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SwedNess specialized course in neutron spectroscopy 2021

Neutron Spectroscopy
Inelastic and quasielastic neutron scattering

Data analysis

The scattering law S(Q,w) and related 1(Q,t) and G(r,t)

Basic theory of inelastic neutron scattering. Different types of excitations.
Basic theory of quasielastic neutron scattering

Magnetic scattering

Different types of motions and how they can be distinguished

Different types of neutron spectrometers, including the spin-echo technique
Coherent and incoherent scattering of crystalline and amorphous materials

Examples of science, where inelastic and quasielastic neutron scattering are useful tools, including a
description of the two hands-on experiments at ISIS

mm) 9. Data analysis. Corrections and analysis of real experimental data
10.Complementary molecular dynamics simulations

© N kAW R

SwedNess graduate school for neutron scattering Tilo Seydel
SwedNess course in neutron spectroscopy PJ lecture room, Origo building, Fysikgarden 1
at Chalmers University, Gothenburg, Sweden Dec.03, 2021, 10:00h — 11:45h '.ll
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(0) — Welcome

“En effet au moment de la conférence de Genéve [1964], on ne savait pas si une telle source codterait 50 ou 500 millions de francs.

Les ministres déclarerent qu’il ne fallait pas s’arréter a ce détail et qu’on verrait bien.”
B.Jacrot, Des neutrons pour la science, Les Ulis 2006
V7 /
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(0) — Welcome

@ Mean free path of a fission neutron ~10 cm
Thermalization time ~1 ms
Fission: 190 MeV per available neutron

"

"

@ [LL: 1.5 MWI/I (limit for stationary system)
@ Spallation: 25 MeV per available neutron
@ Diffusion equation governs moderation

F

. Mezei, J.Neutron Research 6, 3 (1997)

ILL reactor:
@ Single fuel element

D,0O moderator for thermal neutrons

~29 collisions from 2MeV to 1leV

Scattering mean free path ~3 cm

S— e S g
Brightest continuous source
of thermal neutrons
that can be built at reasonable cost

Absorption mean free path ~3.3 m
Water entrance T=30°C, exit T=48°C

€ & ¢ 0 @

/.
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(1) — Outline

Data analysis
Corrections / reduction of real experimental data

"From raw data to a complete fit, step-by-step”, a few notes on Mantid, hdf and python in passing
From standard corrections to some examples of how the corrected data can be fitted and analyzed
@ monitor normalization
© empty can contribution, self-shielding
@ Vanadium normalization
© standard time-of-flight data reduction
© detailed balance
© resolution function (spectrometer response function)
©® data fitting, maximum liklihood estimation, x> minimization and Bayesian analysis
/(4

© examples, fun math THE EUROPEAN NEUTRON SOURCE NEUTRONS



(1) — Outline

 —
File Edit View Graph Data Format Windows Catalog Interfaces Help
laoswEEelwalk+aas il

In practice : o s -

" Results Log & x
GroupWorkspaces suceessful, Duration 0.00 seconds -
RenameWorkspace started (child)
RenameWorkspace successful, Duration 0.00 seconds
indirectiLLReductionQENS successful, Duration 3.59 seconds
- M indirect Data Reduction o [=] Workspaces EES
www.mantidproject.org ]
. .

"\nstrument

IN16B ~ Analyser [silicon

| Reflection [111

ILL Energy Transfer | Transmission | Symmetrise | S{Q.w) | Moments |

Sample File(s:
’7Run [strument/in16bjexp_8-04-813_182_inl6bjrawdata/232457 nxs ~ Browse |[[F.

Sum All Runs ‘

232449-multiple-sampls

ed:

Filter Workspaces

Workspaces

sample red
232449 muttiple_sample red

- ~Reduction Typ 232449 multiple_sample_rec
.
# QENS ¢ ENl-FWS | [~ Crop Dead Monitor Channels L o o
[ — 232249 muttiple_sample_red-sp 5 |
- Detector Grouping Algorithms & X
Execute || 2
& Default  Choose Range ¢ Choose File
Algorithms |
Arthmetic
Background Subtraction (empty container’ CorrectionFunctions
Crystal
’VRunl Browse | Scaling Factor [1.0 ‘ DZEHEM\N
. Diagnostics
- Detector Calibration (vanadiur Diffraction
oritnms Can pe use -
Run Browse | Peak Range [-0.003.0.003 Examples
I _rouse | 9 i
. Background for Calibrati 1SS
E inelastic
in thon [ o | scargrctr [T | : e |0
003 002 001 0 0,01
Energy transfer (meV)

Optimization

Unmirror Option:
d f 13 G I 7\. B SANS
' l ' I l ' . . - — SING
n 0 e e O r a y . Unmirror Option |7 3 Alignment Run [-04-813_182_in16b/processed/230240.nxs _ Browse Sample
Simulation
output Option: o Transforms
utilit
’7'_ plot | output Name: [sample Spectrum Axis: [Spectrumhumber =] [~ Save | of Voriiow

Import sys

o] o

Manage Directories

sys.path.append( '/opt/Mantid/bin/')
# then import Mantid application programming interface (API):

import mantid.simpleapi as mtd y /
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(1) — Outline

 —

Name

13
3

13

L3

»

File Help

w | | 248312.nxs
« [ entry0

~s acquisition_mode

w [ data

PSD_data
Il dataDiffDet
[l datasD
~ duration
~s end_time
~s experiment_identifier
il instrument
~s mode
~s modestring
il moniter
~s preset
s reactor_power
s run_number
Il sample
~v start_time
~v subtitle
o time
~ title
& user
~s wavelength

Type

int32

int33

float
strin
strin

strin
strin

float
float
int32

strin
strin
float
strin

float

Silx viewer

0
50 |47 34
51 45 46
52 46 56
53 |47 58
54 48 48
55 53 47
56 49 42
57 41 56
58 55 61
50 62 40
60 73 58
61 66 60
62 77 45
63 51 49
64 49 64
65 62 64
66 62 64
67 75 77
68 58 73
69 61 54
70 |62 64

L)

Axis selection
Dimension 0 -
Dimension 1 | col =

Dimension2 | row -

@ HDF5 B curve

[Dimage

48

50

49

48

68

54

60

54

65

51

65

51

51

53

47

49

71

54

53

68

4| 4|8

& Cube

limits: 0, 15

B Raw

4 - O X

56
53
41
58
56
59
40
55

45

54
60
52
53
50
66
66
76
67
58

51

Fimage stack

The “hdf” data format

import h5py

def loadIN5( filename ): # read lamp-reduced IN5 data

class out:

pass
f = h5py.File( filename, ")
out.hw = np.transpose( np.array( f['/entryl/datal/X/] ))
out.q = np.transpose( np.array( f['/entryl/datal/Y/] ))
out.sqw = np.transpose( np.array( f[/entryl/datal/DATA/T))
out.dsqw = np.transpose( np.array( f[/entryl/datal/errors/T) )
return( out )

def loadMantid( filename ): # read Mantid-reduced data

class out:

pass
f = h5py.File( filename, ")
out.x = np.transpose( np.array( f['/mantid_workspace 1/workspace/axis1/'] ))
out.q = np.transpose( np.array( f[/mantid_workspace_1/workspace/axis2/] ))
out.sqw = np.transpose( np.array( f[/mantid_workspace 1/workspace/values/))
out.dsqw = np.transpose( np.array( f[/mantid_workspace_1/workspace/errors/’]))
outhw = (out.x[0:-1] + out.x[1:]) /2.0 # from Mantid bins to channel center
return( out)

/4
NEUTRONS
FOR SOCIETY

THE EUROPEAN NEUTRON SOURCE



(2) — Monitor normalization

Normalization to the
time-dependent
incident neutron flux

Errors:
N VN, N, VM
ST =A| 5 |=—H+
M, M, M,
detector

monitor

50000
e o monitor
7 40000 « = detector
= ]
= L n
5 30000 : ° .
— ]
© ) = @
> ' .
£20000), . 9 . .
g b 9] .
3 3 . $ § "
£ 10000 ; .
0 ' : —
0 500 1000 1500 2000 2500

Example IN16B (Vanadium)

channel number

/[ §
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(3) — Empty can contribution, self-shielding

21mm

Sample container contribution

Container Signa| 1 SO ...
(elastic)

(-
)
&

Neutron

/ Beam

30 mm

(-
)
&

intensity [arb. units]

61mm
Sample
10-4
30 —20 —10 0 10 20 30 | 23mf“ |
hw [peV] Unversity of Tabingen, Gerany, 5011
(example: IN16B protein in DO, g=0.82/A, T=280K) —/
; V7 /
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(3) — Empty can contribution, self-shielding

e —

A’y : upper index for volume

S: Sample, C: Container, I g: Container scattering
lower index for material

I ig Sample+Container scattering

1 ISC_A_E:C I¢
S SC c C
ASC AC
A, As., Ag:q-dependent Paalman-Pings coefficients
1

S
ASC
B L 1 Agc

AL AS

Attentuation of the neutron beam intensity along its path: ~ Yennig Bb tesis

I°=

A;(q):ifexp — f Z(x ')ds(x') d’ x
Vv y(x)
Volume V, path y(x), attenuation coefficient X, H.Paalman, C.Pings; J.Appl.Phys. 1962.
infinitesimal line element ds(x) V//§

THE EUROPEAN NEUTRON SOURCE NEUTRONS
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(3) — Empty can contribution, self-shielding

e —

S: Sample, C: Container, I g: Container scattering

I §§ Sample+Container scattering

AC
= -t
ASC AC

A:., As., Ac: q-dependent Paalman-Pings coefficients
SC: 2=3.Q.(x)+Z.Q.(x)

Q.(x)=1 for xeV
Q. (x)=0 for xgV

Path for neutron being scattered at x:
y(x)=x+tk/k for t<0
y(x)=x+tk'/k' for t>0

with t€[—o0,0] -

>=p(o,+0,+0,) V// §
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(3) — Empty can contribution, self-shielding

 —

S: Sample, C: Container, I g: Container scattering

I 22 Sample+Container scattering

C
S 1 SC A C
P=—- —= I

[.-—
S sC C
ASC AC

A:., A, A¢: q-dependent Paalman-Pings coefficients

All together, including detector efficiency correction:

IS(Q):ﬁ(OC(QHSC(@—B((J)IC(Q))

with oc(q):Asl(q)
_ 1 AEC<CI)
B(q)_Aﬁc(Q) Aclq) ¥’/ i

and the q-dependent detector efficiency D(q) THE EUROPEAN NEUTRON SOURCE  NUTROs

FOR SOCIETY



(3) — Empty can contribution, self-shielding

Examples (A\=6.4A):

Sample Density > [1/cm]
[g/cm”3] (cf. slide 9)

Vanadium foil 6.11 1.673

Aluminum 2.7 0.147

sample

container

Water (D,0O) 1.174 0.708

with protein

(BSA, 200mg/

ml)

Pure D,O 1.1056 0.649

7/ {
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(3) — Empty can contribution, self-shielding

Limitation of the standard correction: No account for divergent beam and beam spot

Solution: Ray-tracing “Monte Carlo” simulation, e.g. in McStas

Simulated scattering from a Vanadium cylinder
The sample is at the center of the sphere with the neutron beam coming from the left.

www.mcstas.org

/[ §
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(4) — Interpolation to S(g,w)

. . 2.5¢ . . -
Example: Time-of-flight spectrum § & det#100 ,T
Individual detector on IN5 # 8 o0rdet 100 o
(COId neutron TOF spectrometer) = 2.0 Neutron energy gain ' . Neutron energy loss |
. — ~+=
Sample: Protein in D,O, T=280K = >
Container signal not subtracted 215!
51
Y
2
3 1.0+
ot
3
S
= 0.5
0.0 -. . .--'_ {17 1 =
0 100 200 300 400 500
time of flight channel number

1
elastic line ill

THE EUROPEAN NEUTRON SOURCE NEUTRONS
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(4) — Interpolation to S(g,w)

From time-of-flight (ToF) data to S(q,w)

'Handwaving' derivation of the conversion of raw ToF datato S(q,w)
based on differential scattering cross sections in time t and energy m

ki 8’0 _kiot &6 -4 0’0 : _0w
S0l 5000 k duaiea”! aoa SN 205 O
s _1 o5 1 (s) dw 3
kfocmt w—zmv—zm(t) atoct

s: flight path sample to detector; v :neutron velocity
02 :solid angle element
y/
7/ §
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(4) — Interpolation to S(g,w)

IN5 data interpolated to S(q,w) 3.5

. 3.0
(Example: protein in D,O -~ QENS)

o
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(4) — Detailed balance correction

Principle of detailed balance

Am
Slg,—w)=exp|— S(g,w
(q,—m)=exp T (q,w)
Neutron Neutron
energy gain energy loss

5(Q,m)
N
=1l
W 0
AN\ 0
kBT ~ f?(l)o
A } )
=), ), m

/[ §
THE EUROPEAN NEUTRON SOURCE NEUTRONS
FOR SOCIETY



(4) — Interpolation to S(q,w)

The inelastic part of the spectrum — density of states

0"0,. k Ao | &
inc _ "f 1.2 . _ . . . .
0Q0w b; .exp 2k, T S.(g,w) one-phonon incoherent differential cross section
. e Ao
reduced variables: o=————  identical atoms, mass M P=
ODMk,T k,T
S.(o,B)=exp(—q°(u*)) > Bsinﬁ(ﬁu) g(w) with the density of states g(w)
opsi Ss(at,B) . N
P(o,B)=2Bsinh(B/2) =5  generalized frequency distribution
o [ Ss(a,pB) L . . L
g(w)=2Bsinh(B/2)lim | —5—| approximation neglecting multiphonon contributions

a=>0 '.ll

A.Fontana et al., Phys.Rev.B 41, 3778 (1990)  '"F FUROPEAN NEUTRON SOURCE Gy



(4) — Interpolation to S(q,w)

The inelastic part of the spectrum — density of states

o (meV)
6200 2 301510 4 21 0 -1 -15
5]
c
3 o
3 Iy | J
L A L
: 3100 ; N
- h'p :‘ % )
- Ly 1“
f; -\N‘.”____.
O 1 1 1 1
200 600 1000 1400 1800

(ns/m)

time of flight

ToF spectrum on B borate glass, IN6, 5.1A, 176K
A.Fontana et al., Phys.Rev.B 41, 3778 (1990)

(10°meV™")

gl(m)

6
a) Experiment and fit of a spline
{b) calculated multiphonon contrlbu
4-
2_
(b)
/ I
(o] T T T T T
0 20 40 60 80 100
energy shift (meV)
30
|8
£
b
iy
204 % .
R
10: i
i
O Al T T T T T v T —
) 20 40 60 80 100

energy shift (meV)



(5) — Resolution function

Important functions

0.40 ; . ‘ ‘
1 1x° 1= — TLorents
f AT e . — A | =1,0 =1 orentzian |
Gaussian: g(x; o) o 2x eXp| =5 0.35) ¥  anssian
0.30 — Voigt
. 1 0.251
Lorentzian: l(x;y):ﬁ zy >
X +y 0.20 |
0.15+
Voigt: V<X;0,Y)=_[g(x’;o)l(x—x';y)dx' 0.10
- 0.05
0.00 : : ‘
—15 —10 -5 0 5 10 15

def V( x, sigma, gamma ): # Voigt line shape
Import numpy as np
from scipy.special import wofz # Faddeeva function exp(-z**2)*erfc(-i*z), erfc = 1-erf
return np.real( wofz( (x + 1j*gamma) / sigma / np.sqrt(2.) ) ) / sigma / np.sqrt( 2.*np.pi ) .ll
THE EUROPEAN NEUTRON SOURCE Fglggggg



(5) — Resolution function

Fit of the resolution function by

T 10_3 T T T
a sum of Gaussians '/l\*‘

T 10~

c

>

S ;

— -5 gy | "=y

El 10 l | ;r — I!"'ll ]

2 ' B ii pel !

g ‘ !lllilll IE ||

e} 106 _ |I| 4]
107

1 0 1 2 3 4
hw [peV]
V7 /
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(5) — Resolution function

Build the instrumental resolution model 10’ - spectrum

from a sum of Gaussians;
Describe the physics by Lorentzians

=> Analytical convolution

Example QiENS

BASIS, SNS
BSA/D,O

200mg/mi

I [a.u.

hw [peV]

Experimental Methods in the Physical Sciences Volume 49; F.Fernandez-Alonso, D.L.Price eds.; Neutron Scattering -
Applications in Biology, Chemistry, and Materials Science; Elsevier Academic Press 2017; chapter 2 '.ll

THE EUROPEAN NEUTRON SOURCE NEUTRONS
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(6) — Non-linear least squares minimization

Fitting

Non-linear least squares minimization (iterative application of linear least squares fitting to a
linearized form)

“A mathematical procedure for finding the best-fitting
curve to a given set of points by minimizing the sum
of the squares of the offsets (‘the residuals’)
of the points from the curve.”

mathworld.wolfram.com

Error-weighted fits
“A measurement without error is meaningless.”

Machine Iearning iS a klnd Of generalized flttlng https://docs.scipy.org/doc/scipy/tutorial/optimize.html

“To build truly intelligent machines, teach them cause and effect.”
J.Pearl, Quanta Magazine 2018 '.ll
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FOR SOCIETY



(6) — Non-linear least squares minimization

Fitting
Useful reading (pdf via google scholar):

J. Orear: Notes on Statistics for Physicists
Laboratory for Nuclear Studies, Cornell University, Ithaca, NY 14853
July 28, 1982 (revised edition based on the original lecture series in 1958)

“Usually the physicist does an experiment and quotes a result a = a* + Aa.
‘What do we mean by a* and Aa ?’ and ‘What is the best way to calculate a* and Aa ?'.
These are questions of extreme importance to all physicists.”

“What the physicist usually means is that the ‘probability’ of finding
(a* - Aa) < a, < (a* + Aa) is 68.3 % (standard deviation).”

The more accurate term would be “inverse probability”.

It is common in physics to have an infinite set of hypotheses; i. e., a parameter thatisa  _
continuous variable f(a;x). 'll

THE EUROPEAN NEUTRON SOURCE NEUTRONS
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(6) — Non-linear least squares minimization

e —

Likelihood function: joint probability density of a particular experimental result, x;; X,; ...; Xy,
assuming f(a;x) is the true normalized distribution function:

1
N f(a—a*)zL(a)da 2
Lia)=]]fla;x, a;x)dx=1 Aa=
The most probable value a* of a is called maximum likelihood solution of L(a).
* h *
Maximum likelihood theorem: N=>w© : a =aq, N-w : L(a)~exp —E(a—a )
Aa:\/% w::—g(a—a*)2+const. g—zz—h(a—a*)
: . ow
Maximum likelihood error:  — g =h=Aa
Let P(N,x) be the probability of finding N events, if the “true” count rate is N,
N - N 2 .
P(N,N):N—e_N Poisson distribution L(a)=——e* w=Nlna—a—InN! 0 2= ]ZV Aa=—%
N! N! oda a -\W
V7 /|
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(6) — Non-linear least squares minimization

AL pe
1,,f”’1 « -7\

-
-
-
-
- -
o

vertical offsets perpendicular offsets  mathworld.wolfram.com

Task: Minimize sum of squared residuals (vertical offsets):

m

X2::Zri2 with rl:yl.—f(x,ﬁ) for i=1,2,3,...,m

i=1

The square is needed to obtain a differentiable function. Y/ / 4
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(6) — Non-linear least squares minimization

Function f depending on x and the fit parameters : y=f(x,p) with B=(B,,B;,Bs,---»p,)

Data points y,, residuals r;: ri=y.—f(x,B) for i=1,2,3,...,m
m 2 m ar_

Task: Minimize x2::Z ry Minimum: gé :22 ri—Bl:O (j=1,...,n)
i=1 J i=1 J

Gradient equations

: . ~ k+1__ ok . . .
Iteration: (,~f;" =P;+Ap; with the vector of increments (shift vector) Af3
First-order Taylor expansion about f* at each iteration step:

k a i’ k
o) = £l X 2Liellp, gy

J
— f(xhﬁk)-l-zjijABj
J
r=y.—f(x, k)—i J.AB,  with the Jacobian J-:—%
i i i ~ ik k ij aB] '.ll

THE EUROPEAN NEUTRON SOURCE NEUTRONS
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(6) — Non-linear least squares minimization

n

: o —=v.—f v R)— ' : i . The Jacobian changes during
Residuals: r,=y,—f" (x,,p) k; Jy ARy with the Jacobian J e vaconan
. k+1 k k
Iteration: f;,~f;, =p;+Ap, . Ayi:yi_f(xi’ ),

ri:yi_f(xi’ﬁ):(yi_f(xi’ﬁk»-l-(f(Xi’Bk)_f(Xi’B))NAy_Z Jis AP,
\----Q"---—’ s=1

inserted
Inserting the above into the gradient equations:

_22 Jj Ayl‘_z Jis APy |=0
i=1 s=1
Rearrangement to: JU.JI.SABS:Z Ji;AYy; (j=1,...,n)
i=1 s=1 i=1

/[ §

In matrix notation: (J'T)AB=J Ay Rk So0eTy



(6) — Non-linear least squares minimization

Generalize to error-weighted fits:

Error-weighted fits, diagonal weight matrix W

(J"TWI)AB=J WAy

Close to the minimum value:

X2N Z W,-i(y,-—z J U.IS j)Z quadratic function
i j

THE EUROPEAN NEUTRON SOURCE

/(4
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(6) — Non-linear least squares minimization

e —

The error matrix r=(ry,..,r,)

sl

Algorithms:
Gradient-descent

VZXZZV(VFZ)ZV(ZrVr)ZZVrvr+2rv2r:2JTJ+2rv2r Gauss-Newton

’ ) Levenberg-Marquart
chain rule product rule Hessian

Inverse of covariance matrix

In python: resolution fit parameters silqnal errors

popt, pcov = curve_fit( lambda x, *p: wrapper_func( x, q, r, fixed_p, len(f0), p ), X, y, pO=f0, bounds=(l,u), sigma=dy )

function handle vector variable length initial guess
One standard deviation: perr = np.sqrt( np.diag( pcov ) ) docs.scipy.org
def (hw, g, r, fixed_p, N, *args ): # “wrap” a variable number of fit parameters and fixed values into the model

a = list(args[O][:N] )
fp = np.asarray( a)
return model_sqw( hw, fp, q, r, fixed_p ) # call the model function i’l

THE EUROPEAN NEUTRON SOURCE NEUTRONS
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(6) - Non linear least squares mlnlmlzatlon

intensity [arb. units]

S(q, w) =R ® {B(q)[A

) 135mg/ml in D,0O,
280K, IN16B B

o) L(y(q), ®) + (1 — Ay(q))

L(y(q) + I(q), ®)] + fy, 5(0) L, o(a), @)}

Din ?
1 ah Dint

“lJump diffusion”

104} 'I

Fitting .|
complex 1"
models ‘g

g

K}

ey

'

o

2

#1075
Example protein

Elastic Incoherent

Structure Factor (EISF) |

0.5 1.0 1.5
qlA=1]

2.0




(6) — Non-linear least squares minimization

)

B D 005 D1 0l 02 085 @
10 - : ' '
,‘é 1 ‘Q??Omer
e X &Y 0.8
2l i |gime, Q... i o
5 fos e i ........................... <
B Q ¢ Prame T S 0.6
= el e N
R 10 ErmegtemraraeengEy 0 | T—o0 T
04} =
g 0.4
B isp 250 B0

2k [mg/ml]
C.Beck et al., J. Phys.Chem.B 122, 8343 (2018)

S(g, ) = R {B(q)[As(9)L(r(q), @) + (1 — Ay(q))
L(y(q) + I(q), ®)] + fy, 5(0) L, o(a), @)}

(q) = Dut diffusion” =
1+ Dmtqzr jump diffusion 'll
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(6) — Generalization to Maximum Entropy

e —

P(X,Y)=P(X|Y)P(Y)=P(Y|X)P(X) Bayes' theorem, X,Y : random variables,
P(X,Y): probability of simultaneous incidence of X and Y, P(.|.): conditional probability
P(X|Y):P(Y|X)M

P(Y)
ex ex P(fl}\’)
P f|g p,}\‘ =P g plf’%‘ T expla )
(g™ 2)=P(g™Ir.0) 57

P(g™If ,\)ocexp for number of data points N =0

1
2

Xzzi (sﬁf‘"—g%he"(f))2
k=1 Gk
N

p

P(fIn)=exp(—aS) with S(h):Z

i=1

h,
h.—m,—hIn|—
m.

1

Shannon entropy

Task: Maximize exp

1 of . . 1 - . o 1
ocS—zx i.e. maximize GS—EX l.e. minimize —% —aS -
/(4
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(6) — Generalization to Maximum Entropy

e —

P(X,Y)=P(X|Y)P(Y)=P(Y|X)P(X) Bayes theorem, X,Y : random variables,
P(X,Y): probability of simultaneous incidence of X and Y, P(.|.): conditional probability

P(X)

Y YIX
PIXIY)=P(YIX) 55y | o
P<f|QEXp,7\):P(geXP|f 7L)mPnor probability function

( E'Xpl }\)
Likelihood function: 1
2 .
P(g™If,N)ocexp _EX for number of data points N, oo
“Ockham’s razor” EXP g;(heo ( f ) )2 h;: reconstructed data
(William of Ockham, early 14™ century) X Z in a suitable space
“Essentia non sunt multiplicanda praeter Gk m;: measure on that space

necessitatem.”

P(fIn)=exp(—aS) with S(h)Z%z

i=1

(“prior knowledge”)

h
m.

1

Shannon entropy

1 o) . . 1 - o 1 >
aS——yx | l.e.maximize oS——=7%  l.e.minimize =Y —aS

: : "

Minimalﬁ«ee energy F:U_TS THE EUROPEAN NEUTRON SOURCE pg#gggg?

Task: Maximize exp



(6) — Generalization to Maximum Entropy

Example
Task: Determine an even function f(x) in the intervall x€[0,1]

1
Measured data: Fourier coefficients g, =2 f f(x)cos(mkx)dx

o0
Z g.cos(mkx) Fourier reconstruction, requiring an assumption for k>9
k=1

2 N-1
0=2 3 fco

0

tkn
N

fx)=204
2
k 0 1 2 3 4
gr || 200 -75.31 -107.03 142.26 -19.51
k 5 §) 7 8 9
gr || -101.78 92.62 13.58 -86.06 53.69

fo=tf

n
N

Table of measured Fourier coefficients
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(6) — Generalization to Maximum Entropy

N-1

theo_z
==L ¥ f,cos

n=0

tkn
N

%=,

k=0

exp theo )2

9k — 9k
O

N-1

s=2.|f,—m,~f,In f

n
n=0 m

m,=m Vn
XZ:K, K=10, sets o
0,=5 Vke{o,..,9}
f.=0 ¥ne{0,..N-1}

250

200

150

100

50

0

-50

-100

-150

\ [
measured data
zeros set for FT + |
MaxEnt reconstruction [ ]
£ |
KE E|| | E|| ;l L m M e e e =M
1 I 1 I I T I |j LT = | T II_I m LT
]
] _
K
EE ]
| | | | |
5 10 15 20 25
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(6) —

Generalization to Maximum Entropy

piR nkn
theo __ &
9 exp theo 2
=3 |E
k=0

N-1

S=

n=0

f,-m,~f,In| =
m

m,=m Vn
X2:K, K=10, sets o
o0,=5 Vke{0,..,9}
f,.=0 ¥Yne{0,..N-1}

250 \ \
measured data ()
200 zeros set for FT
MaxEnt reconstruction []
150 generating function 7
100 — ]
50 H 7

DA
VA

0
-50 - \J
-100
|

-150

| |

n/x_f_rr/-m\aﬁr’ﬂm
AValatd

0 5 10 15 20 25
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250
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150
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-100
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S, oz

(6) — Generalization to Maximum Entropy

T I

measured data

zeros set for FT
MaxEnt reconstruction
generating function

[

VRTAAC

-10
-12
-14

-16

10 15 20

T I T

z—m—zx*In(z/m) — |
—In(z/m) ----

4 6 8 10

3=

25

800

700

600

500

400

300

200

100

0

-100

T I T

MaxEnt reconstruction ——

Fourier reconstruction

0 0.1 0.2 0.3 04 0.5 0.6 0.7 0.8 0.9 1
X
1
gk:2f f(x)cos(mkx)dx
0

f(x):%+§: g, cos(mkx)

e /[ §
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(7) — QENS and (generalized fractional) diffusion

Diffusion equation:

%G(r,t)=DV2G(r,t) Gr.t)=

2
r

4Dt

1
ex
V4 Dt P
D*G(r,t)=D,V’G(r,t) 4= Generalized “fractional” diffusion equation
Integro-differential operator:

1 [ D'(T)

Dlel0=rr=g ] e

dc

Spatial Fourier transform:
0G(q,t)

_ 2
5, = Dq G(q,t)

G(q,t)=exp|-Dq’t|

Experimental Methods in the Physical Sciences Volume 49; F.Fernandez-Alonso, D.L.Price eds.; Neutron Scattering -
Applications in Biology, Chemistry, and Materials Science; Elsevier Academic Press 2017; chapter 2
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(7) — QENS and (generalized fractional) diffusion

Diffusion equation:
9 G(r,t)=DV?G(r,t) G(r,t)=

1
— ex
ot JaDt P

2
_r
4 Dt )
D°G(r,t)=D,V?G(r,t)
Integro-differential operator:

1 [ D'(T)

Dlel0=rr=g ] e

dC 4m=(by Cauchy-formula for repeated integration)

Spatial Fourier transform:

A
o —_ 2 ( ) 2
D“G(q,t)=-D,q G(q,t G(q,t)=E,,|-D,q’t
Experimental Methods in the Physical Sciences Volume 49; F.Fernandez-Alonso, D.L.Price eds.; Neutron Scattering - -
Applications in Biology, Chemistry, and Materials Science; Elsevier Academic Press 2017; chapter 2 'll
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B (7) — QENS and (generalized fractional) diffusion

The Mittag-Leffler function interpolates between the stretched exponential and power law:

=3 ¢

n=0 OH'l+[?))

with T'(n)=(n—1)! and TI'(z fxz_le_xdx
0

0 n

Z .
exp(z)=)] —=E, (z), stretched exponential exp|—|z[’|
—o N ’
n=0 "t*
A
1
0.8 _ \ — EO.7,1(t)
0.6/ exp(-t])
0.4 B (1+t)_0.7
0.2}
0 ' ' >t
0.1 1
Experimental Methods in the Physical Sciences Volume 49; F.Fernandez-Alonso, D.L.Price eds.; Neutron Scattering - -
Applications in Biology, Chemistry, and Materials Science; Elsevier Academic Press 2017; chapter 2 'll
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(7) — QENS and (generalized fractional) diffusion

(O] .
Time-of-flight ’ jj)gf RO ]
spectroscopy on »‘T fa ot fl
spider silk ‘“233 Gra=156Ps // * Tensile strain
& :OO ’ /K/’,’E | ———
108. | SZ?/SC 10 15 20 25 % EEZ:V G | | ,%‘\ I /Lﬁ}_‘
€(%) E 0.60 | %/,,x’r% \\+/ maa
g 058} g : T
106_; Increasing loss: it} i
Of memory 2:;6 5 10 15 2;() 2% ;O
§ 104- AP e >-" o I b I F-aSter mObIIItyA §§§§E Da ’*——”+’-_%—§_1
£ */Globa with strain ~ Zosl o
= _ , Lz fit of all S oous w7 .
LR e —__A A q at 8;823% | ‘ ‘ | | ,
Once ] 0 5 10 15 20 25 30
: ' | s g | |
| Increasmg@ % Ti=(D.gOR
SpeCtra| 9: SO0/ Q=1
| ; | | linewidth & ™[+ 4.
ol ; _| I.Krasnov et al., il +*++

-3 -2 -1 0 I JR.Soc.Interface 13, 20160506 (2016) "°© 5 w0 s~ 2 x5

energy (meV) strain € (%)



(8) — Summary / closing remarks

© A few concepts for data reduction and analysis
© Standard reductions / corrections

© Non-linear least squares fitting

© No universal solution for all problems

© Tools to build own analysis, Mantid, python, lamp, Dave, ....

Thank you for listening !
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