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TOPOLOGICAL MODULI SPACE FOR GERMS OF
HOLOMORPHIC FOLIATIONS III: COMPLETE FAMILIES

DAVID MARÍN, JEAN-FRANÇOIS MATTEI AND ELIANE SALEM

January 19, 2022

Abstract. In this work we use our previous results on the topological classifica-
tion of generic singular foliation germs on (C2, 0) to construct complete families:
after fixing the semi-local topological invariants we prove the existence of a min-
imal family of foliation germs that contain all the topological classes and such
that any equisingular global family with parameter space an arbitrary complex
manifold factorizes through it.
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1. Introduction

This paper is the outcome of a series of three works on the topological classi-
fication of germs of singular foliations in the complex plane. In [8], after fixing
the topological invariants already known [7], we have constructed a moduli space of
topological classes. Then in [9], we have studied small perturbations of a generic
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foliation by proving the existence of a “topologically universal” deformation and by
representing the “deformation functor”. In the present paper we rely on these two
results and in particular on the algebraic structure of the moduli space highlighted
in [8] to obtain a “complete family”. Here “complete” means a family that contains
all the topological classes and such that any equisingular global family with param-
eter space an arbitrary complex manifold factorizes through it via a multivalued map.

We shall only consider germs of foliations on (C2, 0) that are “generalized curves”
[1], in the sense that on the exceptional divisor EF := E−1

F (0) of the reduction
of singularities map EF : MF → C2, there are no singularities of the reduced
foliation F ] := E−1

F (F) of saddle-node type1, cf. [2, 5]. The foliation F ] may
have dicritical (i.e. non-invariant) irreducible components of EF and also nodal2

singularities.

We will say that two germs of foliations F and G have same SL-type if there
exists a homeomorphism ϕ : EF

∼−→EG satisfying:
(SL1) ϕ(Sing(F ])) = Sing(G]) and ϕ(D) · ϕ(D′) = D ·D′,
(SL2) if D ⊂ EF is F ]-invariant and p ∈ D is a singular point of F ], then the

Camacho-Sad indices of F ] at p along D and of G] at ϕ(p) along ϕ(D), are
equal,

(SL3) if HFD : π1(D\Sing(F ]), ·)→ Diff(C, 0) denotes the holonomy morphism of F ]
along an invariant component D ⊂ EF and ϕ∗ denotes the morphism induced
by ϕ at the fundamental groups level, then up to composition by an inner
automorphism of Diff(C, 0), HFD ◦ϕ−1

∗ is the holonomy morphism of G] along
ϕ(D).

When all foliations of a family have same SL-type, the family will be called equisin-
gular. This notion, which presupposes local equireduction of the considered family,
is specifically defined in Section 2.1. For an equisingular family FP with parameter
space a complex manifold P , we will denote by FP (t0) := FP |t=t0 the fiber over a
particular value t0 ∈ P and by FP,t0 the germ of this family along the fiber FP (t0).

The notion of tame foliation will be defined in section 4.1. If we exclude some
exceptional configurations on EF , the set of differential forms defining tame foliations
contains a Krull open dense set. Our main result asserts the existence in this context
of an equisingular global family which is “topologically complete”. We also describe
the (minimal) redundancy of their topological classes.
Theorem A. Let F be a tame foliation. Then there exist τ ∈ N, a quotient D of
a finite product of totally disconnected subgroups of U(1) and an equisingular global
family FU over U = Cτ ×D such that

(1) for any foliation G with same SL-type as F , there exists u0 ∈ U such that G
is C0-conjugated to the fiber FU(u0),

(2) if P is a connected and simply connected manifold, t0 ∈ P and GP is an equi-
singular global family whose fiber GP (t0) is C0-conjugated to a fiber FU(u0),
then there exists a holomorphic map λ : P → U such that λ(t0) = u0, and for
any t ∈ P the germs of families GP,t and λ

∗FU,λ(t) over the germ of manifold
(P, t), are C0-conjugated,

1i.e. locally defined by a vector field germ whose linear part has exactly one non-zero eigenvalue.
2i.e. locally defined by a vector field germ such that the ratio of the eigenvalues of its linear part

is strictly positive.
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(3) there exist p ∈ N, a holomorphic action ∗ of Zp on U and an action ? of a
finite product I of braid groups on the quotient (U/ ∗ Zp), such that FU(u1)
and FU(u2) are C0-conjugated if and only if there exists g ∈ I such that
g ? (Zp ∗ u1) = Zp ∗ u2.

Tame foliations have the remarkable property that any two C0-conjugated tame
foliations are also conjugated by an excellent homeomorphism, i.e. one that
lifts through the reduction of singularities which is holomorphic at the non-nodal
singular points, cf. Theorem 4.1. This result extends to equisingular families of
tame foliations:

Theorem B. Let FQ and GQ be two equisingular global families of foliations over
a complex manifold Q, whose fibers are tame. Then the following properties are
equivalent:

(1) for any u ∈ Q the fibers FQ(u) and GQ(u) are C0-conjugated,
(2) for any u ∈ Q the fibers FQ(u) and GQ(u) are Cex-conjugated,
(3) the global families FQ and GQ are locally Cex-conjugated.

A Cex-conjugacy of families is a C0-conjugacy of families that lifts through the lo-
cal equireduction maps as a homeomorphism which is holomorphic at the non-nodal
singularities, cf. §2.1.

Theorems A and B will follow from analogous results in the context of marked
foliations that allow to use the moduli space of Cex-conjugacy classes of marked
foliations constructed in [8]. A marking of F by a marked divisor (E ,Σ, ·) is a
homeomorphism f : E → EF such that f(Σ) = Sing(F ]) and f(D) · f(D′) = D ·D′,
cf. §2.2. When F and G are endowed with markings f : E → EF and g : E → EG
by a common marked divisor (E ,Σ, ·), we will say that the marked foliations (F , f)
and (G, g) have same marked SL-type if conditions (SL1)-(SL3) are fulfilled and
moreover g−1 ◦ ϕ ◦ f is isotopic to the identity of E relatively to Σ. The following
analogue of Theorem A in the marked setting holds for the larger class of finite
type foliations introduced in [8, §6] and specified in [9, §5]; in this context we have
the uniqueness of the factorization λ : P → U of a marked family under a weaker
topological condition on its parameter space P .

Theorem C. Let F� = (F , f) be a marked finite type foliation which is a generalized
curve. Then there exists a marked equisingular global family of foliations F�U over
U = Cτ ×D such that

(0) D is a quotient of a finite product of totally disconnected subgroups of U(1)
and τ is the dimension of the cohomological space H1(AF , TF ) (that we recall
in (4)) whose finiteness characterizes the finite type of F , cf. [9, Theo-
rem 5.15],

(1) if G� = (G, g) is a marked foliation with same marked SL-type as F�, there
exists u0 ∈ U such that G� is Cex-conjugated to F�U(u0),

(2) if P is a connected manifold satisfying H1(P,Z) = 0, t0 ∈ P and G�P is a
marked equisingular global family whose fiber G�P (t0) is Cex-conjugated to a
fiber F�U(u0) as marked foliations, then there exists a unique holomorphic
map λ : P → U such that λ(t0) = u0 and for any t ∈ P the germs of
marked families G�P,t and λ∗F�U,λ(t), over the germ of manifold (P, t), are
Cex-conjugated.
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An analogue of Theorem B in the marked setting will be given in Theorem 4.4.

We will also compare the conjugation notions of local families and deformations.
A deformation of F is the data of a family FP,t0 over a germ of holomorphic man-
ifold P at a point t0 and a biholomorphism that identifies F with the fiber FP (t0).
A conjugacy of deformations of F is a conjugacy of the associated families com-
patible with the corresponding biholomorphisms, cf. §2.1. In Theorem 4.5 we show
that this compatibility condition is automatically fulfilled in the context of marked
germs of families.

The central point of the paper is Theorem 2.9. It states the Cex-universality of
the germ at any point of the parameter space of the global family FU constructed
in [8] that contains all the topological types in a fixed SL-class. This property will
be proven by explicitly computing the Kodaira-Spencer map of this family at each
point that provides an infinitesimal characterization of Cex-universality.

In Chapter 3 we look at the problem of existence of factorizations of global fami-
lies through FU. Since Theorem 2.9 provide local factorizations, obtaining a global
factorization is reduced to a gluing problem; the group structure of the moduli space
obtained in [8] allows to translate it into a cohomological problem that can be solved
under weak topological assumptions on the parameter space of the global family.

All the study in Chapters 2 and 3, leading to Theorem C, is made for marked
families modulo Cex-conjugacy and only under the finite type assumption. But The-
orems A and B concern non-marked global families and C0-conjugacies. To work
with C0-conjugacies we require additional (Krull generic) hypothesis defining tame
foliations in §4.1, which allow to prove Theorem A. The proof of Theorem B in Sec-
tion 4.2 is based again in the group structure on the moduli space using the fact that
the mapping class group of the exceptional divisor is countable.

Through all the paper a C0-conjugacy between two foliations is a homeomorphism
sending leaves into leaves and preserving the orientation of the ambient spaces as
well as the orientation of the leaves.

2. Locally universal family

2.1. Equisingular global families and deformations. We call global family of
(germs of) foliations over a complex manifold Q (not necessarily connected),
the data

FQ := (M,π, θ,FQ)

of a complex manifold M with dim(M) = dim(Q) + 2, a holomorphic surjective
submersion π : M → Q, a holomorphic section θ : Q → M of π, and a germ
along θ(Q) of a one dimensional holomorphic foliation FQ on M whose leaves are
contained in the fibers of π. We say that (M,π) is a manifold over Q. For each
u ∈ Q we consider in the fiber of π over u the germ of foliation at θ(u) obtained by
restricting FQ:

M(u) := π−1(u) , FQ(u) := FQ|(M(u),θ(u)) .

The family is equireducible if θ(Q) is the singular locus of FQ and for any point
u0 ∈ Q there is an open trivializing neighborhood W 3 u0 and a map called
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(minimal) equireduction map over W

EFW : MFW →MW := π−1(W )

that is defined by a sequence of blow-ups with etale centers over W , and whose
restriction to each fiber

MFW (u) := π]−1(u) , π] := π ◦ EFW , u ∈W ,

is exactly the minimal reduction map of FQ(u), and moreover the singular locus of
the reduced foliation F ]W in MFW is also etale over W . A more detailed definition of
this notion is given in [9, §2.2] or in [8, Chapter 10, step (vi)]. Up to shrinking the
neighborhood W of u0, the exceptional divisor EFW = E−1

FW (θ(W )) and the singular
locus of the reduced foliation F ]W in MFW are topologically trivial: there exists a
trivializing homeomorphism over W

ΨW : EFW
∼−→EFW (u0)×W , prW ◦ΨW = π]|EFW

, EFW (u) := EFW ∩π
]−1(u) , (1)

that sends the singular locus of F ]W on the product Sing(F ]W (u0))×W , with

F ]W (u) := F ]W |π]−1(u) .

Restricted to the fiber of u ∈W , ΨW provides a homeomorphism that identifies the
exceptional divisor of the reduction of FW (u), with that of FW (u0),

Ψu : EFW (u)
∼−→EFW (u0) .

Thus the holonomy of the foliation F ]W (u) along an invariant component Du =
Ψ−1
u (Du0) may be considered as a morphism HDu from the fundamental group of

Du0 \ Sing(FW (u0)) into the group Diff(C, 0) of germs of biholomorphisms of (C, 0).

Definition 2.1. We say that an equireducible family FQ is equisingular at u0 ∈ Q
if there is a trivializing neighborhood W of u0 such that for any invariant irreducible
component Du0 ⊂ EFW (u0) and for any point m0 ∈ Sing(FW (u0)) ∩Du0, we have:
(a) there exist biholomorphisms gu ∈ Diff(C, 0) depending holomorphically of u ∈W

such that gu ◦ HDu ◦ g−1
u = HDu0 ,

(b) the Camacho-Sad function from W to C:

u 7→ CS(FW (u), Du,mu), Du := Ψ−1
W (Du0 × {u}) , mu := Ψ−1

W (m0, u) ,

is constant.

A C0-conjugacy between two global equireducible families FQ = (M,π, θ,FQ)

and F ′Q = (M ′, π′, θ′,F ′Q) over the same parameter space Q, is a germ of homeomor-
phism Φ : (M, θ(Q))

∼−→(M ′, θ′(Q)) satisfying Φ(FQ) = F ′Q and π′ ◦Φ = π. We also
assume that Φ preserves the orientation of the ambient spaces and the orientation of
the leaves. We will say that Φ is excellent or of class Cex, if its lifting Φ] through
any local equireduction maps EFW and EF ′W , EF ′W ◦ Φ] = φ ◦ EFW , extends to the
exceptional divisors, providing a homeomorphism

Φ] : (MFW , EFW )
∼−→(MF ′W , EF ′W )

which is holomorphic at any singular point of the exceptional divisor that is a non
nodal singular point of the foliation. We will also say that Φ] is excellent.
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Let µ : P → Q be a holomorphic map and let FQ = (M,π, θ,FQ) be a global
family of foliations over Q. We consider the fibered product µ∗M = M×QP ⊂M×P
with the projection µ∗π : M ×Q P → P ,

µ∗M

µ∗π
��

ρµ // M

π

��
P

µ // Q

(µ∗M)(t)

��

∼
ρµ
// M(µ(t))

��
t � // µ(t)

and the section µ∗θ = (θ ◦ µ) × idP : P → M ×Q P . Since the restrictions to
each fiber of the canonical submersion ρµ are biholomorphisms, there is a unique
one-dimensional foliation germ µ∗FQ on µ∗M along (µ∗θ)(P ), tangent to the fibers
of µ∗π, such that ρµ sends the leaves of µ∗FQ into the leaves of FQ. We will call
µ∗FQ = (µ∗M,µ∗π, µ∗θ, µ∗FQ) the pull-back of the global family FQ by the map
µ : P → Q. Since the equisingularity is a local property in the parameters, by [9,
Proposition 3.7] it is preserved by pull-back. Moreover, if two global equisingular
families FQ and GQ are C0 (resp. Cex) conjugated by a homeomorphism Φ then so
are µ∗FQ and µ∗GQ by µ∗Φ = Φ× idP .

Let u0 be a point of Q and let F be a germ of foliation at a point m0 of a
two dimensional complex manifold M0. An equisingular deformation of F over
the germ of manifold (Q, u0) is the data (FQ,u0 , ι) of the germ at θ(u0) of an
equisingular family FQ = (M,π, θ,FQ) together with the germ of an embedding
ι : (M0,m0) ↪→ (M, θ(u0)) that sends F to the restricted foliation germ FQ(u0) on
the special fiber M(u0). A conjugacy between two equisingular deforma-
tions (FQ,u0 , ι) and (F ′Q,u0 , ι

′) is a conjugacy Φ between their associated families,
Φ(FQ,u0) = F ′Q,u0 , such that Φ ◦ ι = ι′.

If µ : (P, t0)→ (Q, u0) is a holomorphic map germ and (FQ,u0 , ι) is an equisingular
deformation of F over (Q, u0), then (µ∗FQ,u0 , µ

∗ι) is an equisingular deformation of
F over (P, t0) where µ∗ι is defined by ρµ ◦ µ∗ι = ι (recall that the restriction of ρµ
to the fiber over t0 is a biholomorphism onto the fiber over u0).

Definition 2.2. Let (FQ· , ι) be an equisingular deformation over a germ of manifold
Q· := (Q, u0), of a foliation F . We say that (FQ· , ι) is a Cex-universal deforma-
tion of F if for any germ of manifold P · = (P, t0) and any equisingular deformation
(GP · , δ) of F over P ·, there exists a unique germ of holomorphic map λ : P · → Q·

such that the deformations (GP · , δ) and λ∗(FQ· , ι) of F are Cex-conjugated.

For each germ of manifold Q· and each generalized curve foliation F let us denote
by DefQ

·

F set of Cex-conjugacy classes of equisingular deformations of F over Q·.

Remark 2.3. Notice that if µ : Q′· → Q· is a germ of biholomorphism, the Cex-
universality of (FQ· , ι) and of µ∗(FQ· , ι) are clearly equivalent. On the other hand, it
directly results from the definition that the Cex-universality of (FQ· , ι) only depends
on its Cex-class of conjugacy [FQ· , ι] ∈ DefQ

·

F . We will then say that [FQ· , ι] is
Cex-universal. �

Theorem 2.4 ([9, Theorem 3.11 and Corollary 6.8]). Let F and G be foliations of
finite type which are generalized curves and let φ : G → F be an excellent conjugacy
of foliations. If (FQ· , ι) is an equisingular deformation of F over Q·, there is an
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equisingular deformation (GQ· , δ) of G over Q· and an excellent conjugacy of families
Φ : GQ· → FQ· such that Φ ◦ δ = ι ◦ φ. Moreover, the map

φ∗ : DefQ
·

F → DefQ
·

G , [FQ· , ι] 7→ [GQ· , δ]
is well defined, bijective and sends the class of a Cex-universal deformation of F to
the class of a Cex-universal deformation of G.

2.2. Marked foliations and families. Now, we fix for all the sequel a marked
divisor E� = (E ,Σ, ·) in the sense of [8, §2.1], i.e. a connected compact complex
curve with normal crossings E , endowed with a finite subset Σ of E and a symmetric
map Comp(E)2 → Z, (D,D′) 7→ D ·D′, where Comp(E) denotes the set of irreducible
components of E . The components of E without any point of Σ are called dicritical
components, the others being called invariant components.

A marked by E� foliation is a pair F� = (F , f) where
• F is a germ (at m0) of a holomorphic foliation on a 2-dimensional manifold

(M0,m0),
• f is a homeomorphism, called marking of F , from E to the exceptional
divisor EF of the reduction of F such that: f(Σ) is the singular set Sing(F ])
of the reduced foliation F ], and D ·D′ is equal to the intersection number of
f(D) with f(D′) in MF for any components D, D′ of E . Moreover we will
also suppose that f is holomorphic at each point of Σ ∪ Sing(E).

We assume that there exists a foliation that can be marked by E�, consequently the
dual graph AE of E is necessarily a tree.

Two markings f and g of F by E� will be called equivalent if the homeomor-
phism g−1 ◦ f is isotopic to the identity map of E by a good isotopy, i.e. an
isotopy leaving fixed Σ. A Cex-conjugacy between two marked by E� folia-
tions F� = (F , f) and G� = (G, g) is a germ ϕ of Cex-conjugacy between these
foliation germs, ϕ(F) = G, such that g and ϕ] ◦ f are equivalent markings by E� of
G�, ϕ] being the lifting of ϕ through the reduction maps.

A pre-marking by E� of an equireducible global family FQ is a collection

(fu)u∈Q, fu : E ∼−→EFQ(u) ,

of markings fu for each foliation FQ(u). Two pre-markings (fu)u∈Q and (gu)u∈Q of
FQ of the same global family will be called equivalent if for each u ∈ Q the markings
fu and gu of FQ(u) are equivalent. Amarking of an equireducible global family
FQ is a pre-marking that satisfies the following local coherence property: at any
point u0 ∈ Q there is an equireduction neighborhood W of u0 and a trivializing
homeomorphism ΨW as in (1) such that the pre-marking (fu)u∈W of FQ over W is
equivalent to the pre-marking (Ψ−1

u ◦ fu0)u∈W , where Ψu : EFQ(u)
∼−→EFQ(u0) is the

restriction of ΨW to the fiber over u. A marked by E� global family over a
manifold Q is the data

F�Q = (FQ, (fu)u∈Q)

of an equireducible global family over Q and a marking by E� of this family. The
fiber at u ∈ Q of F�Q is the marked by E� foliation F�Q(u) := (FQ(u), fu).

Remark 2.5. One can check that the set over Q of the equivalence classes of mark-
ings by E� of the foliations FQ(u), u ∈ Q, can be endowed with a topology such that
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it becomes a covering over Q (the local coherence property being equivalent to the
existence of continuous local sections) and the markings of FQ are continuous global
sections. In particular:
(a) when Q is connected, two markings of FQ are equivalent as soon as, up to a

good isotopy, they coincide at some point u0 ∈ Q,
(b) when Q is connected and simply connected, any marking fu0 of the foliation
FQ(u0) for some u0 ∈ Q, extends to a marking (fu)u∈Q of FQ, that is unique up
to equivalence.

�

A Cex-conjugacy between two marked by E� global families (FQ, (fu)u∈Q) and
(GQ, (gu)u∈Q) is a Cex-conjugacy of global families Φ(FQ) = GQ such that the re-
striction Φu of Φ to each fiber is a Cex-conjugacy between the corresponding marked
by E� foliations, i.e. g−1

u ◦Φ]
u ◦ fu is isotopic to the identity map of E relatively to Σ.

For a marked by E� foliation F� = (F , f) and D an invariant component of E ,
we will denote by [HF�D ] the class, up to composition by inner automorphisms of
Diff(C, 0), of the group morphism

HF�D : π1(D∗, oD)→ Diff(C, 0) , oD ∈ D∗ := D \ Sing(F ]) ,
where HF�D (γ̇) is the holonomy of the foliation F ] along the loop f ◦ γ in f(D). We
also call Camacho-Sad index of F� at a point m ∈ D and we write CS(F�, D,m)
the Camacho-Sad index of F ] along f(D) at the point f(m).

Definition 2.6. We denote by
• SL(F�) the collection of all marked by E� foliations G� = (G, g) having the
same marked SL-type as F�, i.e. satisfying

[HF�D ] = [HG�D ] and CS(F�, D,m) = CS(G�, D,m)

for any invariant component D of E and any point m ∈ D,
• SLQ(F�) the collection of all marked by E� equisingular global families F�Q
over Q such that any fiber F�Q(u), u ∈ Q, belongs to SL(F�).

Remark 2.7. When Q is connected, a marked equisingular global family F�Q belongs
to SLQ(F�) as soon as one of its fibers F�Q(u0) belongs to SL(F�). Indeed the
Camacho-Sad indices of F�Q(u) depend continuously on u and they are determined
up to 2πiZ by the holonomy maps around the singular points. The constancy of
u 7→

[
H
F�Q(u)

D

]
follows from the equisingularity of FQ and the coherence property of

the marking. �

2.3. Local universality. Let us suppose now that F� = (F , f) is a marked by E�
foliation with F a finite type generalized curve, on an ambient space (M0,m0).
Theorem D in [8, §2.6] gives a description of the collection

Mod([F�]) := {[G�] ; G� ∈ SL(F�)}
of all Cex-conjugacy classes [G�] of marked by E� foliations G� ∈ SL(F�): it is a set
endowed with an abelian group structure given by an exact sequence

0→ Zp α→ Cτ Λ→ Mod([F�]) β→ D→ 1 , (2)

where
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(i) τ = dimCH
1(AF , TF ) is the dimension of a cohomological space (that we recall

in (4)) whose finiteness characterizes the finite type of F , cf. [9, §5.5].
(ii) D is a quotient of a finite product of totally disconnected subgroups of U(1) :=
{|z| = 1} ⊂ C, that according to [12] can be uncountable when F ] possesses a
singularity which is non-linearizable and non-resonant, cf. [8, Example 4, §8].

Definition 2.8. We call moduli map of a marked global family F�Q ∈ SLQ(F�) the
map

modF�Q : Q→ Mod([F�]) , u 7→ [F�Q(u)] .

We proved in [8] that for any map ζ : D→ Mod([F�]) such that β ◦ ζ = idD, there
exists a marked equisingular global family

F�U = (FU, (fz,d)z,d) ∈ SLU(F�) , FU = (M0 ×U, π, θ,FU) ,

U := Cτ ×D , π : M0 ×U→ U , π(m, z, d) := (z, d) , θ(z, d) := (m0, z, d) ,

where D is endowed with the discrete topology, such that if we denote by the dot ·
the group operation in Mod([F�]), we have:

modF�U(z, d) = Λ(z) · ζ(d) . (3)

The goal of this section is to prove that this global family satisfies a local universal
property:

Theorem 2.9. Let F� = (F , f) be a marked by E� foliation of finite type which
is a generalized curve. Let ζ be a section of the map β : Mod([F�]) → D in the
exact sequence (2). Then there exists a marked global family F�U = (FU, (fz,d)z,d) ∈
SLU(F�), U := Cτ ×D, such that

(1) the moduli map modF�U is surjective and relation (3) is satisfied,
(2) for any point ũ ∈ U, the deformation (FU,ũ, ιũ) of the foliation FU(ũ) over

the germ of manifold (U, ũ), given by the germ of FU at ũ and the embedding
ιũ(m) := (m, ũ), is Cex-universal.

To prove this result we will see that the marked global family F�U constructed in
[8, §10, Step (vii)], which fulfills property (1), also satisfies the assertion (2). For
this we will use the following cohomological criterion of universality proven in [9].

Theorem 2.10 ([9, Theorem 6.7]). Let (FQ,u0 , ι) be an equisingular deformation of
a finite type generalized curve F . The following properties are equivalent:
(1) (FQ,u0 , ι) is Cex-universal,

(2) the Kodaira-Spencer map ∂FQ
∂u

∣∣∣
u=u0

: Tu0Q→ H1(AF , TF ) is an isomorphism.

Let us explain first what is the cohomological space H1(AF , TF ) and the Kodaira-
Spencer map of an equisingular deformation.

The dual graph AE of the divisor E is the tree with vertex set VeAE formed by the
irreducible components of E and edge set EdAE consisting in unordered pairs 〈D,D′〉
of distinct irreducible components of E with D ∩D′ 6= ∅. We also consider the set of
oriented edges IAE consisting in pairs (D, e) ∈ VeAE × EdAE with D ∈ e.

Let us denote by XF ⊂ BF the sheaves of tangent and basic holomorphic vector
fields of F ] on MF . We will use the cohomology H1(AF , TF ) of the group-graph
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(cf. [8, §3]) TF of infinitesimal transverse symmetries over the dual graph AF of
the exceptional divisor EF , introduced in [9, Definition 5.8]. The group-graph TF is
given by

TF (D) = lim
←−
D⊂U

H0(U,BF/XF )

if D ⊂ EF is not a dicritical component of F and zero otherwise,

TF (〈D,D′〉) = lim
←−

D∩D′⊂U
H0(U,BF/XF )

if D ∩ D′ is not reduced to a nodal singularity of F ] and zero otherwise, where U
runs over all the open sets ofMF containing D or D∩D′. By definition, H1(AF , TF )
is the 1-cohomology vector space of the following complex⊕

D∈VeAF

TF (D)
∂0−→

⊕
(D,〈D,D′〉)∈IAF

TF (〈D,D′〉) ∂1−→
⊕

〈D,D′〉∈EdAF

TF (〈D,D′〉)), (4)

where ∂0((XD)D) = (XD′ −XD)(D,〈D,D′〉),

∂1((XD,〈D,D′〉)(D,〈D,D′〉)) = (XD,〈D,D′〉 +XD′,〈D,D′〉)〈D,D′〉.

If F is of finite type then H1(AF , TF ) is of finite dimension by [9, Theorem 5.15]
and we can give an explicit basis by applying Remark 5.10, Proposition 5.12 and
Theorem 2.15 as in the proof of the last assertion of Theorem 6.4 of [9]. For this we
fix a marking f : E → EF and we consider the set

SF� = {? ∈ VeAE ∪ EdAE : dimC TF (f(?)) = 1}
and we choose a subset

A′′ ⊂ A′ = {〈D,D′〉 ∈ SF� |D or D′ /∈ SF�}
obtained by removing from A′ an element in each connected component of SF� not
reduced to a single edge, cf [9, §2.6]. Finally we choose for each e ∈ A′′ one vertex
D ∈ e. This gives us an orientation for each edge e ∈ A′′. Let us denote by

A = {(D, e) : e ∈ A′′} ⊂ IAE .
Such a set will be called set of active oriented edges for F�.

Theorem 2.11 ([9]). If F� = (F , f) is a marked by E� foliation of finite type which
is a generalized curve and A ⊂ IAE is a set of active oriented edges for F� then the
map

δF
�
A :

⊕
(D,〈D,D′〉)∈A

TF (〈f(D), f(D′)〉)→ H1(AF , TF )

defined by δF�A ((XD,〈D,D′〉)A) = [(YD,〈D,D′〉)IAF ], where

YD,〈D,D′〉 =


Xf−1(D,〈D,D′〉) if f−1(D, 〈D,D′〉) ∈ A,
−Xf−1(D′,〈D,D′〉) if f−1(D′, 〈D,D′〉) ∈ A,

0 otherwise,

is an isomorphism, f−1((D, 〈D,D′〉)) denoting (f−1(D), 〈f−1(D), f−1(D′)〉).

Remark 2.12. Let F�Q = (M,π, θ,FQ, (fu)u∈Q) be a global equisingular family of
foliations over a connected manifold Q endowed with a marking (fu : E → EFQ(u))u∈Q
by E�. Assume that some fiber FQ(u0) of FQ is of finite type then all the fibers
FQ(u) are of finite type because the definition (cf. [8, Definition 6.7]) only depends
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on their holonomies. For the same reason the set SF�Q(u) does not depend on u ∈ Q.

Consequently the map δ
F�Q(u)

A is an isomorphism for any u ∈ Q. �

The simplest example of equisingular family over Q is the constant family Fct
Q

that is obtained in the ambient space M0 × Q by lifting a given foliation F on M0

to each submanifold M0 × {u} through the projection map M0 ×Q→M0. We now
make more precise the fact that every equisingular family after reduction is equiva-
lent to a constant family along each irreducible component of the exceptional divisor.

Theorem 2.13 ([9, Theorem 3.8]). Let FQ be an equisingular family of foliations
over Q and u0 ∈ Q. If the fiber Fu0 = FQ(u0) is a generalized curve, then we can
associate to each D ∈ VeAFu0

, a homeomorphism germ

ΨD : (MFQ,u0
, D)

∼−→(MFu0 ×Q,D × {u0}) ,

so that:
(i) ΨD is a map over Q, i.e. pr]Q ◦ ΨD = π], the identity map over u0 and it is

excellent: ΨD is holomorphic at each point of Sing(EFu0 ) ∪ Sing(F ]u0) except
perhaps at the singular points of EFu0 that are nodal singularities of F ]u0,

(ii) ΨD conjugates the foliation F ]Q,u0 to the foliation Fct ]
Q,u0

obtained after equire-
duction of the constant deformation Fct

Q,u0
,

(iii) the germ of ΨD ◦Ψ−1
D′ at the intersection point {sDD′} = (D∩D′)×{u0} of two

irreducible components D and D′, is the identity when either sDD′ is a nodal
singular point of F ]u0 or sDD′ is a regular point of F ]u0.

The collection (ΨD)D of these homeomorphisms indexed by the components of E is
called good trivializing system for FQ,u0 .

For each (D, 〈D,D′〉) ∈ IAE the composition φD,〈D,D′〉 := ΨD′ ◦ Ψ−1
D is a local

biholomorphism at (D ∩ D′) × {u0} preserving the constant family (F ]u0)ct
Q,u0

. For
every v ∈ Tu0Q the Lie derivative Lv(prMFu0

◦ φD,〈D,D′〉) defines a germ of basic

vector field of F ]u0 at D ∩ D′. It is shown in [9, §6.2] that the Kodaira-Spencer
map

∂FQ
∂u

∣∣∣
u=u0

: Tu0Q→ H1(AFu0 , TFu0 )

given by v 7→ [(Lv(prMFu0
◦ φD,〈D,D′〉))D,〈D,D′〉] does not depend on the choice we

have made of a good trivializing system for FQ,u0 .

Proof of Theorem 2.9. In a first step we recall the construction of F�U. In the second
step we fix ũ ∈ U and we will determine a good trivializing system (ΥD)D for FU,ũ.
Finally, in the last step, we compute the Kodaira-Spencer map of FU,ũ and we apply
Theorem 2.10 to end the proof.

-Step 1. Let us fix d ∈ D and a marked foliation G� = (G, g) belonging to ζ(d).
First, let us recall that there are germs of Cex-homeomorphisms compatible with the
markings

ψD : (MG , g(D))
∼−→(MF , f(D)) , D ∈ EdAE , (5)
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that conjugate G] to F ]. The biholomorphism germs

ϕD,〈D,D′〉 := ψD′ ◦ ψ−1
D : (MF , s〈D,D′〉)

∼−→(MF , s〈D,D′〉) , (6)

with
{s〈D,D′〉} := f(D ∩D′) , 〈D,D′〉 ∈ EdAE ,

leave F ] invariant. Thanks to [8, §11.5] we may require that ϕD,〈D,D′〉 is the identity
map when s〈D,D′〉 is a nodal singular point of F ] or a singular point of the divisor
belonging to a dicritical component.

We fix a set of active oriented edges A ⊂ IAE for F�, we choose for each (D, e) ∈ A
a germ at f(se) of basic and not tangent holomorphic vector field Xe to F ] on MF
and we fix a bijection κ : A → {1, . . . , τ}. Now, d ∈ D being fixed, in all the sequel
we will simply denote by F�Cτ the marked global family F�U restricted to Cτ × {d}.

The ambient space of FCτ is constructed by gluing neighborhoods UD × Cτ of
f(D)× Cτ in MF × Cτ , using an appropriate family of biholomorphisms

u := (ΦD,e)D∈e∈EdA ,

ΦD,e : (UD × Cτ , {se} × Cτ )
∼−→ (UD′ × Cτ , {se} × Cτ ) , with e = 〈D,D′〉 .

Writing (m, t) 7→ exp(Z)[t](m) the flow at the time t of a vector field Z, we set:
• ΦD,e(m, z) = (ϕD,e(m), z), z = (z1, . . . , zτ ), if (D, e), (D′, e) /∈ A,
• ΦD,e(m, z) = (ϕD,e ◦ exp(Xe)[zκ(e)](m), z), if (D, e) ∈ A,
• ΦD,e = Φ−1

D′,e if (D′, e) ∈ A,
where ϕD,e are the biholomorphism germs in (6). We consider the following germ of
manifold

(Mu, Eu) :=
( ⋃
D∈VeAE

UD × Cτ × {D}
/
∼u ,

⋃
D∈VeAE

f(D)× Cτ × {D}
/
∼u

)
,

the equivalence relation ∼u being defined by:

UD × Cτ × {D} 3 (m, z,D) ∼u (ΦD,〈D,D′〉(m, z), D
′) ∈ UD′ × Cτ × {D′}

when (m, z) belongs to the domain of ΦD,〈D,D′〉 and with the single relation (m, z,D) ∼u

(m, z,D) otherwise. As the biholomorphisms ΦD,e leave invariant the projections
UD×Cτ → Cτ and the constant family F ] ct

Cτ , the gluing process provides a holomor-
phic submersion πu : Mu → Cτ and a foliation tangent to the fibers of πu, which we
denote by Fu.

The ambient space of FCτ is the manifold over Cτ , obtained by contracting Eu to
a τ -dimensional manifold Su:

Eu : (Mu, Eu) −→ (M [
u, Su) , π[u : (M [

u, Su) −→ Cτ , π[u ◦ Eu := πu .

Restricted to Su the submersion π[u is a biholomorphism, we will denote by θu its
inverse. Finally the foliation FCτ constructed in [8, §10, Step (vii)] is the direct
image Eu(Fu) and we have an equisingular global family over Cτ

FCτ :=
(
M [

u, π
[
u, θu,FCτ

)
.

By a classical property of blow-ups, there is a germ F of biholomorphism that con-
jugates the reduced foliation F ]Cτ to Fu:

F : (MFCτ , EFCτ )
∼−→(Mu, Eu) , F (F ]Cτ ) = Fu , (7)

In order to endow this family with a marking by E� we highlight that we have:

ΦD,e(m, 0) = (ϕD,e(m), 0) , D ∈ e ∈ EdAE .
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Therefore, according to relations (6) the maps ψD introduced in (5) glue as a germ
of Cex-homeomorphism ΨG which conjugates G] to the foliation F ]Cτ (0) obtained by
restricting F ]Cτ to the fiber Mu(0) := π−1

u (0):

ΨG : (MG , EG)
∼−→ (Mu(0), Eu(0)) , ΨG(G]) = F ]Cτ (0) ,

with Eu(0) := Eu∩π−1
u (0). The homeomorphism ΨG ◦g : E → Eu(0) defines a marking

of FCτ (0), that extends to a marking (fz)z of the global family FCτ thanks to prop-
erty (b) of Remark 2.5. Since Su is Stein, up to a biholomorphism over Cτ , we can
assume by classical arguments that M [

u is a neighborhood of {m0} ×Cτ ⊂M0 ×Cτ
and π[u is the projection map onto Cτ .

-Step 2. Now we also fix z̃ ∈ Cτ and we identify FU,ũ, ũ := (z̃, d), to the deforma-
tion (FCτ ,z̃, ιz̃) over the manifold germ (Cτ , z̃) of the fiber FCτ (z̃) = FU(ũ), defined
by the germ FCτ ,z̃ at z̃ of the family FCτ and the inclusion map ιz̃ : π[−1

u (z̃) ↪→M [
u.

If we restrict the map germ (7) to the fiber over z̃, we obtain a biholomor-
phism germ Fz̃ between the ambient space MFCτ (z̃) of F ]Cτ (z̃) and the manifold
germ (π−1

u (z̃), Eu ∩ π−1
u (z̃)). This manifold is also the manifold germ(

Mu(z̃), Eu(z̃)

)
:=
( ⋃
D∈VeAE

UD × {D}
/
∼u(z̃),

⋃
D∈VeAE

f(D)× {D}
/
∼u(z̃)

)
,

defined by the gluing process given by the equivalence relation ∼u(z̃) defined by the
family:

u(z̃) := (Φz̃
D,e)D∈e∈EdAE ,

Φz̃
D,e : (UD, se)

∼−→(UD′ , se) , m 7→ ΦD,e(m, z̃) , e = 〈D,D′〉 .

Clearly Fz̃ conjugates F ]Cτ (z̃) to the foliation Fu(z̃) obtained by gluing F ] restricted
to each UD, i.e.

Fz̃ :
(
MFCτ (z̃), EFCτ (z̃)

) ∼−→(Mu(z̃), Eu(z̃)

)
, Fz̃(F ]Cτ (z̃)) = Fu(z̃) .

Let us denote by {UD×Cτ} ⊂Mu the image of the canonical embedding UD×Cτ ↪→
Mu, and by

gD : {UD × Cτ} ⊂Mu −→ UD × Cτ

the inverse of this embedding. We have the following relations of “change of charts”

gD′ = ΦD,〈D,D′〉 ◦ gD . (8)

Similarly, {UD} denoting the image of the canonical embedding UD ↪→Mu(z̃) and

gz̃D : {UD} ⊂Mu(z̃) −→ UD

denoting its inverse, we also have:

gz̃D′ = Φz̃
D,〈D,D′〉 ◦ g

z̃
D . (9)

Notice that gD conjugates the foliation Fu restricted to {UD × Cτ} to the constant
deformation (F ])ct

Cτ of F ], restricted to UD × Cτ . Similary gz̃D conjugates Fu(z̃)

restricted to {UD} to F ] restricted to UD. Hence gz̃D × idCτ conjugates the constant
deformation of Fu(z̃) on {UD} × Cτ over Cτ , denoted by (Fu(z̃))

ct
Cτ , to the constant

deformation (F ])ct
Cτ of F ] restricted to UD×Cτ . If we write [UD×Cτ ] := F−1({UD×
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Cτ}) and [UD] := F−1
z̃ ({UD}), then Fz̃ × idCτ conjugates the constant deformation

of F ]Cτ (z̃) over Cτ , denoted by (F ]Cτ (z̃))ct
Cτ , to (Fu(z̃))

ct
Cτ :

[UD×Cτ ]
F
∼−→ {UD×Cτ}

gD
∼−→ UD×Cτ

(gz̃D×idCτ )−1

∼−→ {UD}×Cτ
(Fz̃×idCτ )−1

∼−→ [UD]×Cτ .

F ]Cτ 7→ Fu 7→ (F ])ct
Cτ 7→ (Fu(z̃))

ct
Cτ 7→ (F ]Cτ (z̃))ct

Cτ

The homeomorphism

ΥD := (Fz̃ × idCτ )−1 ◦ (gz̃D × idCτ )−1 ◦ gD ◦ F : [UD × Cτ ]
∼−→[UD]× Cτ ,

is a Cex-trivialization of F ]Cτ as deformation of F ]Cτ (z̃), i.e. a Cex-conjugacy from
F ]Cτ to the constant deformation of F ]Cτ (z̃). The collection (ΥD)D∈VeAE is a good
trivializing system for FCτ ,z̃. Consider the germ of biholomorphism

ΥD,e :
(
([UD] ∩ [UD′ ])× Cτ , se

) ∼−→(([UD] ∩ [UD′ ])× Cτ , se
)
,

ΥD,e := ΥD′ ◦Υ−1
D , e = 〈D,D′〉 .

If we compute the expression of ΥD,e in the following “chart”

χ := (gz̃D × idCτ ) ◦ (Fz̃ × idCτ ) : [UD]× Cτ ∼−→UD × Cτ

we get:

Υ̃D,e := χ ◦ΥD,e ◦ χ−1 = (gz̃D × idCτ ) ◦ ((gz̃D′)
−1 × idCτ ) ◦ gD′ ◦ g−1

D

and, thanks to (8) and (9) we obtain:

Υ̃D,e = (Φz̃
D,e × idCτ )−1 ◦ ΦD,e .

Using the explicit expressions of ΦD,e and Φz̃
D,e, we finally have, writing z = (z1, . . . , zτ ) ∈

Cτ and z̃ = (z̃1, . . . , z̃τ ),
(i) Υ̃D,e(m, z) = (exp(Xe)[zκ(e) − z̃κ(e)](m), z), if (D, e) ∈ A,
(ii) Υ̃D,e = Υ̃−1

D′,e, if (D′, e) ∈ A,
(iii) Υ̃D,e(m, z) = (m, z), if (D, e), (D′, e) /∈ A.
-Step 3. From the previous expression of Υ̃D,e we deduce the following partial

derivatives:

∂prUD ◦ Υ̃D,e

∂zk

∣∣∣∣∣
z=z̃

=

 Xe if (D, e) ∈ A and k = κ((D, e)),
−Xe if (D′, e) ∈ A and k = κ((D′, e)),

0 otherwise.

Since ΥD,e = [(gz̃D ◦ Fz̃)× idCτ ]−1 ◦ Υ̃D,e ◦ [(gz̃D ◦ Fz̃)× idCτ ], we deduce that

∂prMFz̃
◦ΥD,e

∂zk

∣∣∣∣∣
z=z̃

=

 X z̃
e if (D, e) ∈ A and k = κ((D, e)),

−X z̃
e if (D′, e) ∈ A and k = κ((D′, e)),
0 otherwise,

where X z̃
e = (gz̃D ◦Fz̃)∗Xe is a basis of the one-dimensional vector space TFz̃(fz̃(se)),

F�z̃ denoting the marked foliation (FCτ (z̃), fz̃), because gz̃D ◦ Fz̃ : [UD] → UD is
a biholomorphism conjugating F ]z̃ and F ]. Hence the linear map γz̃ : Tz̃Cτ →⊕

(D,e)∈A TFz̃(fz̃(se)) defined by γz̃

(
∂

∂zκ(D,e)

)
= X z̃

e is an isomorphism. By con-
struction, and according to Theorem 2.11 and Remark 2.12, the Kodaira-Spencer
map ∂FCτ

∂z

∣∣∣
z=z̃

= δ
F�z̃
A ◦ γz̃ is also an isomorphism. By Theorem 2.10 we conclude
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that the deformation (FU,ũ, ιũ) of Fũ is Cex-universal. This achieves the proof of
Theorem 2.9. �

3. Factorization properties of the locally universal family

3.1. Local factorization property. We will now prove that the global family F�U
of Theorem 2.9 is complete in a similar meaning to that given by Kodaira-Spencer
in [4] in the context of complex manifolds:

Theorem 3.1. Let F� = (F , f) be a marked by E� foliation of finite type which is a
generalized curve and let G�P be a marked global family in SLP (F�). Let us consider
t0 ∈ P and ũ ∈ U such that the marked foliation G�P (t0) is Cex-conjugated to the fiber
F�U(ũ) of the marked global family F�U given by Theorem 2.9. Then there exists a
unique germ of holomorphic map λ : (P, t0)→ (U, ũ) such that the germ of G�P at t0
is Cex-conjugated, as marked family, to the germ at t0 of λ∗F�U.

Proof. Let φ be an Cex-homeomorphism such that

φ(G�P (t0)) = F�U(ũ) .

We will denote by (GP,t0 , δ) the deformation of GP (t0) over the germ of manifold
(P, t0) defined by the germ of GP at t0 and by the embedding δ given by the inclusion
map of the ambient space of GP (t0) in that of GP . According to Theorem 2.9 and
Theorem 2.4 the deformation (FU,ũ, ιũ) is Cex-universal and any deformation

(GU,ũ, κ) ∈ φ∗([FU,ũ, ιũ]) ∈ Def
(U,ũ)
GP (t0)

is a Cex-universal deformation of GP (t0). There exist a holomorphic map germ
λ : (P, t0) → (U, ũ) and a Cex-conjugacy ΦP,t0 from the deformation (GP,t0 , δ) to
λ∗(GU,ũ, κ). By definition of φ∗, the associated families GU,ũ and FU,ũ are Cex-
conjugated as germs of families over (U, ũ), by a Cex-homeomorphism ΦU,ũ which is
equal to φ over ũ. Since φ is compatible with the markings of G�P (t0) and F�U(ũ), it
follows from Remark 2.5 that the homeomorphism λ∗ΦU,ũ◦ΦP,t0 that conjugates the
associated family GP,t0 to λ∗FU,ũ, is compatible with the markings of the families
G�P,t0 and λ∗F�U,ũ. The uniqueness of λ results from the following lemma. �

Lemma 3.2. Let G�P be a marked global family in SLP (F�) over a connected complex
manifold P . Two holomorphic liftings λ, µ : P → U of the moduli map of G�P through
the moduli map of F�U,

modF�U ◦ λ = modF�U ◦ µ = modG�
P
, (10)

U
modF�

U // Mod([F�])

P

modG�
P

66

λ

TT

µ

aa

coincide as soon as they take the same value at some point t0 ∈ P .

Proof. Let d ∈ D be the image of λ(t0) = µ(t0) by the morphism β in (2). It follows
from relation (3) and (10) that for any t ∈ P we have: Λ(λ(t)) · ζ(d) = Λ(µ(t)) · ζ(d).
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According to the exact sequence (2), there is Nt ∈ Zp such that λ(t)−µ(t) = α(Nt).
The following sets

KN := {t ∈ P ; α(Nt) = N} , N ∈ Zp ,
are closed analytic subsets of P given by the global equations λ(t)−µ(t) = N . They
cannot all be proper subsets of P , because P = ∪N∈ZpKN . Therefore there exists
N0 ∈ Zp such that λ(t) − µ(t) = α(N0) for any t ∈ P . As λ(t0) = µ(t0), we have:
N0 = 0, which ends the proof. �

Corollary 3.3. Let F� be a marked by E� foliation of finite type which is a general-
ized curve. For any marked global family G�P ∈ SLP (F�) over a connected manifold P
the map β ◦modF�P : P → D is constant, where β : Mod([F�])→ D still denotes the
last group morphism in the exact sequence (2).

Proof. It suffices to prove that the map β ◦modF�U is locally constant. Let t0 be a
point in P . There is ũ ∈ U such that [F �U(ũ)] = [G�P (t0)] ∈ Mod([F�]). Theorem 3.1
provides a holomorphic map germ λ : (P, t0) → (U, ũ) such that, according to (3),
for t ∈ P close to t0, we have:

modG�
P

(t) = modF�U(λ(t), d) = Λ(λ(t)) · ζ(d) ∈ Λ(Cτ ) · ζ(d) = β−1(d) .

�

3.2. Global factorization property. We are interested now in factorizing up to
Cex-conjugacy marked global families through the marked global family F�U provided
by Theorem 2.9. However there could already exist obstructions to the factorization
of the ambient space of the family in the ambient space of F�U, which is trivial
over U. To obtain such a factorization we need to weaken the relation of conjugacy.

Definition 3.4. Two equisingular (resp. marked equisingular) global families over
a manifold Q are locally Cex-conjugated if their germs at any point of Q are Cex-
conjugated as families (resp. as marked families, see Section 2.1).

The object of this section is to prove the following theorem of factorization up to
local Cex-conjugacy.

Theorem 3.5. Let F� be a marked by E� foliation of finite type which is a generalized
curve and let F�U be the marked equisingular global family given by Theorem 2.9. Let
P be a connected manifold satisfying H1(P,Z) = 0 and let G�P be a global family in
SLP (F�). Then for any t0 ∈ P and (z̃, d) ∈ U such that the marked foliations G�P (t0)
and F�U(z̃, d) are Cex-conjugated, there exists a unique holomorphic map λ : P → U
satisfying λ(t0) = (z̃, d), such that the marked global families G�P and λ∗F�U are
locally Cex-conjugated.

Proof. - Step 1: Construction of λ. According to Corollary 3.3, modG�
P
takes values

in β−1(d). Thus for any t ∈ P , there exist zt ∈ Cτ and a Cex-homeomorphism φt such
that φt(GP (t)) = F�U(zt, d). Let us denote by G�P, t the germ of G�P at t. According
to Theorem 3.1 there exists a holomorphic map germ λt : (P, t) → (U, (zt, d)) such
that G�P,t and λ

∗
tF�U are Cex-conjugated, as germs of families. Therefore there exist

an open covering (Vi)i∈I , I ⊂ N, of P and holomorphic maps λi : Vi → Cτ such that
the restriction of G�P to Vi are Cex-conjugated to (λi, d)∗F�U. Thus we have:

modF�U ◦ (λi, d) = modG�
P
|Vi .

We can also require that this covering is locally finite and that the open sets Vi and
Vi ∩Vj , i, j ∈ I, are connected. When Vi ∩Vj is non empty, the restrictions of (λi, d)
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and (λj , d) to this open set are two factorizations of the moduli map of G�P through
modF�U . Fixing a point tij in Vi ∩ Vj , we have:

[F�U(λi(tij), d)] = [F�U(λj(tij), d)] = [G�P (tij)] .

The relation (3) gives Λ(λi(tij))·ζ(d) = Λ(λj(tij))·ζ(d); thus (λj(tij)−λi(tij)) belongs
to the kernel of Λ and there exist Nij ∈ Zp such that λj(tij)−λi(tij) = α(Nij). As by
assumption we have: H1(P,Z) = 0, the Čech cohomology group H1(P,Zp) is trivial
and there exist Ni ∈ Zp, i ∈ I, such that Nj − Ni = Nij as soon as Vi ∩ Vj 6= ∅.
Notice that the maps (α(Ni)+λi, d) : Vi → U are again liftings of modG�

P
|Vi through

modF�U . Indeed we have:

modF�U ◦ (α(Ni) + λi, d) =Λ(α(Ni) + λi) · ζ(d)

=Λ(λi) · ζ(d) = modF�U ◦ (λi, d) = modG�
P
|Vi .

Since α(Ni) +λi(tij) = α(Nj) +λj(tij), thanks to Lemma 3.2 and the connectedness
of Vi ∩ Vj , the maps α(Ni) + λi, i ∈ I, glue to a global holomorphic map

λ : P −→ Cτ × {d} ⊂ U , modF�U ◦ (λ, d) = modG�
P
.

Step 2: Properties of λ. First we notice that for anyN ∈ Zp we also have the equality
modF�U ◦ (α(N) + λ, d) = modG�

P
. Consequently we can assume that λ(t0) = (z̃, d).

On the other hand, the global families G�P |Vi and (λi, d)∗F�U being Cex-conjugated,
the local Cex-conjugacy between G�P and λ∗F�U results from the lemma below. �

Lemma 3.6. If µ : (Q, u0) → (Cτ , z0) is a holomorphic map germ and N ∈ Zp,
then the germs at u0 of the marked families (µ, d)∗F�U and (α(N) + µ, d)∗F�U are
Cex-conjugated.

Proof. Let us denote by F�U,(z,d) the germ of F�U at (z, d) considered as a deformation
of the foliation F�U(z, d), the embedding map being the inclusion M0 × {(z, d)} ↪→
M0 ×U.

As (α(N) + µ, d)∗F�U = (µ, d)∗(∆∗F�U), with

∆ : (U, (z0, d)) −→ (U, (α(N) + z0, d)) , ∆(z, d) := (α(N) + z, d) ,

it suffices to see that F�U,(z0,d) is Cex-conjugated to ∆∗(F�U,(α(N)+z0,d)) as a family.
To lighten the text let us write

F�0 := F�U(z0, d) and F�N := F�U(α(N) + z0, d) = (∆∗F�U)(z0, d) .

There exists a Cex-homeomorphism φ such that φ(F�N ) = F�0 . Let K�U,(z0,d) be
a deformation of F�N over the germ of manifold (U, (z0, d)) that belongs to the
class φ∗([F�U,(z0,d)]). According to Theorem 2.9 the deformations F�U,(z0,d) and
F�U,(α(N)+z0,d) are Cex-universal; it follows from Theorem 2.4 and Remark 2.3 that
the deformation K�U,(z0,d) of F�N is Cex-universal. On the other hand, since ∆ is
a biholomorphism, the deformation ∆∗(F�U,(α(N)+z0,d)) of F�N is also Cex-universal
over the same parameter space (U, (z0, d)), again by Remark 2.3. By uniqueness
of Cex-universal deformations, K�U,(z0,d) and ∆∗(F�U,(α(N)+z0,d)) are Cex-conjugated
deformations of F�N . We end the proof by noting that by definition of φ∗([F�U,(z0,d)]),
the families K�U,(z0,d) and F�U,(z0,d) are Cex-conjugated. �

Now, we consider a weaker notion of conjugacy requiring the equality of moduli
maps, in other words, the Cex-conjugacy fiber by fiber for each value of the parameter.
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Theorem 3.7. Let F� be a marked by E� foliation of finite type which is a generalized
curve and let F�U be the marked equisingular global family given by Theorem 2.9. If
P is a connected manifold such that H1(P,Z) = 0, then:

(1) the moduli map of any marked global family G�P ∈ SLP (F�) factorizes through
the moduli map of F�U, i.e. there exists a holomorphic map λ : P → U such
that modG�

P
= modF�U ◦ λ,

(2) given t0 ∈ P and (z̃, d) ∈ U such that G�P (t0) is Cex-conjugated to F�U(z̃, d),
there exists a unique λ : P → U satisfying λ(t0) = (z̃, d) and modG�

P
=

modF�U ◦ λ,
(3) there exist p ∈ N, a holomorphic action ∗ of Zp on U and an action ? of a

finite product I of braid groups on the quotient (U/ ∗ Zp), such that FU(u1)
and FU(u2) are Cex-conjugated if and only if there exists g ∈ I such that
g ? (Zp ∗ u1) = Zp ∗ u2.

Proof. Assertion (1) follows from Theorem 3.5. Notice that the uniqueness of λ under
conjugacies for each value of the parameter, stated in assertion (2), is a stronger
property than that given by Theorem 3.5. In fact, the existence of the factorization
λ in (2) follows again from Theorem 3.5 and the uniqueness from Lemma 3.2.

To see assertion (3) we define the action

∗ : Zp ×U→ U, (N, (z, d)) 7→ (z + α(N), d),

where α is given by the exact sequence (2). Notice that the map U → Mod([F�])
defined by (z, d) 7→ Λ(z) ·ζ(d) = [F�U(z, d)] is surjective and Λ(z) ·ζ(d) = Λ(z′) ·ζ(d′)
if and only if there is N ∈ Zp such that N ∗(z, d) = (z′, d′). Thus U/∗Zp is identified
to Mod([F�]) = SL(F�)/ ∼Cex . Let us denote by SL(F) the set of foliations having
the same SL-type than F as was defined in the introduction by means of properties
(SL1)-(SL3). The fibers of the canonical map Mod([F�]) → SL(F)/ ∼Cex are the
orbits of the action

? : I×Mod([F�])→ Mod([F�]), ϕ ? [G, g] = [G, g ◦ ϕ−1],

where I := MCG(E�F ) is the mapping class group of the marked divisor E�F con-
sisting of all the isotopy classes of homeomorphisms of EF leaving invariant the
symmetric map · and the set Sing(F ]). It is well known that I is isomorphic to a
finite product of braid groups. �

Corollary 3.8. If P is a connected compact manifold such that H1(P,Z) = 0 then
any marked global family G�P ∈ SLP (F�) is locally Cex-trivial, and a fortiori the
topological class of G�P (t), t ∈ P , is constant.

Proof of Theorem C. Assertion (0) corresponds to properties (i) and (ii) of the exact
sequence (2) stated in Section 2.3. Property (1) of Theorem 2.9 implies assertion (1)
of Theorem C, while assertion (2) of Theorem C is stated in Theorem 3.5. �

4. Topological equivalences for families and deformations

We will compare for global families and for germs of deformations the Cex-conjugacy
relation to a weaker conjugacy relation defined as the topological conjugacy before
reduction, on each fiber of the family, without requiring the continuous dependence
on the parameters of the conjugating homeomorphisms.
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4.1. Tame foliations. Until now the only hypothesis that we have made on the
germs of generalized curve foliations is that of finite type. Under this hypothesis,
which is Krull generic [10], we have obtained, for the equivalence relation Cex, com-
plete families whose modular map is surjective. In order to obtain the same result
for the equivalence relation C0 we must add a combinatorial assumption on the ex-
ceptional divisor EF and a dynamical assumption on the transverse structure of the
foliation F . For that let us denote by EdF the union of irreducible components of the
exceptional divisor EF which are dicritical and by NCF the set of singular points of
EF , called nodal corners, where the Camacho-Sad index of F ] is a strictly positive
real number. Let us consider the following two conditions:

(NC) No Chain: the closure of each connected component of EF \ EdF contains an
irreducible component D with card(D ∩ Sing(F ])) 6= 2, i.e. there is no con-
nected component of EF \ EdF as in Figure 1.

(TR) Transverse Rigidity: if the closure of a connected component of EF \ (EdF ∪
NCF ) contains an irreducible component with at least 3 singular points of
F ], it also contains an irreducible component whose holonomy group for the
foliation F ] is topologically rigid, for instance unsolvable, cf. [11, 13].

s′ s′′• · · · •• •· · ·

Figure 1. The only situation excluded by Condition (NC). Every
divisor is non-dicritical and the elements of Sing(F ]) are s′, s′′ and the
intersection points of the divisors; dicritical components may intersect
any component.

Condition (NC) is technical and, as the generalized curve condition, only de-
pends on a finite order jet of the differential form defining F . In the presence of
chains C0-classification must be approached differently and it will depend on open
questions about the topology of Cremer biholomorphisms in one complex variable.
Property (TR) is satisfied for a dense open set for the Krull topology of differential
1-forms fulfilling condition (NC), cf. [3]. The following theorem, first proved in [6]
with additional assumptions, then generalized in [8, Theorem 11.4] using results of
[14], justifies these two hypothesis:

Theorem 4.1 ([8, Theorem A]). Two germs of generalized curves foliations F and
G satisfying (NC) and (TR) are C0-conjugated if and only if they are Cex-conjugated.

Definition 4.2. A germ of singular foliation is called tame if it is a generalized
curve of finite type satisfying conditions (NC) and (TR).

Remark 4.3. For a global equisingular family over a connected manifold properties
(NC), (TR) and being of finite type are satisfied by any fiber as soon as they are
satisfied by one fiber. �

Proof of Theorem A. We mark F by EF using the identity map; to obtain FU we
apply Theorem C to F� = (F , idEF ), that also provides a marking (fu)u∈U on FU.

We begin by proving assertion (1). Since G has the same SL-type as F there exists
a homeomorphism ϕ : EF → EG satisfying properties (SL1)-(SL3). We consider the
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marked by E�F = (EF ,Sing(F ]), ·) foliation G� = (G, ϕ) which has the same marked
SL-type as F�. By assertion (1) of Theorem C there exists u0 ∈ U such that G� is
Cex-conjugated to F�U(u0). A fortiori, G is C0-conjugated to FU(u0).

Let us prove now assertion (2). As GP (t0) is C0-conjugated to FU(u0), by The-
orem 4.1 there is a Cex-conjugacy φ : FU(u0) → GP (t0). The composition gt0 :=
φ] ◦ fu0 : EF → EGP (t0) of the lifting of φ through the reduction maps and the mark-
ing of FU(u0) defines a marking of GP (t0) such that G�P (t0) is Cex-conjugated to
F�U(u0) by φ−1. Since P is simply connected, by assertion (b) of Remark 2.5, the
marking gt0 extends to a marking (gt)t∈P of the global family GP . We apply asser-
tion (2) of Theorem C to G�P = (GP , (gt)t∈P ) and we obtain a (unique) holomorphic
map λ : P → U such that λ(t0) = u0 and for any t ∈ P the germs of marked families
G�P,t and λ

∗F�U,λ(t) over the germ of manifold (P, t) are Cex-conjugated. A fortiori,
the germs of families GP,t and λ

∗FU,λ(t) are C0-conjugated.
Redundancy property (3) in Theorem A follows from assertion (3) in Theorem 3.7

taking into account that Cex-conjugacy and C0-conjugacy are equivalent for tame
foliations, see Theorem 4.1. �

4.2. Weak and strong conjugacies of families. In this section we will prove
Theorem B of the introduction. Before that we state a marked version of that result
in which the hypothesis are weaker.

Theorem 4.4. Let F�Q and G�Q be marked by E� equisingular global families of foli-
ations over a complex manifold Q, whose fibers are generalized curves of finite type.
The following properties are equivalent

(1) for any u ∈ Q the marked foliations F�Q(u) and G�Q(u) are Cex-conjugated,
(2) the marked global families F�Q and G�Q are locally Cex-conjugated.

Proof. The implication (2) ⇒ (1) is trivial. To prove the converse we can assume
that Q is connected and simply connected. Let us fix a fiber F� := F�Q(ũ), ũ ∈ Q.
According to the connectedness of Q and Remark 2.7, each G�Q(u), u ∈ Q, belongs
to SL(F�), see Definition 2.6. By assertion (1) we have the equality

modG�
Q

= modF�Q : Q −→ Mod([F�]) .

Let F�U be the marked global family given by Theorem 2.9. Let us consider (z̃, d) ∈ U
such that F�Q(ũ) is Cex-conjugated to F�U(z̃, d). Since F�Q(ũ) and G�Q(ũ) are Cex-
conjugated, Theorem 3.5 provides holomorphic maps λ, µ : Q → Cτ × {d} ⊂ U
satisfying λ(ũ) = µ(ũ) = (z̃, d), such that F�Q is locally Cex-conjugated to λ∗F�U and
G�Q is locally Cex-conjugated to µ∗F�U. We thus have:

modF�U ◦ λ = modF�Q = modG�
Q

= modF�U ◦ µ .

Consequently λ and µ are two liftings of the map modG�
Q

= modF�Q through the map
modF�U , which coincide at the point ũ. It follows from assertion (2) of Theorem 3.7
that λ = µ. Therefore F�Q and G�Q are locally Cex-conjugated, since they are both
locally Cex-conjugated to λ∗F�U = µ∗F�U. �

Now we will use Theorem 4.4 to prove Theorem B of the introduction.

Proof of Theorem B. Thanks to Theorem 4.1, assertions (1) and (2) are equivalent.
The implication (3) =⇒ (1) is trivial. To prove (2) =⇒ (3) let us fix a point ũ
in Q and a marking fũ : E ∼−→EFQ(ũ) of the fiber FQ(ũ) by an appropriate marked
divisor E�. By restricting both families to a suitable neighborhood of ũ we may
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assume that Q is connected and simply connected. Thanks to (b) in Remark 2.5, fũ
extends to a marking (fu)u∈Q of the global family FQ and we will write:

F�Q := (FQ, (fu)u∈Q) and F� := (FQ(ũ), fũ) .

According to Theorem 4.4, in order to obtain assertion (3) it only remains to prove
the existence of a marking (Gu)u∈Q of GQ such that for each u ∈ Q the marked
foliation G�Q(u) := (GQ(u), Gu) is Cex-conjugated to F�Q(u):

[(GQ(u), Gu)] = [(FQ(u), fu)] ∈ Mod([F�]) , u ∈ Q . (11)

For this, we choose for each u ∈ Q a Cex-conjugacy

ϕu : (M(u), θ(u))
∼−→(N(u), ϑ(u)) , ϕu(FQ(u)) = GQ(u) ,

and we denote by ϕ]u : (MFQ(u), EFQ(u)) → (MGQ(u), EGQ(u)) the germ of homeo-
morphism obtained by lifting it through the reduction of singularities of FQ(u) and
GQ(u). We endow GQ with a marking by E�

gu : E → EGQ(u) , u ∈ Q ,

obtained thanks to Remark 2.5 by extending the marking ϕ]ũ ◦ fũ of GQ(ũ). We also
consider the following pre-marking of GQ:

ϕ]u ◦ fu : E → EGQ(u) , u ∈ Q .

Since ϕu is a Cex-conjugacy from F�Q(u) to (GQ(u), ϕ]u ◦ fu) and F�Q(u) belongs to
SL(F�), this pre-marking satisfies

(GQ(u), ϕ]u ◦ fu) ∈ SL(F�)

for each u ∈ Q.
Let us denote by MCG(E�) the mapping class group of E� = (E ,Σ, ·), that is

the group of isotopy classes [φ] of homeomorphisms φ : E ∼−→E leaving invariant the
symmetric map · and the set Σ. For each [φ] ∈ MCG(E�) let us consider the set

K[φ] :=
{
u ∈ Q ; [g−1

u ◦ ϕ]u ◦ fu] = [φ]
}
.

Since MCG(E�) is countable and ⋃
[φ]∈MCG(E�)

K[φ] = Q ,

there exists an element [Φ] ∈ MCG(E�) such that K[Φ] is not contained in any
countable union of proper closed analytic subsets of Q. Let us consider the marked
by E� equisingular global family

G�Q :=
(
GQ, (Gu)u∈Q

)
, Gu := gu ◦ Φ .

We highlight that
ϕu(F�Q(u)) = G�Q(u) , if u ∈ K[Φ] , (12)

as in this case gu ◦ Φ is isotopic to ϕ]u ◦ fu. Therefore G�Q(u) belongs to SL(F�)
when u ∈ K[Φ]. It follows from Remark 2.7 that G�Q belongs to SLQ(F�) and we can
consider the map Q 3 u 7→ [G�Q(u)] ∈ Mod([F�]).

Let us now consider the map β : Mod([F�]) → D in the exact sequence (2). By
Corollary 3.3 there is d ∈ D such that β([F�Q(u)]) = d, for every u ∈ Q. From (12)
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and Corollary 3.3 we also have β([G�Q(u)]) = d, for every u ∈ Q. Let us fix u1 ∈ K[Φ]

and z1 ∈ Cτ satisfying

[F�Q(u1)] = [G�Q(u1)] = Λ(z1) · ζ(d)

By Theorem 3.5 there exist two holomorphic maps

λ : Q −→ Cτ , λ′ : Q −→ Cτ ,

satisfying λ(u1) = λ′(u1) = z1 and

Λ(λ(u)) · ζ(d) = [F�Q(u)] , Λ(λ′(u)) · ζ(d) = [G�Q(u)] , u ∈ Q , (13)

where Λ : Cτ → Mod([F�]) is the map in (2). From (12) for u ∈ K[Φ] we have:

Λ(λ(u)) · ζ(d) = Λ(λ′(u)) · ζ(d) if u ∈ K[Φ]

and λ(u)− λ′(u) belongs to ker(Λ) for u ∈ K[Φ]. Let us choose Nu ∈ Zp such that

λ(u) = α(Nu) + λ′(u) , u ∈ K[Φ] ,

and for each N ∈ Zp let us consider the following sets:

LN := {u ∈ K[Φ] ; Nu = N} ⊂ L′N = {u ∈ Q ; λ(u)− λ′(u) = α(N)} ⊂ Q .

Clearly we have:

K[Φ] =
⋃
N∈Zp

LN ⊂
⋃
N∈Zp

L′N .

Since each L′N is a closed analytic subset ofQ andK[Φ] is not contained in a countable
union of proper such sets, there exists Ñ ∈ Zp such that L′

Ñ
= Q. Consequently:

λ(u) = α(Ñ) + λ′(u) for every u ∈ Q .

Then equalities (13) give the required equalities (11); that ends the proof. �

4.3. Conjugacies of families versus conjugacies of deformations. According
to Remark 2.5, any deformation of a marked foliation may be canonically endowed
with a marking. We will see that under finite type assumptions, the notion of
conjugacy of deformations is equivalent to that of the conjugacy of their marked
associated families.

Theorem 4.5. Let us consider a finite type foliation F which is a generalized curve,
f : E → EF a marking of F , (FQ· , ι) and (GQ· , δ) two equisingular deformations of
F over a germ of manifold Q· := (Q, ũ). Let us denote by F�Q· and G�Q· the families
FQ· resp. GQ· endowed with the markings induced by the markings ι] ◦ f and δ] ◦ f
of their special fibers. Then the following properties are equivalent:

(1) there is a Cex-conjugacy φ between the germs of families of FQ· and GQ· such
that the lifting of δ−1 ◦φ ◦ ι through the reduction of singularities of F leaves
invariant each irreducible component of EF ,

(2) the marked families F�Q· and G�Q· are C
ex-conjugated,

(3) the deformations (FQ· , ι) and (GQ· , δ) are Cex-conjugated.

This theorem will be easily obtained using the following extension result.
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Theorem 4.6. Let FQ· be an equisingular family over a germ of manifold Q· =
(Q, ũ) whose fibers are finite type generalized curves. Let φ be a Cex-automorphism
of the special fiber FQ·(ũ) and φ] : MFQ· (ũ)

∼−→MFQ· (ũ) the lifting of φ through the
reduction of singularities of FQ·(ũ). If φ] leaves invariant each irreducible compo-
nent of the exceptional divisor EFQ· (ũ), then φ extends to a Cex-automorphism of the
family FQ·.

Proof of Theorem 4.5 . The implications (3) ⇒ (2) ⇒ (1) are trivial. To see that
(1)⇒ (3), we denote by φũ the restriction of φ to the fibers over ũ and we consider
the Cex-homeomorphism ψ := ι◦δ−1◦φũ which is an automorphism of FQ·(ũ). Notice
that ψ is conjugated by ι to δ−1 ◦ φ ◦ ι and consequently its lifting ψ] through the
reduction of singularities of FQ·(ũ) leaves invariant each irreducible component of the
exceptional divisor EFQ· (ũ). By Theorem 4.6 ψ extends to a Cex-automorphism Ψ of
the family FQ· . Then the Cex-homeomorphism Φ := φ ◦Ψ−1 satisfies Φ(FQ·) = FQ·
and

Φ ◦ ι = Φũ ◦ ι = φũ ◦Ψ−1
ũ ◦ ι = φũ ◦ ψ−1 ◦ ι = φũ ◦ φ−1

ũ ◦ δ ◦ ι
−1 ◦ ι = δ.

�

The proof of Theorem 4.6 is based on the following property of the pull-back
map φ∗ introduced in Theorem 2.4.

Lemma 4.7. Let F be a germ of foliation and let φ be a Cex-homeomorphism that
conjugates F to itself. Assume that F is a finite type generalized curve and that
the lifting φ] of φ through the reduction of singularities of F leaves invariant each
irreducible component of the exceptional divisor EF . Then for any pointed manifold
P · the pull-back map φ∗ : DefP

·
F
∼−→DefP

·
F is the identity map.

Proof of Theorem 4.6. Let ι be the canonical embedding of the special fiber FQ·(ũ)
in the family FQ· , so that (FQ· , ι) is a deformation of FQ·(ũ). By definition,
there is an element (GQ· , δ) of φ∗([FQ· , ι]) that is conjugated to (FQ· , ι) by a Cex-
homeomorphism germ Φ : GQ· → FQ· such that Φ ◦ δ = ι ◦ φ. By Lemma 4.7
we have φ∗([FQ· , ι]) = [FQ· , ι]. This means that (GQ· , δ) ∼Cex (FQ· , ι), and there
is a Cex-homeomorphism germ Ψ such that Ψ(FQ·) = GQ· and Ψ ◦ ι = δ. Hence
Φ ◦Ψ ◦ ι = ι ◦ φ, i.e. Φ ◦Ψ extends φ. �

It remains to prove Lemma 4.7 but before we will recall some representation results
proved in [9]. Let Fol be the category of germs of generalized curves on (C2, 0) and
excellent conjugacies. Let Folft ⊂ Fol be the full subcategory consisting in finite type
foliations. Let Man· ⊂ Set· be the categories of pointed complex manifolds and sets.
In [9, §5.3 and §1.2] we have introduced the contravariant functor Folft → Man·,
F 7→ H1(AF , TF ). Any excellent conjugacy φ : G → F induces the graph morphism
Aφ : AG → AF , ? 7→ φ](?), which allows to define a morphism [φ∗] : H1(AF , TF ) →
H1(AG , TG) in the following way:

[φ∗]([XD,〈D,D′〉]) = [YD,〈D,D′〉], YD,〈D,D′〉 = (φ])∗XAφ(D,〈D,D′〉) .

We also considered the contravariant functor Fac : Man· × Folft → Set· defined by

Fac : (P ·,F) 7→ O(P ·, H1(AF , TF )·) ,

and if µ : Q· → P · and φ : G → F are morphisms in Man· and Folft respectively,
then Facµφ sends λ ∈ O(P ·, H1(AF , TF )·) into [φ∗] ◦ λ ◦ µ ∈ O(Q·, H1(AG , TG)·).
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On the other hand, Theorem 2.4 allows us to consider the correspondence

Def : (P ·,F) 7→ DefP
·
F := {equisingular deformations of F over P ·}/ ∼Cex

together with the morphisms Defµφ = φ∗◦µ∗ = µ∗◦φ∗. According to [9, Theorem 3.11]
Def : Man· × Folft → Set· is a contravariant functor.

Theorem 4.8 ([9, Theorem 6.3]). There is an isomorphism of functors ξ : Def
∼−→Fac.

Proof of Lemma 4.7. Thanks to Theorem 4.8 it suffices to prove that the morphisms

Fac
idP ·
φ : O(P ·, H1(AF , TF )·)→ O(P ·, H1(AF , TF )·) , λ 7→ [φ∗] ◦ λ ,

are the identity maps. Indeed the naturality of ξ gives the following commutative
diagrams

DefP
·
F

φ∗ //

∼ξP
·
F
��

DefP
·
F

∼ ξP ·F
��

O(P ·, H1(AF , TF )·)
Fac

idP ·
φ

// O(P ·, H1(AF , TF )·) .

The map Fac
idP ·
φ is the identity if and only if the pull-back map [φ∗] : H1(AF , TF ) −→

H1(AF , TF ) is the identity. Since each irreducible component D ∈ VeAF is fixed by
φ], the induced graph morphism Aφ : AF → AF is the identity map and

[φ∗] : H1(AF , TF ) −→ H1(AF , TF ) , [(XD,e)D∈e∈EdAF ] 7→
[
(φ]∗(XD,e))D∈e∈EdAF

]
.

Thanks to Theorem 2.11, it suffices to see that φ]∗ : TF (e) → TF (e) is the identity
for each e = 〈D,D′〉 ∈ EdAF such that TF (e) is one-dimensional. The germ at
{m} = D ∩ D′ of the foliation F ] is either linearizable non-resonant or resonant
normalizable and non-linearizable. Let us fix a local chart (z1, z2) : Ω

∼−→Dr × Dr
centered at the point m, satisfying

r > 1, z(m) = (0, 0), D ∪D′ = {z1z2 = 0}
such that the foliation F ] is defined on Ω either by the 1-form ω = ωL or by ω = ωN ,
with

• ωL = az1dz2 + bz2dz1, with a, b,∈ C, b/a /∈ Q ,
• ωN = bz1(1 + ζ(za1z

b
2)k)dz2 + az1(1 + (ζ − 1)(za1z

b
2)k)dz2, a, b, k ∈ N∗, ζ ∈ C.

According to [9, Lemma 5.4] in both cases, ω = ωL or ω = ωN , there exists an
explicit holomorphic vector field Z on Ω, that is tangent to {z1 = 1} such that [Z]
generates TF (e):

Z = z2
∂

∂z2
if ω = ωL, Z =

(za1z
b
2)k

1 + ζ(za1z
b
2)k

z2
∂

∂z2
if ω = ωN .

Let us fix a point p ∈ Ω with coordinates z1 = ε, z2 = 0, where ε ∈ R>0

is sufficiently small so that φ] is holomorphic on Ωε := {|z1|, |z2| ≤ ε} ⊂ Ω and
φ](Ωε) ⊂ Ω. For q ∈ Ω we will denote by Zq the germ of Z at q. We must prove
the equality [φ] ∗Zm] = [Zm] in TF (e), or equivalently that Zm − (Dφ] · Zm) ◦ φ]−1

is tangent to F ]. We will use the following fact about the quotient sheaf BF/XF of
basic and tangent vector fields of F ], cf. §2.3:

- Let X be a section of the sheaf BF/XF restricted to a connected open subset V
of an invariant irreducible component of EF . If the germ of X at some point p
of V is zero, then X = 0.
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Indeed if p is a regular point, by local triviality, the section is zero along the whole
regular part of V . The vanishing at the remaining singularities follows by analytic
continuation. If p is a singular point, then the germ of X at a regular point close to
p is zero and we conclude similarly.

Thanks to this property it suffices to show that at the point φ](p) the vector field
germ Zφ](p) − (Dφ] · Zp) ◦ φ]−1 is tangent to F ]. Let us choose a simple path

γ : [0, 1]→ {z1 6= 0 , z2 = 0} , γ(0) = p , γ(1) = φ](p) ,

and a germ at p of holomorphic submersion Ip : (Ω, p) → (C, 0) constant on the
leaves of F ] whose restriction to {z1 = ε} is equal to z2. Let us denote by Iφ](p) :

(Ω, φ](p))→ (C, 0) the analytic extension of Ip along γ, which coincides with its ex-
tension as first integral of F ]. The vector field Z being basic, the germ of holomorphic
vector field on (C, 0)

Z[ = z
∂

∂z
if ω = ωL , or Z[ =

zbk

1 + ζzbk
z
∂

∂z
if ω = ωN ,

satisfies the relations

DIp · Zp = Z[ ◦ Ip and DIφ](p) · Zφ](p) = Z[ ◦ Iφ](p) , (14)

the second equality resulting from the first one by analytic extension. On the other
hand, the germ of φ] at p factorizes through the first integrals, inducing a biholo-
mophism germ φ[ : (C, 0)→ (C, 0) such that

Iφ](p) ◦ φ] = φ[ ◦ Ip . (15)

Using the chain rule we have:

DIφ](p)·
(
(Dφ] · Zp) ◦ φ]−1

)
=
(
(DIφ](p) ◦ φ]) ·Dφ] · Zp

)
◦ φ]−1

=
(
D(Iφ](p) ◦ φ]) · Zp

)
◦ φ]−1 (15)

=
(
D(φ[ ◦ Ip) · Zp

)
◦ φ]−1

=
(
(Dφ[ ◦ Ip) ·DIp · Zp

)
◦ φ]−1 (14)

=
(
(Dφ[ ◦ Ip) · (Z[ ◦ Ip)

)
◦ φ]−1

= (Dφ[ · Z[) ◦ Ip ◦ φ]−1 . (16)

Since φ] is defined on a neighborhood of the singular point m, φ[ commutes with
the biholomorphism of holonomy of F ] along D and around m. According to [8,
Proposition 6.10] (cases (L) and (R)) there is some t1 ∈ C and a linear periodic map
` : C→ C such that:

φ[ = ` ◦ exp(Z[)[t1] , `∗(Z[) = Z[ ;

therefore φ[ leaves Z[ invariant. Hence the equality Dφ[ · Z[ = Z[ ◦ φ[ holds and
using it we obtain

DIφ](p) ·
(
(Dφ] · Zp) ◦ φ]−1

) (16)
= (Dφ[ · Z[) ◦ Ip ◦ φ]−1 = Z[ ◦ φ[ ◦ Ip ◦ φ]−1

(15)
= Z[ ◦ Iφ](p) ◦ φ] ◦ φ]−1 (14)

= DIφ](p) · Zφ](p) .

We finally have the equality

DIφ](p) ·
(
Zφ](p) − (Dφ] · Zp) ◦ φ]−1

)
= 0 ,

that shows that the vector field germ Zφ](p)− (Dφ] ·Zp) ◦φ]−1 is tangent to F ]. �
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