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Path-dependent McKean-Vlasov equation: strong well-posedness,
propagation of chaos and convergence of an interpolated Euler
scheme

Armand Bernou * Yating Liu '

4th January, 2023

Abstract

We consider the path-dependent McKean-Vlasov equation, in which both the drift and
the diffusion coefficients are allowed to depend on the whole trajectory of the process up to
the current time ¢, and depend on the corresponding marginal distributions. We prove the
strong well-posedness of the equation in the LP setting, p > 2, locally in time, as well as
the propagation of chaos properties. Then, we introduce an interpolated FEuler scheme, a key
object to simulate numerically the process, and we prove the convergence, with an explicit
rate, of this scheme towards the strong solution in the LP norm. As applications we give
results for two mean-field equations arising in biology and neuroscience.

Keywords: path-dependent McKean-Vlasov equation, propagation of chaos, interpolated Euler
scheme, well-posedness of non-linear SDEs, convergence rate of numerical scheme.

1 Introduction

In this paper, we consider the path-dependent McKean-Vlasov equation in R? of the form

{dXt = b(t, Xont, frons)dt + o (t, Xty png)d By, 11)

Xo: (2, F,P) - (RY, B(R?)) random variable

where the terms X.5; and p.a: in the coefficients b and o keep track of the whole trajectory of X.
and its marginal distribution p. between 0 and ¢ > 0 (see below (1.2) and (1.3]) for the precise
definitions) and (B¢)¢>0 is an R%-valued Brownian motion independent of Xj.

The equation can be seen as the generalization of the classical McKean-Vlasov equation
dX; = b(t, Xy, pu)dt + o(t, Xy, ue)dBy, first introduced by McKean in [McK67] as a stochastic
model naturally associated to a class of non-linear PDEs. See also [Szn91] for a systematic
presentation of the McKean-Vlasov equation, including the notion of propagation of chaos.

Originally used for the study of plasma physics, the McKean-Vlasov equation has since then
been popularized for applications in opinion dynamics [HK02], finance (for instance through the
rank-based model, see [KF09] and the references therein) and neurosciences [CCP11l [CPSSI5,
DIRT15]. It also plays a key role in the theory of mean-field games, with applications in biological
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models on animal competition, road traffic engineering and dynamic economic models, see Huang-
Malhamé-Caines [CHMO6] and the references within.

The path-dependent version studied in this paper resembles the underlying dynam-
ics in models of optimal control investigated (mainly for financial applications) by Cosso et al.
[CGK™20]. These path-dependent McKean-Vlasov dynamics also appear in the recent work of
Tomasevi¢ on the 2d parabolic-parabolic Keller-Segel equation [Tom21, Equation (1.2)] and in
models of cortical signals, such as the Jansen-Rit model [JRI5, [FTCQ9]. In this paper, our first
focus is on deriving a proof of existence and uniqueness for the strong solution of with finite
LP norm, and on showing the associated propagation of chaos. In a second part, we focus on an
interpolated Euler scheme, a key tool that gives a clear road-map for the numerical simulation of
. We prove its convergence towards the unique strong solution, and derive the rate of this
convergence in LP.

1.1 Model

We place ourselves in a filtered probability space (2, F, (F¢)t>0,P) satisfying the usual con-
dition. Let T > 0 be fixed. We write C(][0, 7], E) for the set of continuous maps from [0,7] to
some topological space F, and, for p > 1, Pp(Rd) for the set of probability distributions on R?
admitting a finite moment of order p. Write B(R?) for the Borel o-algebra of R?. We introduce
the definitions of X a¢, .o+ and give more precision on the form of our drift and diffusion coef-
ficients in (LI)). Let a = (at)iep,r € C([0,T],R?) and let (v)iejor) € C([0,T], Pp(R?)). For a
fixed to € [0, T], we define a.ny, = (Qent)refo,r] DY

« if ¢ €10,to],
Qipty = ' ) 0, ol (1.2)
Qg if te (to, T].

Then it is obvious that c.xg, € C([0,7],R?). Similarly, we define vty = (Vento)reo,r) by

y R if te [O,t()], (1 3)
Nty = .
Mo v, it te (to,T),

and it is straightforward to see that v.ns, € C([0,7], Pp(RY)).

Let Mg 4(R) denote the space of matrices of size d x ¢, equipped with the operator norm ||-||.
Our path-dependent McKean-Vlasov equation writes

t t
Xt :X0+/ b(S,X./\s,,LL./\S) d8+/ O'(S,X./\s,,u./\s) st (14)
0 0

where

Xo: (2, F,P) — (R, B(RY)) is a random vector in LP(P),

- b:[0,7] x C([0,T],R%) x C([0, T], Pp(R%)) — R,

- 0:[0,T] x C([0,T],R?) x C([0,T], Pp(R?)) — My4(R),

- (Bt)tejo,r) is an (F)-standard Brownian motion valued in RY, independent of Xj.

- p.at denotes the marginal distributions of the process X. s, that is, for every s € [0, 77,

psnt = Po XL



Our goal is to prove the well-posedness of the path-dependent McKean-Vlasov equation ,
the propagation of chaos for an associated particle system and to prove the convergence of an
interpolated Euler scheme defined further in , with a quantitative estimate for the conver-
gence rate. The interpolated Euler scheme presented here is of strong importance, as it gives
a road-map to simulate the equation. Our estimate quantifies the corresponding error, which is
also key in practice. Combining our results on the interpolated Euler scheme and the propagation
of chaos for the particle system will be the starting point of a forthcoming work devoted to an
implementable particle method for the numerical simulation. This line of reasoning is inspired
by the numerical analysis for the classical McKean-Vlasov equation, see [BT97, Equation (2.3)],
[Liul9, Section 7.1], [AKHO02, Section 3] and [HL22|. Besides, the Euler scheme also plays a major
role in the study of the convex order (see e.g. [LP20] and [LP22] for the classical McKean-Vlasov
equation) which we also plan to investigate in a future work.

1.2 Assumptions and main results

We shall work with two sets of assumptions, both depending on an index p > 2. The first one
is required to derive our proof of strong well-posedness in LP spaces and our result regarding the
propagation of chaos. The second one is needed to obtain the convergence of our interpolated
Euler scheme. Remark that the time horizon T > 0 is fixed. For a Polish space (.S, dg), we recall
the definition of the Wasserstein distance W), on P,(S)

1
W,(u,v) := inf ds(z,y)P n(dx,dy))? 1.5
=t ([ dstay w(dn.dy) (1.5
1
— inf {E [ds(X,Y)P]P, X,Y : (Q, F,P) = (S,8) with Po X' = s, PoY ™! = y}
where II(p,v) denotes the set of probability measures on (S x S, 8%?) with marginals p and v,

and S denotes the Borel o-algebra on S generated by the distance dg. We write W, for the case
S =R? and W, for the case S = C([0,T],R?) endowed with the sup norm || - ||sup-

Assumption (I). There exists p > 2 such that
1. X, € LP(P).

2. The coeflicient functions b,o are continuous in ¢ and Lipschitz continuous in « and in
(11¢)1ejo,m) With respect to the sup norm || ||sup and the distance dj, uniformly in ¢, i.e. there
exists L > 0 s.t.

Vi e [OvT]7 VOQB € C([OaTLRd) and v(ut)tE[O,T}a (Vt)tG[O,T] € C([OaT]’Pp(Rd))7
‘b(t7 o, (pt)eor)) — b(2, B, (Vt)te[O,T])‘ < L{ o = Bllsup + dp ((12e)eeio,ms (Vt)te[o,T])}a (1.6)

‘”U(ta «, (Ht)te[O,T]) - U(t> B, (Vt)te[O,T}) |H < L[ oo — BHSUp + dp((%)te[O,Tb (Vt)te[O,T])} )

where d,, is defined by

dp((ﬂt)te[o,T],(Vt)te[o,T]) = sup Wp(pe, ). (1.7)
t€[0,T]
Theorem 1.1. Under Assumption (I), there exists a unique strong solution X = (Xi)ic[o1]

from (Q,F,P) to (C([O,T],Rd), Il - Hsup) of the path-dependent McKean-Viasov equation ([1.4)).



Moreover, there exists a constant I' > 0 depending on b,o, L, T, d,p such that

H o | Xl Hp < F(l + \|X0\|p>. (1.8)

We then turn to our result regarding the propagation of chaos. Let T' > 0 be the same time
horizon as before. For N > 1, let Xé’N,...,XéV’N be i.i.d. copies of Xg in and B' :=
(Bf)te[o,T}, 1 <i < N be N independent standard R%-valued Brownian motions, independent of
the Brownian motion (By)e[o,r in and (Xo,Xol’N, e ,X(])V’N). We introduce the N-particle

system (th’N, . ,XfV’N)tE[OvT] defined by

XpN = XN [ b(s, X8, p)ds + fy o (s, X055, p,)dBE 1< < Nt e [0,T],

(1.9)
N
M}{V = % E i=1 (SXZ,N, tE [O,T]

We prove in Proposition that this particle system is well-posed. Our result of propagation of
chaos is the following.

Theorem 1.2. Assume that Assumption (I) holds with p > 2. Let X be the unique solution of
given by Theorem and write == Po X~ and (1t)eefo,1) for its marginal distributions. Let
(th’N, e ,XtN’N)tE[O’T] be the processes defined by the N -particle system and (Y1,...,YN)
be N i.i.d. copies of X. Then

1. there holds, for some constant Cqp 7 >0, for all N > 1,

N
1 N
sup W, (ut,— 0 zN)H < Cy, ’L’THW (p,v )H , (1.10)
H te[0,7) P N ; X p b P P
where v = % Zf\il Sy is the empirical measures of (Y, ..., YN). Moreover, ||W, (1, v™)|»
converges to 0 as N — oo.
2. For a fixed k € N*, we have the weak convergence
<X17N,...,X’“’N) - (Yl,...,Yk) as N — oo. (1.11)

We then focus on the interpolated Euler scheme, and give a quantitative convergence result.
In the following definition, M € N* should be thought as the temporal discretization number,
while A = % is the time step. For every m = 0,..., M, we set t,, = mh. We introduce an
interpolated Euler scheme, in which we only need to consider a discrete sequence of random
variables and a discrete sequence of probability measures as the inputs of each step. To simplify
the notation, we will write zg., = (20, -.rs Tm), Hom = (H0s -y ). Our discretization scheme
uses the following interpolator.

Definition 1.3 (Interpolator). (a) For every m = 1,..., M, we define a piecewise affine inter-
polator i, on m + 1 points in R¢ by

To:m € (Rd)m+1 = ’Lm(xOm) = (:Z't)tE[O,T] € C([OvT]de)7 (112>

where for every t € [0,T], &, is defined by

1 1
Vk=0,...m—1, Vté€[tk,tkr1), Tt= E(t/ﬁ_l —t)z, + E(t — tk) Tht1,



Vit e [tm,T], Tt = Timp-
By convention, we define, for every t € [0,T], io(zo): := xo.

(b) Let p > 1. For every m = 1,...,M, we define a piecewise affine interpolator for m + 1
probability measures in Pp(Rd), still denoted by i, with a slight abuse of notation, by

poam € (Pp(RY)™ e i (p10:m) = (t)sepo,r) € C([0, T, Pp(RY)), (1.13)

where for every t € [0,T], i is defined by

1 1
Vk=0,...m—1,VYte [ty thp1), [t= E(tk—i—l —t) g + E(t — k) Hkt1,

Vi€ [tm, T], Bt = pm- (1.14)
By convention, we define, for every t € [0,T], io(po)t = po-

With this at hand, we define our interpolated Euler scheme in which we use the short-hand
notation Yy, ., (respectively, vy,.t,,) to denote (Yzy,...,Ys:,,) (resp. (viy, ..., 14,,))-

Definition 1.4. Let M € N*, h = % For every m = 0,...,M, we set t,, = mh. For the
same Brownian motion (Bt);cjo,r) and random vector Xo as in (L.4), the interpolated scheme

()A(/%)ongM of the path-dependent McKean-Viasov equation (1.4)) is defined as follows :
1. XM = Xo;
2. forallme{0,...,M — 1},

XM= XM Dby (b, X2 Tt ) + Vo (b, X5 Ty, ) Zm (1.15)

where, fork € {0,..., M}, ﬁi\;f 15 the probability distribution offg):[, where, form =0,...,M—1,
L1 = ﬁ(Bth — By,,), and where the applications

b ¢ [0,T) x (RY)™ x (Pp(RD))™ T — R,
om = [0,T] x (RY™1 x (PR ™ — My, (R)
are defined as follows

Vit € [0,T], 2om € RY™ pig. € (Pp(RD)™H,
bm(ta L0o:m, /«LO:m) = b(ta im ($O:m)7 im(HO:m))a Om (t7 Lo:m, ,UO:m) = O'(t, im($01m)a 'Lm(UOm)) . (116)

The applications b,, and o, can often discretize computations from a numerical point of view.
For instance, if

t
b(t, (XS)SE[O,T]7 (IU’S)SE[O,T]) = /0 E [¢(Xs)]d3 (1'17>
with a bounded function ¢, then
~ h ~ ~ m-! -
b (s X T, = 5 (EOCRD] +E[6(X)]) + 0 Y E[B(X). (1.18)
k=1

Computing an integral quantity such as ((1.17]) is numerically more demanding than dealing with



sums as in ((1.18)). This is especially important when one wants to use a particle system to estimate
such quantities.

In order to prove the convergence of the interpolated Euler scheme (|1.15]) to the unique strong
solution of (1.4}, we will first assume Assumption (I), guaranteeing the uniqueness of the latter,
but also some additional regularity on the coefficients.

Assumption (II). The coefficient functions b, o are y-Hoélder in ¢ for some 0 < v < 1, uniformly
in o and in (4)¢epo,7), in the following sense : there exists L > 0 s.t.

Vit s €[0,T), Vo € C([0,T],R?) and V (1) seory € C([0, T), Pp(RY)),
’b(t, «, (Nt)te[o,T]) - b(s, «, (Nt)tE[O,T])‘ \ |H0-(t7 «, (Mt)te[o,T]) - 0(37 Q, (Mt)te[o,T]) H|

< L(1+ allap + sup Wy(jue,do) It = ], (1.19)
te[0,7)
where dg is the Dirac measure at 0.

With this at hand, we state our third main result, that regards the discretization scheme.

Theorem 1.5 (Convergence rate of the interpolated Euler scheme). Under Assumptions (1) and

(1), for (Xt)ico,r) the unique strong solution to (1.4)) given by Theorem for (X%)OSmSM
the interpolated Euler scheme from Definition with parameter M large enough, for h = %,

one has,

N =

M
sup ’Xtm - Xtm‘
0<m<M

< é(m + (h|In(h)|)

), (1.20)

where C > 0 is a constant depending on L, p, d, HXoHp,T and 7.

From Deﬁnitionm we can define a continuous extension of (X% Jo<m<n, denoted by XM —
(XM)teor) and defined by XM :=ip (X, ). Then we have the following convergence.

Corollary 1.6. Under Assumptions (I) and (II), for M large enough, one has
1

< é(m + (h|ln(h)])5), (1.21)

sup ’Xt — X\tM’
te(0,7)

where C > 0 is a constant depending on L,p, d, | Xoll,,T" and ~.

1.3 Strategy and plan of the paper

Section [2] is devoted to two applications of our results: the Jansen-Rit model for neuron
populations, in which a modulation of the exchanges with time creates some path-dependence, and
a regularized equation for the 2-dimensional parabolic-parabolic Keller-Segel model introduced
by Tomasevi¢ [Tom21]. For both models, we show that Assumptions (I) and (II) hold, yielding
results of well-posedness in LP, p > 2, of propagation of chaos for the associated particle system
and of convergence of our interpolated Euler scheme.

In Section |3 we establish the well-posedness of . The strategy is largely inspired from
Bouleau [Bou8§], see also [Liul9, Chapter 5] where the second author derived similar results for
the classical McKean-Vlasov equation (without path-dependency), and Lacker [Lacl8]. While
the norms used in this method are more involved than in earlier works, the main idea of the proof
is reminiscent of the one of Sznitman [Szn91] based on earlier work by Dobrushin [Dob70]. By



considering appropriate trajectorial spaces, and by introducing norms depending on well-chosen
parameters, we are able to perform a classical fixed-point argument. We introduce first the space

Hpor = {Y IS LIC)( (Q,F, (Foiejo ) st Yois (Fi)ejor) — adapted.},

[0,T],R4)

that we endow with a suitable norm || - ||, ¢ with parameter C' > 0, so that ||Y||,cz — 0
when C — oo for all Y € H, cr. Then, we identify every probability measure on C([0, 7], R%)
admitting a finite p moment with a continuous map from [0, 7] to P,(R%). The main argument
is then to endow the Banach product space H,cr x C([0,T], P,(R?)) with a suitable distance,

denoted dyxp and to show that, roughly, the map

o : Hpor x C([0,T], Pp(RY)) — Hy o x C([0,T], Pp(RY)) (1.22)
t t
(Y, (Vt)tE[O,T]) — ((X() + /0 b(S, Y/\S, y./\s)ds + /0 0'(8, Y/\s, l/'/\s)dBS)tE[O,T]’ L(P‘I’g)(yv(Vt)te[o,T]))>

::<I>g> (Y7(Vt)t€[07T])

is Lipschitz continuous, with a Lipschitz constant strictly smaller than one for C' large enough,
turning ®¢ into a contraction mapping. Here L(P¢g) v, (Vt)te[o,ﬂ)) in (1.22)) denotes the marginal

distributions of @g) (Y, (Vt)te[O’T]). This allows to perform a fixed-point argument to obtain the

well-posedness of (|1.4)).

Section {4 is devoted to our proof of Theorem We split it into two parts. Proposition [4.2)
focuses on the well-posedness of the particle system and relies on a by now fairly classical
argument: by writing the coefficients in a vectorized manner, we obtain the system in the
form of a path-dependent stochastic differential equation in some extended space, whose well-
posedness is given by Theorem In Subsection 4.2 we prove Theorem Our proof is based
on a coupling argument. Recalling that (p)ic[o,7] denote the marginal distributions of X solving
(L.4), we introduce the system (Y',..., YY) such that for alli € {1,...,N},

Ytz:Xé,NjL/ b(s,WAS,M.AS)dH/ (s, Vi, was)dBL,  te[0,T). (1.23)
0 0

Note that, by uniqueness in Theorem (Y1,...,YN) are i.i.d. copies of X. Then, writing
(v )te[o,r) for the empirical measure of the particle system (L.23]) and noticing that

sup Wy (pi' i) < sup Wy(u' v) + sup W, (1Y, ),
te[0,T] tel0,7 te[0,T]

we control, in expectation, the first term on the right-hand side by the second one using a coupling
of (u¥,v}N) for all t € [0, 7] and Assumption (I). Thus, for some constant C,, 471 depending on
p, d, T and L,

H sup Wp(,u/ivy,ut)H Sde,T’LH sup Wp(l/tN,ut)H ) (1.24)
t€[0,T] p te[0,T] p

It only remains to use the convergence towards 0 of the right-hand side, which follows from general
results of convergence in the Wasserstein distance for i.i.d. sampling. We note that this coupling
strategy only provides a result valid for a finite time horizon T" > 0: the constant C), 47,1, explodes
as T' — oo.

Section [5| is devoted to the study of the convergence of the interpolated Euler scheme. We
start by giving the definition of the theoretical continuous extension (Xt);c(0,7) of (Xt,,)o<m<m



in . The objective of Section |5 is to prove the convergence of X = (E(Vt)te[oﬂ to the
unique solution X in LP-norm, which directly implies Theorem To do this, we first study the
properties of the interpolator i,, and link the uniform norm of the interpolated process and the
interpolated marginal distributions with the underlying collection of points. In a second part,
we prove that the sup norm of ()?t)te[o,T] is bounded in LP and study the LP-norm of a specific
modulus of continuity of (th)te[(],T] adapted to our temporal discretization. The proof relies on a
combination of functional inequalities with Lévy’s modulus of continuity theorem for the control
of the diffusive component. The use of the latter is the key point limiting our rate of convergence
in the final result. Finally, we obtain Theorem [I.5]and Corollary [I.6] by combining the properties
of the interpolated Euler scheme and its continuous extension with our assumptions on the drift
and diffusion coeflicients.

1.4 Notations

We place ourselves in a filtered probability space (2, F, (F¢)t>0,P) satisfying the usual con-
dition. The law of a random variable X is denoted by Py = P o X~!. Sometimes we also write
X ~ u to indicate that X has distribution p. In the whole paper, (Bt)te[o,T] denotes an (J:t)te[O,T]
Brownian motion valued in R, ¢ € N*. The same holds for (B})ic[o,7] with i € N*. We denote
by N(0,1,) the R? standard normal distribution, where I, is the ¢ x ¢ identity matrix. The LP
norm is denoted || - ||, for p € (0,00]. We write | - | for the Euclidean norm on R?, a - b for the
scalar product of a,b € R?, §, for the Dirac measure at , ||-||| for the operator norm on My ,(R),
the space of matrices of dimensions (d,q). We recall that, for A € My 4(R),

lAll :=  sup |Az‘
z€RY,|z|<1

We write (E,|| - ||g) for the Banach space E endowed with the norm || - ||g. Let P(E) denote
the set of probability distributions on E, while P,(E) denotes the set of probability distributions
with p-th finite moment. We write supp(u) for the support of a probability distribution p. The
Wasserstein distance on P,(R?) is denoted by W, defined by . We shall use repeatedly the
space of R%-valued continuous applications, denoted C([0,T],R¢), that is,

C([O,T],Rd) = {a = (au)teo,r) such that t € [0,T] + ay is continuous}.

We endow this space with the supremum norm |[[a[sup = supscjo 7] [at|. The projection ¢ from
C([0,T],R%) to R? is defined by m;(a) = ay for all (t)eepor) € C([0,T],R9).

A handful of further spaces will be introduced throughout the text, that we gather here for
(0.7] Rd)(Q,f ,P) is the LP-space of random variables defined on (2, F,P)

with values in C([0,7],RY). We endow this space with the norm || - ||, c.r defined in (3.1). We
further consider the space H, o1 of (ft)te[ovT]-adapted processes in Lg([o 7] Rd)(ﬂ, F,P), and the

space P,(C([0,T],R?)) of probability distributions x on C([0,7],R?%) such that

clarity. The space L7

/ €[12 1(d€) < oo,
C([O,T},Rd)

The Wasserstein distance on P,(C([0, 7], RY)) is denoted by W, see (3.4). For any two probability
distributions p, v, the set of all probability distributions with marginals p and v is denoted
II(p, v). We also introduce C([0, T, P,(R?)) the space of probability distributions (u)e[o,7] such
that t € [0,7] — p € Pp(RY) is continuous with respect to the distance W, (see (L.5)). We



endow this space with the distance

dp ((Mt)te[O,Tb (Vt)te[o,T]> = tS[léI;] Wp(ut, Vt).
S El

We also use the distance dy xp defined on H,, o7 xC ([O, T),Pp (]Rd)) in . The application ¢ is
key to the fixed-point argument performed in Section [3| and sends elements from P,(C([0, 7], R%))
to C([0,T], Pp(R?)) by () = (14¢)eejo,), see Lemma We use the notation Cp, ., for a
positive constant depending on parameters pi, ..., p, whose value is allowed to change from line
to line.

2 Applications

2.1 The mean-field Jansen-Rit model for multi-population neural networks

We consider the mean-field equations arising from Jansen and Rit’s model [JR95], in the
form of the equations given by Faugeras-Touboul-Cessac [FTC09]. This model includes three
different neurons population and is used to get a deeper understanding of cortical signals, more
specifically of the emergence of oscillations in the electrical activity of the brain registered by
an electroencephalogram after a stimulation of a sensory pathway. The three populations are
organised as follows: the pyramidal population, thereafter numbered 1, the excitatory feedback
population, indexed by 2, and the inhibitory interneuron population, indexed by 3. More details
on the model can be find in [EFTC09|, see in particular Figure 2 for a graphical representation.

At the level of the particle system, given a time horizon 7" > 0 and a number N; € N* of
neurons in population j, the equations for the potential of the neuron ¢ in population j takes the
following form, for ¢ € [0, T,

V() //g]s—u i% S (Viee(u)) + -(u)>dud5+/0tfj(3)de,i’ (2.1)

=1/¢=1

t

where, for t € [0,7], g;(t) = Kje T represents the so-called g-shape of the postsynaptic po-
tentials of population j, ensuring a modulation of the exchanges with time, while j]k is the
normalized strength of the potsynaptic potentials elicited by neurons from population k& on neu-
rons of population j. We assume that

Ki=Ky>0, K3>0, mm=m7>0, m>0, Jm‘:]\;j
J
with
0 Jig J13
J=1J21 O 0
J31 0 0

where Ji 2, J1.3,J2,1 and J31 are non-zero constants.

The functions [j, f; from Ry to R are assumed to be Lipschitz continuous. Finally, the
Brownian motions (W, );>o for {(i, ) : i € {1,2,3},5 € {1,..., N;}} are assumed to be mutually
independent, and the function S is given on R by

Um
S(U) - 1+ er(vo—v)’



with 7 > 0 and 0 < vy < v,,,. Note that this function is Lipschitz continuous with constant v,,r.

As the number of particles in each population grows to infinity, it is natural to expect the sys-
tem to be described by the following system of three path-dependent McKean-Vlasov equations.
Write ,u{ for the distribution of the potential of population j € {1,2,3} at time ¢ € [0,7]. The
mean-field limit of is given by the following system set on [0, 7]

Vi) = V3 (0)+ g Ju 9305 — ) (i i TiS (@) + 1) ) dudst [ f(s)AW7,

(2.2)
Vi(t) ~pf, te[0,T].
where (W1, W2 W3) are three independent Brownian motions.

One can see clearly from the assumptions made on (2.1)) that (2.2) fits our framework:

Proposition 2.1. Under the previous hypotheses on g;, J, S, I; and f;, j € {1,2,3} the system
(2.2)) satisfies Assumptions (I) and (1I).

This provides an additional proof of well-posedness on finite time [0, 7] for any 7" > 0 for the
model with V;(0) = 0 for all j € {1,2,3} as treated in [FTC09]. In addition, Proposition
induces a moment propagation result, in the sense that if V;(0) € LP, p > 2 for j € {1,2, 3}, then
V;(t) € LP at all time t € [0,7]. Proposition [2.1] also provides a justification for the derivation of
from the particle system . More precisely, letting for all s € [0, T, jis = ut ® p? @ p,
we prove the following.

Proposition 2.2. Let N € N* and assume that Ny = Ny = N3 = N. Under the previous
hypotheses on g;, J, S, I; and f;, j € {1,2,3}, assuming that (V1,(0),V2,:(0),V3;(0)), 1 <i <N
are N i.i.d. copies of (V1(0), VQ(O) ‘73(0)) € Lp for some p > 2, the particle system is
well-defined. Moreover, defining pi® : sz 1 0(Vaa(t),Vaui(8),Vs.4(t))» We have

s Wyl 0
HtE[O,T} p( )p N—o0

Proof. We write (2.1) in the form of (1.9) and apply Theorem Note that (2.1]) writes

Vi(t) :‘72-(0)+/0tb(s,u,]><s) ds—i—/ota(s)de, t €[0,7],

“Zherev for all t e [OvT]7 U(t) = diag(fl(t)7f2() f3( )) () (V ,z(t)7‘/é,z() ‘/éz(t)) AISO,
Wi = (Whi(t), Wi(t), Wi (t)), and, for s € [0,T], (pe)ieo,r] € C([0, T, Pp(R?)),

s ~ o~ ~
b(s, pt-as) ::/ g(s —u) - (/ JS(x) py (d) +I(u))du,
0 R3
with §(t) = (g1(1), g2(t), 93(t)), 1(t) = (Ii(t), Ia(t), I3(t)) and where, for = = (21,72, 23) € R?,
S(x) = (S(x1), S(x2), S(x3)). Since S is Lipschitz continuous with constant rv,,, it suffices to use

the dual representation of the Wasserstein distance Wy (see e.g. [Edwll], [Vil09, Remark 6.5]),
namely, for every u,v € P(R%),

Wi (u,v) = sup {/ odu — / pdv ’ ¢ : R? — R Lipschitz continuous (2.3)
R4 R4
with Lipschitz constant [¢]rip < 1}
and the fact that for every u,v € Pp(RY), p > 1, Wi(u,v) < W,(i,v) (see e.g. [Vil09, Remark
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6.6]) to deduce that b is Lipschitz-continuous in its second argument in the sense of Assumption
(I). The latter is thus satisfied, and we conclude by applying Theorem O

While the numerics of the limiting equation are investigated in [FTCQ9], the fact that
satisfies Assumption (II) provides a different path towards the simulation of the corresponding
dynamics. In particular, our interpolated Euler scheme is a first step towards the numerical
investigation not only of the limiting equation, but also of the particle system and its convergence.
For models of neuron masses, one key aspect is the understanding of the steady states and of
their dependency with regards to the parameters of the system. As the parameters values change,
different qualitative behaviors might appear, thus a bifurcation analysis must be conducted to
get a clear picture of the possible outcomes. A numerical study of and of the corresponding
particle system could shed a new light on this matter: the non-Markovian property of the limiting
equation could lead to new behaviors compared to classical model for neuron masses [F'TC09].

2.2 A regularized equation for the 2-dimensional parabolic-parabolic Keller-
Segel model

In [Tom21], Tomasevi¢ provides a stochastic interpretation, based on earlier work of Talay-
Tomasevi¢ [TT20], of the parabolic-parabolic Keller-Segel model via a stochastic representation
which falls into the framework of . In particular, the drift of the corresponding process
depends on the past of its law. The Keller-Segel equation describes the time evolution of the
density p; of a cell population, and of the concentration ¢; of a chemical attractant. The term
parabolic-parabolic refers to the fact that the chemical attractant itself is not constant in time,
as opposed to alternative Keller-Segel models which involve time-dependency solely for the cell
population. We refer to Horstmann [Hor03, [Hor04] for a review of the standard Keller-Segel
model and its variations.

In the study of the stochastic representation, Tomagevi¢ introduced a regularized problem,
[Tom21l Equation (3.6)] on which we will focus. Let 7" > 0 be fixed. The equation, set in
[0, 7] x R?, takes the following form

{ AXE = (1 X0) 4 Ji [0 (Ig,# i5) (X) st + d B, 2.4

ps =P X
where € > 0 is the regularization parameter, A, x are positive constants, and

_ 1 _=? T =P
bo(t, ) == xe /\t(vco * g;) (), gi () == me 2, Ki(z):= —WB 2t

where ¢y belongs to H'(R?), the usual Sobolev space.

The equation is key to the argument in [Tom21] because drift and density estimates can
be obtained for the regularized process, those being uniform in the regularization parameter e
when a condition on the size of x is fulfilled.

A proof of well-posedness in L'(R?) for the problem is provided in [Tom2I, Theorem
A.1] with the initial condition that Xy is an Fy-measurable random variable, where (F3)¢>0 is the
filtration associated to the Brownian motion (B;);>o. We obtain a similar well-posedness in the
LP framework for p > 2, implying also propagation of moments in finite time, as corollaries of
the following proposition.

Proposition 2.3. Let p > 2. Assume that T > 0 and Xo € LP. Then, the equation (2.4) satisfies
Assumption (I).

11



Corollary 2.4. Let p > 2. Assume that T > 0 and Xo € LP. Then there exists a unique process
(Xt)t>0 solving (2.4) continuous in time such that || supepo 7y | Xs|llp < oo.

The proof of Proposition[2.3] as well as the following Proposition 2.6} is postponed to Appendix
[Al Corollary [2.4) and the following Corollary [2.5] are straightforward applications of Theorems
and [L.2l

As noticed in [Tom21], the existence of the particle system corresponding to the nonregularized
particle system and its propagation of chaos is a difficult problem, tackled with the introduction
of a Markovian (enriched) particle system in [F'T22].

As a first step towards a different approach, we prove a propagation of chaos result for a
path-dependent particle system associated to ([2.4)).

Corollary 2.5. For N > 1, p > 2, let X;™, ..., XN be i.id. copies of Xo € L? in (24)
and B® = (Bf)te[o,T]; 1 <i < N beN mdependent standard R%-valued Brownian motions,
independent of the Brownian motion (Bt)e(o,) in and (Xo, X, Xk N, el X(J]V’N). Then, under

the same assumption as in Proposition the N—partzcle exchangeable reqularized Keller-Segel
system

XN XZN+f0b€sXZN)ds+XfOfO[ Nom) (Ko, +ull) (XS) dulds + Bi,  te0,7]
,ut : NZ XzN, te[0,T],

s well-posed, and

| e ol )], 0

We now turn to the issue of simulating the Keller-Segel parabolic-parabolic equation in di-
mension 2. We show that the interpolated Euler scheme corresponding to converges, in LP
norm, to the desired solution, in the case where cq also belongs to W1>°(R%). This gives a first
approach to the simulation of the problem based on a non-markovian particle system associated
to the regularized path-dependent equation thanks to the process from Definition

Proposition 2.6. Assume that co € H'(R?) N WH2(RY). Let (Xt)ieo,) be the unique strong

solution to (2.4) given by Proposition Let (Xtm)0<m<M be the interpolated Euler scheme
from Deﬁmtzon Then, for M large enough for some C' > 0 independent of M, for h = M,
we have

Sl

sup ‘Xtm — Xt]\i‘
0<m<M

< é(m + (hlIn(h)|)

p

3 Strong well-posedness

In this section, we prove Theorem following the strategy sketched in Section As-
sumption (I) is supposed to hold throughout the rest of this paper.

Let Lg([o,T],Rd) (€2, F,P) denote the space of C([0,T],R?)-valued r.v. Y = (Y;)se(o,7) having
an LP-norm Y]], : = [E ]|Y||Sup]1/p [E sup,e(o, 1] |Yt|p]l/p < +o00. For a fixed constant C' > 0,
we define another norm ||-[|,, o on L” (Q, F,P) by

c(jo.7),r4)
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1Yll,cr = sup e*CtH sup |Yi||| - (3.1)
t€[0,T] 0<s<t p
It is obvious that ||-[|, o and [-[|, are equivalent since
VYL g @ FB TV, < Wl < 1Y, (32
We define
HP,C,T = {Y S LZ([O,T],Rd) (Q,..F, (Ft)te[O,T]a]P)) s.t. Yis (ft)te[O,T] - adapted.}. (33)

The next lemma shows that H,cr endowed with the norm |-||, -7 is a Banach space. For
simplicity we skip its proof, which can be found in [Liul9, Lemma 5.1.1].

Lemma 3.1. The space H,cr equipped with ||'HpCT is a complete space.

For any random variable Y € L

C([O,T],Rd) (Q, F,P), its probability distribution Py naturally

lies in
Pp(C([0,T],RY))

= {,u probability distribution on C([0, 7], R%) s.t. /

C([0,T],R%)

We also define an LP- Wasserstein distance W, on P, (C([0,T],R%)) by
Y, v € Pp(C([0,T],R)),

o =yl m(dz,dy)] ", (3.4)

sup

Wy (p,v) = [ inf /
mell(p,v) Je([o,1],R4) xC([0,T],R4)

where II(u1, v) denote the set of probability measures on C([0, 7], R?) xC([0, T], R?) with respective
marginals 1 and v. The space P, (C([O7 T], ]Rd)) equipped with W, is complete and separable since
(c([0,T],RY), H-||Sup) is a Polish space (see [Bol08]).

Let us consider now

C([0, ], Pp(R7))
= {(,Ut)te[O,T] s.t. t — py is a continuous application from [0, 7] to (Pp(Rd), Wp)}

equipped with the distance

dy (1) eeo.r)> (Ve)eepo,r)) = sup Wy(pe, vi). (3.5)
t€[0,T]

As (Pp(RY),W,) is a complete space (see [Bol08]), C([0,T], P,(R?)) equipped with the uniform
distance d,, is also a complete space.

For any t € [0, 7], we define 7 : C([O,T],Rd) — R? by
a— m(a) = ay. (3.6)

The following lemma, and its proof, can be found in [Liul9, Lemmas 5.1.2 & 5.1.3].
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Lemma 3.2. The application ¢ : Pp(C([O,T],Rd)) — C([O,T],Pp(Rd)) defined by

o () = (pom Deepor) = (1) eeory
is well-defined and 1-Lipschitz continuous.

Lemma 3.3. Under Assumption (I), the coefficient functions b and o have a linear growth in
a and (p)iejo,r) in the sense that there exists a constant Cy o7 s.t. for every t € [0,T], o €

C([()?T]de)v (Mt)tG[O,T] € C([OvTL,Pp(Rd))a

ot Goiegr)] Voo el < o (14 ks + sup Wolp ). 37
€

Proof of Lemma[3.3 Let dq o1 € C([O,T],Pp(Rd)) be such that V¢ € [0, T], &g o,r(t) = do and
let 0 € C([0,T],R?) be such that V¢ € [0,T], 0(t) = 0. Then
‘b(t,% (Nt)te[O,T])‘ - )b(t70,5o,[0,T])‘ < ‘b(t,a, (1t )eeo.r]) — b(t,0750,[0,T]))

< L(IIG — 0[sup + dp ((12e)eeqo,15 50,[0,T])> = L(”a”SUp + sup Wp(ut,50)>.
te[0,T]

Consequently,

’b(t,a, (ﬂt)te[O,T])‘ < (tSEéPT |b(t,0,80.,10.17) | V L) (||a||sup + teS[l(l)I;] Wy (pit, 60) + 1)- (3.8)

Similarly, we have

ot Grerom)ll < ( sup [l (t,0, 8010 £) (lols + 50 Wi, 0) +1) (3.9
te[0,7) te[0,7]

so that one can take Cp 517 = sup |b(t 0, 9o, OT])i \% sup |||a(t 0, dy, [0T)|H V L to obtain
te0,T] t€(0,7]

BD. O

Before proving that the McKean-Vlasov equation has a unique strong solution under
Assumption (I), we first recall two important technical tools used throughout the proof: the
generalized Minkowski Inequality and the Burkolder-Davis-Gundy Inequality. For the proof of
these two inequalities, we refer to [Pagl8| Section 7.8] among other references.

Lemma 3.4 (The Generalized Minkowski Inequality). For any (bi-measurable) process X =
(Xt)t>0, for every p € [1,00) and for every T € [0, +o0],

T T
/ Xydt g/ ([ Xell,, dt.
0 P 0

Lemma 3.5 (Burkolder-Davis-Gundy Inequality (continuous time)). For every p € (0,+00),
there exists two real constants chG > 0 and C’fDG > 0 such that, for every continuous local
martingale (Xt)sejo,m) null at 0, denoting ((X)t)ic(o,) its total variation process,

G P R e

sup | X
te[0,7]
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Note that under Assumption (I), t — o (¢, X.a¢, t.a¢) is adapted and continuous, hence pro-
gressively measurable. Recall also that p > 2. A direct application of those two inequalities
provides the following lemma.

Lemma 3.6. Let (Bi)cjo,r) be a (Fi)eo,r) standard Brownian motion, and (Hi)co.1) be an
(Ft)ejo,m) progressively measurable process having values in My 4(R) such that fOT | Hy || dt < oo,
P-a.s.. Then, for allt € [0,T],

S 2 %
sup | [ Hadb, ],
s€l0,t] ' JO D

t
<cgpel [ um
p

Proof. Notice first that it follows from Lemma that fo H.,dB, is a d-dimensional local mar-

tingale satisfying
S t
| Huas, VL ndea
0 0 »

1
Applying this, and using that when U > 0, \/UHP = HUH%, we obtain
2

t
JALARD
0

where we used Minkowski’s inequality (recall that p > 2) to obtain the last inequality. The proof
follows by noticing that |||U|?||p = ||U||12) O
2

sup
s€[0,t]

(3.10)

BDG
< Cd,p
P

N[

p

P

s t 1
sup }/0 H,dB, gofij[/O 227, ] ?
2

s€[0,t]

o3

Lemma 3.7. Under Assumption (1), for any (X, (Ht)te[O,T]% (Y, (Vt)te[()ﬂ) in the space H, o1 %
C([0,T), Pp(RY)) and for any t € [0,T], one has

sup
s€[0,t]

/ [b(u, X~/\uy ,u~/\u) - b(u7 Y/\Qu V-/\u)] d'LL
0

SL/Ot[

p

sup |Xs — Y|
s€[0,u]

+ sup Wp(,USaVs)]dua
P sel0,u]

and

sup
s€[0,t]

/ [U(UaX-/\uuU“/\u) - O'(U,Y/\u,y./\u)]dBu
0

< Cd,p,L{ /Ot [

where Cqp 1, 15 a positive constant only depending on d,p, L.

p

[N

2+ sup W2 (s VS)}du}
P sel0,u] b ’ ’

sup |Xs — Y|
s€[0,u]

Proof. For any (X, (te)teor])> (Vs We)ieior) € Hpor x C([0,T], Pp(RY)), for any ¢ € [0,T], we
have

sup
s€[0,t]

/ [b(t, Xpuws prona) = b(u; Yiru, Vorn) | du
0

p

t
< ‘/ |b(u,X./\u,,u.Au) - b(u,Y.Au,l/./\u)|du
0

p
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t
< / 10(wy X Aws o) — (0, Yopu, I/‘/\u)Hp du (by Lemma
0
t
< / HL[ ”X/\u - Y/\U”sup + dp((ﬂv/\u)ve[O,Tb (VU/\u)'L)G[O,T])} deu

/ HL sup |Xs — Y|+ sup Wp(ps, Vs) H
s€[0,u] s€[0,u]

(by Assumption (I) and by definitions and (L.3)) (3.11)

SL/Ot[

and, by applying Lemma

+ sup Wy(ps, 1/5)} du
P sel0,ul

s€[0,u]

/ [U(uaX-/\uuU“/\u) - U(u')Y/\qu'/\u)] dBu
0

sup
s€[0,t] P
t 9 1
2
<oppe| / o2ty X u.m)—J(u,YAu,V.Au)H\deu] .
0

By Assumption (I) and by definition of a.x, and pi.p in and ( -, we get

/ [O'(U,, X Aus ,U“/\u) - U(u7 Yonu, V-/\u)] dBy
0

sup
s€[0,t] p
1
ffG / HL sup | X — Y|+ sup Wy(ps, vs) H ]2
s€[0,u] s€[0,u]
2 1
< C(prGL[/ [ + sup Wy(ps, Vs)] du} ’
0 s€[0,u] p sE[O,u]
t 1
< \/ﬁCfI?GL{/ [ —|— sup W (us,l/s)}du}2. (3.12)
0 s€[0,u] P sel0,u]
The conclusion follows by letting Cy,, 1, = V2 C’ff GL. 0

The idea of our proof of well-posedness follows from Feyel’s approach, originally developped
for the existence and uniqueness of a strong solution to the SDE dX; = b(X;)dt + o(X;)dBy, see
[Bou88,, Section 7].

We define a distance d,, ¢, on C([0,T], Py(R%)) as follows:

V(1) e 1) W)epor € C([0,T), Pp(R)),

dP,C,T((Mt)tG[O,T]v (Vt)te[O,T]) = tS[léI;] €_Cth(Nt, vt). (3.13)
€ )

We also define a distance dy;xp on H, oz x C([0,T], Pp(RY)) as follows:

V(X, (e)iep.m)s (Vs (e)iep.n) € Hp.or x C([0,T], Pp(RY)),

dHXP((Xa (1)eepo,r)s (s (Vt)te[o,T])> =1 X =Ylpcr+ S[%PT} e Wylus, ). (3.14)
te|0,
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Recall that X, € LP(R?) is given by Assumption (I). We define an applicatio
Oc : Hp o x C([0,T], Pp(RY)) = Hyor x C([0,T], Pp(RY))
by

V (Y, (W)iepr)) € Hpor x C([0,T], Pp(RY)),
Do (Y, (V)i 1)

t t
B ((XO +/0 b(s,Y-AsaV-/\s)d8+/0 0’(87Y-/\s,V-As)dBS)te[o,T}’L(P<1>§})(Y,(ut)te[o,ﬂ))>'

::<I><Cl) (Y, (vt)eepo, 1)

The application ®¢ has the following properties.

Proposition 3.8. (i) Under Assumption (I), the map ®¢ is well-defined, and there holds

t
| sup (@ vtPI| < 1Kol + Chrar (2T + CEPOVET) + 2Chr [ du
s€[0,t] p 0 " s€[0,u]
t 1
+2V2CEP / )2 (3.15)
0 " se€[0,u]

(13) Under Assumption (I), ®¢ is Lipschitz continuous in the sense that: for any (X,L(PX))
and (Y, u(Py)) in Hycr x C([0,T], Pp(RY)),

K1
c O

where K1, Ko are real positive constants which do not depend on the constant C'.

dyxp ((I)C'(Xa W(Px)), ®c (Y, L(PY))) ( )deP((X7L(PX>)7 (Y7L(PY)))>

Proof. (i) It follows from Lemma [3.2] that for every Y € Hy, o7, «(Py) € C([0,T], Pp(R%)).
Let v = Py. We only need to prove @(Cl) (Y,u(v)) € Hp,cr. For any ¢ € 0,77,

S S
sup ‘(I) Y o ‘ sup |X0 +/ b(u, Yoru, Vopu)du +/ U(u,Y./\u,u/\u)dBu‘
s€[0,¢] €0, 0 »
/ |b(u,Y/\u,V./\u ’dU‘l‘ sup ’ / U Y/\U,V/\u)
0 s€[0,t]
P
t s
< || Xoll, + H/ |b(w, Yopu, vopu) [dul| + || sup ’/ o (u, Yopu, Voru) (3.16)
0 P s€[0,t] »

Owing to Assumption (I), we have || Xy[[, < +oco. For the second part of (3.16), it follows
from Lemma 3.3 that

t
/ b(w, Yonu, Vopw)du
0

t
< / 152t Yopa ), ds
p 0

t
é/ ch,o,L,T(l‘FHY/\uHsup“‘ SUP]W (Vs/\ua60 H
0

s€[0,T

!The C in the subscript of ®¢ is the same constant C as in (H,,c,T, Il,,.c.7)- We carry this notation throughout
this section.
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sup Dfs/\u‘
s€[0,T]

t
S/ Cho,r(1+
0
t
< QCb,a,L,T/ (1 +
0

t
< 2Cb,a,L,T/ (1 +
0

[+ s ol
P s€[0,T]

)i

) (3.17)

sup |Ysnul
s€[0,T7]

s€[0,u]

where we used that sup,cjo 1 HYS/\qu < H Supseqo, 1) | Ysnul ) and

sup \Ysm!

s€[0,7 s€[0,u]

By definition of || - ||, ¢z, we deduce

where we used ([3.2)) in the following way

t t
/ b(u, Yoru, Vopu)du|| < 2Cb7g7L7T/ (1 + eCT HYHP’C’T )du < 400,
0 0

p

sup
s€[0,u]

) < T 1Y, cr < +oo. (3.18)

p s€[0,T

On the other hand, by using Lemma

t 1
2
sup | / o Yo v B | < CEPE[ [ llotu Yol u]
0

s€[0,t]

p

As before, we then invoke Lemma [3.3] to obtain

sup ’/ U Y/\ual//\u)
sGOt »

B[ (4 Wt ) )

1
2

t . 2 3
< CEPO Gy / 1+ || sup [Yonal|| + sup Wy(na,00)] duf
o t s€[0,T] P s€0,T]
t . 2 3
< 087 Cugur{ [ [+ sup W]+ sup 1o '}
0o * s€[0,T] s€[0,T7]
t 1
< CBDG C’b,g,L,T{ / 142 SElp] [Ysnul } }2,
ot s€(0,T

where we used again the convex inequality supsc(o 7 ||Ys/\qu < H supgeqo,7) | Ysnul
=

S
sup ’/ o(u, Yoru, Voru)
0

s€[0,¢]

. Using again
p

H SUPse(o,7] | Yonul e get

du};

t
< Cppe CbgLT{2T+8/
0

» s€[0,u]
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sup |Y|
s€[0,u]

< CprG ChoLr <\/ﬁ + 2\/5{ /Ot Zdu}é)
(3.19)
< +o0,

where the last inequality of the above formula is due to (3.18), and where we used va+b <
\/5+\/l;for a,b>0.

Hence for every ¢ € [0,T],

sup ‘@g) (Y, L(l/))s‘ H < +o00, which directly implies
s€[0,t] D

H(I)g)(Y,L(V))H = sup e < +o00.

p.CT  y4ef0,1]

sup ‘@g) (Y, /,(I/))S’
s€0,t]

p

Thus <I>(Cl) (Y,u(v)) € Hpcr. The inequality ([3.15) follows by injecting (3.17) and (3.19) into
(3.16).

(71) We split the proof of this inequality into three steps.

Step 1. We first prove that for any X,Y € Hpcr, dpor(L(Px), u(Py)) < | X — Y, cr In
fact

ClnC’T(L(Px), L(Py)) = sup e_Cth(PX o 7T;17Py o 7r;1) < sup e Ct | X — Yt||p

t€[0,T] te[0,T]
< sup el sup | X —Yil| =X =Y, cor-
t€[0,T] s€0,t]

p

Step 2. We prove that @g) is Lipschitz continuous, in the sense that

2L CinL
< (7 71’) X Y|, or 3.20
p,C.T — C + \/6 ” ”ILCvT ( )
where Cy,, 1, > 0 is the constant given by Lemma and is independent of the parameter C' of
the application ®¢. For any X,Y € H, o1, set 4 = Px and v = Py. Then

Hfbg) (X, L(M)) — @8) (Y, L(l/)) H

H@g) (X, L(,u)) — @8) (Y, L(V)) H

p,C,T

| 0 X pae ) = b Yo vnsd) [ (o0 X ) = 000, Vo) B

0 0 p,C,T
< / (b(u, Xopus opnw) — b(uy Yopu, V./\u))du

0 p,C.T

+ ’ / (O'(U, X-/\u7 ,U“/\u) - U(”? Y/\u: V/\u))dBu

0 p,CT
= sup e “| sup / [b(u,X.M,u.Au) - b(u,Y.Au,l/./\u)]du (3.21)
t€[0,7) sefo,] 1o
+ sup e | sup / [J(U,X./\u, foonn) — 0 (U, Yopnu, I/./\u)]dBu
t€[0,T] sefo,) 1o )

19



We treat the two terms in (3.21) separately. Owing to Lemma we first have

sup e ¢t

t€[0,T]

t
< L sup eCt/ {
te[0,7) 0

sup
s€[0,t]

S
/ (6t X s fona) — b(aty Yoy )]

+ sup Wp(s, VS)} du

s€[0,u] P s€l0,u]
¢
< L sup eCt/ [ —|— sup HX Y|| ]
t€[0,T 0 s€[0,u] €[0,u]

(SinCe Wp(/lzs, Vs) S ||XS - }/;Hp)

t
< 2L sup eot/ eC“(e*C"
t€[0,T] 0

LS

t
< 2L sup eot/ e“ldu || X — Y|, cr (by the definition of [|-[|, o in (3.1)) )
t€[0,T7] 0 T T

s€[0,u]

" Lix vy
=2L sup ¢ "——— || X =Y
t€[0,T) C pOT

2L
< Yol X =Yl,cr-

On the other hand

S
sup e | sup / [a(u, X pus oonn) —O'(U,Y/\U,I/./\u)]dBu
t€[0,T] s€[0,t] P
¢ 1
< sup e_Cth%L{/ [ sup W (,U,S,VS)}d’LL}Q (by Lemma [3.7)
te[0,T7] 0 s€[0,u] p 56[0 ul
¢ 1
< swp e “Cu{ [ | S s [ =i )
te[0,T7] 0 s€[0,u] s€[0,u]

}%

A,)a

t
S\@de sup e—Ct{/ €2Cu<e—0u
0

te€[0,T) s€[0,u]
1
< \@Cd,p,LHX—Y o Sup e_Ct{/ ewudu}2
P25 el0,1) 0

VECupe X~V a1y

<V2Cp | X -Y sup e [7}
P pCT te[0,T] 2C

Cap,rL
< s X _ ,
= \/5 ” ”p7C’7T

1
since supyeo,7) e Ct [622271] * < \/% Injecting those two results in (3.21]), we obtain (3.20]).

Step 3. We combine the results of the previous two steps to conclude. We have, from the

definition of dy«p (3.14),

drocp (@0 (X, 1)), P (Y.0w)))

- H@Q (X, 1(02)) = 26 (¥:4(0)) H r e (P oD (xu()) T <I>S><Y,L<u>>>

p,C,
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and using Step 1, and (3.20)),

dier (P (Xoa(w) @ (Vo)) < 2(25 4 C2LY X Z v, 0

C N{o
2L Cypr
< b .
_2<C + \/5 )dHXP((Xvu)a(Y7V)>
The proof follows by letting K1 = 4L and Ky = 2Cy ) 1. L]

To obtain the precise description of the upper bound of | supcp 77 [Xs|l|p, we will need the
following version of Gronwall’s lemma. We refer to [Pagl8, Lemma 7.3] for a proof (among many
others).

Lemma 3.9 (“A la Gronwall” Lemma). Let f : [0,7] — Ry be a Borel, locally bounded and non-
decreasing function and let ¢ : [0,T] — Ry be a non-negative non-decreasing function satisfying

1
t t b
we0.1) ) <4 [ s+ B ([ o)+l
0 0
where A, B are two positive real constants. Then, for any t € [0,T],
f(t) < 26(2A+B2)tw(t).

Proposition directly implies the existence and uniqueness of a strong solution of the
McKean-Vlasov equation ([1.4) as shown below.

Proof of Theorem [1.1l Proposition implies that ®¢ is a Lipschitz continuous function. Thus,
Fo = ®c(MHpcor x C([0,T],Pp(RY))) is a closed set in Hpcr x C([0,T], P,(R?)). Moreover,
for a large enough constant C', we have (% + %) < 1, so that ®¢ is a contraction mapping.
Therefore, ®¢ has a unique fixed point (H,(Py)) € Fo C Hpcor x C([0,T], Pp(R?)) and this
process H is the unique strong solution of the McKean-Vlasov equation .

We turn to the proof of . Let (X, Px) be the unique strong solution of . Then,
@g)(X, t(Px)) = X since X is a fixed point of the application ®¢. Therefore, takes the
following form

du

t
< WXolly + ot (T + CEPOVAT) + 26yt |
0

1
du)

s€[0,u]

t
+ 2\/§C£pDGCb7U7L7T</

0

s€[0,u]

, and apply Lemma to get
P

< Copa oL BT L+ [ Xop),

We let f(t) := H

| 22,

with the constant C), 45 1,7 > 0 defined by
Cp,d,b,U,L,T = (4Cb,g7L,T + S(Cfl?G Cb7g7L7T)2) V 2(1 V Cb,a,L,TT + V2T CfI?G Cb,a,L,T) . (3.22)

The conclusion follows by choosing t =T and I' = Cp,d,b’g,L’TeCP»dvvavL*TT. O
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4 Propagation of chaos for the particle system

In this section, we study the particle system and its convergence when N — oo. In
Subsection we prove the well-posedness of the particle system at fixed N. For this, we write
the system as an INd-dimensional path-dependent diffusion to which we apply Theorem
In Subsection we show the propagation of chaos. We use a synchronous coupling with i.i.d.
particles sharing the marginal distributions of the solution to . This is of course reminiscent
of the celebrated approach developed in dimension 1 by Sznitman [Szn91], although our proof is
more in the line of the recent exposition of Lacker [Lacl§].

4.1 'Well-posedness of the particle system

We begin this subsection with a technical lemma. For the sake of clarity, for ¢ > 1, we write
| - |¢ to denote the Euclidean norm in R’ in what follows.

Lemma 4.1. Let N € N* be fized, let p > 2 and consider the application

Ly : C([0,T], RHN) = ¢([0,T], Pp(R%))
N
o= e bt = (5320,

Then,

(i) the application Ly is well-defined;

1
(ii) the application Ly is N P -Lipschitz continuous from (C([0,T], (RH)N), || |lsup) to the space

(C([0,T], Pp(RY)), dp) where ||al[sup = SUpyefo,r] |Gt|Na and dy, is defined by (1.7).
Proof. (i) We prove that for all & = (a?,...,a™) € (C([0,T7], (R)N),
(a) forall t € [0,T], N~ 3N, 6,0 € Py(RY);

1 . .
(b) the map t — N~1SY 4 ; is continuous with respect to Wp.

'Llat

For (a), the property follows from the fact that N1 Z

on R?, which satisfies

i1 a; is obviously a probability measure

N

N
1 1
pl = ; - = P~ P
[ty 2 0u) (40) = 2 loili < max, sup Jaif} < oc

by assumptions on (!, ..., a™). To prove (b), we consider s, t € [0, T]. Noting that ~ Z

is a coupling of
1 - 5 1 al 5
SO DI
i=1 i=1

the definition of the Wasserstein distance yields

1 & 1 & L
N

Z
at7o¢

i=1

8d7
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and this last term converges to 0 as [t — s| — 0 by continuity of each (a,),ef0,7)-

(i) Let a@ = (at,...,a), B = (B, ..., BY) be elements of C([0,T], (RY)Y). Then, using that
N ZA; ol,Bh) is a coupling of

1 & 1 &
(7 2 0es 7 203

and using the definition of the Wasserstein distance, we get

dp<LN( ), LN(»B)) = sup Wp( 2%7 ﬁ:%g)
i=1

te[0,T)
N
< sup [/ —yp< 5 1>dx,dy]
te[0,T] Rded ‘ Z i )
1 Y 1P
= sup — aof — B
tefo, ] N ; ! tla
% T
> 7 Sup |0y — O
Nte[O,T] Nd

P
where we used that p > 2 and the convexity of x — z2 in R;. We conclude by noticing that the
last inequality implies
_1 _ _1 _
d (LN( )s LN(B)) <N P sup ‘@t—ﬁt‘ =N Plla— Bsup- O
te[0,T] Nd

Proposition 4.2. Let N € N* be fized and suppose that Assumption (I) holds for some p > 2.
Then the particle system (1.9)) is well-posed, and for all t € [0,T], i € {1,..., N}, X®N belongs
o Loz ey (P):
Proof of Proposition[{.3. For all t € [0,T], we write X; = (x} N L xNNY e RYN and Wy =
(B}, ...BY). We rewrite the system (L.9) as follows

{d)_(t = B(t,X.n )dt+§3(t A)dW, € (0,71, (4.1)
i .

Xo = (Xo )

Here, B : [0,T] x C([0,T], RH)N) — RN¥4 and X : [0, 7] x C([0,T], (R)N) — Mpaxng(R), are
defined, for t € [0,T], for @ = (a,...,a™) € C([0,T], (R)N), by
b(t,a;,LN((?))
B(t,a) := bl ’,LN(a))

b(t, 0™, Ly (a))

O(t, o, LN(@))
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Let t € [0,T] and &, 3 € C([0, T], R")N. By Assumption (I),
N
|B(t7a) - B(t7B)|Nd < Z ‘b(tvaz)LN(a)) - b(tuﬁl)LN(/B)) ’d
i=1

<LZ(Ha = Bllowp + dp (L (@), L (8)))

=1
1
1—= _ _
< L(N TN p) 1& — Bllsup (4.2)

where we used Lemma Similarly,

lI=.a) - 2Bl = _ s (zt.@) -=(t.8))|
|z ng<1
N

< s S |(ottal Ln(@) - ot 8, L(B)) #
z:(zlaj“fZN)e(RQ)Nv i=1 ¢
ZNqSI

N

sup > | (ot ol Lna) = ot B, Lu(B)) ) #
z=(z",...,2N)e(R)N, i=1 d
V1<i<N,|z%¢<1

IN

N
<3 Jlote ot 2@ ot 5 L)

and we apply again Assumption (I) and Lemma to conclude. It follows that B and X satisfy
Assumption (I) with ambient dimension Nd. We conclude by using Theorem which gives the
well-posedness of the system (note that there is no dependency in the measure arguments
for the coefficients). ]

4.2 Propagation of chaos

In this subsection we prove Theorem

Let (Y});>0, 1 <i < N be N processes solving

. t . t . .
Y = X(Z),N +/ b(s, Y, tins) ds —|—/ o(s,Y g pns) dBL, t e [0,7], (4.3)
0 0

where (15)eo,7] in the coefficient functions are the marginal distributions of the unique solution
X of ([1.4) given by Theorem and where B! = (Bg)te[O,T}a 1 < i < N are the same i.i.d.

standard Brownian motions considered in the particle system ([1.9)). Recall that Xé’N, 1<i<N
are i.i.d. copies of Xy. It follows from the uniqueness in Theorem that V' = (Y{)epo,1] are
i.i.d. copies of X.

With the help of the following lemma, we define, for all w € €2,

1 N
W) = 7N o 5Yl(w)7 (44)

which is a random measure valued in P,(C([0, T], R%)) for all p > 1.

Lemma 4.3. Let o' = (af)ieoq), 1 <i < N be elements of C([0,T],RY). Then

24



(1) the empirical measure v := 3 Z 1 0ai € Pp(C[0,T],RY)) for all p > 1;

(2) let v: Pp(C([0,T],RY)) — C([0, T], Pp(RY)) be the application defined in Lemma . Then

()

Il
/N
=

i
3

(=9
vhgs.
N———
o~
m

=)
=)

Proof. (1) For all p > 1,

1
x||B, O‘dx:/ 2| | = ) 64 )(de
/C([O,T],Rd) Il () ([OT]R% Il p(N; a>( )
7Z||al||sup

(2) Recall the definition of the coordinate map m; from (3.6). We only need to prove that for a
fixed t € [0,T],

N ol = Zaat (4.5)
Obviously both sides are probability measures on (R%, B(RY)). Let B € B(RY), we have
Ve Wt_l(B) = VN’a(ﬂt_l(B))

- (% zNjaai) ({5 € C([0,T],RY) : m(B) € B}>
i=1

N
- LS ((peclon Ry aeBy),
=1

where we used that m;(3) = ;. Notice in addition that

1 ifale B,
0 otherwise.

5ai({5 € C([0,T),R%) : B, € B}) - {

On the other hand,

where '
5. (B) = { 1 1fat€B,

and finally that (4.5)) holds. O
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With the processes Y%, 1 < i < N from (4.3) at hand, we introduce a family of random
distributions (v}¥ )tefo,7) defined by

VweQ, telo,T], v Zdyl (4.6)

Lemma [4.1| guarantees that for every w, (1" (w))iejo.r) € C([0,T], Pp(R?)) since

W @eeor = Ly (V' @), ... YV @)).

Moreover, by Lemma for every w € Q,

(va(w)) = L(VN(w)>

t€[0,T]
so that (v} (w))eefo,m can be identified with the marginal distributions of N (w).
Proof of Theorem[I.4 Fix N > 1 and i € {1,...,N}. Let Y’, 1 <4 < N be the solutions to

[.3) and vV the associate empirical measure deﬁned by (4.4), as detailed above. We have, for
all s € (0,77,

XV _yi = / [, XY, 1) = b0, Vi )|
0
+ / [U (ua XZ/\Jxv N]Xu) - U(ua Y;\'w :u’/\u)i| dB’lZI,
0

We set, for all t € [0,T], for alli € {1,...,N},

fi(t) == || sup )st',N —Ysi
s€[0,t] v
Then
fi(t) = || sup ‘Xi’N—Yi

s€[0,t]

H/ ‘b S Xl/\];fnu']Xs) b(S7Yl/'\37N-/\s) ds

s | [ oo X) = o V)]

s€|

< [ oo X ) = )

N . 2 1%
+ OB [ oo 8 ) = oY) ] )

using Lemma With a computation similar to (3.11]), recalling that the marginal distributions
(11" )iejo, 1) are themselves random, so that for all u € [0, 7],

sup Wp(/if;vvﬂv)
veE[0,u]

Hdp ((MvNAu)ve[O,T] ) (Nu/\u)ve[o,T]) Hp =

)
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we find

/ Hb 3 XZ/\];[7M]>7\S) - b(saYZ/'\w:u"/\S)

‘ds
P

t t
< L/ sup |X;’N—YJ| ds—l—L/ sup Wp(,ufjv,,uv) ‘ ds
0 "wel0,9] p 0 "wvel0,s] p
t t
< L/ fi(s) ds—i—L/ sup Wp(uf,v,,uv) ’ ds. (4.8)
0 0 Mvelo,s] P
Using a derivation similar to (3.12]), one also finds
BDG iWN N i 2 1z
2 [ [ ot it = (s imnd ]
t vyl o[ [ 2 13
< fCBDGL{[/ sup [ X" — Y]] dS} [/ sup Wy (41 o) ‘ ds|” }
0 "wvel0,s] 0 "wvelo,s] p

1

= V20PPE, [/Otf,»(s)st}w[/ot

By using the triangle inequality, for all s € [0, T, we get first

sup Wy (il 1)
v€|0,9]

Eds} é}. (4.9)

p
sup W2 (1), po) < ( sup W (b, v2) + sup W, (v} ,uv))

vel0,s] vel0,s] vel0,s]
< 2p( sup WE (Y, vlY) + sup WE () ,,uv)) (4.10)
vel0,s] ve(0,s]

In addition, the empirical measure defined for all £ > 0 by % ZN is a random coupling

100N )
of the empirical measures y¥ and Y. Thus, for all v € [0, 7],

N
1
WP (i N §/ x—yp—g 0, viN i (dz, dy
p( ) RdXRd| | ]\71,:1 (Xv 7Y'u)( )

1 N . P
_ NZ‘XZ;N—YJ
=1

Taking the supremum over [0, s] and the expectation, noticing that

sup Z\XZN Y’]p<z sup | X2 — YiP
vel0,s] ;4 i—1 v€E[0,s]

almost surely, we get

IN
=i

]E{ sup ‘XZN Y” ]

E{ sup Wp(/‘fév’ 71}\7)} v€[0,5]

vel0,s]

IA
=

fi(s)P < sup fi(s)P.

1<i<N

M= 114

@
I
-

Taking the expectation in (4.10)) and using this last inequality, we find

sup Wy (', o)

sup Wp (,uivv Hv) v€el0,s]

ve(0,s]

U< swp filsy+
p

1<i<N

)
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and since p > 2, a concave inequality gives,

sup W, (v, o)

sup Wp (MUN’ IU‘U) ve(0,s]

v€E(0,s]

\p <2( swp_fils)+

1<i<N

‘p). (4.11)

Bringing together (4.7), (4.8)), (4.9)) and (4.11]), denoting, for all t € [0,T], f(t) := sup; <<y fi(t),
we find, for alli € {1,...,N}
sup W, (v, o)

t b !
t) SL/O ﬁ-(s)dﬁ?L/0 f(s)d”QL/o vel0,s]

L VECEPEL /Otfi(s)zds]%JrQ\deDGL[/ot () +

ds

‘ p

sup Wy (v, i)
ve(0,s]

1
2 =
) ds] 2.
p
Using the positivity of the Wasserstein distance and of the (f;)i1<i<n, we obtain
t t
fi(t) < 3L/ f(s)ds + 2L/ sup Wp(yf)v,uv)
0 0 "wvel0,s]

+(V2+4)C DGL/f ds

‘ds
p

l\'.)h—\
DO —

2
sup Wp(ufjv,uv) ‘ ds} ,
vel0,s] p

t
+4Ck DGL[/
0

and taking the supremum over {1,..., N} on the left-hand-side, we can apply Lemma to get

fl) < 4Le”0t{ /0 t

with kg := 6L + ((v/2 + 4)CBDGL) > 0. Injecting this result into (4.11)) and using that for all
s € [0 T] SUPye|0,s] 147 ( vy 7MU) < SUPyelo,T1] 4% ( Yy aM’U) almost surely, we get

sup Wp(yfjv,uv) Eds}é} (4.12)

ve[0,s]

sup Wy(vy', pio)
v€E[0,s]

t
ds—i—QCBDG[/
p 0

sup Wp(yév, fho) (4.13)

ve[0,T

| <21+ 4L (T + 205POVT))
p

sup Wy (12 ) i

ve[0,T

By Lemma (vN Jvelo,r] can be identified with the marginal distributions of vN. Moreover, by
Lemma the map ¢ is 1-Lipschitz continuous. Thus,

1, =), < oo,

Combining this inequality with (4.13)) concludes the proof of (1.10). The limit is obtained by
applying the convergence of |W, (v, )|, with vV being an empirical measure of i.i.d. processes
with distribution u on the separable metric space C([0, 7], R?), see [Lacl8, Corollary 2.14].

To prove (|1.11)), we simply note that for all k € {1,...,N}

sup Wy (v, o
ve[0,T

E[sup sup | XN — Y] } ZE[ sup | X0 — YZ”

1<i<k t€[0,T] i—1 s€[0,T]
< kf(t)P
P
< Cp,d,T,LkHWp(VNaﬂ)‘ »

where we applied (4.12) to obtain the last inequality, with a constant Cp, 47,1, > 0. We conclude
by using again [Lacl8, Corollary 2.14]. O
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5 Interpolated Euler scheme and associated convergences

This section is devoted to the proof of Theorem For this purpose, we first define the
associated theoretical continuous Euler scheme (XtM )eelo,1) of (%% Jo<m<n from (L.I5). We use
the same temporal discretization as Definition let M € N*, h = % For every m =0, ..., M,
we set t,, = mh. As the size of the discretization parameter M will sometimes play a role, we
write (j(vtM )t>0 when we wish to emphasize the dependency of the process in M and omit this
superscript when it is clear from context.

Definition 5.1. Given the discretize scheme (fg‘o/{tM) with the associated probability distribu-
tions (ﬁi\gtm) from Definition using the same notations by, o as in (1.16), we define the
continuous Euler scheme, (XtM)te[o,T] by setting, for allt € (tm,tm+1],

5(/(%‘4 = Xﬂa
Xt]w = Xt]\i + (t - tm) bm(tmeM 7/7?(;[:157”) +om (tm,X%tm7ﬁ%tm)(Bt - Btm)'

to:tm

(5.1)

According to the definition of b,, and o, in (1.16]), the continuous Euler scheme ([5.1)) writes,
for t € (tm,tm+1], m € {0,..., M — 1},

XM = X (=) b (b i (K00, ) i (28, ) ) + 0 (s i (K00 ) im () ) (B = By

In order to compare this with equation (1.4), we write, for all ¢ € [0, 7, M for the distribution
of XM, and for all m € {0,..., M — 1} we set

ti=tm, [t]:=m  if t€ [tm,tms+1)- (5.2)
With this at hand, the process (XM )eelo,r] satisfies

t —~

—~ ~ t o~
XtM - X(])V[ + /0 b(§’ i[é] (Xg(\)/{t[é])’i[é] (ﬁi\g[it[é])) ds + /0 U(é’ i[§] (Xt](\){t[é])’i[ﬂ (ﬁi\g[lt[é])) dBs. (5'3)

Theorem is a direct result of the following proposition.

Proposition 5.2. Under Assumptions (1) and (1I), for (Xi)icpo,r) the unique strong solution to
(1.4) given by Theorem for (XtM)te[o,T] the Fuler scheme from Deﬁm’tion with parameter

M large enough, for h = one has,

M’

< é(m + (h|ln(h)])%>, (5.4)

sup ’Xt — XtM’
te(0,7)

P
where C > 0 is a constant depending on L,p, d, [ Xoll,, T" and ~.

This section is organized as follows. Section[5.I]shows several preliminary results for the inter-
polator i,, that will be used for the proof of Proposition[5.2] Section gathers several properties
of the process (XM);>o from Definition Finally, in Section we prove Proposition

Theorem [I.5] and Corollary

Remark 5.3. We might define the classical continuous Euler scheme (X;):>0 by setting
1. XO = Xo;

2. forallm e {0,...,M — 1}, t € (tm, tyn+1]
X =Xi,, 4 (t = tm) b(tm, Xntys Bont) + 0 (tmy Xoatys Bontn) (Bt — Bt,,).
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The convergence of this non-implementable continuous Euler scheme towards the solution of (|1.4))
can then be proved using similar arguments as those developed in this section.
5.1 Preliminary results

We gather several properties that will be used for the proof of Proposition [5.2 For two
probability measures p, v € P,(R?) and for A € [0, 1], we define A+ (1 — A\)v by

VB e B(RY, (Au+(1—=MNv)(B):=u(B)+ (1-Nv(B). (5.5)
It is easy to check that Ay + (1 — A\)v € P,(RY).
Lemma 5.4. Let p1, v € Pp(RY) with p > 1.

(a) The application 7 : X € [0,1] = 7(A) = A+ (1 — N)v € Pp(RY) is %—Hé'lder continuous with
respect to the Wasserstein distance WW,. Moreover, for every A1, A2 € [0, 1], we have

Wy (T(M),7(A2)) < A1 — )\2’%Wp(,u,l/).

(b) Let &y denote the Dirac measure on 0 € RY. Then

)\Sl[lp | Wp (T(A)7 50) < Wp(u: 50) \% WP(”? 50)
€[0,1

Remark that Lemma implies that the interpolator i,, defined by ([1.13)) and (1.14)) is well
defined.

Proof of Lemmal[5.4 Let X,Y be such that Py = u, Py = v and consider another random
variable U having uniform distribution on [0, 1], independent of (X,Y’). One can easily check
that for all A € [0, 1],

]]-{US)\}X + ]]-{U>)\}Y ~ T()\)

(a) Let A1, A2 € [0, 1]. We assume without loss of generality that A\; < A2. We have
WP(T()\l), T(/\g))
p
< HH{USM}X + H{U>)\1}Y - ]l{Ug)\g}X - H{U>A2}Y‘ }

E
p
=E H - ]l{/\1<U§)\2}X + ﬂ{,\1<U§)\2}Y‘ }
E [LpcoonX Y] =P <U<ME [[X -Y[] (asU L (X,Y))
= (A - ME[X =Y. (5.6)

Taking the infimum over (X,Y) € I(u,v), we find
1
Wh(1(A1), 7(A2)) < (A2 = A1)7 Wy(p, v),

where W), (u, v) is finite since p, v € P,(R?). This concludes the proof of (a).

(b) For every fixed A € [0, 1],

W (r(0).60) =B |[X1pesy + Yany|’]

=E||XLwoy + Yoy [ Lwey | +E [[XLwey + Yy L]
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=B [[XP Lo | +E [V 1psn] = AE [XP] + (1 - VE[[YP]
< AW (s, 00) + (1 = WE(v, 60) < WE(,00) V WE(v, bo)-

Then we can conclude since the previous inequality is true for every A € [0, 1]. O

Lemma 5.5 (Properties of the interpolator i,,). Let m € {1, ..., M}.
(a) For every xo.m, € (Rd)m+1, lim (z0:m ) ||sup = SUPg<k<m ||

(b) For every poum € (Pp(RY)™ . supye(o 1) Wp (im (110:m )t 80) = SUDg<pern W stk d0).-

Proof of Lemmal[5.9 (a) First, it is obvious that supg<j<p, [7x| < Him(a:():m)Hsup by the definition
of i,,. For every k € {0,...,m — 1}, for every t € [tg,tr+1], we have
|im(x0:m)t| < ’wk’ V ’warl’ < sup ‘xk‘ (57)
0<k<m
and for every t € [tm,T], we have |im(zom)t| = Tm < suPg<p<m [Tk]. Then we can conclude

SUPo<k<m |.%'k| = Him(xo:m)Hsup'

(b) First, it is obvious that sup,cjo. 71 Wp (im (110:m )¢, 00) = SUPg<p<rn Wp(tik, do) by the definition
of i,,. For every k € {0,...,m — 1}, we have

sup Wy (im(10am)t: 80) < Wy (ks 80) V Wpla1,0)  (by Lemma B2H(8))

te€ [t tet1]
S sup Wp(ﬂk750>
0<k<m
and
Sup Wp <im(:u0:m)t760) = Wp(lu’m760) < sup Wp(:uk, 50)
tE€[tm,T) 0<k<m
Then we can conclude that sup,cpo 71 Wp (im(/m;m)t, 50) = SUPg<g<m Wp(tk, 00)- O

5.2 Properties of the discretization scheme
We gather here several properties of the process ()ZM )e>0 from Definition

Proposition 5.6. For all M € N*, write (XtM)te[o,T] for the process from Deﬁm’tz’on with
parameter M. Then under Assumptions (I), we have

(a) For every M € N* || SUPyefo, 7] |§tMH|p < T(1+ || Xollp) with the same constant T' from The-
orem [T

(b) There exists a constant k depending on L,b, o, HXoHp,p, d,T such that for M € N* large
enough, there holds

sup sup
0<MEM—1 v€[tm,tm+1]

< 1 (h|In(R))) 2.

X - x|

Proposition [5.6] directly implies the following result.
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Corollary 5.7. Under Assumptions (I), we have, for a large enough time discretization number
M € N*,

D=

H HYM —inr (X, ) < 2k (h|In(h)|)

sup

and dp((ﬁt)te[o,TpiM (ﬁto:tM)> < 3r (h| ln(h)\)%- (5.8)

Proof of Corollary[5.7 Let M be fixed and large enough. We drop the superscript in XM for
simplicity. It is obvious that

ol - | ()
sup 0<m<M-1 te[tmytm+1]
< sup sup H)N(t - )N(tm‘ + "L'M(j\(/toth)t - )N(tmu
0<M<M—1 tE[tm,tma1]
< sup sup szt - thm‘ + ‘Xtmﬂ - jEﬁm”
0<mM<M —1 tE[tm,tm+1]
S 2 Sup Sup j\(/t — X—/t'm . (59)

0<M<M—1 t€[tm tm1]

Then we conclude by applying Proposition (b)

Consider now random variables (Up,) o<m<m 1.i.d. having the uniform distribution on [0,1] and
independent of the process (X¢);c(o,7)- For every m € {0,..., M — 1} and for every t € [ty tm11],

1{Um>%}ftm + 1{Umg%}gtm+1 ~ i (Xrgitgs )i
Then

dp ((ﬁt)tG[O,T]>iM (ﬁto:tM)) = tESEé%} Wp (ﬁt, M (ﬁt05tM)t>

= sup sup W, (ﬁt, () (ﬁtO:tM)t)
0<m<M =1 t€[tm,tm+1]

S sup sup 5(:_]1 ﬂgm_ﬂ ﬂj\(/m
0<MEM—1 €[ty tm+1] K {Um>t5m }2t {Un<t=m } A lmga )

< su su (Hf—fm]l M"+"X_Xm 1 —tm H)
ogmgﬂue[tm,aﬂ] (Xe = Xe, )Ly, s totm ) (Xt = X)Ly, <t=tmy )

~ o~ 1
<3 sup sup X — Xth < 3k (h|In(h)])2, (5.10)
0<M<M—1 €[ty tm41] P
where the last inequality comes from Proposition (b) O

Proof of Proposition[5.6. (a) Step 1. In this first step, we prove that for every fixed M € N*

H sup }thk|H < 400 (5.11)
0<k<M p

by induction. First, || Xy, lp = | Xo|l, < 400 by Assumption (I). Now assume that, for some [ > 0,
H SUPg<k<i |)7tk]H < 4o0. It follows that
- P

| sup |X|

< H sup ’)?tk| + (})A(JtHJ — sup |)?tk‘>
0<k<I+1 p 0<k<l

0<k<l +Hp
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< || sup |§(vtk| + (|5(th+1|— sup |§(vtk|) H (by the Minkowski inequality)
0<k<l p 0< +1lp

< || sup |5(vtk| + (|§tl+1‘_|§tl{) H < H Sup }j(vtk|
0<k<l P +lp ™ o<k

Rl = 1%
p p

< || sup |th| ([ Xt — Xy
0<k<l p

(5.12)

Moreover,
H:}Ztl-!—l - thH = Hh bu(tr, Xget, Fito:t,) + \/Eal(tlaXtoitlvﬁtoitz)Zl—O—lH
P p
< th(tla il (yto:tl)a il (ﬁto:tl)) Hp + \/E H H‘J(tla il (gtoitl)y il (ﬁto:tl)> H’ Hp HZl+1Hp
(by the definition of b; and o; in Definition and as Zj41 L o(F))

(10 1) Curi (1 oy = s o) )

Y

p

where we used Lemma where Cpq = [|Z141]p < +00 as Zj41 ~ N(0,1;) is a constant
depending only on p and ¢. We now invoke Lemma to obtain

Hfm o (h + \/Ecp,q) HCZ,,C,,L,T(l + sup | Xi |+ sup Wy (i, 50)) H (5.13)
p 0<k<l 0<k<lI p
< Conr(b+ Vi) (14 g Kl + up 1))
< ChoL,T (h + \/ECW]) (1 + 2H Os<1]1€121 |th’ Hp)
< 400 o (5.14)

where we used the induction hypothesis to obtain the last inequality. Thus H SUP)<k<i+1 |§tk |

<
P
+oo which concludes the proof of (5.11)) by induction.

Step 2. We prove that H SUPseo,7] ‘Xt’ H < 4o0. First, by (5.3]) we get for every t € [0, 77,
p

% |
u€[0,t] p
=[ s X0+ /0 (5,9 (Kot )it (o) ) ds (5.15)

+ /Ou a(g,l@ (Xto:t[ﬂ)vib] (ﬁto:t[§]) )dBS )p
<1l +| | o9 (Run it ) ) ]

usel[l(},)t] ‘ /0 ‘7<§’ ifg] (Xto:t[§1)’i[§] (ﬁto:t[ﬁ]) )dBS

_l’_

, (5.16)

where we used Minkowski’s inequality to obtain the second inequality. The second term in ([5.15))
can be upper bounded as follows: using Lemma [3.4

H /Ot ‘b(§7i[§] (Xto:t[g)vi[él (Bto:t) ) ‘ dsHp < /Ot H b(ﬁvi[é] (Xto:t[g)vi[é] (Bto:t) ) Hp ds

< [ b (1+ i Fuvi) g + 20 Wylitg (g ) o 0)) | 25
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:/tHC@U’LT I+ sup |th}+ sup W 'ut’“(so )H
0<k<|s] 0<k<[s]

( )ds

STCb,a,L,T+2Cb,a,L,T/ H sup | Xy, |
0o Il o<k<ls]

/C’bgLT +2H sup |th
0<k<[s]

(pds (5.17)

which is finite by (5.11)). We used Lemma to obtain the second inequality, and Lemma to
deduce the next equality.

Moreover, combining Lemmas and the third term in (5.15)) can be upper bounded as
follows

sup ‘ / S, U[s) (Xto ) ) Us) (’U’to ) ) )

u€[0,t]

< CBDG / HCb,o,L,T<1 + ||y (X/tozt[i])nsup +u21[épT]W b (i) (Fito: tg) ). %0) )H ds}é

p

~ 2 1
BDG /’C’bGLT 1+ sup ’th|+ sup Wp(/jtm‘so))H ds}2
0<k<[s] 0<k<[s] p

<\/2TCdDGCbULT+2Cdp Cbo’LT /H Sup[]|gtk
0<k<[s]

| Cds}é (5.18)

which is again finite by (5.11]). We used again Lemma to get the third line. We conclude that
H Supte[O’T} |Xt}Hp < +o00.

Step 3. We conclude the proof of (a). Using that

~ 2
[ ow, 1%l <

0<k<[s] u€(0,s]

by the definition of [s], see (5.2)), the inequalities (5.15), (5.17) and (5.18) in the previous step
imply that for every t € 10,7

u€(0,t] p

t
< Xollp + T Coorr +2Chorir /
0

u€l0,s]

t
+ V2T CLE}?G Cb,o,L,T + 20517DG Ob,a,L,T{ /
0

J

u€l0,s]

, we obtain
P

Hence, by applying Lemma with f(t) ==

u€l0,t]

< Cp,d,b,o‘,L,T€Cp’d’b’a’L’Tt(1 4 ||X0||p)
u€l0,t]

with the constant C), g1, 1,7 > 0 defined by (3.22)). Then

< Cp,d,b,a,L,T €Cp,d,b,o,L,TT(1 + ||X0Hp)7
u€(0,7T)
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and we conclude by recognizing I' = C, 44 5,17 eCraboL. T from Theorem

(b) By hypothesis, M is large enough so that h = % < % We have

sup sup | X, — Xtm‘
OS’H’LSM*l ’l)e[tm,thrﬂ P

< sup sup (U - tm) bm(tma XtO:tm’ ﬁtoitm) + Um(tm’ XtU:tm’ ﬁto:t’")(Bv B Btm)’

Ogmngl ’Ue[tm,thrl] b
< sup sup H(U - tm) bm(tmaXtoztmvﬁtoztm)"i_‘Um(tm’Xt():tmaﬁtoztm)(Bv - Btm)) i|

Ogmngl ’Ue[tmythrl] b
< sup [h’bm (trm Xtoztm7 ﬁtoztm) ‘ + H)Um (tma Xtoztm7 ﬁtoztm) sup Bv - Btm "|

0<m<M-—1 VE[tm tm+t1] p
< h sup ‘bm (tmy Xt():tm7 ﬁto:tm)

o<m<M-1
P
+ sup [”‘Um(tm7Xt0:t7n7ﬁto:tm)‘ sup Bv - Btm"|
0<m<M—1 VE[tm tm+1] p

where we used that [t,,+1 — ;| = h and Minkowski’s inequality. We now apply Lévy’s modulus
of continuity theorem, see e.g. [CR81I, Theorem 1.1.1] to handle the Brownian component in the
last inequality: there exists My > 0 such that for M > My,

%o <
p

sup sup sup ’bm (tma Xto:tm7 ﬁtoztm) ‘
0<m<M—1 vE[tm,tm+1] 0<m<M-1 »
1 <~ ~
2(h{ln(h)|)2 sup ‘H O'm(tm,XtO;tm,,U,tO:tm)‘H
0<m<M-1 p

We now treat the two terms on the right-hand-side of this inequality. First, by definition of b,,,

sup ‘b(tm, im (Xto:tm)aim (ﬁt05tm)>’

sup ‘bm(tmy Xt():tm7 ﬁto:tm)‘ H ==
p

0<m<M-1 0<m<M-1 P

<| swp Coorr (14 fim(Kigtn)lap + 510 Wy (im (it 00) )

0<m<M—1 u€l0,T)] »
(by Lemma

< sup CbaLT(l + osup [ Xl + Sllp 2% (Mtk750)> (by Lemma [5.5)
0<m<M-1 0<k<m P

< Cb,a,L,T<1 + sup \Xk\ + Sllp W, (Htk750)>

0<k<M 0<k< P
< Crorr(1+2] sw 1% ) < Coorr(1+200 + [ Xoll,)) < +oc. (5.19)
0<k<M p

Let C, = Cb,a,L,T(l +20(1 4+ HXOHP)), where we recall that I' is given in Theorem By a
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similar computation, we obtain

sup m o—m(tmvj(vtottmvﬁtoltm)m < C*-
0<m<M—1
P
1
Then, using that for h € [0, 3], h < (h|In(h)])2,
~ ~ 1
sup sup )XU - Xtm‘ < 3C.(h|In(h)|)? (5.20)
0<m<M-1 UE[tm,tm+1} »

and we can conclude by letting x = 3C. O

5.3 Proof of Proposition [5.2, Theorem and Corollary

Before turning to the proof of Proposition [5.2] we briefly prove Theorem and Corollary
1.6 which are two easy consequences of Proposition [5.2

Proof of Theorem[1.5. The proof is straightforward since

sup ’Xtm — X%‘ < || sup ‘Xt — XtM‘
0<m<M » te[0,T] »
by the definition of ()?% )0 emey and (XVtM ) 1€[0,7] in Definition and Definition O]
- ~ 1
Proof of Corollary[1.6, Corollary implies that H HX - XHsup Hp < 2/{(h‘ ln(h)}) 2. Then the
result is a direct application of Theorem O

Proof of Proposition[5.9 For every s € [0,T], we have

Xs — 5(/5 = /0 |:b(u7 X Aus M-/\u) - b(ﬂa Z[g} (Xtozt[M)J[g] (ﬂto:t[ﬂ]) ):| du
+ /0 |:O'(’U/7 X'/\U? ,Uf/\u) — 0 (27 Z[y} (Xtottm] ) ) Z[y} (/jtott[ﬂ) >:| dB’U,v

and we set

F(t) = | swp | X, - X,

s€[0,t]

p

It follows from Proposition (a) that X = ()?t)te[o,T] € Lg([O,T],]Rd)(Q’}-’ P). Consequently,
e Pp (C([O, T], Rd)) and () = (ﬁt)te[O,T] € C([O, T], Pp(Rd)) by applying Lemma @ Hence,

ft) =

sup ‘XS — )A(/S
s€[0,¢]

t ~
< H/o ‘b(saXv/\&/L/\s) — b(§,i[§] (Xtozt[i]),i[ﬁ] (ﬁto;t[ﬂ) ) ‘ ds

/08 [U(U,X-/\uuu-/\u) - 0<@’ U] ()?toit[g])’i[ﬂ] (ﬁto:tw) )] dBu

p

+ sup
s€[0,t]

< /Ot Hb(S,X-/\s, [-ns) — b<§7i[§] (j\{tozt[ﬁ])yi[g] (ﬂto:t[é]) ) Hp ds

‘p
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2 1
BDG / H‘H S X/\s;ﬂ/\s) —a(u Z[u] (Xt()tu]) Z[u] (Ntot )H‘des}z (521)
using Lemma The first term in ([5.21)) can be upper bounded by
t —~
/ Hb(sv X-/\8> ,U“/\s) - b(§7 /L[Q (Xt():t[é] ) ) /L[Q (,Uftott[é]) ) Hp ds
0
t
< [ 1B, X ) = bl X pn ) s
0
t —~
+ / Hb(§7 X~/\87 ,LL~/\S) - b<§7 7’[§] (Xt():t[é] ) ) 7’[§] (ﬁto:t[é]) ) Hp ds. (522)
0
For the first term in (5.22), we use Assumption (II) to obtain
t
b6 X s 0e) = bl X )
0

t
< / LHl + || X Asllsup + sup Wp(uuAs,ég)H |s — s|"ds
0 u€e[0,T] p

< (LT +2LT|| sup |Xq|[l)h”
t€[0,T]
< K2LTT(1+ || Xollp), (5.23)
where we used to obtain the last inequality. For the second term of , we have
t . oy . ~
/0 Hb(§> X-/\s; /L-/\s) - b(§7 Z[g} (Xtozt[é])az[g} (/’Lto:t[ﬂ) > Hp ds
t o~
S A H L |:HX/\S - 7’[§] (Xto:t[é])
t . t N
< L/ H [ Xns = i) (Ktortyy) [l ) dS+L/ d ((umne[omg] (Mtost@))ds
<L/ H 1Xns = Xonsll o ‘ ds+L/ H X s — g
t t N N
+L/ dp<(,uv/\s)ve[o,:r],(ﬂu/\s)ve[o,T]>d5+L/ dp((ﬂv/\s)ve[OﬁT]’i[él (“to:t@»ds
0 0

t
<o
0

t 1
+L/ sup Wy(pto, fiv)ds+3LTk (h|In(h)|)2
0 ve[0,s]

’sup + dp((ﬂv/\s)ve[o,T],i[g (ﬁtozt[ﬂ)>} des

‘ds

sup

1
dS+2LTI€(h’ In(h)])2

ve(0,s]

t 1 t
SL/ f(s)ds + LT 5k (h|ln(h)’)§ +L/ sup HX X H ds
0 ve(0,s]

w\»—t

< 2L/ f(s)ds +5LTx(h|In(h)|)2, (5.24)

where we used Corollary [5.7 to obtain the fourth inequality. Now we consider the second term of
(5.21)). It follows by applying Lemma and norm inequalities that

AP ) Mot X nsn) = (it R it )]
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t 2 :
< \[CBDG / ng(S,X‘/\s,/x./\s) - U(§7 X./\s,/L/\S)’HH ds] 2

0] [ [[lots X n) — (s Fasn). )] 52
For the first term in (5.25), we use the same argument as the one giving to get
2 1
s X sane) = ot X annd [ ds]* <00 (VIT 4 2VTTa1 + 1 Xl))  (5:26)
0 P

for some constant I'y > 0 depending explicitely on x from (1.8) and the constants of Lemma
and Assumptions (I) and (IT). The second term of ((5.25)) can be upper bounded as follows

AP ) Mt X nsn) = (it (R i) )

<V2 c]lgfc / HL HX'/\S — i[g) (tho:tlé]) Hsup T dp((MvAs)”E[O’T]’i[§] (ﬁtozt[ﬁ))} szs}é

< 2LC’BDG / HHX/\S - Xto t[g])H st}é

sup ||,

+2LCBDG[ /0 d ((Mv/\s)ve[O,T]vi[é] (ﬁtc]:t[s]))QdS]é
<2v2LCfPe| /0 185 = X H; ds]é
#2180 [ 10— 0 Fae)o | 0
+2v2LCPP6| /0 t dy ((tors)oto 1, (Fions) vGOT) F
+2V2LCHPE /0 t dp<(ﬁvAs)ve[o,T]7i[§} (ﬁto‘t[gl)) ds}%

< o[ [ sas]} + 2vaLCEPO VTS (1{ o))

N

D=

(5.27)

by a similar reasoning as the one leading to (5.24f). Bringing those inequalities together, we find

f(t) <L2hYTT (1 + || Xo|lp) + 2L /t f(s)ds + 5LTk(h]| ln(h)|)%
0

+ WY (V2T + 2VT To(1 + || Xo|p)) +4V2 L CEPE [/Ot f(s)%zs} :

l\)\»—\

+10v2 LCFPY VT k(| In(h)]) 2. (5.28)
The conclusion follows by applying Lemma
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A Proofs for Subsection 2.2

We provide in this appendix the proofs of the results from Subsection

Proof of Proposition[2.3, Since the diffusion matrix is the identity, we only need to focus on the
drift coefficient. We recall from [Tom21, Proof of Proposition 3.9] that there exists Ce > 0 such
that for all t € [0,T] and x,y € R?,

[66(t, @) — b5 (¢, y)| + | K (2) — Ki(y)| < Cclz — g, (A.1)
where for t = 0, we consider the natural extension of b and K§, namely,
b5(0,2) =0 and Kj(z)=0. (A.2)

Using this, one sees easily that b satisfy the Lipschitz condition in the sense of Assumption (I),
the continuity in time being straightforward from its definition. The continuity in time of the
second drift term

At . (1) seipr) = / A=) /K Yis(dy) | ds,

is deduced from the form of Kf(z). We focus now on the Lipschitz condition for this term.
We have, for all t € [0,T], z1,22 € R and (ue)iejo1): (V)iepp,r) in C([0,T], Pp(RY)), by triangle
inequality,

’A(t 1, (Hs)sefo,r)) — Alt, $2>(VS)SE[O,T})‘

] [N [ (it =) - Ko = 0) st o
x| [ [ i) = ) s
.= B} + B?,

the last equality standing for definitions of B} and B?. Using Jensen’s inequality and (A.1)), we

obtain X N
B} < XC’e\:cl —x|(1—e M) < XC€|x1 — x3|.

For the second term, we use again the dual representation of the Wasserstein distance W; from
[2:3) and the fact that for every u,v € Pp(RY), p > 1, Wi (u, v) < Wy(u, v). This implies

t
Bt2 < X/O eiA(tis)Cs Wp(u& vs)ds < %Ce dp((ﬂs)se[O,T]v (VS)SE[O,T])7

which concludes the proof that the drift coefficient satisfies Assumption (I), and the proposition
follows by applying Theorem O

Proof of Proposition[2.6. We treat the two terms of the drift separately. Again from [Tom21],
Proof of Proposition 3.9], there exists C. > 0 such that for all ¢ € [0,T], z € RY,

| K (2)] < C, (A.3)

where for ¢ = 0, we consider the same extension of K as in (A.2)).
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Step 1: Term involving b§. Note that, for t € [0, 7], z € RY,

bo(t, ) zxe_’\t/ Veo(y )%ie_ 2t dy.
R4

Hence
€ € —At 1 1 7\x—y\2
by (t, ) = —AbG(t, ) — xe Veo(y) ozt 2 dy
]Rd
2 \$*y|2
— Xe_)‘t Veo(y )t}_E |Zﬂ32| e” 2t dy.

R4

From (|A.3), the only singularity at ¢ = 0 is on the last term on the right-hand side, and easily
handled by considering the change of variable y — (x — y)/v/t from R? to R?. Using that
co € H' (R nWH(R?), we deduce that for all £ > 0, 2 € R?,

|00 (8, )| < C
for some constant C' > 0 independent of ¢.

Step 2: Term in A. With the same notations as before, we consider, for 0 < u < t, z € R%,
(Mt)tE[O,T] € C([Oa T]7 Pp(Rd))v

A(t, T, (Ms)ogng) — A( MS)0<S<T)

~{ / N [ K o= s (A4)
/ e A= / K§_ (x — y)us(dy) — e " 8’/ o us(dy)}d&}

Using (A.3) leads to

‘/ ts/ Kf (z usdyds‘<02|t—u\

for some constant Cy > 0. For the second term on the right-hand-side of ({A.4}), we notice that
the function defined for t > 0, z € R
_la?

Y
g(t,z) =e t(tf€)2e

is such that

||

_ me I
) = (=2~ g Jatto) - e

so that
‘atg(tvl‘)} < 02

hence g is Lipschitz in time. We conclude that Assumption (II) holds with v = 1, and applying
Theorem the result follows. O
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