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Abstract

Let X = A\H be a Schottky surface, that is, a conformally compact hyperbolic surface
of infinite area. Let ¢ denote the Hausdorff dimension of the limit set of A.

We prove that for any compact subset K C {s : Re(s) > g }, if one picks a random
degree n cover X,, of X uniformly at random, then with probability tending to one as
n — 00, there are no resonances of X, in K other than those already belonging to X
(and with the same multiplicity). This result is conjectured to be the optimal one for
bounded frequency resonances and is analogous to both Alon’s and Friedman’s conjectures
for random graphs, which are now theorems due to Friedman and Bordenave-Collins,
respectively.
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1 Introduction

Let X be an infinite area surface equipped with a metric of constant curvature -1, with a
finitely generated non-abelian fundamental group and without cusps. Such a surface is called
a conformally compact hyperbolic surface.

This paper addresses the question of whether typical such surfaces have (almost) optimal
spectral gaps. Here, a spectral gap refers either to a gap in the spectrum of the Laplace-
Beltrami operator or, more ambitiously, to a region where there are no resonances of the
meromorphically continued resolvent. We give the background to this spectral theory now;
for general background on the spectral theory of infinite area hyperbolic surfaces the reader
should see | -

One can obtain X as a quotient X = A\H where H is the hyperbolic upper half plane
and A is a discrete, finitely generated, non-abelian free subgroup of PSLo(R), and, in fact,
by a result of Button | | there are generators 7; ...,74 of A for some d > 2 which form
a Schottky system in the sense of §§2.1. The orbit of A on any fixed point of H accumulates
on OH in a set called the limit set of A; we write § = 0(A) for the Hausdorff dimension of the
limit set. The assumption that A is non-abelian and X is infinite area implies § € (0, 1).

Let Ay denote the Laplace-Beltrami operator on L?(X). The spectrum of Ax in the
range [%, 00) is always continuous with no embedded eigenvalues, and the spectrum is always
discrete below %, by work of Lax-Phillips [ ]. If § > 1 then the bottom of the spectrum
occurs at §(1 — §) by a result of Patterson [ ]. Therefore a naive definition of spectral
gap in this case is Ay — (1 — 9) where A\; is the minimum element of the spectrum other than
0(1 — 6), including §(1 — 9) itself if it occurs with multiplicity larger than one. However, if
0 < % then the spectrum is precisely [%, oo) and this notion of spectral gap has no meaning.
Moreover, even if § > %, it does not give the strongest possible information as we explain
now.

The resolvent operator
Rx(s) & (Ax — s(1—5))7!: C5°(X) = C(X)

has meromorphic continuation from Re(s) > % to the entire complex plane | ]. The
poles of this family of operators are called resonances of X. The multiplicity of a resonance s
is given by rank ( fﬁ/ Ry(s)ds) where 7 is an anticlockwise oriented circle enclosing s and no

other resonance of X. Resonances s with Re(s) > 1 yield eigenvalues s(1 — s) with the same
multiplicity. We write Rx for the multiset of resonances of X, including multiplicities.

Now it is apparent that beyond L? spectral gaps, we can ask for resonance-free regions of
the complex plane. We summarize what is known in this regard assuming that X is connected
(otherwise there is no spectral gap in any sense). In the half-plane {Re(s) > %}, there are
finitely many resonances that all lie on the real line, the right-most one being at s = . If

§ < 3, then we know from | | that there exists e(A) > 0 such that in the half plane



{Re(s) > 6 — €}, the only resonance is at s = ¢. Therefore the spectral gap is then defined as

the maximal size of this e(A). It was shown in [ ] that this gap can be arbitrarily small.
A conjecture of Jakobson and Naud | , Conj. 2] predicts (among other things) that
for any € > 0 there are infinitely many resonances with Re(s) > % — € and hence one does not

expect to obtain spectral gap larger than %. It is a pressing question as to whether ‘typical’

surfaces have a spectral gap close to this optimal value; this question has famous analogs in
graph theory that we will turn to shortly.

In | | we introduced a model of random conformally compact hyperbolic manifolds
based on random covering spaces. For any n € N the collection of degree n Riemannian
covering spaces of X is a finite set and hence we can pick one of these covering spaces uniformly
at random. Note that if X’ covers X, then any resonance of X is a resonance of X', with at
least as large multiplicity. The main theorem of this paper is the following.

Theorem 1.1. Let X, denote a uniformly random degree n covering space of X. For any
compact set K C {s : Re(s) > % }, with probability tending to one as n — oo

RXnﬂIC:RXﬁIC.

This theorem says that for any e¢ > 0, the resonance set of random X, in the region
{s : Re(s) > g + ¢} is almost surely optimal provided we restrict to bounded frequency
(imaginary part). A weaker version of Theorem 1.1 with % replaced by % was proved in
[ , Thm. 1.1]

Theorem 1.1 together with the main result of | | implies the following corollary on
L? eigenvalues.

Corollary 1.2. Assume that § > %, and that the base surface' X has Euler characteristic —1.
Let X,, denote a uniformly random degree n covering space of X . With probability tending to
one as n — oo the only eigenvalue of Ax, is §(1 —9).

We now explain the analogy with random graphs; this is also discussed in detail in [ ,
Introduction]|. A celebrated conjecture of Alon | | predicted that for any ¢ > 0, a uni-
formly random d-regular graph on n vertices, with probability tending to one as n — oo, has
no eigenvalues of its adjacency operator larger than 2v/d — 1+ €, other than d. The relevance
of the value 2v/d — 1 is both that it is the spectral radius of the adjacency operator on the
universal cover of a d-regular graph (a d-regular tree), and also, a result of Alon-Boppana
[ | states that any sequence of d-regular graphs on n vertices has second largest eigen-
value of their adjacency operators at least 21/d — 1—o0(1) as n — co. Hence the value 2v/d — 1
is analogous to g here. It is interesting however that even though the Alon-Boppana bound
is not very hard to prove, the analog of this fact in the current setting is still only a conjec-
ture. Alon’s conjecture was proved by Friedman in | | (see also [Bor] for a new proof and
[ | for a proof of only slightly weaker result).

'In this case X is either a pair of pants with three funnels or a torus with one funnel.



Friedman conjectured in | | that a variant of Alon’s conjecture should hold for random
degree n covering spaces® of a fixed finite base graph provided

e One replaces 24/d — 1 by the spectral radius of the adjacency operator on the universal
cover of the graph, and

e One allow eigenvalues of the adjacency operator that already belonged to the base graph
(as one must).

Friedman’s conjecture was proved in a breakthrough work of Bordenave and Collins | ]
In fact Bordenave-Collins proved a vast generalization of Friedman’s conjecture where one
twists a random Hecke operator, formed from random permutations, by arbitrary fixed finite
dimensional matrices, assuming the matrices satisfy a symmetry condition that forces the
resulting operator to be self-adjoint. The work of Bordenave-Collins is a vital ingredient of
the current work.

The first result on spectral gap of random hyperbolic surfaces is due to Brooks and Makover
[ | who prove that for a combinatorial model of random closed hyperbolic surface, de-
pending on a parameter n that influences the genus (non-deterministically), that there exists
a constant C' > 0 such that with probability tending to one as n — oo, the first non-zero
eigenvalue (A1) of the Laplacian satisfies Ay > C. Mirzakhani proved in | | that for
Weil-Petersson random closed hyperbolic surfaces of genus g, with probability tending to one
as g — oo one has A; > 0.0024. In | | the authors of the current paper proved that
Theorem 1.1 holds with g replaced by %6.

Returning to closed surfaces, by building on [ |, the authors and Puder proved in
[ ] that for a uniformly random degree n cover of a fixed closed hyperbolic surface, there

are for any € > 0, with probability tending to one as n — 0o, no new eigenvalues of the covering
3
16
by Wu and Xue | | and Lipnowski and Wright | |; here the corresponding statement

3>
16

solely to L? eigenvalues, at the strength of the result of | ] giving resonance-free regions

space below =% —e. This result was adapted to Weil-Petersson random surfaces independently

is that there are no eigenvalues between 0 and 1—36 — €. These ‘=%’ results are, when it comes

in terms of %6; for compact surfaces § = 1 and the eigenvalue is written A = s(1 — s)
2(1-32) = 1%) On the other hand, closed surfaces involve additional difficulties due to
their non-free fundamental groups.

There are other related works on Weil-Petersson random surfaces that do not imply spec-
tral gaps, but instead offer some spectral delocalization results | , ].

Uniform spectral gap for (deterministic) covering spaces of infinite area hyperbolic surfaces
has also been of interest in number theoretic settings; see | , , , ]
for a selection of results; the single quantitative result here is by Gamburd | ]. Much
of the motivation of these spectral gap results came from the ‘thin groups’ research program;
see Sarnak’s article | | for an overview.

Another closely related concept is that of essential spectral gap; referring to a half-plane
where only finitely many resonances appear. Two important results here are due to Bourgain

2In graph-theoretic literature, these are called n-lifts.



and Dyatlov. Let X be conformally compact as above. The first result, proved in | |, says
that there is € > 0, depending only on §, such that there are only finitely many resonances
in {s : Re(s) > 6 —e}. This result is relevant if 6 < 1/2. On the other hand, it is
proved in [ ] that there are only finitely many resonances in {s : Re(s) > 1 —n} for
some 1 = n(A) > 0, this result being relevant if § > % A conjecture of Jakobson-Naud
[ | says that the optimal essential spectral gap corresponds to finitely many resonances
in {Re(s) > % + 8} for any € > 0. We do not know yet if our probabilistic techniques can
be used to address high frequency problems (i.e. resonances with large imaginary parts) and
have not attempted to do so in the present paper, however the present paper says that in
some sense this conjecture holds in the bounded frequency, large cover regime. For a broader
perspective on resonances of hyperbolic surfaces than we are able to offer here, the reader can

see Zworski’s survey article | ].
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2 Preliminaries

2.1 Boundary coding of Schottky groups and Bowen’s formula

In this section, we set some notations (which are essentially similar to | ] and | ]
with some slight changes).

Let d > 2and Z = {1,...,2d}. If i € Z, then we write i % i + d mod 2d so i € Z. For
each i € Zwe are given an open disc D; in C with center in R. The closures of the discs D;
for i € T are assumed to be disjoint from one another. We let I; def D; N R, an open interval.
We write D def Ujez D; for the union of the discs.

We consider the usual action of SLa(R) by M&bius transformations on the extended com-
plex plane C = CU {o0}. We are given for each i € Z a matrix ; € SLa(R) with the mapping
property

7% (C\D) =D, ="

We recall that we denote A % (7i : i € T) for the group generated by the 7;. Since the discs
D; are disjoint, Klein’s Ping-Pong Lemma shows that A is a free subgroup of SLa(R). The
converse is actually true in dimension 2: every conformally compact hyperbolic surface X can
be uniformized by a Schottky group A so that X = A\H, see | ]. The elements of A can
be encoded by words in the alphabet Z as follows. A word is a finite sequence

i=(i1,...,in), neNU{0}



such that i; # i;41 for j =1,...,n — 1. We say that n is the length of i and denote this by
li| = n. We write W for the collection of all words, Wy for the words of length N, and W>
for the words of length > N. We write () for the empty word and write W° = W — {@}. For
i=(i1,...,in), = (J1,-.-Jm) € W we write

o i' = (i1,...,ip—1) ifi= (41,...,ip) and n > 1.
< def /. . ip e . .
o i= (ig,...,ip) ifi= (41,...,ip) and n > 1.
e i — jif either of i or j is empty, or else 4,, # ji, in which case (i1,...,4n,j1,---,Jm) is

in W° and we write ij for this concatenation.

If i = (i1,...,iy) € W then we associate to i the group element ~; def Yiy - Vin; here yp = id.
The map i € W + v; € T is a one-to-one encoding of I'. We write i dof (in,...,11) and call
this the mirror word of i. Note that 7; = ,},i—l‘ Ifi=(iy,...,i,) € W° we set

D = (Di,), Ii=(1i,)

and write |[;| for the length of the open interval I;. We view this set up as fixed henceforth,
so all constants will depend on A.
The Bowen-Series map T : D — Cis given by

T‘Di: 71‘_1 =%

The Bowen-Series map is eventually expanding [ , Prop. 15.5]; this will be made explicit
below so we do not give the general definition now. The limit set K = K(A) of A, defined in
the Introduction, coincides with the non-wandering set of 71"

K(A) ¥ ﬁ T7-"(D).
n=1

The limit set K is a compact T-invariant subset of R. Given a Holder continuous map
¢ : K — R, the topological pressure P(p) can be defined through the variational formula:

Plo) ®sup (1) + [ ).
o A
where the supremum is taken over all T-invariant probability measures on K (A), and h,(7T')
stands for the measure-theoretic entropy. A famous result of Bowen | | says that the
map R - R,

r— P(—rlog|T’|)

is convex?, strictly decreasing and vanishes exactly at r = § def 5 (A), the Hausdorff dimension
of the limit set K(A). In addition, it is not difficult to see from the variational formula that

3Convexity follows obviously from the variational formula above.



P(—rlog|T']) tends to —oo as r — +oo. For simplicity, we will use the notation P(r) in place
of P(—rlog|T"|). The pressure functional plays an important role in the sequel.

2.2 Random covering spaces, permutations, and representations

Let S,, denote the group of permutations of [n] &f {1,...,n}. Our random covering spaces of
X are parameterized by
¢ € Hom(A, Sy,).

Of course, choosing ¢ is the same as choosing
_ d
o= (01,...,0q4) €S},

where o; def &(vi). We view o and ¢ as coupled in this way in the rest of the paper.
Given ¢ € Hom(A, S,,), we construct a covering space of X as follows. Let A act on H x [n]
by
V(z,1) = (-2, 6()i])

where the action on the first factor is by Mobius transformation. The quotient

Xs & A\ (H x [n])

is a degree n cover of X. Choosing ¢ uniformly at random in Hom(A, S,,), the resulting X4
is a uniformly random degree n Riemannian cover of X.

Let V, & ?%([n]). Given ¢ € Hom(A, S,) as above, we let p, : A — End(V},) be the
representation obtained by composing ¢ with the standard permutation representation

Sy, — End(V;,).

We let pO denote the restriction of p, to the space V. of functions on [n] that are orthogonal
to constants. The parameters ¢, p,, and p! (as well as o) are now coupled for the rest of the

paper.

2.3 Transfer operator and function spaces

Let V be a finite dimensional complex Hilbert space. We consider the Bergman space H(D; V)
that is the space of V-valued holomorphic functions on D with finite norm with respect to
the given inner product

(f9) % /D (f (@), g(@))vdim(z).

Here dm is Lebesgue measure on D. This splits as an orthogonal direct sum

H(D; V) = P H(D:; V).

1€T



If {ex}32, is any orthonormal basis of H(D;; C), and z1,x2 € D;, then the sum

o0

def
> en(z1)er(w2) = Bp, (21, 2)
k=1

converges uniformly on every compact subset of D; and is called the Bergman kernel of D;.

It is given by the explicit formula (cf. | , pg. 378])
2
Bp,(z1,72) = : 5 (2.1)

™ [7"12 — (fg — ci)(xl — CZ)}
where r;, ¢; are the radius and center of D;. We let

Bp(z,w) € Y 1{z,w € D;}Bp,(2,0).
€T

An important fact that will be used several times in this paper is the reproducing property
of the Bergman kernel: if f € H(D, V'), then we have for all z € D,

f(2) = /D B (2 w) f(w)dm(w),

in particular for all compact subsets K C D, the above explicit formulas for the kernels show
that there exists C'g > 0 such that

sup [|f(2)[lv < Ckllfnmv)-
zeK

Throughout the sequel, p : A — U(V) will denote a finite dimensional unitary representation
of the Schottky group A. The transfer operator acting on H(D, V) is defined as follows:

def — .
Loplfl@)f S i@) oy N f(u(x) xe€Dj,jel.

=

i—j
Here (v/(z))* is understood as (vi(x))® := e~570(#)) where 7(2) is the analytic continuation
to Ujjj—oD; of 7(x) = log |T"(x)|, and where T is, as defined above, the Bowen-Series map. In
addition, we can assume that 7 is also continuous on Ujjj—2D; -

The following result appears in [ , Lemma 15.7] in the case V = C, and easily extends

to the case of finite dimensional V.

Lemma 2.1. The operator L, is a trace class operator on the Hilbert space H(D, V).

Our interest in considering these operators stems from setting p = p! from §§2.2. The
following fact follows from | , Thm 2.2. and Prop. 4.4(2)].

Proposition 2.2. If s is a resonance of Xy that appears with greater multiplicity than in X,



for example, by not being a resonance of X, then

det(1 — L 0

s,p%) =
and hence 1 is an eigenvalue of L, jo. (The determinant above is a Fredholm determinant.)

2.4 Deterministic a priori bounds

We will now introduce a useful notation from | ]. In the rest of the paper, for any i € W°,

we define
def

T = |Ii|7
that is the length of the interval [; associated to the word i. For all i € WW>9, we have obviously
T; < Ty (2.2)
since I; C I;;. Therefore there exists trivially ¢ = ¢(A) > 0 such that for any i € W°,

0<T;<ec (2.3)

Lemma 2.3. There ezists a constant K = K(A) > 1 such that the following bounds hold.

(Rough multiplicativity) For alli,j € W° with i — j, we have

K‘lTiTj < Tij < KTiTj. (2.4)

(Mirror estimate) For all j € W°, we have

K15 < Y5 < K. (2.5)

(Derivatives) For all z € D, , we have

(Exponential Bound) There is a constant D = D(T') > 1 such that

T; < KD (2.7)
The proof of these bounds follow from [ , Lemmas 3.1, 3.2, 3.4, 3.5] and follows
previous estimates from | ]. The following result is [ , Lemma 3.10].

Lemma 2.4. For all r1,Q € R such that 0 < ry < Q there is a constant C = C(r1,Q) > 0
such that for all N € Ng and r € [r1, Q] we have

> T} < Cexp(NP(ry)). (2.8)
ieEWwn



Lemma 2.5. Suppose that K C C is compact. There is a constant C = C(K) > 0 such that
for all £ € N and s,s9 € K
1£5 50 = Loy 0| < 15 = s0C,

S0:Pn

where ||.|| denotes the operator norm on H(D,V,0).

Proof. Let f € H(D,V)?). We write

125,00 () = Loy 0 (NP = /D 1£5 0 (F) = L5, 0 (D0 dm

2
2d
=Y [ X (e e ) o i) (o)
5=17Di ||is, li|= Vo

where we have set

def

70 (Mi2) = T(Yirip2) + T(Mig.ip2) + o+ 7(73,2)-

Notice that there exists M > 0 independent of £ such that for all z, i above we have |7(9) (y;2)| <
£M. We will then use the following basic bound, valid for all z1, z9 € C:

max{Re(z1),Re(z2)}

L—e?| < |z1 — 22le ,

e

which yields

‘e—w“)mz) — om0 02| < ppg)s — sgletM max{isol lsl},

Using unitarity of the representation p9 and triangle inequality leads to the very crude bound
— st (s 507 ® (4 _
Z (6 st (viz) _ e 50T (’le)) pg('}/i l)f(’)/iz) < M£|S_SO|6€Mmax{\80|7\8\}#Wg <sup sup ||f(712)||vg> s
i, li]=¢ Vo 127 2€D;

which then gives

125 50 () =L oo (NP < m(D) (M]s — sp])? M mxtioblsl} (317,)% <sup sup ufwizmzvg) -

i—j ZEDj

By the reproducing property of Bergman’s kernel, and since all «; map uniformly each D; in
a compact subset of D, we deduce that there exists a constant C' > 0 uniform in ¢ such that

sup sup || f(1i2)[0 < Clf15p .10
i—=j z€D;

The proof is now done if we use the fact that s, sy are in a compact set. O

10



We then define the following operators A;(s) : H(D,C) — H(D, C) by

Ai(9)[f)(2) € 1{x ¢ DiYe @) f (). (2.9)

Being a composition operator which maps admissible discs D; compactly into D, it is easy to
see that each operator A;(s) is trace class on H(D;C). If i = (i1,42,...,ir) is an admissible
word, we can then define the following composition

A(s)i € Aiy () Aig () .. Ay, (8)[f] = Ha ¢ Dy Y70 f o (),

where we have set for all admissible word j of length ¢, 7(©) (142) = T(Vjrje 2) + T(Vja.je?) +
...+ 7(74,2). It will be useful in the following to have a kernel formula for the action of the
adjoint operator A(s);.

Lemma 2.6. Using the above notations, we have for all f € H(D, C),
AA@) = [ T By, 952) 1),
D\D,

Proof. Using the reproducing kernel property, we have for all f,g € H(D, C),

(A(s)if, ) = /D 1{z ¢ Dy, e~ 052 /D Bp(y;z, w) f(w)dm(w)g(z)dm(2).

We observe that since there exists a compact set K C D such that for all z ¢ D;, v(z) € K,
we have (by using the explicit formula for the Bergman kernel)

sup |Bp(v;z,w)1{z ¢ D; }| < oc.
z,weD

Therefore we have

[ [ 1t¢ Doy e
DJD

and we can use Fubini’s theorem to write

|B(n32, w) f(w)g(2)|dm(z)dm(w) < oo,

(A(s)if,g) = /D fw) /D 1{z ¢ Dy ye =™ 05%) B (w, 7;2)g(2)dm(z)dm(w),

where we have used the fact that Bp(z,w) = Bp(w, z) and the proof is done. O

Notice that we have Af(s) # A;(s), which is a source of non-selfadjointness issues and
(besides the obvious infinite dimensional setting) one of the main differences with | 1,
where a symmetry hypothesis is assumed. See §§4.1 for a more detailed discussion of these
differences to | ].

In this paper, we will have to deal with integral operators acting on H(D, C) (or their
vector valued extensions). We need a simple criterion to compute their traces, which is as

11



follows.

Lemma 2.7. Let Ty : H(D,C) — H(D,C) be an integral operator whose kernel J# (z,w)
satisfies the following properties: assume that # €C%(D x D), and that for all w € D, the
map z v+ K (z,w) is holomorphic and extends to a C? function on the boundary OD. Then,
if Ty s trace class, we have the identity

tr(Ty) = /Djif(z,z)dm(z).

Proof. Tt is enough to work in the unit disc D to simplify. Let (e,)speny be the Hilbert basis

of H(D, C) given explicitly by
1
ep(z) = \lz%zp.

Because T is assumed to be trace class, we have

tr(Ty) = Z(T;{/ep, ep) = Z /D/Dji/(z,w)ep(w)dm(w)ep(z)dm(z),

p=0

which by Fubini can be rewritten as
tr(Ty) = Z/ / H (z,w)ep(z)dm(z)e,(w)dm(w).
> JDJD

Since z +— J (z,w) is holomorphic on the unit disc, we know that we have the convergent
Taylor expansion

H(z,w) = Zag(w)zz,
p=0

where for all 0 < r < 1, we can write

1 2

. AN 4
ag(w) = 2 ), A (re® w) (rew) do.

because z — £ (z,w) is actually continuous up to the boundary we can write

ag(w) L /027r A (€, w) (eig)—z de,

T om
and use the C? regularity to integrate by parts two times which yields uniformly for all w € D,
lag(w)| = O (672) .

‘We now notice that

12



which shows that uniformly for all w € D,

/ H(z,w)ep(2)dm(2)
D

lep(w)| =0 (p7%)

and the series

> /D H (2, w)ep(2)dm(2)ep(w)

are therefore uniformly convergent (with limit .# (w,w)) on D, which allows to write

— i H (z,w)ep(2)dm(z)e,(w) | dm(w A (w, w)dm(w),
L= =,

and the proof is done. O
Lemma 2.8. Let K be any compact subset of C. There is C = C(K) > 0 Such that for any
s=r+it € K, all m > 0 and all 2m-tuples of admissible sequences i*,... i™,j' ....j™ , we

have

tr(A(s)ilA(s);A(s)iQA(s);; - A(8)im A(s) )‘ cmHT

Proof. Given an admissible word i, we denote by .#i(z,w) the integral kernel of A(s); which
is given by .
Hi(z,w) = 1{z ¢ Dy, ye ™™ 0 B (2, w).

Similarly we will denote by J¢*(z,w) the integral kernel of A(s);, which is
K (z,w) = Hw ¢ Dig ™0 Bp (2, 7).

An important observation is due to the fact that each 75 maps D\ D;, uniformly and compactly
into D, one can use the explicit formula for the Bergman kernel to prove that there exists
Coy > 0 such that for all admissible i,

sup [1{z ¢ Diy}B(352,w)| < Co and sup |1{w ¢ Di, }B(2,%w)| < Co.
z,weD z,weD

Because each kernel J#i(z,w), J;"(z,w) is bounded on D x D (by the above observation),
we can use Fubini’s theorem to compute the kernel of

A(s)p A()5 A(s)i A()}a -

i 32

CA(8)im A(8)

which is given by
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We can then check that z + J#1 1 jm jm(2,w) is holomorphic with an analytic extension
to 0D. Being a product of trace class operators, A(s)pA(s);"lA(s)igA(s);z o A(8)im A(8)m
is therefore trace class and we can use Lemma 2.7 to obtain (again rearranging the order of

integration by Fubini)

tr (A(s)ilA(s):iklA(s)izA(s);g . A(s)imA(s);m)

— , Ji/il (wgm, wl)%f (wlng) Ce Jgim (w2m72, w2m71):%j;kn (wgm,Lme)dm(wl) Ce dm(wgm).
D m

We now recall that for all z € D\ D;,,

o570 (72) (Vi(2))* = e*log 5 (2)

where log(w) = log |w| 4+ i arg(w) is the principal branch of the complex logarithm on C '\
(—00,0]. Using (2.6), this leads to the bound for s € K

< ReIoB () < oy (10) TR,

where C1(K) > 0. Using the mirror estimate (2.5), we end up with (up to a slight change of
constant)
< Cy(fo)TRe),

1

[CAe

We have therefore if Re(s) = r
‘tr (Al) Al Als) Als)fo -+ A(s)imA(s);m)) < G3™ (Ca(K))>™ (VolD))*™ [T Th Y.
k=1
which concludes the proof. O

3 Random permutations and random graphs

3.1 Symmetric random permutations

We write [n] 3 {1,...,n} and we write S,, for the symmetric group of permutations of [n].

We view d > 2 as a fixed integer as in §§2.1. As before, for i € [2d] let i 4t i+ dmod 2d

so i € [2d]. We say that a tuple in (S,)%? is symmetric if o; = o, .

To obtain symmetric
random permutations we choose o1, ..., 04 independently and uniformly in S,. (Of course,
choosing these plays the same role as in §§2.2 and hence is the same thing as choosing our
random cover Xy.)

We let 0; = o; ' to extend the indices of o; to [2d] and we write S; for the matrix
representing o; as a 0-1 matrix. We also let

def

1
n

14



this is just the matrix of o; acting in V2.

3.2 Graphs and paths
First following [ , Def. 6] we define the category of graphs that we work with.

Definition 3.1. A colored edge is an equivalence class of element (x,7,y) of [n] x [d] x [n]
with respect to the equivalence relation generated by

(z,4,9) ~ (4, 2). (3.1)

A colored graph is a pair consisting of a vertex set V' C [n] and a set of colored edges E as
above. It is clear that any colored graph has underlying multigraph obtained by forgetting
colors. When we refer to paths, cycles, etc, in colored graphs, they are just paths and cycles
in the underlying multigraph.

For symmetric permutations (o7, ..., 02q) in (S,)??, G is the colored graph with vertex
set [n] and colored edges given by [z, 7, y] such that o;(x) = y, modulo the equivalence relation
on colored edges.

We also introduce a way to talk about paths and the graphs they trace out.

Definition 3.2. The set E is the collection of pairs e = (z,i) with € [n] and i € [2d].
Each of these be thought of as a half-edge emanating from z and labeled by i. A path of
length k is a sequence in E*. For k € N let v = (v1,...,7) € E* be a path, and write each
Y& = (x4,4¢) € [n] x [2d].

o Let V,, = {x; : 1 <t <k} and Ey = {[xg,4,2441] : 1 <t < k—1}. We denote by
G, the colored graph with vertex set V, and colored edges E, modulo the equivalence
relation (3.1).

e A path is non-backtracking if for each 1 < ¢t < k — 1 as above, i; # i;11. We write rk
for the subset of of non-backtracking paths in E*. For e, f € E we write Flgf c I'* for
the non-backtracking paths with v1 = e, 7 = f.

Remark 3.3. Note that in Definition 3.2 the paths, etc have nothing a priori to do with G°.
Rather, their role is as objects that could potentially appear in G°.

Definition 3.4. Given a non-backtracking path v = ((x1,i1),..., (z,i)) € I'*, the color

sequence of the path is
. def /. .
l(’}/) = (Zh- . ~aZk)'

3.3 Tangles

One important notion in the works of Bordenave-Collins [ |, originating in Friedman
[ |, is tangles. These relate to events of small probability that make large, argument-
destroying, contributions to the expected value of traces. The following definition is [ ,
Def. 19]
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Definition 3.5. Let H be a colored graph. H is tangle-free if it contains at most one cycle.
For any vertex = of H, let (H,x); denote the subgraph of H containing all colored edges and
vertices that belong to a path of length at most ¢ beginning at x. H is ¢-tangle-free if for
any vertex x, (H,x), is tangle-free, and H is (-tangled otherwise. We say that a path v € E¥
is tangle-free if G, is tangle-free. We write F* (resp. F, ff) for the collection of tangle-free
non-backtracking paths in I'* (resp. Flgf).

The following lemma appearing in | , Lemma 23| gives the probability that G is
(-tangled when (o;) are symmetric random permutations in (.5,)%?.

Lemma 3.6. There is a constant ¢ > 0 such that for (o;) symmetric random permutations
in (Sp)?¢ and 1 < € < \/n, the probability that G is (-tangled is at most

3(2d — 1)%

n

C

4 Non-backtracking operator and path decomposition

4.1 Conjugation between transfer operator and non-backtracking operator

The purpose of this section is to show how the transfer operator, after a unitary conjugation,
is roughly of the form as the non-backtracking operator of | |. This conjugation is not
essential for the argument and merely makes it easier to read the current work alongside

[BC19].

Recall from §§2.3 that our transfer operator

def —s7(vi(z —
Lop[1(2) = ™0 o () f (i)
€A
acts on H(D,V,) and the restriction of this operator to H(D, V,?) coincides with £, ,0 P05 W

aim to prove for certain values of s that £, , has no eigenvalue 1 (cf. Proposition 2.2).
Let

Ko™ H(D) oV ¢ H(D)® 2([n]).

We let S; denote the 0-1 matrix of o; = ¢(v;) as in §§2.2 (recall also that p, and ¢ are

coupled). For each element e = (x,i) € E we consider the subspace

H, ¥ 94(D:) ® Ca c H(D) ® 2([n)]).

(The reason i appears here is to make things line up with Bordenave-Collins machinery). In
?%([n]), we write y for the indicator function of y (this corresponds to identification of £2([n])
with formal complex linear combinations of [n]). This gives

H(D) ® £*([n]) = P He.

eck
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Write p, for the orthogonal projection onto H.. For any endomorphism M of H (D) ® ¢£2([n])
and for each e, f € E we write
def
Mef = peMpf-

Clearly M is determined by the values M,y. Let &y : £2([n]) — ¢2([n]) be the map with

(Exy)(¥) = Oy

and dy, is the Kronecker delta.
Recall the definition of operators A;(s) from (2.9). For e = (x,4) and f = (y,j) we define

def

B(s)es = i # jH(Si)aybe[Aj(s) ® Exylpy: (4.1)

this defines B(s) € End (H(D) ® ¢*([n])). The operator B(s) is in a similar form to the

operator B defined by Bordenave and Collins in [ , (12)] (cf. also the display equation
following | , (12)]). However our B(s) and Bordenave-Collins’ B differ in the following
ways:

e our H(D) is the analog of C"®/?([2d]), however, H (D) does not split as a tensor product
in this way.

e Also, our Aj(s) is slightly more general (in the Bordenave-Collins setting, it is equivalent
to considering a; € End(C" ® ¢2([2d])) rather than a; € End(C")).

e each Aj(s) acts on a infinite dimensional Hilbert space (D).

e most critically, the symmetry condition A; = A7 that Bordenave-Collins assume does
not hold here.

These differences, and especially the lack of the symmetry condition, have to be worked around
in the sequel.

Proposition 4.1. There is a unitary operator U : H(D, V,,) — H(D) ® £2([n]) such that

1. U conjugates the holomorphic family of trace class operators L, to the family of
operators B(s).

2. U conjugates the holomorphic family of trace class operators Ly ,0 to the family of
operators B(s)|k,-

As such, B(s) and B(s)|k, are holomorphic families of trace class operators and | L 20 | =
| B(5)¢ |1, || for all s € C and £ € N.

Proof. First of all, by the obvious identification

H(D,V,) = H(D) ® ¢*([n])

17



the operator L ,, is conjugated to b(s) € End(H(D) ® ¢2([n])),

defZA ®Jz

Consider the unitary operator Q € End(H/(D) ® £2([n])) defined for e = (x,i) and f = (y, j)

by
Qey . (IdH(D y® o, ) pr

Then for F @y € Hy, f = (y,7), F' € H(D;), using A;(s)F = 0 unless i = j we obtain

[Q7"0(5)Qles[F ® y] = peQb(s)[F @ o5 (y)]
= peQ[(4;(5)F) @]
= pe (A(s)F @ 0, ' (y))
= 1{i # j}1{oi(x) = y}pe (A;(s)F @ 2)
= B(s)ef[F ® y]

proving that Q~'b(s)Q = B(s). It is also not hard to see that B(s) leaves K invariant and Q
also conjugates the restriction B(s)|r, to L, ,0. Finally, noting that the conjugation between
Ls p, and B(s) does not depend on s completes the proof. O

4.2 Bordenave’s path decomposition

Here we perform a path decomposition method that originates in work of Bordenave [Bor].
Recall from Definition 3.5 that F¢*! is the collection of tangle-free paths in It For1<k</
we write F) lf“ for the collection of paths « in T**! such that the first & half-edges of v (in T'*)
form a tangle-free path and the last £ — k + 1 half-edges (in T'*~**1) also form a tangle-free
path.

Recall the definition of i(7) from Definition 3.4 and the notation i= (i2,...,1,) from
§82.1. Asin | , pg. 834] we obtain with e = (x,4) and f = (y,j)
l
B(S)ﬁf = Pe Z ( 7) ®S:ch H it mtxtJrl (4.2)
Fe}Ll t=1
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For ¢ € N we define as in | , (32), (34)]

4
def
E(S)@) = Z p(x1,i1)[A(3)i(7) ®611$Z+1]p($e+1,ig+1) (H(Sit)rtth) )

Y=((x1,81)5 5 (Teq1,5041)) EFETT t=1

Ry % >

Y=((@1,1),-r(Teg 1 i41))EFL T\ FEFL

k—1 V4
p(m,h)[A(S)i(»y) ®533133£+1]p(xe+1,’i[+1) (H(Sit)ﬂftl‘Hl) ( H (Sit)$t$t+1> .
t

t=1 =k+1

Remark 4.2. Since each A(s); is trace class (see §§2.4), both B(s)® and Ry (s)) are trace
class operators for any ¢ € N.

The following is proved by Bordenave and Collins in the course of proving | , Lemma
20] (see the last display equation before | , Lemma 20]).

Lemma 4.3. Let £ > 1 be an integer and suppose G is £-tangle free. Then for all F € K,

1
B(s)'F = B(s)"Y) — —Ry(s)YF. (4.3)
n
Hence
1B(s) | ol < 1B()]| + = Z”Rk )|
Proof. Tt clearly suffices to prove the first statement. This is similar to [ , pgs. 836-837]

but there are subtle differences so we give the details for completeness. Let e = (x,4) and
f = (y,j) in E. Beginning with the expression (4.2) for B(s)ﬁf, on the event that G is

{-tangle free we can write

B(S)gf =Pe Z ( ®S:ch H it xt:pt_H

0+1
velef

~
[y

¢
=Pe Z (A( ®Swy H Si )iz (4.4)
t=1

ver !
1 l k—1 J4
+ ﬁ Z Pe Z (A(S)i(y) ® gxy) H(ﬁit)xtxt+l H (Sit)xtwt+1 pf? (4'5)
k=1 Fe@f+1 t=1 t=k+1

where the last equality used

4 4 l k— 1 4

1
H it CBtIt+1 H iy Itwt+1 + - n zt $twt+1 H (Sit):vt$t+1'
t=1 t=1 k=1t= 1 t=k+1
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The operator on line (4.4) is B(s )(f) so it suffices to describe the operator on line (4.5). We

write
k—1 ¢
Pe Z (A(S)I(»y) ®g$y) H(ﬁit)xﬂurl H (Sit)$t$t+1 by
veFH! t=1 t=k+1
k—1 L
=Pe Z (A(s )( )®5xy) H(S )xtmt+1 H (Sit)xt$t+1 br (4.6)
Flft} t=1 t=k+1
k—1 L
— Pe Z (A<3)i(7) ® Eay) H(Eit)aTtlUtJrl H (Si)zewers | Pe- (4.7)
yeFLENF t=1 t=k+1

The terms in line (4.7) give the required contributions to —%Rk(s)“) in (4.3) so it suffices
to show that the operator M defined by

M. % (4.6)

kills every element of Kj.
Let J : H(D) ® £2([n]) — H(D) ® £2([n]) denote the operator defined for e = (x,4), f =
(,4)
Jep = i # jipelA;(s) ® Exylpy
(contrast this to (4.1)). Note that if F' = Fy®v € Ko, with Fy € H(D;) and v = (v1,...,v,) €
VY >_yeln) Uy = 0, then

J[Fg@?}} = Z Z pe ®5my]p(y]) (F0®’U)
e=(2,i) y€[n]
1#£]
= >0 D uypelAj(s) ® &yl (o ® )
e=(z,i) y€[n]
i#£]
= > [(Aj(s)Fy) [p;@z] > vy = 0.
e=(x,i) y€E(n]
i#]

This implies Ky C ker J.
Since we still assume G is (-tangle-free, and hence k-tangle free for all k£ € [¢], we have

k-1 L
Mef = Pe Z (A(S)I(»y) ® gzy) H(ﬁit>zt$t+l H (Sit)$t$t+1 pr
S t=1 t=k+1

k,ef

= (MJB(s) ")y

20



for some operator M. Since B(s) preserves Ky, this implies Ky is in the kernel of M as
required. O

Lemma 4.3 tells us that bounds on both ||[B(s)®| and ||Ri(s)®| that hold with high
probability can be coupled with the fact that G? is ¢-tangle-free with high-probability (for
¢ in a suitable range) to establish bounds for || B(s)¢|,| that hold with high probability. A
high probability bound for ||B(s)®|| is the subject of §§5.1 and high probability bounds for
| Rx(5)®|| are the subject of §§5.2.

5 High trace method

5.1 Norm of B(s)"

The main result of this §5.1 is the following.

Proposition 5.1. Let K be a compact subset of {s : Re(s) > g} There is ¢ = ¢(K) > 1,
p = p(K) <1 such that for all s € KC, for all 1 < ¢ <logn the event

1B(5)] < (logn)*p

holds with probability at least 1 — cexp (—Cf)lgign).

Here we follow the structure of | , §684.4.1] up to Proposition 5.6, when we make our
departure. The method used here to bound ||B(s))]| is the ‘high-trace’ method originating
in work of Fiiredi and Komléds [ ].

For ¢/,m € N we let W, denote the set of

Y= (717'-‘7’72m) € (F€+1)2m

such that for j = 1,...,m, the first half-edge (i.e. v2;1 = (22;,1,%2j,1)) of 72, is the same as
the first half-edge of 72,11, and the last half-edge of v2;_1 is the same as the last half-edge of

v2;. Here we let vyo,,41 def -
Following | , (36)] we get

1B <t ((B(5)?(B(5))")")
- Z (tr [A(S)i(%)A(S);(Wz) o A(S)i(’mmfl)A(S);('yzm)D

7:(711~~~1'72m)€W€,m
Vi =((25,1,85,1) 50 (T5,041,05,041))
2m /
: H H(ﬁij,t)wj,wj,u—l .

j=1t=1

Here we used that all A(s); and indeed also B (5)(® are trace class operators (cf. Remark 4.2).
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Therefore

E[||B(s)]™] < >

’Y:(’Yl »~~~7'YQ'm)€WZ,m
Vi =((@5,1,05,1)5 (T4 041505,641))

- [A(s)i(w)A(s)* 2 A(8)i,, A ] )

i('YZ) i('Y2nz)

2m £

B HH(ﬁij,t)my‘,t%‘,tH : (5.1)

j=1t=1

Both the expectation and the absolute value of the trace in the right hand side of the above
inequality will be estimated in terms of topological properties of v, among other things. Recall
that in Definition 3.2 we defined for a path v € E* a colored graph G, that is roughly speaking
the image of the path 7. Now, for v = (y1,...,7%2m) € Wi, we define G, to be the union of
the graphs G,. In other words, the vertices of G, are the elements of [n] visited by v and the
edges are just the ones followed by ~ with their corresponding colors. We say that a colored
edge of G, has multiplicity one if it is traversed exactly once by « (in either direction, so an
edge traversed in both directions is not multiplicity one).

Notice that for v € Wy ,, G is always connected. We let Wy ,,, (v, ) denote the collection
of v € Wy, such that G, has v vertices and e edges; by the previous remark Wy (v, e) is
empty unless e —v +1 > 0.

We say two elements v and ' of Wy, are isomorphic if ' is obtained from by changing
the labels (in [n]) of the vertices of G, and changing the colors (in [2d]) assigned to edges in
G.; these changes to G, clearly induce a well-defined change of y. The reader can see | ,
pp. 841-842] for a more formal definition.

Bordenave-Collins prove, by associating to each isomorphism class in W, ,, a canonical
element, and cleverly counting these canonial elements, the following result | , Lemma
25].

Lemma 5.2. The number of isomorphism classes in Wy, (v, e) is

< (4d€m)6m~rank+10m

where* rank % ¢ — v + 1.
Remark 5.3. It is in this lemma that the tangle-free hypothesis is crucially used.
Bordenave-Collins also prove the following random matrix result in | , Lemma 27].

Lemma 5.4. There is a constant ¢ > 0 such that if 2m < \/n and v = (71,...,%m) €
Wem(v,e) with v; = ((2j1,%,1)s - - -5 (Tj041,%5,041)) for j € [2m], with G having ey edges of
multiplicity 1, then

2m £

1\ /6lm
m-+rank
E H H(ﬁij’t)dfj,t$j,t+l < <n) (ﬁ

j=1t=1

)

) max(e; —4-rank—4m,0)

“We choose to use rank rather than what Bordenave-Collins call x, because of potential confusion with
Euler characteristic.
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where rank = e —v + 1.

Remark 5.5. The quantity ’E [H?Zl Hle(ﬁij DT +1} is constant on isomorphism classes

in Wg,m.

Now grouping terms in (5.1) into isomorphism classes and using the previous lemmas (this
will be done formally later), the only estimate left is the following one. This is a main point
of departure from Bordenave-Collins and replaces | , Lemma 26].

Proposition 5.6. For any compact subset K C {s : Re(s) > %}, there is p = p(K) < 1 such
that for all s € K, all m > 0 and v° € Wy (v, €)

* * m-+rank—+eq, v  20m
Z ‘tr [A(S)i(w)A(S)i(yg) e A(S)i('ﬁm—l)A(S)i(’yzm)} ‘ <C In?p=™,

~ isomorphic to v°
’Y:(’Yl 7~~->72m)

where ey is the number of edges of Go of multiplicity one and rank = e — v + 1.

Proof. Write s = r +it. First, we use Lemma 2.8 to get

3 tr [AG)i) AB), A, AG) ] (
~ isomorphic to ~°
Y=(V15072m)

¢ Z Ti(vl)Ti(W) o Ti(’mm)

~ isomorphic to 9
'Y:('Yl 7~-~"72m)

S Z L Tty Ticyany (5.2)

~ isomorphic to 49
Y=(71572m)

for some C1(K) > 0, where the last inequality used (2.2), T; > ¢(I") > 0 for i € [2d], and (2.4)
to deduce
T; < 'Yy, < TKY < ¢ TR Yy

Here we view ¥ as fixed; let

’70 = (’7?7 s ,'YSm), '7;'] = ((532,1» ig'),l)a R (x?,Z—&-la i?’,é—i—l))'

We build a graph G as follows. Let V denote the vertices of G0 that are either of degree
-?71
degree 2 and for each of these vertices, we remove it by merging the two adjacent edges into

> 3 or of the form 2%, or mg{é 4 for j € [2m]. Now, every vertex of G0 that is not in V has

one edge; this can be done sequentially. The resulting graph on V is called G and has edge
set that we call E. Every edge of E is labeled by a sequence of edges of G,o0. We write e’ for

the number of vertices of G and v’ for the number of vertices. Recall that rank def e—v—+ 1.
The following (in)equalities appear in [ , proof of Lemma 26] and are either obvious
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or not hard to check directly:

e =v+rank — 1, (5.3)
e =v +rank — 1,
¢’ <3-rank +4m — 3. (5.4)

Choosing v isomorphic to v amounts to the following choices:

e Choosing distinct numbers in n for the vertices of G0, and, independently,

79
e Choosing ‘allowable’ labels in [2d] for the edges of E. 0.

There are clearly (n)(n —1)---(n — v+ 1) < nY of the first kind of choice. We will later
incorporate this into our final estimate. Now we count the second kind of choice.
The reason for manipulating (5.2) into its current form is that the sequences

(), i), - i(v2m)’ (5.5)

appearing therein are exactly the sequence of edge colors read by walking in G, according
to the respective ;. Note that by assumption, the underlying graph of G, (forgetting edge
colors) is the same as that of G, and hence has underlying topological graph G. For each
edge of G, the number of times it is covered by ~ is the number of times v traverses it in
either direction. (Note that « and -y cover each edge of G the same number of times, and in
the same orders and directions.)

We now partition separately each i(v;)’ in (5.2) into subsequences of three® mutually
exclusive types:

0) a subsequence that arises from v traversing an edge of G that is only ever covered once
by o and hence also 7.

1) a subsequence that arises from ~ traversing an edge of G for the first or second time (in
any direction) that is covered at least two times by 79 and hence also .

2) a subsequence that arises from v traversing a sequence of edges of G where each edge is
traversed for at least the third time (in either direction).

(Here subsequences are repeated according to their multiplicity.) There are at most 2¢’
subsequences of type 0 or type 1 and hence also at most 2¢’ +4m subsequences of type 2 and
at most 4¢’ + 4m subsequences in total.

We use the multiplicative estimate (2.4) for T to obtain

r r r 8e/+8m)r r r r
Y Lity  Tipay < K L | s IT II |- 6
type 0 u type 1 u type 2 u

5In Bordenave-Collins type 0 and type 1 are considered as one type but here it is useful to separate these
out.
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We deal with these factors in turn.

Write {U;} for the type 0 subsequences of v. Their total length is clearly e; and there
are at most €’ of them.

The subsequences of type 1 come in pairs u, v of the form either

u=v, oru=yvV.
In either case the contribution of this pair to (thpe 1u Tfl), by the mirror estimate (2.5), is
< KTTQT
_— u .

Let {u;} denote a collection of representative subsequences of type 1, one for each pair of
type 1. The total number of these pairs is < ¢/. The total length of the u; is e — e;. Therefore

I <H (K™Y2) = ke [ xZ. (5.7)

type 1 u %

Finally we deal with the type 2 subsequences. Recalling that there are at most 2¢’ + 4m

of these and their total length is 2(¢m — e) +e; as in | , (44)], by using (2.7) we obtain
H Tﬁ < H Kerr\u| < Kr(2e’+4m)Dfr(2(€m76)+el)' (58)
type 2 u type 2 u

Now, to choose  isomorphic to 79, we need to choose the vertex labels in [n] (of which
there are < n" choices) and then

e Choose the sequence of edge colors in each type 0 subsequence Uj;
e Choose the sequence of edge colors in each type 1 subsequence u;

e (This completes the choice of v because type 2 subsequences are determined by the
previous choices.)

Now combining (5.2), (5.5), (5.6), (5.7), (5.8) we obtain

2.

~ isomorphic to 49
¥=(11,-72m)

< nvaK(lle +12m)rD—r (2(fm—e)+e1) (H Tr ) (H Ti:) ) (59)

%

tr [A(S)i(%)A(S);(W) 2 A(S)i(g,- 1) A8); (V2m)”

Now using the bound in terms of the pressure from Lemma 2.4 we obtain that

(5‘9) < nvCinK(lle’+12m)7"D—r(2(€m—e)+61)026’ <H exp(|Ui|P(7‘1))> <H exp(|ui‘P(2’F1)))

%

_ nvCinK(lle’+12m)7"D—r(2(€m—e)+e1)026’ exp(elP(rl)) exp((e o 61)P(2’l“1))
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where

rp min{ Re(s) : se L} > g

We conclude by using (5.3) and (5.4) to obtain for some consolidated constant ¢ > 1 depending

on all parameters
(5.9) < gmtrankter v p—r12(m—v) exp(vP(2ry)).

The key point here is that P(2r;) < 0.

Ifv < Zﬂ we get the stated result with p = D3 . Otherwise v > %” and we get the result

P(27‘1)

with p = exp ( ) < 1. In any case we get the result with p < 1 equal to the maximum

of these two values. This concludes the proof. O

Proof of Proposition 5.1. Given Lemmas 5.2 and 5.4 and Proposition 5.6 the proof is very
similar to | , proof of Prop. 24] but we give the details here for completeness.

For n > 3 let
B logn
| 13loglogn |

We partition all possible isomorphism classes of paths 7° in W m according to the number
v of vertices and number e of edges of G0 and also the number e; of edges of G0 that are

multiplicity one. We write rank ef e + 1. We have the inequalities
2(e—tm) <e; <e (5.10)

by [ , Lemma 27] and can assume e —v + 1 > 0 (or else Wy, (v, e) is empty).
The contribution to (5.1) from a given isomorphism class with parameters v, e, e; is

1 rank max(e; —4-rank—4m,0)
n(cc)m—l—rank (n> <6\i%1> Celp%m (511)

by Lemma 5.4 and Proposition 5.6.
If e — 4 - rank — 4m < 0 then C¢ < (C*)™k+™ and therefore

(5 11)<n(CC5)m+rank l rank 6€7m 0 ot
. < n o 2m,

If alternatively e; — 4 - rank — 4m > 0 then by (5.10) we get

6CY

3

rank
(5 11) < n(CC5)m+rank ( ) pQZm

rank 2e—2¢m—4-rank—4m
(CCE))errank < ) (605771) p2£m

k 20—2(0+2 2-rank
(605)m+rank( )Tan 60£m> v ym~Zran p%m'

>€1 —4-rank—4m

B
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In any case we get that the contribution to (5.1) from a single isomorphism class is

rank max(2v—2(£+2)m—2-rank,0)
< n(CCS)errank (1> (6?/5»771) p2€m_
n

n
Now, using Lemma 5.2 and summing over v and rank we get

E[|lB(s) "]

oo oo
Sn[)%m Z Z (4d€m)6m-rank+10m (605)m+rank

v=1 rank=0

1 rank 6CIm max(2v—2(¢+2)m—2-rank,0)
&) CF) |

n

Now a series of elementary bounds involving geometric series that can be found in [
proof of Prop. 24] leads to

E[|[B(s) ™) < np* ('tm)! ™

for some new constant ¢ = ¢/(K) > 0. Let p/ > p be a value in (p, 1).
Applying Markov’s inequality now gives

) n(c’ﬁm) 10m P 2¢m
Prob{IB(s) ) = om0y < o S (4)

_ n(c’ log n)20m £ 20m _ C, E 20m
- (log n)40m p/ - p/
as required. ]

5.2 Norm of R(s)"¥

Proposition 5.7. Let K be a compact subset of {s : Re(s) > g} There is ¢ = ¢(K) > 0 and
p1 = p1(K) > 1 such that for any s € IC, for all 1 < k < ¢ <logn the event

R (s)®|| < (logn)*pf

holds with probability at least 1 — cexp (—Cf)lgoﬁ)gn).

First we follow | , §664.4.2] and define® W&mk to be the set of v = (y1,...,7%2m)
satisfying the same conditions as the elements of W, ,, except here, each ~; is required to
be in Ff ™\ F1 ] recalling the definition of Fy ™' and F*+! from Definition 3.5.

SHere there is a typo in | ]; we checked with the authors that they meant to define Wp ., 1 (which
Bordenave-Collins call W) using Ff ™\ F*™! (not F{*! as written there).
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We then obtain as in [ , pg 851]

1Rk() D2 <tr ((Rils) O (Ri()0)") ")
- 2 1 [ A6 Ay AN, AG )]

Y=(V1 e 72m ) EWe ks
Vi =((x4,1585,1) 50 (T5 041505,641))

2m (k-1 /¢
H (H(Sij,t)xj,txj,tH) ( H (Sij,t)mj,tzj7t+1> . (5.12)

j=1 \t=1 t=k+1

Isomorphism classes of elements of W&m’k are defined the same way as for isomorphism classes
in Wp .
For v € Wy, 1 we define G to be the following graph. If we write

Y= 2m)s Y= (@51,050)s -5 (The41, 8,041))

then the vertex set of G, is defined to be the set of all x;; with j € [2m],¢ € [¢ + 1] and the
colored edges
{[$j,t7ij,t,1’j,t+1] 1<t<k-1k+1<t< f}

modulo the equivalence relation (3.1). Notice this is a sub-colored-graph of Gy with restriction
on the edges corresponding to the matrix product in (5.12).

For ~ € Wg,m,k it is possible for CAJW to be disconnected but, as in | , (53)], CA?A, cannot
have more vertices than edges; this is actually the purpose of ensuring each ~; is tangled. We
have from | , Lemma 29] the following result.

Lemma 5.8. Let Wg,m,k(v, e) denote the elements of We,m,k such that CA;AY has v vertices and
e edges. The number of isomorphism classes in W&m’k(v, e) is

< (ngm) 12m-rank+20m

where as before, rank el o +1>14f Wg}myk 18 mon-empty.
We also have the following results from | , pg. 853], the first of which is trivial.
Lemma 5.9. The number of elements of any isomorphism class in Wg,m,k(v, e) is at most
n"d°.

Lemma 5.10. There is a constant ¢ > 0 such that if 2¢m < \/n and v = (y1,.-.,%2m) €
W&m,k(v, 6),’with Y = (($j71, ’L'j71), cee (:Cj7g+1, ij,é—&-l)) fOTj c [Qm], then

2m  [k—1 V4 9 e
E H <H(S’i]"t)1j,t$j,t+l> ( H (Sij,t)mj,tﬂﬁj,t+1> <c <n> .

j=1 \t=1 t=k+1
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Proof of Proposition 5.7. Suppose n > 3 and define

logn
m=|——1_.
25loglogn
Taking the expected value of (5.12), and using Lemma 2.8 and the fact that T; < C for any
i we obtain for C' = C(A) > 0

E ||| Re(s) 2]

2m (k-1 /¢
m
<C Z E H H(ﬁij,t)xj,t%,tﬂ H (Sij,t)rj,tffj,tﬂ
Y=(V1 - 72m ) EWe i J=1 \t=1 t=k+1
Vi =((5,1,85,1)55(®5,041585,041))

Now noting that the product of matrix coefficients above is constant on isomorphism classes
in Wpm k(v,e), and using Lemmas 5.8, 5.9, and 5.10, we obtain

20m oo e
E HRk(s)(Z)|’2m:| < cO™ Z Z (2d€m)12m-(e—v+1)+20m (9> nlde

v=1e=v n
20m n v o0 9d e
— Cldg 32m o s 2d€ 12m .
( m) vz:; (2dbm)12m ez_; n (2dém)
The inner geometric series is convergent by our constraint on £, m so we obtain
20m n 9d N
E £)12m < 'd 32m (9 12m
|Be() O™ < (C"dem) > iy o 240m)
20m
= (C'dtm)*™ > " (9d)"
v=1

< (C”dfm)%m(f)d)%m.

Using Markov’s inequality yields

" 32m 20m
Prob(||Re(s)© | > (logn)™0(10d)] < (& 40m) " (190>

(log n)SOm
_ (c(logn)™m (9 \*™"
~  (logn)8om \ 10
9 20m
<d|= .
- 10
This directly implies the result. O
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6 Proof of Theorem 1.1

It is sufficient to prove Theorem 1.1 when K is a rectangle in { s : Re(s) > g} (by covering
K with finitely many rectangles). So suppose K is such a rectangle. Let p and p; be the
constants provided by Propositions 5.1 and 5.7 for this K. Let Cy be the constant provided
by Lemma 2.5 for this /.

We let

I 1 p1) "
£ = min <810g(2d—1)’10g (p) > , (6.1)

a = 2f1log Cp. (6.2)

A J-net of K is a finite subset of I such that any point of IC is within Euclidean distance
¢ of some point of the d-net. Now it is easy to see that for each n we can choose an n~%*-net
N, of K with

IN,| < Cn2®

for some C' = C(K, ) > 0. We want all the following events to hold simultaneously for

¢=|Blogn|.
A G, is (-tangle-free.
B ||B(s)?| < (logn)?p’ for p < 1 as in Proposition 5.1 for all s; € N,,.
C ||Ri(s:) @ < (logn)*pt for p; > 0 as in Proposition 5.2 for all s; € Ny, and all 1 < k < £.

By Lemma 3.6 and Propositions 5.1 and 5.2, these events all hold with probability at least

llogn >

3(2d — 1)%
cloglogn

n

1-c¢ — cCn** exp (—

for some ¢ > 0. The last term above tends to zero for any fixed «, 8 and the second term
tends to zero by our choice of 5 in (6.1). So with probability tending to one as n — oo, all
three families A, B, C of events above hold.

Now, if A, B, C hold then by Lemma 4.3

¢
1
1B(si) ol <UB(s) ] + = 3 1 Bk(s) |
k=1
l
<(logn)*’p + —(logn)*py
n
<(1+ B)(log n)"
for all s; € N, where the last inequality used (6.1). Therefore by Proposition 4.1 we have
125, ol < (14 B)(logn)*pf (6.3)
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for all s; € NV,,.
Now by Lemma 2.5 there is a constant Cy = Cy(K) > 0 such that for all s € £, if s; is a
point in N, for distance < n~® from s then

I 0 — L5 ol < s — 50| C§ < n7oCE < n(FlosCoe) < =5 (6.4)

by our choice of « in (6.2).
Combining (6.3) and (6.4) we obtain that with probability tending to one as n — oo, for
all s e K
4
1L poll < 1.

This immediately implies that £, ,0 does not have 1 as an eigenvalue, and hence by Proposition
2.2 there are no new resonances of the random cover X, in K. [
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