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Infinite horizon for symetric strategy
population game

Meziane Privat

Abstract : To predict the behavior of a population game when
time becomes very long, the process that characterizes the evo-
lution of our game dynamics must be reversible. Known games
satisfying this are 2 strategy games as well as potential games
with an exponential protocol. We will try to extend the study of
infinite horizons for what are called symetric strategy games.

Key words : Population Games, Stochastic Evolutionary Mod-
els, Infinite-Horizon.
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Introduction

In this introduction we define the notations that we use for the rest of the
article, we use the same notations as in [San10].

A population game can be thought of as game theory where agents are popu-
lations. From a purely formal point of view, a population game is defined by
an arbitrary collection of real-valued continuous functions on an appropriate
domain.

Population games model many strategic interactions with the following prop-
erties:

(i) The number of agents is important.

(ii) Individual agents are small. The behavior of one agent has little or no
effect on the earnings of other agents.

(iii) Agents interact anonymously. The gains of each agent depend only on
the behavior of the adversaries through the distribution of their choices.

Although these three properties are fundamental, two additional restrictions
of a more technical nature must be taken into account. For the distribution
of opponents’ choices mentioned in property (iii) to exist, there must be
collections of agents that share the same set of strategies. This structure and
many others are ensured by the following property:

(iv) The number of roles is finite. Each agent is a member of a finite number
of populations. Members of a population choose from the same set of
strategies, and their payoffs are identical functions of their own behavior
and the distribution of the behavior of opponents.

The last property ensures that very small changes in the overall behavior do
not lead to large changes in the payoffs of the strategies:

(v) Gains are continuous. The dependence of each agent’s payoffs on the
distribution of opponents’ choices is continuous.

Let P = {1,...,p} be a society composed of p > 1 populations of agents. An
agent in the population p forms a continuous mass m? > 0. (Thus, p is the
number of populations, while p is an arbitrary population.)

Définition 0.1. The set of strategies available to agents of population p is
denoted SP = {1,...,nP}. The total number of pure strategies in all popula-

tions is denoted n = Y nP.
peEP



Définition 0.2. The set of population states (or strategqy distributions) for

population p is XP = {zF € R : Y a? = mP}. The scalar 2 € Ry
iesp

represents the mass of players in the population p choosing the strategyi € SP.

Définition 0.3. A payoff function F' : X — R"™ is a continuous function

that assigns each social state a payoff vector, one for each strategy in each

population.

F? : X — R is the payoff function for strategy i € S?.

FP: X — R"™ denotes the payoff functions for all strategies in S?.

Définition 0.4. A game with payoffs defined on the positive orthant is called
a complete population game, i.e. if one of the following two conditions is
satisfied:

(i) X ={xeR": > z,=1}

kes
(i) X ={z = (2", ...,2") e RL : Y 2l = mP}
iesp

The procedures that agents follow to decide when to change policies and
which policies to switch to are called review protocols.

Définition 0.5. A revision protocol pP is an application p? : R™ x XP —
]Ripxnp. The scalar pfj(ﬁp,mp) 15 called the conditional passing rate from
strategy 1 € SP to strateqy j € SP given the gain vector P and the population

state xP.

We write pj;(7?) instead of pf;(7”, 27) when the conditional switching rates
do not directly depend of zP.

Définition 0.6. The mean dynamic associated with the population game F
and the protocol p is the ordinary differential equation:
Ty = ) Tipji — Ti ) Pij
j€S jES
We can therefore define our Markovian process more formally.

Proposition 0.1. Let a population set F', a revision protocol p, a revision
opportunity rate R, and a population size N define a Markov process (X*)
on the XN state space. Let as initial state X' = x} then its jump rate
is \N = NR (i.e. for each population p, NN = NPRPF) and its transition
probabilities n are:



szz- —(e; —€;),3 p such that i,j € SP,i#j

xzﬂzy g
PINHZ: 1—22 if z=0

1€8 j#i
0 otherwise

Vi € S, e; € XV is the state where all agents who can play strategy i.

Proposition 0.2. (Deterministic approximation of (X)) Let (XY )n>n,
be the continuation of the evolutionary processes stochastics defined above.
Suppose that V = V¥ is Lipschitz and continuous. Let the initial conditions
X =zl converge to the state xo € X, and let (z;);>0 be the solution of the
average dynamics (M) starting from xg. So for all T < oo and € > 0 we
have:

lim P(sup | XN —x <e)=1
N=oow  tef0,7]

In finite horizon analyses, the basic object of study is the mean dynamic (M),
an ordinary differential equation derived from the Markov process (X}). In
infinite horizon analyses, the corresponding object is the stationary distri-
bution u™¥ of the process (X}¥). A stationary distribution is defined by the
property that a process whose initial condition is described by this distribu-
tion will continue to be described by this distribution at all future times.

We recall that (X}) is the Markov chain defined as in Proposition 0.1. To
introduce the possibility of infinite horizon predictions, we now further as-
sume that the conditional rates of change are strictly positive i.e. there is a
constant R € R, such that:

pij(F(x),x) > RV i,j€ S, € X (1)

Définition 0.7. A fully supported revision protocol is a protocol that satisfies
condition (1).

Full-support review protocols usually include some form of perturbation to
ensure that all strategies are always chosen with positive probability.

1 The case one population

In [Sanl0|, we are taught that the infinite horizon is known for only two
types of population games: exponential games and two-strategy games, we
will extend this to what are called symmetric population games



1.1 Informal presentation with an example

First, we will consider the case where there is only one population.

Imagine a population of N agents playing a three-states game: state 1, state2
or state 3. This is a game with one population and three strategies, but it
can be transformed into a game with three populations and two strategies.
Imagine three populations of N agents each (as if we were cloning the initial
population), the first population would play a two-state game which would
be: do strategy 1 or do not strategy 1, the second would play: do strategy
2 or do not strategy 2 and the third would play: do strategy 3 or do not
strategy 3. The possible states would only be those where N agents choose
an "odd" strategy and 2N agents choose an "even" strategy. We have thus
transformed the game into a two-strategy game that we know is reversible.

To switch from the initial game to the new game, you have to make small
changes.

Let A be an object concerning the initial game, its transformation for the
new game will be A*

In this case,
o = (x1,x9,23) € X becomes z* = (x1, 1 —x1, 9, | —x9, 23,1 —23) € X*

e S={a,b,c} becomes S* = {a,a,b,b,c,c}

p = 1 becomes p* = 3

o F(z) = (a,8,7) becomes F*(z*) = (o, 2520, f, Brt oy, maeaiel)
or

F* (x*) = (a7 07 57 O’ 77 O)

R becomes R* = (R, R, R)

pa,a(ﬂ-wx) pa,b(ﬂ-wr) pa,o(ﬂ-ux)
p(m,x) = | poa(m,x) pop(m,2)  pa(m, @)
Pea(T,2)  Pep(T, @) pec(T, )



Becomes

pama?) pialrta) 0 0 0 0
Paa(m" %) pha(m", z7) 0 0 0 0
0 0 ppp(T* P, (", * 0 0
,0*(7T*,,I*) - O 0 ’ (71‘* *’ (7T* 33'* 0 0
Pob Ppp\™
0 0 0 0 pec(m™ x®) pia(n”,x
0 0 0 0 pr (" 2%)  pra(rtz
pa,a(ﬁ,l‘) pa,b(ﬂ-vx) +pa,c(ﬂ',l‘)
%(pb,a(ﬂ', x) + pC,fl(ﬂ-ﬂ x)) %(pb,b(ﬂ-7 .’L’) + pb,c(ﬂ-v 1‘) + qu(ﬂ', x) + pC7C(7T7 1‘))
0 0
- 0 0
0 0
0 0
0 0
0 0
pb,b(ﬂvx) Pb,a(W:l") +pb,c(7r7x)
%(Pa,b(ﬂ" T) + pC,b(Wv T)) %(Pa,a(ﬂa r) + ,Oa,c(ﬂ, r) + PC,a(Wa r) + pc,c(ﬂ, T))
0 0
0 0
0 0
0 0
0 0
0 0
pc,c(ﬂ'a SIJ) pc,a(ﬂ'y $) + Pc,b(Tﬁ .’E)

3(Pac(m, %) + poe(m, @) 5(paa(m,2) + pap(T,2) + p.a(T, 2) + pop(m, 7))

We then know by theorem 11.2.3 of [San10| what shape should have the
stationary distribution of the game and therefore its infinite horizon.

1.2 Formal presentation

In this part we will lay the mathematical foundations to have access to the
behavior when the time becomes very long for a game with 3 strategies.

Définition 1.1. A is a symetric game if for all i,j € S we have p;;(7,x) =

pji(m,x) and R;; = Rj;.

Let A be a game of a population with 3 strategies that we will call the initial

game, in connection with this game we then pose:



X the state space of A

S ={1,2,3} the set of 3 strategies in A

We have p =1

e Let F be its gain function

We set p its full support revision protocol
e [? its revision rate

e N the number of agents in the population

Proposition 1.1. If for all i,j € S we have p;;(7,x) = pji(7,x) and R;j =
Rj;, then for any population game at 3 strategies there is a unique population
game with two strategies and 3 population describing the same game.

Proof. To demonstrate this we must first build this new game, ie show its
existence, and then show its uniqueness.
Existence: Let A* be a two-strategy game of n population defined as follows:

o X*={a"=(21,1—x1, 29, 1—2x9, 23, 1—x3) such that I = (x1, 29, x3) €
X} its state space

o 5*={1,1,2,2,3,3} the set of 6(2 x 3) strategies in A*
e We have p* = 3 populations

e Let x € X such that F(x) =y = (y1,y2,y3) then
F*($*) = y* = (y1707y2707y370) S RG

e Let N* = (N,N,N) € (N*)3 be the number of agents in each popula-
tion (which is IV for each)

°
P at) p(rtat) 0 0 0
p%l(ﬂ'*, * p%j(ﬂ'*, ) 0 0 0
T B 0 o) gyt 0
0 0 p;2(7r*, x* p%j(w*, * 0
0 0 0 0 pialnta”)
0 0 0 0 ph (", "

with Vi € S :




(1) pzi(ﬂ-*? .T*) = pi,i(”a LC)
(i) pf5(7",2") = X piy(m, @)
JES
JF#i
(iii) P{,-(W*J*) = % > pj,i(ﬂ-7x)
i<
j#i

(iv) pis(r*,2%) =5 | 22 32 piw(mx) + 35 pjj(m,x)
jES keS jES
ii k7 j#i

#j

e Let R* the new revision rate the same as p*

Unicity: We now need to show that from each element previously con-
structed for A* we can find the element of A used, in other words, that there
is a bijection between each element of A* and the element of A which allowed
its construction.

e To go from N* to N, just take the first coordinate of N*

To go from p* to p just set p = %

Let f: R® — R3 such that f(xy,...,76) = (z1, 73, 75), then f(X*) =X
and f(F(X")) = F(X)

By writing S* = {1, ...,6} we can find S by setting S = {1,3,5}

Recall that Vi, j € S, pij(m,z) = pji(m, x)
(i) Vi€ S, pu(m,x) = pf(n*, x*)
(i) Vi, j,k € S with i # j # k, we have:

pij (T, ) + pji(m, ) =(pij (7, 2) + pir(7,2)) + (pji(7, 2) + pjr(7, )
— (pir(m, ) + pjr( pi, x))
i, 2) + (", ) — 2 (7 2°)
we then have Vi, j, k € S with i #£ j £ k :

- p;g(ﬂ-* 7x*)+p;3(ﬂ—* ’x*)_2p£,k (W*7m*)
pij(m, ) = D)

e For R* we prove uniqueness as for the previous point.

8



We will call A* the transformation of A.

Proposition 1.2. If for all i,5 € S we have p;j(m,z) = pji(m,x), and
Ri; = Rj; then for any population game from N agents to 3 strategies with a
full support revision protocol one can define a stationary distribution for the
evolutionary process (XN) on XN.

Proof. Let A be a population game of N agents with 3 strategies with a satis-
factory full-support revision protocol for all ¢, j € S that p;; (7, z) = p;i(7, x).
Then by applying Proposition 3.1, we can define the game A* which is the
transformation of A. We can then apply theorem 11.2.3 of|San10| which
gives us the stationary distribution of the set A* which is for its population
i€[1,3]:

‘uxz NXZ N 1 P*f(F*i(jgfl) ];71) 1 9 3

P —J—1 i3 ’ : g 1 2 —

uévli ol - D) with &; € {0, 5, %, .-, 1} and 3 X =1
]:1 1,1 =1

with uévi determined by the requirement that ,ug =1.
X;exNi

Remark : Maybe have to make a mixture model to return to dimension 1
O

2 The case p populations

In this part we will show that proposition 1.2 is true for several populations,
for this we will show a more general result by showing that we can find an
infinite horizon that the number of strategy of the game of each population
is2or 3.

Proposition 2.1. Let A be a game with p populations such that the popula-
tion p plays a game with n? strategies (n? = 2 or 3), that its revision protocol
is with full support and that for alli,j € S we have pf;(7,x) = pf;(m,z) and
R;; = Rj; then we can define a stationary distribution for the evolutionary
process (XN) on XN,

Proof. Let p € [1,p] AP be the game played by the population p. Applying
Proposition 1.2, let p € [1,p] A*? be the transformation into a 2-strategy
game of the game played by the population p (A* = A if n?» = 2). By
setting A* the set of these games, we then end up with a game A* which is



p
a 2-strategy game with " n* = n populations, and A* represents the same
k=1
game as A. We can then apply Theorem 11.2.3 of [San10| which gives us
the stationary distribution of the set A* which is for its population i € [1,n]

p—1 p
such that Jp € [1,p] such that i € [>_ n* +1, > n*] (with n® = 0):
k=0 k=0

P (Fr(5g), i

i ] et PR g e (0, L2 1) and
Mo j=1 7 P (F*(§p ) 5m) ! P NP NPT
n? n
Z XzzlandZX]:p
i=nP—141 j=1
with " determined by the requirement that 3 ,ux =1 ]

X;exNi

3 Transformation of an n-strategy symetric game
into a 2-strategy game

To go from a game with n strategies to a game with 2 strategies, we will
show that for a game with n strategies there exists a unique game with n —1
strategies which represents the same game, then by repeating this we come
across a game with 2 strategies.

Définition 3.1. A is a symetric game if for all i,j € S we have p;;(w,z) =
pji(m,x) and R;; = Rj;.

Let A be a game of a population with n strategies that we will call the initial
game, in connection with this game we then pose:

e X the state space of A

e S={1,2,...,n} the set of n strategies in A

We have p =1

Let F' be its gain function

We set p its full support revision protocol

R its revision rate

N the number of agents in the population

10



Proposition 3.1. For any population game with n strategies (n > 3) there
exists a unique population game with n population each playing a game with
n — 1 strategies describing the same game .

Proof. To demonstrate this we must first build this new game, ie show its
existence, and then show its uniqueness.

Existence: Let A* | be a set of n populations each having access to n — 1
strategies defined as follows:

* _ * _
L4 Xn_l - {xn—l - (.’13'1,1’2, ooy Tp—2, 1 —Tp—1—Tp, T2, T3, ..., Tn—_1, 1 — T —
Ty eeey Ty L1, T2y ey Tz, L — Ty 1 — Tpp_o) such that 3z = (xq,...,2,) €

X} its state space

Sk, =A{1L2,...,n—-2a1,2,3,....,n — 1,as,...,n,1,2,....n — 3,a,} the
set of n — 1 x n strategies in A’

We have p;_; = n populations

Let © € X such that F(z) =y = (y1, ..., yn) then

F;Lk—l(x;—l) = y;—l - (y17y27 ooy Yn—2, 07 Y2,Y3, -3 Yn—1, 07 oy Yns Y1, Y25 -+, Yn—3, 0)

Let N, = (N,...,N) € (N*)" be the number of agents in each popu-
lation ( which is IV for each)

[ ]
AT O Opgy
* * * OMn— :
pn—1<ﬂ-n—17 xn—l) = . ' € Mn(n—l)
: ’ OMn—l
OMnfl e OMn—l AZ_I
with Vi € S :
P(i40)=n,(i4+0)=n P(i40)=n,(i4+1)=n " P(i4+0)=p,(i+n—3)=n
P(i+1)=n,(i40)=n Pli+1)=n,(i+1)=n """ P(i+1)=n,(i+n—3)=n
Ar1 =
P(i+n—3)=n(,i+0)=n P(i+n—3)=n,(i+)=n " " P(i+n—3)=n,(i+n—3)=n
p;_lai!(iJro)zn p;_lai,(iJrl)zn o p:l_laiy(’ﬂr’ﬂfii)zn
€ Mnfl
with Vj € S:

11

*
Pr—1(i40)=p.a;

*
pn_l(iJrl)zn,ai

E
pnfl(u-n—:s)gn,ai

*
pn—laiﬂi



i /);Llj’ai = Pj(i+n—2)=n T Pj(i+n-1)=n

* 0271%]- = Pli4n—2)=n,j T Pli+n—1)=pn,j

® Dnt, . = Plitn—2)=n,(i+n-2)= TP(+n-2)=n,(i+n—1)=p Lli+n—1)=n,(i+n-2)=n T
Pli+n—1)=n,(i+n—1)=n

where Ya € N a=,, is a modulo n.

e We set R;_; the new revision rate in the same way as p,_;

Unicity: We now need to show that from each element previously con-
structed for A* we can find the element of A used, in other words, that there
is a bijection between each element of A* and the element of A which allowed
its construction.

e To go from N;_, to N, just take the first coordinate of N}_;

e To go from p;_, to p just set p = p:‘T‘l

e Let’sset f: R" — R"™ such that flr1, 20 @p2y) = (1, ooy Tpnp—1,s ooy Tn2—2p—1)
with p € [1,n — 1], then f(X*) = X and f(F(X*)) = F(X)

e By writing S} = {1, ...,n*—n} we can find S by setting S = {1, ...,pn—

p—1,...,n*=2n—1} with p € [1,n — 1]

(i) Vi € S, pi(m,z) = sty )ttty (41 15 Tr1) (this is

the first coordinate of A7~ (7% |, 2% ,))

(i) Vie Sand j € [(i + 1)=p, (i + n — 3)=,] such that (i + a)=, = j,

p'l](ﬂ-? 'ZC) = p:;_l(ifl)nf(i71)+1,(i7l)nf(i71)+1+a (7.(7’1—17 ’In—l)
(ili) Vi € Sand j = (i+n—1)=,, pi;(7, )

- p;—l(a‘fl)n%j—1)+2,(jfl>nf(j71)+1(ﬂ;;—l’ 1)
(iv) Vie Sand j = (i +n — 2)=,,

% * *
’Oij(ﬂ-’ l‘) o pnfl(i71)n7<if1)+1,(if1)n7(i71)+n71(ﬂ-nfl’ xnfl)
* * *
Pr=1j1yn—(i-1)+2.G-n—-n+1 =10 n1)

e For R’ , we prove uniqueness as for the previous point.

12



Now that we know how to go from a game with n strategies to a game with
n — 1 strategies, we can explain how to go from a game with n strategy to a
game with m strategy with m < n.

Proposition 3.2. For any population game with n strategies (n > 3) there
exists a population game with n population each playing a game with m strate-
gies (m < n ) describing the same game.

Proof. Let A be the initial game with n strategies, let A* _, be its transfor-
mation into a game with n — 1 strategies given by Proposition 1.1. Applying
proposition 1.1 again to the game A , we find a game B;_; defined as
follows:

¢ Xb;
Tp_y — Tp_g — Tp_z) € R*M=Dx(=2) guch that 3 2 = (21, ..., 2,) € X}
its state space

— * —
= {:133:_1 = (21, %2, ooy Ty3, | =Ty 0—Tp1—Tpy,y ey Ty T1, Ty oeey Tpygy L—

o Sp. = {1,2,....n—3,a1,2,3,....,n—2,as,...,n,1,2,....n — 4 a,} the
set of (n —2) x (n — 1) x n strategies in A%

e We have pj. =n x (n— 1) populations

e Let z € X such that F(z) =y = (y1, ..., yn) then
FEZ—l (x*B:Lil) = yE:—l = (yla Y25 -3 Yn—3; 0>y27 Y35 ooy Yn—2, Oa sy Yns Y1, Y2y -0 Yn—a, O)

o Weset Nj. = (N,.,N) € (N*)"*n=1 the number of agents in each
population (which is N for each)

[ ]
B{L_l OMn72 e OMn72
* * * 0/\/1”7 :
PB;;_l(Wn—hxn—l) = " € Mumn-1)(n—2)
: . OM{HQ
OMn72 T OMn72 BZ;(n_l)

13



with Vi € S :

*

P(i+0)=,(i+0)=n P(i+0)=n,(i+D)=n """ P(i40)=n,(i+n—4)=y pB;le_O)
3 =n,a4
*
P(i+1)=n,(i40)=n Plit1)=n,(i+D)=n """ Pli+1)=p,(i+n—4)=n PBx |
n—=1l(i+1)=n,a;
n—1 __
B =
E3
Pli+n—4)=n(,i+0)=n Pli+n—4)=p,(i+1)=n """ Pli+n—4)=n,(i+n—4)=n PBx |
n—=l(i+n—-4)=n,a,
k * * *
pBZ*laiq(H‘O)En pBé*l%‘,(H‘l)En pBZ*lai’(iJr"*‘l)zn pBZ*lai,ai
e M,

o Let Rp. = (R, ..., R) be the revision rate in each population (which
is R for each)

Let us then set A% _, a restriction of B} _; such that its revision protocol is:

—1
B? OMn_Q A ()/\/ln_2 A . OMn—Z
OMTL—Q ‘ .
Op,_, coe e Op,
-1
OMn—2 T OMn—Q B’Zl—i—l OMn—Q T OMn—Q M
0 0 0 € Mn(n-2)
Moo o o PN Moo [N e Moo
OMan .
: OMTIH2
n—
OMn72 T OMn72 OMn72 OMn72 T Bn2_n_1

We then say that A _, is the transformation of A into a game with n pop-
ulations playing a game with n — 2 strategies, similarly, by iterating we can
find A7,. O

Proposition 3.3. If for all i,j € S we have p;j(7,z) = p;i(7,z) and R;; =
Rj;, then for any n strategy population game with a fully supported revision

protocol one can define a stationary distribution for the evolutionary process
(XN) on XN,

Proof. Let A be a symetric population game of N agents with n strate-
gies with a fully supported revision protocol satisfying for all 7,7 € S that
pij(m,x) = pji(m,x). Then by applying propositions 4.1 and 4.2, we can
define the game A} which is the transformation of A into a game with n
populations playing a game with 3 strategies. Then by applying Proposition

14




3.1, we can define the game A* which is the transformation of A. We can
then apply theorem 11.2.3 of [San| which gives us the stationary distribution
of the set A* which is for its population i € [1, n]:

N; ,
Hx; N—j-1

= 175 D) with X E{O,N,N,...,l} and Z;XZ 1
with uévi determined by the requirement that ,uﬁ =1 O
X;exNi

Remark: The chosen restriction is natural because it mainly consists of
removing coordinates that appear several times.

4 Symetric game with p populations

In this part we will show that proposition 3.3 is true for several populations,
for this we will show a more general result by showing that we can find
an infinite horizon whatever the number of strategies in the game of each
population.

Proposition 4.1. Let A be a symetric game with p populations such that the
population p plays a game with n? strategies, its revision protocol has complete
support and for all i,j € S we have pi;(7,x) = pf;(7,x) and R;; = Ry then
we can define a stationary distribution for the evolutionary process (X}N) on
XN,

Proof. Let p € [1,p] AP be the game played by the population p. Applying
Proposition 3.3, let p € [1,p] A*? be the transformation into a 2-strategy
game of the game played by the population p. By setting A* the set of these
games, we then end up with a game A* which is a 2-strategy game with

P

> nkF = n populations, and A* represents the same game as A. We can then
k=1
apply Theorem 11.2.3 of [San10] which gives us the stationary distribution

of the set A* which is for its population ¢ € [1,n] such that 3p € [1, p] such
p—1 P
that i € [[2 n* 41, 3 nF] (with n® = 0):
k=0 k=0

o NﬁY Np—] 1 P " (7)) with X; € {0, -1 ,1} and
o' = <F*Z<Np),Np> o R
Z X; =1 and Z X;=p
i=nP—141 Jj=
with uévi determined by the requirement that > ;&1 =1 O]

/\’}‘EXNI'
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Remark: Not all the properties of this article are subject to the symmetry
condition of the protocol and the revision rate, so if the infinite horizon of
3-strategy games is found by applying the same properties, we will have the
infinite horizons of all games on the condition of assuming the inertia and
myopia of the players.
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