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Summary

In this paper we are interested in the acoustic scattering by plane periodic media immersed in a fluid. In particular,
the effects of viscosity on the stop and pass bands are investigated both theoretically and experimentally. We
consider N periods of an elementary cell composed of two plates, presenting a high impedance contrast, with
only one being considered viscous. Experimental results demonstrate the influence of the incidence side, and the
developed theoretical models validate this phenomenon explicitly. A comparison of theoretical and experimental
reflection spectra of a multilayered structure composed of N (2 < N < 5) periods of plane layers is presented
in the frequency range from 0.5 to 3.5 MHz. The period consists of two isotropic plates considered as perfectly
bonded, one in aluminum (elastic), the other in polyethylene (viscoelastic). Moreover, the influence of the number
of periods is discussed. It is shown that the number of periods necessary to obtain stable stop and pass bands
depends on the geometrical and physical characteristics of the viscoelastic plate. For the configurations under
study, it is demonstrated that three periods ensure the convergence of the reflection spectrum.

PACS no. 43.20.El, 43.20.Gp, 43.20.Ks

1. Introduction

In literature, a number of works is reported dealing with
elastic multilayered structure [1, 2, 3, 4, 5], presenting
most of time, periodicity of elastic features. In this work,
1D phononic crystals (PC) are studied by their structure
band properties useful for application is acoustic filtering
[6] or vibration isolation [7] for instance. There are nu-
merous theoretical methods to obtain the stop and pass
bands of those PCs. Among them, the transfer matrix
method (TMM) [8, 9, 10, 11, 12, 13], the finite-difference
time-domain method (FDTD) [14, 15], and the plane-
wave-expansion (PWE) [14, 16, 17]. Our theoretical ap-
proach is based upon the stiffness matrix method (SMM)
[18, 19, 20, 21, 13] which ensures an unconditionnal nu-
merical stability contrary to certain TMM. These methods
allows us to study the stop and pass bands from the cal-
culation of the reflection (R) and transmission (71") coef-
ficients. Moreover, we take into account viscosity effects
in the elementary period of the studied structure [22]. This
one is asymmetric with respect to the median plane; it is
composed on the one hand of an elastic plate and on the
other hand of a viscoelastic one [23]. This lack of sym-
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metry leads to differences between the calculated R coef-
ficients according to the incidence side [24, 25]. To our
knowledge the experimental and theoretical results pre-
sented here, dealing with those differences, have not been
published. However, studies of stop and pass bands of such
asymmetric periods have been performed in the (w, k)
plane [4]. In addition, we develop a new approach based
on the Debye series method (DSM) [26, 27] which per-
mits to highlight the finite number of viscoelastic stacks
necessary to guarantee the stable frequency and amplitude
characteristics of the R coefficients. Those theoretical as-
pects are validated experimentally.

The purpose of this study is to investigate the effect of
viscosity on the reflection coefficients of a periodic plane
multilayered structure composed of N periods (2 < N <
5). We are particularly interested in the influence of the
insonification side on the scattering process of a periodic
medium. It is shown that the pass and stop band shapes
are affected. On one hand, the viscosity induces the damp-
ing of the resonance effects; on the other hand, the trans-
mission coefficient is not strictly zero in the expected stop
bands. In this work, the theoretical and experimental re-
flection spectra are compared for incidence angles vary-
ing between 0° and 30°. The elementary cell consists of
two plates which are considered as perfectly bonded, one
in aluminum, the other in polyethylene. The plates have
the same thickness and exhibit a high acoustic impedance



contrast, making it possible to establish well defined stop
and pass bands. Viscosity is only taken into account in
the polyethylene layer, for both longitudinal and transverse
waves. Our study shows that the theoretical reflection co-
efficients differ according to the insonification side. These
results are confirmed experimentally. In the second sec-
tion, different theoretical models are described based on
the Debye series expansion or transfer matrix method. Re-
sults at normal incidence are given in the third section. The
reflected echoes are FFT processed and reflection spectra
are deduced. These spectra are then compared to theoreti-
cal ones. In the fourth section, a study at oblique incidence
is carried out for various angles of incidence. The loca-
tions of the minima of the experimental reflection spectra
are compared to those of the reflection coefficients.

2. Theoretical models

The multilayered structure under study is assumed to be
immersed in water. In this section, the theoretical expres-
sions of the reflection and transmission coefficients at nor-
mal or oblique incidence are briefly recalled. Plots of these
coefficients are compared with experimental results in sec-
tions 3 and 4. The geometry of the problem is given in Fig-
ure 1, showing multilayered structure immersed in water
and insonified by an incident monochromatic plane wave
with an incidence angle 6. Depending on the incidence
side, the R, (direct) reflection coefficient (resp. the R,
(reverse) reflection coefficient) is obtained when the wave
impinges first the aluminum plate (resp. the polyethylene
plate). To take into account the longitudinal and transverse
waves attenuation in polyethylene, we consider a linear
frequency dependent attenuation, which induces constant
imaginary components 6., and 6., of the longitudinal and
transverse wave velocities, respectively. We write the com-
plex velocities in polyethylene as

CLO(l +j5cL),
cro(1 +jée, ). (1)

cr

cr

where ¢y o are their real parts.

This results in a consistently admitted linear frequency
dependence [28] of the imaginary part of the wave num-
ber kpr ~ 2xf/croro + jar T, i.e. the attenuation ay 7 =
a0, 1f. The properties of the plates constituting the pe-
riodic structure are given in Table 1. The uncertainty of
the plate thickness is about 5%. The reflection coefficients
can be obtained from a recursive procedure developed by
Rokhlin et al. [20, 21], and are unconditionally stable,
whatever the incidence angle 8. For N periods, the com-
pliance matrix (4x4) is defined as

Sy Sy
SN=[ 11 12]_ (2)
Sy Sn

The sub-matrices Sl.];f (2x2) for N periods are determined
from the ones related to (N — 1) periods denoted as Sf;] -1
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Figure 1. Geometry of the problem.

and the ones of a new period denoted as S;; as

N _ gN-1 N-1 N-1\—1 gN-1
S =SS, (Su=8y7) Sy

_ —1\—1
Sy = =SN (S -Sp7") T San.
—1y—1 _
Sy = Su(Sn—8y7") " Sy 3)

-1
SN = Sn =8 (Si—Sy") Sh.

We show that the reflection coefficients R, (Figure 1) are
expressed in terms of the (2,2) elements (exponents) of
sub-matrices (indexes) s;; = S,.J;j (2,2) of the global com-
pliance matrix S N obtained for N periods [20, 21],

R, = Ny (s11=yp)(s22 = yF) + (512)° 4
4= —— = > 4)
D (sii+yr)(sn—yr)+ (512)
R - Ny _ (5114 yr)(s22 + yr) + (512)? )
"D (si+yr)(sm—yr)+ (s12)?
and T = & 2VFS12 (6)

D (s11+yp)(sn—yr)+ (s12)*
where yr = cos@/(jwZF), with 8 the angle of inci-
dence, Zr = ppcp the acoustic impedance of the fluid,
which is the product of its density pr and its wave veloc-
ity cp. Assuming real compliance matrices (i.e. lossless
plates), it is numerically verified that the numerators are
complex conjugates: N, = N ;. Therefore, the modulus of
the direct and reverse reflection coefficients are identical:
|R4] = |R,|. Otherwise, those moduli are different [29].
Moreover, the transmission coefficient is independent of
the incidence side. The energy conservation [28] can be
written as

L= |Aar |+ |Rar |*+ | T, (7
where the terms A, are the absorption coefficients, whose
values depend on the incidence side. It is useful in the fol-
lowing to use a Debye series expansion to calculate these
coefficients in the case of normal incidence [26, 27]. The
multiple reflections at the interfaces between constitutive
layers are considered recursively. At first, we define the
Fresnel reflection and transmission coefficients at the in-
terface between the layers numbered m and m + 1,

Zm+1 - Zm ejpm

Zm+1 + Zm ’
2Zm+1

Zm+1 + Zm

Rm,m+l

Tmel = g I Bns1=Pn) (8a)



Table 1. Acoustic properties of the layers. d: thickness; p: density; cro: longitudinal velocity; cry: transverse velocity; Z: acoustic

impedance; 6., : longitudinal losses; 6., : transverse losses.

Medium d (mm) p (kg/m?) cro (m/s) cro (M/s) Z (MRa) Oc; (%) Ocr (%)
Al 4 2800 6380 3100 17.9 0 0
PE 4 940 2370 1200 2.22 1 10

H,O - 1000 1470 - 1.47 - -

where Z,, = ppcp, is the acoustical impedance of layer m.
When the incidence is from the layers (m+ 1) to the one
m, the Fresnel coefficients are expressed as

Zm _ Zm+1 e_zjﬂm+l

R =
N Zome
27, .
T — @1 Bnr1=Pn) ) 8b
e+ Zm (8b)

where f, = @zm/cLm and Ppui1 = @Zm/crLm+1 are phases
which depend on the interface positions z,,, between the
layers m and m + 1.

As aresult, the global reflection coefficient R at normal
incidence is calculated recursively, from the layer M down
to 1. This recursive approach ensures a numerical stability.
The expression of the global reflection coefficient at nor-
mal incidence only is

T12p23T71

R = Rpp+ ,
I — Ro1p23

)

with

Tm,m+1pm+1,m+2Tm+l,m
Pmm+1 = Rm,m+1 + s
1- Rm+l,mpm+1,m+2

for2<m < M and pyry1m42 = Ryre1m42-
It is proved numerically that equations (4) and (5) are
reduced to equation (9) in case of normal incidence.

3. Experimental study at normal incidence

3.1. Setup

The studied multilayered structure is immersed in a tank
filled with water (Figure 2). The transducer used has a cen-
tral frequency fo = 2.25 MHz, and it is excited by a pulse
signal. At normal incidence, the transducer alternately acts
as an emitter and as a receiver. The reflected response is
acquired and averaged using a Yokogawa D1.9240 oscillo-
scope linked with an Ethernet cable to a PC. The backscat-
tered spectrum is obtained by performing the FFT of the
whole response [30].

3.2. Reflection echoes

In Figure 3a, the two reflected signals according to the in-
cidence side are compared. The amplitude of the first re-
flected echo (specular echo) is related to the acoustic prop-
erties of the first insonified plate. The following echoes
correspond to the free resonant regime, due to multiple
reflections within the multilayered structure. The longer

Periodic multilayer

////
Transducer
) D\ | [L2ee

Water Pulse generator

Figure 2. Experimental setup at normal incidence.
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Figure 3. (a) Normalized amplitude of the echoes reflected at
normal incidence, depending on the incidence side, either direct
5x(AI/PE) (dashed line) or reverse 5x(PE/Al) (solid line). (b)
Spectrum of the specular echo and associated bandwidth.

the coda lasts, the more resonant is the response. In the
signal reflected by the 5x(PE/Al) structure, we observe a
specular echo on the polyethylene plate, a second on the
aluminum plate, and echoes of multiple reflections. In the
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Figure 4. Reflection spectra |R| theoretical (dotted) and experi-
mental (solid) at normal incidence, depending on the incidence
side, (a) direct (AI/PE) (two upper curves) or reverse (PE/Al)
(two lower curves) and (b) direct 5x (Al/PE) (two upper curves)
or reverse 5x (PE/Al) (two lower curves).

signal reflected by the 5x (Al/PE) structure, only a specu-
lar echo from the Al plate is clearly observed.

3.3. Reflection spectra

The reflection spectra are obtained by an FFT processing
of the reflected signals. A pseudo- normalization is per-
formed of each spectrum relative to its envelope. The re-
flection spectra are processed by taking into account the
transducer’s bandwidth centered at f, = 2MHz. In Fig-
ure 3b, the measured relative bandwidths have the val-
ues at half maximum, BWy/f. = 78% and at —20dB,
BWyy/f. = 164%. They ensure the accurate measure-
ment of the reflection coefficient over a wide frequency
domain ranging from 750 kHz to 3.25 MHz. In accordance
with the theory, the experimental reflection spectra depend
on the incidence side, either direct N x(Al/PE) or reverse
N x(PE/Al) (Figure 4, (a) N = 1, (b) N = 5). The dif-
ference of the spectra between direct or reverse incidence
is explained by the fact that the PE plate is lossy. Atten-
uation, at the frequency around 2 MHz, is not negligible
in polyethylene and must be considered. In the reflection
spectra shown in Figure 4a, there are marked minima as-
sociated with resonances due to the thickness modes of
the aluminum plate. These minima are separated by the
frequency interval Afa; = cpa1/(2da) ~ 800kHz. The

other local minima correspond to resonances due to the
thickness modes of the polyethylene plate, and separated
by A fpg ~ 300kHz [29]. As shown in Figure 4, the posi-
tions of the marked local minima obtained experimentally
are close to theoretical ones. Nevertheless, the uncertain-
ties in the thickness of the multiple plates in the manufac-
tured structures cause problems because a strict periodicity
is considered in theory. For example in Figure 4b, some
minima mismatch in location as well as in amplitude. In
the case of an elementary (Al/PE) cell, the reflection coef-
ficient (equation 9) can be expressed as

K
R =R 1+ 7R , 10
12<+ 12211_K> (10)
RR
where K = RR;1»3 <1 + TR2332i> . (11)
I — RR3734

In the following by considering either the direct (indexed
d) or reverse (indexed r) insonification, the direct R; or
reverse R, reflection coefficients, as well as the respec-
tive direct K, or reverse K, coefficients are obtained from
equations (10) and (11) giving the general expressions for
R and K.

These coefficients (equations 10 and 11) are expressed
as functions of the products of the Fresnel reflection and
transmission coefficients (equations 8 and 9),

Tm,m+1Tm+l,m _4ZmZm+1

TRm,m m+lm = = (12)
Tl Rm,m+lRm+l,m (Zm_ m+l)2

and

— — +j2kmd
RRm,m—l,m,m+1 - Rm,m—lRm,m+1 = rrmm—1,mm+1€ J=Kmm

_ (Zn=1 — Z)(Zmt1 — Zm)e+j2kmdm_ (13)
Zp-1+ Zw)( Zpi1 + Z)

As highlighted by equation (13), the following decompo-
sition of the phase j2k,d,, = —and, + 27 f /A f,, associ-
ated with the layer m reveals a real component related to
the attenuation @, and an imaginary component involving
the frequency periodicity A f,, = cpm/(2d,). So, the direct
K, or reverse K, coefficients, as well as the respective di-
rect R, or reverse R, reflection coefficients are expressed
as

Ky = rryjpse 2/ /A0 (14)
rr3234e—2aPEdPE eti2nf/Afex
| 14+ TRy33, ad A 7/A
— rripzae2edrEet] =f/Afee
and
K, = rr2123e_2aPEdPEe+]2”f/AfAl (15)

r3234€
1 — rrpzuetizaf/Afa

+i2zf/Afa
. <1 + TRy33> > .

These plots of the K, or K, coefficients exhibit local min-
ima (Figure 5) separated either by the period A fpg or
A fa), respectively. As a result, the mean values of the mul-
tiple reflection coefficients are |Ky|,mmean ~ 0.66 and

| Ky | mean & 0.10, for the direct and reverse incidence side.
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Figure 5. Multiple reflection coefficients |K,| and | K|, depend-
ing on the incidence side, direct (Al/PE) (solid) or reverse
(PE/Al) (dashed).

R

N] mean (%)

[AR

(b) 1 2 3

Periodic multilayer
Transducers |
=N
-..) 6
._\ Digital
N oscilloscope
Water Pulse generator

Figure 7. Experimental setup at oblique incidence.
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Figure 6. Theoretical (a) direct reflection spectra |R™| for

N x(AI/PE) and (b) associated mean relative difference
[ARN]mean = [”RNl - |RN_1||/|RN_1|]mea.n

between the N x(Al/PE) and the (N — 1)x(Al/PE) configura-

tions.

Thus a small | K| value leads to a reflection coefficient R
approaching Ry, (equation 10). This demonstration can be
generalized to the case of N periods, showing a rapid con-
vergence. It can be seen in Figure 6a, that beyond N = 3
periods, there is no more significant change of the reflec-
tion spectra. In order to quantify this phenomenon we in-
troduce a relative difference of two successive moduli of

Figure 8. Reflection spectra |R| theoretical (dotted line)
and experimental (continuous) depending on the insonifica-
tion side, direct 5x(Al/PE) (two upper curves) or reverse
5x(PE/Al) (two lower curves), oblique incidence a) 6 = 10°,
b) 6 = 20°.

reflection coefficients as

|IRN| — RN
|RN=]

1 Simax
ARV = J df, (16)
[ ] mean f max — f min J £ f

where [ fimins fmax] = [0.75;3.25]MHz and N > 1.

Figure 6b presents the plot of [AR™ J;ean; We can ob-
serve that [A R3] imean i less than 4%. It is thus shown that
attenuation plays an important role in the reflective prop-
erties of a periodic structure.
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Figure 9. Theoretical dispersion curves with 6. = 10% in the (a) (Al/PE) longitudinal lossless structure, (b) 5x (Al/PE) longitudinal
lossless structure, (c) Sx(Al/PE) longitudinal lossy structure with 6., = 1%, (d) cut at @ = 10° for the (a), (b), (c) configurations.

4. Experimental study at oblique incidence

Two transducers are used, one in emission, the other in re-
ception (Figure 7). They are oriented at the same angle 8
with respect to the normal of the structure, which is var-
ied from 0 to 40° by steps of 5°. The electronic setup and
signal processing are the same as in the case of normal
incidence. The reflection coefficients for a 5 period multi-
layered structure are plotted for # = 10° in Figure 8a and
0 = 20° in Figure 8b. There is a significant difference be-
tween the plots of the reflection coefficients according to
the incidence side. This difference increases with the inci-
dence angle. The agreement between the experimental and
theoretical minima is good in the case of the 5x(Al/PE)
structure for all incidence angles. For the 5x (PE/Al) struc-
ture, this agreement is good only at high frequencies above
2.5MHz. The modulus of the direct reflection coefficient
|R| in the frequency/incidence angle plane gives a good
overview of the dispersion curves [31, 32] of modes prop-
agating in the lossless (AI/PE) and 5x (Al/PE) structures,
illustrated by Figure 9a and 9b, respectively. The lines con-
necting reflection zeroes in the frequency/incidence angle
plane |R(f, 8)| = 0 are assimilated to dispersion curves. It
is to be noted that these dispersion curves are very close to
the ones of an aluminum plate. We observe (Figure 9b) the
multiplication of curves compared to the case of a single
cell (Figure 9a). An N period multilayer structure implies
(N — 1) curves at very low frequency associated with the

0.8

0.6

0.4

0.2

Figure 10. Superimposition of the experimental minima and the
theoretical dispersion curves obtained for a 5x(AIl/PE) lossy
structure, with 6.; = 1% and 6.7 = 10%.

so-called vertical modes [3, 4, 5]. Similarly, at high fre-
quency, N dispersion curves are observed in the vicinity
of the ones of a single cell. As illustrated in Figure 9a, 9b
and 9c, one can identify with plateaus the longitudinal and
transverse critical angles of refraction related to aluminum
(Or.a1 = 13.4°, Or a1 = 28.5°, respectively). Beyond the
longitudinal critical angle associated with polyethylene



(@Lpe = 38.6°), for f > 1 MHz, the reflection is total.
As illustrated by the thin dispersion curves for the lossless
case (Figure 9b), the resonances observed are very nar-
row. In the case where losses are taken into account (Fig-
ure 9c¢), the general shape of the dispersion curves remains
the same, but those which are close have “merged” into a
single broad one (the associated resonances are also broad-
ened). This is a direct effect of the losses. A more sys-
tematic comparison of the minima of the reflection spec-
tra as a function of incidence angle (Figure 10) shows a
good agreement between experimental and theoretical re-
sults (Figure 9c). Indeed, the differences between experi-
ment and theory are explained partly by the uncertainties
in the thicknesses of the plates constituting the multilayer
structure, which involve variations in frequency with an
estimated shift Af ~ +50kHz on the one hand, and by
the uncertainty A8 ~ +0.5° on the angular position on
the other hand. Experimental results show the importance
of the characterization of viscoelastic material properties
used for the multilayered structure. Indeed, the attenuation
in the polyethylene plate apg has a strong influence on the
reflection coefficient R (equation 10) through the coeffi-
cients K, (equations 14 and 15) which significantly alters
the expected dispersion curves. The other source of alter-
ation is the uncertainties in the plate thicknesses which are
around 5%.

5. Conclusion

In this study, the reflective properties of a multilayered
structure depending on the insonification side are high-
lighted. The viscoelastic properties of materials such as
polyethylene are taken into account to explain the ob-
served physical phenomena. It is shown experimentally
and verified theoretically that the losses have a signifi-
cant influence, both in terms of amplitude and position of
the minima of reflection. In our case, the comparison be-
tween experimental and theoretical results is good. Further
study will consist in taking into account uncertainties in
viscoelastic plate thicknesses and bonding with glue films
between plates and periods.
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