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Inertially amplified seismic metamaterial with an ultra-low-frequency bandgap

In last two decades, it has been theoretically and experimentally demonstrated that the seismic metamaterials are capable of isolating seismic surface waves. The inertial amplification mechanisms with small mass have been proposed to design metamaterials to isolate elastic waves in rods, beams and plates at low frequencies. In this letter, we propose an alternative type of seismic metamaterial providing an ultra-low-frequency bandgap induced by inertial amplification. A unique kind of inertially amplified

metamaterial is first conceived and designed. Its bandgap characteristics for flexural waves are then numerically and experimentally demonstrated. Finally, the embedded inertial amplification mechanism is introduced on a soil substrate to design a seismic metamaterial capable to strongly attenuate seismic surface waves around a frequency of 4 Hz. This work provides a promising alternative way to conceive seismic metamaterials to steer and control surface waves.

Seismic metamaterials (SMs), used to control seismic surface waves at low frequencies, have been investigated and proposed to protect critical infrastructures and ancient buildings in the last two decades. [START_REF] Meseguer | Rayleigh-wave attenuation by a semi-infinite two-dimensional elastic-band-gap crystal[END_REF][START_REF] Kim | Artificial seismic shadow zone by acoustic metamaterials[END_REF][START_REF] Brûlé | Experiments on seismic metamaterials: Molding surface waves[END_REF][START_REF] Miniaci | Large scale mechanical metamaterials as seismic shields[END_REF][START_REF] Colombi | Forests as a natural seismic metamaterial: Rayleigh wave bandgaps induced by local resonances[END_REF][START_REF] Zeng | Low-frequency broadband seismic metamaterial using I-shaped pillars in a half-space[END_REF][START_REF] Wang | Periodic in-filled pipes embedded in semi-infinite space as seismic metamaterials for filtering ultra-low-frequency surface waves[END_REF] The SMs composed of an array of artificial structures on or in a soil substrate usually possess the bandgap characteristics, whose working wavelengths is much longer than the size of the artificial structure. [START_REF] Miniaci | Large scale mechanical metamaterials as seismic shields[END_REF][START_REF] Colombi | Forests as a natural seismic metamaterial: Rayleigh wave bandgaps induced by local resonances[END_REF][START_REF] Zeng | Low-frequency broadband seismic metamaterial using I-shaped pillars in a half-space[END_REF][START_REF] Wang | Periodic in-filled pipes embedded in semi-infinite space as seismic metamaterials for filtering ultra-low-frequency surface waves[END_REF][START_REF] Aravantinos-Zafiris | Large scale phononic metamaterials for seismic isolation[END_REF][START_REF] Colombi | A seismic metamaterial: The resonant metawedge[END_REF][START_REF] Achaoui | Clamped seismic metamaterials: ultra-low frequency stop bands[END_REF] A number of experiments [START_REF] Meseguer | Rayleigh-wave attenuation by a semi-infinite two-dimensional elastic-band-gap crystal[END_REF][START_REF] Brûlé | Experiments on seismic metamaterials: Molding surface waves[END_REF][START_REF] Zeng | Broadband inverted T-shaped seismic metamaterial[END_REF] and simulations [START_REF] Colombi | Forests as a natural seismic metamaterial: Rayleigh wave bandgaps induced by local resonances[END_REF][START_REF] Du | Elastic metamaterial-based seismic shield for both Lamb and surface waves[END_REF][START_REF] Chen | Harnessing multi-layered soil to design seismic metamaterials with ultralow frequency band gaps[END_REF][START_REF] Liu | Ultra-wide band gap metasurfaces for controlling seismic surface waves[END_REF] have demonstrated that the SMs can significantly attenuate seismic waves at the frequencies of the bandgaps. In 1999, a phononic crystal in a marble was designed to experimentally demonstrate the existence of elastic bandgaps and the possible applications of SMs. [START_REF] Meseguer | Rayleigh-wave attenuation by a semi-infinite two-dimensional elastic-band-gap crystal[END_REF] Farhat et al. [START_REF] Farhat | Ultrabroadband elastic cloaking in thin plates[END_REF] proposed a design for a radially symmetric multilayered cloak to control flexural waves propagating in isotropic heterogeneous thin plates. The large-scale experiments, proposed by Brûlé et al., [START_REF] Brûlé | Experiments on seismic metamaterials: Molding surface waves[END_REF] have demonstrated that the SMs constituted of cylindrical holes periodically arranged in a soil substrate can attenuate seismic surface waves around a frequency of 50 Hz. It is easy to find evidence that the working frequency is not low enough to protect and shield human buildings. As Kadic et al. [START_REF] Kadic | Metamaterials beyond electromagnetism[END_REF] commented, the large-scale experiments are still far from being a functional cloak. Therefore, the SMs based on local resonance [START_REF] Liu | Locally resonant sonic materials[END_REF][START_REF] Sheng | Locally resonant sonic materials[END_REF][START_REF] Zeng | A broadband seismic metamaterial plate with simple structure and easy realization[END_REF][START_REF] Zeng | Subwavelength seismic metamaterial with an ultra-low frequency bandgap[END_REF] were proposed to obtain low-frequencies bandgaps for seismic surface waves. Finocchio et al. [START_REF] Finocchio | Seismic metamaterials based on isochronous mechanical oscillators[END_REF] introduced the mass-in-mass system in the soil to filter the harmonics of seismic waves at the fundamental resonance frequency of the building. Also, researchers proposed SMs composed of an array of pillars on a soil substrate to achieve low-frequencies bandgap, when they got inspiration that the seismic waves can be attenuated by the forests. [START_REF] Colombi | Forests as a natural seismic metamaterial: Rayleigh wave bandgaps induced by local resonances[END_REF][START_REF] Colombi | A seismic metamaterial: The resonant metawedge[END_REF][START_REF] Liu | Trees as large-scale natural metamaterials for lowfrequency vibration reduction[END_REF] To obtain wide bandgaps, different kinds of shape of the pillars [START_REF] Zeng | Low-frequency broadband seismic metamaterial using I-shaped pillars in a half-space[END_REF][START_REF] Zeng | Broadband inverted T-shaped seismic metamaterial[END_REF][START_REF] Lim | Built-up structural steel sections as seismic metamaterials for surface wave attenuation with low frequency wide bandgap in layered soil medium[END_REF][START_REF] Zeng | A Matryoshka-like seismic metamaterial with wide band-gap characteristics[END_REF] were proposed and the "rainbow trapping effects" [START_REF] Colombi | A seismic metamaterial: The resonant metawedge[END_REF][START_REF] Liu | Ultra-wide band gap metasurfaces for controlling seismic surface waves[END_REF][START_REF] Pu | Seismic metasurfaces on porous layered media: Surface resonators and fluid-solid interaction effects on the propagation of Rayleigh waves[END_REF][START_REF] Krödel | Wide band-gap seismic metastructures[END_REF][START_REF] Zeng | Coupling the first and second attenuation zones in seismic metasurface[END_REF] were used. However, at present, the bandgap for seismic surface waves below 5 Hz is still challenging to obtain just by using smallmass structures.

Inertial amplification mechanism, [START_REF] Yilmaz | Phononic band gaps induced by inertial amplification in periodic media[END_REF][START_REF] Yilmaz | Theory of phononic gaps induced by inertial amplification in finite structures[END_REF] which can achieve low-frequencies resonance just by using a small mass, has been introduced to design elastic metamaterials to obtain low-frequencies bandgaps. In 2006, Yilmaz et al. [START_REF] Yilmaz | Analysis and design of passive low-pass filter-type vibration isolators considering stiffness and mass limitations[END_REF] designed a passive low-pass filter-type vibration with low stop-band frequencies by using the lever-type structures. Then, the hybrid lever-type isolation systems with X-shaped structures were proposed to improve the band-stop characteristics at low frequencies. [START_REF] Liu | Vibration isolation using a hybrid lever-type isolation system with an Xshape supporting structure[END_REF][START_REF] Liu | Band stop vibration suppression using a passive X-shape structured lever-type isolation system[END_REF] In addition, the embedded amplification mechanism was proposed by Yilmaz et al. [START_REF] Yilmaz | Phononic band gaps induced by inertial amplification in periodic media[END_REF][START_REF] Yilmaz | Theory of phononic gaps induced by inertial amplification in finite structures[END_REF] to amplify the effective inertia of the wave propagation medium.

Frandsen et al. [START_REF] Frandsen | Inertial amplification of continuous structures: Large band gaps from small masses[END_REF] introduced the similar structures into a continuous elastic rod to obtain wide bandgap induced by inertial amplification. The three-dimensional metamaterials based on embedded inertial amplification mechanism have been realized.

It has been experimentally demonstrated that they are capable of isolating elastic waves in a wide frequency range. [START_REF] Taniker | Design, analysis and experimental investigation of three-dimensional structures with inertial amplification induced vibration stop bands[END_REF] Then, Yuksel et al. [START_REF] Yuksel | Realization of an ultrawide stop band in a 2-d elastic metamaterial with topologically optimized inertial amplification mechanisms[END_REF] have designed a two-dimensional solid structure with embedded inertial amplification mechanisms by using topology optimization to achieve an ultrawide stop band at low frequency. However, the embedded inertial amplification mechanisms have not been introduced into a half space to isolate surface waves.

In this letter, we propose a unique kind of SM with an ultra-low-frequency bandgap for seismic surface waves by using embedded inertial amplification mechanisms. At first, we design a kind of one-dimensional inertially amplified metamaterial (IAM). The unit cell of the IAM is composed of one base beam, two arms and three hinge joints. The characteristics of the bandgap induced by inertial amplification in the IAM is investigated by using experiments and simulations. Finally, the embedded inertial amplification mechanism is introduced to design the SMs for surface waves at ultralow frequencies. Ⅰ. [START_REF] Cao | Elastic Bound State in the Continuum with Perfect Mode Conversion[END_REF][START_REF] Zeng | Seismic metamaterials: Generating low-frequency bandgaps induced by inertial amplification[END_REF] The thickness t of the beam is 1 mm. The angle θ, which determines the magnitude of the amplification generated by the inertially amplified mechanisms, in this work is set at 5°. It is worth noting that hinge joint is not the necessary part for inertial amplification mechanisms. As shown in the literature, Yilmaz et al. [START_REF] Yilmaz | Analysis and design of passive low-pass filter-type vibration isolators considering stiffness and mass limitations[END_REF] designed a passive low-pass filter-type vibration with low stop-band frequencies by using the lever-type structures without hinge joint. However, the hinge joint is a simple way to achieve the inertial amplification mechanism in the metamaterials. Such as in the other literature, Frandsen et al. [START_REF] Frandsen | Inertial amplification of continuous structures: Large band gaps from small masses[END_REF] introduced the inertial amplification mechanism into a continuous elastic rod to obtain wide bandgap by using the hinge joints.

The simplified model of the inertially amplified mechanism of the unit cell of the IAM is illustrated in Fig. 1(d). The ma takes the value of the mass of one arm in the middle of the arm. The k and ka mean the stiffness of the beam and arm, respectively. Here, the ka can be regard as rigid at ultra-low frequencies. The angle θ between the arm and the beam is 5°. All the geometric parameters are shown in Figs. 1(c) and (e). It is noted that the lattice constant a is 55 mm and the unit of all the geometric parameters is millimeter.

In Fig. 1(d), the x1 and x2 represent the displacement of the input and output, respectively. At ultra-low frequencies, the horizontal and vertical displacement of the two ma are
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Therefore, the kinetic energy (T) and potential energy (V) of the system are
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From the Lagrange's equation, i.e.,
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where the L is the Lagrange function:

𝐿 = 𝑇 -𝑉. (8) 
Substituting Eq. ( 8) into Eq. ( 7), we obtain
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When the two sides of Eq. ( 9) are equal to zero, the first resonance (ωr) and first antiresonance (ωar) [START_REF] Frandsen | Inertial amplification of continuous structures: Large band gaps from small masses[END_REF][START_REF] Yuksel | Realization of an ultrawide stop band in a 2-d elastic metamaterial with topologically optimized inertial amplification mechanisms[END_REF][START_REF] Li | Generating ultra wide low-frequency gap for transverse wave isolation via inertial amplification effects[END_REF] frequencies are obtained:
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As can be seen from Eqs. (10 -11), the ωr is always lower than the ωar. When the angle θ is less than 16.7°, the function 𝜂 = [5 + cot / (𝜃)] 16 ⁄ is larger than 1, which means the amplified motion for the mass is caused by the inertially amplified mechanism and the inertial mass is amplified η times. Of course, according to Eq. ( 10), if the stiffness k is weaker or the mass of two arms is heavier, the lower ωr can be obtained. It is worth noting that, comparing with the metamaterials based on local resonance, [START_REF] Mei | Dark acoustic metamaterials as super absorbers for low-frequency sound[END_REF][START_REF] Mei | Ultrathin metasurface with high absorptance for waterborne sound[END_REF] the inertial amplification mechanism is also based on the local resonance, which can be found from Eq. ( 10), but it can easily obtain lower-frequency bandgap because of the function 𝜂 = [5 + cot / (𝜃)] 16 ⁄ appeared in Eq. [START_REF] Achaoui | Clamped seismic metamaterials: ultra-low frequency stop bands[END_REF]. For example, in this work, the angle θ is 5°, so the inertial mass is amplified about 8.5 times. Therefore, the small mass can achieve strong resonance at low frequencies.

In the simulations, all results are calculated by using finite element software COMSOL 5.4 (Multibody Dynamics Module). The Floquet-Bloch boundary conditions are achieved on the unit cell along x direction by using both boundary similarity and pointwise constraint. In the Fig. 1(e), the hinge-connection condition is set on the hinge joints between two bodies. The transmission spectrums of the flexural waves in experiments and simulations are defined as
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where Ra and Rb are the root mean square (RMS) of the out-of-plane velocities at the points a and b shown in Fig. 1(b), respectively. 
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where w is the integral of the z component of the displacement fields in the yz-cut plane (to avoid the effect of the torsional modes in the beam); and disp. is the total displacement; and C means the whole unit cell. Therefore, in Fig. 2 Indeed, the experimentally measured attenuation of the IAM is far inferior compared to the simulated one. This is due to the fact that the hinge joints are rigid and smooth in the simulations, but not in the experiments. However, comparing with other two experimental samples (bare beam and TM), the attenuation zone is not difficult to find.

It is noted the unit cell of the TM has more mass than the IAM, but the frequency of the first bandgap of the TM for flexural waves is much higher than the IAM. The band structure of the TM, which is easy to calculate just by using Solid Module of the COMSOL, [START_REF] Brûlé | Experiments on seismic metamaterials: Molding surface waves[END_REF][START_REF] Miniaci | Large scale mechanical metamaterials as seismic shields[END_REF][START_REF] Zeng | Broadband inverted T-shaped seismic metamaterial[END_REF][START_REF] Ding | Metamaterial with simultaneously negative bulk modulus and mass density[END_REF] is not illustrated in this letter. At points B and D, almost all the displacement appears around the hinge joint between two arms, which means that there is a strong resonance only on the two arms. Based on this information, it is not difficult to infer that the low-frequencies bandgap is opened by the local resonance of the inertial amplification mechanism.

It is noted that the simplified model of embedded inertial amplification mechanism shown in Fig. 1(d) can also theoretically work on a half-space when the substrate provides the stiffness k. Therefore, in theory, the embedded inertial amplification mechanism is very suitable to design surface wave metamaterials, which, just with small mass, can induce low-frequency bandgap for surface waves. As shown in Fig. The lattice constant a in Fig. 3(a) is 2 m and the depth of the soil substrate is H = 500a [START_REF] Zeng | Broadband inverted T-shaped seismic metamaterial[END_REF][START_REF] Zeng | Seismic metamaterials: Generating low-frequency bandgaps induced by inertial amplification[END_REF]. The angle θ is also 5° and other geometer parameters are shown in Fig. 3(a).

The material parameters of the steel and soil used in this letter are shown in TABLE Ⅰ. 
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 1 Figure 1 (a) The samples used in the experiments (TM: traditional metamaterial; IAM: inertially

  Figure 1(c) illustrates the unit cell of the IAM considered in the numerical simulations

Figure 2 (

 2 Figure 2(a) illustrates the band structure of the IAM along x direction and the color bar

  (a), it is obvious that a bandgap induced by inertial amplification is generated for flexural waves in the frequency range from 70 to 108 Hz. As shown in Fig. 2(b), in the frequency range of the bandgap, a significant attenuation zone can be found in the simulation results. Comparing with all the experimental results, the IAM has an attenuation zone for the flexural waves around from 70 to 108 Hz.

Figure 2 (

 2 Figure 2 (a) The band structure of the IAM. The color bar represents the degree of the out-of-plane

Figure 2 (

 2 Figure 2(c) illustrates the vibration modes at the marked points A -D in the band
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  (a), the embedded inertial amplification mechanism is introduced on a half-space to attenuate seismic surface waves. The unit cell of the seismic metamaterial (SM) is constituted of three parts: two steel arms represented by gray area, three hinge joints represented by dotted circle and soil substrate represented by yellow area. The blue and red lines represent Floquet-Bloch boundary condition and fixed constraint, respectively.
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 3 Figure 3 (a) The unit cell of the SM with embedded inertial amplification mechanism. The blue and red

Figure 3 (

 3 Figure 3(b) illustrates the band structure of the one-dimension periodic SM. The sound

Figure 3 (

 3 Figure 3(d) illustrates the vibration modes at the marked points E -G in the band

TABLE Ⅰ :

 Ⅰ The material parameters used in this letter.

	Material	Density (kg/m 3 )	Young's modulus (Pa)	Poisson's ratio
	PLA	1086.3	3.4398 × 10 9	0.35
	Steel	7784	2.07 × 10 11	0.3
	Soil	1800	2 × 10 7	0.3
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