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Steady Kahler-Ricci solitons on crepant resolutions of finite
quotients of C"

Olivier Biquard and Heather Macheth

Abstract

We prove the existence of steady Kéhler-Ricci solitons on equivariant crepant resolutions of
C"/G, where G is a finite subgroup of SU(n) acting freely on C™.

1 Introduction

1.1 Overview

The ‘fixed points’ of the Ricci flow are steady Ricci solitons. Such objects, natural generalizations of
Ricci-flat metrics, are pairs (g, X) of a Riemannian metric and a vector field, satisfying the elliptic
partial differential equation

Ric(g) + £ %xg = 0.

They arise in the study of the Ricci flow as models of singularities [DdP07,GZ08,DS10,AIK15], and
as backward limits of ancient solutions. They are also critical points, in a suitable sense [Has11],
of the Perelman .%-functional, and thus can be considered canonical among all such pairs (g, X).

Steady Ricci solitons which are not Ricci-flat must be noncompact [Ive93]. The few known
examples include several which are Kéhler, with holomorphic vector field: Hamilton’s cigar soliton
[Ham88] on C, H.-D. Cao’s generalizations [Ca096] on C" and K¢pn-1, and further generalizations
by Dancer-M. Wang [DW11] and B. Yang [Yan12]. Non-Kéhler examples include the well-known
constructions of Bryant and of Ivey. All these examples — and, we believe, all known examples —
are highly symmetric, and the soliton metric is given either explicitly or by solving an ODE.

In this article we use PDE methods to construct new steady Ké&hler-Ricci solitons (M, w, X),
in all complex dimensions n > 2 (real dimensions 2n > 4), of infinitely many topological types in
dimensions 2 and 3 at least. Like all steady Kéhler-Ricci solitons, they have first Chern class

c1(M) = [Ric(w)] = [-5Zxw] = 0.

Our construction proceeds by taking Joyce’s well-known family [Joy00] of Ricci-flat Kéhler metrics
on crepant resolutions of orbifolds C"/G (which automatically have ¢;(M) = 0), and modifying
their metrics near infinity by gluing them to a G-quotient of Cao’s soliton on C". A precise
statement is as follows:
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the Spring 2016 semester.



Theorem 1.1. Let G be a finite subgroup of SU(n), which acts freely on C™\ {0}. Let Mg be a
crepant resolution of C" /G, which is equivariant with respect to the action of C*. Let € be a Kahler
class on Mg which contains an asymptotically locally Euclidean Kdhler metric.

Then for all € sufficiently small, there exists a steady Kdhler-Ricci soliton on Mg in the coho-
mology class et, whose drift vector field is the extension to Mg of the radial vector field —2rd/0r
(this extension exists by the equivariance of the resolution).

Moreover, outside a compact set these solitons have the form wgy + %85@1, where wy is Cao’s
steady Kdhler-Ricci soliton metric on C™ (descending to C"/G ), and, for any k and any A < n,

‘vk‘ll|w0 = O(G_At)’
where t is the distance to a fized point in Mg.

Since crepant resolutions have trivial 1-cohomology, the soliton has to be a gradient solution,
that is the drift vector field is the gradient of a function (the soliton potential): given the asymptoics
obtained in the theorem, this function is asymptotic to the soliton potential of the model Cao soliton
given in Section 2.

Such gluing constructions have been performed before in other geometric settings. Early uses
of the method include Taubes’ construction [Tau92] of anti-self-dual metrics, and Kapouleas’
[Kap90, Kap91] of minimal surfaces. More recently the method has been used [Ngu09, Ngul3]
to construct self-translators, the mean curvature flow analogue of steady Ricci solitons. Joyce
himself [Joy00] used his Calabi-Yau’s as building blocks for gluing constructions of manifolds of
exceptional holonomy.

In the Kéhler setting, Biquard-Minerbe [BM11] used gluing methods to construct noncompact
Calabi-Yau manifolds of complex dimension 2, of several different asymptotic behaviours. Gluing
techniques have also been used by various authors to construct constant scalar curvature and
extremal Kédhler metrics, see for example [RS05, AP06, APS11,Sz¢12, BR15].

We also prove a general uniqueness statement. We show that a steady Ké&hler-Ricci soliton is
unique for its cohomology class, asymptotics (as previously mentioned, nontrivial steady solitons
are noncompact), and drift vector field, in the following sense:

Proposition 1.2. Let (M,w, X) be a steady Kdhler-Ricci soliton. Let w + %85\11 be another steady
Kdhler-Ricci soliton for the same drift vector field X, such that at infinity we have

1. ¥ = 0;

2. XU — 0;

3. 00¥ — 0 (by comparison with w).
Then U = 0.

1.2 Related work

The form of Theorem 1.1 suggests generalization in two directions, and after this article was posted
to the arXiv, Conlon-Deruelle [CD20] succeeded in carrying out both these extensions.

First, the orbifolds C"/G are only the simplest examples of Calabi-Yau cones. It turns out that
equivariant crepant resolutions of arbitrary Calabi-Yau cones admit steady Kéhler-Ricci solitons
modeled on the Cao soliton, with a subtlety in the asymptotics of the soliton metric depending on



whether the Kéahler class is or is not compactly supported (in the case of resolutions of C"/G all
Kébhler classes are compactly supported).

Secondly, a steady Kahler-Ricci soliton should exist on the manifolds Mg, associated to the
radial vector field X, in every Kéhler class, not just small Kéhler classes as constructed in this
article. Rather than using gluing machinery, the argument in [CD20] solves the PDE by a conti-
nuity method, with the C? estimate relying on, among other things, a weighted energy estimate
and an adapted Nash-Moser iteration, as well as ideas from pluripotential theory. The alternate
construction presented here remains useful in providing the asymptotics of the construction as the
Kahler class tends to zero.

1.3 Outline

In Sections 2-5, we first review the construction of the Cao soliton, and then introduce the required
analytical tools to handle the analysis in weighted Holder spaces on the Cao soliton, with an
exponential weight at infinity. Finally, for finite quotients of the Cao soliton, we combine this
analysis with the weighted analysis at the singular point of the quotient.

In Section 6 we review the material needed on crepant resolutions of C"/G, and on the canonical
Kahler, Ricci-flat, asymptotically locally Euclidean metrics on these spaces. We also discuss some
specific examples of equivariant crepant resolutions.

The proof of uniqueness (Proposition 1.2) is given in Section 7.

Finally, in Sections 813, we proceed to the gluing construction, using in particular a blowup
analysis (Section 11) to bound the inverse of the linearization of the problem in suitable weighted
spaces. Theorem 1.1 is proved in Section 13.

2 U(n)-invariant K&hler metrics and the soliton equation

We begin by recalling Cao’s construction [Ca096] of a steady soliton on C" and a one-parameter
family of steady solitons on the bundle &'(—n) over CP"~!. We habitually identify the complement
of the zero section of &(—n) with (C™\ {0})/Z,,, to which it is biholomorphic.

All Cao’s solitons are invariant under the natural action of U(n) on finite quotients of C™:
therefore we start by reviewing this ansatz, see [FIKO03].

From Section 4 onwards, only the soliton on C™ will be used. The family of solitons on &'(—n) is
reviewed because it is the motivating example for the solitons on desingularizations of (C™\ {0})/G
constructed in the rest of this article (see Remark 3.2).

Let @ : R — R, and denote its derivative by ¢(t) = ®,(¢). Throughout this article we use
interchangeably the variables z € C™\ {0}, r € RT, ¢t € R, with

]2\2 =7 = ¢

We introduce real symmetric 2-tensors on C™ \ {0}:

grs = ggam-1 — 1%,

dr? 9 1 9 2
gcyl:TT+n :Zdt +1n

where ggon-1 is the round sphere metric, the 1-form 7 is the connection 1-form on the Hopf bundle
52—l CP" 1, and gpg is the pull-back of the standard Fubini-Study metric of CP"~! with
holomorphic sectional curvature —4. We denote by wrg and we,, the associated (1,1)-forms.



The Cao U(n)-invariant Kahler forms on C" \ {0} will be of the form
w= %agq)(t) = (p(t)wFS + (Pt(t)wcyl- (2.1)

This formula defines a Kahler metric outside the origin if and only if both ¢ and ¢; are everywhere
positive. We henceforth assume that they are. The Ricci form is then

wn

p(w) =09 log =00 log (" Lpre™™) = i0d(log(¢™ tpy) — nt). (2.2)

VOlcn N
Fix p € R. Let X be the radial vector field —2urd/0r = —4p0/0t. The pair (w, X) is a steady
Ricci soliton if
Ric(g) + 2. %xg =0,
which by (2.2) can be rewritten

©" el = cst.e™.

By a translation on ¢ (that is, an homothety of C™), one can take the constant to be 1, and the

final equation is therefore
n

O Lpeh? = ™, (2.3)
Such Ricci solitons are gradient Ricci solitons: with the gradient function f(z) = —pp(t),
Ric(ge) + (V9)*f = 0.

By multiplying ¢ by a constant, one can restrict to the case y = 1, which we will henceforth do.
The equation (2.3) is solved in the following way. Let F'(s) be the degree-(n — 1) polynomial
F(s) = f;(}(—l)”_’“_lw(s’“. Then one can check that
4 [F(s)e] = s te*
ds ’
and for all s > sy > 0,
0 < F(s)e® — F(sp)e™ < s" tet. (2.4)
It follows that the soliton equation (2.3) can be rewritten as

nt

F(p)e¥ = — + cst.
n

We can therefore define a family of solitons parametrized by a nonnegative real number a > 0 by
taking ¢, = ¢ to be implicitly defined by the equation

nt

Fp(t))er® = % + F(a)e". (2.5)

From (2.4) the function ¢ is well defined, with ¢(¢) > a for all ¢; again from (2.4), one has
P le® > E;—Lt so equation (2.3) implies that

0 < <n. (2.6)

Thus ® := [ dt is the Kéhler potential of a steady Ricci soliton with associated holomorphic
vector field X = —2rd/0r = —40/0t.

Example 2.1 (Hamilton’s cigar soliton). In dimension n = 1, the equation (2.5) reduces to e?e() =
e'+e”, and then (pq); = (1+e%e~")~! by (2.3). The associated Kéhler-Ricci soliton on C is (¢a)tgeyi,
so the dependence in a is just by translation, and we get a unique soliton (Hamilton’s cigar soliton),
dz? + dy?

(900)tgcyl - 7’2 1



3 Asymptotics of the Cao potentials

In this section, we establish the asymptotics of the functions ¢,(t) constructed in the previous
section as t — —oo and as ¢t — co. The former is necessary to determine the topological structure
of the metric completion of the solitons. The latter determines the asymptotics at infinity of the
Cao solitons.

Lemma 3.1. Ast — —oo,

(t) = a+ Lal7mem%emt 4+ O(e?™), a>0.
va et — n%_le% + O(e?’t), a=0.
Proof. Easy calculation starting from (2.5). O

Since ¢! = 72, when a = 0, the metric associated to ¢ = ¢y on C™\ {0} extends smoothly across

the origin (¢ has a smooth development in powers of e'). This is Cao’s steady soliton (unique up
to translation and rescaling) on C".

When a > 0, then ¢(t) = al e %™ + O(e*) with €™ = 72" (and again there is a smooth
development in powers of €™), so formula (2.1) says that the metric associated to ¢ = ¢, on the
quotient (C"\ {0})/Z,, = 0(—n)\ CP"! extends smoothly across the zero section CP"~! to give
a smooth metric on &(—n). This is Cao’s family of steady solitons (a one-parameter family, up to
translation and rescaling) on &(—n).

Remark 3.2. As a — 0, the solitons on &(—n) converge to the Cao soliton on C"/Z,, with an
orbifold singularity at the origin. This is an explicit example of our construction in this paper. It
is also interesting to see what ‘bubble’ occurs in this limit: an easy calculation gives

©va(t + loga) R (1+e"t)%
a

(the translation in ¢ corresponds to homotheties in C™). The limit is the well-known Kéhler Ricci-
flat metric on the total space of €/(—n) constructed by Calabi [Cal79] (for n = 2 this is the
Eguchi-Hanson metric).

We now study the behaviour at infinity. The following lemma is again a consequence of equation
2
(2.5). For further terms in the expansion, down to an error of O (a(’%)), see [CD20, Proposition
3.1].

Lemma 3.3. Ast — oo,
logt
o(t) =nt —(n—1)logt —nlogn + O <og> .

t
n—1 logt
o(t) =n— ; +O<t2>.

O]

Proof. Let @o(t) :=nt — (n—1)logt —nlogn. For a fixed real number A, consider the function

{nF (po(t) + ASE) exp (wo(t) + A%F')  np(a)er } '

ent ent logt’



This function has limit
(n—1)°

n

A —

as t — oco. Therefore, for A sufficiently large and positive, say Ao, this function is positive for all ¢
sufficiently large, and for A sufficiently small, say A;, this function is negative for all ¢ sufficiently
large. That is, for all ¢ sufficiently large,

nt

F (C,Oo(t) + Alloft) e(PoM+A1RE) % + F(a)e® < F <g00(t) + Aglotgt> e(PoO+A25)

ent

Since <~ + F(a)e® = F(p(t)) (by (2.5)), by the monotonicity of the function F(s)e® we conclude
that for all ¢ sufficiently large
logt logt

wo(t) + AIT < p(t) < @olt) + A2T-

This establishes the first statement. For the second, substitute this expansion into equation (2.3).
O

Therefore the metric has the asymptotic behaviour when t — 400
g~ n(%alt2 +n?+ tgrs) (3.1)

and in particular the volume of the ball of radius ¢ is of order t", that is half-dimensional; also the
injectivity radius is bounded below. More generally:

Lemma 3.4. The Cao solitons have injectivity radius bounded below and curvature and all their
covariant derivatives bounded.

Proof. Tt remains to be proved that the Riemannian curvature and its derivatives are bounded.
Given the explicit form of the metric, this reduces to the fact that all derivatives of ¢ are bounded,
which is obvious (at infinity ¢; — n and the higher derivatives go to zero). O

4 Analysis on the Cao soliton

For the rest of this article, we need only the soliton obtained for a = 0; that is, the Cao soliton on
C" with Kahler form wo = pwps + @iwey. In this section we do some analysis on this soliton and
on manifolds asymptotic to it.

We first work generally on a Riemannian manifold (M, g) with a single end isometric to the
portion {Tp < t} of the Cao soliton (C,wyp), or to its quotient by some freely-acting G C SU(n).
Fix > 0 and define a weight function

w(t) = e%.

So w > 1 and at infinity w(t) ~ e®™. We use the Holder weighted spaces Cf’a(M) = w tCh(M),
where C*(M) are the usual Holder spaces.



Proposition 4.1 (Schauder estimate for Cao asymptotics). Let a be a symmetric positive-definite
bivector field, and b a vector field, whose (unweighted) C* norms are finite. Suppose moreover that
for some real A > 0, the uniform global bound a > A\g~"' holds. Denote by L the second-order elliptic

operator
Lu = (a, V?u) + (b, du).

Then there exists a constant C, such that for all ty, t1 with Ty +1 <ty +1 <t < oo, for all u
on {t<t;} C M,

[ull e (gratey < € [||U||cg({t<t1}) + HLUHC(‘;"({t<t1})} :

Proof. By Lemma 3.4, there exist s > 0 and @ > 0 such that for all x € M, there exist (harmonic)
co-ordinates on the ball B,(s) in which the metric tensor g is C1® controlled by Q. See, for
example, [Heb96, Section 1.2]. Therefore on balls of radii < s, the Schauder norms with respect to
the metric g are uniformly equivalent to the Euclidean Schauder norms.

Moreover, by assumption, the coefficients a, b of the operator are uniformly controlled on balls
By (s). Therefore the Euclidean Schauder estimate [GT01, Theorem 6.2] also holds, with uniform
constant, on balls B,(s) with Riemannian Schauder norm.

The weight function ws has the property that, for some uniform constant C, for all x and all
y € By(s), C7lw(z) < w(y) < Cw(z). We may therefore combine the uniform Schauder estimates
on balls B, (s) to give the desired global weighted estimate. O

We now specialize to the Cao manifold (C",wp) itself, with the weight function w(t) = e°%.
itself. Denote by A the Laplace-Beltrami operator of wp, and by X (as in Section 2) the radial
vector field —2r0d/0r = —40/0t. The linearization of the soliton equation on a Kéhler potential is
the operator A — X. We have the following C° estimates for this operator:

Lemma 4.2. Let 0 < § < 1.

1. Fortyp € R, and u on {t <ty} C C",

sup wlu| < max
t<to

1
— A—X)ull . 4.1
fggwlul, B0 —on tsggw\( )UI] (4.1)

2. Forrg € [1,00], andu on {1 <r <o} C C" such that u|f,—,y = (if ro < 00) oru e C5({1 <

r}) (if ro = 00),

1
sup w|u| < max [supw|u|, ——— sup w|(A — X)ul|. 4.2
sl < L;; . G5 S vl H] (1.2)

Proof. The Laplacian of a radial function is

4 0 n—lai

Af = = .

Therefore, using equation (2.3) and X = —4%,

)
@l Ot

(A — X)e_&p = — (6_5‘p<,0”_1g0t) + 454
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4 0, 4
- _ent—wa(ent (Hé)w) + 404

= —46(n — dp;)e 0%,

Since 0 < ¢ < n by (2.6), one deduces
46(1 — &)n < —e®?(A — X)e™ %% < 40n.

This estimate enables the use of a barrier argument: if (A — X)f = g, then write f = e ¢ F;
then
(A — X)F + Fe®?(A — X)e % — 20(dp, dF) = e°%g. (4.3)

On a compact domain ¢ < tg, the maximum principle applied to (4.3) implies

S _ %
sup €’?|f| = sup |F| <max | sup |F|+ ———=— sup e°?|g||.
{t<to} {t<to} {t=to} 46(1 —é&)n {t<to}

This is (4.1). Similarly, if 7o < oo, then on the compact domain 1 < r < 7, if u|—, 3 = 0, then
we obtain (4.2).

Finally, if rg = oo, we may select a sequence of compactly-supported functions yg, with 0 <
Xk < 1, with y — 1 pointwise as k — oo, such that for all u € C2({1 < r}),

Jm (A = X)Oxku)llco i<y = A = Xullcoq1<ry)-

(Indeed, we may take xx(t) = x(t/k), for some fixed cutoff function x.) We can then extract the
noncompact (rg = oo) case of (4.2) from the sequence of compact results. O

Theorem 4.3 (Drift Laplacian on the Cao soliton). Let 0 < 0 < 1. Then the operator
A—X:0P(C") — Cg(Cm)
s an tsomorphism.

Proof. To prove surjectivity: Let g € C§'(C"). For each of a sequence of domains {t < t;}, with
t; — o0, let f; be the solution to the Dirichlet problem (A —X)f; = g, fil{=,; = 0. Such a solution
exists since A — X has no zero-th order term. By the estimate (4.1),

1 1
o< - _ = .

So, by the Schauder estimate Proposition 4.1, for all ¢g and all 4 such that t; > tg + 1,
I fillozo (ectey < € [Hfi”Cg({tgti}) +[I(A = X)fi”Cg‘({tgti})} < Cllgllce i<ty
where the constant C' is independent both of ¢ty and of <.
By a diagonal argument, we can extract a subsequence, also denoted f;, which C?-converges on

each compact subset. Let f denote the limit. On each compact subset {t < ¢o}, we have that

Hf”cgv"‘({tgto}) S hﬁigp Hfi”c?“({tgto}) < Cliglicg-

8



So ||f||062,a < c[|gllcg. This proves the surjectivity of A — X.

To prove injectivity: suppose that (A — X)f = 0 with f = O(e™%). Let & be such that
0 < ¢ < 6. Applying the estimate (4.1) with the parameter ¢,

sup ¢” 7| f] < sup ”?|f| = el =010 sup 27| 1.
t<to t=to t=to

The right hand side tends to 0 as tg — oo, so f = 0. 0

5 Analysis on finite quotients of the Cao soliton

For the rest of this article, fix a finite subgroup G C SU(n) acting freely on C™ \ {0}. We now get
an orbifold soliton (Cg = (C™\ {0})/G,wp) with an isolated singularity at the origin.

It is possible to construct weighted orbifold Hoélder spaces on Cg, consisting of the functions on
C¢ whose lifts to C™ \ {0} extend to functions in the spaces C(];m (Cy,) of the previous section. By
Theorem 4.3, the operator A — X is an isomorphism between appropriate such weighted-at-infinity
orbifold Holder spaces. However, this result is not sufficient for our gluing procedure.

We need to consider Holder spaces which are also nontrivially weighted at the origin, with
weight functions polynomial in the distance to the origin. We take as the weight function the

positive radial function
eWt/Q, t <0,
wo(t) =
o) = et ¢ 50,

(we can smooth this function at ¢ = 0 but this is not really needed). So wo(t) ~ €™ at infinity
(the weights of the previous section) and wg(t) ~ 7 at the origin. If it is necessary to specify the
parameters, we will use the notation wy., s for wo.

Choose a positive function o : Cg — R such that at each point x, the injectivity radius at x is
greater than o(x). We can take o = o(t) to be a radial function, with

cst.et!? = cst.r, t <0,

o(t) = { (5.1)

cst, t> 0.

We can now define the weighted Holder space C’ﬁ”?(CG) by the norm

fll ke = g sup o (z) wo(z) |V f| 4 sup o (z)* wo (x sup : , (5.2
H HCF/,(S Pt ( ) 0( )‘ | ( ) 0( )yeBI(U(w)) d(l.’y)a ( )

where P, is the parallel transport along the unique minimizing geodesic from y to z. (We use
the Riemannian metric wy for all geometric aspects of this construction: V, |- |, d(-,-), Pyy.) This
weighted Holder norm is equivalent to the previous section’s norm on C", for functions supported
on {t > 0}, and to the norm classically used on cones for functions supported on {¢ < 0}.

Before we do this, we note, for future reference, some (essentially classical) facts about A — X
when considered as an operator on a bounded portion {t < ¢p} of Cq. Let C’ﬁ’a(t < tg) denote the
Holder space of functions on that portion, with norm the analogue of the formula (5.2) restricting to
x,y € {t <to}. Then let CA’%O‘(t < to) denotes the set of functions f € C2*(t < to) with (Dirichlet)
boundary condition f|;—, = 0.



Lemma 5.1. For each v € (0,2n — 2), the operator
A—X:C2t < tg) — CYy5(t < to)
is an isomorphism.

Proof. We note that the only critical weights of A at the origin in the interval [0,2n — 2] are 0
(corresponding to the constants) and 2n — 2 (corresponding to the Green function). This implies
that the Laplacian A has index zero as a map between the spaces CA’,%‘”(t < tp) and CF4(t < to)
(its adjoint is itself with the adjoint weight v/ = 2n — 2 — v € (0,2n — 2), so the operator and its
adjoint have the same kernel).

Since X = —27“% is a compact operator between the spaces in question, this means that A — X
has index zero.

To show the injectivity of the operator, observe that the calculation of the critical weights
implies that a solution of (A — X)f =0 with f € C’%o‘(t <tp) and 0 < v < 2n — 2 must actually
be bounded and have a limit at the origin. By local elliptic regularity it must be smooth (in the
orbifold sense of lifting to a smooth function on the G-prequotient B = By(exp(tp/2)) € C"). So
we have a solution of (A — X)f = 0 in the space C*%(B), with Dirichlet boundary conditions, so
f=0.

Therefore the operator is an isomorphism. O
We can now give the doubly-weighted isomorphism.

Theorem 5.2 (Drift Laplacian on finite quotients of the Cao soliton). Let 0 < § <1 and 0 < vy <
2n — 2. Then the operator

2,0 e
A—-X:005(Ca) = CYp5(Ca)
is an isomorphism.

Proof. This theorem will be a consequence of Theorem 4.3 (which deals with the analysis at infinity)
and of the local theory for polynomial weights in cone points (as in Lemma 5.1).

To show the injectivity of the operator, we follow the same argument as in Lemma 5.1. A
solution of (A — X)f =0 with f € Ci:? and 0 < v < 2n — 2 must actually be bounded and have a

limit at the origin, and so lift to a solution of (A — X)f = 0 in the space Cg’o‘. We then find f =0
by Theorem 4.3.

To show the surjectivity of the operator, take g € CJ,4(Cg). By Lemma 5.1 we find fy €
C’%O‘({t < 0}) defined for ¢t < 0, such that (A — X)) fo = g. Take x a cutoff function so that x(t) = 0
for t > 0 and x(¢t) = 1 for t < —1. Then, using the isomorphism of Theorem 4.3, and the fact that
g — (A — X)(xfo) has support included in {t > —1}, we can find f; € Cg’a(Cg) - Ci:?(CG) such
that

(A=X)fi=9-(A=X)(x/fo)

Then f=xfo+ f1 € Cz’?(Cg) is the required solution to (A — X)f = g. O
We also note the appropriate Schauder estimate on these doubly-weighted spaces:

Proposition 5.3 (Schauder estimate on the Cao soliton quotient). There exists a constant C, such
that for all to < oo, for all w on {t <to}, with also uly—,y =0 if tg < o0,

lellcz.e (qicroyy < © {HUHcg,é({mo}) +[I(A = X)“Hc;qz,é({tqo})] -
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Proof. The proof is similar to that of Proposition 4.1. In this situation we have that there exists
@ > 0 such that for all x € M, there exist (harmonic) co-ordinates on the ball B;(o(z)) in which
the metric tensor g is C1® controlled by Q: the varying radius o(z) (defined in (5.1)) is needed
because the injectivity radius is small near the orbifold point at the origin.

Therefore on balls of radii o(x), the weighted Schauder norms with respect to the metric
g are uniformly equivalent to the weighted Euclidean Schauder norms. So the weighted Fu-
clidean Schauder boundary estimate [GTO01, Lemma 6.4] also holds, with uniform constant, on
balls B, (o(x)) with weighted Riemannian Schauder norm.

Again, the weight functions w, s have the property that, for some uniform constant C, for all 2
and all y € B,(o(x)), C~ w(z) < w(y) < Cw(z). We may therefore combine the uniform Schauder
estimates on balls B, (o (x)) to give the desired global weighted estimate; the weight w. ;5 appears
as the product 02w%5. O

6 Joyce metrics on crepant resolutions

We continue to fix a finite subgroup G of SU(n) acting freely on C™ \ {0}, as in Section 5. For the
rest of this article we also fix an equivariant crepant resolution 7 : Jg — C"/G of the quotient. In
this context, equivariant means that the C* action on C"/G extends to an action on Jg. Not all
such quotients C"/G admit equivariant crepant resolutions, or even crepant resolutions. (By the
argument of [CDS19, proof of Lemma 2.13], the existence of an unique crepant resolution implies
that that resolution is equivariant.) We note some examples which do admit equivariant crepant
resolutions:

Example 6.1. In dimension n = 2, finite subgroups G C SU(2) which act freely are classified by
Dynkin diagrams, falling into two infinite classes Aj, Dy together with some exceptional examples.
The associated orbifolds C2/G are the Kleinian or Du Val singularities, and there is a unique
minimal resolution of each such singularity, which is equivariant and crepant.

Example 6.2. In dimension n = 3, there are some ten infinite classes of such subgroups G. There
exists a canonical equivariant crepant resolution of C?/G, the G-orbit Hilbert scheme of C3, whose
existence was conjectured by Nakamura [Nak(01] and proved by Bridgeland-King-Reid [BKRO1].
There may also exist other crepant resolutions (perhaps not equvariant).

Example 6.3. Toric geometry [DHZ01,CR04] provides numerous examples, in arbitrary dimension,
of orbifolds with toric, and therefore equivariant, crepant resolutions.

The equivariance property means that the radial vector field X = —QR% on C"/G extends to
Ja, and we will continue to denote this extension by X; the vector field JX generates the action
of S1 c C*.

We will use the notation R for the radius function on Jg, to distinguish it from the homothetic
radius r on the Cao soliton.

As previously for the Cao soliton, we introduce Hélder weighted spaces adapted to the geometry
of the manifolds Jg. Consider a positive locally bounded weight w., which for R > 2 satisfies

- _ pY
wW—R.

If there is no ambiguity, we will denote w’ by w™.

11



Take any reference metric on Jg which coincides with the flat metric of C"/G near infinity.
There is a positive function o such that at each point o(x) is smaller than the injectivity radius at
x, and near infinity o(x) = cst. R. So w; and 07 are comparable (w7 /o7 and o7 /w] are bounded).
Then the analogue of formula (5.2), with this reference metric, this o and this weight w_, defines
a weighted Holder space Cff’o‘(Jg).

We recall the Ricci-flat asymptotically locally Euclidean (ALE) Kéhler metrics on Jg, implicit
in [TY91] and constructed directly in [Joy00]. These metrics are asymptotic to the flat metric on
C" /G, up to a term in the weighted space C5o(Ja).

Theorem 6.4 (Joyce). Let € € H*(Jg,R) be a Kihler class on Jg containing an ALE Kdihler
metric. Then € contains a unique ALE Ricci-flat metric w™. Moreover, near infinity one has

w” = %85@‘, with
O =R*+ AR+ 4, ¢ € C3(Jg) for ally < 2n— 1.
Finally, if Jg is an equivariant resolution, the metric w™ is S'-invariant.

The last statement follows from the uniqueness, since the S! action preserves the ALE behaviour
at infinity.
Standard analysis on weighted spaces gives immediately:

Proposition 6.5. For any v € (0,2n — 2), the Laplacian is an isomorphism
A C’,?’O‘(Jg) — C$+2(Jg).

Proposition 6.6 (Schauder estimate on the Joyce manifold). There exists a constant C, such that
for all u on Jg,
lull 2o (g < C [Ilullegr) + 1Aulcn, )] -

Since H'(Jg,R) = 0, the S'-action generated by JX has a moment map x~, that is a function
such that

dp~ = yxw™. (6.1)

It follows that
Lxw =dixw = —dJdu = —2i00u".
Since near infinity w™ = %85@1 we observe that dy~ = LJX%('J@CI)* = —%d@f. Therefore, up to a
constant,
1
T=—-Xo.
H 1

7 Generalities on steady Kahler-Ricci solitons

In this section, we digress to prove some general facts about steady Kéhler-Ricci solitons, culmi-
nating in the uniqueness theorem stated in the Introduction. We work on an arbitrary noncompact
complex manifold M.

Lemma 7.1. 1. Suppose that the Kdhler forms w and w + %85@ are both steady solitons with
drift vector field X. Then
(w+ L000)" 1

+-XU

0 =100 |—log - 1
w

12



2. Suppose that w is Kdhler, that p is such that %JL”XQ = —i00u, and that Q is a global holo-
morphic n-form. Let f = —log % — . Then w+ %85\11 18 a steady soliton with drift vector
field X, if and only if

Lo
M+1X\P+f .

=400 |—1
0 =190 og o 1

Proof. For the first part, we calculate

0 = Ric(w + $007) + %Zx(w + £00V) — Ric(w) — %fx(w)

_ Loowy
9910 200" n L g,
w™ 4
For the second,
_ o 1 iy o= (WA Z00w) ]
_ L90w)n
=00 —logm—k}X\P—i—f : (7.1)
wn 4
O

We can now prove the uniqueness of the Kéhler-Ricci soliton in its Kéahler class, as stated in the
Introduction. This relies on the well-known strong maximum principle of Hopf [GT01, Theorem
3.5].

Proof of Proposition 1.2. Suppose that the Kéhler forms w and w + %85\11 are both steady solitons,
with ¥, XU and 0¥ going to 0 at infinity (the last in comparison with w). Then
roow)n 1
log M — XU
w™ 4

tends to 0 at infinity, and by Lemma 7.1

(w+ 2000)" 1

A, |—log +1X‘Il =0.

wn

By the strong maximum principle, A, -harmonic functions on M either do not attain their extrema,
or are constant. So, since the function tends to 0 at infinity, it vanishes.
By the convexity of the logarithmic function,

(w4 L00w)" 1 1
0=log—2—" —— XU < (A, — X)U.
Og wn 4 — 4( w )
Again by the strong maximum principle, (A, — X )-subharmonic functions either do not attain their
maximum, or are constant. Since ¥ — 0 at infinity, ¥ < 0 everywhere.

Inverting the roles of w and w + %85\11 gives the other inequality ¥ > 0, so ¥ = 0. 0

13



8 The approximate solution and the Monge-Ampeére equation

We now begin the gluing construction. For each small € > 0, define a diffeomorphism p.(z) = ¢!z

of C"/G, which also extends as a diffeomorphism of the equivariant resolution Jg. Despite the
fact that it is the same complex manifold, we wish to distinguish the desingularization of the Cao
manifold, denoted Mg, from the ALE space Jg used for this desingularization. In this way, we see
Pe as a ‘blowup map’

Pe - MG — JG'.

We will always consider Jg equipped with the Joyce metric w™ (from Section 6), whereas we want
to construct on Mg a Kéhler-Ricci soliton desingularizing the Cao soliton wg on Cg = (C"\ {0})/G
(from Section 3). Let @y (on C¢) and ®_ (on the complement of a compact subset of Jg) be as in
those sections, so that wg = %65@0 and w_ = %OECIL.

For each small € > 0, we define a reference Kéhler metric w. on Mg in the following way. Let y
be a cutoff function such that x(r) = 0 for » <1 and x(r) = 1 for r > 2, and xx(r) = x(r/A). The
gluing procedure will occur around the radius

n

Te = €ntl,
We construct w, in the following way:
e on 1 > 2r¢, let we = wp;
e on7r <7, let we = ezp:w,;
e on 71 <r <2r, let we = %85@6, where

D = Xr. (1)@ + (1 = X (1)) DD (8.1)

This is well-defined since in the intermediate region, w, coincides with wy near r = 2r, and with
e2pfw_ near r = r. It is of course Sl-invariant. Observe that the function ®. defined in (8.1) is
actually naturally defined on a larger region, say r > € (corresponding to R > 1 in Jg), and that
®. is a potential for w, on this larger region.

To see that the forms w, are indeed Ké&hler for e sufficiently small, note that we have &g —
r?2 = O(r*) and ®~(R) — R? = O(R*?"), with control on the derivatives: V¥(®~(R) — R?) =
O(R*2n=F). 1t follows that, for r. < r < 2r, one has

r? — EprdT = O("r?72) = O(rd),
V2(r? — é2prd7) = O(e¥r ) = O(r?).

~— M

Therefore on r. < r < 2r. we have

€

We — %857“2 = 0(r?),

so for € small enough we is positive, so is a Kéhler form everywhere.
Since we also have bounds on all derivatives of &=, we more generally get on the same transition
region r. < r < 2r¢ the estimates

VF@, —12) = O(r4 ), VF(w. — %aﬁﬂ) — O(r2h). (8.2)

€ €
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As in Section 6, there is a global moment map u. : Mg — R, such that dy. = tyxw.. We can
fix the constant by deciding that, for » > € one has

1 —%X(I)(), r > 27'5;

= —-Xb, = 8.3
8 4 {—iX [€pi@~] = piu, e<r <re 53

The latter implies that, in fact, g, = €>p*u~ throughout the region r < r.. One again has
Lxwe = —2i001e.

Let © be the global holomorphic n-form on Mg which agrees, on Cg = C"/G, with the Euclidean
n-form. (Such an n-form exists since the resolution 7 : Mg — Cg is crepant.) Let

n

w
=1 <. 8.4
f 08 g K (8.4)

and observe that by (2.3), fe vanishes on r > 2r.. Motivated by Lemma 7.1, we now introduce the
operator

(we + 5099)" _ XUt
we'

T.(T) := (8.5)

For the rest of the article we study the operators T¢.

9 Glued function spaces

We define weight functions we = we s depending on the parameters v € (0,2n —2) and § € (0,1)
(we will add the dependence in the parameters, for example w,  to specify the dependence in 7,
only in case of ambiguity) in the following way:

o for r > r. the weight w, coincides with the weight defined on the Cao soliton: w. = wy; recall
that wo(r) = 7 near r = 0;

o for r < 2r, the weight w, coincides up to a constant with the weight for the Joyce metric:
we = €'pfw™; since for R large one has w™ (R) = R7, this choices ensures that the two
definitions coincide for r. < r < 2r..

We define a weighted Holder space Cffé(Mg), “gluing the Holder spaces of the Cao manifold
and of the Joyce manifold,” by the analogue of formula (5.2) for the glued metrics w,, glued weights
We .5, and similarly glued o.. For example, the C° norm is

Iflles, = supuwes gl
A perhaps-clarifying remark is that, for cutoff functions ) as in the previous section,
Flgse, ~ () ks ) + € 1B = X 0Dl

(The factor €7 is exactly the factor required to make the two norms be equivalent on the transition
region re < r < 2rc.)

Proposition 9.1 (Uniform Schauder estimate). There exists a constant C, such that for all e > 0
sufficiently small, and all u on Mg,

lellgze i) < € [Iullon. aa) + 1 Be = Xullgae sy

Proof. As for Propositions 4.1 and 5.3. O
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10 Error term

We want to control f. defined by (8.4). We know that f. vanishes on r > 27, so the needed estimate
is only on the Joyce manifold. We prove:

Proposition 10.1. For all v > —4, §, and k, there exists C such that for € sufficiently small,

44y
Ifellex,,, < Cré.

Corollary 10.2. Under the same hypotheses, one has

1 Te(0)]| o
€,

Proof of Corollary 10.2. Observe that the bound in Proposition 10.1 reads as

==l < et

+2, +2,6

_n_
a2 sup  wo 9 k‘kaE’w* < C’ken+1(4+7)
Y2+
R<2e1r,

that is

2n—2—v

for ¢ small enough. Expanding V¥(efc — 1) in terms of the derivatives of f. now gives the same
bounds on efe — 1. O

Proof of Proposition 10.1. Since f. vanishes for r > 2r., we only need to bound f. for r < 2r.. We
wn

will bound independently the two terms log a0 and fie.
The first term is nonzero only on the transition region r. < r < 2r.. From the bounds (8.2), we

get that on this region
wn
Vk ( 6) -0 2—k ’
are (re™)

and so "
w
sup 2| VR log | < cprtt
re<r<2re QAQ

which is exactly the required bound.

By (8.3), the second term g coincides with —iX U, on the region where the potential ¥, exists,
that is r > ¢; and with €?pu~ on r < r.. From the estimate (8.2) we see that on the transition
region r. < r < 2r, we have

vk:ufi = O(T‘S_k),

and so

24v+k k 4+
sup T i |v ,U’€| S CkTe ,77

re<r<2re

the desired estimate. Finally, on r < r. it is easier to write the required estimate in terms of norms
on the manifold Jg:

_ +2 —1\*
lielles ., scr<ray = €7 10 ) Rellen,,((rzerray)

— 4y,

=k, ((reerra
4

SC?"€+’Y

so long as v > —4. O
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Remark 10.3. The choice of r. was made to get an optimal bound on f.: the two errors coming
from cutting off the Cao soliton, and from gluing the Joyce manifold (which is Ricci-flat, not a

soliton), are of the same order around r.. For example, for n = 2 we have r. = ¢5. A different

choice (such as r. = 6%, which means taking a bigger r.) would give a larger error term; it would
then be necessary to correct the Joyce metric as in [BM11, § 2.4] before gluing, but we do not need
to do this with our choice of 7.

11 First-order term: Blowup argument

The linearization of the operator 7T, defined in (8.5) is 3(A. — e/X). We first study the simpler
operator A, — X, then, in Corollary 11.4, use the control on efe from Corollary 10.2 to extend the
results to A, — ef< X.

Lemma 11.1. For each v, 0, and each € > 0, the operator
27
AE —X: Ce;;)jé(MG) — Cgv+2’5(Mg)
18 continuous.

Proof. We have that (A, — X)u = (w71, V2u) + (=X, du), where (-,-) denotes a full trace. Since
both w_ I'and X are bounded with respect to the metric we, the operator is continuous. ]

Proposition 11.2. For each 0 < § < 1, each 0 < v < 2n — 2, and each 0 < a < 1, there exists a
constant ¢, such that for all € sufficiently small, for all o € [1, 0], and for all u € 0627%5({7" <ro}),
with the Dirichlet boundary condition u|y—y, = 0 if 7o < 00,

lulles ey < el = X)ullco

€,v+2,0 (r<ro)’

Proof. We prove this by contradiction. Suppose this false; then there exist a sequence ¢; — 0, a
sequence r; € [1,00], and a sequence of functions w; defined on {r < r;}, satisfying u;|,—r, = 0, with

1A = X)uilleo ., —0, (1L.1)

+2,6

but for all 7,
il =1.
€557Ys

The first observation is that by (4.2), together with the fact that for » > 1 the weight w used for
the Cao metric coincides with the weights we ~, we 442 used to define the norms CS,W; and CgﬂY 42,60

sup wE,’Y+2’(A - X)uz‘ :

1
S y < a.v S ) /1 S\
up we,’y|ul| < max l_lfl)we,'y|ul’7 46(1 _ 5)7’1, 1<r<r;

1<r<r; r=
Since by hypothesis sup we y+2[(A — X)u;| — 0, we see that there exist points z; such that:

’Zz“ S 1

We(2i)ui(2i)] = 1.
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We will now use a blowup argument at z;. Up to extracting a subsequence, we can suppose that
Ti — Teo € [1,00]. We distinguish three cases:

Case 1: 0 < inf; |z

We can suppose z; — zoo. From local elliptic regularity (including at the boundary r = r; if
it is finite), as in [GT01, Theorems 8.32-3], we have local CL bounds on u;, so we can extract a
subsequence C1®-converging on each compact subset of the domain {r < ry} of the Cao manifold
Cq. Let uy be its limit; since the weights we converge to the weight wqg for Cq, we get

(A — X)us =0 (and us is smooth),
SUP Wo |Uso| = Wo(2e0)|Uos (200)[ = 1,

Uo|fr=roo} = 0 1f 700 < 0.

Proposition 5.3, the Schauder estimate on the Cao manifold Cg, gives that

HUOOH(,*E/:?({TSTOO}) <C [Huoo!!cgﬁ({rgrw}) + (A = X)uoo\lcgﬁ,é({rgroo})} =C sup wplues| < 0.

TSToo}

S0 Uee € Ci:g‘({r < Ts}) is a nonzero element of the kernel of A — X. If ro, = 0o, this contradicts
Theorem 5.2. If ro, < 00, noting that u, also satisfies the Dirichlet boundary condition, this
contradicts Lemma 5.1.

Case 2: sup;€; || < oo.

Let ¢; = pe,(zi) € Jg; we can suppose that ¢; — (- € Jg.

Let v; := €] (pe, )«u;. By definition the weight we 5 is equal to the Joyce weight €'p;w, on the
larger and larger domains {R < e~ !r.} of Jg, so

sup  wy |vi| = w3 (G)|vi(G)] = 1. (11.2)
{R<e~1r.}

On the other hand, since e 2w, = w™ for R < e~ !r,, the control (11.1) translates into

{R<Sug }w;+2|(Aw7 —EX)| = {81<1p}7ut)€7,y_~_27(;|(A‘,JE — X)u;| — 0. (11.3)

The operators A,,_ — ¢2X are uniformly locally controlled, so by local elliptic regularity [GTO1,
Theorems 8.32-3], as in Case 1, we can extract a subsequence C'l®-converging on each compact
domain of Jg. Let v be its limit. By (11.2) and (11.3),

A,-Voo =0, sup wy [veo| = 1.

We conclude as before, using Proposition 6.6 (the Schauder estimate on the Joyce manifold) and
Proposition 6.5 (the proof of isomorphism).

Case 3: We may pass to a subsequence with z; — 0 and €, Yz = 0.

In this case we perform a similar extraction on the cone C"/G itself, by scaling by A\; = |z].
As in Case 2, we consider a sequence of homotheties which restrict the points to a compact region.
In this case we take the homotheties py,, and introduce rescaled functions v; := )\Z(p)\i)*ui. We
can suppose (; = % — (x € C"/G. Finally, now A, Q(p,\i)*wgi converges to the flat cone metric
on C"/@G, and the weights )\?pjiwsimg converge to the cone weight w,(R) = R”, in both instances
because 1 > \; > ¢;.
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The next part of the proof is unchanged from Case 2: the operators A 720y, )ewe; A X are
uniformly locally controlled, and we get a nonzero solution v of Avs, = 0 on the whole flat cone
C"/G, with supgn /¢ R |vso| < 00.

Finally, since v € (0,2n — 2) is not a critical weight of the Laplacian, A : C2*(C"/G) —

12(C"/G) is an isomorphism and such a vy cannot exist. O

Proposition 11.3. For each 0 < § < 1, each 0 < v < 2n — 2, and each 0 < o < 1, there exists a
constant c, such that for all € sufficiently small, the operator A, — X : Czﬁé(Mg) — CEO"A/JFZ(;(Mg)

is an isomorphism, and for all u € C’ff(;(Mg),

lullcze < el (Ae = X) (11.4)

UHCS,':;LQ,& )

Proof. First observe that the estimate (11.4), and the injectivity of the operator, follow from the
C? estimate in Proposition 11.2, combined with the uniform Schauder estimate Proposition 9.1.

We now show the surjectivity of A — X. This is the same argument as in Theorem 4.3. We
want to solve (A — X)u = v. On each of a sequnce of bounded domains {¢ < ¢;}, one can solve
(A — X)u; = v with u;|,—r, = 0, since the operator A — X, being a compact perturbation of A, has
index zero for the Dirichlet problem, and is injective (by the maximum principle).

By Proposition 11.2, together with the Schauder estimate Proposition 4.1, we have that for all
to and all ¢ such that ¢; > tg + 1,

”ui"cf”jé({tgto}) < CHUHCgWM(MG)y

where the constant C is independent both of ¢y and of ¢. Therefore when i — co we can extract a
CP ~limit w still satisfying [Jul| 2.0 < c|Jv]|co s’ and solving (A — X)u = v. O
€,7,0 €Y +2,

Corollary 11.4. Proposition 11.3 is also valid for the family of operators A, — efe X.

Proof. 1t suffices to check that the norm of the operator

(efe _ 1)X : CZZ?J;(MG) — 037+2,5(MG)

goes to zero, so that adding it to A, — X does not perturb the invertibility and the estimate on the
inverse. This follows easily from Corollary 10.2. O
12 Second-order term

Let us write
Te(\Ij) = Te(o) + Le(\I’) =+ Qe(q])>

where L, = i(A6 — efe X)) is the linearization of T, at the origin.

Proposition 12.1. There exists constants ¢,/ > 0 such that if | V|| 20 , || V]| 20 < ce*™7, then
€,7,0 €,7,0

1Qc(¥) = Qe(¥)lce,,, < e =Y gza (¥l gz + [l 20 ).
€,7,0 €,7,8 €,7,8

€Y +2,6 —
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Proof. Such an estimate is obvious on a ball, without weights, if the geometry of the metric is
uniformly controlled: it comes down to saying that the second derivative D?T' remains bounded on
a ball.

We can apply this remark on balls on the Cao part of the manifold (r > 1). The weighted norm
on balls is just the usual Holder norm, multiplied by the factor we:

HuHCfﬁ&(B(xo’l)) ~ we($0)||uHCkva(B(ac0,1))-
Then, for [|W[|c2.a(B(zo,1))s |¥'llc2.a(B(zo,1)) < ¢ We have the standard estimate
1Qc(¥) = Qc(¥)lca(Bo1)) < 1Y — V|20 (Bag 1)) [¥]lc20(B(z0,1)) + ¥ lc20 (B(20,1)))-
Therefore,
Q) = Q¥ By
/ —1 ! !
<c U}E(.’I;O) H\I’ - HCf’fj’é(B(:po,l))(H\Il“cf"ﬁé(B(zo,l)) + H\I’ HC?,’%(;(B(%J)))

which gives the required estimate since w¢(zg) > 1.
The situation is quite different on the part where we glued the Joyce manifold, because the
injectivity radius and the weight become small. First observe that

we 4 199¥Y\n 2
(& +3005)" ST XY

T.(¥) = ,
="
and recall that on the Joyce region r < r,, % = w_, the metric on Jg, and f. = —e2p*~. Therefore
on that region
i 9V
1) = W= 2008 ercsixg)
€ - wn .

On a large compact part K C Jg, we have as above, for norms taken with respect to w_,

2« ( 02,(1)

v

e €2

v

€2

\IJI

+e2

2«

1Qe(¥) — Qe(¥)[lce < ¢

for ||z, H%ch,a < ¢. But on K we have
Jullgrer, ~ € ullonoge.y

So we deduce that for || ¥ 2. ,||¥’ < ce?t7, we have on K the estimate
€,7,0

Hciﬁé
/ ) —2— / /
1Q®) = Qu¥)lez, ;< e W = Wgae (Wlee + W2t ).

This is again the required estimate.

The case of the conical region between K and {r > 1} is similar and we will not write the
details. The worst constants are obtained on the K part of the manifold, because this is the part
of the manifold with smallest injectivity radius and weight. This explains the constants in the
statement of the Proposition. ]
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13 Inverse function theorem

The proof of Theorem 1.1 will now follow directly from the following quantitative version of the
inverse function theorem, previously used in [BM11]:

Lemma 13.1. Let T : E — F be a smooth map between Banach spaces and define Q =T —T(0) —
DT\|o. Suppose that there are positive constants q, ro and ¢, such that
1 1Q(x) = QI < gqllz — yll(l[=]| + llyll) for every x and y in Bp(0,70);

2. DTy is an isomorphism with inverse bounded by c;
3. |T0) < %min(ro, 2%10)
Then the equation T'(x) = 0 admits a unique solution x in Bg(0, min(ro, 2%0))
Proof of Theorem 1.1. For fixed 0 < 0 <1 and 0 < v < 2n — 2, consider the family of operators

2, 0,
Te: Ce,yofa(MG) - Ce,$+2,5(MG)-

We will show that for e sufficiently small, the operator T, satisfies the hypotheses of Lemma 13.1.
By Corollary 10.2, for € sufficiently small

|1 — efe 4+ 7
||T€(O)||CS,,$+2,5(MG) =[1-e ||CS,’$+2,5(MG) < Ce o

By Corollary 11.4, for € sufficiently small

2, 0,
Le = %[Aa - efaX] : C€7%(5(MG> - CEKY"'QV‘S(MG)

is an isomorphism, and its inverse is bounded by a constant independent of e.
By Proposition 12.1, for e sufficiently small, for all ¥, ¥’ with ||¥|| 2.0 , || ¥
€,7,6

map Q. := T, — T.(0) — L, satisfies,
1Qe(¥) = Qe(¥)[| o < Ce TN — | coa (W]l 20+ [[¥']] 20 ).
€,v+2,8 €,7,0 €,7,6 €,7,8

< Cert? the
8

HCQ,Q
€7

Thus if we take ¢ := Ce~"*2) and 7y := Ce?*2, then (1) and (2) are satisfied, and moreover
2 min(ro, %qc) > Cleart?
1 _2n—2—v
> C e T [Ta(0)])-
2n—2—
Since v < 2n — 2, for ¢ sufficiently small we then have that C~te™ ~ n+1 * > 1, and so (3) is satisfied
for e sufficiently small.
Therefore by Lemma 13.1 there exists a solution ¥, to the equation T,(¥.) = 0, i.e.,

(wWe + 200T )" = XY/ AT A Q.
; 3 24y
The solution W, satisfies, H\IleHcf;j“é(MG) < Ce*t,

Since ¥ € C’f? 5(Mg) is a solution to the equation T, (V) = 0, its differential d¥ is a weak

solution to a quasilinear elliptic equation

0=dTl.(V) = Aw5+%~85\11d\11 + F(V20,dv).
Bootstrapping using the Schauder estimafceiProposition 4.1, we conclude that ¥ € Cf’ffa(Mg) for
all k. In particular, by Lemma 7.1, w. + 500V is a steady Kéhler-Ricci soliton. ]
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