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Conditioning diffusion processes with respect to the local time at the origin

; Alain Mazzolo
Université Paris-Saclay, CEA, Service d’Etudes des Réacteurs et de Mathématiques Appliquées, 91191, Gif-sur-Yvette, France

Cécile Monthus
Université Paris-Saclay, CNRS, CEA, Institut de Physique Théorique, 91191 Gif-sur-Yvette, France

When the unconditioned process is a diffusion process X (¢) of drift p(z) and of diffusion coefficient
D = 1/2, the local time A(t) = fg d70(X (7)) at the origin = 0 is one of the most important time-
additive observable. We construct various conditioned processes [X*(t), A*(¢)] involving the local
time A*(T') at the time horizon 7. When the horizon T is finite, we consider the conditioning
towards the final position X *(7T") and towards the final local time A*(T), as well as the conditioning
towards the final local time A*(T) alone without any condition on the final position X*(7T"). In
the limit of the infinite time horizon T' — +o00, we consider the conditioning towards the finite
asymptotic local time A%, < 400, as well as the conditioning towards the intensive local time a*
corresponding to the extensive behavior Ar ~ Ta*, that can be compared with the appropriate
‘canonical conditioning’ based on the generating function of the local time in the regime of large
deviations. This general construction is then applied to generate various constrained stochastic
trajectories for three unconditioned diffusions with different recurrence/transience properties : (i)
the simplest example of transient diffusion corresponds to the uniform strictly positive drift p(z) =
> 05 (ii) the simplest example of diffusion converging towards an equilibrium is given by the drift
u(z) = —psgn(z) of parameter p > 0; (iii) the simplest example of recurrent diffusion that does not
converge towards an equilibrium is the Brownian motion without drift p = 0.

I. INTRODUCTION
A. Conditioning diffusion processes with respect to time-additive observables of the stochastic trajectories

Since its introduction by Doob [II 2], the conditioning of stochastic processes (see the mathematical books [3H5]
and the physics recent review [6]) have found many applications in various fields like ecology [7], finance [§] or nuclear
engineering [9] 10]. Among the different conditioned diffusions that have been constructed besides the basic example
of the Brownian Bridge, one can cite the Brownian excursion [I1], [I2], the Brownian meander [13], the taboo processes
[14H19], or non-intersecting Brownian bridges [20]. Let us also mention the conditioning in the presence of killing
rates [3, 2IH28] or when the killing occurs only via an absorbing boundary condition [29H32]. Note that stochastic
bridges have been studied for many other Markov processes, including various diffusions processes [33H35], discrete-
time random walks and Lévy flights [36H38], continuous-time Markov jump processes [38], run-and-tumble trajectories
[39], or processes with resetting [40].

A recent important generalization concerns the conditioning with respect to global dynamical constraints involving
time-additive observables of the stochastic trajectories. In particular, the conditioning on the area has been studied via
various methods for Brownian processes or bridges [41] and for Ornstein-Uhlenbeck bridges [42]. The conditioning on
the area and on other time-additive observables has been then analyzed both for the Brownian motion and for discrete-
time random walks [43]. This approach has been generalized [44] to various types of discrete-time or continuous-time
Markov processes, while the time-additive observable can involve both the time spent in each configuration and
the increments of the Markov process. This general reformulation of the 'microcanonical conditioning’, where the
time-additive observable is constrained to reach a given value after the finite time window 7', allows to make the
link [44] with the ’canonical conditioning’ based on generating functions of additive observables that has been much
studied recently in the field of dynamical large deviations of Markov processes over a large time-window 7' [45H90].
The equivalence between the 'microcanonical conditioning’ and the canonical conditioning’ at the level of the large
deviations for large time T is explained in detail in the two complementary papers [68, [69] and in the HDR thesis

[70].

B. Simplest examples of time-additives for a diffusion process X(¢) : the occupation time and the local time

For a one-dimensional diffusion process X (t), two basic examples of time-additive observables are :



(i) the occupation time Oy, p)(t) of the space interval [a, b] during the time window [0, ]

Oui(®) = [ drtla < X(r) <) 1)

belongs to the interval 0 < O (t) < t. The conditioning with respect to the occupation time of the interval
[a = 0,b = +o00[ has been studied recently for the Brownian motion without drift [43], while the canonical conditioning
with respect to the occupation time has been analyzed for various settings [73, [74].

(ii) the local time A,(t) at the position z during the time window [0,¢] (see the mathematical review [91] and
references therein)

t
Ay (t) = / dré(X (1) — x) (2)
0
has for physical dimension Lj;ith so that it is actually not a 'time’ despite its standard name. However, it is directly
related to the occupation time as follows. On the one hand, the local time A,(t) of Eq. [2| can be constructed from
the occupation time Of,_c .4 (t) of the space interval [z — €, 2 + €] of size (2¢) > 0 centered at the position x in the
limit € — 0%

()= [ dr tim (a(x_ESX(T)Sx“)) — lim (W) 3)

0 et —0 2¢ et —0 2¢

As a consequence, the local time A, (t) belongs to [0, +oo[ with no upper bound. On the other hand, the occupation
time Of,)(t) can be reconstructed from the local time A, (t) for all the internal positions = € [a, b]

Oty () = /O “dr / (X () a) = / " A () (1)

C. Goals of the present work

At first sight, the delta function that enters the definition of the local time in Eq. [2] might appear as very singular
for the purpose of conditioning. However, as in quantum mechanics where delta impurities are well-known to be much
simpler than smoother potentials, the delta function in Eq. [2|is actually a huge technical simplification compared to
the case of conditioning with respect to an arbitrary general additive observable. Indeed, the exact Dyson equation
associated to a single delta impurity allows to analyze the conditioning with respect to the local time for A,—o(t) = A(¢)
at the origin z = 0 in terms of the properties of the propagator G(z, t|zg,to) of the unconditioned process X (t) alone.
In the present paper, it will be thus interesting to consider that the unconditioned process is a diffusion process X (t) of
diffusion coefficient D = 1/2 with an arbitrary position-dependent drift u(x) in order to derive the general properties
before the application to various illustrative examples of drifts. Our goal is to construct various conditioned joint
processes [X*(t), A*(t)] satisfying certain conditions involving the local time A*(T') either at the finite time horizon
T, or in the limit of the infinite time horizon T'— +oco. For instance, the two basic cases that will be considered for
the finite horizon T" can be summarized as follows.

(i) The conditioning towards the position z%. and the local time A% at the time horizon T" involves the conditioned
drift

A (@, A ) = (@) + 0 In P(ay, A7, T, A, 1)

where P(z%., A%, T|z, A,t) represents the joint propagator of the unconditioned diffusion.
(ii) The conditioning towards the local time A¥. at time horizon T', without any condition on the final position zp
involves the conditioned drift

' T (@, As) = () + 9, InTL(A, T, A, 1)

in terms of II(A%, Tz, A, t) = [ derP(xr, A%, Tz, A, t) for the unconditioned diffusion.

When the unconditioned diffusion is the Brownian motion of uniform drift 4 > 0 or the stochastic process with
drift p(xz) = —psgn(x) with g > 0, some examples of these conditioned drifts that will be studied are given in the
two following tables.



Finite time horizon T' < co

Infinite time horizon T' = co

Conditioned drift ,uggf*T’A*T] (z,A,t)

towards the position 27 and the local time A7

Conditioned drift u[TA*T](m, A,t)

towards the local time A}

Conditioned drift ug;] (z,A)

towards the local time A%,

lzl+AT—A

. ! |k |+ |2l + A% —A
Region sgn(x) [‘m;‘+|m|+A?_A — LT ] —sgn(z) —7% —psgn(x)
0< A< AL
. (@ —a)? ; (% | +le)?

(mg—tm>efﬁ+(m+sg;(mt)\mqw\)e*ﬁ 72(%2 ;

. = = 2 T 2Tt
Region A = A} = (=57 N ‘ — sgn(x) wcoth(pz)

e 2(T—t) _o 2(T—1) erf(‘/2(T7t,)>

Table I. Some examples of conditioned drifts u7(z, A,t) for the Brownian motion of uniform drift u(xz) = p > 0.

Finite time horizon T' < co

Conditioned drift pf*7*7](z, A, )
towards the position z7- and the local time A%

Conditioned drift ;L[TA*T] (z,A,t)
towards the local time A%

. 1 _ lepltlz+ AT A 2 (lz|+ A% — A)sgn (x)
0 <R?4g12n14* sgn(x) [\I;MIHA*TfA T—t wsgn(@) = gy (el TA(T— )+ A% —A)2 N,
BT —De 2(T—1t erfo TR T T AT A
T 2 p\/2m(T—t)e ( ) .f.( NelcEn )
(@ —=)? (% +lz)? (zl+u7)? (z—pr)?
zh—x\ — 5lEe ztsgn(z) |z — sy sen(z)| L e = lzltpr . - 2ury(etpr\_p(pr—=
Region A — AX ( 4= )e T—1) +( gn(e)lo )6 3(T—1) _ sen(a) | = z ]—'( o ) + 2 ( ;( \/;) F( = ))
cglon £ = Ar R L P AP Vi IR CSEs o TR o
e 2(T—t) _¢ 2(T—t) e 27 erfc(#)«#e 27 erfc(“\/ﬁ )—263 27 erfc( Vord )

Table II. Some examples of conditioned drifts ui(z, A,t) for the stochastic process with drift, pu(z) = —psgn(z) with g > 0.
Observe that the conditioned drifts are the same as those of the Brownian motion in the case of conditioning towards the
position 7 and the local time A% at the finite time horizon T. We use the notation F(x) = wxerfc(z) where erfc(x) is the
complementary Error function erfc(z) = 1 — erf(x).

D. Organization of the paper

The paper is organized as follows. The properties of the unconditioned diffusion process X (¢) with drift u(z) are
recalled in section We then analyze the properties of the joint propagator P(z, A, t|xg, A, to) for the position x and
the local time A in section as well as the probability II(A, t|zg, Ao, to) = [ dzP(z, A, t|zo, Ao, to) in section
The statistical properties of the local time increment [A(t) — A(tp)] in the limit of the large time interval (¢ —tp) — +o0
are discussed in section [V] as a function of the recurrence/transience properties of the diffusion process X () induced
by the drift p(z). In section we construct various conditioned processes [X*(t), A*(¢)] that involve the local time
A*(T) at the finite time horizon T or in the limit of the infinite time horizon T — +o00. This general framework is
applied to the case of the uniform drift p(z) = p with g =0 or > 0 in section|[VII} and to the case pu(z) = —psgn(z)
of parameter p > 0 in section [VIII} in order to generate stochastic trajectories of various conditioned processes with
respect to the local time. Monte Carlo simulations illustrate our findings. Our conclusions are summarized in section
The three appendices and are devoted to the canonical conditioned processes X;(t) of parameter p, in
order to compare with the microcanonical conditioning described in the main text.

II. PROPERTIES OF THE UNCONDITIONED DIFFUSION PROCESS X(¢t) WITH DRIFT u(x)

In this paper, we consider that the unconditioned process X (t) is a diffusion process on the whole line | — 0o, +00]
generated by the Stochastic Differential Equation

dX (1) = p(X (£))dt + dB(t) (5)

where B(t) is a standard Brownian motion and where the position-dependent drift p(z) is the only parameter of the
model. In this section, we recall the recurrence/transience properties that will be useful to analyze the statistics of
its local time A(t) at the origin in the three next sections and



A. Propagator G(z,t|xo,to) for the diffusion process X(t)
The propagator G(z, t|zo, to) for the diffusion process X (t) generated by Eq. [5|satisfies the Fokker-Planck dynamics
1
0:G(x, t|xo, to) = — 0 [(x)G (, t|xg, to)] + iﬁiG(x,t\mo,to) (6)

Its Laplace transform with respect to the time interval (¢ — ¢¢)

“+o0
Gs(z|zo) E/ dte™ 1) Gz, t|xo, to) (7)
to
then satisfies
A ~ 1 A
—0(x — xg) + sGs(z|xo) = —0s {N(‘r)Gs(kaO)} + 5856'8(96\300) (8)
B. Similarity transformation towards an euclidean quantum propagator ¢ (x,t|xo, to)

As is well-known [92], the potential U(z) defined via the following integration of the drift u(y)

me::—zlfdmmw (9)

can be used to make the similarity transformation

U(zg) U(zg)—U(x)
Z

(z)
Gz, tlwo, to) = e~ = (@, t|zo,to)e = =e

b(, t]wo, to) = elro Wy (x t|x, to) (10)

The Fokker-Planck Eq. |§|for the propagator G(z, t|xo, o) is then transformed into an Euclidean Schrodinger Equation
for ’(/J(CL’, 7f|.’1?07 to)

—8t¢($7t|330,t0) = H¢(xat|$07t0) (11)

The corresponding hermitian quantum Hamiltonian

1
H= —585 + V(z) (12)
involves the quantum potential
2 /
Vi) = L0 110 (13)

This very specific structure of V(z) in terms of the drift p(z) allows to factorize the Hamiltonian of Eq. [12]into the
supersymmetric form (see the review on supersymmetric quantum mechanics [93] and references therein)

H =10 (14)
involving the first-order operator
Q= —0s + p(z) (15)
and its adjoint
Q' =0, + p(x) (16)

This quantum mapping allows to use all the knowledge on one-dimensional quantum Hamiltonians in general and on
supersymmetric quantum Hamiltonians in particular to characterize the energy spectrum as follows.



C. Analysis of the spectrum of the quantum supersymmetric Hamiltonian H
1. Analysis of the continuous spectrum Voo, +00[ of H when it exists

The minimum of the two limiting values of the quantum potential V(z) of Eq. as x — too
Voo = min[V(z — +00); V(z = —00)] (17)

determines the lower boundary of the continuous spectrum when it exists.

The discussion is thus as follows :

(i) if Vo < 400 is finite, then the continuous spectrum of H is given by |V, +oo[. The physical interpretation
is that, in the infinity region where the asymptotic value of the potential V(z) is V., an eigenstate of energy
E €]V4, +00[ behaves asymptotically like a linear combination of the plane waves e**** where the relation between
the wave-number k and the energy F is given by the corresponding eigenvalue equation for He*** = Ee®*® in the
infinity region where the potential is Vi

k2
i.e. the wave-number k = /2(F — V) is real for any energy F €]V, 400l

The simplest example is the case of the uniform drift u(z) = u, where the quantum potential of Eq. reduces to

the constant

V) =5 for p(@)=p (19)

2
so that the continuous spectrum is |5, +oo[.
(ii) if Voo = 400 is infinite, then there is no continuous spectrum and H has only an infinity of bound states.

The simplest example is the case of the Ornstein-Uhlenbeck drift pu(z) = —kx with & > 0, where the quantum
potential of Eq. corresponds to the harmonic oscillator
k? k
V(z) = ?:cz —3 for p(z)=—kx (20)

with its well-known infinite series of discrete levels.

2. Analysis of the normalizable zero-energy ground-state qSGS(a:) of H when it exists

The factorization of Eq. shows that the spectrum of H is positive. Let us now discuss whether £ = 0 is the
ground state energy of H. The wavefunction ¢¥=(x) that is annihilated by the operator @ of Eq.

0= Qe"=Na) = —0,¢!"=N) + ()¢ "=") (x) (21)
reads in terms of the potential U(z) of Eq. [9]

oI () = ¢lP =N (0)eli W) = glP=0()e= " (22)
This wavefunction can be normalized on x €] — oo, +o0] if
+o0 2 2 [t
1= (olE=jolE=) = [ i [¢5=0)| " = [oE=0)] [ dne v (23)
The discussion is thus as follows :
(i) if the integral involving the potential U(x) converges
+oo
/ dre V@ < oo (24)
then H has the following normalizable ground state at zero-energy E = 0
6_¥
¢7%(2) = ——o— (25)

fjooj dye_U(y)



(ii) if the integral of Eq. [24] diverges

+oo
/ dre V™ = 400 (26)

—0o0
then the zero-energy wavefunction of Eq. cannot be normalized, and the Hamiltonian H has no bound state, but
only the continuous spectrum discussed in the previous subsection

D. Consequences for the Fokker-Planck propagator G(z,t|zo,t0) at large time interval (¢ — to)
1. When H has the zero-energy ground-state ¢S°(z) : G(z,t|zo,to) converges towards an equilibrium state Goq(z)

When H has the normalizable zero-energy ground-state ¢%°(z) of Eq. then the quantum propagator
Y(x, t|lxo, to) of Eq. [11] displays the long-time behavior

Uz) _ Ulzg)
e 2

x, t|xg, ~ (1) (20) = ————— 27
V(@ tleo,to) & @7 ()¢ (o) [ et (27)
So the Fokker-Planck propagator G(z,t|xg,ty) obtained via the similarity transformation of Eq.
@ x =U(z)
Gz, t|zo, to) = e~ 524 (x, t]wo, to)e 3 ¢ = Goyl) (28)

(t—to)—++o0 fj;o dye=U®)

converges towards the Boltzmann equilibrium G.,(z) in the potential U(z). The equilibrium state Geq(x) is the
steady state of the Fokker-Planck dynamics of Eq. [6] with no steady current

0= :“(x)Geq(w) - %azGeq(x) (29)

For the Laplace transform of Eq. |7} the convergence of Eq. means that G (z|zo) is defined for s €]0, +o0[ with
the following singularity for s — 0T

A Geg()
Gs ~ S 30
(elo) = Cet (30)
The simplest example of diffusion converging towards an equilibrium state is the drift u(z) = —psgn(z) of parameter

p > 0 that will be discussed in section [VIIT

2. When H has only the continuum Vs, +oo[ with Voo > 0: Vo governs the exponential time decay of G(zo, t|xo,to)

When H has only the continuous spectrum |V, +00o[, where the lower boundary V. of Eq. is strictly positive
Voo > 0, then the Fokker-Planck propagator G(z,t|zg,to) and the quantum propagator ¥ (x, t|xo,to) are dominated
by the leading exponential time decay involving V,
Uleg)—U ()

(o, t|zo, o) o e~ Voo (t=to) (31)

G(.’Eo, t|£L‘07 t()) =€
(t—to)—+o0

The physical interpretation is that the diffusion process is transient and flows towards infinity. For the Laplace
transform of Eq. |7, Eq. means that G4(x|zg) is defined for s €] — Vi, +00[. In particular, it remains finite for
s =0 in contrast to the previous case of Eq.

Gs=0(o|zo) < 400 (32)

The simplest example of transient diffusion is the uniform strictly positive drift u(x) = g > 0 that will be discussed

in section [VIIl

3. When H has only the continuous spectrum Voo = 0, +00[ with the vanishing lower boundary Voo =0

When H has only the continuous spectrum |V, = 0,+o0o[ with the vanishing lower boundary Vo, = 0, then the
Fokker-Planck propagator G(z,t|zg, to) decays in time, but less rapidly than the exponential decay of Eq.

The simplest example of recurrent diffusion that does not converge towards an equilibrium state is of course the
pure Brownian motion without drift © = 0, that will be discussed in section [VII}



III. JOINT PROPERTIES OF THE DIFFUSION PROCESS X (t) AND ITS LOCAL TIME A(¢)

In this section, we focus on the unconditioned joint process [X (t), A(t)] : the position X (¢) and its local time A()
at the origin satisfy the Ito Stochastic Differential System

dX ()= p(X (t))dt + dB(t)
dA(t)= 5(X (¢))dt (33)

The joint propagator P(x, A, t|xo, Ao, to) for the position x and the local time A that satisfies the Fokker-Planck
dynamics

1
8tP(a:7A,t|x0, Ao,to) = —(5(.’1,')8AP({L‘7 A,t|1‘0,A0,t0) — 835 [u(ﬁ)P(‘f,A,ﬂfL‘o, A(),t())] + iaiP(x, A,t‘.’L‘m Ao,to) (34)

will be useful to construct conditioned bridges involving both the final position and the final local time, as will be
described in the subsection [VT Al

A. Laplace transform P,(z,t|zo,t0) with respect to the local time (A — Ap) > 0 : Feynman-Kac formula

For the Laplace transform P, (x, t|zo,to) of the joint propagator P(x, A, t|zo, Ao, to) with respect to the local time
increment (A — Ap) >0

~ +OO
Pp(x,t|x0,to)z/ dAe PA=A) P(x. A, |z, Ao, to) (35)
Ao
Eq. [34] translates into
- . - 1 o~
OuPy (w10, to) = —pd(@) By(0, o, to) — Oy [ (@) Byl tlro, o) | + 502 Py (a, o, to) (36)

This is a standard example of the Feynman-Kac formula, where the initial Fokker-Planck dynamics of Eq. [6] is now
supplemented by the additional term in pd(x).

B. Explicit double Laplace transform Pgs,p(:n\a:o) of the joint propagator P(z, A, t|xo, Ao, to) via the Dyson Eq.
The further Laplace transform of Eq. 35| with respect to the time (¢ — ¢g)

2 +oo - +oo +o0
Psyp(:c\xg)z/ dtefs(t*tO)Pp(x,ﬂa:o,to):/ dtefs(t*to)/ dAe*p(A*AO)P(x,A,t|z0,A0,t0) (37)

to to Ao

satisfies

2 2 1 2
~0(@ = o) + 5Py p(ala0) = ~pd(@) Pep(Ola0) = 0 [1(@)Pop| + 502Ps, (38)

For p =0, Eq. coincides with the propagator G(z,t|xo, o) of the position alone described in the previous section

~ +OO
Pp:()(.%‘,tlwo,to) = / dAP(.%‘,A,ﬂLL’on,to) = G(w,t|.’)30,t0) (39)
Ao
As a consequence, Eq. @ becomes
P p=o(z|20) = G (]ao) (40)

For any p # 0, the solution Py ,(z|zo) of Eq. [38 satisfies the Dyson equation

P, p(xlz0) = Gu(z|ro) — pCa(2]0) Py ,(0]0) (41)

The self-consistency for x = 0

Py p(0]o) = G (0]0) — pCi,(0]0) P (0] (42)



yields
2 G’s Olz
By 0fg) = —0I0) (13)
1+ pG(0]0)
Plugging this result into Eq. [41|yields the final expression of ]§S7p(:c|x0) in terms of Gy(.].)
2 ~ é z|0 é 0|z
P (o) = C(alag) — p&elBI0COlzo) (44)
1+ pG4(0]0)
C. Explicit time Laplace transform P, (z, Alzo, Ao) of the joint propagator P(z, A, t|zo, Ao,to)
The dependence with respect to the parameter p in Eq. [44] can be rewritten in terms of a simple pole as
5 . G (]0)G (0] 1
Py p(x]z0)= Gy (z]z0) — — (z0)G.Olzo) () _ =
G4(0]0) 1+ pG4(0]0)
A Gy (2]0)G4(0 G4 (x]0)G5(0 1
_ G5($|$0) o S('T|A ) ( |$0) S(x‘A ) ( |I0) - (45)
GS(O‘O) G§(0|O) p+ G.(0]0)

So the inverse Laplace transform with respect to p yields that the time Laplace transform P, (z, Alxg, Ag) of the joint
propagator P(z, A, t|xg, Ag,to) reads

+oo
Ps(xaA|x07A0)E/ dte 1) P2, A, t|z, Ao, to)

G (2]0)G5 (0]20)
G4(0]0)

=6(A— Ag) | Gylx|zo) — +0(A > Ap)

Gs(@[0)Gs (Olo) | -4zt (46)
GZ(00)

The normalization over A corresponding to p = 0 in Eq. [40|is given by G (x|zo)

+oo —+oo
/ dAPS(:c,A\;vO,AO):Gs(x\xo):/ dte >t =) Gz, t]zo, to) (47)

Ao tO

Let us now explain the physical meaning of the formula of Eq. [46] in the following subsections.

1. Interpretation of the singular contribution in §(A — Ag) of P(x, A, t|zo, Ao, to) in terms of the propagator G®**(z, t|zo, to)

In Eq. the singular contribution involving the delta function 6(A — Ag)

G(2]0)G4(0]z0)

pSingular (g Alpo Ag) = (A — A L
s (z, Alzo, Ag) = 0( 0) G.00)

Gy(x|zo) — (48)

means that the local time A has kept its initial value Ag, i.e. the diffusion process has not been able to visit the
origin z = 0. As a consequence, the weight in factor of the delta function §(A — Ag) should correspond to the Laplace

transform G5 (z|xg) of the propagator G**(x,t|x,ty) in the presence of an absorbing boundary condition at the
origin x =0

G (o) — Gs($|0)Gs(0|170)] _ s

+oo
- G (x| E/ dte =10 Gabs (1 tlz0, ¢ 49
. 000) (z]z0) (x,t|zo,t0) (49)

to
This interpretation can be also recovered by considering the limit p — 400 in Eq.

G (2]0) G (0]zo)
G,(0)0)

Prpesoo(alro) = | Gulalzo) — (50)




Indeed, in the Feynman-Kac formula of Eq. the limit of p — +00 amounts to impose the vanishing of the solution

Pp—too(x = 0,t|z0,t0) at the origin x =0

Py oo = 0, ], ) = 0 (51)

i.e. amounts to impose that the origin x = 0 is an absorbing boundary condition.
In summary, the singular contribution of Eq. [A§ can be rewritten as

PSSingular(x7A|x0’AO) — 6(14 _ Ao)GAgbs(ff‘fL‘o> (52)

and its Laplace inversion with respect to s involves the propagator G (z,t|x¢,to) in the presence of an absorbing
boundary condition at the origin x =0

poingular (. A tlxg, Ag, to) = 6(A — Ag)G® (x, t|xo, to) (53)

2. Corresponding survival probability S°** (t|zo,to) and absorption rate v***(t|zo, to)

The survival probability S*(t|z, %) at time ¢ in the presence of an absorbing boundary at the origin x = 0 if one
starts at the position z( at time ¢y, can be obtained from the integration of the propagator G*(z,t|xg,to) over the
final position z

—+oo
S5 (120, ) = / Az G (2, t]zo, to) (54)
The conservation of probability for the full propagator G(z, t|xg, to)
400
/ dzG(x, t|xo,to) =1 (55)
translates for its Laplace transform into
“+ o0 R 400 “+o0 + oo 1
/ dxGs(z|z0) = / dte_s(t_te)/ dxG(z, t|xo, to) :/ dte=s(t=t0) = = (56)
—00 to —00 to §
So the time Laplace transform of Eq. reads via the integration of Eq. [A9] over
“+o00 +oo A
. R 1 .
Sabs(20) = / dte=3(t10) §abs (¢ 1) = / dzG (z|xg) = - |1 — G5 (Olzo) (57)
to —00 S Gy (0|0)

It is now useful to introduce the absorption rate v2%*(t|zo, o) at time ¢ when starting at the position zq at time to
"yabs(ﬂl’o, to) = 7at5abs(t|l'0, to) (58)

Its time Laplace transform is simple, as shown via the following integration by parts

+oo “+o0o . A
5288 (20)= —/ dte—“f—%)atsa“(ﬂxo,to) =— [e_s(t_t")Sabs(ﬂaco,to) — 5895 (10) =1 — 5595 (1)
t

to 0
4 (0
_ G,(0fz0) -
G5(0]0)
3. Interpretation of the regular contribution in 6(A > Ag) for P(x, A, t|xo, Ao, to)
For the special case where the initial and the final positions are at the origin x = 0 = z¢, Eq. reduces to
. _(A—4g)
PS(Z' =0, A|£L’0 = O,Ao) = H(A > Ao)e G5 (0]0) (60)
Its normalization over A
“+o0
/dAPs(x =0, Alzg =0, Ay) = G4(00) = / dte™t=%)G(0, |0, to) (61)
to
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involves the propagator G(0,t|0,t) from the origin to the origin.
The regular contribution of Eq. [16]

Plegular (. Alzg, Ag) = 0(A > Ag)

G (#]0)Gs (0fo) | -Gz (62)
G2(0[0)

can be thus rewritten as the product of the three following functions using Eqs [59| and
Peater (2, Alzg, Ap) = 35" (x) Ps(0, 4]0, A0)3:" (o) (63)

Its Laplace inversion involves the time-convolution of the three functions

t t
PRegular(l',A,ﬂa?o,Ao,to) = / dtl / dtQ’yabs(ﬂ.’E,tz)P(O,A,tg‘o,Ao,t1>’yabs(t1|$0,to) (64)
t() t]

with the following physical meaning.

(i) The time ¢; is the first passage time at the origin if one starts at the initial position x¢ at time ¢y, whose statistics
is governed by the absorption rate v (¢ |zq, to).

(ii) The time ¢5 is the last passage time at the origin before reaching the final point x at time ¢, where the statistics
of the time interval (¢ — t3) is governed by absorption rate y2%*(¢|x,t5) of the alternative problem when one starts at
position z at time to.

(iii) Between the first-passage-time ¢; and the last-passage-time to at the origin, the statistics of the local time
increment (A — Agp) is governed by the probability P(0, A, ¢2]0, Ag, t1).

IV. PROBABILITY DISTRIBUTION II(A, t|zo, Ao,to) OF THE LOCAL TIME A AT TIME ¢

In this section, we focus on the the probability TI(A,t|zg, Ag,to) to see the local time A at time ¢ if one starts at
position zy with the local time Ag at time #g. It can be obtained from the integration over the final position = of the
joint propagator P(z, A,t|zg, Ao, to) studied in the previous section and it can be thus decomposed into a singular
contribution in §(A — Ap) and a regular contribution in §(A > Ag)

+oo
H(A,t|l’0,A0,t0)E / d.’EP(iC,A,ﬂZL’(),A(),tQ)

— 00

= TISin9ular (A tlzo, Ag, to) + TR (At Ao, to) (65)

This probability of Eq. [65| will be useful to construct conditioned bridges involving the local time, as will be described
in the subsection [VIBl

A. Explicit Laplace transform II, (A|xo, Ao) of the probability II(A,t|zo, Ao, to)

The Laplace transform of Eq. with respect to the time interval (¢t — o)
A +OO +m A
T, (Alzo, Ag) = / dte= I A, t]g, Ao, to) = / da Py, Alo, Ay) (66)
to —00

can be obtained via the integration over x of Py(x, A|zg, Ag) given by Eq. [46| using Eq.

ﬂS(A‘SU(), Ao): H;S'ingular(A|xO7 to) + ergular(A|xO7 A())

) 1 C?S(O|/JSO)
H?zngular A.T,t Z(SA—A _ 1_A7
S (Al t0)= 64 ~ o) 1= G
Gy (0z)] —aman
HRegular Alz ,A —0(A> A ZSNT | e @ (010) 67
R (Ao, Av)= B(A > Ao) |, 0 (67)
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1. Interpretation of the singular contribution in §(A — Ao)

The singular contribution TI$™9%ar( A|xg, o) of Eq. @ involves the time Laplace transform S9%%(x) of Eq.

G4(0]zo)

1- =
G5(0]0)

o 1
[gmemter (Alzo, Ao) = 6(A = Ao)

] = 5(A — Ag) S5 (x) (68)

and its Laplace inversion involves the survival probability S*(t|z¢, o) of Eq.

IS9ular (A |20, Ao, to) = (A — Ag)S (tzo, to) (69)

2. Interpretation of the regular contribution in 6(A > Ag)

For the special case where the initial position vanishes zg = 0, Eq. [67] reduces to

N N A A _(A-Ag)
L, (Alo = 0, Ag) — [TFeau1ar (A|gg — 0, Ag) — 2A> Ao) ~ET5 (70)
3G3(0|0)

As a consequence, the regular contribution ﬁfe-‘?“l”(A\:co,Ag) of Eq. @ can be rewritten as the product of two
functions using Eq. [F9] and

Gu(Ofwg) ~G=an s
T G010 = T (Alzg = 0, Ag)Y2%* (z 7
~E2000) (A]zg 0)7s (o) (71)

[feoular(Alzg, Ag) = O(A > Ag)

Its Laplace inversion with respect to s can be written as the time-convolution of two functions

t
HRegular (A, t‘.’[}(), Ao, to) = / dt1H<A, t|0, Ao, tl),yabs (tl |$0, to) (72)

to

with the following physical meaning :

(i) as in Eq. the time t; is the first passage time at the origin if one starts at the initial position zy at time ¢,
whose statistics is governed by the absorption rate 2 (¢, |z, to).

(ii) for the remaining time interval (¢ —¢1), II(A, ¢|0, Ao, t1) represents the probability to see the local time increment
(A — Ap) when starting at the origin zo = 0.

B. Moments m(t|zo,to) of order k = 1,2, .. of the local time increment [A(t) — A(to)]
1. Computation of the moments m[k](t|a:0,t0) from the probability distribution II(A,t|zo, Ao, to)

The moments of order k& = 1,2,... of the local time increment [A(¢t) — A(to)] only involve the regular part
[Iftegular (A t|xq, Ag, to) of the probability distribution IT(A,t|zo, Ag,to) of Eq.

—+oo
m[k](t|mo,to)z/ dA[A — Ao)* TI(A, t|zg, Ao, to)
Ao
+oo
= / dA[A — Ag)F TTFe9var (A |z, A, to) (73)
Ao

Their Laplace transforms with respect to the time interval (£ —t) can be obtained from IIFe9%a (Ao, Ag) of Eq.

+oo +oo
mP (zq)= / dte*t =)kl (t)20, 1) = / dAA — Ag)" TTReavlar (A|zg, Ag)
to Ao
: " e (0|0)r_1 G(0]o)
o0 (A=) 1 G s(0lzo
= M / dA[A — Ag)F e et = (74)
sG2(0(0) Ja, 8
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2. Alternative computation of the moments m* (t|zo,to) from the definition of Eq.

Alternatively, one can use the definition of Eq. 2]

At) — Alto) = / drs(X (1) (75)

to

to compute the moment of order k for trajectories starting at X (tg) = o in terms of the propagator G(z,t|y,t")
t t t t
m (t|zo, to) = / dtk/ dtk_l.../ dtg/ Aty (6(X (£1)8(X (t—1))-..0(X (£2))5(X (t1))8(X (to) — x0))
to to to to
t tr t3 ta
= k!/ dtk/ dtk,l.../ dtg/ dt1 (0(X (t))0(X (tg—1))...0(X (£2))d(X (t1))0(X (o) — o))
to to to to
t tr t3 to
- k!/ dty dtk_l.../ dts [ dG(0, 8]0, te 1) GO, te 110, tes)..G(0, 110, £)G(0, talwo, ts)  (76)
to to to to
so that its Laplace transform

+oo
mF(zq) = / dte=*t =) mlkl (20, to)

S

t
+o0o ’
— k!/ dte_s(t_tk)_s(tk—tk—l)—u-—s(tz—t])—s(tl—to)
to
t tr t3 to
/ dty, dtk_l.../ dtg/ dth(O,tk|0,tk_1)G(O,tk_1‘0,tk_g)...G(O,tz‘l‘o,tl)G(O,tﬂxo,to)
to to to to
—+o0 —+o0 —+o0
- k!/ dtye™ 511 G(0, 1y |z, to).../ dtke’s(t’“’tk—l)G(O,tk|0,tk_1)/ dte=s(tt)
to to tk
~ k-1
KL GL(000)] Ga(0fao)
= (77)
S
coincides with Eq. [74] as it should.
3. Ezample of the two first moments for k =1 and k = 2
The first moment k = 1 of Eq. [76] reduces to the single time integral
t
mlF=1 ¢z, t0) = / 4t G(0, 1|0, to) (78)
to
Its growth is thus directly governed by the propagator G(0, t|zo, to)
8tm[k:1] (t|$0, to) = G(O, t|5€0, to) >0 (79)
The Laplace transform of Eq. [74] reads
_ G4(0
s
The second moment k = 2 of Eq. [70] reads
t to
m[kZQ](t‘xo,to) = 2/ dtg/ dth(O,t2|07t1)G(0,t1|1‘0,t0) (81)
to to
with its Laplace transform of Eq. [74]
_ 2G(0]0) G

S



13
V. STATISTICS OF THE LOCAL TIME INCREMENT (A — Ao) FOR LARGE TIME INTERVAL (t — to)

In this section, we describe how the recurrence/transience properties of the diffusion process X (¢) induced by the
drift p(z) produce very different behaviors for the scaling of the local time increment (A — Ag) with respect to the
large time interval (¢ — tg).

A. When X(t) is transient : the local time increment (A — Ao) remains finite for (¢t — to) — +oo

Among transient diffusions, the simplest example is the uniform strictly positive drift p(z) = p > 0 that will be
discussed in section

When the diffusion process X (t) is transient with the exponential time decay of Eq. for the propagator
G(x,t|xo,t), then the first moment mF=(t|zq,ty) of the local time increment [A(t) — A(to)] of Eq. converges
towards the finite value m!*=1(oo|z) for (t —ty) — +o0

—+o00
mF=U(tzo,t0) = Wﬁﬁkwﬂdz/‘ dtG(0, 1o, 0) < +o00 (83)
0

(t—to)— 400

More generally, the local time increment (A — Ag) will remain a finite random variable for (¢t —tp) — 400 with the
following notation for the limit of the distribution II(A,t|zo, Ao, to) of Eq.

H(A,OO|1‘0,A0): hm H(A,t|]}0,A0,t0)

(t—to)—+o0

_ HSingular<A7 00‘1‘0, AO) + HRegular(A, OO|1‘07 AO) (84)

Let us now discuss its singular and regular contributions.
(i) The singular contribution II¥"9%97 (A cc|zg, Ag) involves the infinite-time limit of Eq.

HSingulaT (A, OO|£C(), A(), t()) = (5(14 — A())Sabs (OO|£C0) (85)
that involves the probability to survive forever

595 (00lz) = ( lim S (t]xo, to) (86)

t—to)—+o00

This probability to escape towards infinity without visiting the origin x = 0 can be obtained from the Laplace
transform S%%%(z¢) of Eq. |57 by considering the limit s — 0 of

abs _ 7 Gabs _ 7
o)< by 5] - B

(87)

_GulOlzo)] _y  GolOlwn)
G4(0[0) ;

(ii) The Regular contribution IIF¢9“a7 (A, oo|xg, Ag) can be obtained from the Laplace transform ITRe9uar (A|z,, Ag)
of Eq. by considering the limit s — 0 of

[ A Regular , Gs(0]zg) —A-20
Regular _ Regular _ ~(0l0
I (A,OO|.’L'O7A0)— 1% |:SH5 (A|{E0,A0):| - 11_13(1) H(A > AO) Gz(om) e G010
3 _(A-4g)
— (A > A)SoT0) ~ G
G5(0]0)
1 _(A-Ag)
=0(A > Ag) [1 — 5% (c0|z: - e Go(l0 88
( o) [ (00|zo)] Go000) (88)

Its physical meaning can be understood as follows : with the complementary probability [1 — gabs (oo|x0)} with respect
to Eq. the diffusion process X (t) visits the origin before escaping towards infinity, and then the local time (A — Ap)
is an exponential random variable with the finite scale

+oo
Gs—0(0/0) = /0 dtG(0,t]0,0) (89)
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B. When X(t) converges towards an equilibrium : the increment (A — Ag) grows extensively in (t — to)

Among diffusions converging towards equilibrium, one simple example is is the drift p(z) = —psgn(z) of parameter
p > 0 that will be discussed in section [VIII
When the diffusion process X (t) converges towards the Boltzmann equilibrium state of Eq.

eiU(I)

Geg(z) = W = [66° ()] (90)

then the first moment m*=(t|zo,ty) of the local time increment [A(t) — A(ty)] discussed in Egs is extensive
with respect to the time interval (¢t — o)

mF=1(t|z0, to) ~ (t —t0)Geq(z =0) (91)

(t—to)—+oo

The corresponding intensive local time

A— A
= 92
e — (92)
then converges in the thermodynamic limit (¢ — tg) = 400 towards its equilibrium value
e~V 2
Gog = Geg(0) = —o———— = [0 (0)] (93)

fj;o dye=U()

For large but finite (¢ — ¢¢), it is thus interesting to analyze its large deviations properties.

A—Ag
t—tg

1. Large deviations properties of the intensive local time a =

The probability TI(A = Ay + (t — to)a, t|xo, Ao, to) to see the intensive local time a different from its equilibrium
value a., will display the large deviation form with respect to (¢ — to)
(A = Ay + (t — to)a, tjwo, Ag, t) o e~ (t—to)l(@) (94)
(t—to)—+o0
The positive rate function I(a) > 0 is defined for a € [0, 4+o00[ and vanishes only for the equilibrium value a4 of Eq.
93] where it is minimum

I(acq) =0= Il(aeq) (95)

The Central Limit theorem governing the small Gaussian fluctuations around a., can be recovered via the Taylor
expansion at second order of the rate function I(a) around aeq

_ 2
I(a) = (G%Q)I"(aeq) +o0 ((a — aeq)Q) (96)

The link with the singular and regular contributions of II(A4, t|xg, Ao, tp) can be understood as follows.

(i) The survival probability S°*(t|x¢, o) representing the weight of the singular contribution IT15"9%ar (A t|xq, Ag, to)
of Eq. corresponds to the value a = 0 and will thus display the following exponential decay with respect to (¢t —tg)
that involves the boundary value I(a = 0)

S5 (¢, o) o e~ (t—to)I(a=0) (97)

(t*to)%ﬁ*OO

(ii) For the regular contribution, the compatibility at leading order in the exponentials between the large deviation
form of Eq. (94| and the Laplace transform I12¢9%7(A|zq, Ag) of Eq. [71]yields [95]

_ +o0 _
TG o~ / dte(t—t0) g~ (1=t (3=3) (98)
(A*AQ)*)JrOO to
It is thus convenient to make a change of variable in the integral from the time ¢ towards the intensive local time
_ A-A4Ay
a =
t—to

— —+o0
e (c",f‘s«ﬁg; ~ / di;(A _ Ao)ef(A—Ao)isJ’i(“) (99)
(A*Ao)—)+oo 0 a
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For large increment (A — Ag) — 400, the evaluation of this integral via the saddle-point method allows to obtain the
following link between G4(0|0) and the rate function I(a) [95]

1 s+1(a)
Gs(0[0)  a
0= 8, [s Jrc;f(a)] _ 5+£’(a) B s+a1;(a) (100)

This quasi-Legendre transform can be written in reciprocal form in order to compute the rate function I(a) from the
knowledge of G4(0]|0), as discussed in detail in the next subsection.

2. Ewvaluation of the leading order of 1?99 (A = Ao + (t — to)a, t|xo, Ao, to) with the prefactors

For the Doob conditioned processes that will be discussed in section [VI} one needs to compute the dependence with
respect to the initial position xg, so that one needs to include the prefactors in the reciprocal calculation concerning
the Laplace inverse of 179497 (A|z,, Ag) of Eq.

c+ioco d N
HRegular(A7t|xO’ AOatO): / %es(t—to)ﬂfegular(A|mO7 AO)

c—1i00

- /CHOO ﬁg(t*to)we* (cAs_(JTg)) (101)

Here the goal is to evaluate this regular contribution for A = Ay + (¢t — t9)a
HO ds Gy (0lz0) —(i-to)]
Reoular (A = Ag + (t — to)a, t|zo, Ao, t :/ e ‘
( o+ (t —to)a, t|zo, Ao, to) e 2im sG?(O\O)e

For large (t — tg), the saddle-point evaluation of this integral will be governed by the solution s, of the following
equation in s as a function of the parameter a

ésfo\ofs] (102)

0=0, [Aa - 51 = a0s l}] —1  with solution s=s, (103)
G5(0[0) G5(0[0)
In the integral of Eq. one then needs to make the change of variable around this saddle-point value s,
§ =84 + 1w (104)
The Taylor expansion at second order in w of the function in the exponential
L s] =1I(a)+0+ w—2K(a) + 0 (w?) (105)
ool 2

involves the two functions

fla)= (ésmm) ”)

K(a)= - <8§ 768(0\0) — s])

In particular, the rate function I(a) can be computed from the knowledge of G(0[0) via Eq. using the saddle-
point value s, determined by Eq. [I03] As it should for consistency, Eqs and correspond to the reciprocal
quasi-Legendre transform of Eq. Simple examples will be given in Eqs [I89|[T91][192|[I93] as well as in Eqs [22§]

Putting everything together, one obtains the final result for the leading order of Eq. based on the remaining
Gaussian integral over w

$=Sgq

(106)

S=S5q

Gs,(0|zg)
Regular( A _ A t—t t An.t ~ —Sa AT (t tO)I(a)/
[1 (A= Ap+( 0)a, t|xo, Ag, 0)(t_t0—) N saGEG(O|O)e o

Gs, (0zg) e~ (t-to)l(a)
(t—to)=+00 5,G2 (0[0) \/27(t — to) K (a)

oo
A (o) K22

(107)
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Note that the dependence with respect to the initial position xg is only in the function G'sa (0]xo) evaluated for the
saddle-point value s, determined by Eq.

3. Ewvaluation of the leading order of PReg“lar(x, A= Ao+ (t — to)a, t|xo, Ao, to) with the prefactors

Similarly, let us now consider the Laplace inverse of Pe9ular(x A|xg, Ag) of Eq.

Regular etioe ds s(t—to) pRegular
Preguar (g A tlag, Ao, to)= —— e\t Tro) preguiar (o Alxg, Ag)
c—1i00 2im
c+ioco A A _

_ / 5 sto) | Gs(@]0)G (Oao) |~ 258 (108)

c—ico 20T G2(0]0)

Again we are interested into the value A = Ay + (t — to)a
c+ioco A A "

PRegular<x7A = A+ (t — to)a7t|$o,Ao,to)= / ﬁ Gs(l‘[O)Gs(Oll‘O) e—(t—to)[m—s] (109)

c—1i00 2im Gf (0‘0)

So we can use the same saddle-point method described in the previous subsection to obtain the final result analog to

Eq. [107]

g g —(t—to)I(a)
_PRegulaT(l,7 A= AO + (t o to)a,t|x0, A07t0) ~ Gsa (x|0)GSa (0|x0) e

~ i (110)
(t-to)rtoc G2 (0]0) 2 (t — to)K (a)

Note that the dependence with respect to the initial position ¢ and to the final position x are only in the functions
G5, (0]zo) and G, (x]0) evaluated for the saddle-point value s, determined by Eq.

C. When X(t) is recurrent but does not converge towards an equilibrium state

Among recurrent diffusions that do not converge towards an equilibrium state, the simplest case is the pure Brownian
motion without drift g = 0, that will be discussed in section [VII]

When the diffusion process X (t) is recurrent but does not converge towards an equilibrium state, then the first
moment mF=(t|zq, to) of the local time increment [A(t) — A(to)] of Eq. [78|will diverge for (£ —to) — +oo in contrast

to Eq. [83]

mF=U(t|zo, tg) ~ 400 (111)
(t—to)—+o0

However this divergence will be weaker than the extensive behavior of Eq.

[k=1]
m (t|zo, to) ~ 0 (112)
(t—tp) (t—to)——+o00

Nevertheless, the saddle-point evaluations of Eq. [I02] can still be performed to obtain as in Eq. [I07] the leading
behavior

G, (0lzg) e (t—to)I(a)

[IResular (A — A+ (t —t a,t|zg, Ag, t o A
( o+ (t—to)a, tlzo, Ao to) o 54G2(0]0) /27 (t — to) K (a)

(113)

The only important difference is that the rate function I(a) defined for a € [0, 4o00[ will now vanish at the boundary
a = 0 where it is minimum

Ila=0)=0=TI'(a=0") (114)

instead of the finite value a., > 0 of Eq. @ discussed in the previous subsection.

VI. CONSTRUCTION OF CONDITIONED PROCESSES INVOLVING THE LOCAL TIME

In this section, the goal is to construct various conditioned joint processes [X*(t), A*(t)] satisfying certain conditions
involving the local time.
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A. Conditioned Bridge towards the position z7 and the local time A} at the time horizon T

When the initial position is ¢ with Ag = 0 at time ¢ = 0, the conditioning towards the final position z7 and
the final local time A% at the time horizon 7T leads to the following conditioned probability P%ZT’AT](x,A,t) for
the position z and the local time A at some interior time ¢ €]0,T[ in terms of the unconditioned joint propagator
P(xz9, As, ta|z1, A1, 1) described in section [[I]]

P(xh, A%, Tz, A, t)P(x, A, t|xg, Ao = 0,0)
P(I’}, A;—v, T‘Io, AO = O, O)

As described in detail in [43] [44], the corresponding conditioned process [X*(t), A*(t)] then satisfies the Ito system

analog to Eq.

PETAT) (4, A1) = (115)

dX* ()= plEm A1 (X7 (), A (1), t)dt + dB(t)
dA* ()= 6(X*(t))dt (116)

where the conditioned drift uggf*T’A*T](x,A, t) involves the unconditioned drift u(x) and the logarithmic derivative of
the unconditioned propagator P(z%., A%, T'|x, A, t) with respect to x

pl AT (1 Aty = p(e) + 0, In Py, Af, T, A, t) (117)

The decomposition of the unconditioned joint propagator P(zk, A%, T|x, A,t) into its singular contribution of Eq.
corresponding to A% = A and its regular contribution PTeswlar(gx A% T|x, A t) of Eq. corresponding to
A > A

P(ayp, A7, Tla, A, t) = 0(A7 — A)G™ (a7, Tz, t) + 0(A7 > A)PFIUT (a7, A7, Tz, A, ) (118)

yields that the conditioned dynamics can be decomposed into the two following regions.
(i) In the region Ag = 0 < A < A% where the local time A has not yet reached its conditioned final value A%, the
conditioned drift of Eq. [II7]involves the regular contribution of the propagator

u[;*T’A*T](:E,A < A t) = p(x) 4 0, In PRegular (g2 A% Tz, A,t) (119)

(ii) In the region A = A% where the local time A has already reached its conditioned final value A%, and where the
position z cannot visit the origin £ = 0 anymore, the conditioned drift of Eq. involves the singular contribution
of the propagator

phre AT (A = A% 1) = p(a) + 0y In GO (i, T, ) (120)

As a consequence, it only depends on the propagator G (z%, T|z,t) in the presence of an absorbing boundary at
the origin so that one recovers the standard problem of a diffusion conditioned to avoid the origin. Note that for the
special case where the final conditioned position is at the origin % = 0, this region (ii) does not exist, and the local
time A should reach its final conditioned value A} only at the final time 7.

Examples of conditioned bridges towards the position x4 and the local time A%, at the time horizon T" will be given

in subsections [VITEl and [VIITE]

Generalization : conditioning towards some joint distribution Pr(xr, Ar) of the position xr and of the local time Ar

If instead of the bridge described above, one wishes to impose some joint distribution Pj(zr,Ar) of the final
position xp and of the final local time A at the time horizon T, the conditioned probability P*(x, A,t) for the
position and the local time A at some interior time ¢ €]0, T'[ reads

Pr(z, A, t) = Qr(x, A, t)P(x, A, t|zg, Ao = 0,0) (121)
where the function Qr(x, A,t) reads in terms of the final distribution Pj(z7, Ar) that one wishes to impose

P($T,AT,T|J),A, t)
(vr, Ar, T|20, A9 = 0,0)

+o0

+oo
QT(SL‘,A,t) E/ d.’ET/ dATP*(wT,AT,T)P
0

— 00

(122)

As a consequence, the conditioned drift p*(x, A,t) now involves the logarithmic derivative of the function Q(z, A, t)
of Eq. with respect to z

pr(@, A, t) = p(@) + 0; InQr(z, A, t) (123)
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B. Conditioned Bridge towards the local time A} at the time horizon T

If the conditioning is towards the local time A’ at time horizon T, without any condition on the final position
a7, the conditioned probability for the position x and the local time A at some interior time ¢ €]0, 7 involves the
unconditioned probability II(As, ta|z1, A1,t1) described in section

I(Ap, Tz, A, t)P(x, A, tlxg, Ag = 0,0)
H(AT,T|£L‘0, AQ = 070)

Pt (2, A1) =

(124)

The corresponding conditioned drift then involves the logarithmic derivative of the unconditioned probability
II(A%, Tz, A, t) with respect to x

pi T @, Aty = p(x) + 0, InTI(AS, T, A, t) (125)

Again, the decomposition of II(A%., T'|z, A,t) into its singular contribution of Eq. corresponding to A% = A and
its regular contribution ITRe9%ar (A% T|x, A t) of Eq. |71 corresponding to A% > A

(A%, Tz, A, t) = §(As — A)SW3(T|x,t) + (A% > A)TERIU (A Tz, A, t) (126)

yields that the conditioned dynamics can be decomposed into the two following regions.
(i) In the region Ag = 0 < A < A% where the local time A has not yet reached its conditioned final value A%, the
conditioned drift of Eq. involves the regular contribution

P, A < A1) = (o) + 0 In TR0 (A5, T, A, 1) (127)

(ii) In the region A = A% where the local time A has already reached its conditioned final value A%., and where the

position x cannot visit the origin = 0 anymore, the conditioned drift of Eq. involves the singular contribution
WA (@, A = A3 1) = (a) + O, InTISMT9 (A% T, A,1) = pu(a) + 0, In S (T, ) (128)

It depends only on the survival probability S (x%, T|x,t) in the presence of an absorbing boundary at the origin,
so that one recovers the standard problem of a diffusion conditioned to survive up to time 7T'.

Example of the conditioned bridge towards the local time A% at the time horizon 7" will be given in subsections
[VITF and [VIITE

It is now interesting to consider two possibilities in the limit of the infinite horizon T' — +o0, as described in the
two next subsections.

1. Conditioning towards the finite asymptotic local time A < +00 for the infinite horizon T — 400

If one wishes to impose the finite asymptotic local time A,, < 400 for the infinite horizon 7' — 400, one needs to
analyze the limit of the infinite horizon 7" — +o0 for the conditioned drift of Eq.

P A < AL 0) = () + lim [0 nTERe O (A7 T, 4,1)] 129)

T—+o00

and for the conditioned drift of Eq.

P2, A= A7 1) = p(e) + lim [0, nTTSm9er (A% Tlz, A 6)] = p(x) + lim [0, In S (T|a,t)] (130)

T—+o00 T—+o00

An example of the conditioning towards the finite asymptotic local time A, < +o0 for the infinite horizon " — 400
will be given in subsection [VITH]

2. Conditioning towards the intensive local time a™ = % for large time horizon T — 400

If one wishes to impose instead the fixed intensive local time a* for large time horizon T' — +00, one needs to plug
the value

Af =Ta* (131)
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into the conditioned drift of Eq.

W N, A < Ta? 1) = () + 0, InTI08e (Ta*, Tle, A1) (132)

The asymptotic form of Eq. for the propagator 11794 (Tq* T|z, A,t) in the region t < T
G, (0|z) e~ (T—)I(ar)

[MReoular(Tg* Tz, At) o~ - (133)
(T=t)=+00 5, G2, (0[0) /27 (T — ) K (ar)

involves the corresponding intensive local time a; on the time interval (T — t)

Ta*— A .
=— ~ 134
o T — t T—+4o0o a ( )

that reduces to a* at leading order when T' — +o0o. So at leading order for the large time horizon T — +o0, the
conditioned drift of Eq. [I32] reduces

Pz, A < Ta* 1) = pu(x) + 9, In G, (0z) = ple ! (2) (135)

—+o00

to the time-independent drift u{,{g] (z) where s, should be computed as the solution of the saddle-point Equationm

1
0=0a"0s | ——| -1 (136)
G5(0]0)
Using the similarity transformation of Eq. for time-Laplace transforms
G, (0]z) = e~ o W) (0]z) (137)

one obtains that the conditioned drift of Eq. only involves the logarithmic derivation with respect to = of the
time Laplace transform ;_. (0|z) of the quantum propagator

pi)(@) = u(@) + 8: n Gy, (0l2) = 8 nehs,.. (0]) (138)
while Eq. for s* becomes
1
L (139)
5(0]0)
The conditioned potential Uég*](x) associated to the conditioned drift ﬂg](x) of Eq. m via Eq. |§|

g = o [ gy — 1o [ P OO
Ulelz) = —2 / dyple) () =1 ( %(Ox)) (140)

0=a*0,

corresponds to the conditioned Boltzmann equilibrium of Eq.
R 2
U1 (a) (... (Ol)]

— 141)
— — : (
e dyen 0 2 dy [, (0l)]

Gl () =

Example of the conditioning towards the intensive local time a* = AT*T for large time horizon T" — +oo will be given

in subsections [VILGl and VIITGl

3. Generalization : conditioning towards the distribution I (Ar) of the local time Ar at the time horizon T

If instead of the bridge corresponding to the single value A%, one wishes to impose some distribution IT}.(Ar) of
the local time A7 at the time horizon T', the conditioned probability for the position x and the local time A at some
interior time ¢ €]0, T is given by

Pj(xz, A, t) = Qr(z, A, t)P(x, A, t|zg, Ag = 0,0) (142)
where the function Qr(x, A,t) involves the final distribution II}.(A7) that one wishes to impose

At) = dA7IT* (A, T —
Qr(z, A1) /0 Il (Ar, )H(AT,T|:170,A0 =0,0)

Its logarithmic derivative with respect to x allows to compute the corresponding conditioned drift
pr(z, At) = p(x) + 0, In Qr(z, A, t) (144)

(143)
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VII. APPLICATION TO THE UNIFORM DRIFT p >0

In this section, the unconditioned process is the Brownian motion with uniform drift p(z) = p > 0, so the Ito
system of Eq. B3] reads

dX ()= pdt + dB(t)
dA(t)= 6(X (t))dt (145)

Note that in the transient cases p > 0, the local time increment (A — Ap) of this unconditioned process remains finite
for (t —ty9) — 400 as described in subsection while p = 0 corresponds to the case of recurrent diffusion that does
not converge towards an equilibrium state discussed in subsection [V.C|

A. Properties of the unconditioned diffusion process X (¢) alone
1. Propagator G(z,t|xo,to) for the position alone

The propagator G(z,t|zg, tp) discussed in section [[I| is Gaussian

r—xg— — 2 z—xqg 2
G<$7t|$07t0) = ;e_[ 2(t‘i(tt0)t s = ;6_(20*%3) +“(x_x0)_%(t_t0) (146)
27T(t—t0) 27T(t—t0)

and its time Laplace transform reads

B 400 nlx—xzo) +o0 _ u2 (z—2g)2
Gy(z|zo)= / dte= )Gz, t]xo, to) = S drr e (SJH? )T€7 e
to Vv 27T 0

i —20)—/n3 25|z —o)|

V24 2s

2. Properties in the presence of an absorbing boundary at the origin x = 0

The Laplace transform G?bs (z|zg) of Eq. reads using Eq. m

N N G’S z|0 G‘S 0lz et (x—20)—+/ 1> +2s|z—z0| et(@—w0)—/pn2+2s(|z|+|wo|)
ngs(ﬂl‘o): GS($|SC())7 ( | ) ( | 0) _

G,(0/0) V2 + 25 - VI2 + 25

_ 6“(:_‘%"2) [e—\/ltz-‘r%lz—ﬂco\ B e—\/112+23(|r|+|370|)} (148)
e+ 2s

Its Laplace inversion with respect to s yields the propagator G%**(z,t|x¢, to) in the presence of an absorbing boundary
at the origin z =0

2
w(x—10)— 45 (t—to) (e —wg)2 (|2l +lzgD?
Gabs(l‘,ﬂxo,to) _ € : |:€_ o) — e 2t—t0) :| (149)
27T(t - to)
in agreement with the method of images.
The Laplace transform 4%%%(z¢) of Eq. reads using Eq. m
ﬁ/gbs(x ): C{S(O|x0) _ e—uwo—\/u2+2s|wo| (150)
G'5(0[0)
The rewriting of the Laplace transform of Eq. [[47]in terms of the parameter o > 0
—an/ p2+2s 00 2
€ dr 67<5+%)76_%§ (151)

V12 +2s Jo Vorr
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allows to obtain via the derivation with respect to «

—an/ p2+2s + 2
e—a\/u2+23: _804 € wer _ _/ < dr e~ (S+%)T8a6_§
V2 +2s 0

+o0 u2 o2
:/ dT67(5+T>T ( c ) e 27 (152)
0

3
2mT2

The Laplace inversion of Eq. thus yields the absorption rate v (t|zg,to) at time ¢ if one starts at position xq at
time g

2 3;2
2t o) = POl =t (-t0) i (153)

Finally the survival probability S%%(t|xg,to) of Eq. can be obtained from the integral over the final position z
of the propagator G (z,t|xg,ty) of Eq.

+o0

abs _ abs +oo e#(%—ﬂ?o)—%(t—to) _ (@—=p)? _ (zl+lzgD?
S48 (t|wo, to) = dx G (z, t|xg,to) = dx e~ 20=to) — e 2(—io) (154)
—00 —o0 27T(t - to)

Its Laplace transform of Eq. [57] reads using Eq.

For p > 0, the forever-survival probability S?*l+>0l(cc|zg) at infinite time (¢ — tg) — +oo when starting at the
position zg can be recovered via the limit s — 0 of

1—e 2020 if 15 >0 (156)

S0 o) = lim [552%* (w)| = 1 = e tHao) {
5—

It remains finite for zo > 0, since the particle can escape towards (400) without touching the origin x = 0. The
finite-time survival probability S*(t|x,to) given by Eq. can be expressed in terms of the Error function erf(x)
and and in terms of the complementary Error function erfe(x) = 1 — erf(x) as

1 zotp(t—to) |\ _ —2ux zo—p(t—to) :
5 [1—|—erf( o) ) e 0erfc< o=t )} if 9>0

Lie—2pzo [ _ zo—p(t—to) zo+p(t—to) ;
2|:€ 0( 2—|—erfc( i) ))+erfc<m)] if 9<0

In the region g < 0 where the forever-survival S“bs[">o](oo|aco) vanishes, using the asymptotic behavior of the
complementary Error function

Sabs(t‘xo,to) = (157)

e (ﬁ — ﬁ) when x — oo
erfelie) = 24 e ( L _ L ) when =z — —o0 (158)
Nz 2/mx3

the asymptotic behavior of S (t|zg,t) for large time (¢ — ty) and fixed zo reads

2
etlzol =5 (t—to)

2
Sabs[u>0] (t|l’0 <0, tO) ~ \/7 |{I?0| - (159)
(t=to)=+oo VT p2(t —tg)2

For u = 0, the forever-survival probability S4*#=%(o0o|x4) of Eq. vanishes for any xg. The leading singularity
of Eq. [155] for s — 0F

A = 1 —V2s|x 2
S;zbs[/L_O} (-TO) — ; |:1 —e V25| o\j| S_}:.(/ﬁ |.Z‘0|\/? (160)

allows to recover the dominant asymptotic behavior for large time

2

Sabsli=01 (4|0 ¢ ~ T _—
(o, to) (t—to)—>+oo| ol m(t —to)

(161)
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B. Joint propagator P(z, A,t|zo, Ao, to) for the unconditioned joint process [X(t), A(t)]

The singular contribution of Eq. involves the propagator G (x, t|x¢,ty) of Eq.

PS’ingular(x7 A, t|$0, Ao, to): (S(A — Ao)GabS(x, t‘xo, to)

6#(96*300)*%@*150) _ (z—=)2 _ U=l+]zgD?
|:€ 2(t—tg) — e 2(t—tg) (162)
27 (t — to)

= 5(A— Ao)

The Laplace transform ]3569“1“’"(:5, Alxg, Ap) of Eq. |62| reads using Eq. m

PRegular (g Alzg, Ag)= 0(A > Ag)

Gi(e|0)Ga(0fo) | -
G2(0|0)
= O(A > Ag)er(@=m0)=V/i>+2s(jal+ |zl +A-Ao) (163)

Its Laplace inversion using Eq. yields

12 A— A _ (zl+lzgl+A—Ag)?
PRegular(x’A’ﬂxo,AmtO) — Q(A > Ao)eﬂ($—$0)—7(t—to) (SL’| + |$O| + 0) e 2(0tfto) 0 (164)

Vom(t —tg)2
In summary, the joint propagator P(x, A, t|zg, Ao, tp) involving the two contributions of Eq. and Eq. reads

P(l’,A,ﬂxo,A(),t()): PSinguzar(xaA7t|$0aAOat0) + PRegular(x7Aat|x07A07t0)
ehla—0) — & (t—to) { _ (a=zg)? _<|w|+zg|>2]
e

2(t—t)) — ¢ 2(t—to)
27T(t - to)

= 0(A - Ap)

FO(A > Ao)eﬂ(zfzo)*g(tfto) <l’| + |zol + A — A0> - deitlzplias o)

3 (t=to) 165
vV 271’(t — t0)5 ( )

For p = 0 and 29 = 0 (i.e. a standard Brownian motion), the regular part of the propagator P(z, A,t|xg, Ao, t0)
reduces to

|z] + A _ (=142
= e 2t

plegular .- A 10,0, 0) = 166
(2, 4,40.0,0) = Tr=s (166)

a result that can be found in the mathematical literature [94].

C. Probability II(A, t|zo, Ao, o) to see the local time A at time ¢

The probability II(A, t|zg, Ao, to) of Eq. [65]can be obtained via the integration of the joint propagator P(z, A, t|x, Ao, to)
of Eq. over the final position x
400
H(A,t‘xo,Ao,to) = / d.’EP(A,ﬂ(Eo,Ao,to) (167)

— 00

Its singular contribution of Eq. |69]involves the survival probability S (t|zg, %) of Eq.
HSingular(A’ t|$o, Ao, to) = (5(14 — Ao)Sabs(ﬂxo, to) (168)

The Laplace transform of Eq. [71] reads using Eq. [T47]

. A _(A—Ag) 2 2
ergular(A|xo,A0): Q(A > Ao)me Gs(010) — 9(A > AO)@E*ﬂIO*\/# +25(|zo|+A—Ao) (169)
sGyg §
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1. Caseu=0

For the case u = 0, Eq. reduces to

ﬁfegular[u:O] (A|$07A0) — 9(A > AO)\/ie\/g(ﬂoH»AAo) (170)
S

so that Eq. for 1 = 0 can be used to obtain the Laplace inversion of Eq. [I70]

_ 2 _ Uzqlta-4g)?
HRegular[/J,fO](A,ﬂxO?onto) _ Q(A > AO) . Og(t—to)o (171)
7T'(t — to)

The singular contribution of Eq. [I68] involves the survival probability of Eq. [I54]
engularli=01( A |z, Ag, to)= 6(A — Ag)S® = (t|z, o)

22423

5(A A ) +ood e 2i—tg) [ (mo) _(zzo):|
= — 0 L—— e t—tg) — e t—tg
—o0 \/27T(t - to)
2

_ 5(A - Ag)e T / o d\ﬁ { e _6—1%‘_@0}
oo 2T

54— Ag)erf [ Tl
=0(A %)f<2@m> (172)

Putting together the two contributions, one obtains that IT#=0l (A, t|zo, Ao, to) reads

)
(

=1 (A, t|zo, Ao, to)= (A — Ag)Ss=01 (t|2q, to) + TTFCTaTIH=00 (4 t|20, Ao, to)
|o| 2 _ Uwql+A=49)?
=0(A—Ag)erf | —2— | £ 9(A > Ag),| ————¢ 20w 173
( 0) < 2t —to) ( o) Tt —to) (173)

Since erf(z) ~ 2z //m, we get the asymptotic behavior for large (¢ — o)

Tr—r

2

=01 (A, t|xo, Ao, t ~ -
(4, tlo, Ao 0)(t7t0)~)+oo w(t —to)

(174)

_ (zgl+A-Ag)? ]

[(5(A — Ap)|xo| + (A > Ag)e 2070
In the case where zg = 0, A9 = 0 and ¢y = 0, the propagator of Eq. reduces to the half-Gaussian distribution
[1=0] 2 -4
I*="1(A,t0,0,0) = (A > 0) il (175)
a result that can be found in [95] 96].
The first moment m*=1(t|xq,ty = 0) of the local time increment can be computed via Eq. [73|or via Eq.

n#ﬂm%@zmz/ dAATIF=O(4, t]zo, Ao = 0, 0 = 0)
0

2
@
+ _ 0

t

e 2t
= | dt.G(0,t1|z0,to = 0) = [ dt;—n
/01< eonto =0) = [t S

2t _ﬁ |l‘0|>
=4/ —e 2t — |xg|lerfc | —= 176
YEe e (4 (176)

and displays the power-law asymptotic growth independent of xg

2t
[k=1] - ~ i
m (t|$0, to 0) t—)?—oo . (177)
that is intermediate as it should between the finite case of Eq. and the extensive case of Eq. since the Brownian
motion without drift g = 0 is recurrent but does not converge towards an equilibrium distribution.
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The second moment m!*=2l(t|zy, o = 0) of the local time increment can be computed via Eq. or Eq.

m[kzz](tlmo,to = 0) / dAA2 H[“ 0] (A t|$0,A0 =0 to = O = 2/ dtz/ dtl 0 t2|0 tl 0 tl‘xo,to = 0)

12

to T t -5
e 2t 1 e 21 N
dt/dt :f/dt / /dte2f1
/ ? N/ \/ (tz — tl)tl ™ Jo ! t1 V t2 - tl ! 1
“’Eo‘ ) 2t 7&
= (t+a)erfc | = ) — |z —e 2 178
( 0) (\/ﬂ e p (178)
with the following asymptotic growth independent of x(

ml=2(tlag, t = 0) | =t (179)

2. Casepu>0

For the case p > 0, integrating the singular and regular part of the joint propagator P(x, A, t|xo, Ao, to) of Eq.
with respect to the final position x, gives respectively

Simaul +oo e#(I*IO)*%(t*to) _ (z—zg)? (=l +lzg?
[ISingu ”(A,t|a:o,A0,t0): §(A—Ao)/ dx {6 2(i—t9) — e 2(t—tg) ] (180)
e 2t — to)
1 — u(t — —
— (S(A _ AO) 1 — e~ Mo e—,u|rc0| erfe |J30| M(t tO) + e/L\.’r0| erfe "T()' + /”'(t tO)
2 2(t — to) 2(t —to)
and
oo A—A Uzl +lzgl+A—Ag)2
TRe97 (A, t]zo, Ao, to) = O(A > Ao) / da e E—0) =5 (1=to) <|$| + lzo| + 0) N =
—0o0 vV 27T(t — to)
. _ 2
=0(A > Ap) 2wt (it - A (181)
7T(t — t())
_|_1u6*l“50 e*#(\zo|+A7Ao) erfc |I0| - ,LL(t - tO) +A- AO _ (‘IO‘J’,A Ao) |I0| =+ ,LL(t — tO) + A— AO
2 2(t — to) 2(t —to)
The limit of the infinite time interval (¢t — tp) — +oo yields
TI(A, colzg, Ag)= TT9M9Uar (A oo|zg, Ag) + ITFEIUA (A oo|xg, Ag)
= §(A — Ap) [1 - e—~<wo+'l'0')} + (A > Ag)pe~H@otlzol+A=40)
) 0(A > Ag)pemr(A=40) if 29 <0 (182)
] S(A—Ap) [1 —em2m0] 4 em2T0g(A > Ag)pe AT A)if 35 >0

In the region xg < 0 where the limit of the singular contribution vanishes I19m94ar (A co|xy < 0, Ag) = 0, one can

use the asymptotic behaviors of the erfc function given by Eq. to obtain that the leading contribution to Eq.
reads for large time (¢ — tp)

lzgl+p(t— )tQ))

2(t—tg
[1Singular( g ¢ Ao, t ~ 5(A—A ﬂ/ P 183
|z <, Ao, 0)( bty 400 ( 0)|@ol 2(t — tg)3/2 (183)
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it t,=0)
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(t|x0,lo
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m

Figure 1. Plain curve: mean local time, dash curve: derivative of the mean local time. Blue lines correspond to xg = —1, Red
lines correspond to xop = 1. The constant drift u is equal to 1.

The first moment m*=1(t|xo, %o = 0) of the local time increment of Eqs [73{ and

0o t
mF=1 (t|zg, to = 0)= / dA AT A, tzg, Ag = 0,9 = 0) = / dt1G(0,t1]xo, 0 = 0)
0 0

¢ _(10*;‘*1)2
e 2t,
= dt| ——

0 vV 27Tt1

e—#(zol+z0) orfe (|5L’0|*Ht) — em(zol=z0) orfe (‘IO‘JFMt)
- vt V2 (184)

2p

converges to a finite asymptotic value which depends strongly on the sign of the initial position xg of the process

lim m*=(t[zg, tg = 0) = ———— = 185
t—o0 (‘O 0 ) 12 if CL’0>0 ( )

o—1(zo—|wo]) { 1 if 29<0

In the region zy > 0 where the process has a finite probability to escape towards (+oo) without visiting the origin,
the mean local time is of course smaller than in the region xy < 0 where the process is certain to cross the origin. In
the latter case, as expected, its average asymptotic value is the same as if the process started from 0.

The two first time-derivatives of the first moments

- (mg:4pt)?
omF=(t|zg, tg = 0)= ————
t ( | 050 ) \/ﬁ
e_(zo;r:n)z
RZmE=(t|zg, tg = 0)= ———= (22 — t(1 + t?)) (186)

2/ 27td

/ 2,2
shows that the mean local time increases the most at a time T' = % which is independent of the sign of xg.

The behavior of the mean local time and its derivative is shown in Fig



The second moment m*=2l(t|zy, ty = 0) of the local time increment of Eqs [73[and
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00 t 12
m[kZQ] (t|1’0,t0 = 0) = / dA A2 H[M:O] (A,t|$0, AO = O,to = 0) = 2/ dtz/ dth(07t2|0,tl)G(07t1|$07t0 = 0)
0 0

0

2
ﬁ erfc (%) + %6_%(6”""”) [—262“””0 erfc (%) + errot Tt erfe (%)} if 29>0

% erfc <_x°_“t) + L e~ 5 6zotut) [—262“930 erfc (*"”°> + ehmo+ bt orfe (x“_“t)} if £9g <0

V2t 7 V2t V2t
D. Large deviations of the intensive local time a for the Brownian motion without drift 4 =0
1. Rate function I(a) for the intensive local time a = 4=20 ¢ [0, +o0|

t—to

(187)

The probability distribution TT#=0(A, t|zq, Ao, to) of Eq. allows to evaluate the probability to see A = Ag +

CL(t — t())
o3 400 e_é zz LT
=0 (A = Ao + alt —to), tlwo, Ao, to)= d(a(t — t))e” 7@~ de e {em —e Vi
—o ™

22

2 "0
00> 0)y | e T

2
—lzola— % (t—to)

So the large deviations of the intensive local time a are governed by the simple rate function [95]

a2
I(a) = 5 for a € 0,400

that vanishes and is minimum at its boundary value a = 0 in agreement with Eq.
If one includes the prefactors, the leading order of the regular contribution of Eq. reads

2
[ Regular(p=0] (A= Ay +a(t—to), tIan Ao, to) ~ e~ |mola—(t—to)I(a)
(t—to)—+oo \| w(t — to)

The agreement with the general formula of Eq. can be checked using Eq. for p=0
67\/%\171(”
V2s

G (zlzo) =

and Eq. [103]

that leads to the saddle-point

a?
Sq — ?
2. Rate function I(a,v) for the intensive local time a = ‘3:2‘) and the intensive displacement v = %
The joint propagator of Eq. for the case p =0
_ @2+a3
— e 2(t—tg) Tz _ lz=q]
P[ufo] (LL', A, t|$0, Ao, to): (S(A — AO)W |:e2(t(t]0) —e€ (tfoo):|
Tl — 1o
— @®+og+(A-A0)® _ |exgl+(zl+]zgN(A—Ag)
+9(A > AO) (|l‘| +2x2l+ ;4)3 AO) e_ 20(t7t0) . 6_ okt (tttgo) .
V2rm(t —1g)2

(188)

(189)

(190)

(191)

(192)

(193)

(194)
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allows to evaluate the joint probability to see = zg + v(t — tp) and A = Ay + a(t — to)

[zo+v(t—to)]%+=3

[u=0] e 2(t—tq) [zg+v(t—tg)]lzg _ zg+v(t—tg)lzgl
pH= (ZL’ =29+ ’U(t — to),A =Ag + a(t — to),t|$0,A0,t0) = S(a(t — to)) > (t ; ) e 2(t—to) —e (t—to)
m(t —to
+0(a > 0) (xo +v(t —to)| + |20 5—1— a(t —to) o [zo+v<t—to;1(2:fo(%>+a2(t—to>2 . llzotott—to)lzolt(zo4u(t—to)l +lzoDati=to)
V 27T(t — t0)§

2 22
0
e & (t—to) TOV— 7=igy

(t—tg)

= d(a(t —to))

[ vz | (9”29 - _ Jad+vag(t—to)]

e 2 T2t-ty) —¢e

27T(t - to)

+0(a > 0) (”30 +u(t — to)| + |wof +alt — to)) o= 52 (1 t0) v — oy — EREROST O (g o1 t0) + o )

X
V2r(t —to)?

So the large deviations for the joint probability of the intensive local time a =

(195)

A—Ag

€ [0, 4+o00[ and of the intensive

t—to
displacement v = 4= €] — o0, +00|
Pr=(y = zg + v(t — ty), A = Ay + a(t — to), t|xo, Ag, tg) o e (to)l(aw) (196)
(t*to)g}*FOO
are governed by the rate function
2,2 2
I(a,v) = % + |v]a = w for a €[0,400][ and v €]— oo, +00] (197)

For any a € [0, 4+o00[, the joint rate function I(a,v) is minimum for v = 0 where one recovers I(a) of Eq.

As a final remark, let us stress that the joint rate function I(a,v) only occurs for diffusion processes that are
recurrent but do not converge towards an equilibrium for the following reasons.

(i) For transient processes, the local time (Ap — Ag) remains a finite random variable for 7' — +oo, while the large
deviations properties of the intensive displacement v = ”;:fo" are governed by some rate function I(v).

(ii) For processes converging towards an equilibrium, the total displacement (x — x() remains a finite random
variable for T — +o0, while the large deviations properties of the intensive local time a = 4=4¢ are governed by

t—to
some rate function I(a) as described in subsection

E. Conditioning towards the position z} and the local time A% at the finite time horizon T

Let us now apply the framework described in the subsection [VITA] Using the explicit joint propagator of Eq.

2
In P(zp, Ar, Tz, A, t) = p(ar — x) — %(T —t)—In ( 27 (T — t))

(zp—=)? Uz l+lz))? Ap — A (zl+lz|+Ar—A4)2
+In [6(AT—A) (e— N ) )+9(AT>A)<xT|+(|;+t)T ) o~ Tty ] (198)

one obtains that the conditioned drift of Eq.
Pt AT (0 A ) = o+ 0y In P2, A% T, A, t)

_ @h-a)? _ (=g l+lz)? * AX — A) _ Ushl+lel+Aar—4)2
—9,In [5(A*T — 4) <e USRI ) o4 > ayllerl +(;| +t) P A) R } (199)
does not depend on the initial unconditioned drift p anymore and can be decomposed into the two following regions
for a%. # 0.
(i) In the region Ag = 0 < A < A% where the local time A has not yet reached its conditioned final value A%, Eq.
[[99 reduces to

Iy 1 - A= A
W0, 4 < A1) = (o) | - lerl el A 4]

200
zE |+ |x| + A — A T—t (200)
T T

(ii) In the region A = A% where the local time A has already reached its conditioned final value A%, and where the
position x cannot visit the origin x = 0 anymore, the drift of Eq. reduces to
wr_g\  _ @p—o)? osgn(@)|on|) - {=plHzD?
%—t )6 2(T—t) + (TT) e 2(T—t)

(a3 —=)? (lz% | +]=])?
e 2T-t) —e  2(T—-%

[z7,AT] A= A* _ (
pp" T (, A= Ap,t) = (201)
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The fact that the initial unconditioned drift ;4 does not appear in the conditioned drift of Eqgs and is actually
an immediate consequence of a more general result stating that the constraints can be imposed one after the other
[32, [41]. By first imposing the final position of the process, one obtains a Brownian bridge which does not depend on
the original drift. Then, imposing additional constraints on this process (whatever they are: local time, area under
the curve, etc...) will not change this result. In addition, in the particular case where A% = 0 (in other word the
process cannot cross the origin) then only the singular part of the propagator contributes to the conditioned drift.
Assume moreover that =% and x are positive, then Eq. @ reduces to

P (@ —)? . (2 +=)?
mT*z) e~ 2(TT—1,) + (M) e~ 2(TT71,)

T—t T—t

(a3, —2)2 (ah +a)2

(202)

prr A (@, A= Ay = 0,1) = (

e BT — e 2T-D

which is the drift of a Brownian bridge conditioned to stay positive, as it should be. This equation can be found in

[, ].

X0, A

~ 05—
b L
N 0
0.5 ]
C 1
0

Figure 2. Examples of realizations of the Brownian bridge conditioned to end at the final position 7 = 0.5 and to have the
final local time A7 = 1 at the finite time horizon 7' = 1 (see the conditioned drift of Egs. and . For each trajectory, the
associated local time A(t) is shown as a function of the time ¢ € [0,7]. Top figure: the process begins at the position zg = 2.
Bottom figure: the process begins at position 9 = —0.5. The encapsulated graphs show the convergence of both processes to
the desired final value = = 0.5. The time step used in the discretization is dt = 1075.

F. Case p =0 : Conditioning towards the local time A} at the finite time horizon T

Let us now apply the framework described in the subsection [VIB] Using the explicit probability of Eq.

M=) A5 T, A, 1) = 8(A5 — Ayert [ ——" ) fagas > 4y, |- 2o ats™ (203)
,Tlx, At) = —Aerf | ——— ——e = 2Tt
’ g V2(T —1) ’ (T 1)



29

one obtains that the conditioned drift of Eq.
PN A t) = 0, nTI=0( A%, Tz, A, t) (204)

can be decomposed into the two following regions.
(i) In the region Ay = 0 < A < A% where the local time A has not yet reached its conditioned final value A%, the
conditioned drift of Eq. reduces to

* 2
A1 (0 A < A t)= Dy ln || o™ T
pr T (x, A < A, t)= 0, In W(T*t)e
x|+ A% — A
= —sgn(z) ||T7—Tt (205)

(ii) In the region A = A% where the local time A has already reached its conditioned final value A%., and where the
position z cannot visit the origin £ = 0 anymore, the conditioned drift of Eq. reads

erf <|x| )1
2(T —t)

- sgn(z) (206)
> g

,u[TA*T](m, A= A% t)=0,1n

The asymptotic behavior near the origin « — 0 is given by

A Am Ang] o~ "
Kt [JS,A - ATat] 250 I 3(T— t) (207)

Due to the 1/x term, the origin = 0 is an entrance boundary that the process cannot cross, therefore in the second
region the local time can no longer increase, as wished.

G. Case =0 : Conditioning towards the intensive local time a* = % in the limit T — 400
In order to impose the intensive local time a* = % in the limit " — +o00, one can plug A% = Ta* into the
conditioned drift of Eq. to obtain at leading order for T'— oo while ¢ remains finite
* X Ta* — A *
,u[[Ta ](ac,A < Ta*,t) = —sgn(z) zl+ (T = 4) ~ —sgn(z)a* = plo(z) (208)
T—-1 T—+o0

The agreement with the general formula of Eq. for the drift ug](ac) can be checked using Eq.
e*\/g|z|

G=l(0l) =
S

(209)

and the saddle-point value s, = @ of Eq. to obtain
plel(z) =0, In G, . (0z) = 0, (—V25a-|7| — In(v254+)) = —V/254+5gn(x) = —sgn(z)a* (210)

As explained in the Appendices, this result can be also recovered via the appropriate canonical conditioning leading

to Eq. [CI3]

H. Case p > 0: Conditioning towards the finite local time A}, < 4+oc0 at the infinite time horizon 7' = +oco

The framework described in the subsection can be applied as follows.
(i) In the region 49 = 0 < A < A’ where the local time A has not yet reached its conditioned asymptotic value
A%, the conditioned drift p%. (x, A < AL) of Eq. can be obtained from IT7¢949" (A oo|xg, Ag) given in Eq.

s (2, A < AZ)= pot O I TIROUT (A7 ool A) = - Oy In e (o Hlel 45 )]
— —pusgn(a) (211)
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X®, A

time (t)

Figure 3. Examples of realizations of the Brownian process conditioned to have the final local time A7} = 1 at the finite time
horizon T' =1 (see the conditioned drift of Egs. and 4 For each trajectory, the associated local time A(t) is shown as a
function of the time t € [0,T]. The process can end at any final position 27, while the initial position is o = —0.5 here. The
time step used in the discretization is dt = 107°.

So in the region « < 0, the conditioned drift coincide with the initial unconditioned drift p, while in the region x > 0,
the conditioned drift is opposite to the initial unconditioned drift p in order to visit again the origin and to increase
the local time.

(ii) In the region A = A* where the local time A has already reached its conditioned asymptotic value A%, the

conditioned drift of Eq. can be obtained from IT994lar(A*  oo|x, A) given in Eq. forz >0
Was (x> 0,A% )= p+ 0y In [5inoular(Ax oolx, A) = p+ 0, In [1 — e #27]

e 41

For z < 0, the conditioned drift of Eq. [130|should be computed using the leading asymptotic form of IT¥9ular(A*_  T|z <
0, A,t) for large time interval (T' — t) given in Eq.

1 1
— lim ( - x) == (213)
T—+oo \x T T

In both cases, whether x > 0 or < 0, when  — 0, the conditioned drift behaves as p%. (z — 0,A = A% ) ~ 1/x.

The origin = 0 is thus an entrance boundary that the process cannot cross, therefore in the second region (ii), the
local time cannot increase any further, as expected.

ot puT)2
b (8 <0A= AL )=t i (0, TS (AL Tl < 0,4,0)) = pt Tim (0,1 <-x>fe“%”
a0 s A= Foo) 2 T 7 0 WO 10 oo LT < U A L) = Al | G T p2T3/2
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X, A(D

time (t)

Figure 4. Examples of realization of the Brownian process with drift ;4 > 0 where the local time is conditioned towards the
finite asymptotic value A%, = 1 at the infinite time horizon T'= 400 (see the conditioned drift of Eqs. and . For each
trajectory, the associated local time A(t) is shown as a function of the time ¢. The dashed vertical lines indicate the time when
the local time reaches the finite asymptotic value A%, = 1. The time step used in the discretization is dt = 107°.

VIII. APPLICATION TO THE DRIFT p(z) = —usgn(z) OF PARAMETER u > 0

In this section, we consider the drift directed towards the origin z = 0 of amplitude u > 0
(z) = —psen(z) (214)

This process is sometimes called Brownian motion with alternating drift (or bang-bang process [97, O8]) and was
originally introduced by de Gennes to study dry friction [99].
The associated potential U(z) of Eq. [9]

Ue) =21 [ dysnty) = 20l (215)
0
corresponds to the normalizable equilibrium Boltzmann distribution of Eq.
—U(z)
Geq(@) = oo = pe™ 2417 (216)

fj;o dye~UW)

So the unconditioned dynamics converges towards this equilibrium distribution for ¢ — 400, and the local time
increment (A — Ag) grows extensively in (¢t — tg) as discussed in subsection

A. Properties of the unconditioned diffusion process X (¢) alone
1. Propagator G(z,t|xo,to) for the position alone

Via the similarity transformation of Eq. [10| based on the potential U(z) of Eq.
Gz, t|zo, to) = etTol=12Dap (a2 t|20, 10) (217)
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the Fokker-Planck Eq. [6for the propagator G(z, t|zg, ty) becomes the Schrédinger Equation of Eq. [11]for ¢(x, t|zo, to),
where the quantum Hamiltonian of Eq. involves the potential of Eq. that reads for the drift of Eq.
2
V(e) = 5 — pé(z) (218)

As a consequence, the Hamiltonian of Eq. [I2] can be decomposed

H=Hy+ H, (219)
into the two contributions
N
=50+
Hi= —pd(z) (220)

When the contribution H; is absent, the Schrédinger propagator 1% (z,t|xo,t0) associated to the Hamiltonian Hy
2
whose potential reduces to the constant - is given by

1 (@==q)® _ u2
(0] z,tlzg, ty) = —————e 20—t 2 (t—to) 9291
vt fo) 27 (t — o) (221)

while its time Laplace transform reads

7<s+ﬁ)‘r (z—=zg)2 e*\/mmfxo‘
2 )T e = —
u? 4+ 2s

When the contribution H; is present, the Laplace transform 1/35 (z|zg) of the Schrédinger propagator ¥ (z, t|zg, to)

~ 400 1 400
wLO](wlxo)E/ dte )0 (@ tlxg, 1) = \/727#/0 drr%e (222)

to

for the full Hamiltonian H can be computed from z/;LO] (x]|zg) of Eq. |222| via the Dyson formula analog to Eq. to
obtain

Po(lo)= 9 (xl20) + P10 (]0) ——L——l9 (0]o)
1 — pups7(0]0)

e—y/;ﬁ—&-?s\z—m(ﬂ e—\/u2+25|z\ L e—\/#2+25|10|
= +
Vi +2s Vig+2s \1- ﬁ V2 +2s

1 o~ VT H2s|z—zo| | p e—\//t2+25(lr+lro)] (223)

V12 +2s Vit +2s—p

So the Laplace transform G (x|zo) of the Fokker-Planck propagator G(z,t|zo,to) of Eq. reads

~ +o0 +o0 ~
Gy(z|zo)= / dte™ >0 Gz, t|xo, to) = / dte=st=to) erllzol=lz)oy (1 ¢z, tg) = erITol=12D) (2|20)

to to

ohlzol—lal)
V2 4+ 2s

The limit s — 0 of

e~ VHiF2sle—zo| 4 P —Verr2s(eltleol) (224)
VI +2s—p

eh(lzol—lz))

v 2+ 2s

= je e = G,y () (225)

s—0 s—0

lim [sés(x|x0)]: lim (s

e—\/,u2+2s|gc—:co\ + H( V MQ +2s + /-L) 6_‘/#2+2S(z|+m0)‘|>
2s

allows to recover the equilibrium distribution G.,(z) of Eq. as it should.
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2. Properties in the presence of an absorbing boundary at the origin x = 0

In the presence of an absorbing boundary at the origin = 0, the present model pu(z) = —psgn(z) is of course
very similar to the previous section concerning the model u(x) = p : the two models coincide for z¢ < 0, and the
region g > 0 could be obtained by symmetry for the present model. However, one can also use the general formula
as follows.

The evaluation of Eq. for the special case £ =0

xr I _ 3 5
GulOfn) =~ [l | LV (226)
\/,Lm_ ,U2+28—,u ’u2_|_25_'u
for the special case o =0
e [ - 242s)|x
Gulal0)= — L | B | e UV ialal )

\/m_ ,U2+28—M u2+25_'u

and for the special case z = 0 = xg

G, 00) = — (228)
2
wr+2s—p

allows to compute the Laplace transform G2 (x|zo) via Eq.

G“;bs(x|x0)5 G‘s(:v|:co) B Gs(wlAO)Gs(O\xo) _ ett(lzol—|z|) [67 /2 +2s|z—xo| _ e,,ﬁuuzs(\zmzo\)] (229)
G4(0]0) V2 +2s

The Laplace inversion using Eq. yields the propagator G (z, t|xg,to) in the presence of an absorbing boundary

at the origin x =0

42
-5 (-t z—xg)? z|+|zg))?
G (1, A, tha, Ao, tg) = e#lsol-1s € [e-%u% _ ey }
27T(t - to)
w? e
7 (t=t0) ~ 3=y wn wa
_ pnllwol—lzp €_° o [eufo) e <H°g>} (230)
27T(t - to)
in agreement with the method of images.
The Laplace transform 4%°%(z) of Eq. |59| reads
G, (0
329 () = Le020) _ R (231)
&4(0[0)
Its Laplace inversion yields the absorption rate v2%*(t|zq, to)
abs |o| kol — 52 (t—to) - s
tlao, o) = — 20— e 2 2-ro) 232
(o to) = =y (232)
One can check the normalization to unity for any starting point g
+o0o
[ el to) = 32 (an) =1 (233)
to

The survival probability S (t|zg,ty) of Eq. can be obtained from the integral over the final position = of the
propagator G (x, t|zq, o) of Eq.

oo o (t=to)Hulzol— zily oo
S8 (t|zg, to) z/ dxG* (z,t|zo, to) =

—o0 \/27T(t—to) —o0

Its asymptotic decay for large time (¢ — tg) is given by

_ _ a2 zzg _ l==g]
dxe Hlz] 2(t—tg) |:e(t—to) — e (t—tg) (234)

2 - rol 2 (o
S (o ty)  ~ T T el [”” '”ﬂ _ Rl T o
T (t—to) oo (21t —tg) J-oo t—to T pA(t—to)?
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B. Joint propagator P(z, A,t|zo, Ao, to) for the unconditioned joint process [X(t), A(t)]

The singular contribution of Eq. |53|involves the propagator G®*(z, t|x,to) of Eq.

PSingular(x’Aytlxon’tO): 5(A — AO)Gabs(l«7t|x0,tO)
&

- t—t T—x x x
(A - Ao)euum—m\)ei(”) [6_(2@?3)2 _ e—(th?)QQ] (236)
\/ 2’/T(t - t())

The Laplace transform 1—:{91%89“1“T(x, Alzg, Ag) of Eq. 62| reads using Eqs and

G (#[0)G (O]o) | -zt
G2(0[0)

— G(A > Ag)ehImol=laltA=A0) /i F2s(|mo  +lal +-A—Ao) (237)

PlRegular (. Alzq, Ag)= (A > Ay)

Equation allows to compute the Laplace inversion

PRegUlar(.T,AJ‘SC(),Ao,to) — 9(A > AO)€H(|900|—\$\+A—Ao)—§(t—to) (|-'170| + |$| + A —3 Ao) e (\mH\( I:rA Ag)? (238)
vV 27T(t — tg)E
So the joint propagator P(x, A, t|xg, Ao, to) involving the two contributions of Eq. and Eq. reads
02
Cpepy €7 T T _@oag)? _ galtis))?
P(x, A, t|xg, Ag, to)= 6(A — Ag)erIzol=l2h — |7 20107 — ¢ 20-70)
27T(t — to)
FO(A > Ag)eh(laol—lal+A—do)— (t—to) ('”W' ol + A AO) AR g
vV 27T(t — to)f
The integration of this joint propagator P(z, A, t|xg, Ao, to) of Eq. over the local time A
“+o0 e_T(t_tO) (= z0)? _(|$\+\wo\)2
/ dA P(x, A, t|zg, Ao, to)= etlzol=lzl) —_— |7 20—t — ¢ 20—t0) (240)

+/+°° A eillzol— o]+ A= )~ £ (t—to) <|”30| *lzl+A- AO) - Lnltrasse®
Ao V2m(t —tg)2

1 pillool el — 2 (t—to)= =2 | 1 e f [0l 4 2] — plt — to)
27(t — to) 2° 2(t — to)

—2p|z|

=€

allows to recover the free propagator of the Brownian motion with alternating drift [28] as it should.

C. Probability II(A,t|zo, Ao, to) to see the local time A at time ¢
The probability TI( A, t|zq, Ao, to) of Eq. can be obtained via the integration of the joint propagator P(x, A, t|zo, Ao, to)
of Eq. 239 over the final position x
400
H(Aﬂf‘xo,Ao,to) = / de(A,t|;v0,A0,t0) (241)

— 00

Its singular contribution of Eq. involves the survival probability S (t|zo, to) of Eq. with the asymptotic
behavior of Eq.

HSmgular(A t|zg, Ag,to)= 6(A — A )SabS(ﬂgjo,to

wlwo|— 5 * (t—to)
~  §(A- 4 \/>|”“"0|€ . (242)
(t—to)—+o0 t—to 2
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Its regular contribution can be obtained from the integration over x of Eq.

“+oo
HREguzaT(A,t‘on,Ao,to) E/ dCCPReQuzaT(A,t‘IQ,Ao,to)
e—%(t—t())-‘rp(lr()H—A—Ag) +oo _(\m\+|w0\+A—AO)2
= A ) / dwe™ 17! (|| + |wo| + A — Ag)e™ it
Tt —19)2 —00

2
e~ 5 (t—to)+n(lzol+A—Ao) +oo

_ (z+|zg|+A—Ag)2
= G(A > AO) 2 dxe H* (93 + |$0| + A AO)€7 + 20(ttt0) 0
\/27T(t—t0) 0 t—to
4| — 2 1 ¥=+00 +oo otz _ 2
= —0(A > Ay) Le—é(t—to)—&-p(\md—i-A—Ao) {e_l“ﬂe—( + 20<|tt?0)A0) ] n M/ da:e_w_< + 2%\:?0)Ao>
7T(t — to) =0 0
i — 2 £ — 2 +oo z x —
_ Q(A > Ao) Le—éu—to)w(udﬁq_%) e_(\ o;(tftof)‘w —,ue_(‘ oz)\(tfto/;m / due™ 2(:@_3{“_,_(\ O(Ittfzo)Ao)]
7T(t — to) 0
x — — — 2 +oo z @ —
— (A > Ag)y| e R (1 - p/ dxe"WQ‘cﬂx[#+W])
7T(t — t()) 0
x — —pu(t—t 2 T — — 2 — —
PR Ao)e_(‘ l£A—Ao—pi=to)) 2 ue(\ ol+A—Ag:tutt—tq) erfc |xo| + u(t —tg) + A — Ap (243)
m(t —to) 2(t — o)
For large time interval (¢t — tp), the leading behavior is given by
(lzol+A—Ag—n(t—t)? too g Uzol+A—4g)
HREQUZGT(A,t|$0,A0,tO) ~ 9(A > AO) Le* ort 2(t9t0u)t o 1 _/~L/ dxe L[%H‘ O(t—to) . ]
(t—to)—+o00 m(t —to) 0
2 _ (=zgl+A—Ag—p(t—tg)?
= A Aoy [ T (- ey
(t—to)——+o00 7(t —to) R
(zol+A—Ag—n(t—tg)? —
~  O(A> A _ 2 -UsolbAiferuCto o] + A — Ao (244)
(t—to)—+o0 w(t —to) w(t —to) + |zo| + A — Ao

Note that for 1 = 0, we recover the expression IT7¢9%a7 (A t|zg, Ay, to) of the standard Brownian motion Eq. as
expected.

A—Aq

D. Large deviations properties of the intensive local time a = =g © [0, +o0
The probability to see A = Ag + (t — to)a in Eq. reads
— 2 (t—to) (e—2q)? (el +legD?
Pz, A= Ay + (t — to)a, t|zo, Ao, to) = 8((t — to)a)erzol—leh £ 2~ [e_ 2-io) — ¢ =i-io)
27T(t - to)
€T €T — 1, a 2
+0(a > 0)ehllaol—lzl+(t—t0)0)~ 5 (t—to) (|x0| + e[+ (¢ Sto)a) o~ (P e (245)
V 27T(t — t0)§
The large deviations of the intensive local time a = ‘3:20 € [0, 4o0]
Pz, A= Ay + (t — to)a, t|xo, A, to) o« e t-t0)l@ (246)
(t—to)—+o0
thus involve the rate function [95]
2 2 )2
I(a):—,ua—&—%—i—%:w for a € [0,400[ (247)

The boundary value I(a = 0) at the origin a =0

I(a=0) = “; (248)
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governs the decay of the survival probability of Eq. 07
The equilibrium value a.q of Eq. where the rate function I(a) of Eq. and its first derivative I’(a) vanish
(Eq. is simply acq = p. It coincides with the value G¢q(0) of the equilibrium distribution of G.4(z) of Eq. at
the origin = = 0 as it should
Geq = 1t = Geq(0) (249)
If one includes the prefactors, the leading order of the regular contribution of Eq. reads

PRegular (g A = Ag + (t — to)a, tlzo, Ao ty) =  ———e e~ (Falzltuma)lzol = (t—t0) (@) (950)
(t=to)=+oc /27 (t — tg)

The agreement with the general formula of Eq. can be checked using Eqs [220] [22§] as well as Eq.

— 2 _ _ — a —
O—aﬁs[\/,u +2s u} 1_\/m 1 (251)

that leads to the saddle-point

sy = T —# (252)

E. Conditioning towards the position =7 and the local time A% at the finite time horizon T

Let us now apply the framework described in the subsection [VITA] Using the explicit joint propagator of Eq.

2
In Pz, Ar. Tlr, A,t) = u(la| — |azl) ~ (T~ 1) ~ (/20T — D)
|z| + |o7| + Ar — A) eu(AT_A)_quQTHATA)?)

(zp—=)? _ (zpl+lz)?
(T—%)
T—1

+In <6(AT —A) {e_ AT=H —e 2010 } +0(Ar > A) (

(253)
one obtains the conditioned drift of Eq.

pe A (2, A1) = —psgn(a) + 8, n P(a, A, T, At)

(@5 —x)? _ Uepl+len?

o ol . (2|t +A% —A)2
=9, In <§(A*T —A) {e AT-D — e 2(T-D } +0(A%5 > A) (|33 + |ZL'§1| +tAT A) eﬂ(ATA)w>
(254)
It actually coincides with the conditioned drift of Eq. with its two regions of Eqs and
(o3, A7) . 1 |27 | + || + AT A}
x, A< AL t)=sgn(x —
Hr ( r:?) g(){|x*T+|x|+A*T—A T—t
" (x% —x)? " (k| +|x])?
. TTT = airen 4 m+sgn(m)|zT\e—w
[, A% s o Tt © Tt
pp" (@, A= Ar, t)= (a2 —=)2 (ak | +l=)? (255)
e 2T-t) —e — 2(T-1

Corresponding stochastic trajectories have already been shown on figure

F. Conditioning towards the local time A7 at the finite time horizon T

Let us now apply the framework described in the subsection [VIB]
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(i) In the region Ag = 0 < A < A% where the local time A has not yet reached its conditioned final value A%, the
conditioned drift of Eq. involves the regular contribution IT#e9%ar (A% T|x, A, t) of Eq.

P (@ A < A% 1) = —psgn(@) + 0, InTIRe0™ar (A2 Tz, A,t)

_ el AT —A—p(T—1))? 2 (el+A%—Atu(T—t)? T—t)+ AL — A
= —usgn(x) + 9z In [e T ( 7) — pe B erfc <|x| + ul )+ A7 >>

w(T —t 2(T —t)
A* — A 400 _ yzt _ H_(IIHA;;*A)
= —sgn(x)WTiTt + 9, In <1 - ,u/ dye *77Y y[l =" ]
- 0
2 (lz] + A% — A)
= psgn(w) — (T —t) (x| +u(T—t)+ A% —A)2 2| +(T—t)+ A% — A sgn(z) (256)
2 — 1% 27T(T — t)e 2(T—1) erfC (II‘Z(T—t)T)

(ii) In the region A = A% where the local time A has already reached its conditioned final value A%, and where the
position x cannot visit the origin z = 0 anymore, the conditioned drift of Eq. involves the survival probability

Ss(T|x,t) of Eq.
i (@, A = A t)= —psgn(a) + 0, In S (T, )

2 2
e*%(T*t)JFM‘T‘*ﬁ +oo

2m(T —t) e
o0 5 . N
=0, In </ dyef”w‘*?(%*t) [6 TD o™ (Tyt)})

— 00

2\/? sgn(z) (ﬁ S ('"”‘%)) e (62’”]: (%) -7 (u&;)) (257)

(e+ur)? 4T (@—pm)? r—x (el +nr)? ||+ pr
27 rfc ( Z£L 27 rfc ( & -2 7r rf K
e e c( ors +e eric Jor e erfc

2 yx yx
= —psgn(z) + 9, In dye VI~ =0r=n {ewj—w - ef(‘T'—ﬂ

where F(x) = zerfc(z) and 7 =T — t.
In the second region, the asymptotic behavior near the origin x — 0 is

. 1 1 2 1
Al g A= Ant) ~ —va | — + B 4 (258)

0 T-t 3 =3(T —t)+ 3u LT;)S e T erfe (u@)

Again, the 1/x term prevents the process from crossing the origin and the local time cannot increase anymore.

G. Case p=0: Conditioning towards the intensive value a* = % in the limit 7" — +o0

A direct consequence of Eq. is that the conditioning towards the intensive value a* = % in the limit T' — +o0
will give exactly the same conditioned drift of Eq.

[Ta”] * ~ x« —  [a”]
Wl A< Tatt) | = —sn(a)a’ = it (o) (259)

The agreement with the general formula of Eq. for the conditioned drift ug](w) can be checked by Eq.
e(n=/1?+2s)|z|

G.(0]x) = =
we+2s—p

(260)

and the saddle-point value s, = W of Eq. to obtain

HBridgefar)(T)= —psgn(z) + 0y In Gs,. (0|7) = —psgn(z) + s ((u — V2 4 280+ )|z] — In(/p? + 254+ — u))
= —\/ 12 + 2s4+sgn(z) = —sgn(z)a” (261)

As explained in the Appendices, this result can be also recovered via the appropriate canonical conditioning leading

to Eq. [B20}
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Figure 5. Examples of realization of the Brownian process with alternating drift conditioned to have the final local time
A% = 0.2 at the finite time horizon T'= 1 (see the conditioned drift of Egs. and . For each trajectory, the associated
local time A(t) is shown as a function of the time ¢ € [0,7]. The process can end at any final position z7, while the initial
position is zo = —0.5 here . Observe that the blue realization reaches the desired local time value only at the very end of the
time-window (as shown in the encapsulated plot). The time step used in the discretization is dt = 1075,

IX. CONCLUSION

In the present paper, we have analyzed the conditioning of a diffusion process X (¢) of drift p(z) and of diffusion
coefficient D = 1/2 with respect to its local time A,—o(t) = A(t) at the origin x = 0. Our goal was to construct
various conditioned joint processes [X*(t), A*(t)] satisfying certain conditions involving the local time A*(T') at the
finite time horizon T or in the limit of the infinite time horizon T'— +o0.

For the case of the finite time horizon T, we have studied :

(a) the conditioning towards the final position X*(T') and towards the final local time A*(T'). In other words, this
case corresponds to conditioning a generalized Brownian bridge with respect to its local time at the final time.

(b) the conditioning towards the final local time A*(T') alone without any condition on the final position X*(T).
In the limit of the infinite time horizon T" — 400, we have analyzed :

(1) the conditioning towards the finite asymptotic local time A% < +o0

(2) the conditioning towards the intensive local time a* corresponding to the extensive behavior Ay ~ Ta*, that
we have compared in the Appendices to the appropriate 'canonical conditioning’ based on the generating function of
the local time in the regime of large deviations.

This general construction has been applied to generate various constrained stochastic trajectories for three uncondi-
tioned diffusions with different recurrence/transience properties :

(i) as simplest example of a transient diffusion, we have considered the uniform strictly positive drift pu(z) = pu >0

(ii) as simplest example of a diffusion converging towards an equilibrium, we have chosen the drift p(x) = —psgn(zx)
of parameter p > 0

(iii) as simplest example of a recurrent diffusion that does not converge towards an equilibrium, we have focused
on the Brownian motion without drift 4 = 0.
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The generalization of the present work to analyze the conditioning with respect to two local times is described in
[100].

Appendix A: Notion of canonical conditioned process X (t) of parameter p conjugated to the local time

As recalled in the Introduction, the 'canonical conditioning’ based on generating functions of time-additive observ-
ables for Markov processes over a large time-window 7" has recently been used extensively in the field of non-equilibrium
statistical physics [45H90]. Its physical meaning comes from the equivalence at the level of the large deviations for
large time T between the 'canonical conditioning’ and the 'microcanonical conditioning’ (see the two detailed papers
[68, [69] and the HDR thesis [70] with references therein). In this Appendix, it is thus interesting to analyze the
‘canonical conditioning’ of parameter p conjugated to the local time increment [A(t) — A(tp)] and to compare with
the 'microcanonical conditioning’ described in the main text.

1.  Canonical conditioned process X} (t) of parameter p based on the Laplace transform P,(z, |z, to)

The canonical conditioning is based on the Laplace transform Isp(x, t|zo, to) of Eq. With respect to the local time
increment (A — Ag), where the Laplace parameter p conjugated to the local time increment (A — Ag) is fixed.

For the bridge conditioned to end at the position z7. at the time horizon T, the conditioned probability for the
position x at an interior time ¢ € [0, T] reads

ot Py (7, T|x, t)P,(z, t|zo,
P7[1T7p](x,t): P($T~ |1' ) P(x |£L.0 0) (Al)
Pp(xT,T|.’EQ,O)

The corresponding Ito dynamics for the conditioned process X;(t) of parameter p
dX,(t) = p, (X, (1), t)dt + dB(t) (A2)
involves the conditioned drift

PP (2, ) = () + 8y In By (wp, Tl t) (A3)

2.  Properties of the p-deformed propagator P,(z,t|xo, to)
The forward dynamics of the propagator pp(ac, t|zo, to) given by the Feynman-Kac formula of Eq.
atﬁ’p(x,ﬂxo,to) = —p5(x)pp(x,t\xo,to) — 0y u(a:)ﬁ’p(x,ﬂa:o,to) + %3§15p(x,t|xo,to) = ]-",,Pp(x,ﬂxo,to) (A4)

involves the generator

Fy = —p3(2) — Oup(0) + 502 (45)
Its adjoint

Fl = —pb(a) + (), + 32 (A6)
governs the backward dynamics of the propagator IE’p(xT, T|z,t)

. . - - 1 ..
O Py(xr, Tz, t) = f;Pp(xT,Th:,t) = —pd(x)Py(xr, Tz, t) + u(x)0y Py(zp, Tz, t) + §8§Pp(xT,T|x7t) (AT)

a. Physical meaning of the p-deformed Fokker-Planck dynamics

With respect to the dynamics of Eq. [f] corresponding to p = 0, the additional term in the forward dynamics of Eq.
[A4] corresponds to the killing rate of amplitude p > 0 localized at the origin x = 0

k(x) = pd(x) (A8)
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It is however also interesting to consider the case p < 0 in the Laplace transform of Eq. [35]: then the additional term
in the Feynman-Kac formula of Eq. corresponds instead to the reproducing rate of amplitude (—p) > 0 localized
at the origin x =0

r(z) = (=p)d(x) (A9)

b.  Physical meaning of the associated p-deformed quantum Hamiltonian Hy

Via the similarity transformation analogous to Eq. [L0] that involves the potential U(z) of Eq. [9]

~ U(zg)

By (@, tlzo, to) = e~ E (@, tzo, to)e T = elvo W Wy (. t|zo, to) (A10)

the forward dynamics of Eq. for P, (z,t|0, to) translates into the Euclidean Schrédinger Equation for vy, (z, t|zo, to)
—at’(/Jp(SL’,ﬂ.’Eo,to) = Hp’(/Jp(.’E,t|$0,t0) (All)

With respect to the Hamiltonian H of Eq. involving the potential V' (x) of Eq. the quantum Hamiltonian H,
contains an additional delta potential of amplitude p localized at the origin x = 0

H, =H + pé(z) = —%8% +V(z)+pi(z) = —%83 - @ + @ + pé(x) (A12)

So the case p > 0 associated to the killing rate of Eq. [A§| corresponds to an additional repulsive delta potential, while
the case p < 0 associated to the reproducing rate of Eq. [A9] corresponds to an additional attractive delta potential.

3. Canonical conditioning for large horizon 7" when the Hamiltonian H, has a normalizable ground-state
a.  Propagator ﬁp(x,t\mo,to) for large time (t — to) when the p-deformed Hamiltonian H, has a normalizable ground-state

When the p-deformed quantum Hamiltonian H, has a normalizable ground-state qbg 9(z) of energy £,

Hydy % (x) = By (x) (A13)

the ground state can be chosen real and positive gbfs (z) > 0 with the normalization

+oo
2
0551005 = [ de o @] =1 (AL
This ground-state ¢§S (x) and its energy E, determine the leading asymptotic behavior of the quantum propagator
Up(,tlzoto) = e T EgES ()¢S () (A15)
(t—to)—+o00 p p

The corresponding asymptotic behavior of the propagator Pp (z,t|xo,to) given by the similarity transformation of Eq.
[AT0 reads

~ (x) U(zg)
Pp(l’,ﬂl’(},to): 67U2 ¢p(x7t|x07t0)e 20

- —(t—t0)E, [ _U@ gs } [
(t—t0) o0 oo @)] e

u(

655 (@) | = TPy @)l (x0)  (A16)
where
= ¢ 552 4GS (1) = eJo dun() 4GS

Tp(z)— € 2 (bp (x) =en d)p (l’)

Lp(z0)= e 5 605 (o) = e~ o WwpW OS5 () (A17)
correspond to the positive right and left eigenvectors of the generator of Eq. associated to the eigenvalue (—Ep)

1
—Epry(2)= Fyry(x) = =pd(2)ry(x) = 0: [(@)ry(2)] + 5057p(x)

—Epl,(z)= f;lp(x) = —pd(x)lp(z) + p(z)0xl,(x) + %8%117(@ (A18)
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The normalization inherited from Eq. reads

+o0 +oo
2
o) = / dary(2)li(x) = / dz [¢05 ()] =1 (A19)

For the double Laplace transform ]és’p(xhvo) of Eq. the asymptotic behavior of Eq. for large (t —to) means
that P, (z|xo) exists for s €] — E,, +oo[ with the following pole singularity for s — (—E,)*

2 Feo (s _ 7p(2)1p(20)
Ps7p(aL°|x0)S_}(L:EP)Jr /to dte= (TEt=t0)p (23] (20) = ﬁ (A20)

b.  Simplifications for the canonical conditioning for large horizon T when H, has a normalizable ground-state

When the p-deformed quantum Hamiltonian H), has a normalizable ground-state QSZ?S (z), the asymptotic behavior
of Eq. can be plugged into the three propagators of Eq. to obtain that the conditioned density at any interior
time 0 Kt KT

o~ Ep(T—t)

Pq[ax*T;p] (l’,t) ~ 7”p(xT)lp(:L')e*EPtTp(x)lp(wo)

0<t<T e BoTr, (zr)ly (o) =lp(z)rp(x) = P{: (x) (A21)

does not depend on the interior time ¢ anymore. This steady conditioned density P; (z) only involves the product of

the left and right eigenvectors of Eq. and can be thus rewritten as the square of the ground-state (bf 9(z) of the
quantum Hamiltonian H), alone

¥ 2
Py (x) = ly(a)ry(z) = [¢,° ()] (A22)
The corresponding conditioned drift of Eq. is also independent of the interior time ¢
[z7;p] ~ —E,(T—t) _ _ ok
P ) = )+, [e rpar)ly(a)] = () + 00 0 1, (2)] = () (A23)

Since py () involves the initial drift u(z) and the logarithmic derivative of the left eigenvector I,(z) of Eq. it

can be rewritten in terms of the logarithmic derivative of the ground-state ¢§S (x) of the quantum Hamiltonian H,
alone

() = ) + p n e~ I5 OG5 ()| = 0, n [65S ()] (A24)

c. Conclusion

In summary, when the p-deformed quantum Hamiltonian H, has a normalizable ground-state qﬁfs (x), then the
canonical conditioned process X (t) becomes simple for large time horizon 7" — +oo in the region of interior times
0 <t < T its steady density P, (z) of Eq. and the conditioned drift py(x) of Eq. [A24] are time-independent
and involve only the normalizable ground-state ¢, S(x) of Hp.

The physical meaning of this conditioned process X, (¢) depends on whether H = H,—( has also a normalizable
ground-state or not :

(i) the case where H = Hj,—( has also a normalizable ground-state ¢§=So (x), i.e. where the unconditioned process
X (t) converges towards an equilibrium state Geq(x) is discussed in Appendix (B

(ii) the case where H = H,—( has no normalizable ground-state is discussed in Appendix

Appendix B: Canonical conditioning when the unconditioned process X(¢) has an equilibrium state

In this Appendix, we consider the case where the unconditioned process X (t) converges towards the equilibrium
state Goy(x) of Eq. so that the quantum Hamiltonian H of Eq. [I2| has a normalizable ground-state ¢“°(z) given
by Eq. Then the ground-state d)gs (x) of the Hamiltonian H, of Eq. can be interpreted as a deformation
of this unperturbed ground-state ¢“°(z) = QSOGS (z), with the following consequences for the physical meaning of the
canonical conditioning of parameter p
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1. Link between E, and the rate function I(a) governing the large deviations of the intensive local time a

The ground-state energy FE,, of the p-deformed Hamiltonian H,, governs the asymptotic behavior of Eq. |A__1F| of the
Laplace transform P,(z, T|xo, 0) of the local time Ay introduced in Eq.

~ JrOO
P,(z,T|x,0)= / dAe PAP(x, A, T|xo, Ao, 0)
0

o —TEy {67 Ue) ¢§S(x)] [eU(;O)gbe(xo)} = ¢ TFrp ()1, (20) (B1)

The large deviations properties of Eq. can also be used to evaluate the generating function of (A — Ag) = Ta
via the saddle-point method for large T

+oo —+oo
(ePAT=A0)y = (e7PT) = / dae """ Pp(a) ~ / dae= Tt @] "~ o~TE (B2)
0 T—~+o0 0 T—+o0

So the energy E, governing the asymptotic behavior of Eq. for the propagator Pp(gc,t|x0,t0) is the Legendre
transform of the rate function I(a)

pa+I(a)= Ep
p+1'(a)=0 (B3)
while the reciprocal Legendre transform reads
I(a)=E, — pa
dE,
_ Y5 B4
= (B4)

As a consequence, the canonical conditioning of parameter p discussed in section [A3 | can be considered as asymptot-
ically equivalent for large T to the microcanonical conditioning of subsection [VIB 2] towards the intensive local time
dE,

a, = ddEp” corresponding to the Legendre value of Eq. @ Note that this relation a; = o has a very simple inter-

pretation via the first-order perturbation theory for the energy E,, of the ground state qbg 9(x) in quantum mechanics
when the parameter p is changed into (p + €)

= = liny (E”f EP) = (655 18(0)[65%) = [655 (@ = 0)]" = By (2 = 0) (B5)

that corresponds to the conditioned steady state Py (x) of Eq. at the origin x = 0.

Relation between the Laplace parameter p and the time-Laplace parameter s in the large deviations analysis

The comparison between

(i) the Legendre transform of Egs. between [ (ad E,

(ii) the quasi-Legendre transform of Egs. and [106| between I(a) and m

allows to eliminate the variable a to obtain the following relations between the Laplace parameter p and the
time-Laplace parameter s

2. Example of the drift p(z) = —psgn(zr) with g >0
a.  Computation of the energy E, via the Legendre transform of the rate function I(a)

For the explicit rate function I(a) of Eq. the Legendre transform of Eq. yields the following properties.
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(i) The microcanonical conditioning to the intensive local time a* is asymptotically equivalent in the thermodynamic
limit T — 400 to the canonical conditioning of parameter

p=-I'(a")=p—a" (B7)

so that the domain a* € [0, +oo[ of definition for the intensive local time corresponds to the following domain for the
Laplace variable p

p €] — o0, (B8)

Reciprocally, the canonical conditioning of parameter p is asymptotically equivalent in the thermodynamic limit
T — 400 to the microcanonical conditioning of the intensive local time

ay = —p (B9)
(i) The energy E, of Eq. reads using Eq. and Eq.
2 2 2
a—p p p
Ep=pa+f(a)=pa+%=p(u—p)+5=pu—5 (B10)

b.  Direct analysis of the ground-state of the p-deformed Hamiltonian Hp

For the drift u(x) = —psgn(z) with > 0, the Hamiltonian H = H" of Eq. of parameter p > 0

(1] 1o 4
H* :—iax—k?—ué(m) (B11)
has the zero-energy normalized ground-state of Eq. 5] using Eq.
QSGS[#] (z) = Geq(x) = \/ﬁeimx‘ (B12)

The p-deformed Hamiltonian H,, = HZLH Vof Eq.

2

1
H}j‘]: HW 4 ps(z) = —582 + % — (k= p)é(z)
1 ~p)? P (n=p)
=50+ w — (n—p)d(x) + #

= Hr7 4 B, (B13)

can be thus interpreted in the domain p €] — oo, u[ of Eq. as the sum of :
(i) the Hamiltonian H#~P! of effective drift (u — p) > 0 in Eq. [B11} with its zero-energy normalized ground-state

of Eq.

¢OS=Pl(z) = /= pe~ (Pl (B14)
(ii) the remaining constant in Eq.
2 2 2
pe—(p—p p
E, = 5 S _ PR = (B15)

that directly represents the ground-state energy of H,[,“ I'and that coincides with the alternative analysis of Eq.
as it should.

c.  Canonical conditioned process X, (t) of parameter p

Since Eq. is the ground-state of the p-deformed Hamiltonian H,[,“]
¢G5 (z) = ¢CSIP)(z) = /= pe~ Pl (B16)
one obtains that the conditioned drift of Eq. reduces to

() = Do n 9551 ()| = ~(u — p) sgn(a) (B17)
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So the canonical conditioning of parameter p €]—oo, u[ simply amounts to change the amplitude p of the unconditioned
drift u(x) = —psgn(z) into the amplitude (u—p). As a consequence, the corresponding conditioned equilibrium state

e . e — . —2(pu—p)|x
qu[u] (z) = Gl () = (y — p)e 2Pzl (B18)
will produce the following equilibrium value for the intensive local time
a;q[u] = G;q[u] (z=0)=p—p (B19)

in agreement with the Legendre correspondence of Eq. [B7]
Finally, the conditioned drift of Eq. can be rewritten in terms of a = pu — p of Eq. @ as

1(x) = —a2 sgn(a) (B20)

in agreement with the microcanonical conditioning of Eq. in the main text.

Appendix C: Canonical conditioning when the unconditioned process X(¢) has no equilibrium state

In this Appendix, we consider the case where the unconditioned process X (¢) has no equilibrium state, so that the
quantum Hamiltonian H of Eq. has no bound state. For the Hamiltonian H), of Eq. the presence of a bound
state depends on the sign of p as follows.

(i) The case p > 0 corresponds to an additional repulsive delta potential at the origin z = 0 and will not change
the range |V, +00[ of the continuous spectrum of H, since H and H,, have the same potential at z — +o0 in Eq.

(ii) The case p < 0 corresponds to an additional attractive delta potential at the origin z = 0 that produces a
normalizable ground state for H, as we now describe.

1. Emergence of a bound state in the attractive case p <0

For the double Laplace transform P, ,(x|zo) of Eq. the result of Eq.

1

1
P+ & 00

Gy (2]0)G, (0]o)
G(0/0)

és(x|0)és(0|xo)
G2(0]0)

Py (alao) = | Gs(@]zo) — (C1)

shows that for p < 0, a new singularity will appear in Psyp(x|xo) with respect to G (z|zo) when the variable s make
the denominator vanish
1
0=p+ = (C2)
G5(0]0)
The comparison with the pole in Eq. shows that the value of s satisfying Eq. is directly related to the
ground-state energy E, of H,,

s=-E, (C3)
i.e. the relations between p and s of Eqs [C2] and [C3] are the same as in Eq. [B6}

2. Example of the uniform drift x>0

a.  Computation of the energy E, via the pole analysis of Eqs[CZ[C]

For the case of the uniform drift s > 0, the Laplace transform G,(0/0) of Eq. yields that Eq. reads

0=p+Vp?+2s (C4)

So for any p < 0, its solution s = —E,, of Eq. [C3|leads to the energy

2 2
n—=p
Ep<0 = 2 (05)

for the ground state of Hj, that emerges below the continuous spectrum }”72, +ool.
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b.  Direct analysis of the ground-state of the p-deformed Hamiltonian Hy for p <0

For the drift p(z) = p, the Hamiltonian H of Eq.

1 2
H=—0+"% c6
has no bound-state, but only a continuous spectrum ]%2, +o0l.
The p-deformed Hamiltonian H,, of Eq. reads
Loy W
HYfI= HY 4 pb(w) = —5 0% + 5 + pb(a) ()

For the repulsive case p > 0, H, keeps the continuous spectrum ]”72, +oo.
However, for the attractive case p < 0, a bound state emerges below the continuous spectrum ]%2,4—00[. It is
exponentially localized around the origin
poo(@) = V/(=p)e” P! (C8)

p<0

Its energy
Eyco = [ (C9)

coincides with the other derivation of Eq. as it should.

c.  Canonical conditioned process X, (t) of parameter p < 0

The conditioned drift of Eq. [A24] reads
fp<o(z) = 0:In [¢5 ()] = —(—p) sgn(z) (C10)
The corresponding conditioned equilibrium state reads
e 2 —2(—p)|z
Gel(x) = (652 (x)]” = (—p)e 2P (C11)

So the canonical conditioning of parameter p < 0 is asymptotically equivalent to the microcanonical conditioning
towards the intensive local time

a,=Gl(r=0)=-p>0 (C12)
So the conditioned drift of Eq. [CI0| can be rewritten as
P p— (c13)

in agreement with the microcanonical conditioning of Eq. in the main text.
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