 3 Banach halo
R such that sup(pas,) = p. Then the tensor product ®;c;M; represents the functor

Multilin((M;);er, —) : MOD%, — NSETSy,

that sends a R-module M with ppr > p to the set of R-multilinear ¥ maps [ : Q@ icr M; —
M equipped with the operator norm.

18



Proof. This follows from Proposition 4 and the classical construction of tensor product of
modules on rings. O

Proposition 9. The forgetful functor F : CALGg — SMODg from commutative algebras
over R to the category of R-modules with short morphisms has a left adjoint called the
symmetric algebra functor and denoted M — Symz(M).

Proof. One may describe explicitely the symmetric algebra by

Sympg(M) = @ M®"/1.,

neN

where I, is the closed two sided ideal generated by commutators * ® y — y ® x in the
free associative algebra Tr(M) = @, .y M®" over R. This gives an adjoint because
it is a composition of two adjoint functors: the adjoint to the forgetful functor from
commutative R-algebras to associative R-algebras and the adjoint to the forgetful functor
from associative R-algebras to R-modules. O

2.5 Scalar extensions of modules

Proposition 10. Let R — S be a X-Banach halo morphism. Then the restriction of scalar
functor MobDg — MODpg has an adjoint, denoted Q@grS, and called the scalar extension
along R — S.

Proof. The scalar extension of an R-module M by a morphism R — S is given by the
tensor product M ®g S, seen as an S-module. Proposition 8 implies that it is an adjoint

of the restriction of scalars. 0
Ezample 3. We abbreviate || - ||(®,ju,q) 10 || * [loo,ee and || - [[(@p,)-psa) 1O || - ||pea for any
q € [1,00). Let us consider the case where ¥ is “short”, R = (Z,||x, 1), S = (Zy, |-|,, 0),
and M = (Z",] - |eous, 1) for a ¢ € [1,00). We have a natural S-linear isomorphism

M @49 8 = Zy, and hence we identify them. Then |- |jyg,s is bounded by |- |, s~ by the
definition of the left hand side using the infimum. On the other hand, |- |, s~ is known to
satisfy the axiom of a module over S. Therefore for any m € M ®%g S with a presentation

Z?:o m; ® f; = m, we have

[mlp,ee < [(Ims @ e [ filp)icolloo < M(Imiloo,ets | filp)iZolloo = Il (Imalarl fils)ioll s

Taking the infimum, we obtain |m|, e < |m|ymg,s. Thus we obtain |- [, = |- |meps-
Since Zj, is complete with respect to |- |, ¢, its completion is isomorphic to itself, so that
we get

(va ‘ ’ |00,5q7 1) Q(Z,]-]00,1) (ZP7 ‘ ’ ‘p7 OO) = (sz ) ‘p,f‘x’v OO)
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We can also apply the completely same argument to other norms |- |" on Z", as long
as it satisfies the following two conditions:

1. The norm of a vector whose entries are 0 except for a single entry 1 is 1. (The
condition is used to show that |- |ye,s is bounded by | - |, ")

2. (2", "]') = (Z3,|"|pe) is short. (This condition is used to show ||(|m;@1p e, | filp)izolloc
([l o0,1, | filp)izolloo above).

Ezample 4. In particular, the scalar extension of M, (Z) = zr* equipped with the ¢2-
operator norm along (Z,| - |e,1) — (Zy,| - |,,00) is isomorphic to M, (Z,) equipped
with the /> norm. Indeed, the first condition is clear, and the second follows from the
following argument. Let A € M,,. We denote by A; ; the (4, j)-entry of A for each 7,7 € N
with 1 <4,j < n. Then we have Ad; = (A; ;)" and hence |A|p,, = [Al2.opl0j|core >
|(Ai )izt ooz > [(Aij)isi]ooee (Where |- |s e denotes || -||,) for any j € Nwith 1 < j < n.
Therefore we obtain | A, o < Al < |A|p2,p under the natural identification of M, (Z)
and Z"°.

2.6 Finite colimits of algebras and converging power series
Another good motivation for working with halos is given by the following result.

Proposition 11. Let A be a commutative X Banach halo. Then finite coproducts exist
in the category of commutative A-algebras.

Proof. Let B and C be two A-algebras. The (B, C)-bimodule structure on B ® C' is
given by Proposition 10 applied to the pair of B and the underlying A-module structure
of C, and the pair of C' and the underlying A-module structure of B, because of the
symmetry of ®. It gives an A-bilinear map B ®,, C' — Ends(B ® C), which extends to
B ® C as an A-module homomorphism by Proposition 8. Thus B ® C' is equipped with a
multiplication. The ring axiom immediately follows from the continuity of the operations
and the ring axiom of the image of algebraic tensor product. O

Corollary 2. Let A be a commutative > Banach halo. Finite colimits exist in the category
CBANHALOS 4 of A-algebras.

Proof. The coequalizer of a pair f,g: R — S of parallel arrows is defined as the quotient
of S by the closure of the ideal generated by {f(z)—g(z), x € R}. It fulfills the universal
property of the coequalizer. Since finite coproducts exist in the category of A-algebras,
we get the desired result. O

Proposition 12. Let A be a commutative > Banach halo. The adjoint to the forgetful
functor ALG, — NSETSy, exists and is denoted X — A(X). The A-algebra A(X) is
called the A-algebra of converging power series on the normed set X .
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Proof. Let X be anormed set and (X )Y be the corresponding free multiplicatively normed
monoid. Then

A(X) == (XN A)

m?

is an A-algebra that fulfills the desired universal property. One may also use the compo-
sition of the symmetric algebra functor and of the free module construction to describe
the same algebra. O

3 Short isometries and classical compact groups

3.1 Short isometries of Lipschitz coalgebras

Let R be a Lipschitz Banach halo. In this section, we abbreviate the tensor product
®pg of Lipschitz R-modules, which naturally makes sense by extending the construction
for modules over a short Banach halo using free modules, to ® as long as there is no
ambiguity.

Definition 11. A monoid (resp. comonoid) with involution (C, o) over R is a pair com-
posed of a monoid (resp. comonoid) object in the monoidal category of Lipschitz R-
modules and of an involution ¢ that is a Lipschitz monoid (resp. comonoid) morphism

C — o°r,

For an R-module M, we denote by Homp(M, R) the R-linear dual of M, i.e. the R-
module given as the subset of Hom (M, R) consisting of Lipschitz R-linear homomorphisms
equipped with the operator norm | - [gom(a,r) = | - |op and the constant prom ,(a,r) = Pus-
We abbreviate Hom (M, R) to MY unless there is no ambiguity of R. Then we obtain a
contravariant functor V: MoD(R) — MOD(R), M — M.

Proposition 13. Let (C,0) be a comonoid with involution over R. Then (CV,0") is a
monotd with involution over R.

Proof. For every R-module M, there is a natural evaluation homomorphism
M @MY — R.
This gives an R-linear morphism
C"eC"®C®C =R
This induces an R-linear morphism
CVeC¥ = (CxC).
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Composing it with the dual of the comultiplication on C', we get a multiplication
CVecY — O,

for which CV forms a monoid object for ®. This is equivalent to an R-algebra structure
on A. O

Remark 2. We note that the dual statement of Proposition 13 is not necessarily true. In
other words, the dual of a monoid with involution (A, o) might not necessarily a comonoid
with involution, as the dual of the multiplication A® A — A is a morphism AY — (A®A)Y
which might not factor through the natural morphism AY ® AY — (A® A)Y.

Let (C, o) be a comonoid with involution over R. For a commutative R-algebra S and
(c,a) € C' x (CY ® S), we abbreviate to a(c) € S the image of c® a € C ® CV ® S by
the scalar extension by S of the pairing C' ® CV — R associated to the R-bilinear map
C®™CY — R,(c, f) — f(c) by the universality of ®.

Definition 12. We denote by CALGR be the category of commutative R-algebras and
bounded R-algebra homomorphisms, and define the functor of short isometries of (C, o),
which will be denoted by Slso(C, o), by

CALGr — GRp
3D €]0, 00[,Vn € N, V(¢ € C™,
S = aeCV®S||alc) - -alcn1)|s < Dlcole -+ |en_ile,
acs(a) = og(a)a =1

For a comonoid C' in MODg and an R-algebra S, we denote by a¢ g the Lipshictz
S-linear homomorphism

CY ®r S =Homy(C,R) ®p S — Homg(C ®r S, S)

assigning to each a € CV ®g S the Lipschitz S-linear homomorphism given as the S-linear
extension of the evaluation map C' — S, ¢+ a(c).

Proposition 14. Let (C,0) be a comonoid with involution over R and suppose that for
every R-algebra S, ac g is an isomorphism. Then the group of short isometries Slso(C, o)
1s represented by the algebra

A(SIso(C, 0)) = Symp(C)/({V((1 @ 0)(A(¢))) = n(c) | c € C}).

Proof. The comonoid structure (A,n) (resp. the involution ¢) on C' induces a comulti-
plication and a counit (resp. an involution o) on the tensor R-algebra (Tr(C), V) given
by

Tr(C) =P e

neN
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by the functoriality of @ and ®, the universality of @, and the symmetry of ®. Moreover,
Tr(C) satisfies the axioms of a bimonoid expect for the coassociativity with respect to
the comultiplication by construction. Those operations induce operations on Symp(C')
and A(SIso(C, o)), for which Symy(C') forms a bimonoid and A(SIso(C, o)) forms a Hopf

monoid.

Let S be a commutative R-algebra. Then every R-algebra homomorphism A(Slso(C,c)) —
S corresponds to an R-linear homomorphism f : C' — S such that

for any ¢ € C'. We denote fs: C'® S — S the scalar extension of f to S. By hypothesis,
fs can be represented as a¢ g(a) for a unique a € C¥ ®p S. By definition, the image of
c®a and ¢ ® o (a) by the natural pairing

CRC"RS >RS~=S

coincides with f(c) and f(o(c)) respectively for any ¢ € C. We now show that a €
SIso(C, 0)(S5).

The converging infinite sums may be permuted in a given halo. Take a presentation
Y ohen @n @ty of a. Let ¢ € C'® S. Take a presentation ), , ¢; ® s; of ¢. For each i € I,
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take a presentation ) ., ¢; ;1 ® ¢ jo of A(c). We have

JjeJi

ts(aog(a) = 1)(c) = ts(aog(a) — 1) (Z ¢ ® &-)

el

= Z Z Ls ahl ah2 ® thlthg 1)(0 ® Si)

hi,hocH 1€l

= Z Z Z Ls(an, 0" (any) @ thtny)(Cija ® Cijo @ 8;)

hi,ho€H i€l jEJ;

~ Y@ eos)

i€l
= Z ZZahl (cija)o” (an,)(Cijo)tn th,si — ZTI
hi,ho€H i€l jeJ; el
= Z Z Z any (Cij,1)any (0(Cig2) Jen thySi — Z n(c)s
hi,ho€H i€l jEJ; el
- ZSZZ(ZQIH Cwl)th1> (Zah2( 0(¢ij2)) th?) Zn
el j€J; \hi€H hocH el
= Y5 Y us(a) e ® Des(a)(o(ciza) @ 1) = Y m(e)s
iel geJ il
= ZsszSCZJ1®1fS( CZJZ ®1 Zn
el 1€l
= ZSZZ]C Ci,j71 C’lj2 ZT’
el jedi iel
= Y sV @a(aE) - S n(e)s
el el
= > sm(e) =Y nlc)s
el el

= 0,

and hence tg(acd(a) — 1) = 0. Since g is injective, we obtain acg(a) — 1 = 0, i.e.
a € SIso(C, o). The opposite implication follows from the same computation. O

A Lipschitz Banach halo S is said to be with submultiplicative normif |fgls <|f|s|gls
for any (f,g) € S?, and is said to be uniform if |f"|s = |f|% for any (f,n) € S x N.
For example, if Dg < 1, then every R-algebra S is with submultiplicative norm by
Dg < Dp=1.

24



Proposition 15. For any commutative R-algebra S with submultiplicative norm,
{ae C¥® S |Vee Clalc)s < |e|le,aos(a) = og(a)a = 1}
is contained in Slso(C, o)(S).

Proof. For any (¢;)!—) € C™ with n € N, we have

la(co) -+ -alen)ls < lalco)ls - - -alen)ls < leole - -[enale:
U

Proposition 16. For any uniform commutative R-algebra S with submultiplicative norm,
we have

SIso(C,0)(S) ={a € CV® S |Vc e C,|ac)|s < |c|c,aos(a) = os(a)a = 1}.

Proof. The right hand side is contained in the left hand side by Proposition 15. Let
a € Slso(C,0)(S). By the definition of SIso(C, o)(S), there exists some R €]0, co[ such
that |a(cy) - --a(cn_1)|s < Rlcolc -+ |en_1]c for any n € N and (¢;)7=) € C™. Let ¢ € C.
For any n € N, we have |a(c)|% = |a(c)"|s < R|c|g by the uniformity of S, and hence
la(c)|s < Ru|c|e. Tt implies |a(c)|s < |c|e, as limy, o R7 = 1. O

We finish this subsection by giving sufficient conditions for the assumption in Propo-
sition 14.

Proposition 17. Let C' be a comonoid of MODg. If the underlying module of C' over the
underlying ring Ry of R s free of finite rank and every R-linear homomorphism C' — R
i1s Lipschitz, then for every R-algebra S, the morphism

acs: Homp(C,R) ®r S — Homy(C' ®p S, 5)
1$ an isomorphism.

Proof. We denote by Ry the underlying ring of R, and by S, the underlying ring of S.
Take an Ry-linear basis (ci)?z_ol with n € N of the underlying Ry-module of C. Since
every R-linear homomorphism C' — R is Lipschitz, the underlying Ry-module of CV
admits its dual basis (6;)!,, and hence the underlying Sp-module of CV ®p S is a free
Sp-module of rank n with the Sy-linear basis (§; ® 1)7=}. Put Cp = max} |¢;|c and
C, = max~; |0;|cv. The composite of the given morphism and the canonical embedding
from Homg¢(C' ®p S, 9) into the Sp-module of all R-linear homomorphisms C' — S is
an Sp-linear isomorphism, every R-linear homomorphism C' — S extends to a Lipschitz
R-linear homomorphism C®g S — S. This implies that the given morphism is also an Sy-
linear isomorphism. Therefore it suffices to show that the inverse of the given morphism
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is Lipschitz. For this purpose, it suffices to show that for any d € CV ®r S, its image

d' € Homg(C ®p S, S) is of norm > |1|5'Cy 'O CE " d|ove ys-
Take a unique (s;)1=; € S§ with d = 321" §; ® 5;. We have

n—1
dlcvens =D 0i® s < Oy (dilevsils)izo || o,
i=0 CV®RS
< G5 (8o )i [l sl )iz [l = C57 Cul|(lsils)izo || -
On the other hand, we have

/ oy |d/(ci X 1)|5

|d |MS(C®RS,5) - |d |op el |Ci Q 1|C®RS

s 5 W 13y s

lci ® cwgps — lailell]s

for any 0 <7 <mn — 1 and hence

|d' [Homs(cons,s) = 115 ' Co 1 ([sils) ]l = 1|5'Co ' CTCE " |d] ov e ps-

0

Corollary 3. Let C' be a comonoid of MODg. Suppose the underlying module of C over
the underlying ring Ry of R is free of rank n € N with an Ro-linear basis (¢;)",, and
suppose further that there exists a constant D €0, oo[ such that for any (r;)i-, € R", the

equality |(1;)71]s,00 < D| > 1 rici|c holds. Then the morphism
acs : Homp(C,R) ®p S — Hom(C ®p S, 5)

s an isomorphism for any R-algebra S.

Proof. The assertion immediately follows from Proposition 6 and Proposition 17.

3.2 The global short isometry subgroup of GL,

0

The aim of this whole Section is to prove the following theorem, that is the main result

of this paper.

Theorem 1. There exists an explicit Lipschitz coalgebra with involution (C, o) over Z =
Lip(Z,| - |s, 1) whose short isometry group, denoted K, = Slso(C, o), is representable by

a Lipschitz Banach halo A(K,) and fulfils
K,(R) C GL,(R)

for every R € CALGz and such that, if we denote R = Lip(R,| - |, 1) and Q, =

Lip(Qy, | - |, 00), we have
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1. K,(R) = 0,(R),
2. K, (Qp) = GL,(Zy),
3. Kn(Z) = 0,(R) NGL,(Z) = GL,(Fs1y)

Remark 3. We may change Z to 04(Z) for t € R’ without changing these results.

We fix a positive integer n. We set R = (Z, ||, 1). Let S be a commutative R-algebra
with the underlying ring Sy with pg = 1. We fix a g € [1, 00]. We denote by S}, the triad
(St I+ 1ls.q40 1) (cf. Definition 2), which forms an S-module by 1 < min{q, ps}. We observe
the structures of the endomorphism ring of S}, (cf. proposition 2).

Proposition 18. (i) Every Sy-linear endomorphism of the S-modules Sy, and Homg(S},, S)
is Lipschitz. In particular, for any f € Endg(S)), its Sp-linear dual Y belongs to
Endg(Homg(S}, 5)).

(i1) The map V: Ends(Sy,) — Endg(Homg(Sy,S)), f +— fY is a Lipschitz Sy-linear
1somorphism whose tnverse is also Lipschitz.

Proof. The assertions immediately follow from Proposition 6, because we can choose F
to be the canonical bases and C' to be 1. O

We also denote by V the inverse of V in the assertion of Proposition 18 (ii). We denote
by M(n, S, q) the direct product Lip(S)-algebra

Endyipgs) (Lip(Sg)) x Endpip(s) (Homy ;) (Lip(57:), Lip(5))),
and equip it with the involution

trms,g: M(n,S,q) — M(n,S,q)
(f.9) — (9", f"),

which is a monoid homomorphism M (n, S,q) — M(n, S, q)°. In particular, M(n,S,q)
is a monoid with involution over Lip(S), whose underlying Sp-algebra with involution
represents GL,, Xgspec(z) Spec(So).

We note that the underlying So-module of M (n, S, q) is a free Sp-module of rank 2n?.
Therefore its Sy-linear dual is also a free Sy-module of rank 2n? and the multiplication of
M (n, S, q) induces a comultiplication on it. Contrary to Remark 2, the comultiplication
is Lipschitz as a map

I_IO—mLip(S) (M(TL, Sa q)v Llp(S)) - I_IO—mLip(S) (M(TL, S? q)? Llp(S))®52

by Proposition 6. Therefore Homy ;) (M(n, S, ¢), Lip(5)) forms a comonoid with involu-
tion over Lip(S) with respect to the dual involution of ¢y/(,,g,q)-
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We denote by (C(kK,), 0c(k,)) the Z-linear dual of the monoid with involution over Z
given as (M (n, R, 2), tar(n,r2)) €xcept that the norm |-|ys(n,r,2) is replaced by the restriction
of |+ [Mn,(®,|-|,1),2) along the natural map

M(n, R,2) = M(n,(Z,| - |, 1),2) — M(n, (R, |- |, 1),2).

Then (C(K,),0c(k,)) forms a comonoid with involution over Z again by Proposition 6.

Since (C'(K,),0c(k,)) is a comonoid object in MoD(Z) with an involution, we can
apply SlIso to it. The reader should be careful that the ¢? operator norm on matrices over
Z might not be reflexive, i.e. might not coincide with the second dual norm. That is why
we use the restriction of | - |y, (®,|-|w0,1),2) iDStead of | - |ar(n,p2) here.

Proposition 19. The group of short isometries Slso(C(Ky,), 0c(x,)) 5 represented by
A(K,) == A(SIso(C(Ky), 0c(k,)))-

Proof. The assertion immediately follows from Proposition 14. Indeed, we will show
in Proposition 22 that the dual basis of the canonical basis of M(n, R,2) satisfies the
assumption of Corollary 3 with respect to the constant D = 1. O

We will give an explicit computation of | - [¢(x,) for the reader’s convenience in §3.4.

3.3 Global short isometry subgroups of other classical groups

Let V = Z"™ be the free module, that we first consider as a mere module. Recall from
[KMRT98] the definition of the group of isometries of an algebra with involution (A4, o)
over a base commutative ring R, i.e. a pair of an R-algebra A and an involution ¢ on A
that is a ring homomorphism A — A,

Definition 13. Let (A, o) be an algebra with involution over a commutative ring R and
S be a commutative R-algebra. Then the group of isometries of (A, o) with values in S is

Iso(A,0)(S):={a€ A®r S |ac(a) =c(a)a = 14}.

By abuse of notation, if R, S and A are Lipschitz Banach halos, we will also denote
Iso(A, 0)(S) the corresponding multiplicative subgroup of the scalar extension A®gS. By
Proposition 15 and Proposition 16, we obtain the following justification of the terminology
of “the functor of short isometries” in §3.1:

Proposition 20. Let R be a commutative Lipschitz Banach halo with D = 1, (C,0) a
coalgebra with involution over R, and S a commutative R-algebra. We have

{a € Iso(CY,c")(S) | Ve € C,lalc)|s < ||} C SIso(C,a)(S).

In addition, if S is uniform, then the inclusion is an equality.
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We already know that GL, is naturally identified with the isometry group Iso(A, o)
of an algebra with involution given by A = End(V) x End(V"Y) with its transposition
involution

o(f.9)= (9" 1),
where End denotes the algebraic endomorphism ring of a mere module. Let ¢ : V xV —
7 be a non-degenerate bilinear pairing and consider the associated involution algebra

(End(V), 0,), where
0.(f) = (@) o fl oy,
with ¢’ : V' - V" the isomorphism induced by ¢.
There is a natural injective morphism of involution algebras

End(V) — End(V) x End(VVY)
fooo= (Hlow(NY)

that is compatible with the involutions ¢ and o, and induces the natural map
Iso(End(V),0,) = GL,

between the classical group associated to the given non-degenerate bilinear form and GL,,.
By Z-linear duality, we get a surjective morphism of comonoid with involution

[End(V) x End(VY)]" — End(V).

Since End(V') x End(V"Y) is the underlying monoid with involution over Z of M (2, (Z, | -
loo, 1,2), the source of the morphism precisely coincides with the underlying comonoid
with involution over Z of the comonoid with involution C'(K,,) over MOD(Z). We use this
map to induce a quotient norm [|-||, on the target comonoid with involution (End(V)", o)
over Z.

This gives a comonoid C(K,(y)) = (End(V)", |- [[,, (2,1)) with involution o/ over Z.

Definition 14. The short isometry group SIso(C(K,(¢)), o)) of the comonoid with invo-
lution (C(Kn(p)),0,) is denoted K, () and called the short isometry group of the given
bilinear form.

The short surjective comonoid homomorphism
C(Kyn) = C(Kn(p))
given by the quotient map
[End(V) x End(VY)]Y — End(V)"

induces a natural embedding
K,(p) — K, C GL,
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because of the compatibility of o¢(x,) and o,. By Proposition 16, this embedding induces
a natural embedding
Ko(9)(S) = SIso(C(Ka(p)), 0,)(S) = SIso(End(V)", || - ||, o) (S)

— Tso(End(V)"Y,0"¥)(S) = Iso(End(V), 0,)(S)

1Py
of subgroups of GL,(.S) for any uniform Z-algebra S.

Remark 4. More generally, let B be a ring which is a free Z-module of finite rank m, and
v be an involution of B that is a ring homomorphism B — B°. Fix a left B-module M
which is a free Z-module of finite rank n such that the canonical morphism B — End (M)
is injective. We have considered the specific setting (B, M) = (End(V'), V'), but B can be
chosen arbitrarily because M can be taken as the regular left B-module.

Then we may embed B in

A =End(M) x End(M")

by the left action on M and the dual action on MY twisted by v, i.e. by (b- f)(m) =
f(y(b)ym) for (b, fym) € B x MY x M. A construction similar to the above one gives a
quotient comonoid map

AV — BY
that allows us to define a subgroup

K(B,y) C K,

of the standard subgroup K, of GL, = GL(M) contained in Iso(B, 7).

3.4 Computation of p-adic and real points

Following the convention in §3.3, we demonstrate the computation of p-adic and real points
of K. Throughout this subsection, let R denote the short Banach halo (Z, |- |, 1), and
S denote a commutative R-algebra with undering ring Sy and pg = 1.

For an A € End(V) (resp. End(V"Y)) and an (i, j) € N? with 1 < 4,5 < n, we denote
by Ali, j] the (i, j)-entry of A with respect to the matrix presentation for the canonical
basis of V' (resp. V). For an (i, j) € N* with 1 <, j < n, we denote by E; ; € Endz(Z")
the matrix whose (i, j)-entry is 1 and whose other entries are 0. For any (4, j, b) € N3 with
1 <i,j <nandb <1, we denote by Ej;;, € M(n,R,2) the image of E;; in Endg(R}})
when b = 0 and in Endg((Rj:)") when b = 1. Then ((E;;5)7;-1)p—o forms a Z-linear basis
of the underlying Z-module of M (n, R, 2). We denote by ((e;;)}';—1)j—o the Z-linear basis
of the underlying Z-module of C'(K,) dual to ((E;;5)i'j—1)p—o-

Proposition 21. For any (i,j.b) € N* with 1 < i,j < n and b < 1, the cquality
leijploirk,) = 1 holds.
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Proof. Set S = (R,| - |x,1). For any (By, By) € M(n, R,2) naturally regarded as an
element of M(n, S, 2), we have

l€ij.6(Bo, B1)|oo = | Bbli, |0 < [(Bo, B1)|Mn,s.2)-

This implies |e; js|c(x,) < 1. On the other hand, we have |e; ;(E;jp)|c0 = [1]oc = 1. This

implies |€Z‘7]‘7b|c(Kn) Z 1 by |Ei,j,b|M(n,S,2) = 1. D

Proposition 22. For any ()7 -1 )0 € ((R™)")?, the equality ||((|7i55])7 =1 )p—ollsol| <
1 n

| 2 =0 Zi,j:l Tijb€igblo(k,) holds.

Proof. Set S = (R, |+ |o,1). For any (ig, jo, bo) € N> with 1 < 4g,70 < n and by < 1, we
have

1 n
| (Z Z 'r’@-,j,bei,j,b> (Eig jobo)

= Tig.jobo | R-
b=0 i,j=1 R
and hence
1 n
|Ti0,jo,b0 |R
E E TiibCib| = = |T40,j0,b0 | R-
£ J J |Ei0j0b0|M(n52) ‘ 0,J0 0|
b=0 Z,]II R 5JO» Dy
This implies the assertion. O

Let (f,s) € C(K,)" x S. We denote by is(f,s)o € Endg,(Sf) the Sp-linear endomor-
phism

Sy — Sy
(t)i=y — (ZSf(ez‘,j,b)tj> ;
J=1 i=1

and by is(f,s)1 € Endg,(Homg (5§, Sp)) the Sp-linear endomorphism

Homg, (S5, 50) — Homg, (57, So)
u ((ti)?zl = Z stiu ((f(ei,j,b))?=1)> :

We put ig(f,s) = (is(f,s)o,is(f,s)) € Endg,(Sg) x Endg,(Homg, (Sg, So)). By Proposi-
tion 2, we have ig(f,s) € M(n, S, q) for any ¢q € [1, o0].
Proposition 23. Forany (f,s,q) € C(K,)"xSyx[1,00], the inequality |is(f, s)|r(n,s,q <

1
n'"a| flomv|sls holds.
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Proof. For any (t;)I, € Si, we have

lis(f, $)o((t)1) s = [|{ D Sf(ez‘,j,o)tj>

i=1 S.q

Zsf(ei,j,o)tj < [ (Nsf(essoltsls)i=illill,

S5/ i=1llq
< [N sls| flopleigolea 1) =] iz Il
< sl flop [[ (101 1s) izl ], = 17155l Flopl (IE51 ) |1
< ”ﬂ Il Flopll ([t515) 12 loo < ¥4 151s] Flopll(1E15) it g

= 0" usls|fleqn 1)1 5.

by ps = 1 and Proposition 21. This implies

. 1

lis(f, $)olEnds(sy,) < n'* 4| eyl

For any u € Homg (Sg, So) and (t;)i_; € Sy, we have

lis(f; $)a(u)((t:)iz)]s = '(ZSM (€ig.1))j= ))

S

< s s[tulopl Flop | ([l )it [y

< H(}St@u f(eijl))?zl)‘s>j:1 .
.
< fslstulap || (1tls 7 eesniils,,) |,
< Jslslulo | (Itls 10 Feisl=all,) |
< slslulop <|t s [ flopleiialecn)i= 1”) 1“1
< lslslulop || (Itls ([ f1eniall,) |
< 05 slslulepl Flop I(Itls)tloe < 225 5l tlepl Flop (11l 5)2t

1
1| sls| flecrnv [ulmomg sy, [1(t)izi [l 5.

again by pg = 1 and Proposition 21, and hence |ig(f, 5)1(%)|Hom(
This implies

. 1
lis(f, $)1lends(sg) < n' el flenv]s]s-

Thus we obtain |is(f, 5)[rr(n,s,9) < n1+%|f\C(Kn)v|s|5.
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For any ¢ € [1, 00|, we obtain the Lipschitz R-bilinear map

is: C(K,)Y®@™S — M(n,S, q)
<f7t) = ZS<f7t)

whose Lipschitz constant is bounded by n'ta by Proposition 23, and it induces a bounded
Sp-linear homomorphism

tsq: C(Ky,)" @ Lip(S) — M(n, S, q)

whose Lipschitz constant is bounded by n'ta by Proposition 8 applied to ig.
Proposition 24. When S = (R, | |, 1), the restriction of ts2 to
SIso(C(K,), ock,))(R) C C(K,)" ® R = C(K,)" @ Lip(S)
is a bijective map onto {(U,U~1) | U € O,(R)}.
In order to show Proposition 24, we prepare lemmata.

Lemma 3. Set S = (R, | |, 1). Let M be an S-module M whose underlying R-vector
space is of dimension d € N, and V C M an R-submodule whose underlying Z-module is
a free Z-module of rank d. Then the natural embedding V¥ — Homg(M, S) is isometric.

Proof. We denote by i the natural embedding in the assertion. We show || f|op—[2(f)|op] <
e for any (f,e) € VVx]0,00[. By the definition of |f|,,, there exists a v € V such that
[f()lv > ([flop = €)lv]y. We obtain

i(F) (@) = [F()lv > ([flop = vy = ([flop = €)0]ar-

This implies [i(f)|op > | flop — €. Let m € M. Since the image of V ®z Q is dense in M,
there exists a (v, s) € V x (Z\ {0}) such that [m — s~ v| < 27 min{|f[}, [i(f)|,; }ml/ e
We have

i(f)(m) =i(f)(s7 ) +i(f)(m —s""v) = s~ f(v) +i(f)(m — s~ v)

and hence

[i(£)(m)ls = 57" f(0) +i(f)(m — 57 0)|s < [s7 s| Flaplvlv + [i(f)|oplm — 57 0]s

< s Hslfloplvly + 27 e =I5 sl floplvlar + 27 mlare = [ flopls ™ vlar + 27 Imare
< | flop(Imlar + Im = s7 0lar) + 27 mlare
< |floplmlar + 27 mlare + 27 m|are = (| flop + €)lmar-
It implies |i(f)|op < |flop + € O
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Lemma 4. When S = (R, ||, 1), the natural embedding C(K,) — Homg(M(n, S,2),5)
18 an isometry.

Proof. The assertion immediately follows from Lemma 3 by the definition of |- |¢(x,) using
the restriction of | - |as(n,s5,2) to M(n, R, 2). O

Lemma 5. When S = (R, ||, 1), the natural embedding C(K,,)" — Hom¢(Homg (M (n, S, 2)
18 an isometry.

Proof. The assertion immediately follows from Lemma 3 and Lemma 4. O

Lemma 6. When S = (R, |- |, 1), the composite of the scalar extension C(K,)Y —
C(K,)" @R =C(K,)" ®Lip(S) and

ts2: C(K,)" @ Lip(S) — M(n, S,2)
18 an isometry.
Proof. By Lemma 5, the natural embedding
in: C(Ky)" — Homg(Homg(M(n, 5,2), ), 5)

is an isometry. We denote by i; the composite of the scalar multiplication C'(K,)Y —
C(K,)" ® R and tg5. Since ig is an isometry and coincides with the composite of 4;
and the second dual embedding M (n,S,2) — Homg(Homg(M(n,S,2),S),S), which is
an isometry by the classical real analysis, 71 is an isometry. O

Lemma 7. When S = (R, |-|o0, 1) orS = (Qp, ||, 00), then for any a € C(K,)"®Lip(S),
the equality

|a|C(Kn)V®Lip(S)

|
' K eN, (f)E, e (C(K,))X,
mf{||(|fk|c(Kn)v|5k|s)f:1||{1 ..... Kham | () (E’iq)f( Z:(Z(gl ?f,}@ .

holds.

Proof. In both cases, the composite of the inclusion
ZCEDTXS) 25 (O(K,)Y @™ S, Ryg)
and the canonical projection
PS(C(K,)Y @™ S, R),s — C(K,)" ® Lip(S)

has the dense image by construction, and hence is surjective by the classical fact that
every subspace of a finite dimensional normed S-vector space is closed. Therefore the
assertion follows from the definition of the quotient norm. O
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Lemma 8. When S = (R,| - |, 1), the morphisme
ts2: C(K,)" ® Lip(S) = M(n, S, 2)
s an isometric isomorphism.

Proof. Let a € C(K,)" ® R. Let Zk 1 Jr @ si be a presentation of a with K € N. By
Lemma 6, we have

11 felownv skl izl yon = N feloplsls)i=ill .30
< N feloplsels)izalle = I (es2(fi @ 1)\M(nsz [skls)rs

ZLSQ fk)sk

k=

= |[(Jes2(fx @ 1) mrns2) il >

K
LS2 (Z [k ® 5k>
k=1

By Lemma 7, we obtain |a|c(k,)ver > |ts2(a)|mmn,s.2)-

M(n,S,2)

= |ts2(a)|p(n,s,2)-
M (n,S,2)

Assume |a|c(k, )veor > |ts2(a)|mmn,s2) and set

€= 2_1(|a|C(Kn)v®R — |LS72(a)|M(n75,2)) > 0.

Since the algebraic tensor product C'(K,)" ®z Q is dense in C'(K,)" ® R, there exists an
(f,s) € C(K,)Y x Z with s # 0 and |a — f ® s !|¢(k,)ver < €. By Lemma 6, we have
ltso(f @ V)|mm,s2) = |flewk,)- We obtain

lalograyver < | © s Hom,)ver + €

|5_1|00|f ® 1|C(Kn)V®R +e< |5_1|00|f|0p|1|5 +e

|57 ool Flogny + €= 15 ooltsa(f @ 1) nns2) + €

|ts.2(f @ 57 1) Mn,s.2) + €

= |ts2(a)| 52 + |ts2(a — f & s ams2) + €

les2(a) | mms2) +la— F® s Howmver + € < |us2(a)|vmsz2) + 26,

IN

but it contradicts the definition of €. It implies |a|c(k,)vor = |ts2(a)|r(n,s,2). Therefore
Ls 2 1s isometric. By

dimg (C(K,)" ® R) = dimg(End(Z")"Y @z R) = 2n?
= dimg(Endg(R")?) = dimg(M(n, S, 2))

we get that tg9 is bijective. O
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Lemma 9. When S = (R, ||, 1), an a € C(K,)" ® R satisfies |a(c)|s < |clek,) for
any c € C(K,,) if and only if |ts2(a)|pm,s2) < 1.

Proof. First, suppose |ts2(a)|rmn,s2) < 1. We show |a(c)|s < |c|e(k,) for any ¢ € C(K,,).
By Lemma 8, we have |a|¢(x, )ver < 1. Let € > 0. By Lemma 7, there exists a presentation

Zle fr ® s, with K € N of a satisfying H(|fk|C(Kn)V‘5k|S)£{:1”{1 _____ Kipr < 1+e€ We have

K
a(c)ls = ]zk skfile >) < sk Le @)ool 1,061
< (Sl
= ||(|fk|c(K |5k|00)k 1||{1 ..... K}va|C|C(Kn>
< (1+ 6)|C|c
It implies |a(c)|s < |c|o(x,)-

Next, suppose |tg2(a)|rrn,s2) > 1. Since every normed R-vector space isometri-
cally embeds into its second dual, there exists an A € Homg(M(n,S,2),S) such that
|A<LS,2<CL>>|00 > ‘A|HomS(M(n,S,2),S)- Put

€= 2_1(A(L572(a)) — |A|@S(M(n,s,2),5)) > 0.
Take an A" € Homg(Endg(Q") x Endg(Homy(Q", Q)), Q) naturally regarded as an ele-
ment of Homgy(M(n,S,2),S) by the canonical bases of S} and Homg(S}, S) satisfying
the following;:

(i) [(A—=A")(es2(a))leo <€

(i1) [A = A'ltomg (Mn,52),5) < €
Take an s € Z \ {0} such that ¢ := sA’ is contained in the image of [End(V) x
End(V"Y)]", which is the underlying Z-module of C'(kK,). By Lemma 4, we have |c|c(x,)

[8lool A lttomg (1(n, 52,5 Pt € = 324 o 320511 Bigoeizo With (Bijo)fj—1)izy € (((Z”)") :

We obtain
—(]J(ZZBZ]bGZ]b> ZZszba ez]b

0i,j=1 =0 7,j=1
— s Z Z s B; jpalei )
b=0 i,j=1
= ZZ Z]beljb®1R)(252( ))
b=0 i,7=1
1 n
= s <Z Z B; j€ijp @ 1R5_1> (is2(a))
b=0 i,j—=1
= sA(152(a))
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and hence

|a()]oe = [sA4"(15.2(a))|oo = I5]oo] A" (5.2(a)) |
> [sloo(|Ats2(a)) oo = €) = |8loo (| AlHomg (M (n,5.2),5) 1 €)

> [5]oo| A"l Hom g (M (n.5.2).9) = [€lHomg (11 (n.52).9) = Ielo-
Thus there exists a ¢ € C(K,,) satisfying |a(c)|s > |c|o(x,)- O
Proof of Proposition 24. By
On(R) = {U € GLu(R) | |Ulgnas(s2,) = |U_1|Ends(s§2) =1},
the assertion immediately follows from Proposition 16, Lemma 8, and Lemma 9. O
Proposition 25. When S = (Q,, |- |,,00), the restriction of
Ls.oo: C(K,)Y @ Lip(S) = M(n, S, o)

to
SIso(C/(Kn), oc(x,)(Qp) € C(K,)" ® Q, = C(I,)" ® Lip(S)

is a bijective map onto {(U, U YU eGL,.(Z,)}.
Lemma 10. When S = (Qp, | - |cos 1), tso i a short map.

Proof. Let (f,s) € C(K,) x S. For any (t;)i-; € Q, we have

lis(F )l (t)llse = | (s s/ (Cazolts)

=115 00
_ (‘ZJ s ewot‘)
< (s Cesgoltsh)i- o)y W
= || sfCeasoltily)tsa . = sl lflaplecsoleta ity il
= sl Flopltslp)E il = 1Tl Flop (il o

1ol Pl | () ls.00

by Proposition 21, and hence [is(f, s)olends(sp) < [8[plfle,)v.  Similarly, we have
lis(f, s)l\EndS(m_mS(S;ws)) < Is|p|flek,)v- Therefore ig gives a short Z-bilinear map
C(K,)" @™ S — M(n,S,00). By Proposition 8, tg is a short map. O

Lemma 11. When S = (Q,, | - |0os 1), ts0o i an isometric isomorphism.
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Proof. We denote by ((0;5)'j=1)p—o the Z-linear basis of the underlying Z-module of
C(K,)" dual to ((ei;p);j—1)p—o, Which coincides with the image of the canonical basis
((Eijb)ij=1)p—o of End(V) x End(V"). For any (4, j,b) € N° with 1 <i,j <n and b <1,
we have [0; js|c(x,)v = |Eijb|Mn,s00) = 1 by Lemma 5 and the fact from the classical p-
adic analysis that the second dual embedding M (n, S, 00) — Hom¢(Homg (M (n, S, 00), S), S)
is an isometry.

Let a € C(K,)” ® Q,. By Lemma 10, we have
lalouc) o, 2 [65.00(@) a1 (n.5.00)-

By a = Zi:o D i i1 @(€ijb)0i j b, We obtain

1
alodaneqn = | Lm0 Ligr UCide)iin| oo
P

(I a(eig.0)050] 00 @@,)ig=1ll1,..ny2 1 )p=0 0,111
(1 (la(€:5.6)05.56lcr)v 2@ )i j=1lloc Do lloe
ICliClate: in)ls1950 @ Lo vea, )i tllee)b=olloc
I(Ja(e: s0)
I(Ja(

I IA

(1l (la(e: j0)|5193 5.5lop| Lo )5 =1 oo ) b=l

(

(

(

1([[(la(eiss)|s)7 =10 )poll o

( ije1 al€ijo)Eijo, 0o a(ei,j.l)Ez‘,jJ)

|LS7oo( ) |M (n,S,00)

IANIA I

M (n,S,00)

by Lemma 7. It implies |a|c(k,)vaq, = [65,00(@)|M(n,5,00) Therefore 1g o is isometric. By

dimg, (C(K,)Y © Q) = dimg, (End(Z")" 7 Q,) = 20
= dimg, (Endg, (Q})?) = dimg, (M(n, S, 00)),
L5, 1s bijective. O
Lemma 12. When S = (Q,, | - |, 1), an a € C(K,)" ® Q, satisfies |a(c)|s < |c|orn)
for any ¢ € C(K,) if and only if |ts00(a)|r(n,500) < 1.

Proof. The opposite implication follows from the same argument as the proof of Lemma 9
except we apply Lemma 11 instead of Lemma 8 and use pq, = (1,1) instead of pr = (2, 1).
SUppose [t.5,00(@)| M (n,5,00) > 1. Since the norm of M(n, S, 00) coincides with the £>° norm
of entries, there exists an (4, j,0) € N® with 1 < ,5 < n and b < 1 such that the (4, j, b)-
the entry of t500(a)|rr(n,$,00), Which coincides with a(e; ;) by the definition of tg 4, is of
p-adic norm > 1. Put ¢ := ¢;;;, € C(K,). We have |a(c)|, > 1 = |¢|c(k,) by Proposition
21. ]

Proof of Proposition 25. By
GLn(Zp) ={U e GLn(Qp) | |U|Ends(52&>) = |U_1|Ends(5?oo) =1},

the assertion immediately follows from Proposition 16, Lemma 11, and Lemma 12. O
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