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Modélisation Mathématique et Analyse Numérique

DIFFUSIVE LIMITS OF 2D WELL-BALANCED SCHEMES
FOR KINETIC MODELS OF NEUTRON TRANSPORT *

GABRIELLA BRETTI!, LAURENT GOSSE? AND NICOLAS VAUCHELET?

Abstract. Two-dimensional dissipative and isotropic kinetic models, like the ones used in neutron
transport theory, are considered. Especially, steady-states are expressed for constant opacity and damp-
ing, allowing to derive a scattering S-matrix and corresponding “truly 2D well-balanced” numerical
schemes. A first scheme is obtained by directly implementing truncated Fourier-Bessel series, whereas
another proceeds by applying an exponential modulation to a former, conservative, one. Consistency
with the asymptotic damped parabolic approximation is checked for both algorithms. These findings
are confirmed by means of practical benchmarks carried out on coarse Cartesian computational grids.

Résumé. On considere des modeles cinetiques bidimensionnels, dissipatifs et isotropes, comme ceux
utilisés en théorie du transport des neutrons. En particulier, les états d’équilibre sont explicités pour
des opacités et des amortissements constants, permettant de déduire une S-matrice de scattering et les
schémas “2D well-balanced” correspondants. Un premier schéma est obtenu en implémentant directe-
ment des séries de Fourier-Bessel tronquées, alors qu'un second procede d’une modulation exponen-
tielle d’un schéma précédemment publié dans le cas conservatif. La consistance avec ’approximation
parabolique dissipative est vérifiée pour les deux algorithmes. Ces résultats sont confirmés grace a des
cas-tests pratiques conduits sur des grilles Cartésiennes grossieres.
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INTRODUCTION

Dissipative (2 + 2)-dimensional kinetic models

Consider a damped kinetic model, where o(x) > 0 is the opacity,
,dv’
Ohf+v-Vf=o0(x)|c(x) f(t,x,v)Q——f , 0<e¢:=1-k<1, (1)
st 7T
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for x = (z,y) € R? and v = (cosf,sinf). In the special case where c(x) = 1, the model studied in [24] is clearly
recovered, hence our intention hereafter is to extend these findings toward the more general model (1). We shall
be especially interested in its “four-stream approximation” [13,25] with diagonal microscopic velocities,

ve {2(1,1),\%(1,1)},

which yield the following system, (in standard notation)

B f* = %(azfi +8,1%) = 0(x)(c(x)p — ),
Dt + \%(azgi — 0,0%) = o(x)(cx)p — g*), (2)

p=fT+f +gt+g.

This discrete kinetic model, within a convenient rescaling of variables, relaxes towards the damped heat equation,

v A
Op + o(x)k(x)p = div P , or = —p7 if o is a positive constant. (3)
20(x) 20
Indeed, assuming
(t,x) = (e°t,ex), K — 2K,

and rotating the axes for simplicity, it comes
o(x o(x
ot 20,55 = O (1 2nee— 1), cag® 00" = T (- w0y - o).
Adding the four microscopic balance laws,

: _ _ L=
Op+div I + k(x)p =0, J_5<g+—g>’

and subtracting the first (second) with the third (fourth) ones,

O~ )% 0ur* ~ 9% = - T (7t g,

This last equation implies that, formally, | f* —g*| = O(g) and (3) holds: see [25, §5] for related rigorous results.

Plan of the paper

Following the roadmap proposed in [24], we intend to study numerical approximations of (2) endowed with
both 2D well-balanced (WB) and asymptotic-preserving (AP) properties. To this end, two distinct numerical
processes will be introduced: the first one, given in §2, strongly relies on the data of two-dimensional steady-
states for (1). Such steady-states are derived in §1, following original ideas given in [5,6]: in both papers, it is
shown that solutions of stationary elliptic equations yield, thanks to Laplace transforms, microscopic steady-
states of related kinetic models. A second numerical scheme is proposed in §3, being essentially an exponential
modulation of the one given in [24] for the special case k = 0. Its WB and AP properties are studied, in the
light of what was previously done in §2. A main difference between both schemes is that only the second one
appears to be unconditionally positivity-preserving; numerical tests displayed in §4 reveal that it is slightly
more diffusive, though, especially in kinetic regime with stiff parameters. Concluding remarks are given in §4.2.
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1. TWO-DIMENSIONAL KINETIC STEADY-STATES

1.1. Comnservative isotropic scattering and diffusion

Consider first, for x = (z,y) € R? and v = (cos 6, sin ), the special case of (1) where ¢(x) = 1,

uftxy) +ve 7 =06 ([ fexv)G - 7). ot z0 (@

The heart of the matter in [5] (see also [12]) consists in showing that, by combining the method of characteristics

R—r<0

FIGURE 1. Incoming (left) and outgoing (right) state f(x,v)

and the Laplace transform L[-](p), stationary (microscopic) solutions of (4) can be retrieved from harmonic (i.e.,
stationary, macroscopic and smooth) functions p(x):

f(x,v) = /000 exp(—r)p(x —rv)dr = L.[p(x — rv)](p = 1), Ap=0. (5)
Indeed, when o = 1, the method of characteristics yields, for any v € S,
& (Fs.x+ 5v,v)exp(s)) = pls,x+ sv)exp(s),  p(s,%) = | s s
so that, by integrating on s € (0,1),
ft,x,v) = f(0,x — tv,v)exp(—t) + /Ot p(x —rv)exp(—r)dr — L, [p(x —rv)](p = 1), t — +o0.

One way to justify that p is harmonic, goes as follows: by integrating in v and invoking Pizzetti’s formula [14,26],

o) = [ fox G

_ /OOO exp(—) (/S p(x — Tv);l;_’> dr

o0 Am
= / exp(—r) | p(x) + Z ﬂrzm dr, 0 < au,, depending on dimension 2,
0

o
m>1 m

— o) [ expl-r)dr = o (1),
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and using that, for p € C*°(R?) harmonic, every term in the series vanishes. Accordingly, in order to build
a “2D-WB-AP scheme” for (4), a 4 x 4 S-matrix is derived, which relates 4 “outgoing states” to 4 “incoming
states” (which are available data): see Fig. 2. Such a S-matrix can be seen as the restriction to a finite set of
velocities of a “continuous scattering operator” S, defined on any circle of radius R > 0:

S: f(R(cos 6,sin6); —(cos 6, sin 0)) — f(R(COS 6,sin 6); (cos 6, sin 9)) (6)

By definition, we call an “incoming” (respectively “outgoing”) state, any state f(x,v) such that x-v=—-R <0
(respectively x - v = R > 0), see Fig. 1. By (5), they are,

f(R(cos 6,sin f); F(cos 0, sin 6’)) = /000 exp(—r)p((R =+ 7)(cos b, sin 9)) dr, 0 € (0,2m).

Since any macroscopic steady-state p(x) is harmonic, it reads in polar coordinates,

p(r,0) =ag + Z r" (ay, cosnb + b, sinnf)
neN,

:ao+a1m—|—b1y—|—a2(:1c2—y2)—|—bgazy—|—...,

and this determines the (first four) Fourier coeflicients of the resulting f,

f(R(cos 6,sin 6); F(cos b, sin 0)) = / exp(—r)p((R =+ 7)(cos 8, sin 9)) dr.
0
= / exp(—r) {ao + (R +7) (a1 cos + by sin ) + az(R =+ 1) cos 20| dr
0
=TI(1) [ao + R(ay cosf + by sin 0) + R%ay cos 20

+TI'(2) [(al cos @ + by sinf) + 2Rag cos 20| + I'(3)ay cos 26
=ag+ (R+1)(aycosf + by sinf) + (R* £ 2R + 2)ay cos 26, (7)

being I'(n + 1) = n! the Gamma function. Accordingly, any (obviously periodic) “incoming state”
f(Rv,—v) = f(R(cosb,sinf), —(cosf,sin0)), 6 € (0,2m),
rewrites as a Fourier series with (real) coefficients (A4, By, ), and, by identifying successive coefficients in (7),
Ay =ag, A1 = (R+1)a1, By = (R+1)by, Ay = (R* + 2R+ 2)as,

which expression is very similar to the columns of matrix M, see [24, eqn (3.3)]. The first Fourier components
of the corresponding “outgoing state” follow,

f(Rv,v) = f(R(cos 6,sin 6); (cos b, sin 0)) (8)
R—1 : 2-2R+R?
= AO + m(Al COSG + B] Sln@) + mAQ COSQO + .

The scattering S, non-local in physical space, becomes local in Fourier space for isotropic collisions.

IThe Fourier coordinates “diagonalize” the discrete scattering operator.
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1.2. Dissipative isotropic scattering with adsorption

In the original model (1), the expression of the stationary regimes is obtained (by passing to the limit ¢ — +oo
in the method of characteristics), see e.g., [11, page 34] as a Laplace transform (again, letting o = 1), see [6]:

dv

fx,v) = C/OOO exp(—r)p(x — rv)dr, p(x) = /gl f(t7x,v)§.

Again, another integration in v produces a Fredholm integral equation on p,

pix) = [ exp(-r) ( [ ot rv)‘;ﬁ) dr, 9)

in which the circular integral on p(x —rv) will reduce to the pointwise value p(x) if p solves a convenient elliptic
differential operator [15,29]. Yet, the diffusive approximation suggests the “modified Helmholtz problem”,

—Ap+Ap=0, (10)
which solution satisfies (see e.g. [3, §2.4] for more details on Green and modified Bessel functions),

p(x) = lﬁ /sl p(x — TV)CQLZ’ r > 0. (11)

By inserting (11) into (9), one gets that the constant A (different of the 1d case, see [7]) must satisfy:

1= C/O exp(—r) Zo(Ar)dr = ¢ L, [Zo(Ar)](p=1) = Wipyvi M=1-c=kr(1+c).

Being a solution to (10), the macroscopic density p (expressed in polar coordinates and separating variables)
rewrites as a Fourier-Bessel series in any disk of radius R > 0,

p(r,0) = apZo(Ar) + Z Zn(Ar) (an cosnf + by, sin n@), r € (0, R),
neN,

so that the corresponding stationary microscopic density f(x,v) follows by computing Laplace transforms of
Bessel functions because trigonometric functions depend only on @ (and v = (cos 6, sin 6) € St).

f(Rv,Fv) =c (aoXOi()\R) + ) XF(AR)(an cosnf + by sin n9)> . XEOR) =L (T,(MR £7)))[1].

neN,
(12)
To proceed, the “summation formula”,
V(n,z,y) ENXR?,  Iy(x+y) =Y Lo k(@) T(y), with I_,(2)=TI,(x), (13)

kEZ

is recalled [2], along with usual Laplace transforms of Bessel functions:

Vn € N, L. [Z,(Ar)](p) = \/p21—7)\2 (p+ \/jﬂ) .
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As p =1, an interesting relation comes out,

L2, (An)l(p=1) = Nie=pv <1+W> T (it

so that the general term proceeds by the summation formula (13),
vneN,  XE(R)= / exp(—7)Z, (MR £7))dr = L, (L, (MR £7)))[1].

_ Z (/ exp(—7)Zj, k(i)ﬂ“)d?”) Ti(AR)

kEZ

=D Lo(Tppg (£20)[p = 1 Ti(AR)
+A In—k|
= L, (To(£Ar) 1] k% <m) LOR)
[n—k|
- Z ( ) T(AR)
kGZ

1 2 \" TR Y [n—Fk| £\ "tk
== (1+c) o )+k§* <1+C> +<1+C>

For instance, since A2 = 1 — ¢2 = k(1 + ¢), we get the expression of the first terms in (12):

XZE(R) = i(IO()\R)i 2 ()\R)+(2)\20)212(>\R)+....>,
1 >\2 AZo(AR)
XE(R) = E (Il(AR) [ T 0)2] + = —+ ) ,
1 ATL(AR) A2 A2 Zy(AR)
X3 (R) = (IMR) =10 { (1+c)2} L+ 02 > :

For x = 1, a well-known formula [2, (9.6.37-8)] implies that X (R) has an exponential behavior,

VR>0,  exp(£R)=TZ(R)+2 Y (£1)FI(R),
keN*

but in the general case 0 < k < 1, we simplify the damping factor ¢ > 0 and deduce from (14):

f(R(cos 0,sin0); F (cos d,sin 9)) ~ ag [IO(AR) + 12:\

2K
CL()\R) + i CIQ()\R):|

+ A(a1 cos @ + by sin @) [Il (AR) K Io()\R)}

S R e e
T.(AR) K To(AR) ]

(\R) | (1+1+C)+(1+C)2

A2 A1+ c)

+ Masq cos 260 [

which is the generalization of (7) when the dissipation parameter s # 0.

Ik(AR)} :

(14)

(15)
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Remark 1. Both (7) and (15) express steady-states only in a special case where x = R(cosf,sinf) and v =
+(cos8,sin @) are colinear. This is enough to build up the S-matriz (18) and to derive the corresponding 2D-WB
scheme in the form (19). However, this is less general than what was found in [24, eq. (3.1)], where explicit
steady-states were given for arbitrary arguments (x,v) € R? x St.

To account for a (locally) constant opacity o > 0, it suffices to rescale R — oR in (15):

Lemma 1. Let f(x,v) be a steady-state of (1) with o = 1, then f(ox,v) is a steady-state of (1) with any
constant o € R

Proof. Let f, be asolution of v-V f,(x,v) = o L[f,]. Being the constant o > 0, this yields that v- f,(x/0,v) =
L[f,] and so, in particular, f,(R/o,v) = f(R,V) O

2. TWO-DIMENSIONAL WELL-BALANCED SCHEME
Hereafter, a uniform Cartesian grid is used, with Az = Ay and At > 0 a time-step. Standard notation is
Y(n,i,7) € N x Z?, ffj’" ~ fE(" = nAt,iAzx, jAy), gli]’” ~ g (t" = nAt,iAz, jAy).

2.1. Derivation of the dissipative S-matrix

Following the same procedure as [24, §3.1], a 2D S-matrix, S, = M M~ is deduced from the expression of
kinetic (both incoming and outgoing) steady-states (15), where

X{(R) -X{(R) 0 Xj(R)
volx® Xt o0 xm
w0 x|

XJ(R) 0 X{(R) -Xj(R)

X;(R) X[(R) 0 X;(R)
golxXem® xrwm 0 x;(m)
“lxom 0 xim) X5 (R)
X (R) 0 -X{(R) ~X;(R)

A Fourier series (15) of both incoming/outgoing states yields an analogue of (8),

f(R(cos 6,sin 6); (cos 4, sin 9)) (16)
Xo (R) X1 (R) , X5 (R)
= Ag + (Ajcos@ + Bysind) + Ao cos260 + ...,
X (R) X\ (R) X5 (R)
which gives back (8) when k — 0, so that ¢ — 1, because
1 n
meN, LR - - <A2R> . AR 0. (17)

In order to express the S-matrix, the inverse of M is needed,

1 1 1 1
aX;  axg  oaxg  oaxg

—f 1 0 0

M= 2x;  2xf
0 0 —1 1 9
2xt  2xiF
1 1 -1 -1

4X5  4xy  oaxS  oaxS
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- - - ~
7 ~N
AN
/ \
/ — \
. Ri-ij+3 \
+
Ji-1,5 ! [ :
\\ i—1,7 1
\ /
/
ys < \\\ _ _ - - (‘T’L:yj)
I .
i—1,j -
sJ 9i_1 j

FIGURE 2. The S-matrix (Sﬁ)i—%,j-s—% and an incoming state, fl-Jr_Lj.

so that, by setting Yy = X, /X", and so on. A discrete version of (6) is deduced,

Yo—-2Y1+Yy Yo+2Y1+Y, Yo -1 Yo -1
~ 11 Yo+2Y1+Ys, Yp—-2Y1+4+Y, Yo -1 Yo -1,
MM 1==C 1
5 il v-v Yo—Ys  Yo-2i+Ys Yo+2¥i+Ys |’ (18)
Yy - Y Yo - Y Yo+2V1+Ys Yo-2Y1+ Y5

(see Fig. 2) where each function Y;(R) rewrites as,

To(AR) — £ Ti(AR) + £ET(AR)

To(AR) + 2. Ti(AR) + £ET(AR)

B ANT, (AR)
(1+¢)Zo(AR) + 2)\T1 (AR) + 2kZ2(AR)’
BOE(1+ ) - BED
ERE L ) + B0
22\To(AR) .
=1- tice that: 1 -2
(1+c+ r)IT(AR) + ATo(AR)’ (notice that: 1+c+ £ =2)
LOR) LR (1 4« )4 ToOR)

Yo(R) =

Yi(R) =

A2 A(1+c) 1+c (14¢)?
Ya(R) = Z,(0R) | Ti(AR
) K Zo(AR
2GR )\t§+c) I+ + (f+c)2)
L AN, (AR)

(1+ ¢)2To(AR) + 2MT1(AR) + A2Zo(AR)’
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2.2. 2D well-balanced scheme and consistency

Accordingly, one gets the following time-marching scheme (similar to [24, eq. (3.5)]),

f+’”+1 +,n
ilj-:;_li_l it
fits At fiits At
nt1 [ =155 R Iy
9i—1,5+1 i—1,54+1
—,n+1 —-n
9ij 9ij

B
9i-1,5+1

which naturally preserves any 2D stationary regime locally expressed as (15).

(19)

Theorem 1 (2D well-balanced). Let At < 2R and AR be small enough, then (19)-(18) is consistent with
(2) and dissipates both L' and L* norms. Moreover, it is “2D well-balanced” in the following sense: any
steady-state locally expressed like (15) is invariant by (19)-(18).

Proof. Under the CFL restriction, the marching scheme (19) is a convex combination, and preserves positivity
as soon as all the entries of S, are nonnegative, hence AR small enough. The dissipation of L' and L* norms
is a consequence of the symmetry of S, where both lines and columns add to less than one. For consistency,
when AR < 1, by (17), it comes

Yo

Y1

Y

Xy (R)  To(AR) = 2. Ti(AR) + £ T(\R)

B X(;*(R) N Zo(AR) + %L(AR) + E{IQ()\R)
~ 1;zg ~1—2KkR,

xR _PREO ) - H8P R
CXT(R) BREA 4 )+ B0 T R4
xR AR - 28R+ ) + RN
S Xf(R) BOR L BOB s BOH

2 P2 2
~ (TP TS es = ey O

so that both Y7, Y, behave like C, D in [24, eq. (3.4)], and

kR R
L Id— 2 S LR
S Y21+ R)

NV}
— =
— o
— =
— e

(like conservative case k = 0),

(like conservative case k = 0),

-3 1 1 1
1 -3 1 1
1 1 -3 1
1 1 1 -3

(20)

which yields that (19) is consistent with (2) as R — 0. To establish the “2D well-balanced” property, notice

first that, in a given cell centered in T 1,Yjy1a sufficient condition for a state to be invariant by (19) is,

+,n
ij+1
—,n

{iﬁl,j

E
—~
n
=
~—
=
|
|
<
+
|
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for some “frozen values” ¢ = o0, _1 ;1 1,Kk;_1 41 € (R*)? in the prescribed computational cell. Assume now
27 2 27 2
that there locally exists a truncated steady-state of the form (15),

f(3R(cosb,sin ), +(cos f,sin §)), 0 € (0,2m),

which samples for 0, = 7 + kTW, k € {0,1,2,3} match all the 8 values located around the computational cell,

+,n
fitt;
f.jF:"l

z%%
9i,j

F.n
9i-1,j+1

= f(&R(cos 0y, sin 0y,), F(cos O, sin Hk)),

In that case, by construction, the S-matrix (18) maps the 4 “incoming values” (v -x < 0) into 4 “outgoing
values” (v - x > 0) which all correspond to f, so that

+.n +,n
i—1,5 ,j+1
fon . . . fior.
(Sk)ict 1 Lyl = f(5R(cos b, sinby), (cos O, sin b)) = et ,
9i,j i—1,j+1
—n —n
Ji-1,j+1 Yi,j

and this exactly means that the discrete “4 velocities” restriction of f given by (15) is left invariant by (19). [

Remark 2. Oppositely, if the opacity is stiff, c AR > 1 (local hydrodynamic limit), the sign of the entries in the
S-matriz isn’t obvious. These expressions allow to get necessary conditions for positivity in (19): for instance,
in order to get Yo — Yo > 0 in the limit of infinite stiffness cR > 1 with k ~ 1,¢ ~ 0, one should have

1 1
0< -

T 142+ 1-c)(1+c) (Q4+0)+2(1-¢)
< 1 1
“2(14¢ 3-c

l—c 1+4¢/3 3 4
< - _ > = < _-.
< 3 c2zorksy

Corollary 1. Under the same assumptions, if o(x), k(x) are constant in the whole computational domain, then
any truncated steady-state of the form (15) restricted to four velocities, 0, = %—‘—’%, k €{0,1,2,3} is preserved.

Proof. Given R > 0, if all parameters are constant, any steady-state f(x,v) can be split into “patches” of the
form (15) inside the disks D of radius R and centered in (z;_1,y;,1),4,j € 72 (see Fig. 2) inside which the
proof of Theorem 1 applies. O

%

2.3. Consistency with damped diffusive limits in 2D
In order to study its diffusive limit,

R~ ?, K 2K, )\E§ = R\Vk(2 — e2k) — Axv/k, (21)

we shall again decompose S¢ in a form directly inspired by [23,24],

S =

K

+ O(N° ~eV2k), So =

SO = O
o O O+
= O O O
o= O O
oo = O
SO O
— o O O
o = O O
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Since A* = V1 —c? =¢e\/k(2—¢€%k), 1 + ¢+ Kk =2, and A\*R/e ~ Az /k,

ANT (A )
(14 0)2To(A L) + 20Ty (A ) + | Ae|2Tp (A £)
ANT (N )
(14 0)Zo(AE) + 20Ty (A &) + 22K T (A B)’
ANT(A ) ANT (A )
2L (AN E) + XA ) (14 0)To(AE) + 20 L1 (A B) + 2e2kT (A B)
ANT (A )
(14 2T (A L) + 20Ty (A ) + |Ne|2Zp (A &)
ANTy( A L&) AN (N2
Yo +2Y1 +Yo =4 — € — €
o et 2T (N E) AT E) (14 To(AE) + 20T (V&) 4+ 2e20T, (A E)
ANT (A E)
(14 0)?To(A ) + 20T (A B) + | A |2Tp (A B)

Yo —Yy =

Yo — 2V + Yy =

By analogy with coefficients defined in [24, §4.1], and neglecting 2e2xZ5(...),

o = VE(2 —e2k) Io()\eg) (22)
C 2L (N E) ATy (A B’

B = VER2 = e2R) Ti(A E)
1+ 02N E) F 2N T (A B) | Af 2T (A B)
. VER = e28) Ty (A B)

DT T U 9 E) T (v B) (24)

(23)

and the decomposition of S¢, = Sy + 57 follows:

01 0 O 11 11 af — B¢ —(a® + 59) B¢ 5
1 0 0 0 11 11 —(a® + 59) af — p¢ 3¢ 3¢
e __ 15
S%a=lo 00 1|7y (111 1] " ge e af — B —(af + )
0 0 1 0 11 11 B¢ o —(af + %) af — p¢
Accordingly, an IMEX scheme emerges from
+,n+1 +,m+1 +,n+1 +,n +.n
fz jf:_{l—l fz 31_11_1 fz ?il 7,741 1—1,5
fz_?] At f’l_{lj f_il f_!? At £ _11
nf1 + nt1 — 5o ¥ = Y +o5 S S - (25)
gz+ 1;+1 2eR gz+ 1-."]_—4—1 gzg 9i—?,j+1 2R gzg
—n+1 —n+l1 —n+l1 —,n
] 9; ,J 9i—1 ,J+1 gi,j ngl,j+1

According to (17), there are two different types of terms in that expression:
e the ones in Z,,(Ax)/Z,+1(Ax), behaving like 1/Ax, render diffusion,

N \/ﬂIO(O-Ax\/E) ~ \/ﬂ 65 N \/ﬂzl(UAx\/E) ~ \/5
“ 271 (cAx/K) — oAz\/K’ AT, (cAz/E) — oAx’
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and if the dissipation isn’t stiff, cAz/k < 1, modified Bessel functions (17) ensure that

4 Ty (0 Ax/K) Lo (0 Azy/K)
n 2k
~ V2 Az ok _ R(m’ because  Tp(x) — (f) %
12 6 2) 2kl (k +n)!

e gy V2 (QIO(O—AWE) To(o Az /R) — L(JAWE)?) o

o the only one in 7; (Ax)/Zo(Az), behaving like O(Ax), renders dissipation

v _V2kILi(0AzyK) orAz\2 okR

~— = , ocAzv/k < 1.
2Ty (okAz/2) 4 2 Vi
After a shift of indexes, the IMEX scheme (25) rewrites
1+ AL 0 0 £
_ % +5£t 0 0 f ,n+1
%ER OQER 14 At At Yoyt | = (26)
+ @ T 2R giij o
0 0 T 2R 1+ QSR g‘Jzn
+, -
;"j*" IYZ,, j,l( i— ?] 1+ n+gz] 1+gz 1,])
2 +
i,j7n + At ’yl_;'_ j+ ( " + f+l J+1 + gz+1 Ni + gz J+ )
+,n oD
gi,j 2R ’77_’_ ]_,( z] 1+fz+1]+gz+1] 1+gz] )
—n
givj 72877 J+1( i— 1,]+f1]+1+g7,] +gz 1]+1)
-+ - +,
af_; _,( i1 )_56_,J_,( PP I _gz,Jnl
+ n +,
af+;7]+1(f1+1,j+1 i, ) - f+§73+1( z]n+fz+1,j+1
£

O‘i+%,jf§(gz+1u—1_gfjn)+5f+ = 1(f

1)
gH—l ,J gl,j+1)
+,
2+1] 9i+711,j 1= 95")

)

g
€ —,n +,n e +.n
a1 i1 (9: 00 0 — 90 ) + B J+1( i 1J+fu+1 95 — 911
Denote 7. = ;=™ + " and =g "+ + g% addi tions in (26) gi
mo= 1 i 9, =9;;" +9;;" s0 pjty = fi; + g+ adding equations in gives,
At
n+l _ —-n +,n
f fw ( i—3 jf—( i— LJ 1 )JFO‘H g+ (fi+1,j+1* i,j ))

+,n —,n “+,n —,n
(55_,7]_,( PRI o P e AP )
e +, -,
+ 514_ Lj+i (f " fi+?,j+1 - gi+?,j — 9 jil) (27)
+, - =+, -
- ’Y,_,,J_,(fi—?j—l + 1t gt 9t )
n

- ’Y,-+%7j+%(fu + f+1 J+1 + gl+1,] +gz j+1))

(28)
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At
1 _ + -, -, +,
gi; = Gij T R <0‘f+l -2 O = 9 i (0 e — gm'n))
At . )
+ ﬁ( i+i jfé( S 9 — %))

+, -
Jrﬁl,, g+l L (fi 13 + f,J+1 gi,jn - gi—?,j-ﬁ-l) (29)
+'Vl+ j,l(f i,j— 1+fz+1]+gz+l,j 1+gz )

+’71,7 J+ (fz 1,5 + fz ,J+1 +gz,j’n +g;7f]+l)>

Corollary 2. The IMEX scheme (25) is “2D well-balanced” in the sense that, if data are at steady-state,

+.,n +,n
i,7+1 i—1,5
fit; fiit
Ay 0 =(SR)ic1 01 By 0 where AT L .= =1, B, o= i

—z —2d+s Ti-g3.0+3 _l4l: +.n ) 1y o ,

i-1,j+3 i +3 Ti—5.J+3 i—5,J+3 9 i—1,4+1 gm
“n
Yij 91*1’34»1

for alli,j € 72, then
;o 2 :tn+1 +,n +n+l _ +n
\V/(Zm]) GZ ) fz] i, gm _g%] . (30)

Proof. Denote S := (57);_1 ;41 for simplicity; since S = Sy + €57, (25) rewrites

Ajj}ﬁ; + ZA—; (A;Lj%l’jﬂ 503n+21J+ ) =AD gt 2A; xeSi By i 1
Being at steady-state,
01 0O
Ay =SB, = (So+eSOBL, L S=|0 o o o]
0 01O
so the IMEX scheme rewrites, for this particular type of data,
(A:z—tl Jt3 Aiaﬁrl) + QA; (A:b—tlj+1 B SOB?—Jr—lJ+2) - % (A:LfaJJrQ SOBn 3.0+ )

Yet, (30) is reached by shifting indexes like in (26), along with
e adding both first and last two equations, so as to get the preservation of averages,

n+1l _ en n+17n n+17n,
fij =T 6y =8, and  pii =ppg

e subtracting both first and last two equations while defining macroscopic fluxes,

n __ f+_f7 " 2 At n+1 n . n.
Ji,j_<g+_g— ijeRv 1+7 (J Ji,j)_Ov

e and finally taking advantage of the elementary relation,

() =2 (()=)
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O

Remark 3. The assumptions of Corollary 2 are similar to the ones of Theorem 1. Indeed, to ensure that, in a

gen cell, AT 141 = =571 141 B 143 holds, it is sufficient that there exists a local steady-state of the form

(15) for the rescaled equation
A tx,v) Y D
v xf_g ( _EH) Slf(’X7V)§_f ) X € R(xi—%vyj—}—%)

By sending formally € — 0, having divided by 4%, coefficients split into

Yo-Y, Il(AI\/E) Il(AIf)
Yo-2"i+Yy (IO(AIX/E) _ Li(Azy/k) ) Zl(Al'\f) +0(e)
Wt s¥)=d __(Dlbey) , Tlbav ) ~,(Ae ) + 00

along with (26), which yields,

fitmet 1 0
,n+l 1 0
j_m_l € Span ol |1 ;
g; Ja"'*‘l 0 1
ET = = SR gl = e = Ga (31)

Yet, invoking (31) in both (27) and (29) yields diffusive fluxes and dissipative terms,

At
+1_
fig ™ =Tij+ (—(a,_w_; taipg s tBioy -1 By )il
Fiog oy = By y- )Tl (@i g gt = Birg i )iim

Bt -1 (001 + 81 5) + B 1 (88, + QZJH))
At

4R(71—7J—7(f7, 1,5— 1+f1]+gz] 1+g7, 1])

i+l 43 (Fej + fipajer 00, + g?,j-‘,—l))a

At
1
gt =0+ iR (7(042'4’,%7]‘,% toy g+ Bivs o1 + By 41)00

Flaips o1 = Biyr 1) T (s e = B j401)8i
+ rBi+%,j (fu 1+ fif) + 52—7 (f?—Lj + f?,j+1))

At

4R (’71+2,j——(f1] 1 + fz+1,_] +gz+1,j 1 +gz _])

Y-l 41 (Fisay T o0, + 9?71,j+1>)~
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We choose to set up the horizontal/vertical discrete Laplace operator with Bii1 JrEp
2 2

At
1
f?j_ = f?,] + E ((0%‘7%,]'7% - 51'7%,3‘7%)(%7‘11,;;1 - f:L,J)
iy gt~ Bivg 1) (i —Tiy)
+Bic1 (@i — 2fi; + i1 )

+ Bivg gt (81, — 205 + gﬁjﬂ))
At
+ 4R (7"_%71'_% (f?—lvj—l i et 9?—1,3')

n T n n
FVir g gt (T + i H 0, + gi,j+1>)a

At
n+1
0t = 0t + o (g goy = Biry s (@250 —l)
+ (aifé,j+% - ﬂifé,ji»%)(g?fl,j«}l - g?,j)
+ By -1 (o — 200 + T )

+ ,Bi,%,j+%(f?71,j - 2921 + fszrl))

At

YR <%‘+%,j—%(f2j—1 + i, o o)

+ %f%,ﬂ%(ﬁlu +fij e+ 9?—1,j+1)>7

so that another “diagonal” Laplace operator, involving a® — 8¢ = O(R) (for fine grid) appears. Clearly, both §
and g solve similar damped diffusion equations, if both o(x) and x(x) are smooth. Accordingly, if initial data
are “well-prepared”, they are likely to stay so for later times because the Maxwellian gap 7', — g;'; satisfies a
parabolic linear equation, too. As p = §+ g, assuming §; ; = g; ; for all i, j € Z? brings the limiting scheme,

At (Bi1i i 1+ Bi1 1 Bit i1 +B 1,1
1 om . i+1,5 ' i—1.5 i—1.5 ,
PZ]‘ = P?,j +-= S S (p?,jfl - P?,j) + S S (pznfl,j - P?,j) (32)
4R 2 2
Prsgorh Thisgars oy Pitbad Fhibary o
5 Pij41 — Pig) 5 (Pi1,; — Pig)
e R Sl iy et~ Bivd el
+ 22 5 2 (piy jo1 — Piy) T 22 5 22 (011,41 — Pig)
Qipd -3~ Piryi-1 a_1ri = Bint g4l
+ 2 B S (P?ﬂ,jfl - PZJ') + S B S (P:'Ll,jﬂ - PZJ')
Vi3.i-3 Yi-g.i+3

+ T(p?—l,j—l + i1 TPl pry) #(p?—l,j + i1 TP+ Pl )

Yigl -1 Yi+l j4+1
+$(P§fj71 oyt Pt P ) %(P?J— + i+ Pt i) )
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Assuming that the parameters aren’t stiff, meaning cAz/k < 1,
af 3¢ N V2 1
2x2R’ 2x2R "~ 20Az x Azv2  20Az°

e e ° Ok
of — 8~ O(R), B8

(2R = AzV/2)

so the aforementioned asymptotic scheme is consistent, as Az — 0 with the diffusion approximation (3).
Moreover, assuming that o(x), k(x) are positive constants, the scheme (32) rewrites as follows,

At(a® + 5 =)
ijlpZJ'(l 2R
At(/BS + ,-YE) u i 7 7
—ap Pl el P )

At(a — 5 +7°)
+ SR Py jor +Prjpn + PR + P 4)

and under the fine-grid approximation (17), 8¢ + 7¢ > 0. Consequently, an elementary manner to make it
unconditionally positivity-preserving is to treat implicitly all the dissipative terms, the ones multiplied by v*.

Remark 4. Oppositely, in stiff regime, cAx\/k > 1, and Bessel functions balance each other:

VE VE R

as,:i /85 _

V2’ o T
3Vk NG
af + [ ~ ——= ~ 33°, af — 5~ F— ~ (37 €~ —23°
FEa Y FEyn st ey

The scheme (32) works on a 9-points “Moore stencil”, hence doesn’t match the “Steklov scheme”, see [19, §4]
and [4], which has only a 5-points stencil. Points on the diagonals p'y j+1 are multiplied by 57, 1 +5p1 el
X PR 2 2 2

3. POSITIVE, COMPOSITE TWO-DIMENSIONAL SCHEME

Consider again the following kinetic system with adsorption (1),

é?tf(t,x,v)—l—v-foza((1—;@)/Sl f(t,x,v/)cévwl—f>7 (x,v) € R x !,

in the particular case where &,% € (0, 1) are positive constants.Thus, the change of variable u = fe?* allows

to convert (1) into the conservative equation (formerly studied in [24]),

/
8tU(t,Xa V) +v- qu = 6(1 - E‘) (/ U(t,X, V/) v - u) :
St

In the general case, o(x) and k(x) vary, so this computation cannot be made on a global scale. However, by
assuming that o and & are frozen in each disc of radius R = Az/+/2 and centered in (xi_% , yj+%), see Fig. 2, this
trick can still be applied locally and this is enough for our purposes. Accordingly, by means of an exponential
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modulation of the scheme given in [24, eq. (3.5)],

f+,n+1 f+’" +,n
i,j+i1 i,j# ii}{j
i o) =
e At(ok). 1 .,1 At T At ~ S
fi,nliﬁ M dard = 1-55 {Z,nl’] + 55801 jr1(L— k1 1) fl%‘i—,tll 5 (33)
9i-1,j+1 2R7 91 | 2 2T 2T 9i.j
1 —mn —n
9i,5 9i,5 9i-1,4+1

a time-marching process for (2) can be deduced, where
Oi-14+3 = O—(in—%7yj+%)7 Ri—lj+1 = "5(1717%73/]4%);

and the S-matrix S(a), o > 0 corresponds to the limit x — 0 in (18) and reads (see [24, eq. (3.4)]):

11 0 0 1 -1 1 1
N 1 -1 0 0 1 1 -1 1 1
S(a) =1d + aR - - .
(o) TN TEar |0 0 -1 1 | Tixager2 |1 1 -1 1|
0 0 1 -1 1 1 -1 -1

3.1. Consistency and positivity
Lemma 2. Under the CFL At < 2R, the scheme (33) is positivity-preserving and consistent with (2) as R — 0.

Proof. Under the CFL restriction, the scheme (33) realizes a nonnegative combination; moreover, all the entries
in the symmetric matrix S(o(1 —)) are nonnegative and positivity is preserved. Yet, assume R is small enough
so that the CFL restriction gives a time-step small enough to linearize the exponential modulation,

K, At

Ll
30t3 T~ . ) . ) t
_1 U’L é’] EK,L é,.] éA

and
-3 1 1

1
~ R 1 -3 1 1
S(Gif%,fk%(l - ’%i*%,j+%)) ~1Id + ggi*%,jﬁ*%(l - Ki*%,j‘k%) 1 1 -3 1

1 1 1 -3
Hence, since R < 1 and At < 1, the time-marching scheme (33) is approximated by

1 , )
fi-:rjiil f:jil fit{l,j
fz‘_—?j ( Al fis1; At o
i ~(l——=—0,_1 . 1K, 1, 1At) s + — b tl
+nt1 ~L+iRi-L i+l +, :
igh A O PR L (e
9i,5 9i,; 9i-1,j+1
+.,n
-3 1 1 1 i—1,j
At 1 3 1 1 [
+ Tgi*%,jJr%(l - ’ii*%,jJr%) 1 1 -3 1 gl—\zjn J
1 1 1 -3 g;?,jﬂ
and this expression is consistent with system (2),
+ 1 + + 14 + + P +
Ot £ S5 0uf* 4 0,) =o(l=m)(§ %)~ onf* = o((1-m) - 1)

1
09" F 500" = 0,9%) =0l(1=m)F — )
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3.2. Numerical steady-states

Since it involves an exponential modulation in the time variable, the ability of (33) to preserve continuous
steady-states is not obvious. Accordingly, denote outgoing and incoming states, respectively, as follows:

+,n “+,n
i,5+1 i— 1,1
- o '
Y(i,j,n) € Z* xN, A", s, B, = 14z+
i—1g+d gj?]-u -1 g+d g”
95" 91 i1
Accordingly, the scheme (33) rewrites simply
At At ~
n+1 = = _ n
AT 14l exp(orAt) = (1 2R)A g+t 2RS(0(1 n))Bi_%’j+%.
At numerical steady-state, A"+11 =A™ , . ., so that
Jt3 =3tz

n exp(orAt) —1 1
i—L.g+ <A15+2R) QRS(U(l—H))B %7].+%. (34)

Yet, assume oxAt is small enough to linearize,
(1+ QRUH)A?_%
thus another scattering matrix appears,
S,. := (1 —2Rok)S(0(1 — k).

An interesting question is to relate it with the “exact” S-matrix in (19), at least for small values of R. Notice
that at this stage, we can assume that ¢ = 1 without loss of generality thanks to a simple rescaling of R. First,
the entries of the S-matrix in [24] are the limits when x — 0 of (19), recalled in (8):

R-1 R?—2R+2

Yy — 1, Y - ——, - .
0 Rt 27 RZI2R 12

Yet, in S,, the R’s must be multiplied by 1 — &, so its entries agree with (20):

1—kR
1+ kR
1-kR (17.%) -1 (1-KR-1+kR R-
1+ rR 1-k)R+1~ (1—-k)R+1+kR R+1
1—I€RX(1—/{)2R2—2(1—I{)R+2 R?>-2R+2+2kR—2kR _ R*>—-2R+2 _
1+rR " (I—rPRZ+2(1—mR+2 RI+2R+2-2xR+2xR  RE+2R+2 %

(1 -2KkR) x 1~ x1~Y, (when R <« 1)

~Y;

This computation shows that the steady-states of (33), at least when oR < 1 (so exponential and Bessel
functions behave like polynomials), are consistent with the “exact ones” preserved by (19) as long as necessary
linearizations are licit.

Lemma 3. Both schemes (19) and (33) preserve the same steady-states in the fine-grid regime, R < 1.
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3.3. Consistency with the damped diffusion limit

The diffusive scaling of (2) corresponds to (21) at the discrete level; thus, applying the exponential modulation
to the IMEX scheme given in [24, eq. (4.2)] with shorthand notation Vit 41 i=(0K);_1 ;1 brings,

+,n+1 +,n+1 +,n+1
z‘,j+J1rl fi,j+J1rl 01 0 O fi—l,il
=n —-n -,
fiovg | AL ) s || 0 0 0] fih (35)
+,n+1 2%R +,n+1 00 0 1 n+1
i—1,j+1 € i—Ly4l 0010 i
77’”’ 77” 7)’”’
9;.5 9i.5 9i—1,5+1
+,n +,n
i,j+1 i—1,j
Zn —n
fion Yoyt At fij1 Vo141t
= +n € 20T+ Si,; i1 n € 2
9i-1,5+1 2R et g
—n —,n
945 Ji—1,5+1

where the scattering S-matrix in (33) splits into Maxwellian and diffusive parts,

al,e
+ Esi—%.,j-q— .

™
S O = O
o O O
— O O O
o = O O
[

. ol . . . . .
The matrix S, | contains diffusive incremental coefficients and reads

l_%vj"'z
af — Be _(as +ﬁ5) /88 ﬁe
gle _ |- +p) g e 5
i—%,j+% - ﬁe ﬁe OAE _ Be 7(0[8 +ﬁe) 9
B B @k B)s =B )
with its entries given by
1 1
of 1 =
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Oppositely to (22) and (23), here, both coefficients a® and 8° have the same limit, so that the asymptotic
scheme will have a 5-points stencil, like the one of [24]. An index-shift in (35) yields

At At +n+l
R _QEE 0 0 fz,]
_ t + t 0 0 —,TL+1
2eR 2eR At +n+1
0 0 1+ %R 25§t gl,] 1
J— _7n
0 0 2eR + 2¢eR 9; .5
—, At
e hih 0 0 0 £
- 1AL o)
0 e hird 0 0 i (36)
—y..1 . 1At n
0 0 e T3y 0 9;;
—7. At —n
0 0 0 e Rty 9ig
€ +n n +.n —,n
o %7]'7%( i 1,; 1 fu ) — BZ,,],,( —1,j— 1+f,g “Yi5-1 9i— 1,j)
5 +,n +,n
+At O‘z+%,g+%( z+1,J+1 )_ i+3 J+1(f +f +1J+1 “Y9it15 T gw+1)
a £ n +n +.,n
2R | oy %(gm,a 1 gw )+ By o (it + fi — gz+1,a 1= 9i5")
€ €
& %,J—&-%(gl Lj+1 gi,j )+ﬁi—57j+%< AR gm‘ — 91541

Letting again

n _ ptm —n n _ _+n —n
Fog=tii Th 5 8 =9i5 T

when € — 0, the same situation as (31) is recovered because the left-hand side is identical. Moreover, f, g again
solve identical damped diffusion equations, so the Maxwelhan gap |f?

T o J| corresponding to well-prepared
initial data will remain small. Inserting fz’j =f;,;/2 and giyj = g;,;/2 in (36) and adding leads to,

2
Y . ((9?—1,3‘ —fi;) + (-1 — f?,j))
i1

3
+ 7((9%—1,3‘ - f?,g) + (92j+1 - fZ;))) )
O'H_l j+1

gw _g?-,j

— ((f?,jﬂ —0i;) + (i, — G?,j))
Ti-3g+h

+ 7((f?+l,j - Q?,j) + (f?,j& - 97,;))) .
O'H_l s 1
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Summing former equations and passing to the limit in the coeflicients a®, 8¢ gives the asymptotic scheme,

—~. . At — X At — . At o~ ) At
n+1 I A R A e LAt AT EA
Pij = Piyj 1
At e Tim3a-3R o Vit dary A
—_— n 7 n n n n
* 8R2 7(101',]'—1 + pi_l’j - 2p173) + 7(/)1'4_1,]' + ,Di’j_H — 2p173) (37)
Ti-%.-3 Oipl i1
T itg.0+3
e_’y”%’f*%m o Vi A
n n n n " .
+ﬁ(pi71—1 + i1y T 2005) F ﬁ(l)i_m + i — 2075) ¢ -
27z i=35,J+3

which is clearly consistent with (3).

Lemma 4. Under the parabolic CFL restriction 2At < min(o)R?, the scheme (37) preserves positivity and is
consistent with (3) when R — 0.

Proof. Since o > 0, the only negative incremental coefficients in (37) are the ones acting on p}';, hence a
sufficient condition for positivity preservation reads

1 At

. )
4  8min(o)R?

Consistency with (3) proceeds again by assuming At = O(R?) < 1 and linearizing exponentials, (37) rewrites

piy = i (1—At

At 1 1
Tar ( + )(p?1'—p?»)
4R? ( 2Ui+%,j+é 2ai+%7j7% +1,j g

Vitdtd T Vi T Vi3 T Vo4
4

1 1
+( + e ) P — o)

20543 j+4 i-3.+4
1 1
- ( + )(p? — Pi-1;)
»J i—=1,j
20141 2001 4-

%
1 1 n n 2
_( + 200 3,3 )(pi,j - pi,j—l)) + O(R7),

20i+4.5-4
after neglecting O(At?/R? ~ R?) terms. The scheme given in [24, eq. (4.8)] is recovered when x — 0. O

3.4. Rigorous diffusive limit for constant parameters

For (u; ;) a real sequence, we shall use the notations

OUiy 1 j=Uit1j = Uij, OU;jq1 =Uijp1 — Uig, lullh= > AzP|u g,
ij
TV (u) =Y Aw(Suy gl + 16wy ]), [Aully =D iy + tigen + iy + w1 — dug ).
i, ]

In order to make the above formal computation rigorous, we first derive estimates for the IMEX scheme (36).

Lemma 5. Let us assume that the CFL parabolic condition

2
At S ngO—mm(l - 52"€maw) (38)
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holds. Then, the scheme is nonnegative. Moreover, if the initial data are bounded in L*NL>, then the sequences
fsfjn and gsfjn are bounded in L*°, and we have the dissipation inequality

770 7 g g < YU £ g gy b
0,J
Proof. Inverting the block-diagonal matrix in the left hand side in (36), we get
f5+ n+l m((%ﬂ% + At — %(Ox;%’ﬂé + ’BZ‘EJr%,jJF%))fEZJ’-ne_’Yﬁ%'H—%At
+ (At %(25R+ AB)(aE_y,y +Be g )i
PR ANTEO] )y~ By e
2
+ %(O‘ﬁ%vﬁ% _6z§+%,j+l) Thpard S Lt
PR+ ATEBE e S g g )
+§7§ Z5+%,j+2 Vit d, J+1At(ggj—+7llj +gsz.j‘11>)’
fs_’nﬂ - m« (2€R+At)2AR( Qitlg+d Jrﬂz+2,y+ 1))e Terdary EJCJH
+ (2R + At — %(a57%7j7% + 81 a))e Ao
- %2( oy~ A L
At — 1At
(25R+At) ( Qi l g+l 5z'€+§,j+%) R 8z+771173+1
Aiﬂﬁf_,d_, Thioa-3 st (96;‘,—]”1 +961—7711,3‘)
FEREANTEE e b g ),
and similar expressions for g5+ 7+ and 9% "1 We notice that

of e _ 2%+ oi g jrge(l =Ry )R
i1 a1 — P11 =
edts eIt (etoipn eI - ek s ) R)(E2+ (et o (- ek 1) R)?)

> 0.

E:i:n Ej:n

Hence, fei 7+ and gSi 1+ are a positive combination of fe2" and ¢°7;" iff we have

A#?

E At £ 13
2R 7.+ ]+1 +/8 +%)§2€R+At, and ﬁ(2€R+At)(az+%]+%+ﬂz+%,j+%)SAt

The second condition being more restrictive than the first one, we only have to verify this latter condition, i.e.

At
TR @irtant F g ST
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‘We have
e 5 _ 2
Oyt et t By = V(0 1 (- €hipy 54 1)R),

where ¢(z) = F%I + z25(e52)7 Is a nonincreasing function on (0, +00). The above inequality is satisfied provided

At
(e + ﬁ)z/}(omm(l — %kmax)R) < 1.
Since w(lx) e > g for x > 0, the latter inequality is satisfied provided condition (38) holds. Adding each line of

(36) and summmg over i and j, we deduce the dissipation of the L'-norm as stated in the Lemma. Moreover,
we verify easily from above expressions that if 0 < fei’" < M and 0 < ¢°F™ < M, then for all i, j,

M
~ 2eR+ 2At
fe— ,n+1 < M
4 ~ 2eR + 2At

—v. 1, 1At

f5+ ;n+l i-3.-% ) < M,

((2€R + At)e_%+%’-"+%At + Ate

—¥,_1 . 1At

(Ate‘m%ﬁ%“ + (26R + At)e” im3i3 ) <M,
and similarily 0 < g%"’”“ < M. It provides the L> bound. O

Constant coefficients. We assume now that o(x) and k(x) are constant and we study rigorously the
diffusive limit when ¢ — 0. We recall the definitions

1 1-¢e%k)R
o= B = o ) , v = ok. (39)
e+o0(l—e2k)R e24+ (e+o(1l —e2k)R)?
Then the scheme (36) rewrites
- 0 0 felm e
AT R aﬁt 0 0 Iy ,n+1 e N
2eR 2¢R — 2] —OK
At At Y1 | = Yale (40)
0 0 1+ R TR 9% » gai,j:
n )
0 0 T 2R 1+ 25R 961,]7 gsi’j
—n -, +,n —,n
o ( 61 1j-1—J5i ) 58(f€1 13 1+ fsi,j - 96&3‘—1 - 961—1,3‘)
—,n —n n —.n
+ At ] as( 6z+La+1 fs ") - 55(f6+ €i+1,j+1 giwl,; 9 i) | —onat
s ,'ﬂ n —,n N N .
2R (951+1 =1 9€z+] )+ 58(f8 + [ J 983_+1,j—1 - gai,j )
(g i— 1y+1 961] )+5E(fsz 1] +f€1 ,J+1 -9 i,j,' -9 171,]+1)

Lemma 6. Let o,k € RT be constants; under the parabolic CFL condition (38), the scheme (40) is TVD.

V) + TV () + TV (g7 + TV (g
< efanAt (Tv(fa+,n) + Tv(fe—,n) + TV(gE-‘r,n) + TV(ga—,n)) )

Proof. As in the proof of [24, Lemma 5.4], inverting the block-diagonal matrix in the left hand side in (40) gives

fg+7n+l _ ﬂ((Q R+ At — AitQ( € +/35))f€+,n
s TN A 2R N
At —n
+ (At = S (2R + At + B))f7;; +<2eR+At> 0 = A

At €\ f€ e( 1T,n £—,n At e( 1,0
"‘ﬁ(a -B9)f z+1j+1+(2ER+At)ﬁﬁ (9,50t 972 1j)+ﬁ5 (9551, +9 u+1))
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ff‘ el L’{M((At — (2eR+ At)— At (a + 59)) €+ "
2eR + 2At 2R
AtQ e e e—,n t2 e\ petmn
+ (2¢eR + At — ﬁ(a + BN 2R 5 (@ =B
At AtQ e+,n e—,n

+(2€R+At>2R(O[ _ﬁs)f€z+1j+l+ ﬁé'(g 4,j— 1+g i— l,j)

2R
At n n
+ (2€R + At)ﬁﬁe( 8;:_1 i + 981 j;._l))v

and similar expressions for gEJr "+ and g i3 —m*1 Under the condition (38), each coefficient in the left hand side
are nonnegative. Then by hnearlty, and after using a triangle inequality, we obtain

AT < O ((2eR e+ At AL (ot 4 polarLT |
ity | = 25R+2At c 2R i+4.d
N
+ (At — 7(253 + A" +A)NOST [+ (2eR+ At) o 58)|5f+ "
<a BNl + (253+At>—56<|5g+,j 1\+|5gz;’1]|>

At2
S 1085 11097 1 D):

—okAt

5 7n+1
| f | ~ 2eR+ 2At

At .
((At — (2R + A (o + )11
2 2

At At
(25R+At—ﬁ(a +B)|6 \+ﬁ af — B9)|8

At A .
+<2€R+At>—< S T (o )

H’J Z*j1|

+(2eR + At) 67100775 1 +1607 D)
with similar expressions for |(5gi++’"l ;land [0 9.1 ;|- Adding all these expressions, we obtain
2 35

|(5f+"+1|—|—|5f_"+1|+|5g+ n+1|_’_|6 —n+1|< 70'/{At

7,+ \J l+1
(1= S0+ BN |+ 105701+ 107 1+ 180,73 D)
2R i+5.J i+3 gl-‘r 2J gH‘ J
At c ,n —n
+ﬁ( - p )(|6f+ ‘+|5 7,+ J|+‘5gl+ ]‘+|5g1+%7j|)

+ﬁ65(\5f+ Gl IS I 10FT I+ 1857 D

|+ 169,75 | + 109, 7yl 16y

At
+ﬁﬁe(‘5 z+ J—1 i+3.5 i+3 ]+1‘):|

Summing over ¢ and j, we get after shifting the indexes,

Z(|5f+n+l‘+|5f yn+1‘+|5g+n+l|+|5gl+€j;1|)

2]

< eSS (I I+ 1T 1801 1+ 169,7% T).

2%
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Theorem 2 (Asymptotic preserving property). Let us assume that the parabolic stability condition
L o
At < SoR?, (41)

holds and that initial data, independent of €, are smooth enough so that,

IAFEN + IAF N + [AgT 0l + [Ag™ ) < C.

et,n

for some constant C > 0. Then, the sequences (ffli]n) and (9°;;

) converge, as ¢ — 0, towards limits, denoted
respectively (fli]’") and (glij’n) which satisfy:

1
+,n —,n +,n —-n __
v =Fi =5l g = =50
where
n+1 n _—okAt At n n n n n —o kAt
fi,j = fz',je + 4o R2 (gi,jfl +8i1,; T 8iv1; T 91— 4f¢,j)€ (42)
At
—okA —okA
gy = ey T o (R iy R T — ey)e T (43)

Moreover, we have, for all n € N*,

2
||fn _ gn”l < e—(2/(a’R )+ok)nAt ||f0 _ g0”1 + CR2

By summing the equations (42)-(43), we deduce the following result:

Corollary 3. Let us denote p" = i(f" +¢"). Under the same assumptions as in Theorem 2, we have

At
40 R?

—okAt

1
os (Pijl Pl TP T P 4P?,j)€ )

. on
Pij = Pij€

—okAt 4

and f*" = p" + O(R?), f=" = p" + O(R?), g™ = p" + O(R?), g~ = p" + O(R?).

Proof. By the same token as in the proof of Lemma 6, we deduce that the sequences ( Effj’-"), and (gff]’n) are
Cauchy sequences with respect to € in ¢*. Thus, we deduce that, when € — 0, they converge to some limit

sequences denoted respectively ( ffj’"), and (g;tj") We may pass into the limit € — 0 in (40), we deduce

+,n+1

i, 1 0
—mtl 1 0
?’_Jzn_,_l € Ker(Hy) = Span ol 11 ,
where we recall the definition of the matrix
1 -1 0 0
-1 1 0 0
Ho=1qo o 1 -1
0 o -1 1
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Thus the limit verifies f+ - fj’nH and g+ il g”n-"1 for all i € Z, j € Z and n € N. Denoting
= fe+ S fe " and oo = gef]" +9°; ", we obtain an equation for §'; and g°}'; by adding the first two

and the last two equations in (40) :

At
1 —okA +, -, 0y —oKA
Eﬁ = e 7" t+ﬁ(as( o — S5 ot (e  — 5 ))e ’

- ﬁ(ﬁe( == n,J i " _gej,_]nl 9% 77;,]) (44)
+65(f5 n f51+1]+1 g:s;:?;,‘] 96”’11))670%&%
R §;< 8<g€:f,J L) G g e
4 SR B+ 1L — e~ ) (45)
+B (T, + ff:;—il " = 9 )T
From the expressions of o€ and ¢ in (39), we deduce that o® — % and ¢ — ﬁ when ¢ — 0. Then passing

into the limit in (44)—(45), recalling that fi’” = 37, and gfj" = %g?)j, we obtain (42)-(43). Then, denoting
D}, =1f; — i, we get straightforwardly from (42)-(43)

2At At
Dn+1 Dn (1 _ TRz)efamAt 40R2 (4D2] _ ?,j—l _ D?—l,j _ D?—t—l,j _ D2j+1)efamAt, (46)
and
At At
A n+1 < ||AF? 1— —okAt Aag™ —orAt
AT < AT (1~ S5)e o 4 20 1Ag" e
At At
+1 —okAt —oKkAL
[Ag™ L < HAgnHl(l*ﬁ)@ + e llAF e :

From the assumptions on the initial data in Theorem 2, we have ||Af°||; + ||Ag®||1 < C. Then, for all n € N,
we have ||Af?||; + ||Ag™|l1 < Ce™ ™At we deduce

n n n n n —onkAt
E [4D}'; — D}';_y — D"y ; — D'y j — D}'jiq| < Ce .
0,J

We may inject this latter inequality into (46). Taking the absolute value, under the condition (41), and summing
over ¢ and j, we deduce

2At At

D" ZASBZID"“I <D™ (1= —g)e™ ™ + C—

)
for some nonnegative constant C. Applying a discrete Gronwall inequality, we get

/(e R At 2t R C
”DnHl < ||DO||16 (2/(ocR*)+or)nAt + 07 Z ( Rz) < ||DO||16 (2/(cR*)+okr)nAt + §R2
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4. NUMERICAL RESULTS

All the practical tests displayed hereafter are conducted on the unit square coarsely gridded with 32 x 32
points in order to demonstrate both the robustness and accuracy of the time-marching schemes.

4.1. Kinetic scaling

Both schemes (19) and (33) are iterated up to 7' =7, with A¢ = 0.975Az and

o(x) = 149.5 max(|z — 0.5, |y — 0.5|) < 0.25) + 0.5,
k(x) = 0.9 max(|z — 0.5], |y — 0.5]) < 0.25) + 0.05.

Initial data are null but an inflow boundary condition is specified on the left side,
fflx=0,")=¢g (x=0,-)=1.
along with specular reflection on all the other sides of the computational domain. The velocity field V reads
f+(t7X)(—f)" (t.x)
7 - p(tx
VIEX) = | gram-g s |-
p(t,x)

Results are displayed on Fig. 3: despite the stiffness of the benchmark, results are quite similar, except for (33)
showing slightly more numerical viscosity (compare the macroscopic densities on the first row of Fig. 3). Both
time-marching algorithms succeed in stabilizing correctly, being a consequence of 2D well-balanced properties.

4.2. Diffusive scaling

Hereafter, both IMEX schemes (26) and (35) were set up on the same computational grid with ¢ = 1075,

o(x) = 35exp(—25((x — 0.5)2 + (y — 0.5)?)) + 15,
#(x) = 0.9 exp(—25((x — 0.5)% + (y — 0.5)?)) + 0.05,

and Maxwellian initial data,

FEx) = g5 (x) :i ( exp(—250(z — 0.375)2) + exp(—250(z — 0.625)2))
® (oxp(—250(y —0.375)2) + exp(—250(y — 0.635)2).

Results at time 7" = 0.15 are given in Fig.4: both schemes appear to be quite similar. Especially, the
Maxwellian gap f — g is practically identical for both algorithms, the one produced by (26) being slightly
bigger. Macroscopic densities obtained from (26) are 5% higher compared to (35), which might confirm that
the exponential modulation is endowed with a slightly higher numerical dissipation.

CONCLUSION AND OUTLOOK

Two numerical schemes endowed with both 2D well-balanced (WB) and asymptotic-preserving (AP) proper-
ties, extending the one previously in [24], were studied in this paper. The first one involves a S-matrix directly
built from the expression of exact steady-states for (1), namely truncated Fourier-Bessel series (15). The re-
sulting scheme was proved to be 2D-WB; a novelty is that, in Corollary 2, it is also proved that its IMEX
reformulation (26) is endowed with similar properties, too. A drawback of (19) is that it isn’t unconditionally
positivity-preserving. Accordingly, a simpler scheme (33), relying on an exponential modulation of the one
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Macroscopic density at time=6.7689404
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FIGURE 3. Bessel (left) and Composite (right) schemes: p, V, and residues (top to bottom).

given in [24], was proved to be positivity-preserving, but endowed with weaker well-balancing features. Its
IMEX reformulation (35) is again shown to be consistent with asymptotic damped diffusion behavior, see (37).
Such diffusive limit is even rigorously established by means of convenient estimates.

The next stepping stone consists in applying the same program to two-dimensional kinetic models rendering

biased velocity redistribution, like in semiconductor and chemotaxis dynamics modeling. Particular equations
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0.889

0.778 4

0.667 4

0.556

0.444 -

0.333 4

0.222

0111

0.000

0.000

1

T T T T T T T T
0111 0222 0333 0444 0556 0667 0778 0889  1.000

Modulus of Delta=F-G at t=0.1439448

0.889

0.778 4

0.667 4

0.556

0.444 4

0.333 4

0.222

0.111

0.000
0.000

T T T T T T T T
0111 0222 0333 0444 0556 0667 0778 0889  1.000

Residues. total mass and Maxwellian gap until time=0.1472163

Residus
Masse

0.032

-~ 0.00019

35018

-0.00019

-0.00039

4

Macroscopic density at time=0.1439448

0.889

0778

0.667

0.556

0.444

0333 4

0222

0111

0.000

0.000

1

T
0111

T T T T T T T
0222 0333 0444 0556 0667 0778 0889  1.000

Modulus of Delta=F-G at t=0.1439448

0.889

0778

0.667

0556 7

0.444 4

0333

0222

0411

0.000

20006
0.00024

0.00012

-8.7-019

-0.00012

0.06
0.045
0.03
0.015

-0.00024

0.000

T
0111

T T T T T T T
0222 0333 0444 0556 0667 0778 0889  1.000

Residues. total mass and Maxwellian gap until time=0.1472163

Residus
Masse

FIGURE 4. Bessel (left) and Composite (right) schemes: p, f — g, and residues (top to bottom).

belonging to this class of models are still simple enough to admit steady-states which can be again expressed as
Fourier-Bessel series, hence permitting to derive 2D-WB numerical schemes. This would somehow extend the
one-dimensional ideas of [22,23] toward problems in higher dimensions.

29
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APPENDIX A. SECOND ORDER IMEX “MIDPOINT RULE” SCHEME

Following [8,27], other IMEX time-integrators, possibly high-order can be substituted to (25). A well-known
example is the second order in time “midpoint IMEX rule”, which in our notation, rewrites as follows:

n+} At ot n+3 _an At o o
Ai,%ﬁ% T %R Ai*%,jJr% SUBF%J% = Al t 4R S1B s+
At 1 1
n+1 _An _ ntj _ (qe nt3
Ay = A 2R (Aif%u#% (9%)i- 4.5+ BF%H%) :

Corollary 4. Under the assumptions of Corollary 2, and for At small enough to belong to the stability region
of the “midpoint IMEX rule”, any steady-state initial data is kept invariant,

T 2 n _ 5 n +n+l _ pt,n +n+l1 _  +.n
v(i,j) € 27, Ai—%,ﬁ-% = (Sm)ifé,j#»% Bi_%7j+% = fi; =17 9 =9 -

Proof. Recall (S5);_1 ;
o the first matches the IMEX scheme (25) where At is changed into At/2, hence if

1= So + £ .55: the “midpoint IMEX scheme” splits into two distinct steps:

n _ € n
ALy ey = (80)iog541 B

-4 b+t Bipinp
then, by Corollary 2,

. 2 +,n+1 +, .+ +,
V(i,j) € Z7, fij = fi,jn7 9ij :gz}jn'

e the second is an explicit discretization, so that it corresponds to Theorem 1 because:

AR ()

n+% n
. . 1 B . =A
i—%.0+3 +3 ) 3

. T —(59), 1B, .
i—3.5+3 i—3.0+3 (Sk)i-y +3 Ji-4

i—3.7
Accordingly, the second order midpoint IMEX scheme is 2D well-balanced inside its domain of stability. O

In order to illustrate the behavior of this second-order IMEX integrator, the same example as §4.2 was set
up, with € = 1072 though. Results are displayed on Fig. 5: the mass is slightly bigger for the midpoint rule
IMEX scheme, but the main differences show up in the Maxwellian gaps f— g which have a quite different shape,
despite both have roughly the same amplitude. The second-order IMEX scheme isn’t stable when ¢ < Az.
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