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SIMPLICITY OF FUSION SYSTEMS OF FINITE SIMPLE GROUPS

BOB OLIVER AND ALBERT RUIZ

ABSTRACT. We determine for which known finite simple groups GG and which primes p the
p-fusion system of G is simple. This means first collecting together the results that were
already known (and correcting two errors made in an earlier study of this question), and
then handling the remaining cases. At the same time, we develop some new tools to use
when determining O (F) for arbitrary saturated fusion systems.

For a prime p and a finite group G, the fusion system of G over a Sylow p-subgroup S of G
is the category Fg(G) whose objects are the subgroups of S, and whose morphisms are those
homomorphisms between subgroups induced by conjugation by elements of GG. The fusion
system of GG thus encodes its local structure: the conjugacy relations among its p-subgroups
and p-elements. Motivated by connections with modular representation theory, Puig in the
1990s defined the concept of abstract fusion systems (published later in [Pg]): an (abstract)
fusion system JF over a finite p-group S is a category whose objects are the subgroups of S,
and whose morphisms are injective homomorphisms satisfying certain conditions motivated
by properties of finite groups such as the Sylow theorems. (See Section 1 for more detail.)

Normal fusion subsystems and simple fusion systems are defined by analogy to those of
finite groups. Our main result here is to determine for exactly which known finite simple
groups GG and which primes p the p-fusion system of G is simple. This question was studied
and answered in most cases by Aschbacher in Chapter 16 of [A2], but a few cases (all involving
groups of Lie type in cross characteristic) were left open, and it is on those that we focus
here. We also correct two errors found among Aschbacher’s conclusions (explained in the
proof of Proposition 4.1(d)). One problem of particular interest is that of for which G and
p, the p-fusion system of GG contains a normal subsystem of index prime to p that is exotic,
and we are also able to describe this situation quite precisely.

Our detailed group-by-group results are stated in Propositions 4.1 (alternating and spo-
radic groups and groups of Lie type in characteristic p), 4.2 (groups of Lie type in odd
characteristic when p = 2), 4.5 (classical groups in characteristic different from p when p is
odd), and 4.6 (exceptional groups of Lie type in characteristic different from p for p odd).
They are then summarized by the following theorem, which will be restated with more details
as Theorem 4.8.

Theorem A. Fiz a prime p and a known finite simple group G such that p | |G|. Fiz
S € Syl,(G), and set F = Fs(G). Then either

(a) S<IF; or

(b) p = 3 and G = Gi(q) for some ¢ = £1 (mod 9), in which case |O3(F)| = 3, and
O%(F) < F is realized by SLy (q); or
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(c) p > 5, G is one of the classical groups PSLE(q), PSps,(q), oni1(q), or Pk, 5(q)
where n > 2 and ¢ # 0, %1 (mod p), in which case O (F) is simple and exotic; or

(d) OP(F) is simple, and it is realized by a known finite simple group G*.

Moreover, in case (c), there is a subsystem Fo < F of index at most 2 in F with the property
that for each saturated fusion system & over S such that O () = OV (F), & is realizable if
and only if it contains Fy.

The statements in Theorem A that certain fusion systems are exotic are proved using the
classification of finite simple groups. The theorem has been formulated and proven so that
the other statements are independent of this.

Here, by analogy with the notation used for finite groups, OF'(F) denotes the smallest
(saturated) fusion subsystem of index prime to p (see Definition 2.1 and Proposition 2.4(b)).
Also, a saturated fusion system is called realizable if it is isomorphic to the fusion system of
some finite group, and is called ezotic otherwise.

Among the tools developed to determine O (F) in these cases, we note in particular the
following, which reduce the information needed in two different directions:

e Although OP(F) is characterized by its restriction to F-centric subgroups, we can, in
fact, get the information we need from the smaller family of subgroups that are
F-centric and F-radical, as described in Proposition 2.8.

e Although subsystems of index prime to p are determined by their automizers on S, it is
sometimes more convenient to deal with the automizer of some subgroup A < S that
is F-centric and weakly closed in F (such as the p-power torsion in a maximal torus
in a group of Lie type). Tools for doing this are developed in Section 3.

This paper was originally motivated by our work (still continuing) with Carles Broto and
Jesper Mgller on tameness of realizable fusion systems (see [AKO, Definition I11.6.3]). While
trying to determine whether or not all realizable fusion systems are tame, we found that
it is first necessary to understand more precisely the normal fusion subsystems of fusion
systems of simple groups. Independently of that, some of our results are used in recent work
of Radha Kessar, Gunter Malle, and Jason Semeraro to calculate weights (in the context of
the Alperin weight conjecture in modular representation theory) attached to exotic fusions
arising from homotopy fixed points of p-compact groups.

We begin the paper with a brief introduction to fusion systems in Section 1, and an
introduction to (normal) subsystems of index prime to p in Section 2. We then develop
tools, in the last part of Section 2 and in Section 3, to help determine O (F) for a given
fusion system F. Finally, in Section 4, we go through the list of all fusion systems of known
finite simple groups at primes dividing their order, starting with a survey of the cases already
handled by Aschbacher in [A2, Chapter 16|, to determine which of them are simple.

The authors would like to thank very much the referee for reading very carefully through
the paper and making many helpful suggestions.

Notation: As usual, for a finite group G, O,(G) and O, (G) denote the largest normal
subgroups of p-power order and of order prime to p, respectively, while OP(G) and O” (G)
are the smallest normal subgroups of p-power index and of index prime to p. We follow the
standard conventions by setting (P)SL'(q) = (P)SL,(q) and (P)SL_(q) = (P)SU, (q), as
well as FE¢ (q) = Fg(q) and Eg (q) = *Fg(q).
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1. DEFINITIONS AND EARLIER RESULTS

We begin by listing some of the basic definitions and properties of fusion systems. We
use [AKO, Part I] as our main reference, but most or all of the following definitions are due
originally to Puig: first in unpublished notes and then in [Pg].

For a prime p, a fusion system over a finite p-group S is a category whose objects are
the subgroups of S, and whose morphisms are injective homomorphisms between subgroups
such that for each P, < S:

e Homx(P, Q) 2 Homs(P,Q) = {¢, = (x = %)| g € S, %P < Q}; and
e for each ¢ € Homz(P,Q), ¢! € Homz(p(P), P).
Thus Homz(P, Q) denotes the set of morphisms in F from P to ). We also write Isoz(P, Q)

for the set of isomorphisms, Autz(P) = Isoz(P, P), and Outz(P) = Autz(P)/Inn(P). For
P <SandgeS, weset

P7 ={p(P)|p € Homz(P,S)}  and  ¢" ={p(g)|» € Homz({(g), S)}
(the sets of subgroups and elements F-conjugate to P and to g).

Since we will need to refer to the Sylow and extension axioms on several occasions, the
following version of the definition of a saturated fusion system seems the most convenient
one to give here. (See Definitions 1.2.2 and 1.2.4 and Proposition 1.2.5 in [AKO].)

Definition 1.1. Let F be a fusion system over a finite p-group S.

(a) A subgroup P < S is fully normalized (fully centralized) in F if |[Ns(P)| > |[Ns(Q)|
(ICs(P)| = |Cs(Q)]) for each Q € P”.

(b) The fusion system F is saturated if it satisfies the following two conditions:
(I) (Sylow axiom) For each subgroup P < S fully normalized in F, P is fully cen-
tralized and Autg(P) € Syl (Autz(P)).

(IT) (extension axiom) For each isomorphism ¢ € Isoz(P,Q) in F such that Q is
fully centralized in F, ¢ extends to a morphism ¢ € Homz(N,,S) where

Ny ={g € Ns(P)|pcyp™" € Auts(Q)}.

If G is a finite group and P, < G, then Homg(P, Q) C Hom(P, Q) denotes the set of
(injective) homomorphisms induced by conjugation in G. If S € Syl (G), then Fg(G) denotes
the fusion system over S where Hompz ) (P, Q) = Homg(P, Q) for P,Q < S, and Fs(G)
is saturated by [AKO, Theorem 1.2.3]. A saturated fusion system F over S will be called
realizable if F = Fg(G) for some finite group G' with S € Syl,(G), and will be called ezotic
otherwise.

We next list some of the terminology used to describe certain subgroups in a fusion system.

Definition 1.2. Let F be a fusion system over a finite p-group S, and let P < S be a
subgroup.

(a) P is F-centric if Cs(Q) < Q for each Q € P”.
(b) P is F-radical if O,(Outz(P)) = 1.

(¢) F¢ 2 F denote the sets of F-centric, and F-centric F-radical, subgroups of S, and
also (depending on context) the full subcategories of F with those objects.

(d) P is weakly closed in F if P7 = {P}.
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(e) P is strongly closed in F if for each x € P, x7 C P.

(f) P is normal in F (P 9 F) if each ¢ € Homz(Q, R) (for Q,R < S) extends to a
morphism p € Homz(PQ, PR) such that p(P) = P.

(g) P is central in F if each ¢ € Homz(Q,R) (for Q,R < S) extends to a morphism
© € Homz(PQ, PR) such that p|p = Idp.

(h) Ou(F) > Z(F) denote the (unique) largest normal and central subgroups, respectively,
n F.

When X is a set of homomorphisms between subgroups of a given finite p-group S, we let
(X) denote the smallest fusion system over S (not necessarily saturated) that contains X
among its morphisms. In other words, (X) is the category whose objects are the subgroups
of S, and whose morphisms are composites of restrictions of homomorphisms in X UInn(S).
Similarly, when & is a fusion system over S or a subgroup of S, and X is a set of homomor-
phisms between subgroups of S, we set (£, X) = (Mor(€) U X): the smallest fusion system
over S containing £ and X.

The following version of Alperin’s fusion theorem for fusion systems will suffice for our
purposes here. We refer to Theorem 1.3.5 and Proposition 1.3.3(a) in [AKO].

Theorem 1.3. For each saturated fusion system F over a finite p-group S,
F = (Autz(P) | P € F and is fully normalized in F).

Equivalently, each morphism in F is a composite of restrictions of F-automorphisms of
subgroups that are fully normalized, centric, and radical in F.

We finish the section with a much more specialized lemma: one which will be useful in the
last section when showing the nonexistence of certain fusion systems.

Lemma 1.4. Let p be an odd prime, and let F be a saturated fusion system over a finite p-
group S. Assume that there is an abelian subgroup A < S such that |S/A| = p, |[S, A]| > p?,
and A A4 F. Set G = Autz(A) and U = Autg(A) € Syl(G); then |[Autg(U)| =p — 1.

Proof. Since |[S, A]| > p, A is the unique abelian subgroup of index p in S. By Lemmas
2.2(a,c) and 2.3(a,b) in [COS] and since A 4 F, there is a subgroup A # P < S in one of the
classes H or B of subgroups defined in [COS, Notation 2.1], maximal among all F-centric
F-radical subgroups properly contained in S, and with the properties that |Ng(P)/P| = p
and O7 (Outxz(P)) = SLy(p). Choose a € O (Autz(P)) of order prime to p whose class in
O” (Outz(P)) normalizes Outg(P) = C, and has order p — 1. Then a extends to an element
of Autz(Ng(P)) by the extension axiom (Definition 1.1(b)), and hence by the maximality of
P and Theorem 1.3 (Alperin’s fusion theorem) to some @ € Autz(S). Then a|4 normalizes
U, and its class in Autg(U) has order p — 1. O

2. SUBSYSTEMS OF INDEX PRIME TO p

Subsystems of fusion systems of index prime to p were first studied by Puig [Pg, §6.5],
and later in [5a2, § 3,5]. We begin the section with some basic results, where for simplicity we
give references only in [AKO] when possible. After covering the basic properties, we develop
some tools which will be used in the next section to determine O? (F) and its index in F in
specific cases.

Note in the following definition that the analogy for a group G is “subgroups of G that
contain OY (G)”, not arbitrary subgroups of index prime to p in G. For example, the fusion
system of S is not, in general, of index prime to p in an arbitrary fusion system JF over S.
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Definition 2.1. Let F be a saturated fusion system over a finite p-group S.

(a) [AKO, Theorem 1.7.7.d] Let O (F) < F be the fusion subsystem (not necessarily satu-
rated) generated by the groups O (Autz(P)) for all P < S, and set

Auty(S) = {(a € Autz(5) |alp € Homop/(F)(P, S), some P € F°)
[y (F) = Autx(S)/Aut%(S).

(b) A fusion subsystem & < F has index prime to p in F if & contains OF (F); equivalently,
if € is a fusion system over S and Autg(P) > O (Autx(P)) for each P < S. For such a
subsystem € < F, the index of € in F is defined to be the index of Autg(S) in Autz(.S).

Note that OF (F) is denoted & in [AKO, Theorem 1.7.7(d)].

Lemma 2.2. Let F be a saturated fusion system over a finite p-group S, and let £ < F be
a fusion subsystem (not necessarily saturated) of index prime to p. Then

(a) E°=F¢and ET = F;

(b) @ subgroup of S is fully normalized (fully centralized) in £ if and only if it is fully
normalized (fully centralized) in F; and

(c¢) (Frattini condition) for each P,QQ < S and ¢ € Homg(P,Q), there are o € Autz(S)
and py € Homg (P, a7 ' (Q)) such that p = (a|a;1(Q)) ° .

Proof. Point (c), and the equality £¢ = F*¢, are shown in [AKO, Lemma 1.7.6(a)]. For all
P < S, we have O (Autz(P)) < Autg(P) < Autz(P), and hence

Op(Autz(P)) < Op(Aute(P)) < 0p(O” (Autz(P))) < Op(Autz(P)),

where the last inclusion holds because O,(G) is characteristic in G for all G. Thus P is
F-radical if and only if it is £-radical, and so £ = F, proving (a).

By (c), for each pair P < S and Q € P7, there are a € Aut(S) and ¢ € Isog (P, a~1(Q)),
and a~1(Q) € P¢ is such that |[Ng(a=1(Q))| = |Ns(Q)|. So P is fully normalized in F if and
only if it is fully normalized in &£, and similarly for fully centralized. U

The following terminology will be useful when working with fusion subsystems of index
prime to p.

Definition 2.3. Let F be a saturated fusion system over a finite p-group S, and let Fy C F
be a full subcategory with S € Ob(Fy). A map 6: Mor(Fy) — I' to a group I' will be
called multiplicative if it sends composites in Fo to products in I' and sends inclusions to
the identity. It will be called strongly multiplicative if in addition, (O (Autz(P))) = 1 for
each P € Ob(Fp).

Of course, the condition that 6 send composites to products is equivalent to saying that
it extends to a functor from Fy to B(I'), where B(I") is the category with one object and
morphism group I'. In these terms, the basic properties of the group I'y/(F) and of saturated
fusion subsystems of index prime to p are summarized as follows.

Proposition 2.4 ([AKO, Theorem 1.7.7]). The following hold for each saturated fusion
system F over a finite p-group S.

(a) There is a unique multiplicative map 0r: Mor(F¢) — ', (F) whose restriction to
Autz(S) is the natural surjection. Also, O is strongly multiplicative, and is universal
in the following sense: if T is a group and 6: Mor(F¢) — T' is strongly multiplicative,
then there is a unique homomorphism f: I'y(F) — " such that @ = f o 0.
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(b) There is a bijection

{subgroups of I'y (F)} —— {5 < F of index prime to p

saturated fusion subsystems}
that sends H < T',y(F) to the fusion subsystem Ey = (07" (H)). This subsystem has
the properties that (Ey)¢ = F¢ as sets and (Eyx)° = 07" (H) as categories. In particular,

there is a unique smallest fusion subsystem OP (F) = (07" (1)) of index prime to p, and

Autey (5)(S) = Aut$(S) = Ker (0| aucr(s))-

Proof. Point (a) follows from [AKO, Theorem 1.7.7(d)] (where I'y/(F) is defined to be the
target of the universal strongly multiplicative map on Mor(F¢)). Point (b) is shown in [AKO,
Theorem 1.7.7(b,c)]. O

By definition, I'yy(F) = 1 if Autz(S) is generated by elements a € Autz(S) such that
alp € OY (Autz(P)) for some P € F¢, and in this case, O? (F) = F by Proposition 2.4. In
particular, this always applies if Outz(5) = 1.

There is also a geometric interpretation of universal multiplicative maps. For each fu-
sion system F over a p-group S, and each full subcategory Fy C F containing S, let
0: Mor(Fy) — m1(|Fol,*) be the map that sends ¢ € Homgz(P,Q) to the loop (based
at * = [S]) formed by the edges corresponding to morphisms incl}, ¢, and inclg. Then 6
is the universal multiplicative map on Mor(Fy) (see, e.g., [AKO, Proposition I11.2.8]). By
[AKO, Theorem II1.4.19], 6 is universal among all multiplicative maps defined on Mor(F*)
(not only those that are strongly multiplicative), and hence I'y/ (F) = 7 (|F¢|).

We next recall some standard notation for isomorphisms and automorphisms of fusion

systems. If 3: S =5 Tisan isomorphism between finite p-groups, and F is a fusion system
over S, then we set “F = BF[~1: the fusion system over T for which Homsz(3(P), 3(Q))
(for P,@Q < S) is the set of all composites (8|g) o ¢ o (8]p)* for ¢ € Homz(P, Q). When
& and F are fusion systems over finite p-groups T and S, respectively, £ = F means that
& = AF for some 8 € Iso(S, T). Using this notation, we define, for a fusion system F over S,

Aut(F) = {B € Aut(9) |°F = F} and Out(F) = Aut(F)/Aut£(S).
This notation is useful when classifying extensions of index prime to p.

Rather than define normal fusion subsystems here, we note for the purpose of the following
lemma that if £ < F has index prime to p, where both are saturated fusion systems over 5,
then & < F if and only if °€ = £ for each a € Autx(S). By [AKO, Definition 1.6.1], there
are two conditions we need to check, of which the Frattini condition follows from Lemma
2.2(c), while the extension condition holds since £ and F are fusion systems over the same

p-group.
Lemma 2.5. Let Fy be a saturated fusion system over a finite p-group S. Then the map
saturated fusion systems F
U: < over S with Fo < F normal p ——— subgroups (.)f Out(Fo)
. . of order prime to p
of index prime to p

which sends F to Autz(S)/Autz, (S) < Out(Fo) is a bijection.

Proof. If F; and F» are two such extensions of Fy, and Autz, (S) = Autz,(S5), then F; = Fy
since F; = (Fo, Autz (S)) (the Frattini condition holds for Fy < F; by Lemma 2.2(c)). Thus
U is injective.
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If 7 = 7/Autg (S) < Out(Fy) has order prime to p, then by [5a2, Theorem 5.7(a)],

the fusion system F oo (Fo,7) is saturated and contains Fj as a normal subsystem, and
U(F) =T/Autz(S). So ¥ is onto. O

The injectivity of ¥ in Lemma 2.5 implies that if F; and F, are two saturated fusion
systems over the same p-group S, then F, = F, if OP(F,) = OY(F,) and Autg,(S) =
Autz,(S). Later, in Lemma 3.4, we will replace this by a more general hypothesis.

If 71 and F; are fusion systems over finite p-groups S; and Ss, respectively, then
fl X fg = <(041,0é2) c HOI’Il(Pl X P27Q1 X Qg) ‘ o; € HOIl’l]:Z(R,QZ) for i = 1,2>
By [AKO, Theorem 1.6.6], F; x F3 is saturated if F; and F, are both saturated.

Lemma 2.6. (a) If Gy and Gy are finite groups with S; € Syl (G;) for i = 1,2, then
fsleQ(Gl X Gg) = fsl (Gl) X .FSQ(G2>.

(b) For each pair of fusion systems F; and Fo over Sy and Ss,
OV (Fy x Fo) = O (Fy) x O (F,) and hence Ty (Fy X Fy) = Dy (F1) x Tp(F).

Proof. We leave the proof of (a) as an exercise.

The first equality in (b) is shown in [AOV, Proposition 3.4]. In particular,
Alltg_—le2(51 X SQ) = Autop/(]_-lx]_-z)(Sl X 52)
= Autop/(]_-l)(Sl) X Autop/(]_-z)(sg) - Autg_—l (Sl) X Auto}—z(SQ)

where the first and third equalities follow from Proposition 2.4(b), and so I',(F; x F) =
Ly (F1) x Dy (Fa). O

The next lemma says that when checking whether a fusion subsystem of F has index
prime to p, it suffices to look at F-centric F-radical subgroups.

Lemma 2.7. The following hold for each saturated fusion system F over a finite p-group S.
(a) We have OF (F) = (O” (Autz(R)) | R € F<").

(b) Assume Fy < F is a fusion subsystem over S (not necessarily saturated) such that
F < (Fo, Aut(Fy)). Then Fo > O (F) and thus has index prime to p in F.

Proof. Assume Fy < F is such that F < (Fy, Aut(Fp)). We claim that for each P,Q < S
and each ¢ € Homg(P, @), conjugation by ¢ sends Autz, (P) onto Autg (o(P)). This is
clear when ¢ € Homg, (P, @), and holds by definition when ¢ is the restriction of an element
of Aut(Fy) < Aut(S). So it holds for all ¢ € Homxz(P, Q), since ¢ is a composite of such
morphisms.

In particular, Autg,(P) < Autz(P). If P is fully normalized in F, then Autg (P) >
Autg(P) € Syl,(Autz(P)) since Autz,(S) > Inn(S), and so Autg,(P) contains the normal
closure OP' (Autz(P)) of Autg(P) in Autz(P). We just saw that Autz,(Q) is isomorphic to
Auty, (P) whenever Q € P7, and hence Autz,(P) > OP (Autx(P)) for all P < S. Thus
Fo > O (F), and has index prime to p in F.

We now apply this to Fy & (0P (Autz(R)) | R € F) < OF (F). Set € = (Fy, Aut#(9)):

we will show that & = F, and hence by the above that F, > O (F). We first check that
Autz(P) = Autg(P) for each P € F fully normalized in F. Assume otherwise, let P a
counterexample with |P| maximal, and note that P < S. By the Frattini argument and
since Autg(P) € Syl (Autz(P)) by the Sylow axiom, we have Autz(P) = O (Autz(P)) -



8 BOB OLIVER AND ALBERT RUIZ

Nauer(py(Autg(P)). Each a € Nay,(p)(Autg(P)) extends to some a € Autz(Ng(P)) by
the extension axiom, this is by Theorem 1.3 (Alperin’s fusion theorem) a composite of
restrictions of elements in Autz(Q) for |Q| > |Ng(P)| > |P|, and hence o € Mor(E) by
the maximality assumption. Also, O (Autz(P)) C Mor(&) by definition of £, so Autx(P) C
Mor(€), contradicting the original assumption. Thus

E > (Autg(P)| P € F fully normalized in F) = F,

the last equality by Theorem 1.3 again, and hence F = £ = (Fy, Aut£(S)). So Fo > O (F),
and the opposite inclusion is clear. O

Note that by using the stronger form of Alperin’s fusion theorem stated in [AKO, Theorem
1.3.5], we could replace F°" by the set consisting of essential subgroups and S.

The following proposition says that restrictions of 87 to certain full subcategories are also
universal among strongly multiplicative maps.

Proposition 2.8. Let F be a saturated fusion system over a finite p-group S, let &# C F°
be a family of subgroups closed under F-conjugacy and containing F°, and let FZ C F¢ be
the full subcategory with object set &2. Then

0% = Or | \orz 2y : Mor(F”) ——— Ty (F)

is universal among all strongly multiplicative maps Mor(F?) — T.

Proof. Let T' be the free group with generators [¢] for all ¢ € Mor(F?’), modulo relations
e [0][t)] = [p o ¢] whenever ¢ o1 is defined;
o [incl%] =1forall P <Q in &; and
e [a] =1 for all & € O (Autz(P)) with P € 2.

Let 0: Mor(F?) — T be the natural map sending ¢ to []. Since 87 : Mor(F?) —s ' (F)
is strongly multiplicative, there is f: I' — [',,(F) such that f([¢]) = 0Z(p) for each
¢ € Mor(F?), and hence such that f o6 = 0Z. In particular, f is onto since §% is onto.

Set & = (#~1(1)): the smallest fusion system over S containing all morphisms in 671(1).
Thus € > O (F) by Lemma 2.7 and since & D F°, and so £ has index prime to p in F.
By Lemma 2.2(b), £ and F have the same fully normalized and fully centralized subgroups.
By Lemma 2.2(c), the Frattini condition holds: for each P < S and each ¢ € Homxz(P,S),
there are o € Autz(.S) and ¢y € Homg(P, S) such that ¢ = a o pp.

By the Frattini condition, each ¢ € Mor(F?) is a composite of restrictions of morphisms
in 67!(1) and elements of Autz(S). Hence (Autx(S)) =T. Since f is onto, to show that it
is an isomorphism and hence that 6% is universal, it remains to show that Ker(f)| Aut(8)) =
Aut%(S). We do this by first proving that & is saturated.

By construction, £ is Z-generated in the sense of [5al, Definition 2.1]. We claim that £ is
also &-saturated: that the Sylow and extension axioms hold for members of &. If P € &
is fully normalized in £, hence in F by Lemma 2.2(b), then Autg(P) € Syl (Autg(P)) since
Autg(P) € Syl,(Autz(P)). Thus the Sylow axiom holds in £ for members of &.

Fix ¢ € Homg(P, @), where P,Q € & and ¢(P) is fully centralized in € (hence in F),
and let N, < Ng(P) be as in Definition 1.1(b). (Note that N, is the same, whether we are
working in € or in F.) By the extension axiom for F, ¢ extends to some p € Homz(N,,S).
By the Frattini condition, p = a o ¢o, where a € Autz(S) and ¢y € Homg (P, S). Thus

1=0(p) = 0(aopolp) = 0(a) - 0(polp) = 0(c)
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where 0(¢) = p(po|p) = 1 since ¢ and ¢g|p are both in & = (§71(1)). Hence a € Autg(S),
and so p € Homg (N, S). The extension axiom for £ thus holds for members of &, and so
£ is H-saturated.

If P e Fe~ & is fully normalized in F, then
Autg(P) N O,(Autg(P)) = Autg(P) N Op(Aut£(P)) = Op(Autz(P)) > Inn(P)

since P is not F-radical. Since each £-conjugacy class in F¢ . & contains such subgroups,
& satisfies condition (x) in [5al, Theorem 2.2]. Since & is Z?-generated and Z-saturated, £
is saturated by that theorem. So & > OP'(F) by Proposition 2.4(b), and hence

Ker(0]autr(s)) = Aute(S) > Autop 7 (5) = Aut%(9). O
Proposition 2.8 is similar to a theorem of Grodal [Gr, Theorem 7.5.1], though that theorem

is stated only when F is the fusion system of a group (and for a slightly different definition
of radical subgroups).

The following very elementary family of examples shows that 0z|z.- need not, in general,
be universal among all multiplicative maps on Mor(F"): only among those that are strongly
multiplicative. Recall [AKO, Definition 1.4.8] that a saturated fusion system F over a finite
p-group S is constrained if O,(F) is F-centric.

Example 2.9. Let F be a constrained saturated fusion system over S, and set QQ = O,(F).
Then QQ € F and is contained in all other members of F. The universal group for multi-
plicative maps defined on Mor(F°") is isomorphic to Autz(Q), while that for strongly mul-
tiplicative maps is isomorphic to Ty (F) = Autz(Q)/O” (Aut£(Q)).

In fact, the universal group for multiplicative maps on Mor(F") need not even be finite.

Example 2.10. Set G = SLy(9) and p = 2, and choose S € Syl,(G). Thus S = Q16 and
contains two subgroups QQ1,Q2 < S that are quaternion of order 8. Set F = Fgs(G); then
Fer ={S,Q1,Q2}, and hence the category F° is the union of the two categories Nx(Q1)"
and Nz(Q2)", with intersection Nz(S). Since these three normalizers are all constrained,
we see, using Example 2.9, that the universal group for multiplicative maps on Mor(F") is
isomorphic to

Autz(Q1) * Auty(s)Aut 7(Q2) = Xy % pydy.

We now list some more tools that will be useful when working with fusion subsystems of
index prime to p.

When & is a saturated fusion subsystem of F, OP'(£) is not, in general, a fusion subsystem
of O (F). The next two lemmas describe some cases when this is, in fact, true.

Lemma 2.11. Let F be a saturated fusion system over a finite p-group S, and let £ < F be
a saturated fusion subsystem over T < S.

(a) IfET C F° as sets, then OV (£) < O (F).
(b) If€ = Cx(U) for some abelian subgroup 1 # U < S fully centralized in F, then £¢ C F°
as sets, and hence O (£) < OY (F).

Proof. (a) Since £ C F°¢ as categories, 0z restricts to a strongly multiplicative map
Mor(£) — I'y(F). By the universal property of f¢|yioreery (Proposition 2.8), there is a
(unique) homomorphism w: I'y(E€) — I'y(F) such that w o Og|vor(eery = 07 |Mor(eer). Hence

Mor (0¥ (£)) = (Og |sor(eery) (1) < 071 (1) = Mor(O¥ (F)°)
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where the first equality holds by Lemma 2.2(a) (O (£)¢" and £ have the same objects).
Since each morphism in OF'(£) is a composite of restrictions of morphisms in O (£)°", we
conclude that O7 (£) < OY(F).

(b) Assume £ = Cx(U) and hence T' = Cs(U), where U # 1 is abelian and fully centralized
in F. Fix P € £°% we must show that P € F¢. Note that P > Cp(P) > U.

Choose P* € P7 fully centralized in F and ¢ € Isor(P, P*), and set U* = (U). Since
U is fully centralized in F, there is ¢» € Homz(Cg(U*),T) (recall T' = Cs(U)) such that
Ylps = 7ty € Isox(U*,U). Also, P* < Cg(U*) since P < Cg(U). Set R = (P*); then
Y € Isog(P, R) since its restriction to U is the identity. So R € P® C £, hence Cs(R) <
Cs(U) = T, and thus Cs(R) = Cr(R) < R. But then Cg(P*) < P* since ¢(Cs(P*)) <
Cs(R), and P, P* € F¢ since P* € P” is fully centralized in F. O

We will also need to deal with “subsystems of p-power index” in a few cases.

Definition 2.12 ([5a2, Definitions 2.1 & 3.1]). Let F be a saturated fusion system over a
finite p-group S.

(a) The hyperfocal subgroup of F is defined as follows:
byp(F) = (g7'alg)|g € P < S, a € OP(Autz(P))).

(b) A fusion subsystem & < F over T < S has p-power index in F if T > byp(F), and for
all P <T, Autg(P) > OP(Autz(P)).

By [5a2, Theorem 4.3] or [AKO, Theorem 1.7.4], for each saturated fusion system F over
S and each T' < S containing hyp(F), there is a unique saturated fusion subsystem Fr over
T of p-power index in F, and Fr = (Inn(S), OP(Autz(P)) | P < T') by the second reference.

Lemma 2.13. Let £ < F be saturated fusion systems over finite p-groups T < S, where
& has p-power index in F and T is normal in S. Then OV () < OP(F), and T (F) is
isomorphic to a subquotient of I'y(E).

Proof. Set Fy = OV (F). Then T > byp(F) > byp(Fy), so by [AKO, Theorem 1.7.4], there
is a unique saturated fusion subsystem

& = (Inn(T), OP(Aut (P)) | P < T) < Fo
over T of p-power index in Fy. Also, & < &€ since € = (Inn(T"), OP(Autz(P)) | P < T).
We first prove that O (£) < O (F). By [5a2, Lemma 3.4(b)],

F = (0L(F), Autx(5)) = (OL(F), Inn(S5))  where O(F) = (O°(Autz(P))| P < 5)

(as fusion systems over S), where the second equality holds since Inn(S) € Syl (Autz(5)).
Also, T is strongly closed in OP(F) by definition of hyp(F) and since T" > hyp(F). So T' is
also strongly closed in F = (OP(F), Inn(S)) (recall "< 5).

Let Folr € Fo and Fl|r € F be the full subcategories with objects the subgroups of
T. Also, F = (Foy, Aut£(S)) by Lemma 2.2(c) and Fy|r = (&, Autx, (1)) by [5a2, Lemma
3.4(b)] again, so

-F|T = <.F0‘T,OK‘T ‘ (RS Aut]:(S)> = <80,Aut]:(T)>

since T is strongly closed. Also, Autz(7") normalizes Fy|r since Aut g, (7") and Autz(S) both
normalize it, and hence Autz(7") also normalizes & by definition of &. Thus Autz(T") <
Aut (&), so € < Flr < (&, Aut(&y)), and & has index prime to p in € by Lemma 2.7. Since
& is saturated, OF' () < & < Fo = OP'(F).
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It remains to show that I',(F) is isomorphic to a subquotient of I',/(£). Consider the
homomorphisms

Ty (F) = Aut#(S)/Autz, (S) —2— Autz(T)/Autx (T) = Outx(T)/Outx, (T)

Iy (€) = Oute(T)/Ont gy ) (T) — Oute(T)/Onte, (T) —Ls Outz(T)/Outz, (T)

where f; is induced by restriction to T' (recall that T is strongly closed in F), fy is the
natural surjection, and f;3 is induced by the inclusion Outg(7") < Outxz(T"). Here, f5 is an
isomorphism since Outg(7') = OP(Outz(7")) and Outg,(T) = OP(Outx,(T')) by the above
descriptions of £ and &, both have order prime to p, and Outx,(7) > OF (Outz(T)) since
Fo=OV(F) > OV (F).

If a € Autz(S) is such that a|r € Autg (7'), then by the extension axiom (Definition
1.1(b)), there is B € Autz,(S) such that 8|r = alr, so 87 is the identity on T, induces an
automorphism of p-power order on S/T'; and hence has p-power order and lies in Inn(S). So
fi is injective, and I'y/(F) is isomorphic to a subquotient of I'y/(&). O

The next lemma is useful when comparing subsystems of index prime to p in a simple
group with those in its quasisimple coverings.

Lemma 2.14. Let F be a saturated fusion system over a finite p-group S. Then for each
central subgroup 7 < Z(F), we have OY (F/Z) = OV (F)/Z and Ty (F/Z) = Tp(F). Thus
if F = Fs(G) for a finite group G, then for each Z < Z(G) (not necessarily a p-group),
Uy (Fsz/2(G/Z)) = Ly (F).

Proof. Assume P € F, and consider the subgroup A = {a € Autz(P)||o, P] < Z}.
All elements of Autz(P) restrict to the identity on Z, so A < Autz(P), and each v € A
induces the identity on Z and on S/Z and hence has p-power order [G, Corollary 5.3.3]. Thus
A < O,(Autx(P)) = Inn(P) since P is F-radical. So if gZ € Cg/z(P/Z), then ¢, € Inn(P),
and g € Cg(P)P = P. Since this applies to all members of P”, we see that P/Z € (F/Z)°.

Consider the following diagram:

GCT'
Mor (Fe") ——— Ty (F)
P»—>P/Zl : f

Mor((F/2)) —Z25 T (F/ 2)

where 0% is the restriction of #r, and where f exists (making the square commute) by
the universality of #% (Proposition 2.8). This commutativity implies that (O (F))/Z <
OP (F/Z), and hence that OF (F)/Z < OY(F/Z) by Alperin’s fusion theorem (Theorem
1.3).

For each P < S such that P > Z and P/Z is fully normalized in F/Z, Autoy 7, (P/Z)
is normal in Autr,z(P/Z) and contains Autg,z(P/Z) € Syl (Autz/z(P/Z)), and thus con-
tains O (Autz/z(P/Z)). So Auboy r),7(P/2Z) = OF (Autz/z(P/Z)) for all P/Z < S/Z, and
OP (F)/Z has index prime to p in F/Z. By Proposition 2.4(b), O¥ (F)/Z > O"(F/Z).

We next show that f is an isomorphism. Let a € Autz(S) be such that 0x(a) € Ker(f),
and let o/ € Autr/z(S/Z) be the induced automorphism of S/Z. Thus

o' € 0%,(1) = Autoy 7/2)(S/2) = Autow 7),(5/2),
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so there is 3 € Auty, ) (S) such that f~'a induces the identity on S/Z. But 8~ also in-
duces the identity on Z < Z(F), so it has p-power order, and 0x(a) = 0£(3) = 1 since I,y (F)
has order prime to p. This proves that Ker(f) = 1, and hence that f is an isomorphism.

The last statement is now immediate. O

The next lemma deals with normal subgroups of subsystems of index prime to p.

Lemma 2.15. Assume & < F are saturated fusion systems over S, where £ has index prime
topin F. Then for Q < S, Q < F if and only if Q < E and Q) is weakly closed in F.

Proof. Assume Q <9 & and @) is weakly closed in F. By the Frattini condition (Lemma
2.2(c)), for each ¢ € Homz(P, R), there are a« € Autz(S) and ¢y € Home(P,a ' (R))
such that ¢ = (a|,-1(r)) o @o. Then a(Q) = @ since @ is weakly closed, and ¢, extends to a
morphism gy € Homg(PQ, o™ (RQ)) such that $o(Q) = @ since Q < €. So (at]a-1(rq))oPo €
Homz(PQ, RQ) extends . This proves that () < F, and the converse is clear. O

The next lemma, which gives one criterion for proving that O (F) is simple, will be
applied in Section 4.

Lemma 2.16. Fiz a prime p and a finite p-group S, let F be a saturated fusion system
over S, and assume that no nontrivial proper subgroup of S is strongly closed in F. Then
either OY (F) is simple; or there are subgroups Ty,..., Ty < S (for 2 < k < |[Iy(F)|)
that are strongly closed in OP (F) and Autx(S)-conjugate to each other, and such that S =
Ty x -+ x Ty. In particular, F is simple if F = OF'(F).

Proof. Assume O (F) is not simple, and let 1 # £ < O (F) be a nontrivial proper normal
subsystem over 1 # T' < S. In particular, T is strongly closed in O (F) (one of the conditions
for £ to be normal). If T = S, then € has index prime to p in O” (F) by [AOV, Lemma
1.26], which is impossible since & < OF'(F) and O (O¥ (F)) = O (F). So T < S.

Thus there are proper nontrivial subgroups of S strongly closed in O (F), and so O (F) <
F by assumption. Let 1 # U < S be minimal among all such subgroups. Set m = |I',y(F)| =
|Autz(S)/Autoy 5 (S)] (Proposition 2.4), choose coset representatives o, . . ., oy, € Autz(S)
for Autey £)(5), and set U; = o;(U). Then each U; is a minimal strongly closed subgroup in
O (F), and U=U, U, is strongly closed in O (F) by [A2, Theorem 2] or [Cr, Theorem
5.22]. Also, U is normalized by Autx(S) by construction. Since each morphism in F is the
composite of a morphism in OF' (F) followed by the restriction of some element of Autz(S),
U is strongly closed in F. So U=25 by assumption.

For each 1 <4 < m — 1, U ---U; is strongly closed in OP'(F) by [A2, Theorem 2] again,
so (Uy---U;) N U4y is also strongly closed. So by the minimality of U among strongly
closed subgroups, either (U ---U;) N Uy = 1 or Uy < Uy ---U;. Hence there is a subset
I C {1,...,m} such that S is the direct product of the U; for i € I, and |I| > 2 since
U<S. O

3. FUSION SYSTEMS WITH CENTRIC AND WEAKLY CLOSED SUBGROUPS

We saw in the last section that when F is a saturated fusion system over a finite p-group
S, its subsystems and extensions of index prime to p are determined by their automizers
on S. In this section, we show that in fact, it suffices to consider the automizers of some
subgroup A < S that is F-centric and weakly closed in F. In particular, this works in many
cases when A is the p-power torsion in the maximal torus of a finite group of Lie type in
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defining characteristic different from p, and allows us to work with Autz(A) rather than
Aut ]:(S )

We begin with three lemmas that describe the relationship between Autz(A) and 'y (F)
for such a subgroup A < S, and show how this can be used to get upper and lower bounds
for [T (F).

Lemma 3.1. Let F be a saturated fusion system over a finite p-group S, and assume A < S
1s a subgroup that is F-centric and weakly closed in F. Let

0% Autr(A) —— T (F)
be the restriction of Or: Mor(F¢) — I'yy(F) to Autz(A). Then
(a) 9;4) is surjective and Ker(ﬁg)) = Autoy 7 (A);
(b) Ty (F)=1if O”(Autz(A)) = Autx(A); and
(¢) for & < F of index prime to p, £ = F if and only if Autg(A) = Autz(A).

Proof. Since A is weakly closed, each o € Autz(95) restricts to an element of Autz(A), and

so the surjectivity of HETA) follows from that of 07|au,(s) (Proposition 2.4(a)). Point (b) is
then immediate.

Set €y = (07'(H)) < F for each subgroup H < I',,(F). Then Autg, (A) = (95;4))_1(}[),
since each o € Autg, (A) is a composite of restrictions of morphisms in §7'(H) (and inclu-
sions are sent to the identity). In particular, Autqy z(A4) = Ker(HETA)) (the case H = 1),
finishing the proof of (a). For each & < F of index prime to p, £ = Ey for some H < T'y/(F)
by Proposition 2.4(b), and from the surjectivity of Gg_f‘), we see that Autg(A) = Autz(A)

implies H = I';y(F), and hence £ = F. O
One immediate consequence of Lemma 3.1 is the following upper bound for |I';/(F)].

Lemma 3.2. Let F be a saturated fusion system over a finite p-group S, and let £ < F
be a saturated fusion subsystem over T < S. Assume that OP () < O (F), that A < S is
F-centric and weakly closed in F, and also that A <T. Then Autyy g (A) is contained in

the kernel of the homomorphism Hgl) from Autz(A) onto I,y (F), and hence
Ty (F)| < |Autz(A) : O7 (Autz(A)) - Autpy g (A)].
In particular, O (F) = F if Autz(A) = OP' (Aut£(A)) - Autoy ) (A).

Proof. Since O¥ (£) < O¥(F), we have Autoy g)(A) < Autpy 7 (A) = Ker(HETA)) by Lemma
3.1(a). The other claims now follow from the surjectivity of 9;4) and since pt |I'y(F)|. O

If Ais an abelian subgroup that is F-centric and weakly closed, then we can say more. The
next lemma will be our main tool for getting lower bounds on |I',,(F)| when it is nontrivial.

Lemma 3.3. Let F be a saturated fusion system over the p-group S, and let A < S be an
abelian subgroup which is F-centric and weakly closed in F. Set

X ={te A|tF C A},
and assume X NZ(S) # {1}. Choose 1 # Z < (XN Z(S)), set € = Cx(Z) and & = OP (€),

and let Ky < K < Autz(A) be the normal closures of Autg,(A) and Aute(A) in Autz(A).
Then the following hold.
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(a) Thereis a surjective homomorphism f: Ty (F) — Autz(A)/ K with the following prop-
erty: for each morphism ¢ € Homgz(P,Q) in F*, there is a € Autr(A) such that
alz = ¢lz, and for each such o, f(0x(p)) = aK.

(b) We have O” (Autx(A)) Ky < Ker(0%") < K.

Proof. Since & < OP (F) by Lemma 2.11(b), Autg,(A) < Attty 5 (A) = Ker(ﬁg_f‘)), and

hence K, < Ker(ﬁg_f‘)). Since Im(Ggf)) has order prime to p, this proves the first inclusion in
(b).

Before proving the other claims, we check that
for each P < A and ¢ € Homxz(P, A), ¢ extends to some p € Autz(A). (3.1)

To see this, set Q = ¢(P) < A, choose R € PF = Q7 that is fully centralized in F, and
fix x € Isor(Q, R). By the extension axiom, y extends to ¥ € Homz(Cs(Q),S) and ¢
extends to » € Homz(Cs(P),S), and X(A) = A = p(A) since A is weakly closed. Then
X%l € Autr(A), and (X7'@)[p = X7 (xp) = .

Let 0y : Autz(A) — Autz(A)/K be the natural map. We first extend 6, to a strongly
multiplicative map defined on Mor(F¢) (see Definition 2.3).

Fix ¢ € Morz(P,Q), where P,Q € F°. In particular, P,Q) > Z(S) > Z, and ¢(Z) <
e({(XNZ(S))) < A by definition of X. By (3.1), ¢|z is the restriction of some automorphism
a € Autz(A). If o/ € Autz(A) is another automorphism for which /|7 = ¢|z, then o™/ €
Cautr(4)(Z) < K, and so we can define 0(¢) = 0y(a) = Op(a’). We thus have a well defined
map of sets 0: Mor(F¢) — Autr(A)/K with 0|au,a) = 6o, and 6 is surjective since
0y is surjective. If ¢ is an inclusion, then we can choose o = Id4, and hence 6(p) = 1.
Also, Autz(A)/K has order prime to p since K > Autg(A4) € Syl,(Autz(A4)), and hence
6(O” (Autx(P))) = 1 for each P € F°.

It remains to check that 6 sends composites in Mor(F°¢) to products in Autz(A)/K.
Assume ¢ € Homz(P, Q) and ¢ € Homz(Q, R), where P,Q, R € F¢, and set P* = (PN X)
and Q* = (@ N X). Then p(PNX) C QNX, so ¢(P*) < Q" By (3.1), there are a, f €
Autz(A) which are extensions of ¢|p« and 1|+, respectively. Then o «v is an extension of
(1 o @)|px, hence of (1o )|z, and thus 8(1p o) = foa = 0(1) o ().

Since 0 is universal among strongly multiplicative maps (Proposition 2.4(a)), there is a
unique homomorphism f: I';y(F) — Autz(A)/K such that § = fo0r, and f is surjective
since 0 is surjective. This proves (a). Also, K = Ker(y) > Ker(ﬁg_f‘)), which proves the second
inclusion in (b). O

We next note that two extensions of index prime to p of the same fusion system over S are
equal, or at least isomorphic, if they have the same automizer on some centric and weakly
closed subgroup A < S.

Lemma 3.4. Let F; and Fy be saturated fusion systems over the same finite p-group S.
Assume that A .S is F;-centric and weakly closed in F; for i = 1,2, and also that

OV (F)) =0V (F,) and  Autr(A) = Autz,(A).
Then there is 3 € Aut(OP(F,)) such that Bla = 1ds and Fi = °F,. If in addition,
HY(Outgp 5,y(A); Z(A)) = 0, then Fy = Fy.
Proof. Set Fy = OF'(F;) = O”(F,), and consider the subgroup
H={p e Aut(S)| B4 =1d}.
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Each 8 € H induces the identity on S/A since Cs(A) < A, so H is a p-group by, e.g.,
|G, Corollary 5.3.3]. Each a € Autg,(S) (for i = 1,2) normalizes A since A is weakly
closed, and hence also normalizes H. For each a € Autz, (95), a|a € Autg (A) = Autg, (A)
and normalizes Autg(A), and hence extends to some o’ € Autg,(S) by the extension axiom
(Definition 1.1(b)). Then o/ € aH, and this together with a similar argument in the opposite
direction shows that Autz, (S)H = Autz,(S)H. Set G = Autg, (S)H = Autx,(S)H.

For i = 1,2, Inn(S)H < Autz (S)H since Inn(S) < Autz (S) and both normalize H.
Also, Autz, (S)H/Inn(S)H = Autz,(S5)/Inn(S) has order prime to p by the Sylow axiom
(Definition 1.1(b) again). So by the Schur-Zassenhaus theorem (see |G, Theorem 6.2.1(i)]),
all splittings of the extension

1 — Inn(S)H/Inn(S) —— G/Inn(S) —— G/Inn(S)H — 1

are conjugate. Since Autg, (S)/Inn(S) and Autz,(S)/Inn(S) are two such splittings (since
Autz (S) N H < Inn(S) by the Sylow axiom), there is 3 € H such that #Autg,(S)) =
Autz, (S). Thus S|4 = Ids and

Autz (S) = AAutz (S)) = Autaz, (S),

and so F; = #F, by Lemma 2.5 (and since OF (F) = Fy = OV (F3)).

Now assume that H'(Outz,(A); Z(A)) = 0, and let G be a model for Nz, (A) (see [AKO,
Theorem 1.4.9]). Thus A < G, S € Syl (G), Oy(G) = 1, and Fs(G) = Ng(A). Then
Ce(A) < A, so G/A = Outg(A). Since f € Aut(Fy) < Aut(S) and B4 = Ida, 5 is
also an automorphism of Nz (A) and extends to an automorphism B e Aut(G) by the
uniqueness condition in the model theorem [AKO, Lemma I1.4.3(a)]. Also, 3 induces the

identity on G/A since B4 = Id and C(A) < A, and f is conjugation by some a € Z(A)
since H'(Outg, (A); Z(A)) = 0 (see, e.g., [OV, Lemma 1.2]). But then § € Inn(S) < Aut(Fy),
and so Fy = F, = F,. O

The last lemma implies as a special case that when G is a finite group of Lie type in
characteristic different from p, adding diagonal automorphisms of order prime to p doesn’t
change its p-fusion system.

Lemma 3.5. Let p be a prime, and let G < G be finite groups such that p t |OP(G/G)|
Choose S € Syl,, (@), set S =SNG € Syl,(G), and set F = Fs(G) and F = ]-"A(G) Assume
A QS is F-centric and weakly closed in F, and is such that G = GCg(A). Then F is
normal of p-power index in F, and F = F if pt|G/G].

Proof. Set G = G-OP(G). Then S € Syl,, (G) since p 1 |G/G|, and Fg(G) is normal of p-power
index in F. It remains to show that F = Fs(G). Since F is normal of index prime to p in
Fs(G), it suffices by Lemma 3.1(c) to show that Autz(A) = Autz(A), and this holds since
our original assumption G = GCg(A) implies that Nz(A) = Ng(A)Cz(A). O

4. SIMPLICITY OF FUSION SYSTEMS OF KNOWN SIMPLE GROUPS

We are now ready to explicitly describe O (F) and I',(F), when F is the fusion system
of a known simple group and S 4 F.

When r is a prime, let Lie(r) denote the class of finite groups of Lie type in defining
characteristic r. Since this will be used only when restricting attention to simple groups, we
needn’t go into details as to exactly which groups are included in this class.
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In most cases, the simplicity of F was determined by Aschbacher in [A2, Chapter 16]. His
conclusions are summarized in the following proposition.

Proposition 4.1. Fiz a prime p, a known simple group G, and S € Syl (G). Set F = Fs(G),
and assume that S 4 F.

(a) IfG = A,, then OP(F) = F ifn = 0,1 (mod p), and |Ty(F)| = 2 otherwise. In all
cases, O (F) is simple, and is realized by A, where n' = p - [%]

(b) IfG € Lie(p), orifp =2 and G =2 2F4(2)', then G has Lie rank at least two, OP (F) = F,
and F is simple.

(¢) If G is a sporadic simple group, then either F is simple, or OP (F) has index 2 in F
and 1s simple, and is realized by a known simple group H. See Table 4.1 for details in
the individual cases.

Proof. (a) See [A2, 16.5] or [AOV, Proposition 4.9].

(b) Assume G € Lie(p), or p =2 and G = ?F(2)’. Then G has Lie rank at least 2 by [A2,
Theorem 15.6.b], and so F is simple by [A2, 16.3].

(c) Assume G is sporadic. If p = 2, then G ¥ J; since S 4 F, and hence F is simple
in all cases by [A2, 16.8]. If p is odd, then since S 4 F, G is not “p-Goldschmidt” in the
terminology of [A2], and hence is not one of the groups listed in [A2, Theorem 15.6]. By
[A2, 16.10], either F is simple, or (G, p) is one of the pairs listed there (and marked as such
in Table 4.1), and F is realized by the almost simple group given in the same reference.
In particular, when F is not simple, OP'(F) is realized by one of the simple groups My or
’F4(2) (when p = 3) or SL3(5) (when p = 5), and hence is simple by [A2, 16.10] again or by
(b), respectively.

Note, however, the following two errors in the statement of [A2, Theorem 15.6]. When
p =3 and G = He, F is isomorphic to the fusion system of M, and hence that of Aut(Mis):
this follows from the tables on pp. 47-48 of [RV]. The error in the proof in [A2] came from
mis-identifying D = Ng(5) (see line 3 on p. 102 in [A2]).

When p = 5 and G = Coy, F is simple by Theorem 2.8 and Table 2.2 in [OR]. In this
case, the error in the proof of [A2, 16.9.5] occurred because the F-radical subgroups of order
52 were overlooked.

In addition, when p = 3 and G = Fi,,, argument (ii) on p. 101 in [A2] cannot be used
to prove that O3 (F) = F, since there is no maximal subgroup H < G such that O3(H) =
F*(H), H = O%(H), and H > Ng(S). Instead, argument (iii) (on the same page) can be
applied. 0

It remains to consider the cases where G € Lie(q) for ¢ # p, using Lemmas 2.11, and 3.2,
and 3.3. We first look at the case p = 2.

Proposition 4.2. Let G be a finite simple group of Lie type in odd characteristic, fix S €
Syly(G), and set F = Fs(G). Assume S 4 F. Then O% (F) = F, and F is simple.

Proof. We will prove that O (F) = F. Once we know this, then since no proper nontrivial
subgroup of S is strongly closed with respect to G by [FF, Theorem 1.1], it follows by Lemma
2.16 that F is simple.

By [BMO2, Proposition 6.2], we can assume that G satisfies Case (II1.1) of [BMO2, Hy-
potheses 5.1]. Hence G = G(q) for ¢ = 1 (mod 4) (i.e., a Chevalley group), or G = 2G(q) for
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G p=2 p=3 p=>5 p="7 p=11 p=13
My simple ab ab ab

Mo simple ab ab

Moy simple ab ab ab ab

M,z | simple ab ab ab ab

My, | simple Mg : 2 ab ab ab

Ji ab ab ab ab ab

Jo simple m ab ab

J3 simple S <F ab

Jy simple  [%Fy(2) : 2 ab ab

Cosz | simple simple SAF ab ab

Coy simple simple SIF ab ab

Coy simple simple simple ab ab

HS simple ab S <F ab ab
McL | simple simple SIF ab ab

Suz | simple simple ab ab ab

He simple ab

Ly simple simple simple ab ab

Ru | simple |?Fy(2)":2 SLs(5) : 2 ab ab
O’N | simple ab ab simple ab

Fiys | simple simple ab ab ab ab
Fiy3 | simple simple ab ab ab ab
Fi,, | simple simple ab ab ab
F; simple simple simple ab ab

F; simple simple ab ab
I simple simple simple ab ab ab
I simple simple simple simple ab

TABLE 4.1. In all cases, G is a sporadic simple group, S € Syl,(G), and F =

Fs(G). An entry “H : 2" means that OP (F) is simple, has index 2 in F, and is
realized by the simple group H. A blank entry means that p { |G|, and “ab” means
that S is abelian. A box indicates that S is extraspecial of order p? and exponent p.

G = A,, D,, or Eg and ¢ = 1 (mod 4). So by [BMO2, Lemma 5.3], there is a centric abelian
subgroup A < S such that Autg(A) is generated by reflections; in particular, such that
0% (Autg(A)) = Autg(A). (These results in [BMO2] are stated for the groups of universal
type, but they carry over easily to the adjoint case.) By [BMO2, Proposition 5.13|, in all
cases except when G = Sp,, (q) for some n > 2 and ¢ =5 (mod 8), A is weakly closed in F,
and hence I',(F) = 1 and O?(F) = F by Lemma 3.1(b).

Now assume that G = PSp, (q), where n > 2 and ¢ = 5 (mod 8), and set G = Sp,,(q).
More generally, we use tildes for subgroups and elements of G, and the same symbol without
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tilde for their images in G. Thus S € Syl,(G) and also F = ]-"g(é) Let (V,b) be the sym-
plectic space on which G acts as the group of isometries, choose an orthogonal decomposition
V=V, L. LV, where dimg (V;) = 2 for each 7, and let Z; € G act via —Id on V; and the
identity on the other summands. Set Z = (Z1,...,%,): then C~(~) is a product of n copies
of Spy(q) = SLa(q) and Ng(Z 7) =~ Spa(q) 1 3. We can assume that S € Syl,(G) was chosen
so that S < N@(Z) (hence so that Z < S).

Set B = C’g(Z) >~ (Qg)". Each g € El acts on V with 2-dimensional (—1)-eigenspace,
hence centralizes the z; or permutes them via a 2-cycle, and no element that permutes them
via a 2- cycle can be a square in S. So each ¢ € Hom = (B S ) sends Z to itself, and thus sends
B=C5 (Z ) to itself. This proves that B is weakly closed in F.

Set W = (%125). We can assume S (or the ordering of the ;) was chosen so that W is
fully centralized in F. Set £ = C (W) the fusion system of Cx (W) >~ Sp,(q) X Spyy,_4(q).
By Lemma 2.6, £ = & x & and 0% (£) = 0% (&) x 02 (&,), where & and &, are the fusion
systems of Sp4( ) and Sps,,_ 4( ) respectively. The fusion system of PSp,(q) is simple by
[02, Proposition 5.1], so O (&) = & by Lemma 2.14, and hence Autr )(B) contains

(C31%,) x 1 as a subgroup of Autz(B B) = C31%,. Thus Aut 5)(~) and OQl(Autf(é))

generate Autf(é), SO Fp/(j-:) = 1 by Lemma 3.2, and hence I'/(F) = 1 by Lemma 2.14
again. 0

When handling the cases where p is odd, the following list of isomorphisms between fusion
systems of groups of Lie type will be helpful. It is convenient to write G ~, H to mean that
G and H are finite groups whose p-fusion systems are isomorphic.

For each prime p and each ¢ prime to p, ord,(q) denotes the multiplicative order of ¢
modulo p.

Lemma 4.3. Fiz an odd prime p and a prime power q such that p ¥ q. Then each of the
following inclusions of finite groups induces an isomorphism of p-fusion systems:

a) GL,(q) < GLy+1(q) when n > 2 and ord,(q) { (n+ 1);

b) Sps,(q) < GLa,u(q) (all n > 1) when ord,(q) is even;

(¢) SO+1(q) < GLayt1(q) (alln > 1) when ord,(q) is even;

(d) GO5,(q) < GLay(q) when e = £1, n > 1, ord,(q) is even, and ¢"* # —e (mod p); and
)

SO09,-1(q) < SO5,,(q) when e = +1, n> 2, and ¢" # € (mod p).

Proof. By [BMO1, Lemma A.2|, for each of the inclusions (a,b,c,d,e), the p-fusion system of
the subgroup is a full subcategory of the p-fusion system of the larger group. So it remains
only to check that each subgroup has index prime to p in the larger group, and this holds
since by the well known formulas for the orders of these groups,

Up(|GLn1a(q) - GLu(q)]) = Up( 1)
Up (| GL2a(q) szn(q)l) ¢# = 1)
Up (| GLans1(q) = SOmi1(q)]) = D217 vp(g
Up (| GL2a(q) + GO, ()]) = vp(d" +€) > (g = 1)
p(1803,(q) = SO2n-1(q)]) —€)
(see, e.g., [Ta, pp. 19, 70, 141]). O

z 1,UP
n+1 22 1_1)
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Lemma 4.4. Fiz an odd prime p and a prime power q such that pt q. Then there exists a
prime power q* such that ord,(¢") = ord,(—q) and v,((¢")P~' — 1) = v,(¢*?"* — 1). For each
such prime power q":

(a) PSU,(q) ~p PSL,(q") for all n;

(b) 125, (q) ~p 25,7"(q") for all = € {£1} and all n;

(c) Eo(q) ~p *Es(q”) ~p Fulq”); and

(d) G(q) ~p G(¢¥) when G = 29,11 o1 Spy,, forn > 2, or G = Gy, Fy, Er, or Ex.

Proof. Set £ = v,(¢"~' —1). Since (Z/p"™)* is cyclic, there is x € Z whose class modulo p‘*?
has order p - ord,(—¢). By Dirichlet’s theorem on primes in arithmetic sequences (see [Se, p.
74, Corollary]) and since ged(x, p) = 1, there are infinitely many primes ¢* such that ¢¥ =«
(mod p*™1). For each such ¢", we have ord,(¢") = ord,(—¢q) and v,((¢")P"'—1) = v,(¢""' —1).

The above relations between groups are all special cases of [BMO1, Theorem A(c,d)],
together with [BMO1, Example 4.4(b)] (for the second equivalence in (c)). Note also the
remark in [BMOI, p. 11] that explains why the above conditions on ¢* and —q hold if and
only if they generate the same closed subgroup of Z) (the p-adic units). O

We now look at the classical groups when p is odd. We use the following, standard no-
tation to describe certain automizers. For a given prime p, k | m | (p — 1) and n > 1,
and a commutative ring R whose group of m-th roots of unity is cyclic of order m, define
G(m, k,n) < GL,(R) as follows:

G(m,k,n) = {diag(uy, ..., u,) € GLy(R) |u]" =1 Vi, (u - Ay )R = 1} - Perm(n)

~Y

where Perm(n) = 3, is the group of permutation matrices: the matrices that permute the
canonical basis. Thus, for example, G(m,1,n) = C,, 1 %, and G(m,m,n) = (C,,)" " x 3,.
This notation will be used in particular when R = Z/p® (some £ > 1) and m | (p — 1).

Proposition 4.5. Fiz an odd prime p, and let G be a finite simple linear, unitary, symplectic,
or orthogonal group in defining characteristic different from p. Fiz S € Syl (G), assume S is

nonabelian, and set F = Fs(G). Then OV (F) is simple, and T (F) = Autz(S5)/Autpy 7 (S5)
15 as follows:
(a) If G = PSL;(q) for some e € {£1} and n > 2, then I'yy(F) is cyclic of order ord,(eq).
(b) If G = PSp,y,(q) or $290,41(q), then I'y(F) is cyclic of order lem(2, ord,(q)).
(¢) If G = P(X%, (q) where e = £1 and ¢" # ¢ (mod p), then I'y(F) is cyclic of order
lem(2, ord,(q))
(

(d) If G = P65, (q) where e = £1 and ¢" = ¢ (mod p), then I'y(F) is cyclic of order
L -lem(2, ord,(q)). If, in addition, ord,(q) is even, then F is isomorphic to a normal
subsystem of index 2 in the p-fusion system of SL,(q).

In each of the above cases, there is an abelian subgroup A <1 S that is F-centric and weakly
closed in F. More precisely, if we define m, u, 8, and r as in Table 4.2 and set { = v,(¢"—0),
then A, Autz(A), and Autey 7)(A) are as described in Table 4.2.

Proof. We first show that O (F) is simple, assuming the other claims hold. If G = PSLE (q)
where ¢ = £1 and p | (¢ — €), then no proper nontrivial subgroup of S is strongly closed in
F by [FF, Theorem 1.2] and since S is nonabelian. So once we know that O (F) = F, then
Lemma 2.16 implies that F is simple.
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case m i 0 K Autr(A)  Autyy £ (A)
(a) | ordy(cq) m £ [n/u] Cu %y, G(p, p, k)
(b) | ordy(q) lem(2,m) (=1 [2n/ ] Cul Xy G, i, )
© | odyle) lem@m) (D™ Ro-D/ CaS.  Glume)
(d) | ordy(q) lem(2,m) (=1)™*! [2n/ ] G 2,5) Gl p, )

TABLE 4.2. In all cases, k > p and A has exponent p’. In all cases except (a)
when p | (¢ —¢€), A= (Cp)".

In all other cases, by Table 4.2, 2;(A) is a simple F,Aut o, ) (A)-module and |S/A] < [A].
No proper nontrivial subgroup of S is strongly closed in F by [FF, Theorem 1.2] again, so we
are in the situation of Lemma 2.16. Assume O (F) is not simple: then there are subgroups
Ty,..., Ty (some k > 2) that are strongly closed in OP' (F) and Autx(S)-conjugate to each
other, and such that S = T7 x --- x Ty. For each i, let m;: S — T; be the projection.
Then Ker(m;) N A is normalized by Auty, 7 (A), and since ©;(A) is a simple module, either
Ker(m)NA=1or Q;(A) < Ker(m). If 9 (A) < Ker(m;) for one index ¢ then it holds for all
i, which would imply A = 1. Thus Ker(m;) N A =1 for each 4, so m; sends A injectively into
T;, and |S| = [[5, |T3] > |A|* > |A]?, contradicting the earlier observation that |S/A| < |A].
Thus O” (F) is simple.

Note also that x > p in all cases, assuming the other claims hold: p | [Autz(A)| since
A <.S and S is nonabelian, and Autz(A) has index 1 or 2 in C), 1 X, where p { p.

(a) By Lemma 4.4(a), it suffices to prove this when G = PSL,(q): the case handled by Ruiz
in [Ru]. We sketch a slightly different argument, based on Lemmas 3.2 and 3.3. Recall that
m = pu = ord,(q).

Case (a.1): Assume m = 1;ie., p|(¢—1). Set G = SL,(q), and let A < G be the subgroup
of diagonal matrices of p-power order and determinant 1. Thus A = (Cp)"! (recall that
¢ = v,(q —1)). Choose S € Sylp(é) such that A < § < N7(A), and set F = ]-"5(5). Then
[BMO2, Hypotheses 5.1 case (III.1)] is satisfied, and so A is weakly closed in S by [BMO2,
Proposition 5.13].

By Lemma 2.14, T,y (F) 2 T'yy(F), and hence it suffices to show that I'y(F) = 1. Set

['= Autz(4) =X, and Tp=A (A).

utop/ (f)

If I, (F) # 1, then Ty < T is normal of index prime to p by Lemma 3.1(a). Also, n > p since
S is nonabelian, and since p is odd, this implies I'y = A,, (the alternating group).

If p<n <2p-—1, then |S/A| = p, and |[A, S]] > p?. (Note that if p = n = 3, then
¢ > 1since S € Syl,(PSLy,(q)) is assumed to be nonabelian.) If T’y (F) # 1, then I'y = A,,
so that [Autr,(U)| = (p —1)/2 for U € Syl (I'g). Then A < O¥ (F) by Lemma 1.4, and
hence A < F. But this is impossible: A cannot be strongly closed since each element of G
of p-power order is diagonalizable. So Fp/(j-" )=1.

Now assume n > 2p. Let Ay < A be the subgroup of all diagonal matrices diag(as, . .., a,)
of p-power order such that a; = ay = - - - = a,41. Thus Cg(4g) = GN(GLy41(q) % (F )P,
Set Gy = O”'(OP(C’(—;(AO))) = SLy11(q), so that Gy < Cx(Ag) and C(Ag) /Gy = (Fy) P~
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Set So = Go N Cz(Ao) € Syl,(Go) and Fy = Fg,(Go). By Lemma 3.5, Fy is normal of
p-power index in Cz(Ap). So by Lemmas 2.13 and 2.11(b),

O (Fy) < O (Cx(Ag)) < OF'(F).
We already saw that Autyy 7, (A) = Epi1, so Autz(A) = O”/(Aut]—E(A)) -Autoy (£ (A), and

hence Ty (F) = 1 by Lemma 3.2.

Case (a.2): Now assume m > 1; i.e., that pt (¢—1). Fix a vector space V' = (F,)", and set
G = Auty, (V) = GL,(q) and Gy = OP(G) = SL,(q). Note that F = Fs(G) is isomorphic
to the fusion system of Gy since p 1 |Z(Go)|, and we will show later that it is isomorphic to
that of G.

Fix an irreducible polynomial f | (X? — 1) of degree m in F,[X], and identify F,m =
F,[X]/(f). Choose a decomposition V = V;&--- @V, W, where dim(V;) = m for each i and
dim(W) = n—mr < m (recall K = [n/m]). Thus p { |Autg, (W)|. Set V = V1@- - -@V,.. Choose
z; € Autg, (Vi) with characteristic polynomial f, and set z = 2 @ --- ® 2, ® Idw € Cx(W).
Thus z determines an [F m-vector space structure on V', and we set

H = Cgz(z) = Auts,,, (V) x Autg, (W) 22 GLi(¢™) X GLy-mx(q)
= OP(H) = SL,(q™) x Cye.
Now set
A= 0,(Autg,,, (V1) x -+ x Autg,,, (Vi) = O, ((F5n)") = (Cpe)".
Thus Q1(A) = (z1,. .., 2x). Each element of N5(A) permutes the subgroups (z;). So
Ng(A) = (Fgn % Cpn) 18x X GLy_me(q) and  Cg(A) = (Frn)™ X GLy—me(q), (4.1)
and hence
Autz(A) = Autg (A) 2 1Y, and  Auty(A4) =X,

Choose Sy € Syl (2,), and set S = ASy. Then S € Syl (Ngz(A)), and from the formula for
|G| = |GLy,(q)|, we see that

K K

‘G‘ va ¢ —1) va(qmi —-1) = Z(Up(qm - 1)+ Up(i)) = Kl +vp(k!) = vp(|5])

=1 =1 =1

and hence that S € Sylp(é) = Sylp(éo). We can thus identify F = Fg(Go).

Set X = {t € A|t/ C A}. For each x € S~ A of order p, x acts on the set {V;}
via a permutation of order p, and hence dimg, (Cy(x)) > m. Since Cy(z) = W, where
dim(W) < m, this proves that z € XN Z(S). More generally, ;(A) is generated by elements
a such that Cy(a) = W, so ;(A) and A = Cs(§21(A)) are both weakly closed in F.

Consider the surjective homomorphism
0% Autz(A) = Auts(A) T, (F)

of Lemma 3.1. We want to apply Lemma 3.3(b) with (z) in the role of Z. Set £ = Cx(z) =
Fs(H): the p-fusion system of C5(2) and hence of GL,(¢g™). We showed in Case (a.1) that
OP' (€) contains the fusion system of SL,(¢™), and hence that

Autop’((c;) (A) = Autg(A) = AutH(A) = Zli'
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So in the notation of Lemma 3.3, Ky = K = G(m,m, k): the normal closure of Autg(A) in
Autz(A) = Cp . Hence Ker(ﬁg_f‘)) = K by that lemma, and so

Ty (F) = Autr(A)/K = C,,.

Let N: F;.. — F be the norm map: N(u) = u-uf---uf" ' = ¢@"=D/@=D for y € FJ,.
Thus N is surjective. For u € F5, detg, (Fgm — Fym) = N(u) (see, e.g., [La, Proposition
VI.5.6]). Together with the description of Cgz(A) in (4.1), this shows that G = GoCxz(A).
We just saw that A is weakly closed in F (hence in Fj), and Lemma 3.5 now implies that

Fs(G) = Fs(Go) = F.

(b,c,d) If m = ord,(q) is odd, then by Lemma 4.4(b,d), there is a prime power ¢* such that
ord,(¢") = ord,(—q) = 2m, and for each n, Sp,,(q) ~p SP2,(q"), 22n11(0) ~p 22nt1(q"),
and (25, (q) ~, D" (¢Y) (for € = +1). Also,

¢"=¢ (modp) < e=landm|n < (¢")"=(-1)"=(-1)"¢ (mod p),

and hence the claims in (b), (c), and (d) and in Table 4.2 all hold when ord,(q) is odd if
they hold when ord,(q) is even.

(b) Assume ord,(q) is even. If G = PSp,,(q), then G ~, Sp,,,(q) ~, GL2n(q) ~, SLan(q) by
Lemmas 4.3(b) and 3.5, and hence I'y/(F) is cyclic of order ord,(¢) by (a). If G = (2,11(q),
then G ~, SOs,+1(q) ~p GLant1(q) ~p SLont1(q) by Lemmas 4.3(c) and 3.5, and hence
I, (F) is cyclic of order ord,(¢q). In both cases, the claims in Table 4.2 about A, Autz(A),
and Autg, 5 (A) all follow from (a).

(c) Assume G = P(X (q), where ¢ = £1 and ¢" # ¢ (mod p). Then G ~, SO;,(q) ~,
S0s,-1(q) by Lemmas 3.5 and 4.3(e). So by (b), I',/(F) is cyclic of order lem(2, ord,(¢)), and
the claims in Table 4.2 about A, Autz(A), and Auty, - (A) all hold.

(d) Assume G = P(2% (q), where ¢ = £1 and ¢" = ¢ (mod p), and where m = ord,(q) is
even. Set G = G0j5,(q) and let F be the fusion system of G thus F contains F as a normal
subsystem of index 1 or 2. Then G' ~, GLs,(q) by Lemma 4.3(d), and GLa,(q) ~p SL2n(q)

as shown in the proof of case (a.2). So I'/(F) is cyclic of order m, and I'y/(F) is cyclic of
order m/2 or m.

Recall that p = lem(2,m) = m and k = [2n/p]. Set A = m/2 = u/2, so that k = [n/\].
Since ¢" = ¢ = £1 by assumption, A | n, and so n = k. Since ord,(q) = m = 2\, p divides
¢ —1= (¢ —1)(¢* +1), but p does not divide ¢* — 1. Hence p | (¢* + 1).

Set V = (F,m)" as an [F-vector space. We want to describe G as an orthogonal group on

V', and must first find the right quadratic form on this space. Let (x — = = :)qu) be the field
automorphism of order 2 in Fym, and consider the composite

N Tr

Fox

o Fgm q Fy, (N(SC) =z = quHa Tr(x) =zr+4+a+---+ quil).

Thus N and Tr are the norm and trace maps for the respective field extensions. Then
qo is quadratic, has associated bilinear form b(z,y) = Tr(zy + 7y) = Trg . r,(2y), and
hence is nondegenerate. Since (z +— uz) € GO(Fm,qo) for all w € N7!(1), the orthogonal
group contains a cyclic subgroup of order p | (¢* + 1). Hence GO(Fm, q0) = GO, (q), since
p1|GOS(q)| (see, e.g., [Ta, p. 141]). So qq is a quadratic form of type —1.

Now define q: V' = (F,m)" — F, by setting q(z1,...,2s) = >, qo(z;). Then q is nonde-
generate of type (—1)%, and (—1)* = (¢*)" = ¢" = ¢ (mod p). So GO(V,q) = GO;,(¢) =G.
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We next claim, for uy, ..., u, € Fn, that
diag(uy, ..., u,) is orthogonal <= w;u; = 1 for each i. (4.2)

This means showing, for each u € F,n, that qo(uz) = qo(z) for all € Fym, or equivalently
Tr(uuzz) = Tr(zZ), if and only if wu = 1. Since u +— wu = u'™" sends Fgn = IF 2
surjectively onto F,x, we must prove, for all v € FZA’ that Tr((v — 1)F,») = 0 only if v = 1,
and this is clear since v # 1 implies (v — 1)F » = Fx.

Thus the subgroup
A = {diag(u, . .., u) }ufz =1 for all i} = (Cpe)"

is contained in GO(V, q) (recall £ = v,(¢™ — 1) = v,(¢* +1)). We saw in the proof of (a) that
Narowy(A) = (Fyn x Cp) 1 3,. A diagonal matrix is orthogonal only if it has order dividing
¢ + 1, and the field automorphisms and permutations are clearly orthogonal. So

NE(A) = Ngo(vﬂ)(A) = (qu_,_l X Cm) l ZH

and hence Autz(A) = Cp, 1 3, as expected (recall G ~p GLyn(q) ~p SLan(q)).

If ¢ is odd, then the diagonal matrices of order dividing ¢* + 1 have determinant 1 (over
[F,), and the permutations of coordinates in V' =2 (F,m )" have determinant 1 since m is even.
Define o € GO(V, q) by setting a(xy, ..., x.) = (2%, 29,. .., 2,). By the normal basis theorem
(see [Ja, §4.14]), the field automorphism (x +— x9) permutes cyclically an F,-basis for Fym,
and has determinant —1 since 2 | m. So det(a) = —1. It follows that Autg(A) = G(u, 2, k)
has index 2 in Autz(A), and hence that I'y (F) is cyclic of order A = y1/2.

If ¢ is a power of 2, then a similar argument applies upon replacing the determinant
by the Dickson invariant D(a) = dimg, ([V,]) (mod 2) for a € GO(V,q) (see, e.g., [Ta,
Theorem 11.43]). The diagonal matrices and the permutations all lie in Ker(D) = 2(V, q)

since dim([V, a]) € mZ < 27 for all such «. If « sends (1, ...,x,) to (z,x9,...,2,), then
[V, a] has codimension 1, as an [F,-vector space, in F,m x 0 by the normal basis theorem
again, and hence dimg_([V,a]) =m —1is odd. O

It remains to consider the exceptional groups of Lie type. Note that if G is of exceptional
Lie type and S € Syl,(G), then either p divides the order of the Weyl group of the associated
algebraic group, or else S is abelian. In particular, S can be nonabelian only for primes p < 7.

Proposition 4.6. Fiz an odd prime p, and let G be a finite simple group of exceptional Lie
type in defining characteristic different from p. Fiz S € Syl (G), assume S 4 F, and set
F = Fs(G). Then either

(a) p=3 and G =3Dy(q) where 31 q, *Fy(q) where ¢ = 2%+ for k > 1, or 2Fy(2)'; or

(b) G = Fi(q), Es(q), *Es(q), Eq(q), or Es(q), where ¢ = £1 (mod p) and (G, p) is one of
the pairs listed in Table 4.53; or

(¢) p=5 and G = FEg(q), where ¢ = £2 (mod 5); or

(d) p =3, G=Gy(q) where g = £1 (mod 9), |Os(F)| = 3, and O¥(F) has index 2 in F
and is realized by SL¥ (q).

In all cases except in case (a) when G =2 2Fy(2)" or G = 2Fy(2%+1) for 31 (2k+1) (and hence
S =2 3%2) there is a unique abelian subgroup A < S of mazimal rank such that Cs(A) = A,
and A and Autg(A) are as described in Table 4.3. In all of the cases (a), (b), and (c), except
in case (a) when G = 2Fy(2%+1Y) for 31 (2k+1), F is simple, and in particular, O (F) = F.



24 BOB OLIVER AND ALBERT RUIZ

case | p G q A Autz(A)
(a) 3 Fy(q) q=2""91(qg+1) Cs x Oy GLy(3)
(a) 3 *Da(q) 3tq Cierr X Cye 2g X Oy
(b) 3 Fi(q) q = +1 (mod p) (Cpe)? W (Fy)
(b) 3 E5(q) ¢ = ¢ (mod p) (C3e)° x Cea W(Es)
(b) | 3 E5(q) q = —¢ (mod p) (Cpe)* W (Fy)
(b) | 5 E§(q) g = ¢ (mod p) (Cse)° W (Es)
(b) |3,5,7 E,(q) (n=17,8) g = %1 (mod p) (Cpe) W(E,)

(€ | 5 E(q) ¢ = =2 (mod p) (Cpe)? (Cyo2'14). 5
(d) 3 Gs(q) q==+1 (mod 9) (Cye)? Y3 x Cy

TABLE 4.3. Here, ¢ = v,(q? — 1), except in case (c) where £ = v5(¢> + 1), and € = +1.

Proof. Assume p is an odd prime and G is a finite simple group of exceptional Lie type in
defining characteristic different from p. Choose S € Syl (G), and set F = Fg(G).

e If G is a Suzuki or Ree group or G = 3Dy(q), then either S is abelian and hence S < F,
or (G, p) is one of the pairs appearing in (a).

o If G = Fy(q), E.(q), or *E¢(q), where p 1 ¢, then by [GL, (10-1(3))], either S is abelian,
or for m = ord,(q), some cyclotomic polynomial ®,,,.(q) for a > 1 appears in the
formula for |G|. This occurs only when (G, p) is one of the pairs listed in Table 4.3,
case (b) or (c). (Note that if p =5 and G = E§(q) for e = £1 and ¢ = —¢ (mod p),
then S is abelian by this criterion.)

o If G = (G4(q) where p 1 g, then either p > 5 and S is abelian; or p = 3, v3(¢> — 1) = 1,
and S < F by [A2, 16.11.4]; or ¢ = £1 (mod 9) and (G, p) is as in (d).

Thus whenever S 4 F, the pair (G, p) is one of those listed in cases (a)—(d), and in fact, one
of those listed in Table 4.3.

In cases (a), (b), and (c), except in certain cases when p = 3 and G = ?Fy(q), we will
prove below that Op’(]-" ) = F. Once this has been shown, then F is simple by Lemma
2.16, together with [FF, Theorem 1.2] which says that no proper nontrivial subgroup of S is
strongly closed in F.

(a) Assume p = 3. If G = ?F4(2) and S € Syl;(G), then by [RV, Lemma 4.13], S is
extraspecial of order 3% and exponent 3, Outg(S) = Dg, and all subgroups of order 9 in S
are JF-radical. A normal subsystem of index 2 would have the same radical subgroups, and
so there is no such subsystem by the same lemma.

If G = ?Fy(q) where ¢ = 22**1 for k > 1 and 31 (2k + 1), then £ = v3(¢> — 1) = 1, and so
S is again extraspecial of order 33. In this case, the subgroup %F4(2) controls 3-fusion in G,
and the fusion system of ?7(2)’ is normal of index 2 in F. This follows from [RV, Lemma
4.13] (where all saturated fusion systems over S containing that of 2F;(2)" are listed) and the
main theorem in [Ma] (with its information about the subgroups of G).

If G = ?Fy(q) where ¢ = 2%**1 for k > 1 and 3 | (2k + 1), then 9|(¢ + 1). By the main
theorem in [Mal, G contains a maximal torus H = C 41 X Cy41 such that Autg(H) = GLy(3)
and Ng(H) > S. Set A = 0,(H) = Cy x Cq, where £ = v3(q + 1) = v3(¢?> — 1) > 2: then
|S/A] = 3, |[S, A]| = 3% > 3% and Autg(A) = GLy(3). By Lemma 3.1(a,b), if T'y(F) # 1,
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then it has order 2 and Autyy z/(A) = O% (Autz(A)) =2 SLy(3) = 2A,. But this contradicts
Lemma 1.4.

If G = 3Dy(q) where 3 t ¢, then set £ = v3(¢®> — 1), so that v3(|G|) = 2(¢ + 1). By
the main theorem in [Kl], S contains a unique subgroup A = Cier1i x Cye of index 3, and
Autg(A) = 35 x Cy = Dyy. (If ¢ =€ (mod 3) for € € {£1}, then Ng(A) is contained inside
the maximal subgroup (C2c,11 Xy SL5(q)) X X3 listed in [KI].) By the conditions listed in
[O1, Theorem 2.8(a)], there can be no normal subsystem of index 2 in F = Fs(G).

Alternatively, the result for G = Fy(q) or D, (q) follows from Tables 2 and 4 in [DRV]:
when m = v3(|G|), then S = B(3,m;0,0,0) in the notation of [DRV], and those two tables
list all saturated fusion systems over these groups.

(b) If ¢ = ¢ (mod p) where e = £1, then by Lemma 4.4(c), there is another prime power ¢"
such that ord,(¢") = ord,(—¢q) (hence ¢¥ = —& (mod p)) and Eg(q) ~, *Es(q") ~, Fi(q").
This, together with similar applications of Lemma 4.4(d), shows that it suffices to prove (b)
when G = G(q) for ¢ =1 (mod p) and G = F; or E,.

A description of A in these cases can be found in [GL, 10-1(2)] or [GLS3, Theorem
4.10.2(c)], and more details on Autg(A) are given in [BMO2, Lemmas 6.1 & 5.3]. In par-
ticular, A is homocyclic of rank rk(G) and exponent p‘ (where ¢ = v,(q — 1)), except when
G = Eg and p = 3, and Autz(A) = W(G). Also, A is weakly closed in F by [BMO2, Propo-
sition 5.13]. Recall that we are working with the simple groups, hence the adjoint forms,
which is why the description of A is slightly different when (G, p) = (Es(q), 3).

It remains to show that OF' (F) = F, still assuming G = G(q) for G = F, or E, and ¢ = 1
(mod p) (and S is nonabelian). Since Autz(A) = W(G) is the usual Weyl group for G, we
have

Autz(A) /07 (Autz(4)) =

{CQXCQ 1fG:F4andp:3 (43)

CQ ifG:Eﬁ,E7,E8 and3§p| ‘W(G”

When p = 3, these follow from the “standard presentation” of W (G) as a group of reflections
acting on a vector space, with a fundamental system of reflections as generating set [Ca,
Theorem 2.4.1]. When p = 5,7, the result follows from the fact that W(E,) contains a
quasisimple subgroup of index 2. In all cases, we set £ =v,(¢ —1) > 1.

We consider two different cases.
Case (b.1) Assume |S/A| = p; equivalently, v,(|W(G)|) = 1. Then either p = 5 and G = Ej
or 7, or p="Tand G = E; or Eg, and we are in the situation of [COS, Section 2|. We refer
to Notation 2.4 in that paper, and in particular to the subgroups and homomorphism

Z=2Z(S) and Zy=2ZnN][S,59| (|Zo| = p by [COS, Lemma 2.2(c)])
Auty(S) = {a € Aute(9) | [o, Z] < Zy}  for OP(F) < E<F
A= {(r,r)|r € Z/p)} <AL (Z/p)< x (Zfp)* forteZ (4.4)

a(z) ex"A forz e S\ A,

Aut(S A h - it
[ Aut(S) —— where p(a) = (r,s) i {a(g)zgs for g € Zj.

By [COS, Lemma 2.6(a)] and since A 4 F, ,u(Autép/(F)(S)) must contain one of the sub-
groups Ag or A_y. By Table 4.1 in [COS] (the description of uy(Gy)), this would not be

the case if Auty, r (A) were strictly contained in Autz(A) = W(G). Thus Autyy 5 (A) =
Autz(A), and so O” (F) = F by Lemma 3.1(c).
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Case (b.2) Assume |S/A| > p?; equivalently, p? | |IW(G)|. Then either p = 3 and G = F}
or E,, or p=>5and G = Eg. In each case, there is an element z € Z(S) whose centralizer
H = Cg(2) is as described in the Table 4.4. The normalizer N¢(2) is described in [LSS, Table
5.1], and the descriptions of OP(H)/(z) and H/OP(H) are based on that. A comparison of
orders shows that p 1[G : H| in each case, and hence that we can choose z € Z(95).

G p OP(H)/(z) = OP(H/(z)) H/Or(H) H

Fy 3 PSLs(q) x PSLs(q) Cs SLs(F,) o SLs(F,)

Es 3 | PSLs(q) x PSLs(q) x PSLs(q)  Csx Cs  SL3(F,) o SL3(F,) o SL3(F,)
E: 3 Eo(q) % Clg_1y3¢ Cae 3Es(F,) o F

Es 3 Es(q) x PSLs(q) Cs 3E4(F,) o SLs(F,)

Es 5 PSLs(q) x PSLs(q) Cs SLs(F,) o SLs(F,)

TABLE 4.4. In all cases, G = G(q) where £ = v,(q — 1) > 1, and H = C'G(]? )(z)
q

and H = Cg(z) for a certain z € Z(S) of order p. Also, Eg(—) means the simple
group and 3FEg(—) its universal form, and “X o Y” denotes a central product of X
and Y over C),.

The description of the centralizer of z in the algebraic group G(F,) in the last column of
the table (taken from [Gr, Table VI]), is included to better explain the structure of H. For
example, when p = 3 and G = F(q), H is an extension of SL3(q) o SL3(q) by C35 acting via
diagonal automorphisms of order 3 on each factor.

Set &€ = Cr(z) = Fs(H). If { = v,(¢g—1) > 2 or p = 5, then the p-fusion system of PSL,(q)
is simple by Proposition 4.5(a), and O (O?(£)/(z)) is the fusion system of OP (O?(H)/(z))
by the table. By Lemmas 2.13 and 2.14, O (£) = &, except when (G,p) = (E7,3), in
which case O (§) = Fg(OP (H)). So by (4.3), Autz(A) is generated by O (Autr(A)) and
Autpy g)(A), and O (F) = F by Lemma 3.2.

Now assume ¢ = 1 and p = 3. Set K = PSL3(q) and fix U € Syl;(K). Then U = C5 x (s,
so Fu(K) = Fu(Ng(U)) = Fu(U x Qg). If G = Fy, then £/(z) is the fusion system of an
extension of (C5)* x (Qs x Qg) by Cj acting faithfully on each factor Qs, so 0% (£/(z)) =
£/(z), and O (€) = &€ by Lemma 2.14. A similar argument shows that O%(£) = £ when
G = Eg. This, together with the descriptions in Table 4.4, show that Autz(A) is generated
by O (Auty(A)) and Autyg)(A) in all four cases (also when G = E7 or Eg) and hence

that O (F) = F by Lemma 3.2 again.

(c) Now assume p = 5, and G = Fg(q) where ¢ = £2 (mod 5). Set ¢ = vs(¢* — 1) =
vs(¢* + 1). By [BMO2, Lemma 6.7], there is a unique A = (Cy)* of index 5 in S, and
Autr(A) = (Cy o 274).36 (where “o” denotes the central product over Cy). We are thus in
the situation of [COS, Section 2]. Since rk(A) < p, we have |Z(S5)| = p, and hence Z = Z,
and Aut%(S) = Autz(S) in the notation of (4.4). So OY (F) = F by Table 2.2 and Lemma
2.7(c.i) in [COS].

(d) This case, where G = G5(q) and p = 3, was handled by Aschbacher [A2, 16.11]. In
particular, he showed there that S < F if ¢ = +4,+5 (mod 9), while O3(F) = Z(S) and
O%(F) = Cx(Z(9)) has index 2 in F and is realized by SL; (q) if ¢ = +1 (mod 9). O

With the help of Propositions 4.5 and 4.6 and Tables 4.2 and 4.3, we can now check that
certain fusion systems are exotic.
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Lemma 4.7. Assume the classification of finite simple groups. Let F be a saturated fusion
system over a finite p-group S, for some prime p > 5, and assume A < S is abelian and F-
centric. Assume also, for somel > 1,k > p, and2 < m | (p—1), that A is homocyclic of rank
k and exponent p*, and that with respect to some basis {a1, ..., a.} for A as a Z/p*-module,
Autz(A) contains G(m,m, k) with index prime to p, and

Autz(A) NG(m,1,k) = G(m,r, k) < GL(Z/p") for some 2 < r | m.
Then either A < F or F is exotic.

Proof. Assume otherwise: assume A 9 F and F is realized by the finite group G. Assume also
that |G| is minimal among all such counterexamples (A, F,G) to the lemma. In particular,
|G| is minimal among all orders of finite groups realizing F, and so O, (G) = 1.

If ¢ >1and Q(A) < F, then Q(A) < G by the minimality assumption (F is realized by
Ne(€Q1(A))). So in this case, A/Q(A) 4 F/Qi(A) where F/Q;(A) is realized by G/ (A),
which again contradicts our minimality assumption on |G|. Thus Q;(A) 4 F, and hence
Qi(A) 4 F for each 1 < k < /(.

Since Autz(A) contains G(m,r, k) with index prime to p, some subgroup conjugate to
Autg(A) is contained in G(1,1, k) = X, and hence Autg(A) permutes some basis of Q;(A).
Also, G(m,r, k) acts faithfully on (A), as does each subgroup of Autz(A) of order prime
to p (see [G, Theorem 5.2.4]). So by the assumptions on Autz(A),

Autz(A) acts faithfully on €4(A), Autg(A) permutes

a basis of ;(A), and Cg(2;(A)) = A. (4.5)

We claim that
Q1(A) is the only elementary abelian subgroup of S of rank . (4.6)

This is well known, but the proof is simple enough that we give it here. Set V = Q;(A)
for short, let W < S be another elementary abelian subgroup, and set W = Auty (V') and

r =rtk(W). Then r = rk(W/(V NW)) since Cw (V) = WNA=WnNV by (4.5). Let B be a
basis for V' permuted by W, and assume W acts on B with s orbits (including fixed orbits)

of lengths p™ ... p™. Then my + --- +mg > r = rk(W), and hence
k(W) = 1tk(W) + tk(W N V) <7 +1k(Cy(W)) =r + s < Z(l +m;) < mei = rk(V),
i=1 i=1
proving (4.6). In particular, ;(A) and A = Cs(£2;(A)) are weakly closed in F.
Set Gy = OP(G) and Fy = Fs(Go) < F, and let T' = Autz(A) and I'y = Autz,(A) for
short. By Lemma 2.15 and since Q;(A) is weakly closed in F, we have ;(A) €4 Fo.

Step 1: We first claim that G, is simple. Assume otherwise: let H < (G, be a proper
nontrivial normal subgroup, and set 7' = HNS € Syl,(H). Thus 1 # T < S since O (Gg) = 1
and O” (Gy) = Gy, and T is strongly closed in F.

Now, Auty(A) 9 I'g since H < Gy, and by assumption, 'y contains G(m,m, ) with
index prime to p. So Autg(A) N G(m, m, k) is normal in G(m,m, k) = (C,,)"! x X, where
k > p > 5. Consequently, either Auty(A) N G(m,m, k) and hence Auty(A) have order
prime to p, or Auty(A) contains O (G(m,m,«)). In the latter case, H > [Ny(A), A] >
[OP' (G(m,m, k)),A] = A, and hence Ny(A) has index prime to p in Ng(A). But then
T =S, a contradiction.

Thus p { |Autg(A)|, and so T = OP (Ny(A)) < A. Also, T is normalized by Iy >
OP (G(m,m, k)), and so T = Q(A) for some 1 < k < £. But then T is abelian and strongly
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closed in F, so T' < Fy by [AKO, Corollary 1.4.7(a)], hence 2, (A) = Q,(T) < Fy, which we
already showed is impossible. So there is no such 7', and Gy must be simple.

Step 2: It remains to show that Gy cannot be any known simple group. Note that A is a
radical p-subgroup of Gy, since O,(Autg,(A)) =1 and p1 |Cq,(A)/A] (i.e., A is Fy-centric).
Although we do not know Autg,(A) precisely, we know that it is contained in Autz(A) and
contains OP' (G(m,m, k)) = (C,,)" " x A,.

Since p > 5 and rk,(Gy) > p, Gy cannot be a sporadic group by [GLS3, Table 5.6.1].

By [AF, §2], for each abelian radical p-subgroup B < ¥, Auty, (B) is a product of wreath
products of the form GL.(p) !X, for ¢ > 1 and k > 1. Thus Auty, (B) can have index 2 in
Cp—1 12, for some k, but not index larger than 2. So Gy cannot be an alternating group.

If Gy € Lie(p), then Ng,(A) is a parabolic subgroup by the Borel-Tits theorem [GLS3,
Corollary 3.1.5] and since A is centric and radical. So in the notation of [GLS3, §2.6],
A = Uy and Ng,(A) = P, (up to conjugacy) for some set J of primitive roots for G. Hence
by [GLS3, Theorem 2.6.5(f,g)], O” (Ng,(A)/A) = OF'(L;) is a central product of groups in
Lie(p), contradicting the assumption that O (Autg(A)) = G(m,r, k).

Now assume that Gy € Lie(qo) for some prime ¢y # p. By [GL, 10-2] (and since p > 5),
S € Syl,(Go) contains a unique elementary abelian p-subgroup of maximal rank, and by
(4.6), it must be equal to €;(A). Hence Autz(A) must be as in one of the entries in Table
4.2 or 4.3.

o If GGy is a classical group and hence Autz(A) = G(m,7r, k) for m = p or 2u and 7 < 2
(see the next-to-last column in Table 4.2, and recall that G(m,1,x) = Cgz ! 3,), then the
identifications Autz(A) = G(m,7, k) and Autz(A) > G(m,r, k) are based on the same
decompositions of A as a direct sum of cyclic subgroups, and hence we have m | m and
r < 2, contradicting our original assumption.

e If GG is an exceptional group, then by Table 4.3, either x = rk(A) < p, or p = 3, or (in case
(b)) m*~1 - k! does not divide |Autz(A)| for any m > 2 and hence Autz(A) cannot contain
any such G(m,r, k). O

The results in this section are now summarized in the following theorem, in which the
statements that certain fusion systems are exotic depend on the classification of finite simple
groups. Recall that a fusion subsystem of F is characteristic in F if it gets sent to itself by
each o € Aut(F).

Theorem 4.8. Fiz a prime p and a known finite simple group G such that p | |G|. Fiz
S € Syl,(G), and set F = Fs(G). Then either

(a) S<F; or

(b) p=3andG = Gy(q) for some q = +1 (mod9), in which case |O3(F)| =3, [T's/(F)| =2,
and O (F) is realized by SL3(q); or

(c) p>5 and G is one of the classical groups PSL; (q), PSps,(q), Pans1(q), or P2, . 5(q)
wheren > 2 and g # 0, +1 (mod p), in which case Ty (F) is cyclic and O (F) is simple
and exotic; or

(d) [Ty (F)| <2, OY(F) is simple, and it is realized by a known finite simple group G*.
Moreover, the following hold in case (c).

(c.1) There are a subsystem Fo < F of index at most 2 in F, and a finite group Gy realizing
Fo, with the following properties. For each saturated fusion system & over S such that

OP' (€) = OV (F), either
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o £>Fy, and € = Fs(H) for some group H with Go < H and p{ |H/Go|; or
o &} Fo, and € is exotic.

(c.2) If€ > F is an extension of index prime to p (i.e., € is saturated and F is normal of
indez prime to p in £ ), then F is characteristic in &.

Proof. Assume throughout the proof that point (a) does not hold; i.e., that S 4 F. By
Propositions 4.1, 4.2, and 4.6, point (b) or (d) holds except possibly when p is odd and G
is one of the classical groups PSL=(q), PSps,(q), PS2an41(q), or P25 (q) for p 1 q. So assume
we are in one of those cases. In particular, O (F) is simple by Proposition 4.5.

If G = PSU,(q) for some n and ¢, then by Lemma 4.4(a), G ~, PSL,(¢q") for some prime
power ¢* with ord,(¢") = ord,(—¢q). So we can assume G is linear, symplectic, or orthogonal.

Case 1: Assume ¢ = +1 (mod p). If G = PSL,(q) and ¢ = 1 (mod p), then O (F) = F
by Proposition 4.5(a). If G = PSL,(q) and ¢ = —1 (mod p), so that ord,(q) = 2, then set
k = [n/2]. We have

G ~p GLy(q) ~p GLai(q) ~p GO3(q)

for ¢ = (—1)F by Lemma 4.3(a,d). Also, O (F) has index 2 in F by Proposition 4.5(a,d),
and it is realized by the simple group Pf2, (q) by Table 4.2 and Lemma 3.1(c).

If G is one of the groups PSps,,(q) or 25,11(q) for ¢ = £1 (mod p), or P25 (q) for ¢ = £1
and ¢" # ¢ (mod p), then a similar argument shows that OP (F) has index 2 in F and is
realizable by a simple orthogonal group. If G = P25 (q) where ¢ = £1 and ¢" = ¢ (mod p),
then O (F) = F by Proposition 4.5(c).

Thus O (F) is realizable (and we are in the situation of (c)) whenever G is one of the
classical groups defined over F, and ¢ = =1 (mod p).

Case 2: Assume ¢ # 0, +1 (mod p), where G is again one of the classical groups PSL,(q),
PSpy,,(q), P2ani1(q), or PS25,(q). In particular, p > 5. Set m = ord,(q) and ¢ = v,(¢g™ — 1);
thus ¢ > 1 and 2 < m | (p —1). By Table 4.2, there are kK > 1 and A < .S weakly closed in
F such that A = (Cpe)™ and Autoy 5 (A) = G(m, m, k). So OP' (F) is exotic by Lemma 4.7.

Proof of (c.1): Assume & is a saturated fusion system over S such that O (£) = OF'(F).
Then Autyy ) (A) < Aute(A). Let {ai,...,as} be a basis for A as a Z/p*-module such
that with respect to this basis, Auty, z(A) = G(m,m, x): the group of monomial matrices
generated by the permutation matrices, and the diagonal matrices of order dividing m and
of determinant 1.

Now, Aute(A) < Nauga)(Autor 7 (A4) = G(m, 1, k)((Z/p*)*-1da): each o € Aut(A) that
normalizes G(m, m, k) permutes the subgroups (a;) and thus has a monomial matrix whose
nonzero entries differ pairwise by m-th roots of unity. Furthermore, since Autq, 7 (A) has
index prime to p in Autg(A), we have

Autg(A) < G(m, 1, k) {(w - 1d,), (4.7)
for w € Z whose class in (Z/p*™!)* has order exactly p(p — 1).

By Dirichlet’s theorem on primes in arithmetic sequences, we can choose a prime ¢y = w
(mod p**!). In particular, v;,,(qg_1 —1) = ¢ and the class of ¢¥ generates (Z/p)*. Set ¢* = ¢§,
where a is chosen so that p{a and ¢* = ¢ (mod p). Upon replacing ¢ by ¢* and G = G*(q)
by G*(q*), we can arrange that ¢ = ¢ without changing the fusion system F (see [BMO1,
Theorem A(a)]).

Let Gy < Gy be as defined in Table 4.5, and set Fy = Fs(Gp). In the first two cases shown
in the table, the isomorphism in the third column follows from Table 4.2, and Gy = G and
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Fo = F. In the third case, G ~, PGO;,,(q) by Lemma 4.3 (and Table 4.2), and we identify
S as a subgroup of Gy = Pf25, ,(q) in such a way that Fy < F. Then Autg,(A) = G(m,2, k)
and hence Fj has index 2 in F. In all cases, 1, denotes the field automorphism (z — z%),
this acts on A via (a — a% = a*), and so Autg, (A) = G(m, 1, k)(w - Id).

m Autz(4) | G Go el
odd G(m,1,K) G = PSL,(q) PSL,(q) PSL,(q)(¥g,)
even  G(m,2,k) G = P65, (q) P85 (q)  PGOG(a)(Yg)
even  G(m,1,k) | G~y PGO(q)  P5,(q) PGOG(q)(tg)

(mod

TABLE 4.5. In the last two cases, n’ > p and € = +1 are such that ¢ = ¢ (mo D).

Thus in all three cases,
G(m,m, k) = Autyy 7 (A) < Aute(A) < G(m, 1, k)(w - 1d) = Autg, (4), (4.8)
where the second inequality follows from (4.7). Hence
Autg(A) NG(m,1,k) = G(m, 1, K) for some 7 | m. (4.9)
If r > 2, then £ is exotic by Lemma 4.7, and & # Fy since Autz (A) = G(m, ged(m, 2), k).

Now assume 7 < 2, and hence that Autg(A) > Autg, (A). By (4.8), there is H < G; such
that Gy < H and Auty(A) = Aute(A). Since O (Fs(H)) = O (Fy) = O (E), we have
€ = Fs(H) by Lemma 3.4.

We claim that this is, in fact, an equality (and hence that £ > Fy). Set I' = Auty (7 (A4) =
G(m,m,k) and Ty = Oy (') = (C,,)"! for short. The five-term exact sequence for the
cohomology of I' as an extension of I'y by I'/T'y (see [Be2, p. 110]) restricts to an exact
sequence

0 — HY(T'/To; H*(To; A)) —— H'(T; A) —— H*(T/To; H'(To; A)) (4.10)
=0 =0
in which the first term is zero since H%(T'g; A) = C'4(Ty) = 1, and the last term is zero since
ged(|Tg|, |A]) = 1. Thus HY(T'; A) = 0, and so £ = Fs(H) by Lemma 3.4 again. In particular,
E > Fp in this case, and this finishes the proof of (a.l).

Proof of (c.2): Now assume £ > F is an extension of index prime to p, and let o be an auto-
morphism of £. Thus o € Aut(S) is such that °€ = £, and in particular, (O (F)) = OV (F),
a(A) = A, and (Aute(A)) = Autg(A). Since by (4.7), Autz(A) is generated by Autoy () (A)
together with either the m-torsion in O, (Autg(A)) or the unique normal subgroup of index
2 in that subgroup, we also have *(Autz(A)) = Autz(A). Since H'(Auty, £ (A); A) = 0 by
(4.10), we have “F = F by Lemma 3.4. Since a € Aut(€) was arbitary, F is characteristic
in £. U
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