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COMPOSITION OPERATORS ON DE BRANGES–ROVNYAK SPACES
ASSOCIATED TO A RATIONAL (NOT INNER) FUNCTION

RIM ALHAJJ AND EMMANUEL FRICAIN

ABSTRACT. In this paper, we characterize the boundedness, the compactness and the
Hilbert–Schmidt property for composition operators acting from a de Branges–Rovnyak
space H pbq into itself, when b is a rational function in the closed unit ball of H8 (but not
a finite Blaschke product). In particular, we extend some of the results obtained by D.
Sarason and J.N. Silva in the context of local Dirichlet spaces.

1. INTRODUCTION

In this paper, we study the composition operatorsCϕpfq “ f˝ϕ acting on a de Branges–
Rovnyak space H pbq, associated to a function b belonging to the closed unit ball of H8

and satisfying logp1´|b|q P L1pTq. The de Branges–Rovnyak spaces H pbq (see the precise
definition in Section 2) have been introduced by L. de Branges and J. Rovnyak in the con-
text of model theory. A whole class of Hilbert space contractions is unitarily equivalent
to the restriction of the backward shift operator to H pbq for an appropriate b belonging
to the closed unit ball of H8.

The study of composition operators has quite a recent history, but the literature on this
subject has grown very quickly and many efforts have been dedicated to characterizing
the standard spectral properties in various reproducing kernel Hilbert spaces [6, 29]. It
finds its roots in the pioneering works of E. Nordgren [22] and H.J. Schwartz [27] in the
sixties. The idea is to connect the properties of the operator Cϕ (boundedness, compact-
ness, Hilbert–Schmidt property,...) with the properties of its symbol ϕ. It is well–known
that for every analytic self-map ϕ of the open unit disk D, the operator Cϕ maps bound-
edly the Hardy space H2 of the unit disk into itself. This is known as the Littlewood
subordination principle. The compactness is more subtle and has been characterized by
J. Shapiro [28] in terms of the behavior of the Nevanlinna counting function Nϕ associ-
ated to the symbol ϕ. Recall that the Nevanlinna counting function Nϕ is a tool from
value distribution theory and is defined by

Nϕpwq “ ´
ÿ

ϕpzq“w

log |z|, if w P ϕpDqztϕp0qu and Nϕpwq “ 0, if w P DzϕpDq.

In [18], Y. Lyubarskii and E. Malinnikova extended Shapiro’s compactness criterion for
composition operators Cϕ acting from H pΘq “ KΘ into H2, where KΘ “ pΘH2qK is
the so-called model space associated to an inner function Θ. In [10], the second author
with M. Karaki and J. Mashreghi generalized some of the results of Y. Lyubarskii and
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2 ALHAJJ AND FRICAIN

E. Malinnikova for Cϕ viewed as an operator from H pbq into H2, when b is a function
belonging to the closed unit ball of H8. Note that, since H pbq is contractively contained
into H2 (and even is closed in H2 if b “ Θ is inner), then, according to the Littlewood
subordination principle, the composition operatorCϕ always maps boundedly H pbq into
H2.

If we require that the operator Cϕ maps H pbq into itself, the situation becomes dra-
matically more difficult and it imposes severe restrictions on the symbol ϕ. It has been
studied by J. Mashreghi and M. Shabankhah in [19, 20] for model spaces KΘ, mainly
when the inner function Θ is a finite Blaschke product, which implies that the space KΘ

is of finite dimension. In this case of course, the question of boundedness and compact-
ness reduces to the question of knowing whether f ˝ ϕ P KΘ, for every f P KΘ.

Let us recall that when bpzq “ p1 ` zq{2, z P D, the associated de Branges–Rovnyak
space H pbq coincides with the local Dirichlet space Dpδ1q (with equivalence of the norms).
More generally, if b P ballpH8q is a rational function (and not a finite Blaschke product)
such that its pythagorean mate a (see Section 2 for the definition) has only simple zeros
on T, then it is known that H pbq “ Dpµq (with equivalence of the norms), where µ is a
positive discrete measure supported on the set of the zeros of a on T. See [5]. Here Dpµq is
the space of holomorphic functions on D whose derivatives are square-integrable when
weighted against the Poisson integral of the measure µ. In [26], D. Sarason and J.N. Silva
studied the composition operators on Dpµq. They gave a criterion for the boundedness,
the compactness and the Hilbert–Schmidt property of Cϕ on Dpδ1q in terms of the behav-
ior of a counting function appropriate for the space Dpδ1q. Of course, their results can be
translated immediately in the context of H pbq space where bpzq “ p1` zq{2.

One of the main difficulties when we deal with H pbq spaces is to check if a given func-
tion f belongs or not to H pbq. Contrary to most of the classical spaces (Hardy space,
Bergman space, Dirichlet space,...), the membership to H pbq cannot be characterized di-
rectly by an integral condition (at least it is not known). That causes some difficulties
to check if a composition operator Cϕ maps H pbq into itself. In this paper, we will re-
strict ourselves to the case when b is a rational function in the closed unit ball of H8,
which is not a finite Blaschke product. In this case, we have a concrete description of
the H pbq space which makes the situation more tractable. In particular, the key point
in our method is a link we establish between the properties of a composition operator
Cϕ : H pbq ÝÑ H pbq and the properties of some related weighted composition operator
Wu,ϕpfq “ upf ˝ ϕq, acting on H2. Here u will be some appropriate function depending
on the values of ϕ at the zeros of the pythagorean mate a of b. Then, using known results
on Wu,ϕ, we characterize the boundedness, the compactness and the Hilbert–Schmidt
property of Cϕ on H pbq.

Let us mention that all the results we obtain in this paper can be translated in the con-
text of Dpµq spaces where µ is a finite sum of Dirac measures, and we then extend or
recover many results obtained by D. Sarason and J.N. Silva in the context of local Dirich-
let space Dpδ1q. However, our two approaches are different. Indeed, D. Sarason and J.N.
Silva used an approach based on an appropriate counting function, whereas we use an
approach based on an interesting link with some weighted composition operators.

In Section 2, we present a quick overview of some known properties of de Branges–
Rovnyak spaces, useful for our study of composition operators. We also prove a new
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result on multipliers which is interesting in its own right. In Section 3, we give some
necessary/sufficient conditions for boundedness. In particular, we prove that the bound-
edness of Cϕ imposes some restrictive conditions on the values of ϕ at the zeros of a on
T. Section 4 contains a characterization for the boundedness, whereas, in the last section,
we give a characterization for the compactness and the Hilbert–Schmidt property. As we
will see, major differences between the H2 case and the H pbq case emerge, and in partic-
ular, we exhibit some examples of symbols ϕ for which Cϕ is Hilbert–Schimdt on H pbq
but not compact on H2. We also discuss interesting connections with angular derivatives
in the sense of Carathéodory.

2. PRELIMINARIES ON H pbq SPACES

2.1. Definition of de Branges–Rovnyak spaces. Let

ballpH8q :“
!

b P H8 : }b}8 “ sup
zPD

|bpzq| 6 1
)

be the closed unit ball of H8, the space of bounded analytic functions on the open unit
disk D “ tz P C : |z| ă 1u, endowed with the sup norm. For b P ballpH8q, the de
Branges–Rovnyak space H pbq is the reproducing kernel Hilbert space on D associated with
the positive definite kernel kbλ, λ P D, defined as

(2.1) kbλpzq “
1´ bpλqbpzq

1´ λz
, z P D.

We refer the reader to the book [25] by D. Sarason and to the recent monograph [11, 12] by
the second author and J. Mashreghi for an in-depth study of de Branges–Rovnyak spaces
and their connections to numerous other topics in operator theory and complex analysis.

It is known that H pbq is contractively contained in the Hardy space H2 of analytic
functions f on D for which

}f}H2 :“
´

sup
0ără1

ż

T
|fprξq|2dmpξq

¯
1
2
ă 8,

where m is the normalized Lebesgue measure on the unit circle T “ tξ P C : |ξ| “ 1u. For
f P H2, the non-tangential limit fpξq :“ limzÑξ

^
fpzq exists for m-almost every ξ P T and

}f}H2 “

´

ż

T
|fpξq|2dmpξq

¯
1
2
.

See [7, 16]. Though H pbq is contractively contained inH2, it is generally not closed in the
H2 norm. Indeed, H pbq is closed in H2 if and only if b “ I is an inner function, meaning
that |Ipξq| “ 1 for a.e. ξ P T. In this case, H pbq “ KI “ pIH

2qK is the so-called model space
associated to I . In the particular case when I “ B is a finite Blaschke product associated
to the sequence λ1, . . . , λn (with multiplicities m1, . . . ,mn), meaning that

Bpzq “ γ
n
ź

j“1

ˆ

z ´ λj

1´ λjz

˙mj

, z P D,

where, for 1 6 j 6 n, λj P D, mj P N and γ P T, then we have an explicit description of
KB given by

(2.2) KB “

#

p
śn
j“1p1´ λjzq

mj
: p P PN´1

+

,
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where N “
řn
j“1mj and PN´1 denotes the set of polynomials of degree less or equal to

N ´ 1. See [15, Corollary 5.18].

Another particular case is when }b}8 ă 1. In this case, the space H pbq coincides
with the Hardy space H2 as sets (with an equivalent norm). As already mentioned in
the introduction, the problem of boundedness and compactness for Cϕ on H2 has been
completely solved. Therefore, we will assume in the rest of the paper that }b}8 “ 1.

2.2. A description of H pbq when b is a rational function. Although the contents of the
space H pbq may seem mysterious for a general b P ballpH8q, it turns out that when
b P ballpH8q is a rational function (and not a finite Blaschke product) the description of
H pbq is quite explicit. Such a b is a non-extreme point of ballpH8q, which is equivalent
to logp1 ´ |b|q P L1pTq, and so there is a unique outer function a, called the pythagorean
mate for b, such that ap0q ą 0 and |a|2 ` |b|2 “ 1 a.e. on T. When b is rational, a is also a
rational function and can be obtained from the Fejér–Riesz theorem. See [8].

Let ξ1, . . . , ξn denote the distinct roots of a on T, with corresponding multiplicities
m1, . . . ,mn, and define the polynomial a1 by

(2.3) a1pzq :“
n
ź

j“1

pz ´ ξjq
mj .

Observe that since we assume that }b}8 “ 1, the function a has necessarily some zeros on
T (corresponding to the points where b achieves its maximum on the closed unit disk).
Results from [5, 8] show that H pbq has an explicit description as

(2.4) H pbq “ a1H
2 ‘PN´1,

where N “ m1 ` ¨ ¨ ¨ `mn and ‘ above denotes a topological direct sum in H pbq. More-
over, if f P H pbq is decomposed with respect to (2.4) as

(2.5) f “ a1
rf ` pf , where rf P H2 and pf P PN´1,

an equivalent norm on H pbq (to the natural one } ¨ }b induced by the positive definite
kernel kbλ, λ P D, above) is

(2.6) ~a1
rf ` pf~

2
b :“ } rf}2H2 ` }pf }

2
H2 .

Also we use the scalar product x¨, ¨yb associated to ~ ¨ ~b defined as

(2.7) xf1f2yb “ x
rf1, rf2y2 ` xpf1 , pf2y2,

for every f1 “ a1
rf1 ` pf1 , f2 “ a1

rf2 ` pf2 in H pbq. In particular, with the scalar product
given by (2.7), the direct sum in (2.4) becomes an orthogonal sum. It is important to note
that ~¨~b is only equivalent to the original norm } ¨ }b associated to the kernel in (2.1), and
its scalar product as well as the reproducing kernels and the adjoints of operators defined
on H pbq will be different. However, the boundedness and compactness properties for
the operator Cϕ on H pbq do not depend on the equivalent norm we consider. So in the
rational case, there is no problem to work with the norm given by (2.6) and the scalar
product given by (2.7), which we will do in the rest of the paper.

Notice that we exclude the case when b is a finite Blaschke product because, as already
mentioned, this case has already been studied in [19, 20] for the boundedness, and since
the associated H pbq space is of finite dimension (when b is a finite Blaschke product), the
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problem of the compactness for the operator Cϕ on H pbq reduces to the problem of its
boundedness.

An important property of functions f in H pbq, when b P ballpH8q is rational (but
not a finite Blaschke product), is the existence of non-tangential limits for f and some
of its derivatives at certain points on T. More precisely, for every 1 6 j 6 n, for every
0 6 k 6 mj ´ 1 and every f P H pbq, we have

(2.8) f pkqpξjq :“ lim
zÑξj
^

f pkqpzq “ p
pkq
f pξjq,

where f “ a1
rf ` pf with rf P H2 and pf P PN´1. See [11, Corollary 27.22].

2.3. The multipliers of H pbq spaces when b is rational. A tool which will turn out to
be useful when studying the boundedness and compactness of composition operators on
H pbq is the notion of multipliers. Recall that the set MpH pbqq of multipliers of H pbq is
defined as

MpH pbqq “ tϕ P HolpDq : ϕf P H pbq,@f P H pbqu.

Using standard arguments, we see that MpH pbqq Ď H8XH pbq. In general, this inclusion
is strict. However, when b P ballpH8q is rational (but not a finite Blaschke product), it is
proved in [9] that we have equality, meaning that

(2.9) MpH pbqq “ H8 XH pbq.

The following result will be useful in our study of boundedness of composition oper-
ators and is interesting in its own right.

Lemma 2.1. Let b P ballpH8q be a rational function (but not a finite Blaschke product). Let
ϕ P H pbq and assume that 1{ϕ P H8. Then 1{ϕ PMpH pbqq.

Proof. Let a be the pythagorean mate of b, to which we associate the polynomial a1pzq “
śn
j“1pz ´ ξjq

mj as in (2.3). Using (2.4), we can decompose ϕ P H pbq as

(2.10) ϕ “ a1ϕ̃` pϕ,

where ϕ̃ P H2 and pϕ P PN´1. We also know from (2.8) that for every 1 6 j 6 n and
every 0 6 k 6 mj ´ 1, the function ϕpkq has a non-tangential limit at point ξj and

ϕpkqpξjq “ ppkqϕ pξjq.

The assumption 1{ϕ P H8 implies the existence of a constant δ ą 0 such that for every
z P D, |ϕpzq| ě δ. In particular, letting z tend non-tangentially to ξj gives ϕpξjq ‰ 0 for
every 1 6 j 6 n.

Now set h “ 1{ϕ. According to (2.9) and our assumption, we need to prove that
h P H pbq. Notice that for every 0 6 k 6 mj ´ 1, we have

hpkq “
ψkpϕ,ϕ

1, . . . , ϕpkqq

ϕk`1
,

where ψk is a polynomial of k ` 1 variables. In particular, we deduce that for every
1 6 j 6 n and every 0 6 k 6 mj ´ 1, the function hpkq has a non-tangential limit at ξj .
Consider now the (unique) polynomial ph P PN´1 such that

p
pkq
h pξjq “ hpkqpξjq, 1 6 j 6 n, 0 6 k 6 mj ´ 1.
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The polynomial ph can be constructed using Hermite interpolating polynomials. See
for instance [1, Chap. 1, E.7]. According to (2.4), we need to check that the function

ψ :“
h´ ph
a1

is in H2 in order to conclude that h P H pbq. To this purpose, write

ψ “

1
ϕ ´ ph

a1
“

1

ϕ
.
1´ ϕph
a1

“
1

ϕ
.
1´ pϕph

a1
`

1

ϕ
.
phppϕ ´ ϕq

a1
.

It follows from (2.10) that ppϕ ´ ϕq{a1 “ ´ϕ̃ P H2 and since 1{ϕ and ph are in H8,
the second term phppϕ ´ ϕq{pϕa1q is in H2. For the first term, using one more time that

1{ϕ P H8, it is sufficient to prove that
pϕph ´ 1

a1
P H2. To this purpose, observe that for

1 6 j 6 n, we have
ppϕph ´ 1qpξjq “ ϕpξjqhpξjq ´ 1 “ 0.

Thus every point ξj , 1 6 j 6 n, is a zero of the poynomial pϕph ´ 1. Moreover, for
1 6 j 6 n and 1 6 k 6 mj ´ 1, we have

ppϕph ´ 1qpkqpξjq “ ppϕphq
pkqpξjq

“

k
ÿ

`“0

ˆ

k

`

˙

pp`qϕ pξjqp
pk´`q
h pξjq

“

k
ÿ

`“0

ˆ

k

`

˙

ϕp`qpξjqh
pk´`qpξjq

“ pϕhqpkqpξjq

“ pϕh´ 1qpkqpξjq “ 0,

because ϕh´1 ” 0. Hence, for every 1 6 j 6 n, ξj is a zero of the polyomial pϕph´1 with
a multiplicity at leastmj´1. In particular, the polynomial a1pzq “

śn
i“1pz´ζiq

mi divides
the polynomial pϕph ´ 1, meaning that the function ppϕph ´ 1q{a1 is also a polynomial
and thus belongs to H2. Finally ψ P H2 and then 1{ϕ P H pbq. �

Corollary 2.2. Let b P ballpH8q be a rational function (but not a finite Blaschke product). Let
ϕ P H pbq XH8. Then, for every λ P C, |λ| ă }ϕ}´1

8 , the function 1{p1´ λϕq PMpH pbqq.

Proof. This result follows immediately from Lemma 2.1, because first 1´ λ̄ϕ P H pbq and
second

|1´ λ̄ϕpzq| ě 1´ |λ||ϕpzq| ě 1´ |λ|}ϕ}8 ą 0,

which implies that 1{p1´ λϕq P H8. �

2.4. Two technical results in H pbq when b is a rational function. The next result intro-
duces a function ψ, related to the symbol ϕ, which will be useful in our characterization
for the boundedness of the operator Cϕ on H pbq. In order to prove the result, we need to
recall a formula on boundary Taylor expansion. Let h be an analytic function on the open
unit disk D. Assume that h, h1, . . . hp`q have non-tangential limits at a point ξ P T. Then
we can write

(2.11) hpzq “
ÿ̀

k“0

hpkqpξq

k!
pz ´ ξqk ` pz ´ ξq`εpzq, z P D,
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where ε is an analytic function on D with a zero non-tangential limit at ξ. A version of
this formula appears in [11, Lemma 22.5] in the context of the upper half-plane but the
proof can be easily adapted to the context of the open unit disk.

Lemma 2.3. Let b P ballpH8q be a rational function (but not a finite Blaschke product), let a be
its pythagorean mate to which we associate the polynomial a1pzq “

śn
j“1pz ´ ξjq

mj as in (2.3).
To each ϕ P H pbq XH8, we associate the function ψ defined as

ψpzq “
n
ź

j“1

ˆ

ϕpzq ´ ϕpξjq

z ´ ξj

˙mj

, z P D.

Then ψ belongs to H2.

Proof. Let h “
śn
j“1pϕ ´ ϕpξjqq

mj , so that ψ “ h{a1. By our assumption and (2.9), the
function h belongs to H pbq. In particular, there exists h̃ P H2 and ph P PN´1 such that
h “ a1h̃` ph. It follows from [11, Corollary 27.22] that

(2.12) ph “
n
ÿ

i“1

mi´1
ÿ

k“0

hpkqpξiqri,k,

where pri,kq16i6n, 06k6mi´1 are the Hermite polynomials of degree less or equal to N ´ 1
such that

r
p`q
i,kpξjq “

"

1 if i “ j and k “ `
0 otherwise .

Observe that it is sufficient to prove that

(2.13) hpkqpξiq “ 0, for every 1 6 i 6 n and 0 6 k 6 mi ´ 1.

Indeed, it follows from (2.12) and (2.13) that ph “ 0, which implies that

ψ “
h

a1
“ h̃,

whence ψ P H2.
In order to prove (2.13), fix 1 6 i 6 n. On one hand, observe that

(2.14) h “ pϕ´ ϕpξiqq
miψi,

where ψi is an analytic function which has a non-tangential limit at ξi. Moreover, accord-
ing to (2.11), we can write

ϕpzq “ ϕpξiq ` pz ´ ξiqϕ
1pξiq ` pz ´ ξiqεpzq,

where ε is an analytic function on D which has a zero non-tangential limit at point ξi.
Thus, we get

hpzq “
`

pz ´ ξiqϕ
1pξiq ` pz ´ ξiqεpzq

˘mi ψipzq “ pz ´ ξiq
mi

`

ϕ1pξiq ` εpzq
˘mi ψipzq.

On the other hand, since h P H pbq, using (2.8) and one more time (2.11), we also have

hpzq “
mi´1
ÿ

k“0

hpkqpξiq

k!
pz ´ ξiq

k ` pz ´ ξiq
mi´1ε1pzq,
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where ε1 is an analytic function on D which has a zero non-tangential limit at point ξi.
Therefore, we deduce that

pz ´ ξiq
mi

`

ϕ1pξiq ` εpzq
˘mi ψipzq “

mi´1
ÿ

k“0

hpkqpξiq

k!
pz ´ ξiq

k ` pz ´ ξiq
mi´1ε1pzq.

It is now easy to see that this identity implies that hpkqpξiq “ 0 for 0 6 k 6 mi ´ 1, which
concludes the proof of (2.13). �

We end this section with a result on some particular subspaces of H pbq which will be
of use to us in our study of compactness. It will enable us to restrict our composition
operators on some subspaces of finite codimension.

Lemma 2.4. Let b P ballpH8q be a rational function (but not a finite Blaschke product), let a be
its pythagorean mate to which we associate the polynomial a1 as in (2.3). For every inner function
I , the subspaces a1IH

2 and a1KI are closed in H pbq. Moreover, we have

(2.15) H pbq ab a1IH
2 “ a1KI ‘

K
b PN´1.

In particular, when I is a finite Blaschke product, the subspace a1IH
2 has a finite codimension in

H pbq.

Here the notation ab denotes the orthogonal complement in H pbq with respect to the
scalar product defined in (2.7).

Proof. Let us introduce the operator V : H2 Ñ H pbq defined by V pfq “ a1f , f P H2.
According to (2.6), the operator V is an isometry from H2 into H pbq. Since the subspaces
KI and IH2 are closed subspaces of H2, their ranges under V , respectively a1KI and
a1IH

2, are closed in H pbq.
Let us now check (2.15). To this purpose, let f P H pbq. According to (2.5), write f as

f “ a1f̃ ` pf where f̃ P H2 and pf P PN´1. Using (2.7), the function f P H pbqab a1IH
2,

if and only if for every h P H2, we have

0 “ xf, a1Ihyb “ xa1f̃ ` pf , a1Ihyb “ xf̃ , Ihy2,

which is equivalent to f̃ P H2 a IH2 “ KI . In other words, f P a1KI ‘PN´1, which
proves (2.15).

Now if I is a finite Blaschke product, then dimpKIq ă 8 (see [12, Section 14.2]). Hence
dimpa1KI ‘

K
b PN´1q ă 8, and the conclusion now follows from (2.15). �

3. SOME BASIC NECESSARY/SUFFICIENT CONDITIONS FOR BOUNDEDNESS

The aim of this section and the following is to study the boundedness of composition
operators Cϕ : H pbq ÝÑ H pbq, where Cϕpfq “ f ˝ϕ, f P H pbq. Since H pbq is a space of
analytic functions on D, it is necessary to require that ϕ : D ÝÑ D is an analytic self-map
on D, which is equivalent to require that ϕ P ballpH8q.

3.1. The general case. We start with a very standard result in the theory of composition
operators on reproducing kernel Hilbert spaces but for completeness, we give a proof in
our context.

Lemma 3.1. Let b and ϕ belong to ballpH8q. Assume that CϕpH pbqq Ď H pbq. Then the
followings hold:

(a) Cϕ is a bounded operator on H pbq.



COMPOSITION OPERATORS ON DE BRANGES–ROVNYAK SPACES 9

(b) If furthermore b is a non-extreme point of ballpH8q, then ϕ belongs to H pbq.

Proof. (a) We apply the closed graph theorem. Let pfkqk be a sequence in H pbq, and as-
sume that fk ÝÑ f as k Ñ 8, in H pbq and fk ˝ ϕ ÝÑ g as k Ñ 8, in H pbq. We need to
show that f ˝ ϕ “ g. Since the convergence in H pbq implies the pointwise convergence,
for every λ P D, we have pfk ˝ ϕqpλq ÝÑ gpλq, as k Ñ 8. But pfk ˝ ϕqpλq “ fkpϕpλqq and
ϕpλq P D. Therefore, we also have fkpϕpλqq ÝÑ fpϕpλqq as k Ñ8. By unicity of the limit,
we then deduce that for every λ P D, fpϕpλqq “ gpλq. In other words, f ˝ϕ “ g, which by
the closed graph theorem implies that Cϕ is bounded from H pbq into itself.
(b) Observe that when b is a non-extreme point of the closed unit ball of H8, the poly-
nomials belong to H pbq (see [11, Theorem 23.13]). In particular, the identity function e1,
defined by e1pzq “ z, z P D, is in H pbq, which immediately implies that ϕ “ Cϕpe1q P

H pbq. �

It is not surprising that the problem for the boundedness of Cϕ may occur when the
symbol ϕ touches the boundary. In the opposite case, if we assume furthermore that ϕ
extends analytically trough the closed unit disc, we prove that the operator Cϕ is always
bounded on H pbq, when b is a non-extreme point of ballpH8q.

First, let us recall that when b is a non-extreme point of ballpH8q, then HolpDq, the
space of functions which are analytic in a neighborhood of the closed unit disk D, is
contained in H pbq (see [11, Theorem 24.6]).

Lemma 3.2. Let b be a non-extreme point of ballpH8q and let ϕ P HolpDq such that ϕpDq Ď D.
Then Cϕ is bounded on H pbq.

Proof. Note that, for every f P H pbq, we have f ˝ ϕ P HolpDq Ď H pbq. Then, according
to Lemma 3.1, the operator Cϕ is bounded from H pbq into itself. �

When b P ballpH8q is rational (but not a finite Blaschke product), we will see, in Sec-
tion 5, that the assumptions of Lemma 3.2 not only imply that the operatorCϕ is bounded
but even Hilbert-Schmidt on H pbq. We do not know if this is true for a general non-
extreme point b of ballpH8q. In particular, the following question remains open.

Question 3.3. Let b be a non-extreme point of ballpH8q and let ϕ P HolpDq such that
ϕpDq Ď D. Does it follows that Cϕ is compact on H pbq?

3.2. The case when b is a rational function in ballpH8q. Throughout the rest of this pa-
per, we now assume that b P ballpH8q is a rational function (but not a finite Blaschke
product) and }b}8 “ 1. Let a be its pythagorean mate to which we associate the polyno-
mial a1pzq “

śn
j“1pz ´ ξjq

mj as in (2.3). We also denote by ZTpaq the set of the zeros of a
on T, that is

ZTpaq “ tξj : 1 6 j 6 nu.

In order to exhibit some crucial necessary conditions on the symbol ϕ for the bound-
edness of the composition operator Cϕ on H pbq, we need the concept of interpolating
sequence for H8, which we briefly recall now. We say that a sequence pzkqk in D is an
interpolating sequence for H8 if, for every bounded sequence pwkqk, we can find a func-
tion f P H8 such that fpzkq “ wk, for every k ě 1. The interpolating sequences for H8

have been characterized by L. Carleson [2]. We simply mention a sufficient condition: if
there exists 0 ă q ă 1 such that pzkqk satisfies |zk´1| 6 |zk| for every k ě 2, and

lim sup
kÑ8

1´ |zk|

1´ |zk´1|
6 q,
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then pzkqk is an interpolating sequence forH8. See [21, page 159]. The following technical
and simple result will be useful for our study of composition operators on H pbq.

Lemma 3.4. Let ϕ : DÑ D be a map which has a radial limit at ξ P T satisfying ϕpξq P T. Then
there exists a sequence prkqk Ď p0, 1q satisfying rk Ñ 1, as k Ñ 8, and the sequence pϕprkξqqk
is an interpolating sequence for H8.

Proof. Let pt`q` Ď p0, 1q, t` ÝÑ 1, as ` Ñ 8. According to the assumption, we have
|ϕpt`ξq| ÝÑ 1 as ` Ñ 8. Hence by induction, we can construct a subsequence pt`kqkě1

such that for every k ě 1, we have

1´ |ϕpt`kξq| 6
1

2
p1´ |ϕpt`k´1

ξq|q.

Define now rk “ t`k and zk :“ ϕprkξq. Since

1´ |zk| 6
1

2
p1´ |zk´1|q,

we deduce that

lim sup
kÑ8

1´ |zk|

1´ |zk´1|
6

1

2
ă 1,

whence pzkqk is an interpolating sequence for H8. �

The next result now imposes some restrictions on the symbol ϕ for the boundedness
of the composition operator Cϕ on H pbq. According to Lemma 3.1, remind that, if Cϕ is
bounded on H pbq, then ϕ P H pbq, and therefore, with (2.8), it follows that ϕ admits a
non-tangential limit ϕpξjq at point ξj for every 1 6 j 6 n.

Theorem 3.5. Let ϕ : D Ñ D be analytic. If Cϕ is bounded on H pbq, then for every j P
t1, . . . , nu, we have

ϕpξjq P DY ZTpaq.

Proof. The idea of the proof is similar to [26, Lemma 4] (in the context of local Dirichlet
space). Observe that, for every j P t1, . . . , nu, we have |ϕpξjq| 6 1. Assume now that for
some j P t1, . . . , nu, we have |ϕpξjq| “ 1, and let us show that ϕpξjq P ZTpaq. According
to Lemma 3.4, we can find a sequence prkqk Ď p0, 1q, rkÝÑ1, as k Ñ 8, such that if
zk :“ ϕprkξjq, k ě 1, then pzkqk is an interpolating sequence for H8. In particular, there
is a function f P H8 such that

fpzkq “ fpϕprkξjqq “

"

1 if k is even
0 if k is odd .

According to (2.4), the function a1f P H pbq and thus Cϕpa1fq “ pa1 ˝ ϕq.pf ˝ ϕq also
belongs to H pbq. In particular, pa1 ˝ϕq.pf ˝ϕq has a non-tangential limit at ξj . Thus pa1 ˝

ϕqprkξjq pf ˝ ϕqprkξjq should have a limit when k Ñ 8. But observe that pf ˝ ϕqprkξjq “
fpzkq has two different cluster points and

pa1 ˝ ϕqprkξjq “
n
ź

i“1

pϕprkξjq ´ ξiq
mi ÝÑ

n
ź

i“1

pϕpξjq ´ ξiq
mi , as k Ñ8.

Thus necessarily, we should have
n
ź

i“1

pϕpξjq ´ ξiq
mi “ 0.

Hence there exists 1 6 i 6 n such that ϕpξjq “ ξi P ZTpaq. �
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We recover the following result observed by Sarason-Silva [26] in the context of Dpδ1q

space.

Corollary 3.6. Let bpzq “ p1` zq{2 and ϕ : DÑ D be analytic. Assume that Cϕ is bounded on
H pbq. Then either ϕp1q P D or ϕp1q “ 1.

Proof. It is sufficient to note that the pythagorean mate for b is given by apzq “ p1 ´ zq{2
and apply Theorem 3.5. �

In the study of boundedness of Cϕ on H pbq, according to Lemma 3.1 and Theorem 3.5,
we may assume without loss of generality that ϕ P H pbq X ballpH8q and for every j P
t1, . . . , nu, we have

ϕpξjq P DY ZTpaq.

Up to rearranging the sequence ξj , 1 6 j 6 n, we will now assume throughout this
paper that

(3.1) ϕpξjq P ZTpaq for 1 6 j 6 p,

and

(3.2) ϕpξjq P D for p` 1 6 j 6 n,

where 0 6 p 6 n. When p “ 0, the condition (3.1) is void and it corresponds to the
case when all the non-tangential limits ϕpξjq belong to D. When p “ n, the condition (3.2)
is void and it corresponds to the case when all the non-tangential limits ϕpξjq belong to T.

We end this section by an important necessary condition for the boundedness of the
operator Cϕ on H pbq which will be of use to us when making a connection with the
boundedness of some related weighted composition operators on H2.

Lemma 3.7. Let ϕ P H pbq X ballpH8q and assume that ϕ satisfies (3.1) and (3.2). If Cϕ is
bounded on H pbq, then the function

(3.3) u “
pa1 ˝ ϕq

śn
j“p`1pϕ´ ϕpξjqq

mj

a1

belongs to H2.

Proof. Denote by

v “ pa1 ˝ ϕq ¨
n
ź

j“p`1

pϕ´ ϕpξjqq
mj ,

so that u “ v{a1. The proof is similar to the proof of Lemma 2.3, with some additional
difficulties due to the fact that we cannot decompose v as in (2.14) for the indices i such
that 1 6 i 6 p.

Since ϕ P H pbq XH8 “MpH pbqq, the function v belongs to H pbq. As in the proof of
Lemma 2.3, it is sufficient to prove that

(3.4) vpkqpξiq “ 0, for every 1 6 i 6 n and 0 6 k 6 mi ´ 1.

We decompose the proof of (3.4) into two cases depending 1 6 i 6 p or p` 1 6 i 6 n.
First, let 1 6 i 6 p. According to (3.1), we have a1pϕpξiqq “ 0, whence vpξiq “ 0. In

order to prove that vp`qpξiq “ 0 for every 1 6 ` 6 mi ´ 1, we use a similar argument used
in the proof of Theorem 3.5. We construct a function f P H8 such that the membership
of v ¨ pf ˝ ϕq to H pbq will force the derivatives of v at ξi to vanish up to order mi ´ 1. So,
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first apply Lemma 3.4 to construct a sequence prkqk Ď p0, 1q, rk Ñ 1 as k Ñ 8, and such
that if zk “ ϕprkξiq, k ě 1, then the sequence pzkqk is an interpolating sequence for H8.
Thus, there exists f P H8 such that

fpzkq “ fpϕprkξjqq “

"

1 if k is even
0 if k is odd .

Define hpzq :“ a1pzq
śn
j“p`1pz ´ ϕpξjqq

mjfpzq, z P D, and observe that h ˝ ϕ “ v ¨ pf ˝ ϕq.
Since h P a1H

2 Ď H pbq and since Cϕ is bounded on H pbq, the function h ˝ ϕ P H pbq.
In particular, according to (2.8), for every 0 6 ` 6 mi ´ 1, the function ph ˝ ϕqp`q has a
non-tangential limit at ξi. It follows from (2.11) that we can write

ph ˝ ϕqpzq “
mi´1
ÿ

`“0

ph ˝ ϕqp`qpξiq

`!
pz ´ ξiq

` ` pz ´ ξiq
mi´1εpzq,

where ε is an analytic function on D which has a zero non-tangential limit at point ξi.
Observe that

|ph ˝ ϕqprξiq| 6 |vprξiq| }f}8 ÝÑ 0, as r Ñ 1´.

Hence ph ˝ ϕqpξiq “ 0. Then we deduce from Taylor’s formula above that

ph ˝ ϕq1pξiq “ lim
kÑ8

ph ˝ ϕqprkξiq ´ ph ˝ ϕqpξiq

prk ´ 1qξi

“ lim
kÑ8

ˆ

vprkξiq ´ vpξiq

prk ´ 1qξi
.fpzkq

˙

.

Since lim
kÑ8

vprkξiq

prk ´ 1qξi
“ v1pξiq, and fpzkq “ 1 if k is even and 0 if k is odd, it follows

necessarily that we should have v1pξiq “ 0 “ ph ˝ ϕq1pξiq.
Now using an induction argument, we easily prove that for every 0 6 ` 6 mi ´ 1,

vp`qpξiq “ ph ˝ ϕq
p`qpξiq “ 0,

which concludes the proof of (3.4) when 1 6 i 6 p.
Second, let p ` 1 6 i 6 n. Observe that in this case, we have v “ pϕ ´ ϕpξiqq

miψi,
where ψi is an analytic function which has a non-tangential limit at ξi. Then, argue as in
Lemma 2.3, to get that vp`qpξiq “ 0 for every 0 6 ` 6 mi ´ 1. �

Remark 3.8. Compared to Lemma 2.3, the conclusion of Lemma 3.7 is no longer true if we
replace the assumption that Cϕ is bounded on H pbq by the weaker assumption that ϕ P
H pbq. See Example 4.3 (c) where we exhibit a function ϕ belonging to H pbq X ballpH8q
but the corresponding u is not in H2.

4. SOME CHARACTERIZATION OF BOUNDEDNESS

Recall that b is assumed to be a rational function (but not a finite Blaschke product)
in ballpH8q, a is its pythagorean mate to which we associate the polynomial a1pzq “
śn
j“1pz ´ ξjq

mj as in (2.3).
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4.1. The link with weighted composition operators on H2. The following result is the
key point to characterize the boundedness of composition operators on H pbq, making a
connection with the boundedness of some weighted composition operators on H2.

Theorem 4.1. Let ϕ P H pbq X ballpH8q and assume that ϕ satisfies (3.1) and (3.2). Let u be
the function defined by (3.3). Then the following assertions are equivalent:

piq Cϕ : H pbq ÑH pbq is bounded;
piiq Wu,ϕ : H2 Ñ H2 is bounded, where Wu,ϕpfq “ upf ˝ ϕq, f P H2.

Proof. Denote by λj “ ϕpξjq for p` 1 6 j 6 n.
piq ùñ piiq: assume that Cϕ is bounded on H pbq, and let f P H2. Consider the

function h defined by

hpzq :“ a1pzq
n
ź

j“p`1

pz ´ λjq
mjfpzq, z P D.

Since h P a1H
2 Ď H pbq, the function h ˝ ϕ P H pbq. According to (2.4), decompose h ˝ ϕ

as h ˝ ϕ “ a1g ` p, with g P H2 and p P PN´1. Rewrite this as

(4.1)
h ˝ ϕ

a1
“ g `

p

a1
,

and observe that
h ˝ ϕ

a1
“
pa1 ˝ ϕq

śn
j“p`1pϕ´ λjq

mj

a1
pf ˝ ϕq “ upf ˝ ϕq.

Since Cϕ is bounded on H pbq, Lemma 3.7 implies that u P H2 and by the Littlewood
subordination principle, f ˝ϕ P H2. Thus u.pf ˝ϕq P H1 and (4.1) implies that p{a1 P H

1.
Using the fact that degppq 6 N ´ 1 ă degpa1q, it is not difficult to see that necessarily
p “ 0. Therefore u.pf ˝ ϕq “ h˝ϕ

a1
“ g P H2 and Wu,ϕpH

2q Ď H2. It remains to apply the
closed graph theorem to get that Wu,ϕ is bounded on H2.
piiq ùñ piq: assume now that Wu,ϕ is bounded on H2. According to Lemma 3.1, it

is sufficient to prove that for every f P H pbq, we have f ˝ ϕ P H pbq. Using (2.4), this is
equivalent to prove that

(4.2) p ˝ ϕ P H pbq for every polynomial p P PN´1,

and

(4.3) pa1 ˝ ϕqpg ˝ ϕq PH pbq for every function g P H2.

For the property (4.2), observe that according to (2.9), ϕ P H8XH pbq “MpH pbqq, and
since 1 P H pbq, it follows that ϕn P H pbq for every n ě 0. Hence for every polynomial
p P PN´1, the function p ˝ ϕ belongs to H pbq.

For the property (4.3), let us consider the finite Blaschke product associated to the
sequence λp`1, . . . , λn (with multiplicities mp`1, . . . ,mn). In other words,

Bpzq “
n
ź

j“p`1

ˆ

z ´ λj

1´ λ̄jz

˙mj

, z P D.

Recall that we have an explicit description of KB “ pBH
2qK given by (2.2). In order to

prove (4.3), using thatH2 “ BH2‘KB , we will also decompose the proof into two steps:

(4.4) pa1 ˝ ϕqppBhq ˝ ϕq PH pbq, for every function h P H2,
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and

(4.5) pa1 ˝ ϕq

˜

p ˝ ϕ
śn
j“p`1p1´ λ̄jϕq

mj

¸

P H pbq, for every polynomial p P PN1´1,

where N1 “
řn
j“p`1mj . For (4.4), observe that

pa1 ˝ ϕq ppBhq ˝ ϕq “ pa1 ˝ ϕqpB ˝ ϕqph ˝ ϕq

“ a1u
1

śn
j“p`1p1´ λ̄jϕq

mj
ph ˝ ϕq

“ a1Wu,ϕph1q,

where h1 “ h{
śn
j“p`1p1´ λ̄jzq

mj . Since h1 P H
2 and Wu,ϕ is bounded on H2, we deduce

that the function pa1 ˝ ϕq ppBhq ˝ ϕq belongs to a1H
2 Ď H pbq, which proves (4.4).

For (4.5), observe that according to Corollary 2.2, for p ` 1 6 j 6 n, the function
p1 ´ λjϕq

´1 P MpH pbqq. Moreover, since ϕ is also a multiplier of H pbq and the set
MpH pbqq is an algebra, it follows that

pa1 ˝ ϕq.pp ˝ ϕq
śn
j“p`1p1´ λ̄jϕq

mj
PMpH pbqq ĎH pbq,

which proves (4.5). Therefore (4.3) is also satisfied and then Cϕ is bounded on H pbq. �

It turns out that the boundedness of weighted composition operators on H2 has al-
ready been characterized by M. Contreras and A. Hernández-Dı́az in [4]. Let us introduce
the Borel measure µu,ϕ on D defined by

(4.6) µu,ϕpEq “

ż

ϕ´1pEqXT
|u|2 dm

for every measurable subsetE of the closed unit disk D. Recall that a finite Borel measure
µ on D is called a Carleson measure if there exists a constant M ą 0 such that

µpSpξ, rqq 6Mr,

for any Carleson window Spξ, rq “ tz P D : |z ´ ζ| 6 ru, where ξ P T and 0 ă r ă 1.
It is proved in [4] that Wu,ϕ is bounded on H2 if and only if µu,ϕ is a Carleson measure.
Moreover, recall that the Carleson property for a measure µ is equivalent to the embed-
ding H2 Ď L2pµq (as was proved by L. Carleson [3]) and this embedding satisfies the
reproducing kernel thesis, meaning that H2 Ď L2pµq is equivalent to

sup
wPD

ż

D

1´ |w|2

|1´ wξ|2
dµpξq “ sup

wPD

}kw}
2
L2pµq

}kw}22
ă 8.

See [21, Lecture V11] or [12, Theorem 5.15]. See also [14] for a discussion on the bound-
edness of weighted composition operators on H2.

Using Theorem 4.1, we therefore immediately get from this the following characteri-
zation for the boundedness of Cϕ on H pbq, when b is a rational function (but not a finite
Blaschke product) in ballpH8q.

Corollary 4.2. Let ϕ P H pbq X ballpH8q and assume that ϕ satisfies (3.1) and (3.2). Let u
be the function defined by (3.3) and let µu,ϕ be the measure defined by (4.6). Then the following
assertions are equivalent:

piq Cϕ : H pbq ÑH pbq is bounded;
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piiq µu,ϕ is a Carleson measure;

piiiq supwPD

ż

T
p1´ |w|2q

|upξq|2

|1´ wϕpξq|2
dmpξq ă `8.

Proof. The equivalence piq ðñ piiq follows from Theorem 4.1 and the result of M. Contr-
eras and A. Hernández-Dı́az mentioned above. The equivalence piiq ðñ piiiq has been
already observed in [14]: it follows from the fact that µu,ϕ is a Carleson measure if and
only if

sup
wPD

ż

D

1´ |w|2

|1´ wξ|2
dµu,ϕpξq ă 8,

which, by a change of variable, is equivalent to piiiq. �

Example 4.3. Let apzq “ cpz´1qpz`1q2, z P D, where c is some suitable constant such that
a P ballpH8q and let b be its pythagorean mate (remind that b can be constructed using
the Fejér–Riesz Theorem). In the following examples, we consider symbols ϕ P ballpH8q

which are analytic in a neighborhood of D. Thus, they belong to H pbq (because b is a
non-extreme point of ballpH8q).

(a) Let ϕpzq “ pz ` 1q{2, z P D. Then ϕp1q “ 1, ϕp´1q “ 0, and it can be checked
that upzq “ pz ` 3q2{32. Hence u P H8 and by the Littlewood subordination
principle, the operator Wu,ϕ is bounded on H2, which implies by Theorem 4.1
that the operator Cϕ is bounded on H pbq.

(b) Let ϕpzq “ pz ´ rq{p1 ´ rzq, r P p0, 1q. Then ϕp1q “ 1, ϕp´1q “ ´1, and it can
be checked that upzq “ p1 ´ r2qp1 ´ rq{p1 ´ rzq3. Hence u P H8 and by the Lit-
tlewood subordination principle, the operator Wu,ϕ is bounded on H2. Therefore,
according to Theorem 4.1, the operator Cϕ is bounded on H pbq.

(c) Let ϕpzq “ z2, z P D. Then ϕp1q “ ϕp´1q “ 1 and it can be checked that upzq “
pz2 ` 1q2{pz ` 1q. Hence u R H2, and it follows from Lemma 3.7 that the operator
Cϕ is not bounded on H pbq.

In Examples 4.3 (a) and (b), the associated function u P H8 and so the boundedness
of Wu,ϕ on H2 is a simple consequence of the Littlewood subordination principle. We
will exhibit, in Example 4.11 below, a rational function b and a symbol ϕ for which the
associated function u P H2zH8 but yet generate a bounded operator Cϕ on H pbq, and
thus a bounded operator Wu,ϕ on H2.

Using results from [14], we can also obtain an interesting sufficient condition for the
boundedness.

Corollary 4.4. Let ϕ P H pbq X ballpH8q and assume that ϕ satisfies (3.1) and (3.2). Let u be
the function defined by (3.3) and assume that u P H2. Assume also that for some δ ą 0, we have

(4.7) supesszPAδ |upzq| ă 8,

where Aδ :“ tζ P T : |ϕpzq| ě 1´ δu. Then the operator Cϕ is bounded on H pbq.

Proof. According to Theorem 4.1, the operator Cϕ is bounded on H pbq if and only if the
operator Wu,ϕ is bounded on H2. Now the conclusion follows applying [14, Theorem
2.9]. �

In the rest of this section, we give some additional necessary and/or sufficient condi-
tions more tractable for the boundedness of the composition operator Cϕ on H pbq.
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4.2. Angular derivatives and boundedness. We now explain how the existence of an-
gular derivative in the sense of Carathéodory for the symbol ϕ is involved in the bound-
edness of Cϕ. In particular, we extend a result of D. Sarason and J.N. Silva in our context.
See [26, Theorem 2]. Recall first that a function ϕ P ballpH8q has an angular derivative in
the sense of Carathéodory (briefly an ADC) at a point ξ P T if ϕ and ϕ1 both have a non-
tangential limit at ξ and |ϕpξq| “ 1. A well-known characterization of Carathéodory says
that ϕ has an ADC at ξ P T if and only if

c :“ lim inf
zÑξ

1´ |ϕpzq|

1´ |z|
ă 8.

Moreover in this case, c “ |ϕ1pξq| ą 0. See for instance [6, Theorem 2.44]. D. Sarason also
observed that if ϕ has an ADC at ξ, then

(4.8) z ÞÝÑ
ϕpzq ´ ϕpξq

z ´ ξ
is in H pϕq.

See [24] or [11, Theorem 21.1].

Corollary 4.5. Let ϕ P H pbq X ballpH8q and assume that ϕ satisfies (3.1) and (3.2). For
1 6 k 6 p, let 1 6 `k 6 n such that ϕpξkq “ ξ`k . Assume that the operator Cϕ is bounded on
H pbq. Then for every 1 6 k 6 p, we have mk 6 m`k . Furthermore, if for some 1 6 k 6 p, we
have mk “ m`k , then the function ϕ has an ADC at ξk.

Proof. It follows from our assumption and Theorem 4.1 that the operatorWu,ϕ is bounded
on H2, where u is defined by (3.3). Hence, there is a constant C ą 0 such that, for every
g P H2, we have

}W ˚
u,ϕg}2 6 C}g}2.

Apply this inequality with g “ kλ, λ P D, where kλpzq “ p1 ´ λzq´1, and use the well-
known fact that W ˚

u,ϕkλ “ upλqkϕpλq to get

(4.9) |upλq|}kϕpλq}2 6 C}kλ}2.

Let’s fix 1 6 k 6 p, and for simplicity, denote by ` “ `k, so that ϕpξkq “ ξ`. Applying (4.9)
with λ “ rξk, for 0 ă r ă 1, gives

1´ r2

1´ |ϕprξkq|2
|uprξkq|

2 6 C2.

With the definition of u, we obtain

1´ r2

1´ |ϕprξkq|2

n
ź

i“1

ˇ

ˇ

ˇ

ˇ

ϕprξkq ´ ξi
rξk ´ ξi

ˇ

ˇ

ˇ

ˇ

2mi n
ź

j“p`1

|ϕprξkq ´ λj |
2mj 6 C2,

where λj “ ϕpξjq P D, for p` 1 6 j 6 n. The last inequality can be rewritten as

1´ r2

1´ |ϕprξkq|2
|ϕprξkq ´ ξl|

2ml

|rξk ´ ξk|2mk
κ`,r
ck,r

n
ź

j“p`1

|ϕprξkq ´ λj |
2mj 6 C2,

where

κ`,r “
n
ź

i“1,i‰`

|ϕprξkq ´ ξi|
2mi and ck,r “

n
ź

i“1,i‰k

|rξk ´ ξi|
2mi .
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But, using that |ϕprξkq ´ ξl| ě 1´ |ϕprξkq|, we have

1´ r2

1´ |ϕprξkq|2
.
|ϕprξkq ´ ξl|

2ml

|rξk ´ ξk|2mk
ě

p1´ rqp1´ |ϕprξkq|q
2ml

p1´ |ϕprξkq|qp1` |ϕprξkq|qp1´ rq2mk

ě
1

2

p1´ |ϕprξkq|q
2ml´1

p1´ rq2mk´1
,

from which it follows that
p1´ |ϕprξkq|q

2ml´1

p1´ rq2mk´1
6 2C2 ck,r

κ`,r
śn
j“p`1 |ϕprξkq ´ λj |

2mj
.

This can be rewritten as

(4.10)
ˆ

1´ |ϕprξkq|

1´ r

˙2ml´1

6 2C2 ck,rp1´ rq
2mk´2m`

κ`,r
śn
j“p`1 |ϕprξkq ´ λj |

2mj
.

Observe now that
ck,r

κ`,r
śn
j“p`1 |ϕprξkq ´ λj |

2mj
Ñ Ck,`, as r Ñ 1,

where

Ck,` :“

śn
i“1,i‰k |ξk ´ ξi|

2mi

śn
i“1,i‰l |ξl ´ ξi|

2mi

1
śn
j“p`1 |ξl ´ λj |

2mj
ă 8.

If mk ą m`, then it follows from (4.10) that

lim inf
rÑ1

ˆ

1´ |ϕprξkq|

1´ r

˙2ml´1

“ 0,

which is not possible by Carathéodory’s theorem. Therefore, mk 6 m`. Moreover, if
mk “ m`, then it also follows from (4.10) that

lim inf
rÑ1

1´ |ϕprξkq|

1´ r
ă 8,

and by Carathéodory’s theorem, the function ϕ has an ADC at point ξk. �

Remark 4.6. Let’s come back to Examples 4.3. In these examples, a has two zeros ζ1 “ 1
and ζ2 “ ´1, with multiplicities m1 “ 1 and m2 “ 2. If ϕ P H pbq X ballpH8q with
ϕp´1q “ 1, then, according to Corollary 4.5, the operator Cϕ cannot be bounded on
H pbq. In other words, if Cϕ is bounded on H pbq, then either ϕp´1q P D or ϕp´1q “ ´1.
In particular, we recover the conclusion of Example 4.3 (c).

The following result is a partial converse of Lemma 3.7.

Corollary 4.7. Let ϕ P H pbq X ballpH8q which satisfies (3.1) and (3.2). Let u be the function
defined by (3.3). Assume that u P H pϕq. Then the operator Cϕ is bounded on H pbq.

Proof. Since u P H pϕq, it follows from a result of M. Jury [17] that the operator A “

C˚ϕT
˚
u is bounded fromH2 into itself, where T ˚u is viewed here as an unbounded operator,

densely defined on reproducing kernels of H2 by the formula

T ˚u kλ “ upλqkλ, λ P D.
Hence the operator A has an adjoint A˚ : H2 Ñ H2 which is bounded and satisfies for
every f P H2 and every λ P D

pA˚fqpλq “ă A˚f, kλ ą2“ă f,Akλ ą2
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“ă f, C˚ϕT
˚
u kλ ą2

“ă Cϕf, upλqkλ ą2

“ upλqfpϕpλqq.

For every f P H2 and λ P D, we then have

pWu,ϕfqpλq “ pA
˚fqpλq.

Finally, Wu,ϕ “ A˚ is bounded on H2, which implies, according to Theorem 4.1, that Cϕ
is bounded on H pbq. �

Remark 4.8. It should be noted that the condition u P H pϕq is not, in general, a necessary
condition for the boundedness of the operator Cϕ on H pbq. Indeed, if we come back to
Example 4.3 (b), the symbol ϕ is a Blaschke factor associated to point r P p0, 1q, and then
H pϕq “ Kϕ “ Ckr, where krpzq “ p1 ´ rzq´1. Moreover, the operator Cϕ is bounded
on H pbq, whereas the associated function u is not a constant multiple of kr, and thus
u R H pϕq.

Nevertheless, the next result gives a particular situation where the converse of Corol-
lary 4.7, as well as the converse of Corollary 4.5 on angular derivatives, hold true.

Corollary 4.9. Let bpzq “ p1 ` zq{2, z P D, and let ϕ P H pbq X ballpH8q. Assume that
ϕp1q “ 1 and let u be the function defined by (3.3). Then the following assertions are equivalent:

piq the operator Cϕ : H pbq ÑH pbq is bounded;
piiq the function ϕ has an ADC at point 1;
piiiq the function u belongs to H pϕq.

Proof. Observe that when bpzq “ p1 ` zq{2, then a1pzq “ z ´ 1 and since ϕp1q “ 1, we
have upzq “ pϕpzq ´ 1q{pz ´ 1q, z P D. The implication piq ùñ piiq follows directly from
Corollary 4.5. The implication piiq ùñ piiiq follows from (4.8), whereas the implication
piiiq ùñ piq follows from Corollary 4.7. �

Remark 4.10. As we already mentioned, in the case when bpzq “ p1 ` zq{2, then H pbq
coincides with the local Dirichlet space Dpδ1q associated to the Dirac measure δ1 at point
1. In particular, we may translate Corollary 4.9 in the context of Dpδ1q and recover a result
of D. Sarason and J.N. Silva [26, Theorem 2]. However, our proof is different from Sarason
and Silva’s proof. More precisely, they use a characterization of boundedness which is
based on some counting function adapted to the situation of Dpδ1q space, whereas we
use a characterization based on the boundedness of some related weighted composition
operator on H2.

Example 4.11. Let bpzq “ pz ` 1q{2 and let pλnqně1 be a sequence in D tending to 1 and
satisfying

(4.11)
ÿ

ně1

1´ |λn|

|λn ´ 1|2
ă 8.

(For example, we can take λn “ p1 ´ 2´nq expp inq, n ě 1). Let us now consider the
Blaschke product B associated to pλnqn. A result of O. Frostman [13] says that, under the
condition (4.11), the function B has an ADC at point 1. Multiplying B by a unimodular
constant if necessary, we can assume that Bp1q “ 1. The property (4.8) now implies that
the function

upzq “
Bpzq ´ 1

z ´ 1
, z P D,
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belongs toKB and then, in particular toH2. SinceBpzq “ pz´1qupzq`1 and u P H2, then
B P H pbq. According to Corollary 4.9, the operator CB is bounded on H pbq. Observe
that in that case u R H8 because

|upλnq| “

ˇ

ˇ

ˇ

ˇ

´1

λn ´ 1

ˇ

ˇ

ˇ

ˇ

ÝÑ 8, nÑ8.

4.3. The case when ϕpξjq P D, 1 6 j 6 n. We have given a necessary condition on the
behavior of ϕ at a point ξk P ZTpaqwhen ϕpξkq P T. In the other direction, when ϕpξjq P D,
1 6 j 6 n, we now give a sufficient condition.

Corollary 4.12. Let ϕ P H pbq X ballpH8q and assume that for every 1 6 j 6 n, we have

(4.12) lim sup
zÑξj

|ϕpzq| ă 1.

Then the operator Cϕ is bounded on H pbq.

Proof. In order to show that Cϕ is bounded on H pbq, we will use Corollary 4.2 and prove
that

(4.13) sup
wPD

ż

T
p1´ |w|2q

|upξq|2

|1´ wϕpξq|2
dmpξq ă 8,

where u is defined by

u “
pa1 ˝ ϕq

śn
j“1pϕ´ λjq

mj

a1
“

v

a1

with v “ pa1 ˝ ϕq
śn
j“1pϕ ´ λjq

mj . (According to (4.12), observe that λj “ ϕpξjq P D for
every 1 6 j 6 n, whence p “ 0 in the notation of (3.1)). It follows from our assumption
that there exists 0 ă L ă 1 and δ ą 0 such that for every 1 6 j 6 n and for every z P D,
we have

|z ´ ξj | ă δ ùñ |ϕpzq| 6 L.

Let Vξj “ tξ P T : |ξ ´ ξj | ă δu and V “
Ťn
j“1 Vξj . Then, for almost all ξ P V , we have

|ϕpξq| 6 L.
On one hand, observe now that on TzV , the function a1 is bounded below, and then

u “ v{a1 is bounded by some constant C. Thus, for every w P D, we get
ż

TzV
p1´ |w|2q

|upξq|2

|1´ wϕpξq|2
dmpξq 6 C2p1´ |w|2q

ż

T

1

|1´ wϕpξq|2
dmpξq

“ C2p1´ |w|2q}Cϕkw}
2
2

Now, by the Littlewood subordination principle, the operator Cϕ is bounded on H2,
whence

}Cϕkw}
2
2 6 }Cϕ}

2}kw}
2
2 “ }Cϕ}

2p1´ |w|2q´1.

Finally, for every w P D, we obtain
ż

TzV
p1´ |w|2q

|upξq|2

|1´ wϕpξq|2
dmpξq 6 C2}Cϕ}

2.

On the other hand, for w P D and for almost all ξ P V , we have

|1´ wϕpξq| ě 1´ |w| |ϕpξq| ě 1´ L|w| ě 1´ L ą 0.
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Moreover, a1 ˝ ϕ is in H8 and by Lemma 2.3, the function
śn
j“1pϕpzq ´ λjq

mj{pz ´ ξjq
mj

is in H2. Hence u P H2, which gives
ż

V

p1´ |w|2q|upξq|2

|1´ wϕpξq|2
dmpξq 6

}u}22
p1´ Lq2

.

Finally (4.13) is satisfied, from which it follows that the operator Cϕ is bounded on H pbq.
�

Example 4.13. Let b P ballpH8q be a rational function (but not a finite Blaschke product),
and let a1pzq “

śn
j“1pz ´ ξjq

mj be the associated polynomial as in (2.3). Let ψ P H8 and
let

ϕpzq “ c
n
ź

j“1

pz ´ ξjq
αjψpzq, z P D,

where for 1 6 j 6 n, αj is a real number satisfying αj ą mj ´ 1{2, and c is a constant
such that }ϕ}8 “ 1. Observe that the function ϕ : D ÞÝÑ D is analytic and, since αj ą 1{2,
for every 1 6 j 6 n, we have

lim sup
zÑξj

|ϕpzq| “ 0 ă 1.

Moreover, since
ϕpzq

a1pzq
“ c

ψpzq
śn
j“1pz ´ ξjq

mj´αj
, z P D,

and 2pmj ´ αjq ă 1, it is easy to check that ϕ{a1 belongs to H2. In particular, ϕ P a1H
2 Ď

H pbq. Thus, we can apply Corollary 4.12 which implies that Cϕ is bounded on H pbq.

5. SOME CHARACTERIZATION OF COMPACTNESS AND THE HILBERT–SCHMIDT
PROPERTY

As for the boundedness, we establish a link between the compactness of the operator
Cϕ on H pbq and the compactness of the operator Wu,ϕ on H2, where u is defined as
in (3.3). In this section, we still assume that b P ballpH8q is a rational function (but
not a finite Blaschke product), and a is its pythagorean mate to which we associate the
polynomial a1pzq “

śn
j“1pz ´ ξjq

mj as in (2.3).

5.1. The link with weighted composition operator for compactness. The following gen-
eral fact will be of use to us. It is probably folklore and we leave the proof to the reader.
Here LpH ,Kq denotes the space of bounded linear operator from an Hilbert space H
into another Hilbert space K.

Lemma 5.1. Let T1 P LpH1,H2q, T2 P LpH3,H4q, V1 P LpH3,H1q and V2 P LpH4,H2q.
Assume that T1V1 “ V2T2 and assume that V1 is an isomorphism and V2 is an isometry. Then
T1 is compact (respectively Hilbert–Schmidt) if and only if T2 is compact (respectively Hilbert–
Schmidt).

The following result will be the key in our characterization of compactness for the
composition operators on H pbq.

Theorem 5.2. Let ϕ P H pbq X ballpH8q and assume that ϕ satisfies (3.1) and (3.2). Let u be
the function defined by (3.3). Then the following assertions are equivalent:

(i) Cϕ : H pbq ÑH pbq is compact (respectively Hilbert–Schmidt).
(ii) Wu,ϕ : H2 Ñ H2 is compact (respectively Hilbert–Schmidt).
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Proof. According to Theorem 4.1, we can assume that both operators Cϕ and Wu,ϕ are
bounded respectively on H pbq and H2. For p` 1 6 j 6 n, denote by λj :“ ϕpξjq P D and
let

ψ “
u

śn
j“p`1p1´ λ̄jϕq

mj
.

On one hand, since
śn
j“p`1p1´λ̄jϕq

mj is inH8 and invertible inH8 (because |1´λjϕ| ě
1´|λj | ą 0), the operator Wu,ϕ is bounded (respectively compact or Hilbert–Schmidt) on
H2 if and only if the operatorWψ,ϕ is bounded (respectively compact or Hilbert–Schmidt)
on H2.

On the other hand, let us consider the finite Blaschke product B associated to the se-
quence λp`1, . . . , λn, with multiplicitiesmp`1, . . . ,mn, and denote byR1 the restriction of
Cϕ to the closed subspace a1BH

2 of H pbq,

R1 : a1BH
2 ÝÑ H pbq

f ÞÝÑ R1f “ Cϕf “ f ˝ ϕ.

According to Lemma 2.4, the subspace a1BH
2 is of finite codimension in H pbq from

which it follows that the operator Cϕ is compact (respectively Hilbert–Schmidt) on H pbq
if and only if the operatorR1 is compact (respectively Hilbert–Schmidt) from a1BH

2 into
H pbq.

Therefore it is sufficient to prove that R1 : a1BH
2 Ñ H pbq is compact (respectively

Hilbert–Schmidt) if and only if Wψ,ϕ : H2 Ñ H2 is compact (respectively Hilbert–
Schmidt). To make the link between these two operators, let us introduce now

V1 : H2 Ñ a1BH
2

f ÞÑ V1f “ a1Bf,

and
V2 : H2 Ñ H pbq

g ÞÑ V2g “ a1g.

The subspace a1BH
2 is viewed here as a closed subspace of H pbq and in particular is

equipped with the H pbq norm ~ ¨~b. Thus, according to (2.6), the operators V1 and V2 are
isometries. Moreover, the operator V1 is onto. Let us check that

(5.1) R1V1 “ V2Wψ,ϕ.

To this purpose, take f P H2. We have

pR1V1qpfq “ R1pa1Bfq “ pa1 ˝ ϕqpB ˝ ϕqpf ˝ ϕq

“ a1
pa1 ˝ ϕq

a1
pB ˝ ϕqpf ˝ ϕq.

But observe that

pa1 ˝ ϕq

a1
pB ˝ ϕq “

pa1 ˝ ϕq

a1

n
ź

j“p`1

pϕ´ λjq
mj

p1´ λ̄jϕqmj

“
u

śn
j“p`1p1´ λ̄jϕq

mj

“ ψ.

Thus, for every f P H2, we have

pR1V1qpfq “ a1ψpf ˝ ϕq
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“ a1Wψ,ϕf

“ pV2Wψ,ϕqpfq,

which proves (5.1). It remains now to apply Lemma 5.1 to get that the operator R1 :
a1BH

2 Ñ H pbq is compact (respectively Hilbert–Schmidt) if and only if the operator
Wψ,ϕ : H2 Ñ H2 is compact (respectively Hilbert–Schmidt). This concludes the proof.

�

It turns out that the compactness of weighted composition operators on H2 has also
been characterized by M. Contreras and A. Hernández-Dı́az in [4]. Recall that a finite
Borel measure µ on D is called a vanishing Carleson measure if

lim
rÑ0

sup
ξPT

µpSpξ, rqq

r
“ 0.

Then, it is proved in [4] that the operator Wu,ϕ is compact on H2 if and only if µu,ϕ is
a vanishing Carleson measure, where µu,ϕ is defined by (4.6). Moreover, the vanishing
Carleson property for a measure µ is equivalent to the compactness of the embedding
H2 Ď L2pµq, which satisfies the reproducing kernel thesis, meaning that H2 embeds
compactly into L2pµq if and only if

ż

D

1´ |w|2

|1´ wξ|2
dµpξq Ñ 0, as |w| Ñ 1.

See [23] for a discussion on the vanishing Carleson measures and [14] for a discussion on
the compactness of the weighted composition operators on H2.

Using Theorem 5.2, we therefore immediately get from the previous discussion the
following characterization for the compactness of the composition operators on H pbq.

Corollary 5.3. Let ϕ P H pbq X ballpH8q and assume that ϕ satisfies (3.1) and (3.2). Let u
be the function defined by (3.3) and let µu,ϕ be the measure defined by (4.6). Then the following
assertions are equivalent:

(i) Cϕ : H pbq ÑH pbq is compact.
(ii) µu,ϕ is a vanishing Carleson measure.

piiiq

ż

T

p1´ |w|2q|upξq|2

|1´ wϕpξq|2
dmpξq ÝÑ 0 as |w| Ñ 1.

We also have a characterization for the Hilbert-Schmidt property.

Corollary 5.4. Let ϕ P H pbq X ballpH8q and assume that ϕ satisfies (3.1) and (3.2). Let u be
the function defined by (3.3). Then the following assertions are equivalent:

(i) Cϕ : H pbq ÑH pbq is Hilbert–Schmidt.

(ii)
ż

T

|upξq|2

1´ |ϕpξq|2
dmpξq ă 8.

Proof. Since pznqně0 is an orthonormal basis of H2, the operator Wu,ϕ : H2 Ñ H2 is
Hilbert–Schmidt if and only if

8
ÿ

n“0

}Wu,ϕz
n}22 ă 8.
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But observe that
8
ÿ

n“0

}Wu,ϕz
n}22 “

8
ÿ

n“0

}uϕn}22 “
8
ÿ

n“0

ż

T
|upξq|2|ϕpξq|2ndmpξq.

By the monotone convergence theorem, we get
8
ÿ

n“0

}Wu,ϕz
n}22 “

ż

T
|upξq|2

8
ÿ

n“0

|ϕpξq|2ndmpξq

“

ż

T

|upξq|2

1´ |ϕpξq|2
dmpξq.

The conclusion follows now directly from Theorem 5.2. �

5.2. Some necessary/sufficient conditions for compactness. We have an analogue of
Corollary 4.4 for the compactness.

Corollary 5.5. Let ϕ P H pbq X ballpH8q and assume that ϕ satisfies (3.1) and (3.2). Let u be
the function defined by (3.3) and assume that u P H2. Assume also that

(5.2) supesszPAδ |upzq| Ñ 0, as δ Ñ 0,

where Aδ :“ tζ P T : |ϕpzq| ě 1´ δu. Then the operator Cϕ is compact on H pbq.

Proof. According to Theorem 5.2, the operator Cϕ is compact on H pbq if and only if the
operator Wu,ϕ is compact on H2. Now the conclusion follows applying [14, Theorem
2.9]. �

When we have a compact operator, we can slightly improve the conclusion of Corol-
lary 4.5.

Corollary 5.6. Let ϕ P H pbq X ballpH8q satisfying (3.1) and (3.2), and for 1 6 k 6 p, let
1 6 `k 6 n such that ϕpξkq “ ξ`k . Assume that the operator Cϕ is compact on H pbq. Then for
every 1 6 k 6 p, we have mk ă m`k . In particular, the ξk’s cannot be fixed points for ϕ.

Proof. Argue by absurd and assume that Cϕ is compact on H pbq but for some 1 6 k 6
p, we have m`k 6 mk. For simplicity, we denote ` “ `k. On one hand, according to
Corollary 4.5, we should have m` “ mk (for this fixed k). On the other hand, it follows
from Theorem 5.2 that the operator Wu,ϕ is compact on H2. Hence its adjoint W ˚

u,ϕ is also
compact on H2. Recall now that for every λ P D, we have

W ˚
u,ϕkλ “ upλqkϕpλq,

where kλ is the reproducing kernel of H2 at point λ, and it is well–known that

kz
}kz}2

Ñ 0, weakly in H2, as |z| Ñ 1.

Thus, by compactness, we get

}W ˚
u,ϕkrξk}2

}krξk}2
Ñ 0, as r Ñ 1,

from which it follows that

(5.3) |uprξkq|
2 1´ r2

1´ |ϕprξkq|2
Ñ 0, as r Ñ 1.
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Using the same arguments as in the proof of Corollary 4.5, it is easy to check that
ˆ

1´ |ϕprξkq|

1´ r

˙2ml´1

6 2Cr|uprξkq|
2 1´ r2

1´ |ϕprξkq|2
p1´ rq2mk´2m`

“ 2Cr|uprξkq|
2 1´ r2

1´ |ϕprξkq|2
,

where

Cr “

śn
i“1,i‰k |rξk ´ ξi|

2mi

śn
i“1,i‰l |ϕprξkq ´ ξi|

2mi

1
śn
j“p`1 |ϕprξkq ´ λj |

2mj
.

We deduce from (5.3) that

lim
rÑ1

1´ |ϕprξkq|

1´ r
“ 0.

But this is in contradiction with Carathéodory’s theorem. �

Corollary 5.7. Let b be a rational function in ballpH8q (but not a finite Blaschke product) and as-
sume that the zeros ξj , 1 6 j 6 n, on T of its pythagorean mate a all have the same multiplicities.
If Cϕ is compact on H pbq, then for all 1 6 j 6 n, we have ϕpξjq P D.

Proof. Argue by absurd and assume on one hand that the operator Cϕ is compact on
H pbq and on the other hand that there exists some 1 6 k 6 p, such that |ϕpξkq| “ 1. Then,
by Theorem 3.5, there is some 1 6 `k 6 n such that ϕpξkq “ ξ`k . But, by our assumption,
we have mk “ m`k , which gives a contradiction with Corollary 5.6. �

Remark 5.8. Let bpzq “ p1` zq{2. According to Corollary 5.7, if ϕ P H pbqXballpH8q and
ϕp1q “ 1, then the operator Cϕ is not compact on H pbq. In particular, we recover a result
of D. Sarason and J.N. Silva [26, Theorem 3.5] obtained in the context of local Dirichlet
space Dpδ1q.

Corollary 5.7 might suggest that if a symbol ϕ touches the boundary at some boundary
zeros of a, then Cϕ cannot be compact. This is not true as the following example shows.

Example 5.9. Let apzq “ cpz ´ 1qpz ` 1q2, z P D, where c is some suitable constant such
that a P ballpH8q and let b be its pythagorean mate. Let us now consider the symbol
ϕpzq “ ´p1 ` zq{2, z P D. Of course we have ϕp1q “ ´1 and ϕp´1q “ 0. Since b is
non-extreme, ϕ P H pbq X ballpH8q. Now straightforward computations show that for
every ξ P T, we have

|upξq|2

1´ |ϕpξq|2
— 1,

from which it follows by Corollary 5.4 that the operator Cϕ is Hilbert–Schmidt on H pbq.

Corollary 5.4 enables us to obtain the following improvement of Lemma 3.2.

Corollary 5.10. Let b P ballpH8q be a rational function (but not a finite Blaschke product) and
let ϕ P H pbq X ballpH8q such that }ϕ}8 ă 1. Then Cϕ is Hilbert-Schmidt on H pbq.

Proof. By our assumption, for every 1 6 j 6 n, we have ϕpξjq P D and the corresponding
function u is defined by

upzq “
n
ź

j“1

pϕpzq ´ ξjq
mj

n
ź

j“1

ˆ

ϕpzq ´ ϕpξjq

z ´ ξj

˙mj

.
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Hence, according to Lemma 2.3, this function u belongs to H2. It remains to observe that
ż

T

|upzq|2

1´ |ϕpζq|2
dmpζq 6

}u}22
1´ }ϕ}28

ă 8,

and Corollary 5.4 implies that Cϕ is Hilbert–Schmidt on H pbq. �

Remark 5.11. It is not difficult to see that the proof of Theorem 5.2 also shows thatCϕ is of
trace–class on H pbq if and only if Wu,ϕ is of trace–class on H2. Using now [14, Theorem
2.8], we can deduce that when }ϕ}8 ă 1, the operator Cϕ is indeed trace–class on H pbq.

A reinforcement of the condition of Corollary 4.12 forces Cϕ to be compact on H pbq.

Theorem 5.12. Let ϕ P H pbq X ballpH8q. Assume that for every 1 6 j 6 n, we have

(5.4) lim sup
zÑξj

|ϕpzq| ă 1,

and ϕpDq X T Ď tξj : 1 6 j 6 nu. Then Cϕ is compact on H pbq.

Proof. The assumption (5.4) implies that, for every 1 6 j 6 n, we have λj “ ϕpξjq P D.
Hence, according to Corollary 5.3, the operator Cϕ is compact on H pbq if and only if

(5.5) lim
|w|Ñ1

ˆ
ż

T

p1´ |w|2q|upξq|2

|1´ wϕpξq|
dmpξq

˙

“ 0,

where u is defined by upzq “ a1pϕpzqq
a1pzq

śn
i“1pϕpzq ´ ϕpξiqq

mi .

In order to prove (5.5), argue as in the proof of Corollary 4.12 to see that there exists
0 ă L ă 1 and δ ą 0 such that if Vξj “ tξ P T : |ξ ´ ξj | ă δu, 1 6 j 6 n and V “

Ťn
j“1 Vξj ,

then for almost all ξ P V , we have |ϕpξq| 6 L. Thus it follows that, for every w P D and
for almost all ξ P V , we have

|1´ wϕpξq| ě 1´ |w||ϕpξq| ě 1´ L ą 0.

Hence, for almost all ξ P V , we obtain that

|upξq|2

|1´ wϕpξq|2
6
}a1 ˝ ϕ}8
p1´ Lq2

|ψpξq|2,

where

ψpξq “
n
ź

j“1

ˆ

ϕpξq ´ ϕpξjq

ξ ´ ξj

˙mj

, ξ P T.

According to Lemma 2.3, since ϕ P H pbq, we know that ψ P H2 and we deduce that
ż

V

p1´ |w|2q|upξq|2

|1´ wϕpξq|2
dmpξq 6 p1´ |w|2q

}a1 ˝ ϕ}8
p1´ Lq2

}ψ}22,

from which it immediately follows that

lim
|w|Ñ1

ˆ
ż

V

p1´ |w|2q|upξq|2

|1´ wϕpξq|2
dmpξq

˙

“ 0.

In order to prove (5.5), it remains to check that

(5.6) lim
|w|Ñ1

˜

ż

TzV

p1´ |w|2q|upξq|2

|1´ wϕpξq|2
dmpξq

¸

“ 0.
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To this purpose, observe that for ξ P TzV , we have for every 1 6 j 6 n, |ξ ´ ξj | ě δ,
whence

|a1pξq| “
n
ź

j“1

|ξ ´ ξj |
mj ě δN .

Moreover, for almost all ξ P TzV , we have
n
ź

j“1

|ϕpξq ´ ϕpξjq|
mj 6 2N ,

which gives that

|upξq| 6

ˆ

2

δ

˙N

|pa1 ˝ ϕqpξq|.

Hence, we obtain
ż

TzV
p1´ |w|2q

|upξq|2

|1´ wϕpξq|2
dmpξq 6

ˆ

2

δ

˙2N ż

TzV

p1´ |w|2q|a1pϕpξqq|
2

|1´ wϕpξq|2
dmpξq

6

ˆ

2

δ

˙2N ż

T

p1´ |w|2q
śn
j“1 |ϕpξq ´ ξj |

2mj

|1´ wϕpξq|2
dmpξq.

In particular, in order to prove (5.6), it is sufficient to check that

(5.7) lim
|w|Ñ1

˜

ż

T

p1´ |w|2q
śn
j“1 |ϕpξq ´ ξj |

2mj

|1´ wϕpξq|2
dmpξq

¸

“ 0.

Since ϕ P H pbq Ď H2, the function ϕ has radial limits at almost all points in T. Denote
by

E “

"

ξ P T : ϕpξq “ lim
rÑ1´

ϕprξq exists
*

.

We have mpTzEq “ 0 and then
ż

T

p1´ |w|2q
śn
j“1 |ϕpξq ´ ξj |

2mj

|1´ wϕpξq|2
dmpξq “

ż

E

p1´ |w|2q
śn
j“1 |ϕpξq ´ ξj |

2mj

|1´ wϕpξq|2
dmpξq.

Fix now 0 ă ε ă 1 and for 1 6 j 6 n, introduce the following subsets of E defined by

Wj “ tξ P E : |ϕpξq ´ ξj | 6 εu and W “

n
ď

j“1

Wj .

Note that for ξ PW , we have
n
ź

j“1

|ϕpξq ´ ξj |
2mj 6 ε24N ,

whence
ż

W

p1´ |w|2q
śn
j“1 |ϕpξq ´ ξj |

2mj

|1´ wϕpξq|2
dmpξq 6 4Nε2

ż

T

p1´ |w|2q

|1´ wϕpξq|2
dmpξq

“ 4Nε2p1´ |w|2q}Cϕkw}
2
2

6 4Nε2}Cϕ}
2
LpH2q.
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For the integral on EzW , observe that

Lε :“ sup
ξPEzW

|ϕpξq| ă 1.

Indeed argue by absurd and assume that Lε “ 1. Then there exists pζkqk Ď EzW such
that |ϕpζkq| Ñ 1, as k Ñ8. By compactness, we may assume that ϕpζkq Ñ eiθ, as k Ñ8,
for some θ P R. Hence, for every η ą 0, there exists N P N such that

k ě N ùñ |ϕpζkq ´ e
iθ| ă

η

2
.

Since ζk P E, there is 0 ă rk ă 1 such that

|ϕprkζkq ´ ϕpζkq| ă
η

2
,

which gives that
k ě N ùñ |ϕprkζkq ´ e

iθ| 6 η.

In particular, eiθ P ϕpDq X T and then our assumption implies that there exists 1 6 j 6 n
such that eiθ “ ξj . Therefore, ϕpζkq Ñ ξj , as k Ñ 8, which contradicts the fact that
ζk P EzW . Thus, Lε ă 1 and for every ξ P EzW , we have

p1´ |w|2q
śn
j“1 |ϕpξq ´ ξj |

2mj

|1´ wϕpξq|2
6

4N

p1´ Lεq2
p1´ |w|2q.

We then deduce that
ż

EzW

p1´ |w|2q
śn
j“1 |ϕpξq ´ ξj |

2mj

|1´ wϕpξq|2
dmpξq 6

4N

p1´ Lεq2
p1´ |w|2q.

Now, one can choose 0 ă r0 ă 1 such that

r0 ă |w| ă 1 ùñ
4N

p1´ Lεq2
p1´ |w|2q 6 ε2,

which gives
ż

T

p1´ |w|2q
śn
j“1 |ϕpξq ´ ξj |

2mj

|1´ wϕpξq|2
dmpξq 6

´

4N}Cϕ}
2
LpH2q ` 1

¯

ε2.

Finally (5.7) is proved, which concludes the proof. �

Example 5.13. Let bpzq “ p1 ` z2q{2, z P D. Then, we easily check that its pythagorean

mate is apzq “ p1 ´ z2q{2, z P D. For γ ą 1{2, consider ϕpzq “
´

1´z2

2

¯γ
, z P D. Observe

that
ϕpzq

apzq
“

1
´

1´z2

2

¯1´γ , z P D,

and since γ ą 1{2, we have ϕ P aH2 Ď H pbq. Moreover, lim
zÑ˘1

ϕpzq “ 0. Finally, we see

that

|ϕpzq| “ 1 ô

ˇ

ˇ

ˇ

ˇ

1´ z2

2

ˇ

ˇ

ˇ

ˇ

“ 1 ô z2 “ ´1 ô z “ ˘i.

But ϕp˘iq “ 1 and then ϕpDqXT “ t1u. Thus, we can apply Theorem 5.12 which implies
that the operator Cϕ is compact on H pbq.
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5.3. Hilbert–Schmidt property in some particular cases.

Corollary 5.14. Let bpzq “ p1 ` zq{2 and let ϕ P H pbq X ballpH8q. The following assertions
are equivalent:

(i) Cϕ is Hilbert-Schimdt on H pbq.
(ii) ϕp1q P D and

ż

T

|ϕpξq ´ 1|2|ϕpξq ´ ϕp1q|2

|ξ ´ 1|2p1´ |ϕpξq|2q
dmpξq ă 8.

Proof. On one hand, recall that when bpzq “ p1 ` zq{2, then a1pzq “ z ´ 1. On the other
hand, observe that, according to Corollary 5.7, the condition ϕp1q P D is necessary for the
compactness of Cϕ on H pbq. Now, it follows from Corollary 5.4 that the operator Cϕ is
Hilbert–Schmidt on H pbq if and only if

ż

T

|upξq|2

1´ |ϕpξq|2
dmpξq ă 8,

where

upzq “
a1pϕpzqq

a1pzq
pϕpzq ´ ϕp1qq “

pϕpzq ´ 1qpϕpzq ´ ϕp1q

z ´ 1
,

which gives the result. �

Example 5.15. Let bpzq “ p1` zq{2, z P D. Then apzq “ p1´ zq{2, z P D. It is known that
the operator Ca is not compact on H2 (see [29]), whereas, according to Corollary 5.14, the
operator Ca is Hilbert-Schmidt on H pbq. Indeed, on one hand, we have ap1q “ 0. On the
other hand, easy computations show that

|apξq ´ 1|2|apξq ´ ap1q|2

|ξ ´ 1|2p1´ |apξq|2q
“

1

4
,

whence assertion (ii) of Corollary 5.14 is trivially satisfied. Thus the operator Ca is
Hilbert–Schmidt on H pbq.

Example 5.16. Let bpzq “ p1 ´ z2q{2, z P D. Then, it is easy to see that apzq “ p1 ` z2q{2,
z P D, and thus a1pzq “ z2`1 “ pz´ iqpz` iq, z P D. According to Corollary 4.12, observe
that Ca is bounded on H pbq, because

lim sup
zÑ˘i

|apzq| “ |ap˘iq| “ 0.

Now straightforward computations show that

|upξq|2

1´ |apξq|2
“
|upξq|2

|bpξq|2
—
|1` apξq2|2|1` ξ2|2

|1´ ξ2|2
.

In a neighborhood of 1, we then have

|upξq|2

1´ |apξq|2
—

1

|1´ ζ|2
,

from which it follows that
ż

T

|upξq|2

1´ |apξq|2
dmpξq “ 8.

Hence, according to Corollary 5.4 the operator Ca is not Hilbert–Schmidt on H pbq.

The previous examples motivate the following question.
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Question 5.17. Let b P ballpH8q be a rational function (but not a finite Blaschke product),
and let a be its pythagorean mate. Is Ca compact on H pbq?

Observe that according to Corollary 4.12, Ca is at least always bounded on H pbq be-
cause, for all 1 6 j 6 n, we have

lim sup
zÑξj

|apzq| “ |apξjq| “ 0.
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