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Birecognition of prime graphs,
and minimal prime graphs

Houmem Belkhechine * Cherifa Ben Salha f Pierre Tllet
December 6, 2021

Abstract

Given a graph G, a subset M of V(@) is a module of G if for each
veV(G)\ M, v is adjacent to all the elements of M or to none of them.
For instance, V(G), @ and {v} (v € V(G)) are the trivial modules of G.
A graph G is prime if |V (G)| > 4 and all its modules are trivial.

Given a prime graph G, consider X ¢ V(G) such that G[X] is prime.
Given a graph H such that V(G) = V(H) and G[X] = H[X], G and H
are G[X ]-similar if for each W ¢ V(G)\ X, G[X uW] and H[X UW] are
both prime or not. The graph G is said to be G[ X ]-birecognizable if every
graph, G[X ]-similar to G, is prime. We study the graphs G that are not
G[X]-birecognizable, where X ¢ V(G) such that G[X] is prime, by using
the following notion of a minimal prime graph. Given a prime graph G,
consider X ¢ V(G) such that G[X] is prime. Given v,w ¢ V(G)\ X, G
is G[X u{v,w}]-minimal if for each W ¢ V(G) such that X u{v,w} c W,
G[W] is not prime.

Mathematics Subject Classifications (2010): 05C75

Key words: Module; Prime graph; Primality birecognition; Minimal prime
graph

1 Introduction

We consider only finite graphs. A graph, with at least 4 vertices, is prime if it
is indecomposable under modular decomposition. We study birecognition (or
mutual recognition) of primality introduced as follows. We consider two graphs
with the same vertex set. We suppose that they coincide on a prime induced
subgraph. We fix this prime induced subgraph from which we introduce the
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birecognition. We suppose also that the subgraphs of both graphs, induced by
the same proper subset of the vertex set, are both prime or not, when they
contain the prime induced subgraph. Under these assumptions, the graphs are
birecognizable if both are prime or not.

We study the prime graphs, that are not birecognizable, by using the notion
of a minimal prime graph introduced by Cournier and Ille [3]. In this manner,
we answer [9, Problem 13] as well.

Consider two graphs with the same vertex set. Another type of primality
birecognition consists in considering the subgraphs of both graphs induced by
the same proper subset of the vertex set, with given sizes (for instance, see [1]).

Lastly, Ille and Villemaire [9] introduced an inner primality recognition.
Precisely, they considered a graph that admits a prime induced subgraph. They
introduced a digraph (called outside digraph, see Subsection 1.1) that yields a
necessary and sufficient condition for G to be prime.

Next, we formalize our presentation. A graph G = (V(G),E(G)) consists of
a finite vertex set V(G) and of an edge set E(G), where an edge is an unordered
pair of distinct vertices. For a graph G, v(G) denotes the cardinality of V(G).
Given a graph G, with each subset X of V(G) associate the subgraph G[X] =
(X,E(G)n (X)) of G induced by X. For convenience, given a subset X of

2
V(G), G[V(G) \ X] is also denoted by G- X, and by G-z if X = {z}.

Notation 1. Let G be a graph. Given W ¢ V(G) and v e V(G)\W, v «—g W
means that

vw € E(G) for every we W or vw ¢ E(G) for every we W.

The negation is denoted by v «f>¢ W.

Given a graph G, a subset M of V(G) is a module [11] (or a closed set [6, 10]
or a homogeneous set [3]) of G if for every v € V(G) \ M, we have v «—¢g W.
For example, @, V(G) and {v}, v € V(G), are modules of G called trivial
modules. A graph is indecomposable if all its modules are trivial, otherwise
it is decomposable. A graph G, with v(G) < 2, is indecomposable, whereas a
graph G, with v(G) = 3, is decomposable. Hence, we introduce the following
precision. A graph G is prime if it is indecomposable, with v(G) > 4. For
instance, given n > 4, the path P, = ({0,...,n—-1},{i(¢ +1):9€{0,...,n-2}})
is prime. Sumner [12] showed that every prime graph contains P, as an induced
subgraph.

We introduce the main notions as follows. For convenience, we use the next
notation.

Notation 2. Let G be a graph. For W ¢ V(G), W denotes V(G) \ W.

Definition 3. Given graphs G and H such that V(G) = V(H), G and H
are similar (in terms of modular decomposability) if G and H are prime or
G and H are decomposable. As previously noted, a graph of cardinality 3 is
decomposable. Therefore, all the graphs of cardinality 3 are similar.



Now, consider graphs G and H such that V(G) = V(H). Suppose that
there exists X ¢ V(G) such that G[X] is prime and G[X] = H[X]. We say
that G and H are G[X]-similar if for each W ¢ X, the subgraphs G[X u W]
and H[X uW] are similar.

Definition 4. Let G be a prime graph. Consider X ¢ V(G) such that G[X]
is prime. The graph G is said to be G[X]-birecognizable if every graph, G[ X ]-
similar to G, is prime as well.

Ille (1994) conjectured the following.

Conjecture 5. There exists an integer k > 1 satisfying the following. Let G' be
a prime graph. Consider X ¢ V(G) such that G[X] is prime. If |X]| > k, then
G is G[ X ]-birecognizable.

Remark 6. In fact, Conjecture 5 is false. Indeed, let n > 7. Consider G = P,
and H = G-((n-2)(n-1)). Clearly, G is prime. Furthermore, n—1 is an isolated
vertex of H, so H is decomposable. Set X ={0,1,2,3}. We have G[X] = P4
and G[X] = H[X]. Lastly, consider a proper and nonempty subset Y of X. If
n-1¢Y, then G[XuY]=H[XuY]. Hence, suppose that n—1 €Y. Since n—1
is an isolated vertex of H, n—1 is an isolated vertex of H[X uY], so H[X uY]
is decomposable. Moreover, since Y ¢ X, we have {4,...,n -2} \Y # @. Set
p=min({4,...,n-2}\Y). We obtain that {0,...,p—1} is a module of G[ X uY],
so G[X uY] is decomposable. Consequently, G and H are G[X |-similar.

Other types of primality recognition were studied. For instance, Boussairi
et al. [1] introduced the A-recognition, where N is a set of negative integers, as
follows. Consider graphs G and H such that V(G) = V(H). We say that G and
H are N -similar if for each X ¢ V(G) such that —|X| e M and |X| < v(G) -4,
G - X and H - X are similar. Let G be a prime graph. The graph G is said to
be N -birecognizable if every graph, N-similar to G, is prime. It is easy to see
that prime graphs are not {-1}-birecognizable. Boussaliri et al. [1] proved that
prime graphs are not {-2}-birecognizable, but they are {-2, —1}-birecognizable.
Lastly, note that the primality recognition under the assumptions of Ulam’s
reconstruction is demonstrated in [7].

Our purpose is to study the counter-examples to Conjecture 5. We use the
notion of a minimal graph introduced by Cournier and Ille [4].

Definition 7. Let G be a prime graph. Given a nonempty subset W of V(G),
G is said to be G[W]-minimal if there does not exist W’ ¢ V(G) such that
W c W' and G[W'] is prime.

Cournier and Ille [4] characterized the graphs G that are G[W]-minimal
when |[W] < 2. Tlle and Villemaire [9] characterized the graphs G that are G[ X u
{v}]-minimal when X ¢ V(G), G[X] is prime, and v € X (see Theorem 16). To
begin, we obtain the following result proved in Section 2.

Proposition 8. Let G be a prime graph. Consider X ¢ V(G) such that G[X]

is prime. Suppose that |X|>5. If G is not G[ X ]-birecognizable, then one of the
following statements holds



e there exists ve X such that G is G[X u {v}]-minimal;

o for every u € X, G is not G[X U {u}]-minimal, but there exist distinct
v,w e X such that G is G[ X u{v,w}]-minimal, G -v is prime, and G —w
1S prime.

We have the opposite direction when the first statement of Proposition 8
holds. The proof of the next lemma is provided in Section 2.

Lemma 9. Let G be a prime graph. Consider X ¢ V(G) such that G[X] is
prime. If there exists v € X such that G is G[X U {v}]-minimal, then G is not
G[X]-birecognizable.

Given Proposition 8 and Lemma 9, our aim is to characterize the graphs G
that are G[ X U {v,w}]-minimal, where X ¢ V(G), G[X] is prime, and v, w are
distinct elements of X (see [9, Problem 13]). Furthermore, this characterization
provides the following direct and natural recognition theorem of prime graphs.

Theorem 10 (Theorem 12 of [9]). Given a graph G, consider X ¢ V(G) such
that G[X] is prime. Suppose that |X|>3. The graph G is prime if and only if
for any v,w € X, with v # w, there exists Y € X such that v,w €Y and G[XuY]
is G[X v {v,w}]-minimal.

1.1 Outside partition, graph, and digraph

Definition 11. Let G be a graph. With X ¢ V(G) such that G[X] is prime,
associate the following subsets of X

o Extg(X) is the set of v € X such that G[X u {v}] is prime;
e (X)g is the set of v € X such that X is a module of G[X u {v}];

e Given a € X, Xg(a) is the set of v € X such that {a,v} is a module of
G[X u{v}].

The family
{Exte(X),(X)e} u{Xa(a) :ae X}

is a partition of X (see [5, Lemma 6.3]). It is called the outside partition
associated with the prime induced subgraph G[ X ] of G. It is denoted by P

We recall the classic parity theorem [5, Theorem 6.5].

Theorem 12. Given a graph G, consider X ¢ V(G) such that G[X] is prime
and |X| > 2. If G is prime, then there exist v,w € X such that v + w and
G[X u{v,w}] is prime.

The proof of Theorem 12 is based on the outside partition DX Theo-
rem 12 led Ille [7] to consider the following graph.



Definition 13. Given a graph G, consider X ¢ V(G such that G[X] is prime.

The outside graph F(G,Y) is defined on X as follows. Given v, w € X, with v # w,
vw € E(T 4 5) if G[X u{v,w}] is prime.

The outside graph is a usual tool to study prime graphs. Nevertheless, it is
not precise enough to determine the primality of G even if it is sufficient under
additional assumptions (see [9]). This led Ille and Villemaire [9] to introduce
the following refinement. (Recall that a digraph D = (V(D), A(D)) consists of
a finite vertezr set V(D) and of an arc set A(D), where an arc is an ordered pair
of distinct vertices.)

Definition 14. Given a graph G, consider X ¢ V(G) such that G[X] is prime.
The outside digraph A(G,Y) is defined on X as follows. Given v,w € X, with

vEw, vwe A(A g x)) if

w € (X)e and X u{v} is not a module of G[X U {v,w}]
or

w € Xg(a), where a € X, and {a,w} is not a module of G[X u {v,w}].

The dipaths of the outside digraph play an important role. For instance, they
allow a simple and concise characterization of graphs G' that are G[X u {v}]-
minimal, where X ¢ V(G) such that G[ X ] is prime, and v € X (see Theorem 16).

Definition 15. Given a graph G, consider X ¢ V(G) such that G[X] is prime.
Consider distinct vy, . . ., vy, € X, where m > 1. We say that vy . . . v, is a dipath of
A i vivie € A(A(G,Y)) for i € {0,...,m—1}. Moreover, a dipath vy ... v,
of A =) Is strictif we have (when m > 2) v;v; ¢ A(A  x) fori €{0,...,m-2}
and j e {i+2,...,m}. Lastly, a strict dipath vg...v,, of A(G X) is an arrow if
there exists B € p; %) ~ {Extq(X)} such that vy ¢ B and {v1,...,vn} ¢ B.

Theorem 16 (Theorem 11 of [9]). Given a graph G, consider X ¢ V(G) such
that G[X] is prime. Given v € X \ Extg(X), G is G[X u {v}]-minimal if
and only if the elements of X can be indexed as vy, ...,vy, in such a way that
Vg ... Um 1S an arrow of A(G,Y)’ with vy, = v.

Notation 17. Given a graph G, consider X ¢ V(G) such that G[X] is prime.
Consider v € X \ Exte(X). Suppose that there exists Y ¢ X such that v e Y
and G[X uY] is prime. By Theorem 16, there exists m > 1 such that A(G,Y)
admits an arrow vg...v,, with v, = v. The smallest integer m > 1, for which
such an arrow exists, is denoted by (¢ 5 (v).

Definition 18. Given a graph G, consider X ¢ V(G such that G[X] is prime.
Consider a nonempty subset W of X. An arrow vg...v,, of A(G,?) is a W-
dipath if W ¢ {vo,...,vm}, vm € W, and 6 %) (vm) = m. When W = {v}, we
say also that vg...v,, is a v-dipath. Lastly, we say that W is G[X]-reachable
(in Ao x)) if A x) admits a W-dipath. When W = {v}, we say also that v
is G[ X ]-reachable.



Warning. We use an environment called Layout. We use it nine times: Layout 1
to Layout 9. In Layouts 1, 2, and 3, we consider the two cases where {v,w} n
Extg(X) # @. In Layout 4, we consider the case where there exist distinct
B,C € pgx)~ {Exta(X)} such that v € B and w € C. The last five layouts
are devoted to the three cases where there exists B € p %)~ {Exte(X)} such

that v,w € B. The discussion is based on the notion of separated vertices (see
Definition 40).

1.2 The first two results

Layout 1. In this subsection, we consider a graph G, a proper subset X of
V(G) such that G[X] is prime, and distinct elements v,w of X. We suppose
that {v,w}nExtg(X) + @.

Remark 19. We are looking for a characterization of G when G is G[X u
{v,w}]-minimal. One of our tools for this characterization is the outside digraph
Ao x) (see Definition 14). If there exists u € X such that G is G[X v {u}]-
minimal, then Theorem 16 yields such a characterization. Consequently, we can
assume that G is neither G[X U {v}]-minimal nor G[X u {w}]-minimal.

Lastly, observe that if G is G[X U {v,w}]-minimal and {v,w} is G[X]-
reachable, then G is G[X u {v}]-minimal or G[X u {w}]-minimal. Therefore,
since G is supposed to be G[ X u{v,w}]-minimal, we assume also that {v,w} is
not G[X J-reachable.

Layout 2. We suppose that v, w € Extg(X).

Theorem 20. Suppose that |X|>3. Set Y = X u{v} and Z = X u{w}. The
graph G is G[ X u{v,w}]-minimal if and only if the following statement holds

(S1) the elements of X \ {v,w} can be indezed as ug, ..., u, in such a way that
Ug ... UpwW 15 a w-dipath of A(G ) and ug . .. upv is a v-dipath of A(G 7)-

Layout 3. Now, we suppose that v ¢ Extg(X) and w € Extg(X). Hence,
there exists B € p; )\ {Exte(X)} such that v € B. Following Remark 19, we

suppose also that G is not G[X u {v}]-minimal.

Theorem 21. The graph G is G[ X u{v, w}|-minimal if and only if the following
statement holds

(S2) there exist distinct elements vy,...,v, of B and vo € X \ B such that
e we X {vg,...,vm} and X = {w}u{vg,...,vm};
® Uy...VUm 18 a v-dipath of A(G )
o forie{l,...,m}, wui ¢ E(T' ;%))

Let B and C' be distinct elements of p; ) ~ {Exta(X)}. In Theorem 39,
we consider the case where v € B and w € C. Difficulties appear when v and
w belong to the same block of p; ) ~ {Exte(X)}. We have to introduce the



notion of separated vertices (see Definition 40). The situation becomes arduous
when {v,w} is a module of G[ X u{v,w}] (see Defintion 24 below). In this case,
v and w are indistinguishable from G[X]. The statements are too long to be
provided in this section.

2 Partially critical graphs

Breiner et al. [2] introduced the following definition.

Definition 22. Let G be a prime graph. Consider X ¢ V(G) such that G[X]
is prime. The graph G is said to be G[X]-critical if G — x is decomposable for
each v € X. A prime graph G is partially critical if it is G[ X ]-critical for some
X ¢ V(@) such that G[X] is prime.

The next result follows from [2, Lemma 4.1].

Fact 23. Given a graph G, consider X ¢ V(G) such that G[X] is prime.
Suppose that | X|>2. If G is G[ X ]-critical, then we have

for every Y ¢ X, if |Y| =1 or 3, then G[X uY] is decomposable. (1)
Now, we refine the partition P in the following way.

Definition 24. Given a graph G, consider X ¢ V(G such that G[ X] is prime.
Let £(G6,X) be the graph defined on X as follows. Given v,w € X, with v # w,
we have vw € E(g g y)) if {v,w} is a module of G[X U {v,w}]. Note that the
components of £(G,x) are complete. Let 96X be the partition of X given by
theilertex sets of the components of £6.X) Observe that the partition U
of X is finer than Pex) A partition similar to Ue ) is directly defined from
P n (2]

The next theorem follows from [9, Theorem 17, Lemma 36, and Corollary 38].

The partition 96X is used to state [9, Theorem 17 and Corollary 38]. It is
also used in Sections 4 and 5.

Theorem 25. Given a graph G, consider X ¢ V(G) such that |X| > 2 and
G[X] is prime. Suppose that (1) holds. The graph G is prime if and only if for
each connected component C' of F(G,Yy we have v(C) =2 or C is prime.

As shown by the next result, partially critical graphs are birecognizable.
This fact is useful to prove Proposition 8.

Proposition 26. Let G be a prime graph. Consider X ¢ V(G) such that
G[X] is prime. Suppose that |X| > 4. If G is G[X]-critical, then G is G[X]-
birecognizable.

Proof. Consider a graph H such that G'and H are G[X]-similar. We have to
show that H is prime. Since G is G[X ]-critical, with |X| > 4, it follows from



Fact 23 that G satisfies (1). Since G and H are G[X]-similar, with [X| > 4, H
satisfies (1) as well. Furthermore, since G and H are G[X |-similar, with | X| > 3,
we have

F(G,Y) = F(H,Y)' (2)
It follows from Theorem 25 applied to G that for each connected component C'
of I' %), we have v(C) =2 or C is prime. By (2), the same holds for H. By

Theorem 25 applied to H, H is prime. O
The next result is the first step in the proof of Proposition 8.

Lemma 27. Let G be a prime graph. Consider X ¢ V(G) such that G[X] is
prime. Suppose that |X| > 4. If G is not G[X]-birecognizable, then there exists
ve X such that G is G[X U {v}]-minimal or there erist distinct u,v € X such
that G is G[ X U {u,v}]-minimal.

Proof. Since G is not G[X ]-birecognizable, there exists a graph H such that
G and H are G[X ]-similar, and H is decomposable. Moreover, it follows from
Proposition 26 that there exists v € X such that G —v is prime. Since G and H
are G[X |-similar, H —v is prime as well. Set Y = {v}. Since H is decomposable,
we have v e (V) or v e Yy (), where a € Y (see Definition 11). We distinguish
the following three cases.

1. Suppose that v € (Y)g. In this case, G is G[X U {v}]-minimal. Indeed,
consider W ¢ V(@) such that X u {v} € W. Since Y is a module of H,
WnY =W~ {v} is a module of H[W]. Hence, H[W] is decomposable.
Since G and H are G[X |-similar, G[W] is decomposable.

2. Suppose that v € Yy (a), where a € X. In this case, G is G[X u {v}]-
minimal. Indeed, consider W ¢ V(G) such that X u{v} ¢ W. Since {a, v}
is amodule of H, {a, v}nW = {a, v} is a module of H[W]. Hence, H[W] is
decomposable. Since G and H are G[X |-similar, G[W] is decomposable.

3. Suppose that v € Yy(«a), where @ € Y\ X. 1In this case, G is G[X u
{o,v}]-minimal. Indeed, consider W ¢ V(G) such that X u {a,v} ¢ W.
Since {a,v} is a module of H, {a,v} nW = {«,v} is a module of H[W].
Hence, H[W] is decomposable. Since G and H are G[X ]-similar, G[W]
is decomposable. O

In the proof of the next proposition, we use [2, Corollary 4.5], stated as
follows.

Fact 28. Let G be a prime graph. Consider X ¢ V(G) such that G[X] is prime.
If G is G[X]-critical, then I ;5 does not have isolated vertices.

Proposition 29. Let G be a prime graph. Consider X ¢ V(G) such that G[X]
is prime. Suppose that |X|>5. Given distinct v,w € X, if G is G[X u{v,w}]-
minimal, then G —v or G —w is prime.



Proof. Consider distinct v,w € X, and suppose that G is G[ X u{v,w}]-minimal.
For a contradiction, suppose that G is G[ X ]-critical. By Fact 28, there exists
v' € X ~ {v} such that vv' € E(T %)) Set Y = X u{v,v'}, so G[Y] is prime.
Since G is G[ X u{v, w}]-minimal and |X| > 3 , we obtain w ¢ Y. Since G is G[X]-
critical, G is G[Y]-critical too. By Fact 28, there exists w’ € Y \ {w} such that
ww' € E(T ). Therefore, G[Y u{w,w'}] is prime. Since G is G[X u{v,w}]-
minimal, we obtain V(G) = Yu{w,w'}, that is, V(G) = X u{v,v’,w,w’}, which
contradicts [X| > 5. It follows that G is not G[X ]-critical. Hence, there exists
u € X such that G —wu is prime. Since G is G[X u{v,w}]-minimal, we have u = v
or u=w. 0

Lemma 30. Let G be a prime graph. Consider X ¢ V(G) such that G[X] is
prime. Let v,w be distinct elements of X. Suppose that G is G[X u {v,w}]-
minimal. Suppose also that G — v is prime, and G is not G[X u {v}]-minimal.
If G —w is decomposable, then G is G[ X]-birecognizable.

Proof. Consider a graph H which is G[ X ]-similar to G. We have to show that
H is prime. Since GG — w is decomposable, H —w is decomposable. Since G — v
is prime, H — v is prime. Thus

H-v¢H-w. (3)

Set Y = {v}. Since G is not G[X u {v}]-minimal, there exists Z ¢ X such that
veZ and G[X u Z] is prime. Thus, H[X u Z] is too. It follows that v ¢ (Y)y.
For a contradiction, suppose that there exists « € Y such that v € Yy (). We
obtain that H[(Y ~ {a})u{v}] is prime, so G[(Y N {a})u{v}] is as well. Since
G is G[X u {v,w}]-minimal, we obtain w = a. It follows that H —v ~ H — w
contradicting (3). Consequently, v ¢ Yg(«) for every a € Y. Tt follows that
veExty(Y), so H is prime. O

Proposition 8 is a simple consequence of Lemma 27, Proposition 29, and
Lemma 30. We complete this section with the proof of Lemma 9.

Proof of Lemma 9. Consider the graph H defined on V(G) =V (H) by H-v =
G - v, and v is an isolated vertex of H. Since {v} is a module of H, H is
decomposable. We verify that G and H are G[X |-similar. Let Y ¢ X. Ifv¢ Y,
then G[XuY'] = H[XUY] because H-v = G-v. Now, suppose that v € Y. Since
{v} is amodule of H, {v}n(XuY)=(XuY)~\{v}is amodule of H{ X UY].
Hence, H[X uY] is decomposable. Since G is G[X u {v}]-minimal, G[X uY]
is decomposable too. Therefore, G and H are G[X ]-similar. Consequently, G
is not G[ X ]-birecognizable. O

3 Proofs of Theorems 20 and 21

Using Notation 17, we obtain the following simple consequences of Theorem 16
that are often used.



Corollary 31. Given a prime graph G, consider X ¢ V(G) such that G[X] is
prime.

1. For each ve X \ Extg(X), A x) admits a v-dipath.

2. For each v € X, if vo...0m 1S a v-dipath of A(G,Y) (or an arrow of
A(G,Y))7 then G[X u{vg,...,vm}] is prime.

A simple and important tool follows.

Lemma 32. Let G be a graph. Consider X ¢ V(G) such that G[X] is prime.
Consider a subset W of V(G) such that X ¢ W. Let W' be a nonempty subset
of W~ X. Suppose that there exists B € p g 5, N {Exta(X)} such that W' c B.

" ww' $ A(A ¢ xy) for we (WNX)NW and w' e W', (4)
then one of the following assertions holds

e B=(X)g, and W W' is a nontrivial module of G[W];

e B=Xg(a), where a € X, and {a} UW' is a nontrivial module of G{[W].
Consequently, if (4) holds, then G[W] is decomposable.

Proof. Suppose that (4) holds. To begin, suppose that B = (X)g. Let w ¢
(WNX)NW and w' € W'. Since ww' ¢ A(A(G’y)), X u{w} is a module of
G[X u{w,w'}]. Tt follows that W ~ W' is a module of G[W].

Now, suppose that B = Xg(«), where o € X. Let w e (W~ X))\ W' and
w’' € W'. Since ww' ¢ A(A(GX))7 {a,w'} is a module of G[X u {w,w’}]. Tt
follows that {a} U W' is a module of G[W]. O

Proof of Theorem 20. To begin, suppose that G is G[ X u{v, w}]-minimal. Since
|X]| >3, w¢ Exte(Y). Since w € Extg(X), we have w € Yg(v). Since G is prime,
it follows from Corollary 31 that A(G,?) admits a w-dipath wy . .. w,, and G[Y'U
{wo,...,wy}] is prime. Since G is G[X U {v,w}]-minimal, we obtain V(G) =

Y u{wg,..., w,}. Similarly, v € Zg(w), and A(GZ) admits a v-dipath vg ... vy,.
Moreover, we have V(G) = Z U {vg,...,v;}. Therefore, {v} u{wq,...,w,} =
{w} u{vg,...,um}, som=n. Set p=m-1. Since wy...w, is a w-dipath of

A7), and w € Y (v), wy is the unique element of X \{v,w} such that w, «/>¢
{v,w} (see Notation 1). Similarly, v, is the unique element of X \ {v,w} such
that v, «f>¢ {v,w}. It follows that v, = w,. Set u, =v,. To continue, suppose
that p > 1. We obtain that w,_; is the unique element of X N {v,w,up,} such
that w,-1 <f>¢ {up,v,w}. Similarly, v, is the unique element of X \ {v,w, u,}
such that v,_1 <f>¢ {up, v, w}. It follows that v,_1 = wp_1. Set up_1 = v,-1. By
proceeding by induction, we obtain the sequence ug,...,up, where u; = v; and
u; = w; for every i € {0,...,p}.

Conversely, suppose that Statement (S1) holds. By Corollary 31, G[Y u
{ug, ..., upyu{w}] = G[X{ug,...,up}u{v,w}]is prime. Since X = {ug, ..., u,}u
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{v,w}, G is prime. To show that G is G[X U {v,w}]-minimal, consider W &
V(G) such that X u{v,w} ¢ W. We have to verify that G[W] is decomposable.
Since X U {v,w} € W ¢ V(G), there exists i € {0,...,p} such that u; ¢ W. Set
W' = {ts1,...,ups1} N W, where up.1 denotes w. By Lemma 32 applied to
G[Y], G[W] is decomposable. O

Proof of Theorem 21. To begin, suppose that G is G[ X u{v,w}]-minimal. Since
G is prime, it follows from Corollary 31 that A(G,Y) admits a v-dipath vy ... vp,.
Set Y = X u{vg,...,0n}. By Theorem 16, G[Y] is G[ X u {v}]-minimal. Since
G is G[X u{v, w}]-minimal without being G[X u{v}]-minimal, we have w ¢ Y.
Since w € Extg(X), we have w ¢ (Y)¢g, and w ¢ Yo () for o € X. Furthermore,
since v1,...,vy ¢ Extg(X) and w € Extg(X), we obtain w ¢ Yg(v;) for i €
{1,...,m}. Now, suppose for a contradiction that there exists i € {1,...,m}
such that wv; € E(I' ; 5)). Let I be the largest element of {1,...,m} such
that woy € E(I‘(G’y)). We obtain that wvy...v,, is an arrow of A(ny By
Corollary 31, G[X u {w} U {vr,...,v}] is prime, which contradicts the fact
that G is G[X U {v,w}]-minimal. Consequently, wv; ¢ E(F(GX)) for every i €
{1,...,m}. In particular, we have wv; ¢ E(F(G’y)). Tt follows that w ¢ Yg(vo).
Therefore, w € Extg(Y). It follows that G[X u {w} u{vg,..., v }] is prime.
Since G is G[X u {v,w}]-minimal, we obtain X = {w} U {vo,...,v,}. Thus,
Statement (S2) holds.

Conversely, suppose that Statement (S2) holds. Set Y = X u{vg,...,vm}.
By Corollary 31, G[Y] is prime. Since w € Extg(X), we have w ¢ (Y)g,
and w ¢ Yg(a) for @ € X. Furthermore, since vy,...,v, ¢ Extg(X) and w €
Extg(X), we obtain w ¢ Yg(v;) for i € {1,...,m}. Since wuvy ¢ E(I' ;%)) and
VU1 € E(F(G,y)), we obtain w ¢ Yg(vg). It follows that w € Extg(Y), so G is
prime. Lastly, we verify that G is G[X U {v, w}]-minimal. Consider W ¢ V(G)
such that X u {v,w} ¢ W. There exists i € {0,...,m} such that v; ¢ W. Note
that 4 < m because v,, = v and v € W. Set W' = {vj41,...,v;m} nW. By
Lemma 32, G[W] is decomposable. O

4 'Technical preliminaries

To begin, we recall the definition of a module of a digraph. Given a digraph D,
a subset of M of V(D) is a module of D if for xz,y € M and v e V(D) \ M, we
have: zv € A(D) (resp. vz € A(D)) if and only if yv € A(D) (resp. vy € A(D)).
More weakly, we say that M is an absorbing subset of D if for x,y € M and
veV (D)~ M, we have: vx € A(D) if and only if vy € A(D). The proof of the
next lemma can be deduced from that of [9, Lemma 28].

Lemma 33. Given a graph G, consider X ¢ V(G) such that G[X] is prime.
Consider also M € X such that |M| > 2. The following two statements hold

1. if M is a module of G, then M is contained in a block of 9 X) and M
is a module of A(G,X)f
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2. if M is an absorbing subset of A(G,Y) such that M nExtg(X) = @, and
M s contained in a block of 4 X) then M is a module of G.

We complete the section with five technical results.

Claim 34. Let G be a graph. Consider Wi, Wy ¢ V(G) such that Wy u Wy =
V(G) and W1 nWa| > 2. Suppose that G[W1] and G[W2] are prime. Suppose
also that G is decomposable. For each nontrivial module M of G, there exist
wy € Wi N\ Wy and we € Wo N Wy such that M = {wy,ws}.

Proof. Let M be a nontrivial module of G. For a contradiction, suppose that
Wy € M. Since [W1nWs| > 2, we obtain |M nWs| > 2. Since M nWs is a module
of G[W3], we obtain M n Wy = Wy. Hence M = V(G), which contradicts
the fact that M is a nontrivial module of G. It follows that |M n Wi| < 1.
If M nW; =@, then M is a nontrivial module of G[W3], which contradicts
the fact that G[W>] is prime. Consequently, there exists w; € Wj such that
M Wi = {w;}. Similarly, there exists wy € Wy such that M nWs = {ws}. Since
|M| > 2, we obtain w; € Wi N\ Wa, we € Wy N\ Wy, and M = {w;,ws}. O

Fact 35. Let G be a graph. Consider X ¢ V(G) such that G[X] is prime.
Suppose that there exist distinct elements B and C of pig 5y {Exta(X)}.
Consider distinct elements vy, ...,vy of B, and distinct elements wy, ..., w, of
C. Suppose that V(G) = X u{v1,...,um} U{w1,...,wp}. If wivi... vy and
VW] .. . Wy are strict dipaths of A(G,Yy then G is prime.

Proof. Set W1 = X u{wy}u{v1,...,un}. Since vi,...,v, € B and wy ¢ B,
WLV . ..Uy 1S an arrow of A(G,Y)' By Corollary 31, G[W;] is prime. Similarly,
by setting Wy = X u{vy ju{ws,...,w,}, we obtain that G[W3] is prime. If m =1,
then V(G) = Wy, so G is prime. Hence, suppose that m > 2. Similarly, suppose
that n > 2. Since V(G) = Xu{v1,...,vp tu{ws,...,w,}, V(G) = W1uWs,. Since
X € Wi nWs, we have |IW; nWs| > 2. Moreover, we have Wi\ Wy = {va,..., v }
and Wox Wy = {wa,...,w,}. Let i€ {2,...,m} and j € {2,...,n}. Since v; and
w; do not belong to the same block of p; %, {vi,w;} is not a module of G. It
follows from Claim 34 that G is prime. O

Fact 36. Let G be a graph. Consider X ¢ V(G) such that G[X] is prime.
Suppose that there exist distinct elements B and C' of p g5y N {Exte(X)}.

Consider distinct elements v1,...,vm of B, and distinct elements wy,...,wy,
of C. Suppose that there exists u € X N\ (BuC) such that V(G) = X u{u}u
{v1,...;om} U{wy,...,w,}. If uvy...vy and vwy ... w, are strict dipaths of

A(G,Y)f then G is prime.
Since the proof of Fact 36 is close to that of Fact 35, we omit it.

Fact 37. Let G be a graph. Consider X ¢ V(G) such that G[X] is prime.
Suppose that there exist distinct elements B and C' of pqx) ~ {Exta(X)}.
Consider distinct elements vy,...,vm of B, and distinct elements wy,...,wy,
of C. Suppose that there exist t € X ~ (Bu{wy,...,w,}) and u € X \ (Cu
{v1, ..., 0m}) such thatt #u and V(G) = Xu{t,u}uf{vy,...,vpnu{wy,...,w,}.
Under these assumptions, G is prime if the following statements hold
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® tvy...Um and uwi ... wy are strict dipaths of A 5
o forie{l,...,m}, vywr ¢ E(T g x));

o forje{l,....n}, wjur ¢ ET ¢ %));

o uv; ¢A(A(G,§)) or twy ¢A(A(GX))-

Proof. Set Wi = X u {t} u{vy,...,vp} and Wo = X u{u} U {w,...,w,}.
Since vi,...,v, € B and t € X \ B, tv,...v,, is an arrow of A(G,X)' By
Corollary 31, G[W1] is prime. Similarly, G[W2] is prime. Since V(G) =
Xu{t,uyu{vy,...,omu{w,...,w,}, V(G) = Wy uWs. We have |IW;nTWs| > 2
because Wi nWs = X. Furthermore, Wi\ Wy = {t}u{vy,...,vn} and Wox W =
{uu{wy,...,w,}. Lette{l,...,m} and j e {1,...,n}. Since v; and w; do not
belong to the same block of PG X)) {vi,w;} is not a module of G. We verify
that {u,v;} is not a module of G. Since wwy ... w, is a strict dipath of A(Gy),
uwy € A(A(G,g)). Furthermore, since v; and w; do not belong to the same
block of p ; 5y, and viwy ¢ E(L ; x), we obtain viwy ¢ A(A 5 ). Therefore,
{u,v;} is not a module of A(G,Y)' By Lemma 33, {u,v;} is not a module of
G. Similarly, {¢,w;} is not a module of G. Lastly, we verify that {u,t} is not
a module of G. Since tvy...v,, and ww;...w, are strict dipaths of A(GX),

tvy, uwy € A(A(G,Y))' Since uwvy ¢A(A(GX)) or twy ¢ A(A(G,Y))7 {t,u} is not
a module of A, %). By Lemma 33, {t,u} is not a module of G. It follows from
Claim 34 that G is prime. O

We end this section with the following claim, which is useful to examine non
separated vertices (see Definition 40 and Lemma 43).

Claim 38. Let G be a graph. Consider X ¢ V(G) such that G[X] is prime.
Suppose that there exists B € p g ) {Extg(X)} such that |B| > 2. Consider

distinct elements v and w of B. Suppose that {v,w} is not G[X]-reachable
(see Definition 18). Consider a v-dipath vq ... v, of A(G X and a w-dipath
wo ... wy of A(G ) Under these assumptions, the following assertions hold

1. if there exist i € {0,...,m} and j €{0,...,n} such that v; = w;, theni=7j,
i<m, and i<n;

2. if there existi € {0,...,m} and j € {0,...,n} such that v; # w; and {v;,w;}
is a module of G[X U {vg,...,vm} U{wo,...,w,}], theni=j, and

t=m=n
or

i<m and i<n.

Proof. For the first assertion, suppose that there exist ¢ € {0,...,m} and j €
{0,...,n} such that v; = w;. Suppose that ¢ = 0. Since vy ¢ B and w; € B for
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le{l,...,n}, we obtain j = 0. Similarly, if j = 0, then ¢ = 0. Thus, suppose that
¢>1and j > 1. For a contradiction, suppose that ¢ = m. Hence v = w;. Since
v # w, we obtain j < n, which contradicts the fact that {v,w} is not G[X]-
reachable. It follows that i € {1,...,m—1}. Analogously, j € {1,...,n—1}. The
sequence g . ..vi—1WjW;jt1 ... Wy is a dipath of A(G,Y . We can extract from
VO . Vim1WjWjs1 - - - Wy, A1 AITOW Ug . . . Up Of A(G,Y) such that ug = vg, up = wy,
and p <n-j+1i. Since S(ny)(w) =n, we obtain i > j. Analogously, we have
j > 4. Therefore i = j.

For the second assertion, set H = G[X U {vg,...,vm} U{wo,...,w,}]. Note
that

A(Iﬂy) :A(G’Y)[{’Uo"Um}U{wO,,wn}] (5)
It follows that

Vg ...V 18 a v-dipath of A(H7Y) and wg...w, is a w-dipath of A(H,Y)- (6)
We obtain that v and w are H[X ]-reachable. It follows that
S x) (v) =m and 5<H’§)(w) =n. (7)

Now, we suppose that there exist ¢ € {0,...,m} and j € {0,...,n} such that
v; # w; and {v;,w;} is a module of H. By Lemma 33 applied to H, {v;,w;} is
a module of A(H,Y)- Observe that if ¢ = 0, then j = 0 because vy and wq are the
only elements of {vg, ..., v, U{wy,...,w,} that do not belong to B. Similarly,
if 7 =0, then ¢ = 0. Now, suppose that ¢ > 0 and 7 > 0. We distinguish the
following two cases.

First, suppose that ¢ = m. Suppose for a contradiction that 1 < j < n -
1. By (6), wo...wy is a w-dipath of A, ). Since {v,w;} is a module of
A(Hf)v Wo ... Wj-1VWj41 ... Wy is an arrow of Ay . Therefore, {v,w} is
H[ X ]-reachable, which contradicts the fact that {v,w} is not G[X ]-reachable.
It follows that j = n. Thus, {v,w} is a module of A ). 1t follows from (6)
that vg ... v;,-1w is an arrow of A(H,Y)' Hence, m > (5(H,y)(w). It follows from
(7) that m > n. Similarly, n > m. Therefore, we obtain m = n. Consequently, if
i=m, then j =n, and m = n. Analogously, if j = n, then i =m, and m = n.

Second, suppose that m > 2, n>2 i€ {l,...,m—-1}, and j € {1,...,n—
1}. We have to show that i = j. Since {v;,w;} is a module of Ay <,
VO ... Vi—1WjWjs1 - .. Wy is a dipath of A HX)- From wvg...0-1WjWjs1 - .. Wn,
we can extract an arrow ug...u, of A(HX) such that uy = vg, up = wy,, and
p<n-j+i. Since 6y <) (w) =n by (7), we obtain n —j+i>p>n,soi>j.
Similarly, j > i. Therefore i = j. O

5 The other results

Layout 4. In this section, we consider a graph G, a proper subset X of V(G)
such that G[X] is prime, and distinct elements v, w of X. In Theorems 20 and
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21, we considered the case where {v,w} NnExts(X) # @. Now, we suppose that
{v,w} nExtg(X) = @. Hence, there exist B,C ¢ P {Extg(X)} such that
ve B and we C. To begin, we suppose that B + C.

Theorem 39. The graph G is G[ X U {v,w}]-minimal if and only if there exist
distinct elements vy,...,v, of B, and distinct elements w1, ..., w, of C such
that one of the following statements holds

(S3) X ={v1,...,om}u{w,...,w,} and

® WiV ...V, 1S a v-dipath of A(G,Y)’

® VWi ... Wy 5 a w-dipath of A(G,Yy

o forie{l,....m} and je{l,....,n}, if i >2 or j > 2, then v;yw; ¢
E(F(G,Y));

(S4) there exists u € X\ (BuC) such that X = {u}u{vy,..., v, }u{ws,...,w,},
and
® UL ...V 1S a v-dipath of A(G,Y);
® uwi...w, is a w-dipath of A(G X
o forie{l,....,m} and je{l,...,n}, viw;  E(T' %))
(S5) there exist t € X N (BU{ws,...,w,}) and ue X N\ (Cu{v1,...,om}) such
that t +u, X = {t,ufu{vy,...,vpm U {wy,...,w,}, and
® tvy...U,, is a v-dipath of A(G,Yy
® uwi...w, is a w-dipath of A(Gy),
o forie{l,...,m} and je{l,...,n}, vyw; ¢E(F(G,Y))7
o forie{l,....,m}, uv; ¢ A(A(Gy)),
o forje{l,...,n}, tw, ¢A(A(G,Y))'
Proof. To begin, suppose that G is G[X U {v, w}]-minimal. Since G is prime,

it follows from Corollary 31 that A ., admits a v-dipath vg...v,, and a
w-dipath wy ... w,. We distinguish the two following cases.

1. Suppose that there exist ¢ € {1,...,m} and j € {1,...,n} such that v;w; €
E(T' x))- Denote by I the largest i € {1,...,m} such that there exists
je{l,...,n} with v;w; € E(F(G’y)). Now, denote by J the largest j €
{1,...,n} such that vyw; € E(F(G’y ). We obtain that wjvr...v, and
vwy...w, are strict dipaths of A(G,Y)- It follows from Fact 35 that
G[X u{vr,...,om}u{wy,...,w,}] is prime. Since G is G[X U {v,w}]-

minimal, we obtain V(G) = X u{vy,...,uom}U{wys,...,w,}. Tt follows
that 7 =1, J =1, vp = w1, and wp = v1. Consequently, Statement (S3)
holds.
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2.

Suppose that viw; ¢ E(I'; x) for i € {1,...,m} and j € {1,...,n}. In
particular, we obtain vg ¢ {w1,...,w,}, and wg ¢ {v1,...,vy}. Thus

vo,wo € X N\ ({v1,..., vy u{wy, ..., w,}). (8)

For a contradiction, suppose that there exists j € {2,...,n} with vow, €
A(Agx))- Denote by J the largest j € {2,...,n} such that vow; €
A(A(G,X))' We obtain that vgvy ...v,, and vowy ...w, are strict dipaths
of Agx)- I v € C, then G[X u{vo,... v} U{wy,...,wy}] is prime
by Fact 35, which contradicts the fact that G is G[X U {v,w}]-minimal
because wy ¢ X U {vg,...,vm} U{wy,...,w,} by (8). If vg ¢ C, then
G[X u{vg,...,vmtu{wy,...,w,}] is prime by Fact 36, which contradicts
the fact that G is G[X U {v, w}]-minimal because wy ¢ X U {vog,..., 0} U
{wy,...,wn}. It follows that vow; ¢ A(A g %,)) for j € {2,...,n}. Sim-
ilarly, wov; ¢ A(A g x) for i €{2,...,m}. We distinguish the following
three subcases.

2.1. Suppose that vowi € A(A; ). If v € C, then G[X U {vp} U
{v1,...,vm} U {wi,...,w,}] is prime by Fact 35. If vy ¢ C, then
G[X u{vp}u{v1,...,vmu{wsy,...,w,}] is prime by Fact 36. It fol-
lows that G[ X u{vo}u{vy,...,vmu{ws,...,wy,}] is prime. Since G
is G[ X u{v,w}]-minimal, we obtain V(G) = X u{vo}u{vy,...,vm}U
{wy,...,wy}. Since wo ¢ {v1,...,0m U {w,...,wy} by (8), we ob-
tain wg = vg. Consequently, vo ¢ B U C, and hence Statement (S4)
holds.

2.2. Suppose that wqv; € A(A(G,Y))' Similarly, we obtain wg = vy, and
Statement (S4) holds.

2.3. Suppose that vow; ¢ A(A(G,Y)) and wovy ¢ A(A(G,Y))' Clearly,
we have vy # wg. By Fact 37, G[X u{vg,...,0m} U{wo,...,w,}] is
prime. Since G is G[X U {v,w}]-minimal, we obtain V(G) = X u
{vo, -y Um  U{wo,...,w,}. Hence Statement (S5) holds.

Conversely, suppose that there exist distinct elements vy, ...,v,, of B, and
distinct elements wy, ..., w, of C such that one of Statements (S3), (S4) or (S5)
holds. We distinguish the following three cases.

(i)

Suppose that Statement (S3) holds. By Fact 35, G is prime. Consider
W ¢ V(G) such that X u{v,w} € W. We have to verify that G[W] is
decomposable. For instance, assume that v; ¢ W, where i € {1,...,m}.
Since vy, = v, i <m. Set W' = {vi1,...,0m} nW. Clearly, v, € W’ and
W’ c B. By Lemma 32, G[W] is decomposable.

Suppose that Statement (S4) holds. By Fact 36, G is prime. Consider
W ¢ V(G) such that X u{v,w} ¢ W. We have to verify that G[W] is
decomposable. To begin, suppose that u ¢ W. Set W' = {vy,..., v} nW.
Clearly, v,, € W' and W' ¢ B. By Lemma 32, G[W] is decomposable.
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Now, suppose that u € W. Since X u {v,w} ¢ W ¢ V(G), we can assume
that v; ¢ W, where ¢ € {1,...,m}. Since v,, = v, i < m. Set W' =
{Vis1,---,vm} NW. Clearly, v,, € W’ and W’ <€ B. By Lemma 32, G[W]
is decomposable.

(iii) Suppose that Statement (S5) holds. By Fact 37, G is prime. Consider
W ¢ V(G) such that X u {v,w} ¢ W. We have to verify that G[W]
is decomposable. To begin, suppose that {t,u} \ W # @. For instance,
assume that ¢ ¢ W. Set W' = {vy,...,v} nW. Clearly, v,, € W' and
W’ ¢ B. By Lemma 32, G[W] is decomposable. Now, suppose that
{t,u} ¢ W. Since X u{v,w} ¢ W ¢ V(G), we can assume that v; ¢ W,
where i € {1,...,m}. Since v,, = v, i <m. Set W' = {v;41,...,v;m} "N W.
Clearly, v,, e W’ and W’ ¢ B. By Lemma 32, G[W] is decomposable. [

Layout 5. In the sequel, we suppose that B = C.
We use the following notion of separated vertices.

Definition 40. We say that v and w are separated if for every v-dipath vg ... v,
Ef lﬁ(G’Y)’ and for every w-dipath wyg...w, of A(G,Y)’ both assertions below
o

{vo,--svm} n{wo,...,wp} =@
and (9)
G[X u{vg,...,vm}U{wy,...,wy}] is prime.

Layout 6. To begin, we suppose that v and w are separated.

We use the following notation.
Notation 41. Let G be a graph. Consider subsets X and Y of V(G) such that
X ¢Y, G[X] is prime, and G[Y] is prime. Let B € p; )~ {Exte(X)}. Set

B o (V) if B=(X)q,
Y Yo(a) if B=Xg(a), where a € X.
Clearly, we have By ¢ B.

Theorem 42. The graph G is G[X u{v,w}]-minimal if and only if there exist
distinct elements vy, ..., vy of B and vy € X~\B, and there exist distinct elements
wi,...,w, of B and wy € X \ B, satisfying the following statements

(A1) vg...vpm 18 a v-dipath of A(G,Y);

(A2) wyg...w, is a w-dipath of A(G,Y)’

(A3) X ={vo,...,um}U{wo,...,wn},

and satisfying one of the following statements

(S6) e {v}u{wi,...,w,} is a module of G —wy,
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o forie{l,...,m} and j€{0,...,n}, w;v ¢A(A(G7y));

(ST) Statement (S7) is obtained from Statement (S6) by interchanging the roles
of v and w;

(S8) e forie{l,...,m} and j€{0,...,n}, w;v; ¢ A(A(GX)),

o forie{0,...,m} and je{1,...,n}, viw; ¢ A(A 5 x))-
Proof. To begin, suppose that G is G[X U {v, w}]-minimal. By Corollary 31,
A(G,Y) admits a v-dipath vg...v,,, and a w-dipath wqg...w,. Since v fld
w are separated, (9) holds. Since G is G[X U {v,w}]-minimal, we obtain X =

{vo, ..., vm u{wo,...,wy}. Set Y = XU{vg,...,um}, and Z = X u{wy,...,wy}.
By Corollary 31, G[Y'] and G[Z] are prime. We verify that if w ¢ Yo (v), then

w € By (see Notation 41),
and (10)
viwj § A(A g x)) for i€{0,...,m} and je{1,...,n}.

Indeed, suppose that w ¢ Yo (v). Since G is G[X U {v,w}]-minimal and n > 1,
we obtain w ¢ Extg(Y'). Since vg ¢ B, we have w ¢ Yo (vg). Lastly, suppose
that m > 2, and consider i € {1,...,m - 1}. For a contradiction, suppose that
w € Yo (v;). We obtain that G[(Y ~ {v;}) u{w}] is prime, which contradicts the
fact that G is G[X U {v,w}]-minimal. Therefore, w ¢ Y5 (v;). It follows that
we(Y)g or weYs(a), where o€ X. If w e (Y)¢g, then w € (X)g. Moreover, if
w € Yo (), where a € X, then w € X (). Consequently,

w € By. (11)
Furthermore, since G is prime, it follows from Corollary 31 applied to G[Y]
that A(G,?) admits a w-dipath zg...2¢, and G[Y U {z,...,2,}] is prime. It
follows from (11) that

{21...2,} € By. (12)
Since G is G[X U {v,w}]-minimal, we obtain X = {vg,...,vm} U {20,-.., 2}
Therefore,

{wo,...,wn} ={20,...,2}
In particular, we have n = q. If wg € {21,...,24}, then wy € By, and hence
wo € B. Thus, wy = 29, and hence {w1,...,wy} = {#1,...,2,}. It follows from
(12) that _
{wl,...,wn} € By.

Letie€{0,...,m}andje{1,...,n}. Since w; € By, we obtain v;w; ¢ A(A6x))-
Consequently, (10) holds. Similarly, if v ¢ Zg(w), then

v Egz,
and (13)
w;vi $ A(A g x)) forie{l,...,m} and j € {0,... ,n}.

We distinguish the following three cases.
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1. Suppose that w € Yg(v). Since G is prime, it follows from Corollary 31 that

A(G,?) admits a w-dipath 2 . .. z4, and G[Y U{zy, ..., 2,}] is prime. Since
G is G[X u {v,w}]-minimal, we obtain X = {vg,...,vm} U {20,...,24}
Therefore, {wo,...,w,} = {20,...,%4}. In particular, we have n = ¢ and
Z=Xu{z0,...,2¢) fwge{z1,...,24}, then wg € Yg(v), and hence wy €
B because v € B. It follows that wg = 29, so {w1,...,wn} = {z1,..., 24},
and hence {wy,...,w,} € Yg(v). It follows that {v} U {wi,...,w,} is a
module of G — wy.
Now, since zp ...z is a strict dipath of A(G,?) such that z, = w, we have
zg-1w € A(A ;). Since w e Yo (v), we obtain that {v,w} is not a
module of G[Y U {z4_1,w}]. Therefore, we have v ¢ Zg(w). It follows
from (13) that for i € {1,...,m} and j € {0,...,n}, w;jv; # A(A 5 x))-
Hence, Statement (S6) holds.

2. Suppose that v € Zg(w). We obtain that Statement (S7) holds.

3. Suppose that v ¢ Zg(w), and w ¢ Yg(v). It follows from (10) and (13)
that Statement (S8) holds.

Conversely, suppose that there exist distinct elements vy,...,v,, of B and
vo € X ~ B, and there exist distinct elements w1, ..., w, of B and wy € X \ B
satisfying Statements (A1), (A2), (A3), and one of Statements (S6) or (S8).
Since Statement (A1) holds, vg ... vm is a v-dipath of A 4 5. By Corollary 31,
G[X u{vg,...,Un}] is prime. Similarly, since Statement (A2) holds, G[X U
{wo, ..., wy}] is prime. Since Statement (S6) or (S8) holds, we have wj;v; ¢
A(A(G,Y)) for i € {1,...,m} and j € {0,...,n}. For a contradiction, suppose
that G is decomposable. Recall that X = {vg,...,vm} U {wo, ..., w,} because
Statement (A3) holds. By Claim 34 applied with W = Xu{vy, ..., v, } and Wy =
Xu{wo,...,wy,}, there exist i € {0,...,m} and j € {0,...,n} such that {v;,w;}
is a module of G. By Lemma 33, {v;, w;} is a module of A(GE)' We cannot have
i < m—1 because vivi1 € A(A g x)) and wivia § A(A;x)). Furthermore,
we cannot have ¢ = m and j € {1,...,n} because w,_qw; € A(A(Gj)) and
Wj—1Um, ¢ A(A(GX)) Lastly, we cannot have 4 = m and j = 0 because v, € B
and wy ¢ B. It follows that G is prime. Lastly, we have to verify that G is
G[X u {v,w}]-minimal. We distinguish the following two cases.

First, suppose that Statement (S6) holds. Set Y = X u{vo,...,vn,}. We ver-
ify that G is G[Y u{w}]-minimal. Recall that G[Y'] is prime because Assertion
(A1) holds. We show that

Wo ¢ YG(Um),
E{uzf;,...ﬂun}EYg(vm), (14)

wq ... Wy, is an arrow of A(G )

Since v,, € B and wy € X \ B, we have wg ¢ Yg(v,,). Furthermore, since
Statement (S6) holds, {v} U {w1,...,w,} is a module of G — wy. Therefore,
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{wy,...,w,} € Yg(vm), and {v,} U {w,...,w,} is contained in a block of
Ue ) Consider k € {0,...,n—1}. Since wy ... w, is a strict dipath of A(G,Y)’
we have wipwpi1 € A(A(G,Y))' Since Statement (S6) holds, we have wyv,, ¢
A(A g x))- Tt follows from Lemma 33 applied to G[X U {vm,wy, wks1}] that
wi > {Vm,Wks1}. Since w1 € Yo (vpn), we obtain wiwge € A(A(G,?))'
Suppose that k + 2 < n, and consider | € {k+2,...,n}. Since wg...w, is
a strict dipath of A ), wewr ¢ A(A;x)). Since Statement (S6) holds,
WUy, ¢ A(A(G’y)). Since v, and w; belong to the same block of UG.x) it
follows from Lemma 33 that wy <—g {vm,w;}. Since w; € Yg(vy,), we obtain
wiwy ¢ A(A(G,?))~ Therefore, wy ... w, is an arrow of A(G,?)- Consequently,
(14) holds. By Theorem 16, G is G[Y U {w}]-minimal.

To continue, we verify that G is G[X U {v,w}]-minimal. Consider a subset
W of V(@) such that X u{v,w} cW ¢ V(G).

1. Suppose that there exists i € {0,...,m — 1} such that v; ¢ W. Set W’ =
{Vis1,...,vm} N W. By Lemma 32, G[W] is decomposable.

2. Suppose that {vo,...,v,} € W. Hence, there exists k € {0,...,n—1} such
that wy ¢ W. Since G is G[Y U {w}]-minimal, G[W] is decomposable.

Second, suppose that Statement (S8) holds. We verify that G is G[X u
{v,w}]-minimal. Consider a subset W of V(G) such that X u {v,w} ¢ W ¢
V(G). By exchanging v and w if necessary, we can assume that there exists
i€{0,...,m—1} such that v; ¢ W. Set W’ = {v;41,...,0; } nW. It follows from
Lemma 32 that G[W] is decomposable. O

Layout 7. Now, we suppose that v and w are not separated. It follows that
v and w are G[X]-reachable (see Definition 18). Therefore, d.,x)(v) and

6. x)(w) are well-defined (see Theorem 16 and Notation 17). For convenience,
set m = 5((;,?)(“) and n = 6(@,?)(w)~ Moreover, following Remark 19, we
assume that {v,w} is not G[X]-reachable.

We use the following lemma.

Lemma 43. There exists a v-dipath vy ... vy of A(G X and there exist distinct
elements wiy1, ..., wy, of BN{vg, ..., v;m}, wherei€{0,...,m-1}n{0,...,n—1},
such that the following assertions hold

® Uy... VWil - .- Wy 18 a w-dipath of A(G <)

o if G[X U{vg,...,0m} U{wis1,...,wy}] is decomposable, then m =n, i =
m—1, and {vm,w,} is the only nontrivial module of G[ X U{vg,...,vm}U

Proof. Since v and w are not separated, there exist a v-dipath vg...v,, of
A(G,Y)’ and a w-dipath wq...w, of A(GX) that do not satisfy (9). Since
Vg - . . U, 18 a v-dipath of A(G,Y)v G[X u{vo,..., vy }] is prime by Corollary 31.
Similarly, G[ X u{wo,...,w,}] is prime.
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First, suppose that {vg,...,vm} N {wo,...,w,} # @. We show that there
exists k€ {0,...,m—-1}n{0,...,n—1} such that

{U(],...,’Um}ﬂ{wk+17...,’wn} =0
and (15)
Vg ... UpWge1 - - - Wy 18 a w-dipath of A(G X)-

There exist p € {0,...,m} and ¢ € {0,...,n} such that v, = wy. Set
J=max({ge{0,...,n}:wy € {vo,...,vm}}).

It follows from the maximality of J that {vg,...,vm} N {wss1,...,wn} = @.
Furthermore, since wy € {vp,..., v}, there exists I € {0,...,m} such that
vr =wy. By Claim 38, we have I = J, I <m,and I <n. Thus, vg...vjwr41...w,
is a dipath of A(G,X)' Since 5(@,?)(“’) = n, we obtain that vy...vjwrs1 ... wy,
is a w-dipath of A . Therefore (15) holds for k = I. Let K be the largest
ke{0,...,m-1}n{0,...,n—1} such that (15) holds.

Lastly, suppose that G[X u{vg,...,vm}U{wk.1,...,w,}] is decomposable.
Consider a nontrivial module M of G[ X u{vg,...,vm U{wks1,...,w,}]. Recall
that G[X u{vg,..., VK, WK41,...,Wwy,}] is prime by Corollary 31. By Claim 34
applied with W7 = X u{vg,..., v} and Wy = X U{vg,..., VK, WK+1,---,Wn},
there exist ke {K +1,...,m} and l € {K +1,...,n} such that M = {vg,w;}. By
Claim 38, we have k£ =[. Moreover, we have k =m =n or k <m and k <n. For
a contradiction, suppose that k¥ < m and k < n. By Lemma 33, {vg,wg} is a
module of A <), where H = G[X U{vo,...,vm} U{wks1,...,wn}]. It follows
that vy ... vgWk41 - .- wy, is a dipath of A(G,Y)' In fact, vg ... VpWgs1 ... Wy, IS &
w-dipath of A g 5, because 6, 5 (w) = n. Furthermore, since {vo,...,vm} N
{wgs1,.-,wp} =@and k e {K+1,...,m}, we obtain {vg, ..., vm n{wg,...,wy}
@. Hence (15) holds for k, which contradicts the maximality of K. It fol-
lows that & = m = n. Consequently, {v,,w,,} is the unique nontrivial mod-
ule of G[X U {vg,...,vm} U {wks1,---,wyp}]. We obtain that vg...vpm_1wmn
is a strict dipath of A(G,Yy In fact, vg...Vm_ 1wy, is a w-dipath of A(G,Y)
because 5((;,?)(“’) =n and m = n. Moreover, w,, ¢ {vo,...,vn} because
{vo, .., vm} N{Wwks1,...,wp} = @. It follows that (15) holds for k = m - 1.
We obtain K =m -1 by maximality of K.

Second, suppose that {vg,...,v,} N {wo,...,wy} = @. Since (9) does not
hold, G[ X u{vo, ..., vm } U{wp,...,w,}] is decomposable. Consider a nontrivial
module M of G[X U {vg,...,um} U {wp,...,w,}]. By Claim 34, there exist
r€{0,...,m} and s €{0,...,n} such that M = {v,,ws}. By Claim 38, we have
r = s. Moreover, we have 7 = m =n or r < m and r < n. We distinguish the
following two cases.

1. Suppose that r = s and r = m = n. Thus, {v;,,wy,} is a nontrivial
module of G[X U {vg,...,vm} U {wy}]. Since G[X U {vg,...,v}] is
prime, {v,,,wp,} is the only one. Therefore, vg...Vm-1wy, is a strict
dipath of A(G,Y)- Since 5(G’Y)(w) =nand m = n, vVg...Vm1Wy, i8S
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a w-dipath of A(G X)- Moreover, wy,, ¢ {vo,...,vm} because {vg,...,
Um } N {wo, ..., w,} = @. Consequently, ¢ =m — 1 is suitable to conclude.

2. Suppose that r = s, r < m, and r < n. We obtain that vy ... v, Wy ... Wy, IS
a dipath of A(G,Y)' Since (5(Gy)(w) =N, V0...0pWpt1 - .. Wy is & w-dipath
of A ;). Consider the largest element I of {0,...,m-1}n{0,...,n-1}
such that vg...vjwrsq ... w, is a w-dipath of A(G,Y)' By Corollary 31,
G[X u{vg,..., v, Wr41,...,wy}] is prime.

Finally, suppose that G[X u{vg,...,vm} U{wrs1,...,w,}] is decompos-
able. Consider a nontrivial module M of G[X u{vg,...,vm} U{wrs1,. ..,
wp }]. By Claim 34 applied with Wy = X u{vg,...,vr,0141,- ..,V } and
Wy = X u{vo,...,v5,Wr41,...,wy,}, there exist k € {I +1,...,m} and
le{l+1,...,n} such that M = {vg,w;}. By Claim 38, we have k =
l. Moreover, we have k = m = n or k < m and k < n. For a con-
tradiction, suppose that k& < m and k < n. Since {vg,wy} is a mod-
ule of G[X u{vg,...,vm} U{wrs1,-..,wyp}], it follows from Lemma 33
that vg...vpwge1 ... w, is a dipath of A(G,Y)' Since 5(G7§)(w) = n,
Vg ... VpWke1 - - - Wy 1S & w-dipath of A(G,Y)’ which contradicts the maxi-
mality of I. Consequently, we have k =1 and k = m =n. Hence, {v,, w, }
is the unique nontrivial module of G[X U {vg,...,vm} U{wri1,..., wm}].
We obtain that vg . ..v,,_1w,, is a dipath of A(G,Y)- In fact, vg ... vy 1Wm
is a w-dipath of A(G,Y) because 6(G,Y) (w) = n. By maximality of I, we
have I =m — 1. Therefore, i = m — 1 is suitable to conclude. O

Notation 44. The largest element ¢ of {0,...,m—-1}n{0,...,n -1} such that
Lemma 43 holds is denoted by I.

Layout 8. We suppose that
I<m-2orlI<n-2. (16)

Theorem 45. The graph G is G[X u{v,w}]-minimal if and only if there exist
distinct elements vy, ...,vm of B, vg € X\ B, and distinct elements wyri1,...,wy
of BN {vo,...,vm} satisfying the following statements

(Ad) X ={vo,. .., U} U{wrs1,..., wy},
(A5) vo...vm is av-dipath of A g 5,
(A6) vg...v7Wr41 ... Wy, is a w-dipath of A(Gy),
and one of the following statements
(S9) I<n-2,n<m, and
o forie{l+2,...,m} andje{I+1,...,n}, we have wjv;  A(A ;%))

o {vn}U{wria,...,w,} is a module of G —wri1;
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(S10) Statement (S10) is obtained from Statement (S9) by interchanging the
roles of v and w;

(S11) e if I<m=-2, then forie{I+2,...,m} and je{I+1,...,n}, we have
Ww;v; ¢ A(A(G,Y))y

o ifI<n-2 then forie{I+1,...,m} and je{I+2,...,n}, we have
viw; £ AA G x))-

Proof. To begin, suppose that G is G[X U {v,w}]-minimal. By Lemma 43,
A(GX) admits a v-dipath vg...v,, and a w-dipath vg...vjwy,1...w,, where
Wr41,. .., Wy, are distinct elements of B~ {vy,..., v, }. Hence, Assertions (A5)
and (A6) hold. Furthermore, if G[X U {vg,...,0m} U{wrs1,...,wy}] is de-
composable, then it follows from Lemma 43 that I = m -1 and m = n, which
contradicts (16). Thus, G[X u {vg,...,vm} U{wrs1,...,wy}] is prime. Since
G is G[X U {v,w}]-minimal, we have X = {vg, ..., vm} U{wrs1,...,w,}. Hence
Assertion (A4) holds. Set Y = X U {vg,...,vm} and Z = X U {vg,...,vr} U
{wrs1,...,wy}. By Corollary 31, G[Y] and G[Z] are prime. We show that

if wy, € Yo (Vi ), then m > n. (17)

Indeed, suppose that w,, € Y (vy,). It follows from Lemma 33 that vg . . . vy-1wy,
is a strict dipath of A G.X)" Thus m > n. For a contradiction, suppose that
m =n. We obtain that m—1 satisfies Lemma 43. By maximality of I, we obtain
I =m -1, which contradicts (16). Since m > n, it follows that m > n. Similarly,

if vy, € Zg(wy), then n > m. (18)
Now, we show that if I <m -2 and v, ¢ Zg(w,), then
forie{l+2,....om}and je{l+1,....,n}, wjv;i f A(A ) (19)

Indeed, suppose that I <m -2 and vy, ¢ Zg(w,). We have vry1 ¢ Z U {v,,} be-
cause I <m—2. Since G is G[X u{v,w}]-minimal, we obtain v,, ¢ Zg(u) for u €
Z~ X. Furthermore, since G is G[X U {v,w}]-minimal and m > I +2, we obtain
vm ¢ Extg(Z). Tt follows that v, € Bz. Since G is prime, it follows from Corol-
lary 31 that A(G,Z) admits a v-dipath yo ...y, and G[Zu{yo,...,yp}] is prime.
Since G is G[X U {v,w}]-minimal, we obtain {yo,...,¥Yp} = {Vr+1,---,Um}-
Since vivrer € A(A(G_X)) and vy € B, we obtain vr,; ¢ Bz. It follows that
Yo = vre1 and {y1,...,Yp} = {vrs2,...,Um}. Therefore, {vii2,...,vm} € Bz.
Since {vr+2,...,Um} € B, we obtain w;v; f A(A g 5)) forie{I+2,...,m} and
je{I+1,...,n}. Similarly, if I <n -2 and w, ¢ Yg(vn,), then

forie{I+1,...,m}and je{I+2,...,n}, v,w, ¢A(A(G,Y))' (20)

To conclude, we distinguish the following three cases.
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1. Suppose that w, € Y (v.,). We prove that Statement (S9) holds. Since
{Um,wn} is not a module of G, we obtain v, ¢ Zg(w,). By (17), m >
n. It follows from (16) that I < m —2. By (19), we obtain w;v; ¢
A(A(G,X)) forie{l+2,...,m}and je{I+1,...,n}. Since G is prime,
it follows from Corollary 31 that A(G,?) admits a w-dipath zg...z,, and
G[Y u{zp,...,zq}] is prime. Since G is G[X u{v,w}]-minimal, we obtain
{20,...,2¢} ={wrs1,...,w,}. Hence, we have n > I +2 because ¢ > 1. Fur-
thermore, since m > I + 2, vyv,, ¢ A(A(G,Y))' Since viwrs1 € A(A(Gy)),
it follows from Lemma 33 that wy,1 ¢ Yo (v ). Thus, zg = wry1, and hence
{z1,..., 24} = {wrs2,...,w,}. Therefore {wrio,...,wn} € Yo (vy,). It fol-
lows that {v;,} U{wri2,...,w,} is a module of G —wr,;. Consequently,
Statement (S9) holds.

2. Suppose that vy, € Zg(w,). We obtain that Statement (S10) holds.

3. Suppose that vy, ¢ Zg(wy) and wy, ¢ Yo(vy). It follows from (19) and
(20) that Statement (S11) holds.

Conversely, suppose that there exist distinct elements v1,...,v,, of B, vy €
X \ B, and distinct elements w1, ..., w, of B~ {vy,...,v,} satisfying Asser-
tions (A4), (A5), and (A6). Moreover, suppose that Statement (S9) or (S11)
holds.

First, we prove that G is prime. For a contradiction, suppose that G[X U

{vo, -y Vm U{wrs1, ..., wy}] is decomposable. Since I satisfies Lemma 43, we
obtain m = n and I = m — 1, which contradicts (16). It follows that G[X u
{vo,.--,vmtU{wrs1,...,w,}] is prime.

Second, we prove that G[ X u{vg,...,vm U{wri1, ..., wy}]is G[ X u{v,w}]-
minimal. Consider a subset W of V(G) such that X u {v,w} ¢ W ¢ V(G).
We have to show that G[W] is decomposable. Suppose that there exists i €
{0,...,I} such that v; ¢ W. Since Assertions (A5) and (A6) hold, it suffices
to apply Lemma 32 with W' = ({vi41,. .., 0m } U{wrs1, ..., wy ) N W, Lastly,
suppose that {vg,...,vr} € W. We distinguish the following cases.

1. Suppose that Statement (S9) holds. We have I +2 < m and wj;v; ¢
A(Agxy) forie{l+2,....,m} and j € {I+1,...,n}. Therefore, if there
exists i € {I+1,...,m} such that v; ¢ W, then it suffices to apply Lemma 32
with W’ = {vi41,...,0m} N W. Hence, suppose that {vg,...,vm} € W.
There exists j € {I +1,...,n} such that w; ¢ W. Since w € W, we have
j<n-1. Set M = {vy, } u{wjs1,...,w,}. We prove that M is a module of
G - w;j. Since Statement (S9) holds, {v., } U{wrs2,...,wy} is a module of
G —wrs1. Hence, M is a module of G —wyj if j = I +1. Thus, suppose that
j2I+2. Let ke{I+1,...,5-1}. Since Assertion (A6) holds, we have
wpw; ¢ A(A g x)) for Le {j+1,...,n}. Furthermore, since Statement
(S9) holds, wivm ¢ A(A g 5))- Since {vy} U{wria, ..., wy} is a module
of G —wr4s1, Uy and Wjy1, ..., w, belong to the same block of ¢ GX) It
follows from Lemma 33 that wy «—¢g M. Consequently, M is a module of
G -wj,. It follows that M nW is a module of G[W]. We have [M nW| > 2

24



because v,w € M nW. Furthermore, M nW ¢ W because X ¢ W \ M.
Therefore, M n W is a nontrivial module of G[W].

2. Suppose that Statement (S11) holds. By exchanging v and w if necessary,
we can assume that there exists ¢ € {I +1,...,m} such that v; ¢ W.
In particular, we obtain I + 2 < m because v,, € W. Since Statement
(S11) holds, we have wjv; ¢ A(Agxy) for i e {I+2,...,m} and j €
{I'+1,...,n}. As previously, we conclude by applying Lemma 32 with
W’:{UiJrl,...,’Um}ﬂW. O

Layout 9. In what follows, we suppose that m=n and I =m — 1.

Theorem 46. Suppose that v and w do not belong to the same block of Uex)

The graph G is G[ X u{v,w}]-minimal if and only if there exist distinct elements
V1,...,Um of BN {w} and vg € X \ B satisfying the following statement

(S12) Y-+ - Vm is a v-dipath of A(G,Y)’ Vg ... Up_1W 18 a w-dipath of A(Gy),
and X = {vg, ..., v} U{w}.

Proof. To begin, suppose that G is G[X U {v,w}]-minimal. Since m = n and
I=m-1, A(G,Y) admits a v-dipath vg...v,, such that vg...v,_1w is a w-
dipath of A 5. By Corollary 31, G[X u{vg,...,vm}] is prime. Set YV =
X u{vo,...,vm}. Since {v,w} is not G[X ]-reachable, we have w ¢ Yg(v;) for
0 <i<m-1. Moreover, since v and w do not belong to the same block of 4 Xy
we have w ¢ Yo (vy,). Lastly, since v, qw € A(A(Gy))7 we have w ¢ By. It
follows that w € Extg(Y). Consequently, G[Y u {w}] is prime. Since G is
G[X u {v,w}]-minimal, we obtain X = {vg,..., v} U{w}.

Conversely, suppose that there exist distinct elements vy, ..., v, of B\ {w}
and vy € X \ B such that Statement (S12) holds. For a contradiction, sup-
pose that G is decomposable. Since vg...v,, is a v-dipath of A(G,Y)v G[X u
{vo,...,vm}] is prime by Corollary 31. Similarly, G[X u{vo,...,Vm-1} U {w}]
is prime. It follows from Claim 34 that {v,,,w} is a module of G, which con-
tradicts the fact that v and w do not belong to the same block of U Xy It
follows that G is prime. Finally, we show that G is G[X U {v,w}]-minimal.
Consider a subset W of V(@) such that X u{v,w} ¢ W ¢ V(G). There exists
i€{0,...,m—1} such that v; ¢ W. Set W' = ({vis1,...,0m} U{w})nW. By
Lemma 32, G[W] is decomposable. O

Theorem 47. Suppose that v and w belong to the same block D of 96X The

graph G is G[X u {v,w}]-minimal if and only if there exist distinct elements
V1, Um of BNA{w}, vo € X N B, and distinct elements zg,...,z, of X \
{vo, ..., vm } satisfying the following assertions

(A7) vo...vm is a v-dipath of A g 5,

(A8) ¢21, zy=w, and X = {vo,...,vm} U{z0,.-.,24},
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(A9) forre{0,...,q-1}, {v}u{zrs1,..., 24} is a module of G - z,, but not of
G,
(A10) by exchanging v and w if necessary, we can assume that zq_1v ¢ A(A(G Y))
and zq-12q € A(A (g 5))

(A11) {z0,vm} is not a module of G[X U {vg,...,vm}U{z0}],
and satisfying one of the following statements
(S13) 20 ¢ B, and
® Z0...%q is an arrow of A %),
o zivi  A(A g x)) forie{l,....m} and j€{0,... ,q};
(S14) 29 € B, m > 2, and there exists k € {0,...,m — 2} such that

® Uy...ULZ0...2¢ 15 an arrow of A(G,Y)’

® zv; ¢A(A(GY)) forie{k+2,...,m} and j€{0,...,q};
(S15) zp € B, m>2, and vizo § A(A (g x)) forie{0,...,m-2};
(S16) zp € B, and m = 1.

Proof. To begin, suppose that G is G[X U {v,w}]-minimal. Since m = n and
I=m-1, A(G,Y) admits a v-dipath vg...v,, such that vg...v,_ 1w is a w-
dipath of A ). Hence, Assertion (A7) holds. By Corollary 31, G[X u
{vo,...,Um}]is prime. Set Y = Xu{vg,...,Um}. Since vg... vy, and vy ... Vpm_qw
are strict dipaths of A . 5, {Um,w} is a module of A(GX)[{UO, ey U pU{w}.
Since vy, w € D, it follows from Lemma 33 that w € Yg(v,,). Since G is
prime, it follows from Corollary 31 that A(G,?) admits a w-dipath zg ...z, and
G[Y u{z0,...,2,}] is prime. Since G is G[X U {v,w}]-minimal, we obtain Y =
{20,-.-,2¢}. Hence, Assertion (A8) holds. Since z ...z, is a w-dipath of A ¢ 3,
Assertions (A9) holds. Since Assertion (A9) holds, we have z4_1 <f>¢ {v,w}.
Since v, w € D, it follows from Lemma 33 that [{zg-1v, zg-1w} N A(A o %)) = 1.
Therefore, Assertion (A10) holds. Since zp. ..z, is a w-dipath of Agy) and
w € Yg(vp), we have zo ¢ Yo (v ), that is, Assertion (A11) holds.

Since zg-1w € A(A; 5)) by Assertion (A10), we consider the smallest ele-
ment L of {0,...,¢— 1} such that

ZLU € A(A(G,Y)) Or 21,%q € A(A(G,Y))' (21)

We verify that
if L <q-1, then zpv, 2124 € A(A (o %)) (22)

Indeed, suppose that L < ¢ — 1. Since Assertion (A9) holds, we have zj «—¢
{v,24}. It follows from Lemma 33 that z1v,2124 € A(A;x)) or 2Lv, 202 ¢
A(A(G,Y))' By (21), we have zpv, 21,24 € A(A(ny)). Hence (22) holds.
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To continue, we verify that z ... z1 24 is a strict dipath of A(G,Y)' If L =qg-1,
then 24124 € A(A 5 x) by Assertion (A10). If L < g-1, then 2124 € A(A 5 %)
by (22). Now, suppose that L > 1, and consider p € {0,...,L - 1}. It follows
from Assertion (A9) that {v} U {zps2,...,2¢} is a module of G - zp,1. Thus,

zp <=a {v} U{zps2,..., %}, By minimality of L, we have zv ¢ A(A ;%))
and zpzq § A(Agx)). 1t follows from Lemma 33 that zu ¢ A(A ;%)) for
every u € {v} U {2p+2,...,24}. Furthermore, it follows from Assertion (A9) that

{v} u{zps1,...,24} is a module of G - z,, but not of G. We obtain z, ¢
{zp+1,v} and z,11,v € D. Since z,v ¢ A(A(G,y)), it follows from Lemma 33 that
ZpZpe1 € A(A G,?))' Consequently, 2o ...z2r2, is a strict dipath of A(G,Y)'

We distinguish the following cases.

1. Suppose that zgp ¢ B. We prove that Statement (S13) holds. We have
21532 € Ya(Um), SO 21,...,24 € B. Since zg ¢ B, zp...21024 is an
arrow of A ). By Corollary 31, G[X u{zo,...,20} U{z}] is prime.
Set Z = X u{zp,...,2}U{z}. Since G is G[X U {v,w}]-minimal and
vo ¢ ZU {Um,}, we have v, ¢ Extg(Z). Since G is G[X U {v,w}]-minimal,
Um ¢ Zg(2,) for 0 <r < L. For a contradiction, suppose that v, € Zg(z,).
Recall that z, € Y (vn). Since {v,z,} is not a module of G, we have
L < g-1. Since G is prime, it follows from Corollary 31 that A(G,Z)
admits a v-dipath yo...yx, and G[Z U {yo,...,yx}] is prime. Since G
is G[X u {v,w}]-minimal, we have V(G) = Z u {yo,...,yr}. Therefore,
we have Z \ Zg(z,) = {yo}. Since Zg(z,) € B and vy ¢ B, we obtain
vo € Z N Za(z4). Thus, yo = v, 50 Z ~ Zg(24) = {vg}. Moreover, since
L < ¢-1, it follows from Assertion (A9) that z, </>¢ {zr+1, 24}. Therefore,
zr+1 ¢ Zg(24). Clearly, z.1 # vo, which contradicts Z \ Zg(2,) = {vo}. It
follows that v, ¢ Zg(z,). Consequently, we have vy, € By. Tt follows that
2pvm £ A(Agx))- By (22), L=q-1. Hence Z = X U {2,...,2.}, and
Z = {vo,...,vm} by Assertion (A8). Since G is G[X u {v,w}]-minimal,
we obtain Z = {yo,...,yr}. It follows that {vo,...,vm} = {Yo,...,yx}-
Since yo...yx is a v-dipath of A7), we have {y1,...,yr} € By ¢ B.
Since vy ¢ B, we obtain vy = yo. Thus {v1,...,vm} € Bz. It follows that
zjv; ¢ A(A(G’y)) forie {l1,...,m} and j € {0,...,q}. Hence Statement
(S13) holds.

2. Suppose that zg € B. If m = 1, then Statement (S16) holds. Therefore,
suppose that m > 2. If vizg § A(A g x) for i € {0,...,m -2}, then
Statement (S15) holds. Lastly, suppose that there exists ¢ € {0,...,m —
2} such that vizg € A(Agx). We consider the smallest element k of
{0,...,m — 2} such that vgzo € A(A(GX))' We prove that Statement
(S14) holds. Let j € {1,...,q}. As previously seen, z; € Yg(v;,). Let
l €{0,...,k}. Since viom ¢ A(A ;7)) it follows from Lemma 33 that
vz ¢ A(A g x))- Moreover, when k > 1, it follows from the minimality of
k that vy 2o ¢ A(A(G,Y)) for 1 €{0,...,k=1}. Therefore, vy ... vz ... 212
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is a strict dipath of A ). Since vo ¢ B and {v1,...,ve}u{z0,...,20} U
{24} € B, vo...vp20...212¢ is an arrow of A x)- By Corollary 31,
G[Xu{vg,...,vp}U{z0,...,20}U{z}] is prime. Set Z = X U{vp,...,v5}U
{z0,..., 20} u{z4}. Since G is G[X u {v,w}]-minimal, v,, ¢ Z(u) for u €
{vo,...,vp}U{z0,...,21}. Since m > k+2, vpy1 € Z~{vy,}. It follows that
Um ¢ Exte(Z) because G is G[X U {v,w}]-minimal. For a contradiction,
suppose that v,, € Zg(%,). Recall that z, € Yg(v,,). Since {v, z,} is not
a module of GG, we obtain L < ¢ —1. Since G is prime, it follows from
Corollary 31 applied with G[Z] that A7) admits a vn-dipath yo ...y,
and G[Z U {yo, ...,y }] is prime. Since G is G[X U {v,w}]-minimal, we
obtain Z = {yo, ...,y }. It follows that Z \ Zg(z,) = {yo}. Since L <q-1,
we have 21,212 € A(A g 5)) by (22). It follows from Lemma 33 and
Assertion (A9) that zpzr41 £ A(A g 5))s 50 241 # Za (7). Furthermore,
since m > k + 2, we have vgzq ¢ A(A 5 5))- Since vpvpa € A(A (5 x)), it
follows from Lemma 33 that vg+1 ¢ Zg(z). Therefore, vgy1 # zp41 and
Va1, 2041 # Za(z4), which contradicts Z N Zg(z,4) = {yo}. Consequently,
U ¢ Zc(z,), and hence v, € By. If L < g -1, then zpv € A(A e )

by (22), which contradicts v,, € By. Hence L = q-1. Since G is prime,
it follows from Corollary 31 applied with G[Z] that A7) admits a vp,-
dipath yo ...y, and G[ZU{yo, ..., yi}] is prime. Since G is G[X u{v,w}]-
minimal, we obtain {vk+1,...,vm} = {yo,...,u}. Therefore, we have Z \
Bz ={yo}. Since vxvg41 € A(A(G y)), we have vg41 ¢ Bz. It follows that
Yo = Vks1, 50 {Vks2,--->Um} = {1, ...y}, and hence {vgs2,...,0m} € By.
We obtain that zjv; § A(A g x)) forie{k+2,...,m} and j €{0,...,q}.
Consequently, Statement (S14) holds.

Conversely, suppose that there exist distinct elements vy, ..., v, of B\ {w},
vo € X \ B, and distinct elements zo, ..., zq of X ~{vo, ..., v} satisfying Asser-
tions (AT),...,(A11), and one of Statements (S13), (S14), (S15) or (S16).

First, we show that G is prime. By Assertion (A7), vg ...y, is a v-dipath of
A ¢ x)- By Corollary 31, G[Xu{vg,...,vm}]is prime. Set Y = Xu{vg,...,vm}.
It follows from Assertion (A9) that z1,...,2, € Ya(vn,). By Assertion (All),
20 ¢ Yo(vy,). Lastly, it follows from Assertion (A9) that zp...z, is a strict
dipath of A, w. Since zo ¢ Yg(vm) and {21,..., 2} € Ya(vm), 20... 24 Is an
arrow of A(G,?)' By Corollary 31 applied with G[Y], G[Y u{z,...,2,}] is
prime. It follows from Assertion (A8) that G is prime.

Second, we prove that G is G[X u {v,w}]-minimal. Consider a subset W
of V(G) such that X u{v,w} ¢ W ¢ V(G). Suppose that {vg,...,vm} S W.
There exists r € {0,...,¢—1} such that z. ¢ W. As previously seen, z, € Yo (vy)
and zp ...z, is a w-dipath of A(G,?)' Set W' =W n{z41,...,2¢}. It follows
from Lemma 32 applied to G[Y'] that G[W] is decomposable. Finally, suppose
that there exists 7 € {0,...,m} such that v; ¢ W. Since v e W, i<m—-1. We
distinguish the following cases.

1. Suppose that Statement (S13) holds. Set W' = W n {vi+1,...,vm}. By
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Lemma 32, G[W] is decomposable.
2. Suppose that Statement (S14) holds.

e Suppose that 0 <i<k. Set W =W n ({vit1,. .-, Um U {20,...,24})-
By Lemma 32, G[W] is decomposable.

e Suppose that k+1<i<m-1. Set W = W n{vi41,...,um}. By
Lemma 32, G[W] is decomposable.

3. Suppose that Statement (S15) holds. Set W’ = W n ({vit1,...,0m} U
{z0,...,24}). By Lemma 32, G[W] is decomposable.

4. Suppose that Statement (S16) holds. Since m = 1, we have i = 0. We
obtain W\ X ¢ B. Tt follows that G[W] is decomposable. O

6 Conclusion

Initially, our aim is to study the counter-examples to Conjecture 5. Proposition 8
leads us to characterize the prime graphs G that are G[X U {v,w}]-minimal,
where X is a proper subset of V(G) such that G[X] is prime, and v,w € X.
Theorem 16 provides a nice characterization when v = w in terms of the outside
digraph A . (see Definiton 14). In Sections 1.2 and 5, we treat the case
v # w. We consider seven situations (see Theorems 20, 21, 39, 42, 45, 46,
and 47) that are induced from the locations of v and w in X, described by
using the outside partition Pex) (see Definition 11), and its refinement U x)
(see Definition 24). It is not difficult to provide graphs that correspond with
each of these seven situations. Nevertheless, we did not complete our initial
characterization. Indeed, for each of these seven situations, we have still to
identify the counter-examples to Conjecture 5.
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