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Path-dependent McKean-Vlasov equation: strong well-posedness
and convergence of an interpolated Euler scheme

Armand Bernou * Yating Liu T

7th November, 2022

Abstract

We consider the path-dependent McKean-Vlasov equation, in which both the drift and the
diffusion coefficients are allowed to depend on the whole trajectory of the process up to the
current time ¢, and depend on the corresponding marginal distributions. We prove the strong
well-posedness of the equation in the LP setting, p > 2, locally in time. Then, we introduce
an interpolated Euler scheme, a key object to simulate numerically the process, and we prove
the convergence of this scheme towards the strong solution in the LP norm. Our result is
quantitative and provides an explicit rate. As applications we give results for two mean-field
equations arising in biology and neuroscience.

Keywords: path-dependent McKean-Vlasov equation, interpolated Euler scheme, well-posedness
of non-linear SDEs, convergence rate of numerical scheme.

1 Introduction

In this paper, we consider the path-dependent McKean-Vlasov equation in R? of the form

{dXt = b(t, X-/\t, ,U,/\t)dt + O'(t, X./\t, ,U,./\t)dBt, (1 1)

Xo: (Q,F,P) = (RY, B(R?)) random variable

where the terms X.5; and p.a¢ in the coefficients b and o keep track of the whole trajectory of X.
and its marginal distribution u. between 0 and ¢ > 0 (see below (L2 and (3] for the precise
definitions) and (By)>o is an R%-valued Brownian motion independent of Xj.

The equation (L)) can be seen as the generalization of the classical McKean-Vlasov equation
dXy = b(t, Xy, py)dt + o(t, Xy, put)dBy, first introduced by McKean in [McK67] as a stochastic
model naturally associated to a class of non-linear PDEs. See also [Szn91] for a systematic
presentation of the McKean-Vlasov equation.

Originally used for the study of plasma physics, the McKean-Vlasov equation has since then
been popularized for applications in opinion dynamics [HK02], finance (for instance through the
rank-based model, see [KF09] and the references therein) and neurosciences [CCP11l, [(CPSS15,
DIRT15]. Tt also plays a key role in the theory of mean-field games, with applications in biological
models on animal competition, road traffic engineering and dynamic economic models, see Huang-
Malhamé-Caines [CHMO6] and the references within.
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The path-dependent version (LL1]) studied in this paper is the underlying dynamics in models
of optimal control investigated (mainly for financial applications) by Cosso et al. |[CGK™20).
These path-dependent McKean-Vlasov dynamics also appear in the recent work of TomaSevié
on the 2d parabolic-parabolic Keller-Segel equation [Tom21, Equation (1.2)] and in models of
cortical signals, such as the Jansen-Rit model [JRI5, [FTC09]. In this paper, our first focus is
on deriving a proof of existence and uniqueness for the strong solution of (LI with finite LP
norm. In a second part, we focus on an interpolated Euler scheme, a key tool that gives a clear
road-map for the numerical simulation of (LI). We prove its convergence towards the unique
strong solution, and derive the rate of this convergence in LP.

1.1 Model

We place ourselves in a filtered probability space (€2, F, (F:)i>0,P) satisfying the usual con-
dition. Let T > 0 be fixed. For p > 1, we write Pp(Rd) for the set of probability distributions
on R? admitting a finite moment of order p, C([0,T], E) for the set of continuous maps from
[0, T] to some topological space E. Write B(R?) for the Borel o-algebra of R?. We introduce the
definitions of X.a¢, p.a¢ and give more precision on the form of our drift and diffusion coefficients
in (LI). Let a = (a)tepr € C([0,T],R?) and let (14)iep,r) € C([0,T], Pp(R?)). For a fixed
to € [0,T], we define a.ny, = (Qenty )refo,r] DY

o R KT if te [O,to], (1 2)
thty = .
ho ay if te (to,T].

Then it is obvious that ., € C([0,7],R?). Similarly, we define vty = (Veaty )tejo,r) by

y . V¢ if ¢t € [O,to], (1 3)
o v, it te€ (to,T], '

and it is straightforward to see that v.ny, € C([0,T], Pp(RY)).

Let My 4(R) denote the space of matrices of size d x ¢, equipped with the operator norm ||-||.
Our path-dependent McKean-Vlasov equation writes

t t
Xt :X0+/ b(S,X.AS,ﬂ.AS)ds+/ O'(S,X./\S,,U,./\S)dBS (14)
0 0

where

Xo: (Q,F,P) — (]Rd,B(]Rd)) is a random vector in LP(P),

b:[0,T] x C([0,T],RY) x C([0,T], P,(RY)) — R,
o :[0,T] x C([0,T],R?) x C([0,T],Pp(R%)) — Mgq(R),

- (Bt)iejo,r is an (F)-standard Brownian motion valued in R, independent of Xj.

t.n¢ denotes the marginal distributions of the process X.¢, that is, for every s € [0, 77,

psne = Po X;\lt-

Our goal is to prove the well-posedness of the path-dependent McKean-Vlasov equation (I.4])
and to prove the convergence of an interpolated Euler scheme defined further in (II2]), with a
quantitative estimate for the convergence rate. The interpolated Euler scheme presented here is



of strong importance, as it gives a road-map to simulate the equation. Our estimate quantifies
the corresponding error, which is also key in practice and will be the starting point of a future
work devoted to the implementable particle method for the numerical simulation. This line of
reasoning is inspired by the numerical analysis for the classical McKean-Vlasov equation (see e.g.
[BT97, Equation (2.3)], [Liul9, Section 7.1], [AKHO02| Section 3] and [HL22]). Besides, the Euler
scheme also plays a major role in the study of the convex order (see e.g. [LP20] and [LP22] for
the classical McKean-Vlasov equation) which we also plan to study in a forthcoming work.

1.2 Assumptions and main results

We shall work with two sets of assumptions, both depending on an index p > 2. The first one
is required to derive our proof of strong well-posedness in LP spaces. The second one is needed to
obtain the convergence of our interpolated Euler scheme. Remark that the time horizon T" > 0 is
fixed. We recall the definition of the Wasserstein distance W, on P,(R?):

1

Wy(u,v) := inf — yPr(de, dy))? 1.5

)= ot ([ o= yPmtdnay) (1)
1

— inf {E [1X = Y|P, X,Y : (2, F,P) — (R, B(RY) with Po X' =y, PoY ! = y}

where TI(p,v) denotes the set of probability measures on (R? x R B(R?)®?) with marginals p

and v.

Assumption (I). There exists p > 2 such that
1. X, € LP(P).

2. The coefficient functions b,o are continuous in ¢ and Lipschitz continuous in « and in
(14¢)ejo,m) With respect to the sup norm || - [|sup and the Wasserstein distance ), uniformly
in t, i.e. there exists L > 0 s.t.

Vie [OaT]’ va’ﬁ € C([OaT]’Rd) and \v/(lu‘t)tE[O,T]a (Vt)tG[O,T} € C([O?T]app(Rd))’
‘b(t,a, (1t)eefo,m)) — b(E, B, (Vt)te[O,T})‘ < L[ v = Bllsup + dp ((11t)eeo, 115 (Vt)te[O,T})]a (1.6)

H|U(t, Q, (Mt)te[o,T}) - U(taﬁa (Vt)te[o,T})m < L{ HOC - /BHSup + dp((ﬂt)te[O,T]a (Vt)te[O,T])]a

where d,, is defined by

dp((ﬂt)te[o,T},(Vt)te[o,T}) = sup Wp(#t,Vt)- (1.7)
t€[0,T]

Theorem 1. Under Assumption (I), there exists a unique strong solution X = (X¢)ejo,) from
(Q, F,P) to (C([0,T],R?), || - lsup) of the path-dependent McKean-Viasov equation (IL4). More-
over, there exists a constant I' > 0 depending only on b,o, L, T,d,p such that

H tes[l(l]%] | Xl Hp < F(l - HXoHp)- (1.8)

We then turn to the quantitative result regarding the convergence of our interpolated Euler
scheme. In the following definition, M € N* should be thought as the temporal discretization
number, while h = % is the time step. We propose an interpolated Euler scheme, in which

we only need to consider a discrete sequence of random variables and a discrete sequence of



probability measures as the inputs of each step. To simplify the notation, we will denote by zg.,, ==
(T0y ooy )y 0 = ([0, -y fim ). Our discretization scheme uses the following interpolator.

Definition 2 (Interpolator). (a) For every m =1,..., M, we define a piecewise affine interpo-
lator i, on m + 1 points in R% by

To:m € (RO — i (20:m) = (Te)epo,r € C([0,T),RY), (1.9)

where for every t € [0,T], &; is defined by

1 1
Vk=0, wym =1, Vite [tk’tk-i-l)a Ty = E(tk-i—l - t) T + E(t - tk) Tl+1,

Vit € [tm,T], ZTt=xm.
By convention, we define, for every t € [0,T], io(zo): := 0.

(b) Let p > 1. For every m = 1,...,M, we define a piecewise affine interpolator for m + 1
probability measures in Pp(Rd), still denoted by i, with a slight abuse of notation, by

Ho:m € (Pp(Rd))m+1 — im(NO:m) = (ﬂt)te[QT} € C([O7T]7Pp(Rd))7 (1-10)

where for every t € [0,T], fiy is defined by

1 1
Vk=0,...m—1,Vt€ [tg,trr1), = E(tk—i—l — 1) i + E(t — k) fk+1,

Vi€ [tm, T, fir = fim. (1.11)
By convention, we define, for every t € [0,T], io(po)t == po-

With this at hand, we define our interpolated Euler scheme in which we use the short-hand
notation Yy, ., (respectively, vy, 4,,) to denote (Yy,...,Ys,,) (resp. (viy, ..., 14,,))-

Definition 3. Let M € N*, h = % For everym =0, ..., M, we set t,, = mh. Given a Brownian

motion (Bt).c(o,r) and Xo, the discretization scheme (X%)OgmgM of the path-dependent McKean-
Viasov equation (L) is defined as follows :
1. 5(:6\4 = X(],'

2. forallme{0,...,M — 1},

j(vM

tm+1

= XM by (o, XM, M )+ VRO, X0 T Vs (1.12)

where, for allk € {0,..., M}, ﬁ% 1s the probability distribution of)ﬁfg‘lf, where, form =0,...., M —
1, Zmy1 = ﬁ(Bth — By,,), and where the applications

b < [0,T] x (RY)™ x (P (RH))™ — R,
O+ [0,T) x (RH™ x (P,(RY)) — Mg, (R)

are defined as follows

Vit € [0,T], 2om € RY™1, pigm € (Pp(RD)™H

b (t; To:ms Ho:m) = b(t, i (T0:m )5 Tm (NO:m))a (b, To:ms Homm) = U(t, i (Z0:m )5 Tm (NO:m)) - (1.13)



The notations b, and o, can often discretize computations from a numerical point of view.
For instance, if

t
b(t’ (XS)SE[O,T}a (:U’S)SE[O,T]) = /0 E [QS(XS)]dS
with a bounded function ¢, then

m—1

bt X i) = (B [O(RAN] + B [6(RI]) + 5 Y E0(X)
k=1

In order to prove the convergence of the interpolated Euler scheme (LI2]) to the unique strong
solution of (L4]), we will first assume Assumption (I), guaranteeing the uniqueness of the latter,
but also some additional regularity on the coefficients.

Assumption (II). The coefficient functions b, o are y-Hélder in ¢, 0 < v < 1, uniformly in «
and in (p1¢)sejo,7), i-e. there exists L > 0 s.t.

Vt, s €[0,T], Ya € C([0,T],R?) and V(u)iepo.r) € C([0,T], Pp(R)),
‘b(t, Q, (Mt)te[o,T]) - b(sa Q, (,ut)te[O,T])‘ \ |H0(t7047 (Mt)te[o,T}) —o(s,q, (Mt)te[QT})m

<L(1+ lollap + sup Wylu,d0) It — 5], (1.14)
t€[0,T]

where Jg is the Dirac measure at 0.

With this at hand, we state our second main result, that regards the discretization scheme.

Theorem 4 (Convergence rate of the interpolated Euler Scheme). Under Assumptions (I) and
(1), for (Bt)icjo,r) an R?-valued Brownian motion, for (Xi)icjo,r) the unique strong solution to

(L4) given by Theorem [, for ()Nfg\i)ongM the Euler scheme from Definition [A with parameter
M large enough, for h = %, one has,

< é(m + (h]ln(h)D%), (1.15)

sup ‘Xtm — )Z%‘
o<m<M

where C > 0 is a constant depending on L, p,d, HXOHp7T and .

From Definition Bl we can define a continuous version of ()N(% Jo<m<M, denoted by XM =

()A(g\/[)te[oﬂ and defined by XM = iM()NC%tM). Then we have the following convergence.

Corollary 5. Under Assumptions (I) and (II), for M large enough, one has

< é(h’Y + (h|1n(h)\)%>, (1.16)

sup ‘Xt — )AQM‘
t€[0,T

p

where C > 0 is a constant depending on L,p, d, HXoHp,T and 7.

Remark 6. Theorems [1l and @ in this paper can be generalized to the following equation having
both path-dependent and marginal part in the coefficient functions

dXt = b(t7 Xt7 Mt X~/\t7 ,u/\t)dt + U(t7 Xt7 Mt X~/\t7 /’L~/\t)dBt7 (117)
when

b:[0,T] x R? x P,(RY) x ([0, T),RY) x C([0,T], Pp(R?)) — R? and

5



0 :[0,T] x R? x P,(R%) x C([0,T],R?) x C([0,T], Pp(RY)) — Myq(R)

satisfy some adapted conditions. More precisely, for the well-posedness result, we require that
for some p > 2,

1. Xo € LP(P).

2. The coefficient functions b, o are continuous in ¢ and Lipschitz continuous in the parameters
(z, v, , (e )eefo,r)) in the following sense: there exists L > 0 s.t.

Vtel0,T), Va,2' e RY, Yo,/ € Pp(Rd),

Va,a' € C([0,7],R?Y) and ¥ (p)sepo 11, (H)eepor) € C([0,TT, Pp(RY)),
66t 2,0, 0, (e ) = bl 2", V50, (1) sego )|

< LDQU — 2+ Wy, V) + |la — o [|sup + dp((ﬂt)tG[O,T}7 (Mé)te[o,T])}
ot 2, v, 0, (e)iepo,ry) — ot 2", v, o, (W) vego,m) |

< Ll =2/l + Wyv.v') + lla = olloup + dp((e)scposrys (Hhrcior) |

To extend Theorem [ to this larger setting for the following interpolated Euler scheme with the
same time discretization as in Definition

j\(/tj(\)d = XOa
Xipwor = Xy + 0b(tm, X Ty i (X, )i (Trgir,,))

VR 0 (s X (K Ve (i) Zont (118)

we require in addition the following Holder continuity assumption: the coefficient functions b, o
are y-Holder in ¢, 0 < v < 1, uniformly in z, a, v and (Nt)te[O,T}7 i.e. there exists L > 0 s.t.

Vit s €[0,T), Vo € RY, Vv € Py(RY), Vo€ C([0,T],R) and V(u)iepo.r € C([0,T), Pp(RY)),
bt 2.0 (e )iefo ) = s, v (o repo)|
< L(l + 2|+ Wp(v,00) + [[lsup + sup Wp(ut,éo))lt— s[7,
te[0,7)

H‘O-(t’x’ v, &, (:ut)tE[O,T}) - O'(S,x, v, «, (:ut)tE[O,T})m

< L(1+ fal + Wy 80) + llallsup + sup Wy(sr,do) )|t — 5.
t€[0,T]
This extension is particularly useful in the case where the equation investigated is of the form

dXt = b(t,Xt,,U,./\t)dt —{—O'(t,Xt,,u./\t)dBt or dXt = b(t,X./\t,,U,t)dt—F O'(t,X./\t,/Lt)dBt

in which case the corresponding assumptions are weaker than Assumptions (I) and (II).

1.3 Strategy and plan of the paper

The strategy to establish the well-posedness (Section [3)) is largely inspired from Bouleau
[Bou8g|, see also [Liul9, Chapter 5] where the second author derived similar results for the
classical McKean-Vlasov equation (without path-dependency), and Lacker [Lacl8]. While the
norms used in this method are more involved than in earlier works, the main idea of the proof



is reminiscent of the one of Sznitman [Szn91] based on earlier work by Dobrushin [Dob70]. By
considering appropriate trajectorial spaces, and by introducing norms depending on well-chosen
parameters, we are able to perform a classical fixed-point argument. We introduce first the space

Hpor = {Y e L?

C([0,T],Rd) (Qa]:a (]:t)tG[O,T},]P)) st. Y is (]:t)tE[O,T] - adapted'}’

that we endow with a suitable norm || - ||, cr with parameter C' > 0, so that ||Y|,cr — 0
when C — oo for all Y € H, cr. Then, we identify every probability measure on C([0, T, R%)
admitting p moments with a continuous map from [0, 7] to P,(R?). The main argument is then
to endow the Banach product space H, 1 x C([0,T], P,(R?)) with a suitable distance, denoted
dyxp and to show that, roughly, the map

Oc : Hy o x C([0,T], Pp(RY)) = Hpor x C([0, T), Pp(RY)) (1.19)

t t
(Y7 (Vt)tE[O,T]) = ((XO + /0 b(Sa Y/\s; l/./\s)dS + /0 O-(Sa Y/\s, V'/\S)dBS)tE[O,T]’ L(Pq)(c})(yv(yt)te[o,T]))>

::@8) (Y7(Vt)te[0,T])

is Lipschitz continuous, with a Lipschitz constant strictly smaller than one for C' large enough,

turning ®¢ into a contraction mapping. Here L(P in (LT9) denotes the marginal

‘D(c})(Yy(Vt)te[o,T]))
distributions of <1>(Cl) (Y, (I/t)te[o,T]). This allows to perform a fixed-point argument to obtain the
well-posedness of (L4)).

Section [4] is devoted to the study of the convergence of the interpolated Euler scheme. We
start by giving the definition of the theoretical continuous extension (X);c(0,7) of (Xt,,)Jo<m<m

in (LI2). The objective of Section M is to prove the convergence of X = ()N(t)te[oﬂ to the
unique solution X in LP-norm, which directly implies Theorem [l To do this, we first study the
properties of the interpolator i,, and link the uniform norm of the interpolated process and the
interpolated marginal distributions with the underlying collection of points. In a second part,
we prove that the sup norm of ()th)te[o,T] is bounded in LP and study the LP-norm of a specific

modulus of continuity of ()th)te[o,T] adapted to our temporal discretization. The proof relies on a
combination of functional inequalities with Lévy’s modulus of continuity theorem for the control
of the diffusive component. The use of the latter is the key point limiting our rate of convergence
in the final result. Finally, we obtain Theorem M and Corollary Bl by combining the properties
of the interpolated Euler scheme and its continuous extension with our assumptions on the drift
and diffusion coefficients.

1.4 Notations

We place ourselves in a filtered probability space (€2, F, (F)i>0, P) satisfying the usual con-
dition. The law of any random variable X is denoted by Px = Po X!, Sometimes we write
X ~ p to indicate that X has distribution p. In the whole paper, (By);c(o,r) denotes a (F)scjo,7)
Brownian motion valued in R?, ¢ € N*. We denote by NV (0,1,) the R? standard normal distribu-
tion, where I, is the ¢ x ¢ identity matrix. The LP norm is denoted || - ||, for p € (0, 00]. We write
| - | for the Euclidean norm on R?, §, for the Dirac measure at z, ||-|| for the operator norm on
Mg 4(R), the space of matrices of dimensions (d,q). We recall that, for A € My 4(R),

IIA]] ==  sup {Az{
z€RY,[z|<1



We write (E, || - ||g) for the Banach space E endowed with the norm || - ||g. Let P(E) denote
the set of probability distributions on E, while P,(E) denotes the set of probability distributions
with p-th finite moment. We write supp(u) for the support of a probability distribution p. The
Wasserstein distance on P,(R?) is denoted by W, defined by (L5)). We shall use repeatedly the
space of Re-valued continuous applications, denoted C([0, T],R%), that is,

C([O,T],Rd) = {a = (at)sefo,r) such that ¢ € [0,T] — oy is continuous}.

We endow this space with the supremum norm |[aflsup = supsepo ) |at|. The projection m; :
C([0,T]),R?) — R is defined by m(cr) = o for all (ay)epo,r) € C([0,T],RY).

A handful of further spaces will be introduce throughout the text, that we gather here for
[O,T],Rd)(Q’]:’ P) is the LP-space of random variables defined on (2, F,P)
with values in C([0,7],R%). We endow this space with the norm | - ||,.cr defined in ([BI). We
further consider the space H, cr of (F;)i>0-adapted processes in LIC)( (Q,F,P), and the

clarity. The space LIC)(

[0,7],R%)
space P,(C([0,T],R%)) of probability distributions z on C([0,T],R?) such that

/ €12 1(dE) < 0.
C([O,T]Rd)

The Wasserstein distance on P,(C([0,T],R%)) is denoted W,, see (4]). For any two probability
distributions u, v, the set of all probability distributions with marginals g and v is denoted
II(1, v). We also introduce C([0,T], P,(R?)) the space of probability distributions (14t)tefo, 7] such
that ¢ € [0,T] — u; € Pp(RY) is continuous with respect to the distance W, (see (LH)). We
endow this space with the distance

dp <(,Ut)te[0,T], (Vt)tE[O,T]> = tS[léPT} Wp(#t, V).
€ I

We also use the distance dyxp defined on H,cr x C([0,T],Pp(RY)) in BIZ). At last, the
application ¢ is key to the fixed-point argument performed in Section Bl and sends elements from

Pp(c([()?T]de)) to C([07T]7Pp(Rd)) by L(:U') = (Mt)tE[O,Tb see Lemma [T11

2 Applications

2.1 The mean-field Jansen-Rit model for multi-population neural networks

We consider the mean-field equations arising from Jansen and Rit’s model [JR95], in the
form of the equations given by Faugeras-Touboul-Cessac [F'TC09]. This model includes three
different neurons population and is used to get a deeper understanding of cortical signals, more
specifically of the emergence of oscillations in the electrical activity of the brain registered by
an electroencephalogram after a stimulation of a sensory pathway. The three populations are
organised as follows: the pyramidal population, thereafter numbered 1, the excitatory feedback
population, indexed by 2, and the inhibitory interneuron population, indexed by 3. More details
on the model can be find in [FTC09|, see in particular Figure 2 for a graphical representation.

At the level of the particle system, given a number N; € N* of neurons in population j, the
equations for the potential of the neuron ¢ in population j takes the following form

k

t 3 N t
Vii(t) = V4(0) + /0 gi(t =) (D3 TikS(Via(s)) + Ii(s) ) ds + /0 Fils)dWit,  (2.1)

k=1 /(=1



i
where, for t > 0, gj(t) = Kje 7 represents the so-called g-shape of the postsynaptic potentials

of population j, ensuring a modulation of the exchanges with time, while J ; is the strength of
the potsynaptic potentials elicited by neurons from population j on neurons of population k. We
assume that

_ Ji -
K=K >0, K3>0, mn=mn>0 73>0, Ji,j:ﬁ
J
with
0 Jip Ji3
J=1J1 0 O
J31 0 0

where Ji 2, J13,J21 and J31 are non-zero constants.

The functions [, f; from Ry to R are assumed to be Lipschitz. Finally, the Brownian motions
(W 7)o for {(i,7) i € {1,2,3},j € {1,..., N;}} are assumed to be mutually independent, and
the function S is given on R by

U
S(v) = m,

with » > 0 and 0 < vg < vy,

As the number of particles in each population grows to infinity, it is natural to expect the
system to be described by the following system of three McKean-Vlasov equations. Write ,ug for
the distribution of the potential of population j € {1,2,3} at time ¢ > 0. The mean-field limit of
(21)) is given by the system

t 3 t t
(t)=V; (t—s ; 2)uf (dx) ds (t—s)I;:(s)ds (8)dW? .
ACRAUES L >k§:1:/RJJ,ks< htd) st [ = st [ 0w, (22)

where (W1, W2 W3) are three independent Brownian motions.

One can see clearly from the assumptions made on (Z2.I)) that (2.2) fits our framework:

Proposition 7. Under the previous hypotheses on g;, J, S, I; and f;, j € {1,2,3} the system
(22) satisfies Assumptions (1) and (II).

This provides an additional proof of well-posedness on finite time [0,7] for any 7' > 0 for
the model with V;(0) = 0 for all j € {1,2,3} as treated in [FTC09]. In addition, Proposition [7]
induces a moment propagation result, in the sense that if VJ(O) € LP, p>2forje{1,2,3}, then
Vi(t) € LP at all time ¢ € [0,7).

While the numerics of the limiting equation are investigated in [FTCQ9], the fact that (2.2))
satisfies Assumption (II) provides a different path towards the simulation of the corresponding
dynamics. In particular our interpolated Euler scheme is a first step towards the numerical
investigation not only of the limiting equation, but also of the particle system and its convergence.
For models of neuron masses, one key aspect is the understanding of the steady states and of
their dependency with regards to the parameters of the system. As the parameters values change,
different qualitative behaviors might appear, thus a bifurcation analysis must be conducted to
get a clear picture of the possible outcomes. A numerical study of ([2Z.2]) and of the corresponding
particle system could shed a new light on this matter: the non-Markovian property of the limiting
equation could lead to new behaviors compared to classical model for neuron masses, see Faugeras
[ETCQ9).



2.2 A regularized equation for the 2-dimensional parabolic-parabolic Keller-
Segel model

In [Tom21], Tomasevi¢ provides a stochastic interpretation, based on earlier work of Talay-
Tomasevié¢ [TT20], of the parabolic-parabolic Keller-Segel model via a stochastic representation
which falls into the framework of (LI7)). In particular, the drift of the corresponding process
depends on the past of its law. The Keller-Segel equation describes the time evolution of the
density p; of a cell population, and of the concentration ¢; of a chemical attractant. The term
parabolic-parabolic refers to the fact that the chemical attractant itself is not constant in time,
as opposed to alternative Keller-Segel models which involve time-dependency solely for the cell
population. We refer to Horstmann [Hor03l, [Hor04] for a review of the standard Keller-Segel
model and its variations.

In the study of the stochastic representation, Tomasevié introduced a regularized problem,
[Tom21, Equation (3.6)] on which we will focus. Let T" > 0 be fixed. The equation, set in
[0,T] x R?, takes the following form

{ dX§ = b5(t, X§) + x f(f [e—x(t—s) (Kf  * ug)(X;)ds} dt + dWy, (2.3)

ps =P, X&o
where € > 0 is the regularization parameter, A\, x are positive constants, and

1 [z T |z

by (t, x) = xe M(Veo x g§) (),  gi(z) = mf 2, Ki(r):i=—g—Fr——ge 2t,

where cg belongs to H'(R?), the usual Sobolev space.

The equation (2.3)) is key to the argument in [Tom21] because drift and density estimates can
be obtained for the regularized process, those being uniform in the regularization parameter e
when a condition on the size of x is fulfilled.

A proof of well-posedness in L'(R%) for the problem (Z3) is provided in [Tom2I, Theorem
A.1] with the initial condition that Xy is an Fy-measurable random variable, where (F;)i>0 is
the filtration associated to the Brownian motion (W;);>o. A straightforward application of our
result gives a similar well-posedness in the LP framework for p > 2, implying also propagation of
moments in finite time.

Proposition 8. Let p > 2. Assume that T > 0 and Xo € LP. Then there exists a unique process
(Xt)t>0 solving 2.3) continuous in time such that || supepo ) | Xs|llp < oo.

The proof of Proposition 8, as well as the following Proposition[d is postponed to Appendix[Al
We now turn to the issue of simulating the Keller-Segel parabolic-parabolic equation in dimension
2. Asnoticed in [Tom21], the existence of the particle system corresponding to the nonregularized
particle system and its propagation of chaos is a difficult problem, tackled with the introduction
of a Markovian (enriched) particle system in [FT22]. This gives a first approach to the simulation
of the problem via the particle system.

As a first step towards a different approach, based on a direct Euler scheme for a non-
markovian particle system associated to the regularized path-dependent equation thanks to the
process from Definition Bl we prove that the interpolated Euler scheme corresponding to (2.3)
converges, in LP norm, to the desired solution, in the case where ¢y also belongs to Wl’w(Rd).
Proposition 9. Assume that co € H'(R?) N WL2(RY). Let (Xt)ieo,m be the unique strong
solution to (Z3) given by Proposition [8. Let (j(v%)ongM be the interpolated Euler scheme
defined by (LIR]). Then, for M large enough, for some C > 0 independent of M, for h = %, we

10



have

< é<m+ (h|1n(h)¢)%).

sup ‘Xtm — X%‘
0<m<M

3 Strong well-posedness

In this section, we prove Theorem [I] following the strategy sketched in Section [[3l Assump-
tion (I) is supposed to hold throughout the rest of this paper.

Let LIC)([O,T},Rd) (Q, F,P) denote the space of C([O,T],Rd)—valued r.v. Y = (Y3)sepo,r) having
an LP-norm ”YHp = [E HY”é’up]l/p = [E SUPye(o,7] ]Y}]p]l/p < +o00. For a fixed constant C' > 0,
we define another norm ||-[|,, ¢ on LIC)([QT},Rd) (Q, F,P) by
HYHp,C,T ‘= sup eiCtH sup |Ys| ‘ . (3.1)
t€[0,7) 0<s<t P
It is obvious that ||-[|, o7 and [-[|, are equivalent since
Yer? Q,FP), e Ty <|Y <Y, - 2
VY € C([QTLW)( B, e Y, <MYl e < YL, (3.2)
We define
Hp o = {Y e L” (Q,F, (]:t)tE[O,T]aP) s.t. Yis (]:t)te[o,T] - adapted.}. (3.3)

c(o.7),r?)

The next lemma shows that #H, ¢ endowed with the norm |||, 7 is a Banach space. For
simplicity we skip its proof, which can be found in [Liul9, Lemma 5.1.1].

Lemma 10. The space H, o1 equipped with H-HP’QT 18 a complete space.
For any random variable Y € LZ ( 0] ]Rd) (Q, F,P), its probability distribution Py naturally
lies in
d

= {,u probability distribution on C([0,T],R%) s.t. /

o[y (dar) < +OO} -
C([0,T],R%)

We also define an LP- Wasserstein distance W, on P,(C([0,T],R%)) by
Yu,v € Py(C([0,T],RY)),

1
W (u,v) = | in & = yl1%y, 7(da, dy)] ", (3.)

mell(p,v) /C([O,T],Rd)xC([O,T} JR)

where II(u, v) denote the set of probability measures on C([0, T], R?) xC([0, T], R%) with respective
marginals ;4 and v. The space P, (C([O, T], Rd)) equipped with W, is complete and separable since
(C([0, T1,R?), ||]l5yp ) is a Polish space (see [Bol08]).

Let us consider now
([0, 7], Py(RY))

11



= {(,Ut)te[o,T} s.t. t — py is a continuous application from [0, 7] to (Pp(Rd), Wp)}
equipped with the distance

dy ((1t)eo,1), Ve)ieom) = sup Wh(pe, ve).- (3.5)
te[0,7)

As (Pp(R%),W),) is a complete space (see [Bol08]), C([0,T],P,(R?) equipped with the uniform
distance d), is also a complete space.

For any t € [0, 7], we define m; : C([0, 7], RY) — R? by a — m¢(c) = c. The following lemma,
and its proof, can be found in [Liul9, Lemma 5.1.2].

Lemma 11. The application v : P,(C([0,T],R%)) — C([0,T], Pp(RY)) defined by

poi(p) = (po Wfl)tE[O,T] = (Mt)te[o,T]
is well-defined.

Lemma 12. Under Assumption (I), the coefficient functions b and o have a linear growth in
a and (pt)eo,r) in the sense that there exists a constant Cy o7 s.t. for every t € [0,T], o €

C([OvTLRd)v (Mt)te[O,T] € C([OvTL,Pp(Rd))a

b6t @ (uedserom)| Vot s (e a)l < Coor (14 el + Sup Wy, 80)). (3.6)
€l0,

Proof of Lemma[I2. Let 0q o1 € C([0,T], Pp(R?)) be such that Vt € [0,T], 8y o7)(t) = do and
let 0 € C([0,T],R?) be such that V¢ € [0,T], 0(t) = 0. Then
\b(w’ (/‘t)té[OvT})‘ - (b(taoﬁo,mﬂ)\ < (b(taaa (Ht)tefo,r) — b(t7075o,[o,T1)(

< L(lla = Ollsup + dy (1e)scior)- o jo11) ) = L{lelowp + 510 Wy (e, 60)).
t€[0,T]

Consequently,

\b(w Wtem)( < <£Eépﬂ [b(t,0, do0,11) | V L) (HaHsup + 2w W (1t 0o) + 1)- (3.7)

Similarly, we have

llor (2, @ (uedreom) |l < (tes[%PT] (2, 0,80 0:27) I v £) (llehs + sup Wylk o) + 1) (38)

so that one can take Cp, 117 = sup ‘b(t,O,éQ[O,T]){ VvV  sup {Ha(t,0,507[07T}) H{ V L to obtain
t€[0,7) t€[0,7)

@9). O

Before proving that the McKean-Vlasov equation (4] has a unique strong solution under
Assumption (I), we first recall two important technical tools used throughout the proof: the
generalized Minkowski Inequality and the Burkolder-Davis-Gundy Inequality. For the proof of
these two inequalities, we refer to [Pagl8|, Section 7.8] among other references.

Lemma 13 (The Generalized Minkowski Inequality). For any (bi-measurable) process X =

12



(X¢)t=0, for every p € [1,00) and for every T € [0, 4],

T T
/ Xydt g/ ([ Xell,, dt.
0 P 0

Lemma 14 (Burkélder-Davis-Gundy Inequality (continuous time)). For every p € (0,+00),
there exists two real constants CED ¢ >0 and CED G > 0 such that, for every continuous local

martingale (Xt)ieo,r) null at 0, denoting ((X)t)iejo,r) its total variation process,

£ 3], < x| <z ]

sup | Xy
t€[0,T]

Note that under Assumption (I), ¢t — o(t, X.a¢, t-n¢) is adapted and continuous, hence pro-
gressively measurable. Recall also that p > 2. A direct application of those two inequalities
provides the following lemma.

Lemma 15. Let (By)icor) be a (Fi)iejo,r) standard Brownian motion, and (Hy)iepor) be an

(Ft)iejo,r) progressively measurable process having values in Mg 4(R) such that fOT | Hy||?dt < oo,
P-a.s.. Then, for all t € [0,T],

1
2 =
’du]Q.
p

sup ‘/ H,dB,
s€l0,t] ' JO

t
<cgpel [ um
p

Proof. Notice first that it follows from Lemma [T4] that fo H.dB; is a d-dimensional local martin-
gale satisfying
s t
| Haas, JALEARD
0 0

1
Applying this, and using that when U > 0, H\/UHP = HUH%, we obtain
2

t
JACART
0

where we used Minkowski’s inequality (recall that p > 2) to obtain the last inequality. The proof
follows by noticing that [[|[U]*|p = ||U]|3. O
2

sup (3.9)

s€[0,t]

BDG
< Cd,p
P

p

N[ —
N[

< g2 [t o

S
sup ‘/ H,dB,
s€[0,t] ' JO

< obba
p - 7p

o3

Lemma 16. Under Assumption (1), for any (X, (:U't)tE[O,T])a (Y, (Vt)te[oﬂ) in the space Hy, o1 X
C([0,T),P,(R%)) and for any t € [0,T], one has

sup / [b(uaX-/\uuU“/\u) - b(u7YAu, V-/\u)] du
s€[0,t] 1J0 ,
t
< L/ [ sup ‘XS - YTS‘ + sup Wp(,u'& Vs)} du,
0 s€[0,u] P s€l0,u)

and

sup
s€[0,t]

/ [U(U7X~/\uuu'~/\u) - O’(u, Y/\uay-/\u)] dBu
0

p

13



+ Sz%pu} W (js, Vs)}du}%a

< Cd,p,L{ /Ot [

where Cyp 1, s a positive constant only depending on d,p, L

s€[0,u]
Proof. For any (X, (Mt)te[O,T})7 (Y, (Vt)te[o,T]) € Hpor X C([O,T],Pp(Rd)), for any t € [0, 7], we
have

sup
s€[0,t]

/ [b(U,X-Au,M-Au) = b(u, Yopus V-/\u)]du
0

p

t
‘b(% Xopus tonu) = b(w, Yonu, V-Au)|du

P

¢
g/ 16(wy X awgs ponn) — b(u,Y./\u,u.,\u)Hp du (by Lemma [I3])
0
¢
S /0 HL[ ”X/\u - Y/\U”Sup + dp((MUAu)Ug[O,T], (VU/\U)'UE[O,T])] Hp du

- /t HL[ sup |Xs —Ys|+ sup Wp(us,ys)] H du
s€[0,u] s€[0,u] p

(by Assumption (I) and by definitions ([L2]) and (L3))) (3.10)

gL/Ot[

and, by applying Lemma [I5]

+ sup Wy(us, VS)}du

s€[0,u] P s€l0,u]

sup

/ [U(u7 X~/\U7 ,Uh/\u) - O’(u, Y/\ua V-/\u)] dBu
s€[0,t]

p

t 1
< CC?Z?G [A H H’U(ua X-/\ua M-/\u) - U(U, Yv./\u7 V/\u)”‘ H;du] ?

By Assumption (I) and by definition of a.x, and p.x, in (L2) and ([L3]), we get

sup
s€[0,t]

/ [U(U7X~/\uuu'~/\u) - O’(u, Y/\uay-/\u)] dB
0

le)i)G / HL sup | X — Y|+ sup Wy(pus, vs) H }
s€[0,u] s€[0,u]

= Cd DGL[/O [ s€[0,u]

<30 BDGL{/Ot[

The conclusion follows by letting Cy,, 1, = V2 C’fl? GL. O

1
+ sup W, (,us,us)} du}2
P sel0,u]

2 i
+ sup W2(us,vs)|dup .
P sel0,u] P ] }

s€[0,u]

The idea of our proof of well-posedness follows from Feyel’s approach, originally developped
for the existence and uniqueness of a strong solution to the SDE dX; = b(X})dt + o(X;)dBy, see
[Bou88, Section 7].

We define a distance d, ¢ on C([0,T],P,(R%)) as follows:
(1.1, Wiepor) € C([0, T, Pp(RY)),
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dp,C,T((Mt)te[o,T}7 (Vt)tE[O,T]) = S[l(l]PT] efcth(Mt, V). (3.11)
te|0,

We also define a distance dy;xp on H, o7 x C([0,T], Pp(RY)) as follows:

V(X, (k)epom), (Vs Weiep ) € Hpor X ([0, 7], Pp(RY),

d%xp((X, (ke)efo.)s (Y (W)te[o,T])) = | X = Ylpcr +tS[18Pﬂ e Wy, ). (3.12)
€0,

Recall that X, € LP(R?) is given by Assumption (I). We define an applicatio
D¢ Hyor x C([0,T), Pp(RY)) = Hpor x C([0,T], Pp(RY))
by

VY (Y, (W)icporr)) € Hp.or x C([0,T], Pp(RY)),
P (Y, (Vt)ejo,)
t

t
- ((X0+/0 b(‘s’Y/\S’V'/\S)dS""/O U(SvY-/\SvV'/\S)dBS)te[O,T}’L(Pcb“)( (Vt)tG[OT]))).

:@(C})(Y,(Vt)te[o,T])
The application ®¢ has the following properties.

Proposition 17. (i) Under Assumption (I), the map ®¢c is well-defined, and there holds

t
1
sup [@L)(Y, L(PY))s|Hp < || Xollp + Cho,L,r(2T + CLYEV2T) + 2Cb,o,L,T/

s€[0,t] 0 p

s€[0,u]

+ 2V/208DG chLT</t du)l. (3.13)

0

s€[0,u]
(i) Under Assumption (I), ¢ is Lipschitz continuous in the sense that: for any (X,u(Px))
and (Y, u(Py)) in Hp o x C([0,T], Pp(RY)),

drier (B0 (X.u(Px)). e (Vo)) < (G + 22 ) ((X.0Px)). (Ve (P))

where K1, Ko are real positive constants which do not depend on the constant C'.

Proof. (i) It follows from Lemma [l that for every Y € H, .1, «(Py) € C([0,T], Pp(RY)).
Let v = Py. We only need to prove @8) (Y,u(v)) € Hp,cor. For any t € 0,77,

S S
sup ‘CD( YL ‘ sup {Xo—i—/ b(u,Y./\u,u./\u)du—i—/ a(u,Y./\u,u./\u)dBu|
s€[0,t] s€[0,t] 0 P
/ |b(w, Yopus Voru) {du—{— sup ‘/ o(t, Yo pu, Vopau)
0 s€[0,t] p
t s
< || Xoll, + H/ |b(u,Y./\u,1/.Au){du + || sup ‘/ o(u, Yonu, Vorn) (3.14)
0 p ||selog'Jo )

'The C in the subscript of ®¢ is the same constant C as in (Hy,c,T, [Il,.c.)- We carry this notation throughout
this section.

15



Owing to Assumption (I), we have || Xy, < +oo. For the second part of ([314), it follows
from Lemma T2 that

t
/ b(u, Yo au, Vopnw)du
0

t
< / 10(w; Yopu, vopa) ], du
p

/ HCbaLT L+ [[Yorullsup + s[up]W(usAu,cSO H

p T 2up [orall,)du

)

) (3.15)

sup | Yaul
€[0,T7

0
t

< 2Cb,o,L,T/ (1 +
0

t
< 2C’b,o,L,T/ (1 +
0

sup Yl
s€[0,T7]

s€[0,u]

where we used that sup,c(o 1 HYsAqu < and

supgefo, 7] | Yonul )

sup \Ys/\u!
s€[0,T]

s€[0,u]

By definition of || - ||,.c,7, we deduce

where we used ([3:2) in the following way

t t
/ bty Yras Vo) || < 2Ch g1 / (14T Y o )du < +o0,
0 0

p

S e“TY, o < +oo. (3.16)

s€[0,u] p s€[0,T7]

On the other hand, by using Lemma [15]

t 1
2
sup | / ot Yousvn)dB | < CEPO[ [ llotu Yo, |
0

s€[0,t]

p

As before, we then invoke Lemma [I2] to obtain

sup ‘/ u Y/\ua”/\u)
s€[0,t]

p

< CEP] [ [Chmair (1 Wl + 500 Wytonn ) [}

BDG br 2 2
SCd,p Cb,o,L,T{/ 1+ sup Dfs/\u’ + sup Wp(ys/\w(SO)] du}
ot s€[0,T] P s€0,T)

BDG br 2 2
< O Comnr{ [ [1+] st Won] + sup ol ] ]
0o *+ s€[0,T s€[0,T]
- 1
2
< CEP9 Cpoun{ [ [1+2 sup. Vo Jau},
0o - s€l0,T

where we used again the convex inequality supgc(o 7] HYs,\qu <

SUPse(o,71] |Yiru|l| - Using again
p
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H SUPsel0,T] [Ysnul » » we get

s 1
sup ‘ / U(u7y/\wy-/\u) du}2
0

s€[0,t]

t
<Cd DGCboLT{2T+8/
0

s€[0,u]

t
< CCEIPG Cb,J,L,T<\/ﬁ+ 2\/5{/

0

p

au}?)

(3.17)

s€[0,u]

< 400,

where the last inequality of the above formula is due to ([B.16), and where we used va+b <

Va+ Vb for a,b > 0.

Hence for every t € [0,T1], || sup ‘q)( (Y L ‘H < 400, which directly implies
s€[0,t]
H‘I)(cl)(Y7L(V))H = sup e | sup ‘fb( (Y, (v ))S‘ < +00.
pOT tefo,1] sef0,] )

Thus CID(CU (Y,u(v)) € Hpcr. The inequality (BI3) follows by injecting (B15) and BI7) into
B.14).

(7i) We split the proof of this inequality into three steps.

Step 1. We first prove that for any X,Y € Hp o7, dpor(L(Px), (Py)) < || X — Y{,cr In
fact

dp7C7T(L(Px),L(Py)) = sup e*Cth(PX o w[l,Py o 71;1) < sup e ¢ | X — Y}Hp

t€[0,T] te[0,7
< sup e sup X, - Yil|| =X =Y, cp-
te[0,T] s€[0,] p

Step 2. We prove that @8) is Lipschitz continuous, in the sense that

2L C’d,p,

T | EE M (3.18)

H<1>(c})(X, () — @él)(y,b(u))Hp’aT < (C c

where Cy, 1, > 0 is the constant given by Lemma [I6] and is independent of the parameter C' of
the application ®¢. For any X,Y € H,cr, set p = Px and v = Py. Then

) -],

/ (b(u,X.,\u,,u.Au) — b(u, Yaq, V.,\u))du +/ (U(U,X.Au,,u.,\u) — o (u, Y rq, l/./\u))dBu

0 0 p,C.T
< / (b(ua X-/\ua M/\u) - b(u, Y/\u, l/./\u))du

0 p,CT

+ ‘ / (o (us Xopus pron) = (U, Yoru, Voru) ) d By

0 p,C.T
S
= sup e “| sup / [b(, Xopus poonu) = D, Yor, Vonu) | du (3.19)
(0,77 s€0,] ,
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+ sup e ¢t

t€[0,T]

sup
s€[0,t]

/ [0 (ty Xopus fona) — 0 (1, Yoru, Vonu) | dBu
0

p

We treat the two terms in ([B.I9]) separately. Owing to Lemma [I6], we first have

sup e ¢t

t€[0,T]

t
< L sup e_Ct/ {
t€[0,7] 0

sup
s€[0,t]

/ [b(u,X.,\u,,u./\u) - b(u,Y.Au,V./\u)}du

s Wl )

s€[0,u] P s€l0,u]
t
< L sup eCt/ { + sup HX YH ]
te[0,T) 0 s€[0,u] s€[0,u]

(Since WP(M&VS) < ”XS - an)

t
< 2L sup eCt/ ecu(efc“
t€[0,T] 0

LL

t
< 2L sup eCt/ eCldu || X — Y|, cr (by the definition of ||-[|, o7 in B.1))
te[0,T] 0 o o

s€[0,u]

=2L sup e~ —
te[0,7] C Pt

2L
S X =Yl,cr-

On the other hand

sup e || sup / [a(u,X./\u,,u./\u) —a(u,Y./\u,y./\u)]dBu
t€[0,T] s€[0,t] »
t 1
< sup e_CtC’d,p,L{/ [ + sup W, (,us,us)]alu}2 (by Lemma [I6])
t€[0,T) 0 s€[0,u] s€[0,u]
t 1
< e/ / + X, -Y,
< e “Gonr J, Ul 2, s I = el

< V2Cy,1 sup e—C’t{/ ezcu(e—cu
0

t€[0,T]

oo}

s€[0,u]

1
<\/—CdpL||X YH or S[lé}i;}e Ct{/o eQCudu}Q

QCt_l 1

_ € 2
<V2Cy,1||X Y| sup e Ct[i]
Py p,C,T +e[0.T] 20

Cy
< bl x — Yil,cr

\/_

since supyeo, 1) € Injecting those two results in (3.19]), we obtain (B.I8]).

1
—Ct|e2Ct_1]2
2C

1
SN Tok
Step 3. We combine the results of the previous two steps to conclude. We have, from the

definition of dy«p BI12),

droep (®c(X,up)), 0o (Y,u(v)))

- oot - a0 ;

e (P o, L(v»)

»,C, o8 (X ()’
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and using Step 1, and (BI8)),

dyxp ((I)C(Xa L(M))7‘I)C(Y7L(V))) < 2(2; + ij—’ ) |1X =Y, cr

2L Cdp L
< - .
_2(0 + \/a )dHXP<(X7/’L)7(Y7V)>
The proof follows by letting K7 = 4L and Ko = 2Cy ) 1. U

To obtain the precise description of the upper bound of || sup,cpo 7] |Xslllp, we will need the
following version of Gronwall’s lemma. We refer to [Pagl8, Lemma 7.3] for a proof (among many
others).

Lemma 18 (“A la Gronwall” Lemma). Let f : [0,T] — Ry be a Borel, locally bounded and non-
decreasing function and let ¢ : [0,T] — R4 be a non-negative non-decreasing function satisfying

1

t t 2
we0.1) f0) <A [ feds+5( [ Fos) + o,
0 0
where A, B are two positive real constants. Then, for any t € [0,T],
f(t) S 26(2A+B2)t'¢)(t).

Proposition [I7] directly implies the existence and uniqueness of a strong solution of the
McKean-Vlasov equation (L4]) as shown below.

Proof of Theorem [ Proposition [I7 implies that ®¢ is a Lipschitz continuous function. Thus,
Fo = ®c(Hpcr x C([0,T],Pp(RY))) is a closed set in Hpcr x C([0,T],Pp(R?)). Moreover,

for a large enough constant C', we have (% + %) < 1, so that ®¢ is a contraction mapping.

Therefore, ®¢ has a unique fixed point (H,(Py)) € Fo C Hpcr x C([0,T], Pp(RY)) and this
process H is the unique strong solution of the McKean-Vlasov equation (L.4]).

We turn to the proof of (L.8]). Let (X, Px) be the unique strong solution of (I.4]). Then,
o\ )(X t(Px)) = X since X is a fixed point of the application ®¢. Therefore, (3.13]) takes the
following form

¢
< | Xollp + Coo,L,0(2T + CEPEV2T) + 2Ch 611 / e
P 0 "'s€l0,u]
. 1
+ 2\/§C££G0@mLT (/ du)
0 s€[0,u]

We let f(t) := H

, and apply Lemma [I8 to get
P

< CpapoLre b BTHL 4 | Xo ),

s€[0,t]

with the constant Cp, 4p 51,7 > 0 defined by
Cp.apo,rr = (4Ch o7 + 8(C££G Coor,1)?) V2(1V Chorp 7T + V2T Cfé)G Chorr)- (3.20)

The conclusion follows by choosing t =T and I' = Cp7d7b707L7TeCP’d7b’<”L’TT. ]

19



4 Interpolated Euler scheme and associated convergences

This section is devoted to the proof of Theorem [ For this purpose, we first define the
associated theoretical continuous Euler scheme ()Nfg\/[)te[oﬂ of ()Nfg\n{)ongM from (LI2]). We use
the same temporal discretization as Definition Bt let M € N*, h = % For every m = 0,..., M,
we set t,, = mh. As the size of the discretization parameter M will sometimes play a role, we
write ()NQM )t>0 when we wish to emphasize the dependency of the process in M and omit this

superscript when it is clear from context.

Definition 19. Given a Brownian motion (Bi)ico1), Xo € LP(R?) and the discretize scheme
(X!

to:tyy) With the associated probability distributions (ﬁ%jtm) from Definition [3, using the same

notations by,, o, as in (LI3), we define the continuous Euler scheme, (?N)tem] by setting, for
all t € (tm, tmia],

{ j\(/é\l = X(]a

. ~ ~ _ ~ ~ (4.1)
XM = Xt% + (t = tm) b (b, Xt%tm7 :“%[:tm) + om (b Xt%tm7 N%[:tm)(Bt - Bt,,).

According to the definition of b, and o, in (LI3]), the continuous Euler scheme (4.1]) writes,
for t € (tm,tm+y1], m € {0,..., M — 1},

XM = X (=) b (s i (X ) i (1) ) + 0 (s (X, ) i () ) (Bt = B, )-

In order to compare this with equation (L4]), we write, for all ¢ € [0, 77, aM for the distribution
of XM, and for all m € {0,..., M — 1} we set

timtyn,  [ti=m i t€ [t tmr). (4.2)

With this at hand, the process (X)o7 satisfies

— — t — t
XtM - Xé\/[ + /O b(ﬁ’ Z[é] (Xt]\o/lit[g ) ) Z[é] (ﬁi\g[lt[g )) ds + /0 g <§’ Z[é] (Xt]\o/llt[§] ) ’ Z[é] (ﬁi\g[lt@)) dB;. (4'3)

Theorem [4] is a direct result of the following proposition.

Proposition 20. Under Assumptions (1) and (II), for (Bi)sejo,r) an RI-valued Brownian motion,
for (Xt)ieo,1) the unique strong solution to (L4) given by Theorem [, for ()N(}”)te[w] the Euler

scheme from Definition [19 with parameter M large enough, for h = %, one has,
—~ ~ 1
sup ‘Xt - XtM‘ < C’(hv + (h|In(h)|) 2), (4.4)
t€[0,T] »

where C > 0 is a constant depending on L, p,d, HXoHp,T and 7.

This section is organized as follows. Section 1] shows several preliminary results for the
interpolator i, that will be used for the proof of Proposition Section gathers several

properties of the process (XtM )t>0 from Definition[I9] Finally, in Section €3] we prove Proposition
20l Theorem M and Corollary Bl

Remark 21. We might define the classical continuous Euler scheme (Xt)tzo by setting

1. XO = Xo;
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2. forall m e {0,...,M — 1}, t € (tm, tm+1]

Xt = X, 4 (t = tm) 0(tms XAty Aotn) + 0 (b XAty Bonte) (Bt = By, ).

The convergence of this non-implementable continuous Euler scheme towards the solution of (L.4))
can then be proved using similar arguments as those developed in this section.
4.1 Preliminary results

We gather several properties that will be used for the proof of Proposition For two
probability measures p, v € P,(R?) and for A € [0, 1], we define Az + (1 — A\)v by

VB e BRY, (Au+(1—Nv)(B):=M(B)+(1-ANv(B). (4.5)
It is easy to check that Ay + (1 — M) € P,(RY).
Lemma 22. Let i, v € Py(RY) with p > 1.

(a) The application 7 : A € [0,1] = 7(A) = A+ (1 — N)v € P,p(R?) is %—Hb'lder continuous with
respect to the Wasserstein distance VW,. Moreover, for every A1, A2 € [0,1], we have

1
Wo(T(A1), 7(A2)) < A1 = Aa| P Wp(p, v).
(b) Let 8y denote the Dirac measure on 0 € R%. Then

)\Sl[lp] Wp(T()‘)a 50) < Wp(ﬂ,%) v Wp(V, d0)-
€[0,1

Remark that Lemma 22] implies that the interpolator 4,, defined by (LI0) and (LII) is well
defined.

Proof of Lemmal22. Let X,Y be such that Px = u, Py = v and consider another random
variable U having uniform distribution on [0, 1], independent of (X,Y"). One can easily check
that for all A € [0, 1],

1{U§>\}X + 1{U>>\}Y ~ T()\)
(a) Let A1, A2 € [0, 1]. We assume without loss of generality that A\; < A2. We have
WP (T(A1), 7(A2))
P
< Hl{Ug,\l}X + LosaY — Lo X — 1{U>A2}Y‘ }

E
p
=E H —lpg<o<n X + 1{,\1<U§/\2}y‘ ]
E [y cvan| X —Y[P] =P <U < X)E [|[X = Y['] (as U L (X,Y))
~ e MR w6

Taking the infimum over (X,Y) € II(x, v), we find
1
Wo(T(AM1),7(A2)) < (A2 = M) P Wp(p,v),

where W), (u, v) is finite since p, v € P,(R?). This concludes the proof of (a).
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(b) For every fixed X € [0,1],

WE(r(N).b0) = E [[ X1y + Yiwn|']
=B |[X1ren + Yoy Lo | + B[ [X1pey + Vg sy
=E [|X["1wen | +E ||V Lpsn] = E[XP]+ (1 - NE[|Y]]
< AWP(11,80) + (1 = NYWE(w, 80) < WP (11, 50) V WE(v, 6).
Then we can conclude since the previous inequality is true for every A € [0, 1]. O

Lemma 23 (Properties of the interpolator i,,). Let m € {1,...,M}.
(a) For every xo., € (RY)™+1, l3m (0:m) lsup = SUPo<<m [T]-
+1 .
(b) For every pomm € (Pp(Rd))m » SUP¢e[0,71] Wp(lm(ﬂo;m)t,%) = SUPg<<m Wy, 0o)-

Proof of Lemma[23. (a) First, it is obvious that supg<j<,, [7x] < Hz’m(x():m)Hsup by the definition
of i,,. For every k € {0,...,m — 1}, for every t € [tg,tr+1], we have

lim (zoom)e| < k] V zpg1] < sup  |a] (4.7)
0<k<m
and for every t € [tm,T], we have |iy(Zo.m)t| = Tm < SuPg<p<m [k Then we can conclude
SUPop<k<m ’xk’ = ||im(x0:m)Hsup'

(b) First, it is obvious that sup,cio. 71 Wp (im (10:m)t5 00) = SUPg<p<m Wo(ttk, d0) by the definition
of i,,. For every k € {0,...,m — 1}, we have

sup W, (im(MO:m)t7 50) < W, (ks 00) V Wh(ptk+1,00)  (by Lemma 22H(D))

t€[tr k1]
S sup Wp(:uk750)
0<k<m
and
sup W, <im(uo:m)t,5o) = Wy (tim,d0) < sup Wp(px, o).
t€[tm, T 0<k<m
Then we can conclude that supcp 7 W (im (10:m )t5 00) = SUDPg< < Wo (ks 60). O

4.2 Properties of the discretization scheme

We gather here several properties of the process (XtM )t>0 from Definition [[9

Proposition 24. For all M € N*, write ()N(}”)te[w] for the process from Definition with
parameter M. Then under Assumptions (I), we have

(a) For every M € N*, || SUPyefo, 7] |55t]\/[|”p < T(1+ || Xollp) with the same constant T' from The-
orem 1.

(b) There exists a constant k depending on L,b, o, HXOHp,p, d, T such that for M € N* large
enough, there holds

< 1 (h|In(h)|)%.

sup sup
0SMEM—1 vE[tm,tm1]

XM - x|
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Proposition 24] directly implies the following result.

Corollary 25. Under Assumptions (I), we have, for a large enough time discretization number

M e N*,

N

H | =i (Ki) < 2 (b In(h)|)

sup

1
and  dy ((Giedrepo.rys ine (egns,) ) < 36 (B n(h)]) 2. (4.8)

Proof of Corollary[24. Let M be fixed and large enough. We drop the superscript in XM for
simplicity. It is obvious that

H)}: — iy (j(vto:tM) = sup sSup Xt — M (Xto:tM)t‘
Sup  0<m<M—1 t€[tm, tm1]
< sup su HXt X, ‘ + ‘ZM Xto tar)p — )?tmu
0<m<M —1t€[ty, tm+1
S sup su HXt Xt ‘ + ‘Xt 11 Xth
0<m<M—1te[tm, tm+1
<2 sup sup | X; — Xtm‘. (4.9)

OSTTLSM— 1 te [tm 7tm+l}

Then we conclude by applying Proposition 24}+(b).

Consider now random variables (Up,) o<m<n 1.i.d. having the uniform distribution on [0,1] and
independent of the process (X¢);c(o,7)- For every m € {0,..., M — 1} and for every t € [ty tim11],

N g} Xem + L < ispm Xy ~ i (X 1
Then

dp <(ﬁt)t€[0,T} ) Z]\4 (ﬁto:tzu)) = Sup Wp </7/ta 7/1\4 (ﬁto:tjw)t>

te[0,7
= s swp Wy (F i (Fen), )
0<SM<M—1 t€ [ty by 1]
< su ‘X 1 t—tm va —1 t—tm j(vm
0<m<IJ\)/I 1te[tmtm+1] t— {Um>t}f } t {Umgt}f } tmt1 »
< sup  su (HX X, )1 HmHJrHX X, )1 tth)
e T A e e e G
—~ —~ 1
<3 sup sup || X — Xth < 3k (k| In(h)])?, (4.10)
0<M<M—1 €[ty tm+1]
where the last inequality comes from Proposition 24}(b). O

Proof of Proposition[2f] (a) Step 1. In this first step, we prove that for every fixed M € N*

H sup |)N(tk | H < 400 (4.11)
0<k<M p

by induction. First, || Xy, llp = | Xo|l, < 400 by Assumption (I). Now assume that, for some [ > 0,
H SUPp<j<i |)N(tk| ‘ < +4o00. It follows that
- P

H sup |th

0<k<i+1 +Hp

< || sup |Xio|+ (1K | = sup |X])
p 0<k<l 0<k<I
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< || sup ‘th‘ + (‘thlﬂ‘ — sup ‘th‘) H (by the Minkowski inequality)
0<k<lI p <k<l +1ip

< || sup K| +]| (1K | - |th|) I, < e 1%+ ] 1K | = 1Kl |
0<k<I P +lip 0<k<I P
< sup |th| + X/tl‘i’l *th H . (412)
0<k<l P P
Moreover,
HEZ+1 — thH = thl(tl,j\(/toztlaﬁto:tl) + \/EUl(tl,Xtoztl,ﬁto:tl)zlﬂH
< T ), = o ) ] 5],

(by the definition of b; and o; in Definition 2l and as Z;11 L o(F,))
< (h + \/Ecpg) ch,a,L,T<1 + le (Xtoztl)Hsup + S[UP W (i (Fio: tl)t,50))

where we used Lemmal[l2, where Cp ; = || Zj41 ||, < 400 as Zj+1 ~ N(0,1,) is a constant depending
only on p and q. We now invoke Lemma 23] to obtain

Hj\(/tbrl - th

) < (h + \/ECp,q) HCb@LT (1 + Os<1]1£l |Xt { + OSllchil W (Htk,50)> Hp (4.13)

< Cyo,1,T <h + \/EC’M> (1 + H sup ‘th{

+ sup [|%e,]],)
0<k<li

‘p 0<k<l

< CyorLT <h + \/Ecp,q> (1 + 2“ Sup {Xt | Hp)

0<k<l
< 400 (4.14)

where we used the induction hypothesis to obtain the last inequality. Thus H SUPO<k<i+1 |th ‘
+oo which concludes the proof of (£I1]) by induction.

<
p

Step 2. We prove that H SUPe(o,7] |3(vt| H < +4o0. First, by (@3] we get for every ¢t € [0,T],
p

u€(0,t] p
_ sup ‘Xo + / b( [s] ()(,50 t ) Us] (,u,,g0 ) ) )ds (4.15)
u€(0,t] 0

+/Ou (823 (Kt ) 66 (o) ) ,
< |1 Xoll, + | /0 (i (Krgy ) 0 (o) )| s

sup | /0 o (110 (Kot )15 (o) )

u€[0,t]

n (4.16)

where we used Minkowski’s inequality to obtain the second inequality. The second term in (4.15))
can be upper bounded as follows: using Lemma [T3]

H/Ot ‘b(§’i[ﬁ]()?tonf[ﬁ})’i[ﬁ](ﬁtmt[é])>‘d5Hp < /Ot Hb(&i[ﬁ]()?to:t[s) i) (Fito: ts) >H

< /0 tHCmevT(H||i[§1()7to:t[§])||sup+ Sup Wit (i) w90))|| ds
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t
Z/ ch,a,L,T 1+ sup {thﬁ- sup Wy (fir,, %o )H
0 0<k<[s] 0<k<[s]

( )ds

< TCb,a,L,T+QCb,a,L,T/ H sup ‘th
0<k<[s

t
= / Cb,o‘,L,T<1 + 2 H sup ‘th‘
0 0<k<[s

(pds (4.17)

which is finite by (4.I1]). We used Lemma [I2] to obtain the second inequality, and Lemma 23] to
deduce the next equality.

Moreover, combining Lemmas [I5] and [I2] the third term in (@I5]) can be upper bounded as
follows

sup ‘/ ENIE! Xtot ) [s](“tot[ )>

u€(0,t]

< CfI?G{/O HCb,a,L,T<1 + [lig) ()Zgo;t[il)llsup + uzl[épT}W o (i1s] (Fto:tyy ) ,50)> Hid‘s}%

p

t ) 1
= CEPo{ | umaar (4 sup K]+ sup W) s}
0<k<[s 0<k<[s] p

<V2T CPPY Chorr +2C7P% Coorr /H sup[]‘th
0<k<[s

Cds}% (4.18)

which is again finite by (4.I1]). We used again Lemma 23] to get the third line. We conclude that
H SUPye(o,7] {Xt{Hp < 4o00.

Step 3. We conclude the proof of (a). Using that

H sup {th|
0<k<[s

P
€[0,s]

by the definition of [s], see ([£2), the inequalities (AI5]), (ZI7) and (ZIF) in the previous step
imply that for every ¢ € [0, T]

u€(0,t] p

t
<1 Xollp + T Chror + 2 Chonrr /
0

u€(0,s]

t
+V2T CPPY Cy o + 20 7PC Cb,o,L,T{ /
0

J

u€l0,s]

Hence, by applying Lemma [I§ with f(¢t) :=

, we obtain
P

u€[0,t]

< Cp7d7b7U7L7TeCp,d,b,o,L,Tt(1 + ”XOHp)
u€(0,t]

with the constant Cp 44,17 > 0 defined by (3.20). Then

< Cp,d,b,J,L,T eCp,d,b,o,L,TT(l + HXOHp)’
u€[0,T)
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and we conclude by recognizing I' = C}, 440,17 eCrdbor T from Theorem [

(b) By hypothesis, M is large enough so that h = % < % We have

sup sup XU — Xtm‘
0<M<M—1 v€[tm tmi1] p

< sup sup (’U - tm) bm(tm, Xto:tm, ﬁtoztm) + O'm(tm, Xto:tm, ﬁto:tm)(Bv - Btm)‘

0<m<M —1 vE[tm,tm—1] p
< sup sup H(U —tm) b (tm, Xtoztm,ﬁto:tm)‘+ ‘Jm(tm, KXtoitms Btortm ) (By — Btm)‘ ]

0<m<M —1 vE[tm tm1] P
< sup [h‘bm(tm,Xto:tm,ﬁtoztm)‘ + H‘Um(tmaXto:tm,ﬁto:tm)‘ sup B, — Btm“|

0<m<M—1 VE[tm s tm+1] »
<h sup ‘bm(tmaXto:tmaﬁtoztm)‘

0<m<M—1 »
+ sup wam(tm, Xtoztm,ﬁto:tm)‘ sup B, — By, ”
0<m<M—1 VE[tm tm+1] D

where we used that |t,,11 — t;,| = h and Minkowski’s inequality. We now apply Lévy’s modulus
of continuity theorem, see e.g. [CR81), Theorem 1.1.1] to handle the Brownian component in the
last inequality: there exists My > 0 such that for M > M,

sup sup )N(U — Xtm‘ ' <h sup ‘bm(tm,)?to:tm,ﬁtoztm)‘
0<mMEM—1 vE[tm,tm 1] 0<m<M-1 )
1 S
+2(h{ln(h)|)2 sup H‘ O-m(tm?XtO:tm?lu’tOZtm)H‘ .
0<m<M—1 »

We now treat the two terms on the right-hand-side of this inequality. First, by definition of b,,,

sup ‘b(tm,im(;(to;tm),im(ﬁtoztm))‘

sup ‘bm(tm,)?toztm,ﬁtoztm)‘ " =
P

0<m<M—1 0<m<M—1 »
< su Cy (1—}—1’ )Nf:m + su W(z Leto:t ,5))

OSmSS\)dfl b i (Xto: )Hsup ue[OPT} pLim () P

(by Lemma [I2])

<| s Coorr(1+ sup [Xil+ sup Wy(fi.d) )| (by LemmaZ)

0<m<M-1 0<k<m 0<k<m P
< C'b,a,L,T<1+ sup | Xp|+ sup Wp(ﬁtk,50)>

0<k<M 0<k<M »
< Cb,a,L,T(1+2H sup |5(:k|H ) < Cb,a,L,T<1 +2F(1—|— ||X0||p)) < 400. (4.19)
0<k<M p

Let C, = Cb7U7L7T(1 +20(1 + HXOHP)), where we recall that I' is given in Theorem [II By a
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similar computation, we obtain

< (..
P

sup m O-m(tmaXtoztmaﬁto:tm)m
0<m<M-1

1
Then, using that for h € [0, 1], h < (h|In(R)|)2,

~ ~ 1
sup sup ‘XU - Xtm‘ < 3C,(h|In(h)|)> (4.20)
0<M<M—1 vE[tm tmi1] »
and we can conclude by letting k := 3Ck. O

4.3 Proof of Proposition 20, Theorem [4] and Corollary

Before turning to the proof of Proposition 20l we briefly prove Theorem M and Corollary [El
which are two easy consequences of Proposition

Proof of Theorem [} The proof is straightforward since

sup ‘Xtm - X%‘ < || sup ‘Xt - )?tM‘
0<m<M o o) »
by the definition of ()N(%)O<m<M and ()?tM)te[o 1] in Definition Bl and Definition [I9 O
~ o~ 1
Proof of Corollary[3. Corollary implies that H HX — X||Sup ||p < 2n(h| ln(h)|) 2, Then the
result is a direct application of Theorem [l O

Proof of Proposition [201. For every s € [0,T], we have

XS - XVS = /0 |:b(’l,L, X-/\LH M/\u) - b(g7 Z[g} (j(vto:t[u])7i[g} (ﬁto:t[y]) )] du
+ /0 |:O'(’U,, X-/\u7 M/\u) — 0 (Q7 Z[g} (Xt():t[m ) ’ Z[g} (ﬁto:t[u]) >:| dBu7

and we set

0= [ sup [, 5.

s€[0,t]

p

It follows from Proposition B4+(a) that X = (j(vt)te[o,T] € LJ’C)([0 11 Rd)(Q,]—", P). Consequently,
e Py (C([O,T],Rd)) and () = (ﬁt)te[o,T] € C([O,T],Pp(Rd)) by applying Lemma [TTl Hence,

F(t) = || sup | X, - X,

s€[0,t]

p

<| /Ot 605, X s pon) = 0(5: 7 (Koo} g (i) )| s

+ sup
s€[0,t]

< /Ot Hb(37X'/\S’M'/\S) B b<§7i[§} (Yto:t@])’i[ﬂ (Bitortyy ) >Hp ds

/os [U(U,XJ\UHU“/\U) - U@’ZM (j(vtoi[y])’i[ﬂ] (Beostyy) )] B

,
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BDG / Hm Sy Xonsy fons) —0‘<u Uy }(Xtotu] ] Mtot )H‘H dS] (4.21)

using Lemma The first term in (£2I]) can be upper bounded by
t =5 ~
A Hb(sy X-/\s’ :U’-/\s) - b(§, Z[§] (Xtozt[é] ) ) Z[§] (:U’tozt[é]) > Hp ds
t
< / [[b(s, Xpss pons) — b(s, X-AS,M-AS)HP ds
0
t —~
+ / Hb(§a X'/\S7 Iu’-/\s) - b(§a 7/[§] (Xto:t 5] ,U’to t[ ) H (422)
0
For the first term in (£22]), we use Assumption (II) to obtain
t
b6 X ) = bl X
0

t
< [ L)t Xl + 5D Wiunas o)
0 u€[0,T) p

< (LT +2LT| sup |X[|)h”
t€[0,T]

|s — s|["ds

< W2LTT(1 + || Xoll,), (4.23)

where we used (L.8]) to obtain the last inequality. For the second term of ([£22]), we have

/0 t o5 Xnss .ns) = b( 3155 (Kt )5 (o) >de8
< /Ot H L |:HX~/\S - Z‘[§] (j(vtozt[ﬁl)
= L/ot H 1 78 = 1) (Kt

< L/ot 1A = Xonoll Hp ds—i—L/O 1% rs = g (Kt

{sup + dyp ((Mv/\s)ve[O,T]7i[§] (/jtozt[ﬂ)>i| des

t
‘ ds + L/ dp <(,U'v/\s)v6[0,T}7i[§} (ﬁto:t[ﬁl)>ds

sup

(ds

t

t
+ L/ dp((lu'v/\s)ve[O,T]a (ﬁv/\s)vé[O,T])dS +LA d ((le\s)ye[o T)» [s] (Mto its) ))ds

t
<o
0

t 1
+L/ sup Wy(tto, fiv)ds+3LTk(h|In(h)|) 2
0 vel0,s]

(h|In(h)]) ;

v€E|0,s]

<L/ f(s)ds + LT 5k (h| In(h b X, — X, .d

=L s)ds + /{( { n( )|) + /0 vséll()};}” v — va s
t 1

< 2L/ f(s)ds +5LTk(h|In(h)|)2, (4.24)
0

where we used Corollary [25] to obtain the fourth inequality. Now we consider the second term of
(4.21)). It follows by applying Lemma [I5] and norm inequalities that

CEP[ [ ot %nsne) = o (st ()t ) )| 8]°
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t 2 1
<VACEP| [ ot X sene) = s, Xonso ) 5]

t N 2 1
+ \/ECdBipDG[/ ‘HHU(§, X-/\SHU/-/\S) - O-<§)Z[§} (Xtoit[é]),i[é} (ﬁto:t[él) >‘Hde8:| 2. (425)
0
For the first term in (£20]), we use the same argument as the one giving ([{.23]) to get
t 2 1
[ / s, X ) = o Xl ds] < W7 (VET + 2VTTo(1 4 | X)) (4:26)
0

for some constant I'y > 0 depending explicitely on « from (L8]) and the constants of Lemma [I3]
and Assumptions (I) and (IT). The second term of (£27]) can be upper bounded as follows

BDG / HH‘ = XAS’MAS)_U(ﬁ’i[ﬁ](thoit[sl)’i[ﬁl(ﬁto:t[sJ))HHCdS];

< VOS] [ 1 1 = 0 R + o (Gronectrs g () ]

9 .1
< 28082 [ s i R 5]

sup||,,

2 1
+2LCBDG|:/ dp((ﬂv/\s)ve[O,T}ai[ﬁ] (ﬁto:t[ﬁ])) ds] ’
0
BDG ¥ 2 12
< 2vaLepPs| /0 160 = Tl | 2]
- rt . — 2 1
+ 2/ CE [ 1% = i R o [, 5]
- t
+ 2\/§LC£IPG _/0 dp((#v/\s)ve[O,T}, (ﬁv/\s)vE[O,T]) dS
- t 2
+ 2\/§LC£DG _/0 dp((ﬁv/\s)ve[O,T}’i[g (ﬁto:t[él)) dS}
< 4v2LCpPe / £(s 2d5 +2\chd SDET 5 (h| In(h)])

1

[E——

|

N[

(4.27)

by a similar reasoning as the one leading to (4.24]). Bringing those inequalities together, we find
t 1
f(t) <L2nYTT (1 + || Xollp) + 2L/ f(s)ds +5LTk(h|In(h)|)2
0

+ WY (V2T + 2VT To(1 + || Xolp)) +4V2L CfI?G[/Ot f(s)2ds] :

l\.DI»—A

+10v2 LCPPC VT k(h| In(h)]) 2. (4.28)

The conclusion follows by applying Lemma, [I8]
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A Proofs for Subsection

We provide in this appendix the proofs of the results from Subsection

Proof of Proposition [8. It suffices to show that Assumption (I) is satisfied. Since the diffusion
matrix is the identity, we only need to focus on the drift coefficient. We recall from [Tom21l Proof
of Proposition 3.9] that there exists C. > 0 such that for all ¢ € [0,T] and z,y € R?

[66(t, ) = bo (8, y)| + [ K (x) = Ki(y)] < Celw —yl, (A.1)
where for t = 0, we consider the natural extension of b and Kf, namely,
b5(0,2) =0 and Kg(z) = 0. (A.2)

Using this, one sees easily that b satisfy the Lipschitz condition in the sense of Assumption (I),
the continuity in time being straightforward from its definition. The continuity in time of the
second drift term

A(ta z, (IU'S)SE[O,T]) = / A=) / }—(t6 s MS(dy)] ds,

is deduced from the form of Kf(z). We focus now on the Lipschitz condition for this term.
We have, for all t € [0,T], z1,22 € R and (pt)rejor), (V)tepo,r) in C([0,T], Pp(RY)), by triangle
inequality,

At 21, (1) scto11) = Alt 22, (%)sefo )|
] [N [ (Ko=) - Ko = )t o
x| [ [ K= )= ) s
.= B! + B?,

the last equality standing for definitions of B} and B?. Using Jensen’s inequality and (AT, we

obtain
Bl < §c€|gc1 —zo|(1—e M) < §c€|x1 — o]

For the second term, we recall the dual representation of the Wasserstein distance W; (see e.g.
[Edw11], [Vil09, Remark 6.5]), namely, for every u,v € P;(R%),

Wi (p,v) = sup { / odyp — / pdv ‘ ¢ : R? - R Lipschitz continuous
R Rd
with Lipschitz constant [¢]ri, < 1}

and the fact that for every u,v € Pp(RY), p > 1, Wi(u,v) < W,(i,v) (see e.g. [Vil09, Remark
6.6]). This implies

t
Bt2 < X/O ei)\(tis)cs Wp(MSaVs)ds < %Cg dp((ﬂs)se[O,T}a (VS)SE[O,T])7

which concludes the proof that the drift coefficient satisfies Assumption (I), and the proposition
follows by applying Theorem [II O
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Proof of Proposition[d. We treat the two terms of the drift separately. Again from [Tom21l Proof
of Proposition 3.9], there exists Ce > 0 such that for all ¢ € [0,7], x € R,

K@) < Ce. (A.3)

where for ¢t = 0, we consider the same extension of K as in (A.2]).
Step 1: Term involving b§. Note that, for ¢ € [0,7], z € RY,

€ -\t 1 Jo—yl?

bo(t,z) = xe » Veo(y)presme 28 dy.
Hence
€ € —At 1 1 *M
by (t, ) = —AbG(t, ) — xe Veo(y) Grozase 2 dy
R4

)t 1 |m y|2 | 7?4‘2

— xe Veo(y )t+e e 2t dy.

R4

From (A.3)), the only singularity at ¢ = 0 is on the last term on the right-hand side, and easily
handled by considering the change of variable y — (z — y)/v/t from R? to R2. Using that
co € H'(RY) N WH(R?), we deduce that for all £ > 0, 2 € R?,

|0bg(t, )| < C
for some constant C' > 0 independent of ¢.

Step 2: Term in A. With the same notations as before, we consider, for 0 < v < t, z € R%,
(Mt)tE[O,T] € C([Oa T]’ Pp (Rd))a

A(t,x, (us)o<s<r) — A(u, 2, (1s)o<s<T)

[ [ Kie - pntanas (A1)

+/ e A= S)/ Ki_y(z — y)ps(dy) — e A~ S)/ Ky y)us(dy)}d&}

Using (A.3) leads to

‘/ —Al- 5/ Ki (x—y)ps(dy ds‘<02]t—u\

for some constant Cy > 0. For the second term on the right-hand-side of (A.4]), we notice that
the function defined for ¢t > 0, z € R?

kil

Y _
gt,x) =e tﬁe 2

is such that

|=[?

— z|z|? — =
Bug(t,z) = (- A ﬁ)g(t,x) e N el e

so that
|Deg(t, )| < Co

hence g is Lipschitz in time. We conclude that Assumption (II) holds with v = 1, and applying
Theorem [, the result follows. O
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