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LOCAL MODELS FOR GALOIS DEFORMATION RINGS AND
APPLICATIONS

DANIEL LE, BAO V. LE HUNG, BRANDON LEVIN, AND STEFANO MORRA

ABSTRACT. We construct projective varieties in mixed characteristic whose singularities model,
in generic cases, those of tamely potentially crystalline Galois deformation rings for unramified
extensions of Q, with small regular Hodge-Tate weights. We establish several significant facts
about their geometry including a unibranch property at special points and a representation theoretic
description of the irreducible components of their special fibers. We derive from these geometric
results a number of local and global consequences: the Breuil-Mézard conjecture in arbitrary
dimension for tamely potentially crystalline deformation rings with small Hodge—Tate weights (with
appropriate genericity conditions), the weight part of Serre’s conjecture for U(n) as formulated
by Herzig (for global Galois representations which satisfy the Taylor-Wiles hypotheses and are
sufficiently generic at p), and an unconditional formulation of the weight part of Serre’s conjecture
for wildly ramified representations.
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1. INTRODUCTION

In this paper, we construct and study local models for stacks of étale (p,I')-modules which
correspond to tamely potentially crystalline Galois representations (of the absolute Galois group
of an unramified extension of Q,) with small regular Hodge-Tate weights under suitable genericity
conditions (see . As a consequence, we deduce a refinement of a conjecture of Breuil-Mézard
due to Emerton—Gee in this context and a conjecture of Herzig about the weight part of Serre’s
conjecture for definite unitary groups under genericity hypotheses.

1.1. Motivation. Over the last few decades, starting with the work of Wiles and Taylor—Wiles
[Wil95l [TW95|, there has been tremendous progress on the modularity of global Galois represen-
tations, leading to spectacular consequences such as Fermat’s Last Theorem and the Sato—Tate
conjecture. Early modularity results such as those in [TW95| require stringent p-adic Hodge theo-
retic hypotheses to guarantee formal smoothness of patched global deformation rings. In the early
2000s, Kisin made the crucial observation that all the singularities of the patched deformation
ring come from bad places, shifting the focus to local deformation rings, especially those at places
dividing the residue characteristic of the coefficient field. He then analyzed the singularities of
(two-dimensional) potentially Barsotti-Tate local deformation rings through comparison to local
models appearing in the theory of integral models of Shimura varieties, leading to very strong
modularity lifting theorems in this setting, cf. [Kis09b]. Furthermore, Kisin constructed potentially
semistable deformation rings in great generality and established their basic properties. However,
the finer structure of these rings remain mysterious, and they appear to be intrinsically difficult
objects in general. Indeed, the Breuil-Mézard conjecture predicts a lower bound for the complexity
of the singularities in terms of modular representation theory of finite groups of Lie type.

In a recent advance, Emerton and Gee [EG] have constructed p-adic formal stacks which inter-
polate these semistable deformation rings (these deformation rings are versal rings for the stacks),
thereby “globalizing” the above deformation theory and opening up more geometric ways to study it.
In this paper, we construct and analyze local models for a subset of these stacks—those parametriz-
ing generic tamely potentially crystalline representations with small Hodge-Tate weights. A com-
mon feature of our work and Kisin’s work is that these local models are closed subvarieties of
certain Pappas—Zhu local models. However, unlike Kisin’s situation, this inclusion is proper when
the Hodge—Tate cocharacter is non-minuscule.

1.2. Main results. All our main results hold under suitable genericity hypotheses, whose discus-
sion we postpone to to avoid unnecessary distractions. Fix a positive integer n, a rational
prime p, a finite unramified extension K/Q, with residue field k, and a (sufficiently large) finite
extension F of F,. For a Hodge-Tate cocharacter A and an inertial type 7, let X AT denote the
p-adic formal stack over W(F) corresponding to n-dimensional potentially crystalline representa-
tions of the absolute Galois group G of K with Hodge—Tate weights A and Galois type 7. We let
M(X) jwr) be the Pappas—Zhu local model corresponding to the cocharacter A and the standard
Iwahori subgroup (see below for the definition and further details). Our first main theorem
establishes a connection between X" and M (\):

Theorem 1.2.1 (Theorem (7.3.2)). Let A be a regular Hodge—Tate cocharacter, and let T be a
sufficiently generic (depending on X\) tame inertial type. The p-adic completion of an explicit
irreducible subvariety of M(X) (depending on T) is a smooth modification of X7,

Theorem [I.2.] gives explicit presentations of potentially crystalline deformation rings, which
we expect to have applications to local-global compatibility in the mod p and p-adic Langlands
programs. See [EGSTH, [LLHLM20, [LeT9, [DL21, BHH™| for applications when n = 2 and 3.
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Remark 1.2.2. The genericity condition implies n(\, ) < p for any root « so that A is necessarily
“small” with respect to p and in particular is well within the Fontaine—Laffaille range. Thus, for
any generic representation to exist, we will need p to be at least O(n?). See for more details.

One can think of this result as the modular/affine analogue of the work of Breuil-Hellmann-
Schraen [BHS19]: whereas [BHS19] finds local models for moduli of trianguline representations in
terms of Steinberg varieties (and thus related to the geometry of flag varieties), our models are
found inside the (mixed characteristic) affine flag variety.

With A and 7 as above, our methods also determine the irreducible components of the underlying
reduced stack Xrig and construct local models for them. Now Xri’dT is a maximal dimensional sub-
stack of the underlying reduced stack of the stack A, of (¢, I')-modules of rank n, whose irreducible
components C, are parametrized by Serre weights o (i.e. irreducible GL,, (k)-representations over
[F). If the highest weight of o is sufficiently deep in its p-alcove, we thus obtain a description of C,
in terms of certain deformed affine Springer fibers.

The list of irreducible components of Xr)(;’dT has a representation theoretic interpretation which is
a weak (topological) version of the Breuil-Mézard conjecture. The usual Breuil-Mézard conjecture
predicts that the special fiber X]};\ " has a complicated non-reduced structure, which we analyze by
combining Theorem with global methods. By taking versal rings, we deduce the following
theorem (see Theorem below):

Theorem 1.2.3 (Corollary 8.5.2). Fiz a set A of reqular Hodge—Tate cocharacters. The Breuil—
Mézard conjecture holds for tamely potentially semistable deformation rings of Hodge—Tate weights
A € A of sufficiently generic (depending on A) representations p : G — GLy(IF).

Remark 1.2.4. Here and in the rest of the paper, we included all semistable deformation rings
to get an overdetermined system of Breuil-Mézard equations. However, our genericity hypotheses
automatically imply that any nonzero potentially semistable deformation ring that occurs is actually
a potentially crystalline deformation ring. In particular, we do not prove any results about genuinely
potentially semistable deformation rings.

Just as the trianguline local models [BHS19| shed light on the constituents of the locally analytic
socle of completed cohomology of (unitary type) locally symmetric spaces, the models in Theorem
shed light on the constituents of the socle of mod p completed cohomology (the modular Serre
weights). In more traditional language, this is known as the weight part of Serre’s conjecture, which
seeks to classify congruences between mod p automorphic forms. Our main result in this direction
is the following theorem, which confirms the unitary version of a conjecture of Herzig ([Her09,
Conjecture 6.9], see also [GHS18, Conjecture 7.2.7, Theorem 10.2.11]). We refer the reader to
for undefined notation.

Theorem 1.2.5 (Theorem . Let F/FT be a CM extension which is split at all places above
p and such that F* is unramified at p. Assume that F™ # Q. Let G/p+ be a definite unitary
group which splits over F. For each place v | p in FT, fix a place v of F lying above v. Let
7: Gp — GLy(F) be a (G-)modular Galois representation such that 7(Gp(c,)) is adequate and the

local components T, dzefﬂgF~ are tame and sufficiently generic for allv | p. Then the set of modular

Serre weights W (F) is
{Qovlonew 7)),

vlp
where W (7,) is the explicit set defined by [Her09)].
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1.3. The genericity condition. We expand on the terminology sufficiently generic, which we
only use in the introduction. Let K/Q, be a finite extension and write I for the inertia subgroup
of Gi. Suppose that p : Gg — GL,(F) is tame. Then its restriction p|r, to inertia is classified

H KQ 0 .
by the combinatorial data of a pair (s,u) € S, omay () (zm)Homa, (K@) yp to an equivalence

relation (see Example for details). Indeed, p|r, is a sum of characters which are necessarily
powers of Serre’s fundamental characters. Then, informally speaking, s determines the niveau of
these characters and u determines the powers. For example, if p is completely reducible, then we
can take s to be trivial and p defined by

n
Pl = @ H J Owlllj’iv

i=1 jGHome (K,@p)

where wy : [x — k* is the reduction of Serre’s fundamental character of niveau 1. We say that p
is sufficiently generic if, for an implicit nonzero polynomial P € Z[X;, ..., X,,] independent of p,
P(uj) # 0 (mod p) for each j € Homg, (K, Q,) (for some choice of (s, u)). If p is not tame, then we
say that p is sufficiently generic if its semi-simplification p* (which is tame) is. The independence
from p guarantees that many sufficiently generic p exist for large enough primes p, and in fact the
proportion of tame p|r,, which are sufficiently generic tends to 1 as p tends to co. For other objects
that have similar combinatorial descriptions like tame inertial types 7 (cf. or Serre weights o,
one has an analogous notion of sufficiently generic, which we will freely use for the remainder of
the introduction.
There are two sources of genericity in our methods.

(1) A combinatorial genericity which requires that p; is sufficiently deep in the base alcove of
the standard apartment of GL,,. The role of this condition is to guarantee

e that various representation theoretic objects (e.g. decompositions of mod p reductions

of Deligne-Lusztig representations) behave according to a “generic” pattern; and

e that the relevant Kisin varieties are trivial.

Some form of this condition is unavoidable for our theorems to be true, as the Galois
deformation rings are known to exhibit less uniform behavior in its absence, see [CDMIS],
Théoreme 2].

This sort of condition also appears in [Her09, (GHS18] and in our previous work [LLHLMIS],
[LLHLM20], [LLHL19] and corresponds to a polynomial of the form P =[], Hrj\r/{:o(Xi —
Xi+1 — m) for some positive M where X,,;1 is understood to be X;. In these cases, we
make the relevant M explicit. In particular, we will always have M > (A, a) for all roots
a, which gives the inequality in Remark

(2) A geometric genericity, whose role is to guarantee:

e that we can apply Elkik’s approximation theorem to the local models; and

e that our local models have the desired geometric properties.

The first item leads to a condition similar to the combinatorial genericity condition above,
i.e. it is guaranteed by a choice of polynomial of the form P = [[;" H%:o (X; — X401 —m)
for some positive M independent of p (which arises from the singularity of local models,
and hence is less explicit).

On the other hand, to guarantee the second item, our approach is to deduce geometric
properties of the local models by specialization from some universal cases. Since the prop-
erties we are interested in (e.g. being unibranch) are not preserved under arbitrary base
change but only preserved under “generic” base change, we need to ensure that p; avoids



LOCAL MODELS FOR GALOIS DEFORMATION RINGS AND APPLICATIONS 6

a closed locus in A7 which is independent of p (see §3). This produces a computable, but
hard to make explicit, polynomial P.

The geometric genericity condition is mainly an artifact of our proof of Theorem [1.5.5
While the second source for the geometric genericity condition appears to impose more
severe restrictions, we conjecture that that it is in fact unnecessary: in other words, we
expect that our main result (Theorem hold with just a combinatorial genericity
condition, but with the caveat that the bounds depend on the singularity of (universal)
local models.

We verified this conjecture in several cases, where we write n for the Hodge—Tate cochar-
acter corresponding to (n — 1,7 —2,...,1,0) in all embedding K — @p:

e When n = 2, A = {n}, where we can take M = 2 (this follows from Theorems

and noting that the “monodromy condition” is vacuous in this case).

e When n =3, A = {n}, where we can take M = 4, cf. [LLHLMDb].

e When n = 3, A = {\} where X corresponds to (3,1,0) in all embeddding K < Q,,
but restricting to a specific open locus in the appropriate potentially crystalline stack,
where we can take M = 10, cf. Appendix

e When n is arbitrary, A = {n}, restricting to specific open loci in the appropriate
potentially crystalline stack, where we can take M to be a linear function in n,
cf. [LLHLMal, [LLHM™].

Unfortunately, beyond these cases, directly verifying the conjecture without extra geometric
observations seems prohibitively computationally expensive with current computer algebra
Systems.

In the introduction, while we omit the implicit polynomial P, we will describe exactly what it
depends on (aside from n). Note that the particular P may be different in different statements,
and its precise nature will be spelled out in the body of the paper.

1.4. Local models for potentially crystalline stacks. The possibility of studying singular-
ities of potentially semistable deformation rings by means of group theoretic local models was
first suggested by Kisin in [Kis09b]. Using his theory of Breuil-Kisin modules, he resolved poten-
tially Barsotti-Tate deformation rings (which correspond to minuscule Hodge-Tate cocharacters)
by formal schemes which are certain completions of Pappas—Rapoport local models. To general-
ize this picture to non-minuscule cocharacters, one encounters the essential difficulty that not all
Breuil-Kisin modules give rise to crystalline representations; indeed, only those obeying the p-adic
analogue of Griffiths transversality do. Thus, while local models for the moduli of Breuil-Kisin
modules exist quite generally in the form of Pappas—Zhu models, one needs to cut them down
suitably to obtain models related to Galois deformation rings. In this section we will explain the
construction of the subvariety in Theorem above, which achieves this in certain situations.

Let E be a finite extension of @, with ring of integers O, uniformizer w, and residue field F.
Let LG be the ind-group scheme given by LG(R) = GL,(R(v + p))) for any O-algebra R, the
loop group. Consider the positive loop group scheme LG over O sending an O-algebra R to the
subgroup of GL, (R[v + p]) consisting of matrices that are upper triangular mod v. The quotient
L*G\LG is represented by an ind-proper O-ind-scheme Grg. This is a mixed characteristic version
of the degeneration of affine Grassmannians introduced by Gaitsgory. Indeed its generic fiber Grg g
is isomorphic to an affine Grassmannian, while the special fiber Grgr is isomorphic to the affine
flag variety F1 (for the standard Iwahori 7).

For A € Z", let S%()\) denote the LT Gp-orbit of (v+p)* in Grg g. The Pappas-Zhu local model
M (<)) is the Zariski closure of S%()) in Grg, cf. [PZ13].
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Let a € O™. We now consider the condition

dA 1
(*) U%A_l + ADiag(a)A_l S (’U—|—p> Lie L+g

for A € LG(R). This is an approximation to the monodromy condition coming from p-adic Hodge
theory. This condition clearly descends to a closed condition on Grg.

Definition 1.4.1. The local model M (A, V) is the Zariski closure in M (<) of the locus of
in S5 (A).

Note that condition (ED is preserved under the right action by the constant diagonal torus 7.
Thus, M (A, Va) inherits an action of 7' compatible with the T-action on M (<\).

The local models M (A, V,) turn out to behave very differently from the Pappas—Zhu models
M(<N):

e The generic fiber of M(A,Va,) is smooth; it is isomorphic to a partial flag variety (see
Proposition . In contrast, the generic fiber of M(<A) is not smooth unless A is
minuscule (cf. [HR20]).

e A deep theorem of Zhu implies that the special fiber of M (<)) is reduced, and thus M (<))
is normal. In contrast, it will follow from the connection between M (A, V,) and Galois
deformation theory that its special fiber fails to be reduced, and M (A, V,) fails to be
normal in general. In fact, this failure is quite severe: one can get lower bounds for the
non-reducedness in terms of affine Kazhdan—Lusztig multiplicities.

In other words, while our models have nice generic fibers, they are nevertheless complicated degen-
erations of partial flag varieties.

Using the standard stratifications on Grg, it is not difficult to analyze the underlying reduced
subscheme of M (A, Va,), in particular one sees that it is irreducible, and there is a combinatorial
parametrization of the irreducible components of the special fiber. However, in order to establish
the connection of our models to Galois deformation theory, we have to understand the behavior
of M()\,Va) under completion. The essential difficulty is that an irreducible variety may break
up into formal branches in some complicated way after completions: its singularities may not be
unibranch. One important sufficient condition to guarantee this unibranch property is normality,
and to the best of our knowledge, we are not aware of any other useful general criteria. Worse
still, it turns out that M (), V,) fails to be unibranch in general! (See Appendix [B| for an explicit
example.)

Miraculously, we manage to show that (for generic values of a) M (A, V,) is unibranch at special
points:

Theorem 1.4.2 (Theorem . There exists a nonzero polynomial P € Z[X1,...,Xy] such
that if P(a) # 0 mod @, then for any T-fived point x € M(X,Va)(Fp), the completed local ring
O&(A,Va),x is a domain (i.e., M (X, Va) is unibranch at its T-fized points).

This is the deepest geometric fact that we prove about M (A, V,), and its proof lies at the
technical heart of the paper. A key observation (Proposition is that the theorem holds
(under a mild assumption on the characteristic) for the equal characteristic analogues of M (X, V4)
where p is replaced by a variable ¢t. In this context, there is more symmetry: there is an extra
Gm-action given by “loop rotation” which scales ¢t. Thanks to this, the T-fixed points are all cone
points, in the sense that they are the fixed point of an attracting torus action, and one observes
that cone points are unibranch. Unfortunately, we can not mimic this argument in the original
mixed characteristic setting, as it doesn’t make sense to “scale” the prime p. Instead, we resort
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to a soft spreading out argument, by contemplating the universal case where p and a are formal
variables. The fact that being unibranch can be phrased in terms of the normalization map, and
normalization commutes with generic base change, allows us to transfer the unibranch property
from equal characteristic to mixed characteristic. It is here that the universal polynomial P appears:
its vanishing locus is the obstruction to certain properties being preserved under base change. The
actual argument is a bit more involved than this outline, since we do not base change to spectra of
fields, but rather spectra of DVRs.

Having proven the important geometric properties of M (A, Va), we now turn to its connection
to Galois theory. Let K/Q), be a finite unramified extension, and let J be the set of embeddings
Homg, (K,Q,). In [EG], Emerton-Gee constructed the moduli stack X, over SpfO of rank n
(¢,T')-modules. By its construction, A, interpolates framed deformation rings in the sense that
the set X, (F,) is in bijection with the set of continuous representations p : G — GL,(F,), and
framed deformation rings of such 7 are versal rings (in the sense of [EG21), Definition 2.2.9]) for A;,.
Furthermore, for a collection A € (Z")7 and a rank n inertial type 7 defined over O (cf. for
their definition), they construct a O-flat p-adic formal algebraic substack X7 which is characterized
by the property that its points over any finite flat (J-algebra correspond to potentially crystalline
representations p of type (A, 7) (i.e. the Hodge—Tate weights of p are given by A and WD(p) induces
the inertial type 7).

Now, to any tame inertial type 7 for I, one can associate a collection a; = (a;;);jec7, where
a,; € O" records the inertial weights of 7 (see §7.3). Set A = ()\;)jes € (Z")7. Define

MJ()\’ vaT = H M(Aj’vaﬂ',j)
JjeJ
where, for each j € J, the local models M(\;, Va, ) are those appearing in Definition Our
main result is the following:

Theorem 1.4.3 (Theorem (7.3.2). If 7 is sufficiently generic (depending on X), then there exist
Zariski open covers UX%;"T(% and UUreg(E, <\, Va, )" of U XN and U M(N,Va, )

A< A<
A reg. dom. A reg. dom.

respectively such that for each z, there exists a local model diagram

(1.1) XM (3)

reg

/\

XENT(Z) Ureg (Z, <\, Va, )"

reg

where both arrows are torsors for the torus TV with respect to different T -actions and the super-
script A\, stands for taking p-adic completion.

Remark 1.4.4. (1) In the above statement, when we talk about the scheme-theoretic union of
two closed formal algebraic substacks ), Z of a formal algebraic stack X', we mean to take
the scheme-theoretic image of the map Y U Z — X ([EG| Definition A.16]).
(2) The right arrow in the local model diagram is highly non-canonical, as it is produced by
a Hensel-type lifting argument (in the form of Elkik’s approximation theorem [EIk73]).
However, the entire diagram is canonical in characteristic p.
(3) When A = < (n— 1,n — 2,...,1,0)je7 € (Z")7, one has  |J AN7 = A7 Since

A<
)x’reg. dom.

potentially crystalline deformation rings of type (1, 7) are versal rings to X", we see that
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they appear (up to smooth modifications) as the completion of local rings of M(n, V,_) at
closed points.

We now give a slightly simplified outline of the proof of Theorem The starting point is the
theory of Breuil-Kisin modules: The potentially crystalline stacks we consider are closed substacks
of the moduli stack of Breuil-Kisin modules Y <M with tame descent data of type (A, 7), which
is known to have the Pappas—Zhu model M (<)) as a local model. More specifically, the natural
open affine cover of Grg = |J;U(Z) by translates of the “big open cell” induces an open cover of
M(<X). We develop a theory of canonical bases of Breuil-Kisin modules to show that this open
cover induces an open cover of Y=, Thus we get the analogue of the above local model diagram
for Y=M and induced open affine covers on every object in sight. These are the open covers
featured in Theorem [[.4.3

At this point, we get two closed substack of YSM7(2): the substack X<*7(2) and the substack
X=AT*(Z) induced by the p-adic completion of [,y M (X, Va,) along the local model diagram for
YSAT. They are genuinely different substacks, because condition (EI) is only an approximation to
the condition cutting out X=M inside Y <M. However, the two substacks are p-adically close, and
using the smoothness of the generic fiber of M (A, Va), one can produce a non-canonical embedding
XSAT(Z) «— XSMT(Z). Since both stacks turn out to have the same dimension, the maximal
dimensional part r%é‘ (%) of XM (Z) embeds into the maximal dimension part of X<»™*(Z). Now,
using the results of [LLHL19] (which ultimately uses Taylor—Wiles patching, and hence automorphic
forms), one obtains a lower bound on the number of irreducible components (of the spectrum of the
structure sheaf) of the former, while Theorem gives the same upper bound for the number of
irreducible components (of the spectrum of the structure sheaf) of the latter. Thus the two maximal
dimension parts are (non-canonically) isomorphic to each other, which concludes the proof.

Theorem allows us to study local properties of the potentially crystalline stacks X< via
the local models, which gives crucial geometric information about potentially crystalline deforma-
tion rings needed for our applications below, cf. Theorem In characteristic p, one can do
even better: the local model diagrams produced by Theorem [1.4.3] glue together, and thus one
can even study global properties of the underlying reduced stacks Xr)’;’dT (which live in characteris-
tic p) via the reduced special fiber M(\,Va,) of M(A, Va.). To state our result, we recall [EG]
that X, req is equidimensional, and its irreducible components are in bijection with the irreducible
[F-representations of GL,, (k) (which we refer to as Serre weights). We write C, for the irreducible
component of &, o4 corresponding to a Serre weight o. Given A\ € (Z™)Y regular and dominant,
let V(A —n) be the irreducible Resg g, GLn-representation with highest weight A — 7 (recall that
n is such that n; = (n—1,n—2,...,1,0) for all j € 7). We also denote the restriction of V(A —n)
to GL,(Ok) by V(A —n). As in §1.3] a tame type 7 corresponds to an equivalence class of pairs
(s,t). Then we let o(7) be the Deligne-Lusztig representation Rs(u) where s defines a rational
torus and p defines a character (see . For a representation V' over F of a compact group, let
V be the semisimplification of the reduction of any invariant O-lattice in V. Then we prove:

Theorem 1.4.5 (Theorem [7.4.2)). Let X\ be regular dominant and let T be a sufficiently generic
tame inertial type. Then:

(1) Xr);g = UsCy, where the union runs over all Serre weights o € JH(o (1) @ V(A —1n)).
) and the Jordan—

(2) There is a natural bijection between the irreducible components of M (X, Va
Holder factors of o(17) @ V(A —n).

T
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(8) For each o € JH(o(7) @ V(A — 1)), we have a mod p local model diagram:

Cg/ga \

M()\’ vaT)U

(1.2)

i Theorem .2) and both arrows are torsors for the torus TV with respect to different

where M(\,Va_), is the irreducible component of M(X,Va.) labelled by o (denoted by Cy
i
T -actions.

Remark 1.4.6. (1) Our proof of Theorem does not go through Theorem [1.4.3] Because of
that it holds under much milder genericity conditions compared to our other theorems: we
only need an explicit combinatorial genericity condition (see .

(2) Tt follows essentially from the definitions that M (A, Va, ), is an irreducible component of a
deformed affine Springer fiber in the sense of [FZ10]. In particular, C, is equisingular to an
irreducible component of a deformed affine Springer fiber. We expect that this connection
will be a powerful tool to investigate the internal structure of irreducible components of
the Emerton—Gee stack. As a sample application, we deduce Herzig’s formulation of the
weight part of Serre’s conjecture (Theorem from the count of torus-fixed points in
the irreducible components of affine Springer fibers obtained by Boixeda Alvarez [BA] (see

for more details).

Theorem follows from analyzing the effect of condition (ED on the reduced special fiber of
M (<)), which was determined by Pappas—Zhu [PZ13|. Namely, [PZ13] shows that it is the reduced
union of the affine Schubert cells Sg(w) for w running over the A-admissible set Adm(\), which is
defined in terms of combinatorics of the affine Weyl group. A simple computation shows that (ED
cuts out an affine subspace of the affine space Sp(w), whose dimension is easily computed. This
provides a combinatorial parametrization of the irreducible components of M (A, V) in terms of
a subset of Adm(\), which beautifully matches with the parametrization of JH(o(7) ®g V(A — 7))
given by Jantzen’s generic decomposition pattern. Finally, one has to show that M (), Va, ), C
M (), Va,) corresponds to C, in the local model diagram, and we achieve this by identifying the

Breuil-Kisin modules attached to a generic point of M (X, Va_),-

1.5. The Breuil-Mézard conjecture. Let K/Q, be a finite extension with ring of integers O
and residue field k. Write Gk for the absolute Galois group of K. (Note that this is a more
general setup than in the previous section for now.) The Breuil-Mézard conjecture quantifies
the complexity of the special fibers of potentially semistable Galois deformation rings in terms of
GL,,(Ok)-representations with mod p coefficients. These special fibers are especially mysterious
because outside of very special cases they do not have known moduli interpretations. We now
describe the “geometric” version of the conjecture as formulated by [EGI4].

Let 7 be an inertial Weil-Deligne type for K (see Definition and let \ e (zm)Home, (K.Qp)
be a collection of regular Hodge—Tate weights. For a continuous Galois representation p : Gx —
GL,,(F), there is a unique reduced quotient R%’T of the framed O-deformation ring RﬁD whose @p—
points correspond to lifts p : G — GLn(@p) which are potentially semistable of type (A, 7) (i.e. the
Hodge—Tate weights of p are given by A and WD(p) induces the inertial Weil-Deligne type 7). The
dimensions of these rings are independent of (A, 7), and one can associate to each pair (A, 7) the
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cycle Z (R%’T /@) in Spec RJ/w, which counts the irreducible components of Spec R%’T /@ with
appropriate multiplicities.

The Breuil-Mézard conjecture describes the cycle Z (R%’T /w) in representation theoretic terms as
A and 7 vary. For V a virtual GL,, (O )-representation over E expressed as the difference V) — V5 of
two genuine representations, we let V be the virtual GL, (O )-representation V1 —V5 over F, where
for i = 1,2, V; denotes the semisimplification of the reduction modulo @ of any GL,(Of)-stable
O-lattice in V;. This is independent of the choice of V7 and V5 and O-lattices therein.

Conjecture 1.5.1. There exist cycles Z,(p) in Spec R%/w for each irreducible GL,, (O )-representation
o over F such that for all T and all reqular X,

Z(RY" Jw) =Y [r(r) @5 VX — 1) : 0]2,(p),

g

where r(7) is a virtual representation of GLy(Ok) over E defined in [Shol8| §4.2] using an inertial
local Langlands correspondence, V(X —n) is the restriction to GL,(Ok) of the irreducible algebraic
representation of Resg g, GLy with highest weight X —n, and [r(1) @ V(A —n) : o] denotes the

(possibly negative) multiplicity of o in r(17) @ V(A —n).

Remark 1.5.2. (1) The symbol 7 is used in [Shol8] to denote what is called in loc. cit. an inertial

type, which is distinct from, but equivalent to, the notion of a Weil-Deligne inertial type
(see [Tat79]). We ignore this distinction above.

(2) If the monodromy operator of 7 is 0, then we say that 7 is an inertial type. Then r(7) is
a genuine GL, (O )-representation associated to 7 via the inertial local Langlands corre-
spondence and denoted o (7). As mentioned in when 7 is tame and generic, o(7) is a
Deligne-Lusztig representation with a simple description (Proposition .

(3) The equations in the Conjecture massively overdetermine the cycles Z,(p). In fact,
the cycles are uniquely determined by any collection of (A, 7) such that r(7) ®g V(A —n)
span the Grothendieck group of finite dimensional GL,, (O )-representations over F.

Combining the Taylor—-Wiles patching method and the p-adic local Langlands correspondence
for GLy(Q)) of |Coll0], Kisin established the conjecture in a wide range of cases when n = 2 and
K = Q, in [Kis09a]. (When n = 2 and K = Q,, the conjecture is now known in all cases by
[Pasl5, HT15, Sanldl Tun2lal [Tun21b].) While the Taylor—Wiles patching method is available
in some generality, the p-adic Langlands correspondence is not known for n > 2 or n = 2 and
K # Q,. Absent a general p-adic Langlands correspondence, one can still try to establish this
conjecture for classes of pairs (A, 7). For example, [GK14] prove Conjecture when n = 2,
A = 1, and the monodromy operator of 7 is 0. In §8.5| we prove this conjecture when K/Q, is
unramified for sufficiently generic p and pairs (A, 7) where A ranges over a finite set and 7 ranges
over tame inertial Weil-Deligne types.

Theorem 1.5.3 (Corollary [8.5.2). Assume K/Q, is unramified and let A be a finite set of collec-
tions of reqular Hodge—Tate weights. If p : Gx — GL,(F) is sufficiently generic (depending on A),
then there exist cycles Z,(p) in Spec Rp']/w for each irreducible GL,, (O )-representation o over IF
such that

Z(R)Tjw) =Y [r(r) @5 V(X —1) : 0]2+(p)

(e

for all A € A and tame inertial Weil-Deligne types T.

Remark 1.5.4. (1) If A contains 7, then the cycles Z,(p) are unique since the set of 7(7) for
tame 7 span the Grothendieck group of finite-dimensional GL,, (O )-representation over
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F. If A contains n and at least one other Hodge-Tate weight, then the set of classes
[r(T) @ V(X — n)] is spanning and linearly dependent in the Grothendieck group of finite-
dimensional GL, (O )-representation over F, so Theorem produces many non-trivial

linear relations among Z (R%’T /).

(2) In contrast to [Kis09al [GK14], we restrict to cases where 7 is tame. However, this result is
new even for n = 2 if K # Q,. Indeed, in contrast to [GK14], A may contain non-minuscule
weights (which are necessarily “small” relative to p; see Remark .

(3) For a suitable globalization of p (as defined in [EGI14, §5.1.1]) and a choice of global setup,
the cycles Z,(p) are expected to be the support cycle of any patched module My (o)
associated to the Serre weight o, thereby connecting the theorem directly to modularity
and the weight part of Serre’s conjecture. When p is tame, our proof establishes this
expectation—see the discussion around Theorem In particular, for tame p, this
compatibility with patching functors gives a global characterization of Z,(p).

Our starting point to attack Theorem [1.5.3]is the Taylor—Wiles method, following the approach
of [Kis09al (GK14]. The Taylor—Wiles method provides a large supply of exact functors My, from
GL,,(Ok)-representations over O to maximal Cohen—Macaulay modules of generic rank at most
one over (power series over) framed local deformation rings with p-adic Hodge-theoretic conditions.
Given GL,,(Ofk)-stable O-lattices o(7)°, V(A —n)° in o(7), V(X — n) respectively, it is a folklore
expectation (affirmed under mild assumptions by [FKP2I]) that the Fontaine-Mazur conjecture
implies that M (o (7)°®0 V(A—n)°) has full support on Spec R%’T. If this were true, the exactness
of My, would imply Conjecture holds with Z,(p) taken to be the support cycle of My (o).
Unfortunately, little seems to be known about Supp My (c(7)° ®o V(A —n)°) beyond the GL2(Q,)
case, and we are unable to make this work for all p (even for generic tame 7).

To prove Theorem [1.5.3] our first step is to establish it when p is tame, where we can show that
indeed Supp Mo (0 (7)° ®o V(A —n)°) = Spec R%’T. The key input is the following theorem, which
follows from the corresponding result for the local models (Theorems and [1.4.3):

Theorem 1.5.5 (Theorem |7.3.2)). Assume K/Q, is unramified. Let \ € (Z”)Hom@P(K’@P) be a
collection of reqular Hodge—Tate weights, T be a tame inertial type for K, and p : Gg — GL,(F) be
an n-dimensional representation. If T is sufficiently generic and p is tame then R%’T s a domain
(or zero).

Remark 1.5.6. (1) Theorem does not hold in general without the tameness assumption,
for example when A corresponds to (3,1,0) in all embeddding K < @p, for every generic
7 there is some wild p where it fails, see Corollary and Corollary This is the
reason for the tameness assumption here and in the global applications in §1.6, However,
the theorem does hold for possibly wild p in several situations such as: n = 2, n = 3 and
A = n (see [EGS15L Theorem 7.2.1], [LLHLMD, Corollary 3.3.3]), or when n is arbitrary
and p has specific shapes relative to 7.

(2) If R%’T # 0, then sufficient genericity of 7 implies that of p and vice versa (generally
with different choices of universal polynomial). Because of this, the conclusion of Theorem
also holds if we let p be tame and sufficiently generic but impose no hypothesis on 7
[LLHLMal, Theorem 4.0.1].

Theorem immediately implies Theorem for tame p: The results of [LLHL19] imply
that if 7 is sufficiently generic, Mo (0(7)° ®0 V(A —1)°) is nonzero if and only if R%’T is nonzero.
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Since the support of Moo (0(7)° ®0 V(A —n)°) must be a union of irreducible components and R%’T
is a domain, the support is everything.

Having proven Theorem for tame p, the second step is to spread the result to all p. This
is achieved through the use of the Emerton—Gee stack X,. For regular A, the special fiber of the
substack X7 is supported on a union of irreducible components of X red- Thus we can associate to
it a top-dimensional cycle Zy ; on X}, ;.q by recording the irreducible components of Xrig weighted
by their multiplicities. In [EG], Emerton and Gee formulate a Breuil-Mézard conjecture on the
stack AX,;:

Conjecture 1.5.7 (Conjecture 8.2.2 [EG]). For each Serre weight o, there exists an effective top-
dimensional cycle Z, on X, req such that for all reqular X and inertial types T, we have

2y = Z[O’(T) @ V(A—=n):0]Z,.

g

We first remark that the potentially crystalline case of Conjecture [1.5.1] is a consequence of
Conjecture by completing at p and pulling back the cycles. While it has been understood by
experts that the Breuil-Mézard conjecture should behave well as p varies, the Emerton—Gee stack
makes it possible to study the conjecture by interpolation. We refer to the conjectural cycles Z,
as Breuil-Mézard cycles. As in Conjecture the system of equations in Conjecture for
varying A and 7 over-determines the Breuil-Mézard cycles.

Remark 1.5.8. Caraiani—-Emerton—Gee—Savitt [CEGS] recently proved Conjecture in the po-
tentially Barsotti-Tate case (i.e. in parallel weight (1,0)) when n = 2 for any extension K/Q,.
The proof uses both the weight part of Serre’s conjecture for GLs proved by Gee-Liu—Savitt
[GLS14, [GLS15] and the Breuil-Mézard conjecture for potentially Barsotti-Tate representations
established by Gee-Kisin [GK14].

By interpolating from Theorem for tame p, we establish a portion of Conjecture [1.5.7
Theorem 1.5.9 (Corollary|8.4.12). Assume K/Q,, is unramified. Fiz a finite subset A C (Z”)Hom@P(K’@P)

of reqular dominant weights. There exists a top-dimensional effective cycle Z, on X, req for each
Serre weight o such that for all A € A and all sufficiently generic (depending on A) tame inertial
types T,

2 =S o) @r VO = 1) : ]2,
g

Remark 1.5.10. (1) In contrast to Theorem m, the set of o(7) @ V(A — n) appearing in
Theorem m does not span the Grothendieck group of GL, (O )-representations, and
so it is not immediately apparent that the cycles Z, are uniquely determined. However,
though neither stated in nor implied by the theorem, the Z, we construct satisfy a com-
patibility with patching functors after localizing at tame p as in Remark . It is this
compatibility that characterizes the Z, (see also Remark for an algorithm to compute
it without choosing patching functors).

Furthermore, if we assume an extension of Theorem to a sufficiently large spanning
set, then the cycles from this extension must agree with the Z, we construct for sufficiently
generic o, cf. Theorem With this understanding, we can freely invoke the cycles Z,
for sufficiently generic ¢ in our discussion.

(2) Even though the equations in the theorem on their own do not suffice to determine all the

Z, that occurs in them, they do determine a subset of Z, for which o is sufficiently generic,
cf. Proposition [8.6.5| and Remark
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We now explain the idea of the proof of Theorem We first note that one can invert
the equations in Conjecture [1.5.7, and get a candidate for the cycle Z,: any expression of o
in the Grothendieck group of GL, (O )-representations as a linear combination of reductions of
GL,,(Ok)-representations gives a candidate as a linear combination of the Z) ;. But there is no a
priori reason for these candidates to satisfy all the required cycle equations. However, for tame p,
the compatibility of Z,(p) with patching functors, cf. Remark , shows that the candidate
cycle Z, recovers the already constructed Z,(p). This implies the equations hold after completion
at tame p, and we conclude because there are enough tame p to detect equality of cycles in A,.

At this point, the proof of Theorem is almost complete. The subtlety is that Theorem
only controls the cycles Z, . for 7 sufficiently generic. To deal with this, we invoke a result
of [LLHL19], which shows that a sufficiently generic (depending on \) p lies in Z) , only if 7 is
sufficiently generic. This allows us to check the equations in Theorem [I.5.3]not covered by Theorem
[1.5.9 by showing that they reduce to 0 = 0.

Remark 1.5.11. We can certainly write Z, = ) _, b, ,C,/, and it is natural to ask what the coeffi-
cients b, , are. We prove that b, , = 1, and that b, , # 0 implies a restrictive relation between o
and o/, namely that o covers ¢’ (Definition . When n = 2,3, we have Z, = C, (with mild
genericity assumptions). In we describe an inductive algorithm for computing Z, if one
knows the cycles Z,, - for enough 7. In turn, the cycles Z, - can be computed using the local model
M7(n,Va.), introduced in above, which is an “explicit” algebraic variety. This algorithm can
in theory be implemented on a computer. We have performed computer experiments when n = 4,
which indicate that Z, is not always irreducible. We remark that in the analogous situation of
[BHS19], the locally analytic Breuil-Mézard cycles are also not irreducible in general, beginning
with n = 8.

1.6. The weight part of Serre’s conjecture. Serre’s conjecture [Ser87|] predicts that any odd
irreducible two-dimensional mod p Galois representation arises from a modular form, and moreover
predicts the minimal level and weight of such a form. There has been substantial progress in
formulating and proving generalizations of this conjecture in higher rank. While generalizations of
the notion of minimal level are rather straightforward, generalizations of the weight part of Serre’s
conjecture are far from it. Herzig [Her09] introduced a representation theoretic generalization in
the generic tame case, which we now discuss in the context of definite unitary groups.

Let F be an imaginary CM number field unramified at p. Let F* be the maximal totally real
subfield. Assume F'T # Q and that all primes of F'™ above p split in F'. Let G be a unitary group
over F* which splits over F' and is isomorphic to U(n) at each infinite place. Let K? C G(AL}")
be a compact open subgroup, and let S(KP,F) be the space of F-valued locally constant functions
on G(F*)\G(A®,)/KP?. Then S(K?,F) has an action of a spherical Hecke algebra T (away from
p and finitely many other places). If m C T is a maximal ideal such that S(KP F)y, is nonzero,
then there is a unique semisimple Galois representation 7 : Gr — GL,,(F) up to conjugation which
matches m via the Satake isomorphism. We say that 7 is automorphic.

Fix places v of F lying over v for each place v | p of F™ which together give an isomorphism
G(Op+ ®7,Zp) = GLy(Op+ ®@7,Zy). A global Serre weight is an irreducible smooth F-representation
V of GL,(Op+ ®z Zy). Any such representation has the form ®@ylpVy with V,, an irreducible
representation of GL,,(k,) where k, is the residue field of F'* at v. We say 7 is modular of (global
Serre) weight V' if Homgy,,(0,., ©,2,)(V, S(K?,F)n) is nonzero.

In 2009, Herzig ([Her09]) conjectured (in the context of locally symmetric spaces for GL,,) what
the set W (7) of modular weights should be when 7 is tame at places above p, generalizing conjectures
of Serre and Buzzard-Diamond—Jarvis ([Ser87, BDJ10]). These conjectures are collectively referred
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to as the weight part of Serre’s conjecture. For the reader’s convenience, we restate Theorem [1.2.5
our main result towards (the analog for definite unitary groups of) Herzig’s conjecture.
Theorem 1.6.1 (Theorem . Suppose that
o 7 : G — GL,(F) is automorphic;
e 7(Gp(,)) is adequate; and that
e for each v | p, Ty ) ﬂGal(Fg/Fg) is tame and sufficiently generic (and in particular that
p12n).
Then
Vo < V, € W?(E,) forallv|p

where W (7,) is the eaplicit collection of Serre weights defined by [Her09)].

T is modular of weight @,

When n = 3, the theorem with an explicit combinatorial genericity condition was proven in
[LLHLM20]. For general n, the forward direction, known as weight elimination, was proven in
[LLHL19|, again with an explicit combinatorial genericity condition. The reverse direction is a
statement about mod p modularity, and is much harder. Its content is essentially the construction
of all possible congruences between mod p automorphic forms. One difficulty is that, in contrast
to when n < 2, Serre weights typically do not admit characteristic zero lifts and so the set W (T)
cannot be interpreted in terms of the existence of automorphic lifts of prescribed types. As a result,
W (7) does not have an apparent Galois theoretic meaning, while at the same time its complexity
grows rapidly with n.

The tameness hypothesis in Theorem [9.1.6] is natural because the restrictions to inertia of tame
Galois representations can be parametrized combinatorially, and this parametrization plays a cen-
tral role in Herzig’s recipe. On the contrary, a combinatorial parametrization of all Galois represen-
tations is not possible, as is reflected by the geometry of the Emerton—Gee stack. Thus one cannot
expect explicit formulas for W (7), rather, it should depend on the position of the local Galois rep-
resentations in their moduli. At the same time, the non-liftability of Serre weights to characteristic
zero makes it difficult to pin down such a geometric recipe in terms of p-adic Hodge theory. For
these reasons, there has been no unconditional formulation of the weight part of Serre’s conjecture
in the wildly ramified case when n > 2. However, as observed in [GHSI1§|, the Breuil-Mezard
conjecture can be used to resolve the above difficulties. We make the following definition.

e Assume Conjecture holds. Define WBM(5) to be the set of o such that Z,(p) # 0.

The set WBM(5) has some relation to characteristic zero: as one can always lift Serre weights
virtually, we can as before invert the equations in Conjectures and and understand
Z,(p) in terms of characteristic zero p-adic Hodge theoretic conditions.

On the other hand, as little is known about the geometry of the cycle Z,(p), it is helpful to also
define the following set of weights.

e We say that o is a geometric Serre weight of p if p lies on C,. We let W&(p) be the set of
geometric Serre weights of p.

Observe that both W&(p) and WBM(p) are geometric in nature, and are also defined for wildly
ramified representations.

Unlike W8(p) and W7 (p), for WBM(5) to be meaningful, one requires the knowledge of Conjecture
at least for sufficiently many (A, 7) to pin down Z,(p) uniquely. In particular, our result on
the Breuil-Mézard conjecture (Theorem allows us to formulate the following unconditional
version of a conjecture of Gee—Herzig—Savitt |[GHSI8, Conjecture 3.2.7]:
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Conjecture 1.6.2. Suppose that T : Gp — GL,,(F) is automorphic. Let V. = ®,,V, be a global

Ip
Serre weight. Assume that for each v | p, Ty is sufficiently generic, then
7 is modular of weight V. <= V, € WBM(%,) for all v | p.
Remark 1.6.3. (1) For p sufficiently generic, one sees that WBM(p) consists of exactly the (nec-

cessarily sufficiently generic) o such that p lies in the support of the cycle Z,. In other
words, the discrepancy between W8(p) and WBM(p) is exactly the discrepancy between the
irreducible component C, of X,, and the Breuil-Mezard cycle Z,.

(2) For sufficiently generic p, one has W&(p) ¢ WBM(5) ¢ W*(5*). The first inclusion is
because C, belongs to the support of Z,, and we expect this inclusion to be strict in general
(cf. Remark[1.5.11)). The second inclusion follows from [LLHL19], and is always strict when
p is wildly ramified (this is explored in [LLHLMal]).

We now discuss the proof of Theorem We apply Taylor-Wiles patching in our given
global context. The modularity of a global Serre weight V is equivalent to the non-vanishing of
the associated patched module M (V). Recall that W (7) denotes the set of modular global Serre
weights and we assumed that each 7, is tame and sufficiently generic. At this point, Theorem
(or rather, the compatibility with patching functors, see Remark immediately implies
Conjecture for our tame 7. However, this is not sufficient for Theorem because of
the very mysterious nature of the Breuil-Mézard cycles which makes it difficult to show that
WBM(F,) = W(7,). Instead, we observe that by the chain of inclusions

®v|pr(?v) C W(F) C ®U|pW?(FU)’

it suffices to show We(7,) = W7 (7,). This is more accessible, since W&(7,) is expressed in terms
of Cy, which has a transparent geometric meaning, while W”(7,) is combinatorially explicit. Using
Theorem we relate the relevant components C, to irreducible components C, of a deformed
affine Springer fiber and tame local Galois representations to torus fixed points in the affine flag
variety. Showing that W&(7,) = W (7,) turns out to be equivalent to showing that the set of torus
fixed points of C, achieves the obvious upper bound. Fortunately, Boixeda Alvarez [BA] proved
the analogous fact for irreducible components of affine Springer fibers, and a simple spreading out
argument allows us to transfer his result back to our deformed affine Springer fibers.

Finally, we remark that, in contrast to [LLHLMIS8, Theorem 7.8] and [LLHLM20, Theorem
5.3.1] for example, we make no assumptions on the ramification of 7 outside of p in Theorem
This is possible because our results on the geometric formulations, rather than the original
numerical formulation, of the Breuil-Mézard conjecture allow for more robust arguments in the
Taylor-Wiles method. (In fact, for this reason our arguments are slightly more involved than
what we describe above.) In the literature, the Taylor—Wiles patching construction typically takes
place after applying solvable base change theorems. While this is convenient for the purposes of
modularity lifting theorems, in the interest of reducing the hypotheses on our results on the weight
part of Serre’s conjecture, we describe in the appendix §A]the modifications necessary to apply the
Taylor-Wiles method at arbitrary sufficiently small level.

1.7. Outline of the paper. We give a brief overview of the various sections of this paper.

A reader primarily interested in the geometry of the local model and its relationship to the
Emerton—-Gee stack can read (or perhaps just Theorem , and m referring to §6[ as
desired. A reader primarily interested in our main applications can read §8 and [0} referring to the
main results of §7 §2]is preliminary and can be referred to as needed.
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establishes various connections between extended affine Weyl groups and representation theory
used throughout the paper.

is the technical heart of the paper. We introduce a universal version of the local model
(§3.3) and describe some of its basic properties. The unibranch property at torus fixed points is
established in and the subsequent sections deal with the problem of spreading
out such properties. The most important result is Theorem [3.7.1] on the unibranch property used
in the main theorem on Galois deformations (Theorem .

§4] specializes the universal model to the mixed characteristic situation of interest and then
studies the special fiber. The main result (Theorem uses reductions of Deligne—Lusztig
representations to parametrize the irreducible components of the special fiber compatibly ( over
varying parameters. Finally, Theorem [£.7.6]is the main result on torus fixed points of irreducible
components used in the proof of the weight part of Serre’s conjecture.

compares stacks of Breuil-Kisin modules and Pappas—Zhu local models in preparation for §7}
The main result (Theorem is the local model diagram for (Zariski covers) of the moduli stack
of Breuil-Kisin modules with tame descent data and a Pappas—Zhu local model via a theory of
gauge bases for Breuil-Kisin modules (see particularly Proposition . We also establish
directly a connection in characteristic p to the moduli stack of étale ¢-modules in Proposition [5.4.7]

is an interlude on patching functors. Here, global methods are used to show the existence of
local lifts of various types, which provides a key input into component counts in

contains the main result (Theorem on the relation between the local models and Galois
deformations used in the proof of both the Breuil-Mézard conjecture and the weight part of Serre’s
conjecture. The monodromy condition, in particular its algebrization (Proposition, is studied
in §7.1} Theorem compares Emerton—Gee stacks of potentially crystalline representations with
the moduli stacks of Breuil-Kisin modules with tame descent data studied in Finally, is
the culmination of the earlier sections establishing the comparison between the tame potentially
crystalline Emerton—Gee stack and the local models of Theorem describes a sufficiently
generic portion of the reduced special fiber of the Emerton—Gee stack.

§8.1] introduces versions of the Breuil-Mézard conjectures, and describes their relationship.
provides an axiomatic framework to prove restricted versions of the Breuil-Mézard conjectures
using patching functors, which is then applied in (see Theorem and Corollary . In
we describe basic properties of Breuil-Mézard cycles and an algorithm to compute them.

Applications to the Serre weight conjecture (Theorem for certain definite unitary groups
and modularity lifting are in §9.1] and respectively. §A] describes routine modifications to the
Taylor—Wiles method needed to patch at arbitrary level.
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1.9. Notation. We fix once and for all a separable closure K of every field K and let Gg &

Gal(K/K). If K is defined as a subfield of an algebraically closed field, then we set K to be this
field. If K is a nonarchimedean local field, we let Iy C Gg denote the inertial subgroup and
Wx C Gg denote the Weil group. We fix a prime p € Z~q. Let E C @p be a subfield which is
finite-dimensional over @,. We write O to denote its ring of integers, fix an uniformizer @w € O
and let F denote the residue field of £. We will assume throughout that E is sufficiently large.

1.9.1. Reductive groups. Let G denote a split connected reductive group (over some ring) together
with a Borel B, a maximal split torus T' C B, and Z C T the center of G. Let d = dim G — dim B.
When G is a product of copies of GL,, we will take B to be upper triangular Borel and T the
diagonal torus. Let ®T C @ (resp. ®"F C ®V) denote the subset of positive roots (resp. positive
coroots) in the set of roots (resp. coroots) for (G,B,T). Let A (resp. AV) be the set of simple
roots (resp. coroots). Let X*(T') be the group of characters of T" and A C X*(T') denote the root
lattice for G.

For a free Z-module M of finite rank (e.g. M = X*(T)), the duality pairing between M and its
Z-linear dual M* will be denoted by ( , ). If A is any ring, the pairing ( , ) extends by A-linearity
to a pairing between M ®7 A and M™* ®y A.

We say that a weight A\ € X*(T') is dominant (resp. reqular dominant) if 0 < (A, ") (resp. 0 <

(A, oY) for all € A. For A € X*(T), set hy < mag{()\,a\/)}. Set XY(T) to be the subgroup
ac

consisting of characters A € X*(T') such that (\,a") =0 for all @ € A.

Let W(G) denote the Weyl group of (G,T). Let wp denote the longest element of W(G). We
sometimes write W for W(G) when there is no chance for confusion. Let W, (resp. W) denote the
affine Weyl group and extended affine Weyl group

W,=ArxW(G), W=X*T)xW(G)

for G. We use t,, € W to denote the image of v € X*(T).

The Weyl groups W(G), W, and W, act naturally on X*(T) and on X*(T) ®z A by extension
of scalars for any ring A. Given A € X*(T), we write Conv(A) for the convex hull of the subset
{w\) |weW(G)} c X*(T).

We write GV = G>/Z for the split connected reductive group over Z defined by the root datum
(X4(T), X*(T),®",®). This defines a maximal split torus TV C GV such that we have canonical
identifications X*(TV) = X, (T) and X.(TV) = X*(T).

For (a,k) € ® x Z, we have the root hyperplane H, j = {IA: (A aY) =k}. An alcove is a
connected component of X*(7T) ®z R \ (U(am) Hep). We say that an alcove A is restricted if
0 < (\aY) <lforall« € Aand A € A. We let Ay denote the (dominant) base alcove, i.e. the
set of A € X*(T) ®z R such that 0 < (A\,a") < 1 for all « € ®T. Let A denote the set of alcoves.
Recall that W acts transitively on the set of alcoves, and W = Wa x  where € is the stabilizer of
Apy. We define

W+ < (@ e W :w(A) is dominant}.
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and

+ def{ ewt: w(Ap) is restricted}.
We fix an element n € X*(T) such that (n,a) = 1 for all positive simple roots o and let wy, be
wot_n S W;r .

When G = GL,, we fix an isomorphism X*(7") = Z" in the standard way, where the standard
i-th basis element ¢; = (0,...,1,...,0) (with the 1 in the i-th position) of the right-hand side
corresponds to extracting the i-th diagonal entry of a diagonal matrix. Dually we get a standard
isomorphism X, (7) = Z", and let (¢Y,...,e,) denote the dual basis.

Suppose that G is a split connected reductive group over Z,. Let O, be a finite étale Z,-algebra,

which is necessarily isomorphic to a product [[ O, where S, is a finite set and O, is the ring of
vES)

integers of a finite unramified extension F, of Q,. For example, we will take O, to be the ring
of integers in an unramified extension of Q, or Op+ ®z Z, where F* is a number field in which
p is unramified and Op+ is its ring of integers. Let Go = Resp,/z,(G/0,) with Borel subgroup
By = Resp, z,(B/o,), maximal torus Ty = Resp, z,(T)0,), and Zy = Resp,z,(Z)0,). Assume
that O contains the image of any ring homomorphism O, — Z,. Let J be Homgz, (O, O). Then

G = & (Go) o is naturally identified with the split reductive group GL/7(9 We similarly define B, T,

and Z. Corresponding to (G, B, T), we have the set of positive roots @ C ® and the set of positive
coroots @Vt < ®Y. The notations Ap, W, W, E, EJF, Ef, Q) should be clear as should the
natural isomorphisms X*(T) = X*(T)7 and the like. When G = GL,,, then we fix n € X*(T) to
be the product of the elements (n —1,n —2,...,0) € Z".

The absolute Frobenius automorphism on O, /p lifts canonically to an automorphism ¢ of O,,.
We define an automorphism 7 of the identified groups X*(T) and X,(T") by the formula w(\), =
Asop—1 for all A € X*(T) and o : Op — O. We assume that, in this case, the element n € X*(T)

we fixed is m-invariant. We similarly define an automorphism 7 of W and E

1.9.2. Galois theory. Let Op and G be as in Let F,f be Op[1/p]. Then F," is isomorphic

to the (finite) product [] F, where, as above, F,7 = O,[1/p] is a finite unramified extension of
vES)
Q, for each v € S),. Let

\/ def
G= 11 6%
Ef—E

be the dual group of G so that the Langlands dual group of Gy is G/Z GV % Gal(E/Q))

where Gal(E/Q)) acts on the set of homomorphisms F), + — E by post-composition. For a topo-

logical O-algebra A, an L-homomorphism over A is a continuous homomorphism Wg, — LG(A)
with open kernel whose projection to Gal(E/Q,) is the natural one. An L-parameter over A is

a GV (A)-conjugacy class of L-homomorphisms. An isomorphism F,” = @p for each v € S, de-
termines an embedding G o Gq, and the restriction of this isomorphism to F} — E gives
a projection G¥ — GV. Fixing isomorphisms for each v € S, we get a bijection from the set of
L-homomorphisms over A to the set of collections of continuous representations Wp+ — GY(A)
indexed by S,. This induces a bijection from the set of L-parameters to the set of collections
of GV(A)-conjugacy classes of representations Wpt — GV(A) with open kernel indexed by S,.
Moreover, this latter bijection does not depend on the choices of isomorphisms. Finally, if A is
finite, this latter set is equivalent to the set of collections of GV (A)-conjugacy classes of continuous
representations G+ — G (A) indexed by S),.
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An inertial L-homomorphism over A is a continuous homomorphism Iy, — GY(A) with open
kernel which admits an extension to an L-homomorphism over A. An inertial L-parameter over
A is a GY(A)-conjugacy class of inertial L-homomorphisms. If K is a finite extension of Qp, then
an inertial A-type (for K) is a GV (A)-conjugacy class of homomorphisms I — GV(A) with open
kernels which admit extensions to homomorphisms Wx — GY(A). We refer to an inertial E-type as
just an inertial type. We say that an inertial L-parameter over A (resp. inertial A-type) is tame if a
homomorphism (equivalently all homomorphisms) in the conjugacy class factors through the tame
quotient of the inertial subgroup. There is a similar bijection between (tame) inertial L-parameters
over A and collections of (tame) inertial A-types I+ — G(A) indexed by S, (not depending on
choices of isomorphisms between algebraic closures).

We now specialize to the case that FpJr is a field K and G = GL,. Let K/Q, be an unramified
extension of degree f with ring of integers O and residue field k. Let W (k) be ring of Witt vectors
of k, which is also the ring of integers of K. We denote the arithmetic Frobenius automorphism on
W (k) by ¢; it acts as raising to p-th power on the residue field.

Recall that we fixed a separable closure K of K. We choose 7 € K such that a1 = —p and
define wi : Gg — Oj to be the character defined by g(m) = wg (g)7. Since any choice of 7 differs
by a pf — 1-st root of unity on which G acts trivially, wg is independent of the choice of 7. Given
a embedding 0 : K — F, let wg, : Gxg — O be the character o o wg. If we let K™ C K be
the maximal unramified subfield, then for any subfield K’ C K™ which is of finite degree over Qp,
Ik is canonically identified with Ggur. Thus, I/ is identified with I, and we also denote by wg
and wg , the restriction of these characters to Ixs. For any integer r > 1, we let Q,» denote the
unramified degree r extension of Q, in @p, which we assume is in E (enlarging F if necessary).
We write w;, for wg,,, where ¢ denotes the inclusion Q,r C E as subfields of @p. We use the
overline notation Wk, Wk s, Wy, etc. to denote the mod w reduction of wg, wk s, wy, etc. When
considering n-dimensional representations of G, we will assume that E contains the image of any
morphism K’ — @p where K/ € K" is the subfield of degree r over K where r is the order of
some element of S,. Fix an embedding ¢ : K < E. Then we define 0; = 0¢ o <p_j . This identifies
J = Hom(k,F) = Homg, (K, E) with Z/ fZ.

For K as above, we fix once and for all a sequence p oo (Pm)men Where p,, € K satisfy L 11=DPm

and pg = —p. We let Koo = | K(pm) and G, < Gal(K/Ko).

meN
Let & denote the p-adic cyclotomic character. If W is a de Rham representation of G over F,

then for each xk € Homg, (K, F), we write HT (W) for the multiset of Hodge-Tate weights labelled
by embedding k normalized so that the p-adic cyclotomic character £ has Hodge—Tate weight {1}
for every k. For p = (pj) € X*(I'), we say that an n-dimensional representation W has Hodge-Tate
weights p if

HTy;(W) = {p1,5, 12,5, - - s Hnj }-

Our convention is the opposite of that of [EGL ICEGT16], but agrees with that of [GHSIS]. We
will always use the covariant functors attached to W, for example Dqr(W) = (W ®q, Bar)x,
and similarly we have Dy (W) and Dpeis(W). Note that under our convention, the jumps in the
Hodge filtration of Dgr(W') occur at the opposites of the Hodge-Tate weights. We say that an
n-dimensional potentially semistable representation p : Gx — GL,(E) has type (u,7) if p has
Hodge—Tate weights p and the Weil-Deligne representation WD(p) restricted to Ix is isomorphic
to the inertial type 7. Note that this differs from the conventions of |[GHSI18] via a shift by 7.
The condition on inertial type is also equivalent to Dperis(p) = Dpst(p) being isomorphic to 7 as
I -representations.
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Let Artg : K* — Wf}b denote the Artin map normalized so that uniformizers map to geo-
metric Frobenius elements. For 7 an inertial type, we use o(7) to denote the finite dimensional
smooth irreducible @p—representation of GL,(Of) associated to 7 by the “inertial local Langlands
correspondence” (see . In fact, in all situations that arise, o(7) will be defined over E.

1.9.3. Miscellaneous. For any ring S, we define M, (S) to be the set of n x n matrix with entries
in S. If M € M,(S) and A € GL,(S) we write

(1.3) Ad(A) (M) E AM AT
If « = g; —¢; is a root of GL,,, we also call the (4, j)-th entry of a matrix X € M,(S) the a-th
entry. We will make use of both notations X;; and X, for this entry.

Let T be a group. If V' is a finite length I'-representation, we let JH(V') be the (finite) set of
Jordan—Hoélder factors of V. If V° is a finite O-module with a I'-action, we write V° for the I'-
representation V°®pF over F. If I is a compact topological group and V' is a virtual representation
of I which is the difference Vi — V5 of two genuine continuous finite-dimensional I'-representations
over E, let V be the virtual representation V1 — V5 where V; is the semisimplification of V? and
Ve is any I-stable O-lattice in V; (and V depends only on V and not on any other choices). Of
course, V is a genuine representation if V' is.

If X is an ind-scheme defined over O, we write Xg f x Xspec © Opec F and Xy e x X Spec O
Spec F to denote its generic and special fiber, respectively. Similarly, if R is any O-algebra, we
write Ry to denote R ®¢p F

If P is a statement, the symbol ép € {0,1} takes value 1 if P is true, and 0 if P is false.
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2. PRELIMINARIES
2.1. Extended affine Weyl groups.

2.1.1. Admissible sets, reqular elements, and admissible pairs. Recall that G is a split reductive
group with split maximal torus T and Borel B. Let V &' X*(T)®R = X (TV) ® R denote the

apartment of (G,T’) on which W acts. Let Cy denote the dominant Weyl chamber in V. For any
w € W(G), let Cyy = w(Cp). In particular, Cy, is the anti-dominant Weyl chamber.

Recall from the set A of alcoves of V. We let 1 denote the upper arrow ordering on alcoves
as defined in [Jan03|, §11.6.5]. Since W, acts simply transitively on the set of alcoves, 1 induces an
upper arrow ordering on W, which we again denote by 1. The dominant base alcove Ay defines a
Bruhat 9\1:der on W, which we denote by <. If 2 is the stabilizer of the base alcove, then W = W, x{2
and so W inherits a Bruhat and upper arrow order in the standard way: For wy,ws € W, and
d € Q, w1 < wad (resp. w1d T wed) if and only if wy < wy (resp. wy T we), and elements in different
right W,-cosets are incomparable. We write X 1Y (resp. X <Y') between sets X and YV if z Ty
(resp. x <y) forallz € X and y € Y. For w € W, let

L iEew |s<a)

Weg &
We write ¢ for the Coxeter length function on W,, which we extend to W by letting £(wd) & l(w)
for any w € W, § € Q.
" ~ ~ = ~ def [ LU
Definition 2.1.1. Let m > 1, wy,...,w,, € W and set w = [[ w;. We say [] w; is a reduced
i=1 i=1

expression for w if L(w) = > l(w;).
i=1

We now recall the definition of the admissible set as introduced by Kottwitz and Rapoport:

Definition 2.1.2. Let A € X*(T'). Define
def 17
Adm(\) = | Wer)-
weW

Recall from the hyperplanes H,,, = {z € V| (z,a") = n} and the notation ®* (resp. ®7)
for the set of positive (resp. negative) roots. We use the notation o > 0 (resp. o < 0) for a positive
(resp. negative) root. For oo € ®, define the half-hyperplanes Hf, = {x € V | (z,a") > n} and
H, ={r €V |(zx,a") <n}. Define the m-th a-strip to be

Hmm ) —fp e V| m < (z,0") <m+1}.

Define the critical strips to be strips Héo’l) where o € ®T.

Definition 2.1.3. An alcove A € A is regular if A does not lie in any critical strips. For any
w € W, we say w is reqular if w(Ag) is regular. Define

Adm*™8(\) = {w € Adm()\) | w is regular}.
From |[LLHL19, Lemma 4.1.9] we have:

Lemma 2.1.4. Suppose that wy and wy € W+. Then 1172_111)07171 s a reduced expression.

Proposition 2.1.5. Ifw € W s regular, then there exist wy and we € Wfr and a dominant weight
v e X*(T) such that w = {Dglwotl,@l. Moreover, w1, Ws, and v as above are unique up to X°(T).

Conversely, if w1 and Wy are elements of W, then 1172_11110{171 1s reqular.
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Proof. Suppose that w € W is regular and wew(Ap) lies in the anti-dominant Weyl chamber for
wy € W. Let ny € X*(T) be such that wy = tp,ws € W1+ Note that 79 is unique up to X°(T).
Let x be in Ap. From the assumption we deduce that w(z) and = do not lie in the same a-strip for
any root a. (Note that Ay only lies inside critical strips.) Equivalently, wow(z) and wa(x) do not
lie in the same a-strip for any root a. In particular:

(2.1) [(@2(x),a")] # [(@2(2),0”)] =0
for all simple roots «, using that ws € Wfr to obtain the last equality.

Now let a be a simple root. Then, (wyw(z),a’) < 0 by assumption. Moreover, (12, ") < 1
since 7 is 1-restricted (a lift of a multiplicity free sum of fundamental weights). We conclude that
(Wow(z),a") < 1. From (2.1)), we deduce that (wew(z),a") < 0. Since a is an arbitrary simple
root, wow(x) lies in the anti-dominant Weyl chamber. Thus, wowow € WT. We conclude that
wowow = t,wy for some dominant v € X*(T) and w;y € Wf’ Again, v and w; are determined up
to X9(T).

For the converse, let wy and ws be elements of W+. Let z € Ap. Showing that wy Lwewy is
regular is equivalent to showing that wow; (x) and wa(z) do not lie in the same a-strip for any root
a. This is clear from the fact that wow;(x) lies in the anti-dominant Weyl chamber while ws(x)
lies in the dominant Weyl chamber. U

Proposition 2.1.6. Suppose that w1 and wy are elements in W+. Let A € X*(T) be a dominant
weight. The following are equivalent.

(1) @y T t\w, ‘a;

(2) w2 T wht_\w1;

(3) iEQ_Iwoﬁl < tw;1()\+n), twows)~1(\y) Where w1, we € W are the images of wy and wy in W;

and

(4) Wy 'woity is in Adm()\ +7n).
Proof. 1t is clear that is equivalent to (2)) by [LLHLI19, Proposition 4.1.2] and [Jan03|, I1.6.5(4)].
We first show that 1mphes @). Letwe X (*(T') be a dominant weight (unique up to X o(T))
such that t_,ws € W1 . Then t_ w1 € W+ s w01 T t)\’wgl(tfwﬂ)/g), and ﬁ;lwotﬂl =
(t—w2) M wo (t_ypy (u)W1). Without loss of generality, we can assume that ws is an element of Wy
Then w;, "Wy € W*. Then Wang’s theorem [Wan87, Theorem 4.3] (see also [LLHLIY, Theorem
4.1.1]) implies that wy < ¢ Aw,;l@. Using that wy Lo (t ,\@;1@2) is a reduced expression by Lemma
we have that

-1
w2 wow < w2 wot,\wh Wy = tw Lo (An)*

The 1nequahty Wy Lwewy <t wl(n ) follows from 1} using the same argument

Item (3) immediately implies (4 . We now show that (4]) implies (] As before, we can and
do change wy and wy so that we € VV1 without affectlng the product Wy Lwew; or the veracity
of the relation in (1)). By writing ws = t,,ws (where 7y is dominant), it is easy to see that
Wy Mwoitn (Ag) = wy 1t _p,woiw1(Ag) lies in the Weyl chamber (wowa) ™! (Co) since t_p,woiw1(Ag) lies
in wo(Cy). We conclude from [HHIT, Corollary 4.4] and the (A + n)-admissibility of @, 'woiw; that

]~ ~_1 ~ ]~
Wy woW1 < blawgwy) 1 (Agn) = Wa Wo(EAW), W2).

Noting that @;1@2 c W since Wy € Wf , the above factorizations are reduced by Lemma m
We conclude that wy; < tmﬂglzﬂg, which implies that wy T t;jb,;l{ﬁg by Wang’s theorem [Wan87,
Theorem 4.3]. O
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For a dominant weight A € X*(T'), define the collection of admissible pairs
{ (@, ) € (Wit x WH)/XOT) | @y 1t tady @ }

def

(2.2) AP(A+n) =
where X°(T) is embedded diagonally in the natural way.
Corollary 2.1.7. Let A € X*(T) be a dominant weight. Then the map

AP(A + 1) — Adm™8(\ +n).

(W1, Wa) +— Wy “woil

s a bijection.
Proof. We first show that the image of the map lies in Adm™8(A+7). Assume (i, @s) € Wi x W+
is such that @y 1 £\, 'ws. Note that this condition is stable under the diagonal action of X°(T)

by [Jan03, 11.6.5(4)]. Then @, ‘wow; € Adm(\ + ) by Proposition , and is regular by
Proposition 2.1.5

To show surjectivity, write w = w5 Ywot, @, € Adm™8(\ + 1) as in the statement of Proposition
By Proposition we have t,w, T tME,:lﬁg, which is equivalent to wy 1 t,\@,jlt_wo(y)@g
by [Jan03, 11.6.5(4)]. Since t_ W2 € W, (W1, t_ )W) € AP(A 4 n) and has image w.

The uniqueness of the decomposition up to translation by X°(T") from Proposition shows
injectivity. ]
Remark 2.1.8. The same proof also shows that there is a bijection

{(@,@2) € (W x W)/ XOT) | @ 1 a2 f = Admr™8 (A + )
({171, U~]2) — ﬁglwgfﬁl,
though this plays a lesser role in what follows.

2.1.2. Genericity. Let (WV, <) be the following partially ordered group: WV is identified with W
as a group, and < is induced from the Bruhat order on W defined by the antidominant base alcove.

Definition 2.1.9. We define a bijection w — w* between W and WV as follows: for @ = t,w € W,
x def

with w € W and v € X*(T) = X,(TV), then &* < w1t, € WV.

[LLHL19, Lemma 2.1.3] shows that (—)* : W — WV is an isomorphism of partially ordered
groups.
We now introduce various notions of genericity which will be used throughout the paper.
Definition 2.1.10. Let A € X*(T') be a weight and let m be an integer.
(1) We say that X is m-deep in a (n-shifted) p-alcove C' if

nep+m < A+na’) < (ng+1)p—m
where C is the p-alcove defined by the above inequalities with m = 0.

We now assume that m > 0.
(2) If m > 0, we say A is m-deep if A is m-deep in some p-alcove C. Equivalently, m <
(A +1n,aY) + pk| for all « € &t and k € Z.
(3) For w = wt, in either W or WV, we say that w is m-generic if v — 7 is m-deep.
(4) For @ = wt, in either W or WY, we say that @ is m-small if h, < m, i.e., (v,a¥) < m for
all a € ®.
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(5) Let P = P(Xy,...,X,) € Z|X1,...,X,] be a polynomial and let R be a commutative ring.
We say that a tuple a € R" is P-generic if P(a) (mod p) € R/p isin (R/p)*. For a finite
set J, we say that a € (R")7 is P-generic if a; is P-generic for all j € J. If G = GL,
we say that A € X*(T') is P-generic if it is under the standard identification of X*(7") with
@),

Remark 2.1.11. (1) We note that depth is preserved by the (p-)dot action, smallness is preserved
by the standard W-action, but P-genericity is typically not preserved by either of these.
(2) Suppose that G = GLY. If we let P, (X1,...,X,) be [[, [T72: (X — Xip1 — j) where
Xn+1 is understood to be X1, then A — n € Cy is m-deep if and only if A is P,,-generic.

We record some elementary properties of smallness and genericity.

Proposition 2.1.12. Let @, % be elements in W (resp. in WV) and let v € X*(T).
(1) the element t, is m-generic (resp. m-small) if and only if ty, is m-generic (resp. m-small)
for all s € W(G);
(2) if w is m-small and Z is m'-small, then wz is (m + m’)-small;
(3) the element W is m-small if and only if W~ is m-small if and only if W* is m-small; and
(4) if Z is m'-generic and w is m-small with m < m’, then Zw is (m' — m)-generic.

2.2. Serre weights. We recall some notation in Let Gz, be a split connected reductive group
with extended affine Weyl group W. Let Oy be a finite étale Zy-algebra. Let Go be Resp, /7, (G0,)
and G be the split group (Go)/o. Note that the Bruhat order on W = WY is the product

partial order induced from the Bruhat order on W (hence, the partial order < on W7 is taken
componentwise).

For a dominant character A € X*(T), we define W()),o to be the G-module Ind%wo)\. Then

W (A),E is the unique up to isomorphism irreducible G ,p-module of highest weight A. Let V()) be
def

the (irreducible) restriction of W(A),g(E) to Go(Zp). The socle L(A) of the G jp-module W(A) 5 =
W(A)jo ®o F is the unique up to isomorphism irreducible G jp-module of highest weight A. For

any character A € X*(T'), we can extend the above definition by letting W(\),o be the virtual
G-module

(2.3) > (~1)' R'IndGwo .
7
We similarly define the virtual modules V' (A) and W () .

Let G be the group Go(Fp) = G 0,(Op/p). A Serre weight (of G) is an irreducible F-representation
of G. An irreducible G-representation over F is necessarily absolutely irreducible and every irre-
ducible G-representation over F, is defined over F. Each Serre weight is the restriction F(\) &
L(\)|g for some A € X;(T) where

X1(T)E A e X*T),0< (\aY)<p—1forallacA}
is the set of p-restricted dominant weights. The map A — F(X) gives a bijection from X;(T")/(p —
7)XO(T) to the set of isomorphism classes of Serre weights of G (see [GHSI8, Lemma 9.2.4]). For
m > 0, we say that a Serre weight F'(\) is m-deep if A is m-deep. We say that A € X;(T) is regular
p-restricted or F(X\) is reqular if (\,a¥) <p—1 for all a € A.
For A € X*(T), let W(A) be the restriction of W () /g (F) to G, which is a genuine representation
if A is dominant. Then F'(A) is an G-submodule of W () for A € X;(T).
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For the combinatorics of Serre weights it is convenient to introduce the notion of p-alcoves and
the dot action on them. A p-alcove is a connected component of the complement X*(T') ®z R \
(U(a,pn)(Ha,pn —1n)). We say that a p-alcove C is dominant (resp. p-restricted) if 0 < (A +n,a")
(resp. if 0 < (A +1n,a") < p) for all « € A and A € C. We let C,, denote the dominant base
p-alcove, i.e. the alcove characterized by A € C if and only if 0 < (A +n,aV) < p for all a € @7
We define the (p-)dot action of W on X*(T)®zR by w-\ d:efw()\ +n+pv)—n for w=uwt, € W
and A € X*(T) ®z R. In particular, W acts transitively via the dot action on the set of p-alcoves,
and (2 is the stabilizer of C, for the dot action. We have

EJr ={w e W:w- C, is dominant}

and . .
W, ={weW :w-C,is prestricted}.
Lemma 2.2.1. If
e € X*(T) is a dominant weight which is not m-deep,

e h € Z such that {u,a") < h for all « € ®, and
e o € JHW (),

then o is not (m + L}%J)—deep.

Proof. Suppose that p is as in the statement of the lemma. By [Jan03l I1.6.13 Proposition], if
o€ JH(W(u)), then either

e o c JHW (w-p)) for w € W, with w - p # p dominant and w - o T p; or

e o€ JH(L(p)lc).
We now replace this second condition. Suppose that ¢ € JH(L(u)|g). If p = po + pps for
to, 11 dominant and pg p-restricted, then L(p) = L(po) @ L(pp1) by the Steinberg tensor product
theorem [Jan03, 11.3.17]. Since L(pp1)|c = L(7(p1))|a, we have that o € JH(W (uo) @ W (m(11))).
[Tan03, 1I.5.8 Lemma] implies that o € JH(W (1 — ppq + 7(v))) for some v € Conv () (recall
that W(u — pp1 + m(v)) is a priori a virtual representation). By [Jan03| II.5.5 Corollary (b)],
o€ JHW (w- (u—pm +m(v)))) for some w € W such that w- (u — ppy + 7(v)) is dominant. By
the following lemma (where we take A\, v, and k to be u — pu1 +n, 7(v) and 7(uq), respectively),
replacing v by

7w (= ppa +7(v)) = (0 — pa)),

we can assume without loss of generality that u — pu; + 7(v) € X*(T) is dominant.

Lemma 2.2.2. Suppose A € X*(T) is dominant, v € Conv(k) and w such that w(A + v) is
dominant. Then w(A+v) — X € Conv(k).

Proof. There is a sequence of positive roots a1,---,ap such that w = sq, ---54,, and setting
Sa; "+ Sa; (A +v) = A+ v we have A +v; is on the positive side of the aj-wall while A +v;_1 is on
the negative side of the a;j-wall. Thus we get A+v; = A+vj_1 +moy with m = —(A+v;j_1, ozjv> > 0.
Now

(vj-1,0f) < A +vj_1,0f) <0
hence 0 < m < —(A+v;_1, aJV> < —(vj-1, a}/). This shows that v; = v;_1 +ma; lies in the segment
between v;_1 and so,;vj-1 = vj_1 — <l/j,1,a}/>aj, hence v; € Conv(x) by induction. O

Returning to the proof of Lemma the upshot is that if o € JH(W(u)), then either
e g c JHW (w - p)) for w € W, with w - p # p dominant and w - p T ;
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e 0 € JH(W (i — pp1 + 7(v))) where py is nonzero, pi1, i — pp, p — ppn + w(v) € X*(T) are
dominant, and v € Conv(u;); or
e 4 is p-restricted and o = F'(u).
In this way, either ¢ = F(u) or we can replace p with a “smaller” weight. For convenience, for
A€ X*(T) and v € Conv(A), we let ¢y, be the operator on X*(I') which translates by —pA +m(v).
Iterating the above weight reduction process, we see that if o € JH(W(u)), then o = F(X) for
A € X*(T) of the form

(2‘4) tuM,VM{EM ’ (tuM_1,VM_175M*1 ’ ( ’ 'tulﬂﬂal ’ :U*) T )

where p; € X*(T') is dominant and nonzero and w; € W, is nontrivial for all ¢ and the weight at
each step is dominant. Indeed, since each iteration strictly reduces the value of {—, (n — wo(n))Y)
which must be positive, the iterative process must end (with an upper bound on the number of
steps depending on p). Then can be rewritten as A = @ - y + m(v) for some @ € W and
v € Conv(fisum) where figum = Si0q pti- We claim that (v,a") < Lp%lj for any o € ®. Since the

p-dot action preserves depth, A would not be (m + L%J)—deep.

To prove our claim, consider ¢, 1y, =ty b = p — Pptsum + m(V") for some v/ € Conv(fisum ).
Observe that A 1 — pusum + 7(v'). Then

(Psum — 7(v'),@") < {u—=A,a’) <h

for any highest root . Choosing o € ®* a highest root so that h = {sum, @), we have

Hsum

(p - ]‘)hﬂsum S <plusum - 7T(I//),Ozv> S h
We conclude that h < L]%J, and the claim follows. 0

MHsum —

We will call an element of X*(Z) an algebraic central character and an element of X*(Z)/(p —
) X*(Z) a central character. Note that the character group Hom(Zy(F,), F*) is naturally identified
with X*(Z)/(p — m)X*(Z). An algebraic central character determines a central character by the
natural reduction map. The central character (a character of Zy(Fp)) of a Serre weight F'()) is
Az € X*(Z)/(p — ) X*(Z) which does not depend on the choice of element in A + (p — m)X°(T)
and gives the action of Zy(F,) on F(A\). Note that there is a natural identification of X*(Z) with

E/Ea, which we will use often.
Let w—ne€ CyNX*(T) and w; € ET Then 71 (@) - (w —n) € X1(T) and we define

(2.5) Flg ) & F(a Y (@) - (w—n)).

We consider the equivalence relation (w1,w) ~ (t,w1,w — v) for all v € X°(T) and note that the
map (w1,w) — F(g, ) sends equivalent pairs to the same Serre weight. We say that the equivalence
class of (w1, w) is a lowest alcove presentation of Fig, ). (Note that the notion of lowest alcove
presentation depends on the choice of n in ) We often will choose a pair in the equivalence
class of a lowest alcove presentation of a Serre weight, though nothing we do will depend on this
choice. From a lowest alcove presentation (wq,w) of a Serre weight, we obtain an algebraic central
character

(2.6) W/W, = X*(2)
(27) twfr]ﬁ)/lwa/wa = Cv

which does not depend on the choice of representative in the equivalence class of (w;,w). Then
we say that the lowest alcove presentation (wy,w) of F(g, . is compatible with ¢ € X*(Z). The
following lemma shows that ( is an algebraic lift of the central character of the Serre weight.
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Lemma 2.2.3. Let (wq,w) be a lowest alcove presentation of a Serre weight o. Let  be the algebraic
central character associated to (wi,w) by (2.6). Then the class of ¢ in (mod (p — m)X*(Z)) =
Hom(Zy(F,),F) is the central character of o as a G-representation.

Proof. This follows from the description of ¢ as a the restriction to G of the irreducible algebraic
highest weight module with highest weight 7= (1) - (w — 7). O

We say that two lowest alcove presentations of Serre weights are compatible (with each other) if
they are compatible with the same element of X*(Z). As the p-dot action preserves depth, F| (@,w) 18
m-deep if and only if w—n is m-deep (Definition 2.1.10) in alcove Cyy, i.e. if m < (w,a") <p—m
for all « € @T.

Lemma 2.2.4. If a Serre weight o is 0-deep, then the map (wi,w) — wit W, /W, € E/Ea ~
X*(Z) gives a bijection between lowest alcove presentations of o and algebraic central characters
lifting the central character of o.

Proof. If (w1,w) is a lowest alcove presentation for o, then the set of lowest alcove presentations of
o is

{(@m(67),6 - (w—n) +n): 6 € Q}
(where we write one pair in each equivalence class). If (w;,w) maps to ( € X*(Z), then the lowest
alcove presentation (w1m(671), 8- (w—n)+n) maps to ¢ + (p — 7)(s where (5 € X*(Z) is the image
of § under the isomorphisms Q = W /W, = X*(Z). O

2.3. Deligne—Lusztig representations and their mod p reductions. Let (s,u) € W x X*(T)
be a good pair ([LLHLI9L §2.2]). Using [GHSI8, Proposition 9.2.1 and 9.2.2], we can attach to
(s, ) a Deligne-Lusztig representation Rs(u) of G defined over E. We say that (s,u — 1) is a
lowest alcove presentation of Rs(u) if p—n € Cy. (Again, this notion depends on the choice of 7.)

Definition 2.3.1. Let m > 0 and let R be a Deligne-Lusztig representation. We say that R is
m-generic if there exists a lowest alcove presentation (s, —n) € W x C, for R such that p —n is

m-deep (Definition 2.1.10). We call such a presentation an m-generic lowest alcove presentation.

If R has a fixed lowest alcove presentation (s, — 1), define w(R) & tus € W and w(R) sew.

Note that p — n being m-deep is equivalent to w(R) being m-generic in the sense of Definition
2.1.10|(3).

Note that (s, u) € W x X*(T) is good if p —n is (0-deep) in alcove Cy by [LLHL19, Lemma 2.2.3].
By [DL76L Theorem 6.8], we see that a 1-generic Deligne-Lusztig representation is irreducible.

Let A € X*(T') be a character. We say that a lowest alcove presentation (s, —n) of a Deligne—
Lusztig representation is A-compatible with an algebraic central character ( € X*(Z) if the image
of the element txt,sW,/W, € W/W, = X*(Z) corresponds to (. Instead of saying 0-compatible,
we just say compatible. If (s,u — 7)) is a lowest alcove presentation of R compatible with (,
then ¢ mod (p — m)X*(Z) corresponds to the central character of R. We say that lowest alcove
presentations of a Deligne—Lusztig representations are compatible if they are compatible with the
same algebraic central character. We say that lowest alcove presentations (s, u —n) and (w;,w) of
a Deligne-Lusztig representation R and a Serre weight o are A-compatible if (s, —n) and (wq,w)
are A-compatible and compatible, respectively, with some ( € X*(Z).

Lemma 2.3.2. If R is a 1-generic Deligne-Lusztig representation, the map (s, p—n) + t,sW /W, €

E/Ea = X*(Z) gives a bijection between lowest alcove presentations of R and algebraic central
characters lifting the reduction of the central character of R.
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Proof. If (s, —n) is a 1-generic lowest alcove presentation for R, then by [LLHLI9, Proposition
2.2.15] the set of lowest alcove presentations for R is

{(wsm(w) ™ w(p+pv — s(v)) —n) : wt, € Q.

Note that each of w(u+pv —sw(v)) —n is 0-deep in C,. Since the image of tw(wrp,,,s,r(,,))wsw(w)_l
in X*(Z) is p+pv —sn(v)|z = plz + (p — m)v|gz, it suffices to note that the image of wt, under
the isomorphism Q = W /W, = X*(Z) is v|z. O

Lemma 2.3.3. If R is a Deligne—Lusztig representation, then R = Rg(u) for some (s,u) € W X
X*(T) such that p is dominant and {(u,aV) < p+2 for all a € ®. In particular, —n is (—3)-deep
n C.

Proof. Suppose that R = Rg(u) for (s,u) € W x X*(T). Then R = Rs(p + pv — sw(v)) for any

v € X*(T). Since X*(T)(W(4,)) = W(4,) = X*(T) ®z R where A, denotes the closure of the

base alcove A, there exists v € X*(T') such that h,yp, < p. Then hy, < hy + hy—py < hy +p so
that h, < L%"J + 1 and therefore hy sy <P+ hy, <p+ L%‘j + 1. Repeatedly replacing u
with p + pv — sm(v) as above, we eventually have that h, < p+ 2. Finally, we replace (s, ) with

(wsm(w) ™!, w(p)) where w € W is such that w(yu) is dominant. O

Lemma 2.3.4. Let A € X*(T') be a dominant weight such that hxy, < p—3. If R is a Deligne—
Lusztig representation such that JH(R @ W (X)) contains an m-deep Serre weight, then there exists
a pair (s, ) € W x X*(T) such that R = Rs(p) and pp—n is (m — hjay)-deep in Cj.

Proof. Let R = Rg(p) for some (s, ) as in Lemma and that o is a Serre weight in JH(R ®
W(A)). We assume that that o — 7 is not (m — hyyo,)-deep in C and will show that o is not m-
deep. Note that 1 — 7 is (—3)-deep in Cy so that in particular m > hyyo, — 2. By [Her09, §A.3.4],
o € JHW (r= @) - (@(R)wy ' (n) —n)) @ W(N)) for some @y, Wy € EIL (in fact, necessarily
wy € w1 W,) where w(R) & tus. Then by the proof of Lemma o € JHW(v)) for v €
(wr= (@) - (@(R)wy *(n) —n) + Conv(\) for w € W with (wrn(@1)) - (w(R)w, ' (n) —n) dominant
and v dominant. In particular, the depth assumption on p implies that v is not (m — hy))-deep.
Furthermore, since p — 7 is (—3)-deep in Cy, (wr™(@1)) - (W(R)wy *(n) — n) is (—3 — hy)-deep
in a p-restricted alcove. In particular, for all & € ® (we can assume that « is a highest root by
dominance), ((wr ™! (w1)) - (W(R)wy () —n),aV) < phy + 2 so that (v,aV) < phy, + hy + 2. The
result now follows from Lemma 2.2.71 O

Remark 2.3.5. If G is a product of copies of GL,, one can show that y — 1 can be taken to be
(—1)-deep. One can then assume instead that hy;, < p—1 in Lemma [2.3.4

For A € X*(I') dominant, recall from §2.2{that W (\) r denotes the dual Weyl module of highest
weight A for the split algebraic group G and that W(A) is the restriction of W(A)r (F) to
G C G(F).

If R is A-compatible with ¢ € X*(Z), then ¢ mod (p — m)X*(Z) gives the central character of
def 55

R@W(A) = Rep W()). The set JH(R ® W())) has the following combinatorial description in

terms of W. We also use 1 to denote the ordering on X*(7') defined in [Jan03) I1.6.4].
From (the proof of) [LLHLI19, Proposition 4.1.3] we have:

Proposition 2.3.6. Let R be a Deligne-Lusztig representation with a 2h,-generic lowest alcove

presentation (s, —n). Let A € Xq1(L). Then F(X) € JH(R) if and only if there exists w = wt, €
E+ such that w - (u— sw(v) —n) T wp - A and w - Cy T wy, - Cy.
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We have the following parametrization of Jordan-Hélder factors of R® W () in terms of admis-
sible pairs from

Proposition 2.3.7. Let A € X*(T) be a dominant weight and let m > max{2h,, ha4yn} be an
integer. Let R be a Deligne—Lusztig representation together with_an m-generic lowest alcove pre-
sentation, with corresponding element w(R) € W (cf. Deﬁm’tz’on.

Then the map

AP\ +1n) = JH(R® W()))
(2.8) (@1, W2) = Flg, aryay ™ (0))

is a bijection. Moreover, these Jordan-Hdélder factors are (m — hyiy)-deep and the lowest alcove

presentations (w1, w(R)w, *(0)) of these Serre weights are A-compatible with the lowest alcove pre-

sentation of R.

Proof. Since wlt{ﬁ(R)w;l(o)fnwa/wa = W W(R)wy 'ty W, /W, = taxwW(R)W,/W,, the lowest al-
cove presentations (@, w(R)w, *(0)) of Serre weights are A\-compatible with the given lowest alcove
presentation of R. If (wy,wz) € AP(A + 1), then wy T t_(x)whw1, so that (W5 1(0), ") < hayy
for all « € ®. This implies that le,w( Ry@;(0)) is (m — hxqy)-deep. Lemma finally implies
that is injective.

We next show the image of is JH(R® W ())). By the translation principle and Proposition
every element of JH(R ® W ())) is of the form

(2.9) F(r = (@) - (@(R) (@) (0) +w) — 1))
for some w; € E:— and wh € EJF such that w; 1 &7,:1@’2 and some w € Conv(\). Let wy =
wt_y,—(a@)-1(0) be the unique element in Wty (@)-10) N EJF. Since w € Conv(A) implies that
tw(—w) T t—wo()\) and ’LAUJé S E+ implies that wt,(@é)q(o) T wét,(%)fl(o) = ’LEIQ (Where w’2 S E
is the image of w5), we see that Wy = ty(_w,)Wt_(gy)-1(0) T t—we(n)W, Which is equivalent to the
inequality w;, '@h 1 t\w, 'ws by [LLHLIY, Proposition 4.1.2]. This implies the desired inequality
Wy 1T tyw, !
For the converse, suppose that wy 1 tmﬂ,:l@g. Equivalently, by [LLHLI9, Proposition 4.1.2]

and Wang’s theorem ([LLHLI9, Theorem 4.1.1]), we have wy < t_,,(n)(wpw1). Since the latter
factorization is reduced, we have wy = Ty where T < t_,, (\) and ¥y < wpwi. Then by [KROO],

Wa.

T is —wo(A)-permissible, and in particular, Z(0) € Conv(—wo(})). Taking why € Wyn E+, we

conclude that wy = wt_,w) for some w € Conv(\) and w) € W with w), + w,w; (equivalently
w1 1 w;, wh). Then F(r~Y(w1) - (W(R)Wy(0) — 1)) has the form of (2.9). O

We use Proposition m to give another description of JH(R @ W ())).

Proposition 2.3.8. Let A € X*(T) be dominant and suppose that (wi,w) and (s,u — 1) are -
compatible lowest alcove presentations of a Serre weight o and a Deligne—Lusztig representation,
respectively. Suppose further that (s, —n) is max{2h,, hyiy}-generic. Then o € JH(R ® W ()
if and only if

(2.10) toW o, C tpsAdm(\ + 7).

Proof. As usual we let w(R) dof tus. Let wy € EJF be the unique element such that ¢t_,w(R) € Wws.
Note that w = wW(R)w, '(0). By Proposition and Proposition m it suffices to show that
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Wy 'wowy € Adm(\ + 1) is equivalent to (2.10). If @y 'wow; € Adm(\ 4 n), then
W <y, © DR)T Wiy, © D(R)AdmM(A + 1),

where the first inclusion follows from the fact that ngowl is W-stable under left multiplication.
For the backwards direction, assume (2.10). Then in particular,

W(R) Wy 'woty € tu,Wwy C W(R)Adm(\ + 7).
O

2.3.1. The covering order. Having discussed the reductions of Deligne-Lusztig representations, we
now use these results to define a partial ordering on Serre weights that arises naturally in §8|

For a max{2h,;, hy+,}-generic Deligne-Lusztig representation R, let JHou (R ® W (A)) be the
subset of JH(R®@W ())) corresponding by to elements of AP(A+n) of the form (wq, wxt_\w1).
We begin with the following lemma.

Lemma 2.3.9. Suppose that F(g .\ € JHout(R). Fiz the compatible lowest alcove presentation of
R with corresponding element w(R) as in Definition |2.53.1. If (w,w) is a compatible lowest alcove

presentation of a weight Fig ., € J H(R), then (choosing any representatives of the equivalence class
of lowest alcove presentations)

W 0 tw/w(R)_1(w/_w){E’
where w' denotes the image of w' in W.
Proof. We introduce the following notation for this proof. If 5 € E, then let 5 denote the unique
element in WsnN w+. Since F(g o) € JHout(R), we have that ' = w(R)(wpw')~1(0) so that
ahlﬂ/ = wow't,@(pb)_l(w/).
Since Fg,,) € JH(R), we have that w = @(R)w, ' (0) for some @ 1 w, 'wy by 1} Then ws is
(t_a@(r)-1(w)) s S0 that (t_g(p)-1(w)) T T wpw by [LLHLIY, Proposition 4.1.2]. Let v be w(R) ™! (w'—
w). On the other hand,
twow/(u)’[ﬁh’[ﬂ/ = wowlt,,_@(R)q(w/)
= wWouw't_g(R)-1(w)
T (t_ar)(w)
We conclude that twow/(y)@h@’ T wpw, or equivalently, w 1 tw/(y)ﬁ’. O
Definition 2.3.10. Let o be a 3h,-deep Serre weights. If
ce () JH®R),

R 2h)-generic,
0] GJH(?)

where R runs over 2h,-generic Deligne-Lusztig representations, then we say that og covers o.
In other words, og cover o if every 2h,-generic Deligne-Lusztig representation containing g also
contains o.

Remark 2.3.11. Note that covering is a partial ordering on 3h,-deep Serre weights.
The following alternate criteria for covering are sometimes useful.

Proposition 2.3.12. Suppose that (w0, w) and (w',w’) are (representatives for) compatible lowest
alcove presentations of Serre weights and w — 1 is 3h,-deep. The following are equivalent:
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(1) Figw) covers Figr ;

(2) W 1 tww—wnw (in particular £(w') < £(w), with equality if and only if (w,w) ~ (W',w'));
and

(3) twlwg’woﬁy C twwg’woﬁ)’; and

(4) Farw is a Jordan—Hélder factor of

P L@ @) (w—n)le.

w1 EEJF
kT

Proof. We first show that (1)) implies . Let vy be (w,@)~1(0). Consider the set X of & € W such

that w = Z(1p). We claim that z is 2h,-generic. Indeed, since w,w € Ej, we have (g, ") < h,,
for all & € ®. Then the claim follows from the fact that w — 1 is 3h,-deep and z(0) = w — z (1)
(where x € W is the image of ).

From the above paragraph, the map taking the set of 2h,-generic Deligne-Lusztig representations

R with a lowest alcove presentation compatible with (w,w) to W sending R to w(R) induces a

bijection between those R with F(g ) € JHout(£) and X. Moreover, the map X — W, induced

by the natural quotient map W — W, is a bijection. If F(g ., covers F(g ), then Lemma
implies that @’ 1 ty(,—yw. We now show the parenthetical. Fix s € W so that s(w — w) is
—~/

dominant. We have that ¢(_,)w’ 1 w so that ¢, _, 0w < w by Wang’s theorem. Since #(,y_,)w
is a reduced expression (counting galleries),
ﬁ(ﬁ,) < é(ts(w’—w)) + é(’w,) = E(ts(w’—w)a/) < f(ﬁ)

If this is an equality, then w’' — w € X%(T) and w '@’ € Q. Compatibility of lowest alcove
presentations implies that (w,w) ~ (@', ).

We next show that implies (3). Assuming (2)), [Jan03} I11.6.5(5)] shows that for any s 1 @'
with & e W,

Ey ) g T tw(w—w’)’&j7
so that
Etw’—wwgf ) w.

Then Wang’s theorem implies that t.,_ W5
s’ as above, the result follows.

That implies follows from Proposition m Finally, we show the equivalence of and
. Using the Steinberg tensor product theorem and the translation principle [LLHLM20, Lemma

~ =+ ~ . ~ =
4.2.4(1)], if we write wy € W as t,w} with @} € ET, then

(2.11) Lz~ (1) - (w—n))|a = EE )F&?gfv’))’
v'eL(v

< wow. As any element of W_,, & is in W' for some

where m(v, ') is the multiplicity of the v/-weight space in L(r). Consideration of the chain of
inequalities ty,w) 1T w; T w shows that implies . Conversely, if ty (v _yw" T w, then
Fla wy € JH(L(m~Hw1) - (w —n))|a) where w1 = ty(_o)w' and s(w’ — w) is the dominant weight
in the Weyl orbit of w’ — w. O

Remark 2.3.13. (1) The equivalence of and in Proposition [2.3.12 shows that if p 1T A,
then F'(\) covers F'(11). The converse does not hold: for GLy4, w; could be in t(; g o 0y€2 if
w € wp. Then v = (1,0,0,0) so that w' — w would be nonzero and the Serre weights on

the right hand side of 1' are not in the W, p-dot orbit of (@)t (w—n).
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(2) By the same equivalence and the linkage principle [Jan03, 11.6.13], if o € JH(W (w-(w—10))),
then F(g,) covers 0. The converse does not hold for GLy (see [Jan74] or [Her, Proposition
9.3]).

2.4. Tame inertial L-parameters. Recall the fundamental characters wq : I, — O defined in
For (w,pu) € W x X*(T), we let 7(w, 1) be the tame inertial L-parameter over E given by

d—1

(D (F* o w™)i(w)) (wa) : Iy, — T"(E)

i=0
where we view p here as an element of X,(TV), F* is defined to be the endomorphism pr~! on
X.(TV), and d > 1 is an integer such that (F* o w™')? = p?. (The tame inertial L-parameter
does not depend on the choice of d.) Let T(w, ) be the inertial L-parameter over F obtained by
reduction modulo w. All tame inertial L-parameters over E/ and F arise in this way.
Example 2.4.1. Suppose that F];r is the field K and G is GL,. As explained in to the
tame inertial L-parameter 7(s,u + 1), there is a corresponding tame inertial type for K which
we also denote by 7(s,p + n). Fix an isomorphism ¢ : K = Q,. This gives a homomorphism
Ik — GL,(F), which we will make explicit. The isomorphism ¢ gives an injection G — Gg,.
Let d be a positive integer. Then induced composition Ix — Ig, M Oo*isw Kq.0) where K is the
subfield of K generated by the p? — 1-st roots of unity and 0( : K4 — E denotes the restriction of
¢ (taking F sufficiently large). We denote Wi ,0p by wa as well.

Let 09 : K — E denote the restriction of ¢+ to K. As in we let o; be o o go_j for

J € Z/ fZ, identifying J with Z/fZ. 1f s = (so,...,5¢—1), then set s; = sgs1---sy—1 € W. Then
(F*os ) = (F*) o(s7!,...) = p/(s71,...) where the unspecified components are conjugates of

s; so that (F*os™1)/" = p/7 where r is the order of s,. Let a; & =i ((F*os_l)j(;ﬁ—n))o e X*(T)
for 0 <j < f—1,s0 that aj = sj?ilsjin . -Sfij(/if—j +ny—;) (and ag = po + o). We also define
a® &f (Zf;é (F*o s Hi(u+ 77))0 = Z;;ép]a] € X*(T). (Note that the conventions here are

different from [LLHLMI1S8| [LLHL19] as explained in detail in Remark )
We have

(S Fos™iurn) =( (F* o s )M (F 0 s (u+m)),
=0 k=0 5=0

r—1 f—1

— pfks;kp]a]
k=0 5=0
r—1

_ N plhskal®)
k=0

(0) k
ef ZOSkSrfl asé(i)pf

We conclude that 7(s, u+n) is Zz;z‘) pFs7%al®(wy,). More concretely, setting x; e Wy,
for 1 <1i < n, we have
(2.12) st @ v

1<i<n

This inertial type depends only on the inertial L-parameter 7(s,u + n) and not on the choice of
isomorphism K — Q,,.
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Base change — ®p F and — ®p F induce bijections between tame inertial L-parameters over
O, E, and F (the inverse to — ®p F is the Teichmiiller lift). If 7 is a tame inertial L-parameter
over O or F, we let T denote the corresponding tame inertial L-parameter over . We say that
(s,pn) € W x X*(T) is a lowest alcove presentation of a tame inertial L-parameter 7 (resp. 7) over
E (resp. F) if u € Cy and 7 = 7(s,u +n) (vesp. 7 = 7(s, u +n)). When Ff = K and G is GL,
we say that (s, p) is a lowest alcove presentation of a tame inertial type 7 (resp. 7) for K over FE
(resp. IF) if (s, ) is a lowest alcove presentation of the tame inertial L-parameter corresponding to
it.

Let A € X*(T) be a character. We say that a lowest alcove presentation (s, i) of a tame inertial
L-parameter is A-compatible with ( € X*(Z) if the image of txt,nsW, /W, € W/W, = X*(Z)
corresponds to (. (This notion of compatibility depends on the choice of .) When A = 0 we just
say compatible instead of 0-compatible.

We say that a lowest alcove presentation (s, i) of a tame inertial L-parameter over F is compatible
with ¢ € X*(Z) if the image of t,sW, € E/Ea = X*(Z) is ¢. We say that lowest alcove
presentations of a tame inertial L-parameter over F and a Serre weight are compatible if these
lowest alcove presentations are both compatible with a single element of X*(Z). We say that
lowest alcove presentations of a tame inertial L-parameter over F and a tame inertial L-parameter
(over E) are A-compatible if the lowest alcove presentations of the tame inertial L-parameters over
F and F are compatible and A\-compatible, respectively, with a single element of X*(Z). We will
sometimes say compatible to mean 0-compatible.

Remark 2.4.2. Note that if (s, u) is a lowest alcove presentation for a tame inertial L-parameter 7
compatible with ( € X*(Z), then as a lowest alcove presentation of the tame inertial L-parameter
7 over I obtained by reduction, (s, u) is compatible with ¢ — 7|z € X*(Z). This confusing choice
is made because ¢ gives the central character of o(7) (Proposition [2.5.5) while ¢ — 7|z gives the
central character of elements of W (7), whose definition (Definition [2.6.1)) involves 7.

Let det be the natural quotient map GV — Q\//Qv’der =~ 7V, If (s,u) is a lowest alcove pre-
sentation of a tame inertial L-parameter 7 (resp. 7) compatible with ¢, then, thinking of ¢ as an
element of X,(Z"), ( ow; = detor (resp. (¢ —n|z) cwy = det o7).

Definition 2.4.3. Let 7 be a tame inertial L-parameter over F. If F; = K, then we also denote
by 7 the corresponding inertial type for K. The following adjectives also apply to inertial (F-)types
for K.

(1) We say that 7 (resp. 7) is regular if T (vesp. T) is GY-conjugate to a homomorphism Ig, —
TY(E) (resp. Iy, — T (F)) such that the composition with a" : TV(E) — E* (resp. a" :
TY(F) — F*) is nontrivial for any coroot a.

(2) We say that 7 (resp. T) is m-generic for an integer m > 0 if there exists a lowest alcove
presentation (s, p) for 7 (resp. 7) where 1 is m-deep in alcove C,,. We call such a presentation
an m-generic lowest alcove presentation. If T (resp. T) has a fixed lowest alcove presentation
(s, 1), then we let w(7) (resp. w(7)) be t,yys. Again, note that p is m-deep if and only if
w(t) (resp. w(7)) is m-generic in the sense of Definition [2.1.10|[3).

Note that 1-generic implies regular (see [LLHLM20, Remark 2.2.4]), and that a lowest
alcove presentation for 7 (resp. 7) exists exactly when 7 (resp. 7) is O-generic.

|GHS18, Proposition 9.2.1] defines an injective map Vy from the set of tame inertial L-parameters
over IF to isomorphism classes of G-representations over F (taking E sufficiently large) which takes
7(w, ) to Ry (p). Note that 7(s, u +n) is m-generic if and only if Rs(p + 1) is m-generic. As Vj
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respects the notion of lowest alcove presentation, the argument of Lemma [2.3.2] gives the following
lemma.

Lemma 2.4.4. If 7 is a 1-generic tame inertial L-parameter, then (s,pu) — tupnsW, /W, €

E/Ea >~ X*(Z) gives a bijection between lowest alcove presentations of T and algebraic central
characters (|z € X*(Z) such that, thinking of ¢ as an element of X.(Z"), ( ow; = detor.

If 7 is a 1-generic tame inertial L-parameter over I, then (s,u) — t,sW, /W, € E/Ea =
X*(Z) gives a bijection between lowest alcove presentations of T and algebraic central characters
¢ € X*(Z) such that, thinking of ¢ as an element of X.(Z"), (¢ —n|z) o wy = det o7.

Proposition 2.4.5. Let & = t,w € W, w € X*(T), and let x = 7 (@) - (w—n). Then the tame
inertial L-parameter (1, k) is isomorphic to T(r = (w) lw,w + 7~ (w) (v —7n)).

Proof. This follows from the paragraph containing [GHS1S8, (10.1.11)]. Indeed, in the notation of
loc. cit.,

(2 0m WD) (17 (w) ", wta T (w) TH(r—n)) = (L (w) (W) +prH(v)—n) = (1,71 @)-(w—n)).
O

2.5. Inertial local Langlands for GL,. We recall some results towards inertial local Langlands
correspondence for GL,, before making this explicit in the tame case using the previous two sub-
sections. In this section, K is an f-adic field (¢ a rational prime not necessarily equal to p).

Definition 2.5.1. A Weil-Deligne inertial L-homomorphism 7 is a pair (p-, N;) where p; : Ig, —
GY(E) is a homomorphism with open kernel, N, is a nilpotent element of Lie G¥(FE), and there
exists an p : Wy, — “G(E) such that the projection to Gal(E/Qp) is the natural map, plig, = pr,

and p(9)Np(g)~' = ||g||N, where || - || : Wg, - Wg,/Ig, — p” sends an arithmetic Frobenius
element to p. A Weil-Deligne inertial L-parameter is a G (E)-conjugacy class of Weil-Deligne
inertial L-homomorphisms.

We can similarly define a Weil-Deligne inertial type T (for K) to be a conjugacy class of pairs
(pr, N;) where p, : Ix — GY(E) is a homomorphism with open kernel, N, is a nilpotent element
of Lie GY(E), and there exists p : Wx — GV(F) such that (p, N;) is a Weil-Deligne representation,
ie. p(9)N-p(9)~" = ||g||N-, where || - || : W, - Wg,/Ig, = p/? sends an arithmetic Frobenius
element to pf.

We say that a Weil-Deligne inertial L-parameter or type is tame if p, above factors through
the tame inertial quotient. Finally, there is a natural bijection between Weil-Deligne inertial L-
parameters 7 and collections of Weil-Deligne inertial types (7,)scs, preserving tameness.

If (p, N) is a Weil-Deligne representation for K, we denote by (p, N)|r, the Weil-Deligne inertial
type (p|IK7 N).
Remark 2.5.2. We abuse notation by denoting both inertial L-parameters and Weil-Deligne inertial
L-parameters by 7 (and similarly for inertial types). However, there is a natural inclusion from
the set of (tame) inertial L-parameters (resp. inertial types) to the set of (tame) Weil-Deligne L-
parameters (resp. Weil-Deligne inertial types) sending an inertial L-parameter 7 (resp. inertial type)
to the Weil-Deligne inertial L-parameter (resp. Weil-Deligne inertial type) with p, = 7 and N, = 0.
Through this inclusion, we will think of the set of (tame) inertial L-parameters (resp. inertial types)
as a subset of the set of (tame) Weil-Deligne inertial L-parameters (resp. inertial types).

There is also a surjective map in the other direction from the set of (tame) Weil-Deligne L-
parameters (resp. Weil-Deligne inertial types) to the set of (tame) inertial L-parameters (resp. in-
ertial types), for which the above inclusion is a section, given by forgetting the nilpotent element.
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We now specialize our discussion to the case G = GL,. Recall that the Jordan normal form
of a nilpotent element N of gl, = M,(FE) gives a partition Py of n by recording the sizes of
Jordan blocks, which is a complete conjugation invariant of nilpotent elements of M, (F). Viewing
a partition as a decreasing function P : Zsg — Z>o with finite support (P is a partition of
Zi€Z>o P(i)), we write Py = Py if Zle Pi(i) < Zle Py(i) for all k € Z~p. Then =< defines a
partial ordering on the set of partitions. We write N; < Ny for two nilpotent elements of M, (F) if
Py, < Py,. Then < defines a partial ordering on the set of conjugacy classes of nilpotent elements
of M,,(E). Note that with this partial ordering, 0 is the minimal element.

For an irreducible inertial type 79, let N;(79) be the restriction of N, to the 7p-isotypic part of
V; (which it preserves).

Definition 2.5.3. We write 7 < 7/ for two Weil-Deligne inertial types if p, and p. are isomorphic
and N(19) < N'(7p) for all irreducible inertial types 79. (In particular, the trivial representation is
= the Steinberg representation.) This defines a partial ordering on the set of Weil-Deligne inertial
types. Thinking of a Weil-Deligne inertial L-parameter as a collection of Weil-Deligne inertial
types, we say that 7 < 7/ for two Weil-Deligne inertial L-parameters if 7, < 7, for each v € Sp,.

If 7 is an irreducible admissible representation of GL,(K) over E, then we let reck(m) be the
Weil-Deligne representation over E in [HT01, Theorem A].

Theorem 2.5.4. Let G = GL,. Let 7 be a Weil-Deligne inertial type for K. Then there is a
smooth irreducible GL,,(Og)-representation o(1) over E such that for an irreducible admissible
representation © of GL,(K),

(1) if 7T|GLn(@K) contains o(T) then reck (m)|r, < T;

(2) if reck (7)|1,, = 7, then Tlqr, (o) contains o(T) with multiplicity one; and

(8) if reck (m)|1x X 7 and T is generic, then T|qL, (o) contains o(7) and the multiplicity is
one if furthermore T is maximal with respect to <.

Proof. This combines [Shol§, Theorem 3.7] and [Pyv20, Theorem 1.2]. O

Note that we make no claim of uniqueness for o(7). In what follows, o(7) will denote either a
particular choice that we have made or any choice that satisfies the properties in Theorem [2.5.4]

If 7 is a Weil-Deligne inertial L-parameter corresponding to the collection of Weil-Deligne inertial
types (Tv)ves,, we let o(7) be the Go(Zy)-representation ®yes,0 (7).

We now make particular choices of o(7) when 7 above is tame.

Proposition 2.5.5. Suppose that G = GL,, and (s,u) € W x X*(T). We can choose o(T) in
Theorem [2.5.4) for tame Weil-Deligne inertial L-parameters T such that {o(7) | T = (7(s, ), N;)}
is the set of all irreducible constituents of Rs(p) (where we view Rs(p) as a GLy,(O,)-representation
by inflation).

Proof. We immediately reduce to the case where O, is a domain, say Og. Then this follows from
the construction of o(7) in [SZ99, §6] as we now explain. We first specify the Bushnell-Kutzko type
(J, A\) for the Bernstein component corresponding to 7(s, ). Let o¢ be an embedding F,r — F, and
let r be the order of s; as in Example (though r does not depend on the choice of oy). Fix
an embedding o, : F,rr < F extending o0¢, and let 7 also denote the corresponding tame inertial
type for K (see Example though again 7 depends only on ¢, but not ().

We first suppose that 7(s, u) is cuspidal, so that in particular, the order of the automorphism
(r=ts71) of X*(T) is fn, and we take r above to be n. Then recall that we can choose g5 € N(T)(F,)
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such that g; 1 F(gs) = s, and we let T A - gsTg;t. By [DM91], Proposition 13.7(ii)], the map
fn—1 )
(2.13) ( 3 (s oF)i(u)) 0 0h 1 Fy — % (IF)
i=0
is surjective for v € X, (T) with v; = 0if i # 0 and vy = (1,0,...,0) (since the (s o F')-orbit of v
generates X,(T)). As the domain and codomain of (2.13)) have the same cardinality, this map is
an isomorphism.

1Ro ~ F OO gt 7
Then Ry(p) = (—1)"" "R where 0 is the character IF; =Ty = 9% (T)) c I(F) = F*.

Thus, 6§ = (ZZ;LO_I(F* o s Hi(u)) ovoa). Since T(s,pu) = @Z;(l)@pfk o Artgs by Example
where K’ C K" is the subfield of degree n over K, the result in this case follows from [EGH13|
Proposition 2.4.1(i)]. (Note that in this case, 7/ < 7, 7 < 7’/ and 7/ = 7 are all equivalent for 7’ a
Weil-Deligne inertial type. The multiplicity one statement comes from the fact that, in the notation

g‘;’gﬁf(op)f is irreducible.) In this case, (GL,(Ok), Rs(1)) is a Bushnell-Kutzko

type for the Bernstein component corresponding to the inertial type 7(s, ).

The general case follows from the fact that if M C GL,, is a Levi subgroup and (Jas, A) with

I M (K)NGL,,(Ok) is a Bushnell-Kutzko type for a Bernstein component for M corresponding

to the inertial equivalence class [L, o] of some supercuspidal pair (L, o), then (J,\) is a Bushnell-
Kutzko type for the Bernstein component for G corresponding to [L, o], where J is a minimal
parahoric subgroup of GL,,(O) containing Js, and J acts on A through the natural quotient map
J — Jyr. Indeed, (J, \) is a G-cover of (Jps, A) in the sense of [BK98, Definition 8.1], and so (J, A) is
the desired Bushnell-Kutzko type (see [BK99]). Then if A = Rs(y1) (as an M (F,s)-representation),

then Ind?L"(OK))\ is Rs(p) (as a G-representation) by [DM91], 11.5]. By construction, {o(7) | 7 =
(7(s,u), N;)} is the set of irreducible constituents of Ind?L”(OK))\ >~ Rs(p). O

of loc. cit., c-Ind

2.6. Herzig’s conjecture on modular Serre weights. Recall that wy, o wot_y € E For a
regular Serre weight o = F'()A), let R(o) be the Serre weight F'(wy, - A), which does not depend on
the choice of A. The map R defines a bijection from the set of regular Serre weights to itself (since
R? is a twist by a character). Note however that R (like wy,) depends on the choice of 7.

Definition 2.6.1. For a tame inertial L-parameter 7 over F, we define W’(7) to be the set

R(H((F))).
Proposition 2.6.2. Let m > 2h, be an integer. Let T be a tame inertial L-parameter over I,

together with an m-generic lowest alcove presentation with corresponding element w(T) € ﬁ The
map

(2.14) (w, W) — Flg.a@a; 0)
defines a bijection between
o pairs (w,ws) with w € ET and wy € EJF, up to the diagonal X°(T)-action, such that
wo T w; and
e clements of W' (7).

Moreover, these Jordan—Hoélder factors are (m — hy)-deep and the lowest alcove presentations
]

(w,w(T)ws ~(0)) of these Serre weights are compatible with the fized lowest alcove presentation

of T (see §2.4).
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Proof. That the map is a bijection follows from the definition of W7 (7) and Proposition Ifwse 1
w and w € E;r, (15 1(0), ) < hy, for all a € ®, which implies that F(7~ (@) - (@(7)wy *(0) — 1)
is (m — hy)-deep. The lowest alcove presentation (w,@(7)w, ' (0)) is compatible with the image
of Gt@(ﬂw;1(0)wa JW, = ww(7)wy, ‘W, /W, = w(7)W, /W, which is compatible with the lowest
alcove presentation of 7 (for the latter equality note that w = wy modulo W ). O

Definition 2.6.3. We let Wy, (7) be the subset of W’ (7) corresponding via (2.14) to pairs of the
form (w,w). Note that a Serre weight in Wy, (7) is determined by the image w of w in W. We
say that this is the obvious weight of 7 corresponding to w.

2.6.1. Breuil-Mézard intersections. Let p and 7 be tame inertial L-parameters over F and F, re-
spectively. Suppose that we can fix A-compatible lowest alcove presentations of p and 7 (with
corresponding elements w(p) and w(7)), for some dominant A € X*(T'). Then let w(p,7) be
w(r)~ w(p).

Proposition 2.6.4. Let A € X*(T') be a dominant weight. Let p and T be tame inertial L-
parameters over F and E, respectively. Suppose that we can fix A\-compatible 2h,-generic and
max{2hy, haiy}-generic lowest alcove presentations of p and T, respectively, and let w(p) and w(T)
be the corresponding elements of E Then (w,w) is a compatible lowest alcove presentation for a
Serre weight o € W (p)NJH(a (7)) if and only if there are Wy, Wy € E+ such that Wy T @ 1T t\w, s
and w = wW(p)w; (0) = w(T)wy ' (0).

The equality w(p)w; *(0) = w(7)w, *(0) holds if and only if W(p, T) = Wy ‘wwy for some w € W.

Proof. The first claim follows from Propositions and For the second claim, the equality
w(p)w; *(0) = w(7)wy *(0) implies that @(p, 7)w; = € Wy "W. O

Corollary 2.6.5. Let A € X*(T') be a dominant weight. Let p and T be tame inertial L-parameters
over F and E, respectively. Suppose that we can fix \-compatible 2h,-generic and max{2h,, hyj,}-
generic lowest alcove presentations of p and T, respectively, and that w(p,T) = ts=1(Aqn) Jor some

s € W. Then the intersection W (p) N JH(G (1) ® W (X)) contains exactly one weight which is the
obvious weight in Wy (p) corresponding to s.

Proof. Suppose that (w,w) is a lowest alcove presentation of o € W7 (p) N JH((7) ® W())) which
is compatible with that of p (equivalently it is A\-compatible with that of 7). Proposition m

~ ~ ~ -~ o~ =+ . ~ ~
implies that t,—1(\4,;) = w(p,T) = w;ls’wl for some s’ € W, and some wy, wo € W with wy T w
and w T tm’ﬁglfﬁg. These inequalities imply that

~_1 ~ ~ o~ — ~
ts—1(\py) = W sw; < (t,wO(A)whw) Lwow = w1 (Afn)>

where w € W is the image of w. This implies that s = w and that w = wy. Then o is the obvious
weight corresponding to s. ([l

Proposition 2.6.6. Let A € X*(T') be a dominant weight. Let p be a 2h,-generic tame inertial
L-parameter over F and let 7 be a max{2h,, hxt,}-generic tame inertial L-parameter. Assume we
can fix A\-compatible lowest alcove presentations for p and T such that w(p,7) € Adm(A+n). Then

Wony(p) N JH(o (1) @ W (X)) is nonempty.
Proof. Since w(p,7) € Adm(A + n), there exists a w € W such that w(p,7) < ty,-1004y) =

~ ~ ~ ~ ot . . . .
(t,wO(/\)whw)*lwow where w € W, has image w € W. Since this is a reduced factorization
by Lemma w(p, ) = 1’172_111)’{51 for some w1 < w, wa < t_y,,nywpw and w’ € W. By changing



LOCAL MODELS FOR GALOIS DEFORMATION RINGS AND APPLICATIONS 39

w’ and using [LLHLI9, Lemma 4.3.4], we can assume without loss of generality that w;, and ws are
elements of EJF. By Wang’s theorem ([LLHLI19, Theorem 4.1.1]), wy T w and wg T t_y () Waw, or
equivalently by [LLHLI9, Proposition 4.1.2], w 1 t@,;l@.

Let w € X*(T) be the unique (dominant) weight up to X°(T) such that t_,w; € EY Let w3
be the unique element in Wt_, w2 N EJF. Then t,,(.)ws3 T w2 just as in the proof of [LLHLI9,
Proposition 4.4.1] so that t_,wq 1 t)\ﬁ}:lt_wo(w)EQ T t)\’wgl’[ljg. Replacing wy by t_,w1 and ws by
w3 and changing w’, we have that w(p, ) = w;lw’@l with wq 1 t,\ﬁglﬁg and w; € Ef

We claim that F 51(0)) € Woby (p) is in JH(o(7) ® W(A)). Indeed,

(w1,w(p)w
w(p)wy ! (0) = w(r)a(p, T)w; ' (0) = w(r)w, ' (0).
The claim now follows from Proposition [2.3.7] O

Lemma 2.6.7. Let T be a tame inertial L-parameter over F. Suppose there exists a 3hy,-generic
lowest alcove presentation for it and let w(T) be the corresponding element of E Let R be the
Deligne—Lusztig representation with the n-compatible lowest alcove presentation such that w(R) =
w(7)t Then W*(7) C JH(R @ W (n)).

—n—wo(n)"
Proof. Suppose that ¢ € W (7) so that o has lowest alcove presentation (@, w) with w = @w(7)w, *(0)
for some ws 1 w by Proposition Then w = W(R)(t_yy— (W)~ (0) (note that —n — wo(n) €
X%(T)). By Proposition to show that o € JH(R ® W(n)), it suffices to show that w 1
tn Wi () W2 = ()@, W2. Since Wy '@ T W, "W, it suffices to show that W 1 t_ () Wy, @,
or equivalently that wow, '@ = Luwo(m@ T @y, € E+. This follows from [Jan03| IT 6.5(5)]. O
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3. THE UNIVERSAL LOCAL MODEL

In this section, we construct and study the universal version of our local models. This will allow us
to show that various properties hold generically for the mixed characteristic local models studied in
Section |4l Unless otherwise specified, all algebraic groups will be over Z. Let X = A% = Spec Z[v].
For any commutative ring R, we identify the R-points X (R) with R in the usual way: an algebra
map Z[v] — R corresponds to the image ¢t € R of the coordinate variable v. (We will eventually
consider, in sections §4] §5] and §7 Noetherian p-adically complete O-algebras R, and take ¢ to be
—p in this case.) We also let X° = Al \ {0} = Spec Z[v,v1].

3.1. Loop groups. Let G be the Bruhat-Tits group for GL,, over A% as in [PZ13| 4.b.1], which
is a dilatation of the Chevalley group GL, /AL along a subgroup concentrated in the fiber ¢ = 0.

Concretely, for any Z[v]-algebra R such that v gets sent to t € R, the functor of points of G(R) is
given by
Diag(1,...,t,...1) A;_1 = A; Diag(1,...,t,...1) for all 4,
RH{(AO,...An_l)G(GLn(R))” &l o ) oL 8l ' ) , }
where t is in the i-th entry of the diagonal matrix.

In the special case that ¢ is regular in R, the above data reduces to just the data of a pair (¢, Ap)
such that Ag mod t is upper triangular. It is known that G is a smooth affine group scheme with
connected fibers (see [PZ13), Corollary 3.2] and [MRR] §1.2, Theorem)).

We also get the positive loop group L*G and the loop group LG whose functors of points on a
Z|v]-algebra R (sending v to t € R) are given by

R — G(R[v —t])
and
R G(R(v —1t)),

respectively (where R[v — t] denotes the (v — t)-adic completion of R[v], and R((v — t)) &f RJv —

t][-X;]). Here the values of the functor G are computed using the maps Z[v] — R[v — t] and

Z[v] = R((v — t)) sending v to v. It is known that LT G is represented by a(n infinite type) scheme
and LG is an ind-group scheme ([PZI3, §5.b.1]). We have a canonical map T" — L*G, sending
h € T(R) to the “constant” diagonal matrices (h,--- ,h) € GL,(R[v—t])". We have a well-defined
determinant map of X-ind-schemes det : LG — L(G,)/x-

Remark 3.1.1. When R is Noetherian, v is regular in R[v—t] and R((v—t)), thus we get the simpler
description

LTG(R) = {A € GL,(R[v —t]), A is upper triangular modulo v}
LG(R) = {A € GL,(R(v —t))), A is upper triangular modulo v}

In particular, LG(R) is a subgroup of GL,(R((v — t))) for Noetherian R. In what follows we will
restrict all our functors to locally Noetherian schemes, and hence we will do our manipulations
using these simpler descriptions. We leave it as an exercise to the reader to formulate the right
definitions for possibly non-Noetherian input rings.

For an integer d, let LG%'=% be the subfunctor of LG given by
LG¥=4(R) = {g € LG(R)|det(g) € (v —t)? (R[[v — t]]) e (R((v — t))) x },

which is stable under the left translation action by L*G.
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We also define LT M to be the functor given by
LT M(R) = {g € M,(R]v —t]), g is upper triangular modulo v},

so the subfunctor L™ M N LG is stable under the left and right translation action by L*G.

By [PZ13] §5.b], the fpqc quotient sheaf (over the site of affine Z[v]-schemes) LTG\ LG is repre-
sentable by an ind-projective ind-scheme Grg x, which also has a moduli interpretation in terms of
G-torsors. For any ring R, we have an injection LTG(R)\LG(R) — Grg x(R).

By construction, Grg x x x X is the affine Grassmannian for the split group GL,, over X, while
Grg x xx{0} is the affine flag variety for the standard Iwahori group scheme Z over Z[v].

For each integer d, we let Grdet 4 he the fpgc quotient subsheaf L+Q\Lgd5t:d C L+Q\Lg.

For each h > 0, we let LGdet= d =h be the subfunctor of LG%t=d given by
1
L+
M|
Then LGdet=d.=h g [+G- stable, and the fpqc quotient subsheaf Grdet d<h _ L+Q\Lgd6t:d’§h of

Grg x is representable by a projective scheme over X = Al (see the argument of [Zhul7, Lemma
1.1.5]). We clearly have Grdet d 13(; Cgleé( d.<h

LGlet=d.<h (R) = {A € Lngt:d(R) Ae

3.2. Affine charts. Given integers d,h > 0 we define and describe affine open charts U(2)dt<h

for Grg det= d’gh, for 7 € WV (see Proposition and Corollary [3.2.10)).

Definition 3.2.1. We define the negative loop group L~ ~G to be the subgroup of LG whose values
on Noetherian Z[v]-algebra R (sending v to t) is given by

L™ G(R)=<{ AeCL, (R[LD ‘ A is unipotent lower triangular mod %R[%}

and upper triangular mod ﬁR[%}

(where R[ } denotes the ring of polynomials in ﬁ with coefficients in R; it is a subring of
R((v —1t)).
Note that the groups L™G, L~G and LG are formally smooth over X = A%.
Lemma 3.2.2. The multiplication map
LtGxx L™= G— LG

is a monomorphism. In particular, the induced map L=~G — Grg x is a monomorphism.

Proof. Suppose we have a Noetherian Z[v]-algebra R, sending v to t € R. Let ¢g1,¢} € L*G(R) and
92,95 € L~~G(R) such that g1go = g}g5. Then g = (g}) " lg1 = gé(gg)_1 € GL,(R((v —1t))) satisfies:

e The entries of g above the diagonal belong to R[v — t] N -1 R[] = 0.
e The entries of g below the diagonal belong to vR[v — t] N vqitR[vit] = 0, since v is regular
in R(v —1t)).

e The diagonal entries of g belong to R[v —¢] N (1 + -1 R[-1]), and hence are equal to 1.

We conclude that g = 1, hence g1 = ¢, g2 = g5.
For the last statement, we observe that the natural map LTG(R)\LG(R) — Grg x(R) is an
injection for any Z[v]-algebra R. O
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We now define various Lie algebras that will appear in Let R — S be a surjection
of Z]v]-algebra (sending v to t € R), such that J = ker(R — S) is a square-zero ideal. Define the
S-modules

1 .. . 1
Lie L==G(.J) = { Me M, (J[ D M is nilpotent lower triangular mod -, } 7

v—t and is upper triangular mod %
Lie LG(J) ={ M € M,(J (v —t))), M is upper triangular mod v},

Lie LTG(J) = {M € M, (J[v —t]), M is upper triangular mod v} .

We observe that the map M +— 1+ M gives a canonical isomorphism Lie LG(J) = ker(LG(R) —
LG(S)). This gives an action of LG(R) on LieG(J) by conjugation, which factors through LG(S),
where we interpret matrix multiplication using the S = R/.J-module structure on J = J/J2. The
same discussion also applies to L~~G and LTG.

Lemma 3.2.3. Assume that we have a square-zero extension R — S of Z[v]-algebras, with kernel
J. Then inside Lie LG(J), we have a direct sum decomposition

Lie LG(J) = Lie L~~G(J) & Lie LTG(J).

Proof. This follows from the direct sum decompositions

J(v=1t) = Jv—1t] D ﬁJ[L},

v—1t

wI(v—1) =vo— & g -].

v—t Llv—t
O

Definition 3.2.4. Let f: FF — G be a morphism of functors on Noetherian rings. We say that f
is formally étale at x if for every commutative diagram

Spec k %F

Spec A — G

with A an Artinian ring with residue field k, there is a unique dotted arrow that makes the diagram
comimute.

Remark 3.2.5. (1) The above notion of formally étale is slightly weaker than the definition in
[Stal9, Tag 049S], since we only consider the lifting problems for thickenings of Artinian
affine schemes as opposed to general affine schemes. However, for representable functors F',
G such that G is locally Noetherian and f is locally of finite type [Stal9, Tag 02HY] shows
that f being formally étale in the sense of Definition implies f is étale (and hence also
formally étale) in the sense of [Stal9, Tag 049S].
(2) It is clear that being formally étale in the above sense is preserved by composition and
arbitrary base change.


https://stacks.math.columbia.edu/tag/049S
https://stacks.math.columbia.edu/tag/02HY
https://stacks.math.columbia.edu/tag/049S
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Lemma 3.2.6. The multiplication map
LtGxx L™= G— LG
is formally étale. Hence, the same is true for the natural map L=~ G — Grg x.

Proof. We consider the commutative diagram:

Spec k——— LG xx LG

Spec A— LG

where (A, my4) is an Artinian local ring with residue field A/m4 = k. Composing with the projection
LG — X makes A naturally a Z[v]-algebra, sending v to ¢ lifting ¢ € k. The top horizontal arrow
corresponds to a pair g; € LTG(k), g, € L=~ G(k). The bottom horizontal arrow correspond to
g € LG(A) lifting g = 7,7,.

We need to show that the dotted arrow exists and is unique. We assume my4 # 0, otherwise
there is nothing to prove. The uniqueness follows from the fact that the right vertical map is a
monomorphism, by Lemma [3.2.2

We now show the existence of the dotted arrow, that is we need to show that g admits a
decomposition g = g1go with g1 € LTG(A), go € L™~ G(A). By inducting on the length of A, we
may assume that we have the desired decomposition for g mod e, where 0 # € € my4 is annihilated
by m4. We have the square-zero extension A — A/e. Since LTG and L™ G are formally smooth, we
can find g} € LTG(A), g4 € L~~G(A) such that (¢}) 'g(g}) ! € ker(LG(A) — LG(A/¢)) = 1+eX.
By Lemma (noting that ker(LG(A) — LG(A/¢)) is canonically isomorphic to Lie(LG)(ke)),
we can decompose eX = X +eXy such that (1+¢X;) € ker(LTG(A) — LTG(A/e)), (1+eX2) €
ker(L=~G(A) = L=G(A/e)). This yields the desired decomposition

9= (g1(1+eX1)) (1 +eX2)g3).
O

Let Z = wt, € W as defined in § We define U(Z) to be the subfunctor of LG whose value
on a Noetherian Z[v]-algebra R (sending v to ¢t € R) is given by

v—t

UG)(R) = { A€ GLy(R((v —t)) \

A(v —t)""w™! € GL,(R[-L;]) is unipotent lower triangular mod -
and A(v —t)™" € GL,(R[-X]) is upper triangular mod -

v—t

Lemma 3.2.7. Left multiplication by L=—G in LG preserves U(Z), and makes U(Z) an L™~ G-
torsor. The natural map U(Z) — Grg x is a formally étale monomorphism.

Proof. The first claim follows immediately from the definitions. For the second claim, note that for
any Noetherian Z[v]-algebra R, either U(2)(R) = 0, or it is a left coset of L=~ G(R) in LG(R). The
fact that U(Z) — Grg x is a monomorphism then follows from Lemma

To show that U(zZ) — Grg x is formally étale, we first note that U(z) is formally smooth over
X. Indeed the condition that A € GL,(R((v — t))) belongs to U(z)(R) is that each entry A;; of A

has the form (v — t)d(ﬁ)‘s(ﬁ)y}%[ﬁ], where d € Z, 6,8 € {0,1} are determined by 7, j and Z,

and hence it is clear that the map U(2)(R) — U(Z)(9) is surjective for any square-zero nilpotent
thickening R — S. This together with Lemma shows that U(2) — Grg x is formally étale. O
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For h > 0, we define U(2)%%<" to be the intersection U (z) N LG¥=4< where d = |v] ==Y, v;
if v = (1;); € Xu(TV) = Z™. We have the following explicit description:

Proposition 3.2.8. For a Noetherian Z[v]-algebra R, U(Z)%“<"(R) is the set of n x n matrices
A with Laurent polynomial entries A;j; € Rlv —t satisfying the following degree bound and
determinant condition:

o Forl1<i,5<n,

=d

Vj*5i>j*5i<w(j)
0i>j k
Aij = 0" > Cijk(v — 1) |,

k=—h
and Cw(§)jvi—buwiy>; —
o det A = det(w)(v — )Vl
Proof. The first item follows from unraveling the definition. For the second item, the condition
given in the definition is det A € R[v — t]* (v — t)IVl. However, a priori det A € det(w)(v —t)IVI(1+
—L R[-L]), hence the determinant condition is equivalent to det A = det(w)(v — t)vl, O

Thus U (E)det’fh is representable by an affine scheme of finite type over Z, namely the spectrum
of the quotient of the polynomial ring generated by the coefficients ¢;; ; modulo the relations given
by the determinant condition. Note that /(Z)%“<" = () unless h is sufficiently large, namely when
h+vj—0i>j — 5i<w(j) >0 for all ¢, j.

Definition 3.2.9. When U(2)9°%<h =£ (), there is a section Spec Z < U(Z)%“<" x x {0} given by
the element Z = wv” € U(2)4“<"(R) C GL,(R((v))), for any Noetherian Z[v] algebra R sending v
to 0. We will abusively denote this section and the corresponding Z-point of Grg x x x{0} by Z.

Corollary 3.2.10. The natural map
L u(g)det,gh _) Grg(?;(:"l/"éh

1S an open 1Mmmersion.

Proof. We observe that U(2)34<" = 14(Z) X Grg x Grdgeg(:"VH’Sh Hence Lemma |3.2.7| shows that ¢ is

a formally étale monomorphism. By Remark ¢ must then be an étale monomorphism, and
hence is an open immersion by [Stal9, Tag 025G]. O

3.3. Universal local models. Let LGV be the subfunctor of LG x7A™ whose value on a Noetherian
Z|v]-algebra R (sending v to t € R) is given by

1
v—t

(3.1) LGV (R) def {(g,a)| g€ LG(R),a € R" and v%g_1 + gDiag(a)g~! €

L+M(R)}

(where the symbol % means we differentiate entry-wise).
Lemma 3.3.1. The functor LGY is stable by left multiplication by LTGV .

Proof. Let R be a Noetherian Z[v]-algebra, sending v to t € R, and let h € LGV (R), LGV (R).
The Leibnitz rule gives

d(hg) -1 . 1 d(h), 4 @ -1 . -1
U (hg)”" + hgDiag(a)(hg)”" =v o h™ +h Va9 + gDiag(a)g

and the right hand side is manifestly an element in - LT M(R) since -1~ L*M(R) is stable by
conjugation by h, and that % € LY M(R). O


https://stacks.math.columbia.edu/tag/025G
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Thus, LGV defines a closed sub-ind-scheme Grg ¥ def LJFQ\LQV C Grg x xzA"™ which is ind-

proper over X xz A",
For A € X.(TV), we have a section sy : X — Grg y induced by the element (v — ) € LG(R)
for a Z[v]-algebra R sending v to t € R.

Remark 3.3.2. For H = A" ! C A" a hyperplane where one of the coordinates is 0, we have a
natural isomorphism

LGY = (LGY N (LG x7 H)) x7z Al

For example, if H = {a € A" | a,, = 0}, we have an isomorphism given by

(gaa) = (g,a— (anu"’ ,an)uan)

Because this observation, we could have always worked under the assumption that a,, = 0 through-
out the entire paper. This minor simplification is useful when implementing computer algebra
computations, see for example Appendix

We define the global Schubert variety Sx(\) to be the minimal irreducible closed subscheme of
Grg x which contains sy and is stable under the right multiplication action of LTG (cf. [Zhuld,
Definition 3.1]). We will also write Sxo()\) = Sx(\) xx X°. The maps Sx(\) = X, Sxo(A\) —
X0 are proper. Note that as in [Zhul4, Lemma 3.6], we have an isomorphism Grg x xxX 0
Grgr, xzX, under which Syo corresponds to the constant family of the Schubert variety of Grgr,,
for the coweight A over X°. This description makes it clear that for any geometric point 2 of X,
the fiber Sx(\) xx « C Grg x xx = = Grqy, is the usual Schubert variety for the coweight X in
Grgr, . In particular, we have Sxyo(A) = Sxo(w(A)) for w € W. We also have the open Schubert
variety S%(A) = Sx(A) \ UXeConv(/\),XgéW/\ Sx(XN). Over X°, S8%¢()\) correspond to the constant
family of the open Schubert variety for the coweight A in Grgy,, .

Given X € X, (T"V), we have the stabilizer group scheme of s, whose values on a Z[v]-algebra R
is given by

LTG\(R) = LTG(R)NAd((v —t) ) (LTG(R))
Let Py be the parabolic subgroup of GL,, determined by the condition that the a-th entry vanishes
for all roots a such that (A, &) < 0. Then there is a natural map (LT G\\L*G) xo — P\\GL, xz X"
given by g — g mod (v — t), which makes LTG\\L1G into an iterated affine space bundle over the
partial flag variety Py\GL, xz X (see the discussion after [Zhul7, Corollary 2.1.11] or [MV07,
§2]).
Then for sufficiently large h, we have a monomorphism LTG\\LTG — Grg%(:"AH’Sh given by the

orbit map g — s)g, and Sx () is the scheme-theoretic image of this map. The orbit map induces an
isomorphism (LTG\L1G) x x X© 22 8%, (A). This gives us a map 7y : S50(A) = (PA\\GLy) xz7 X°.
Definition 3.3.3. We define the naive universal local model to be
ME (A V) E Gry ¢ N(Sx(N) xz A").
We will also set MY (<A, V) = MY (<A, V) xx X°. It is a proper scheme over X° xz A™.
For any z € WV and h sufficiently large, we have
(UE)I= % AM) N MY (SN, V) = (UE) xz A™) N MY (LA, V)

is an (possibly empty) open subscheme of MY (<A, V), and denote this by U™ (z, <A, V).
The following Lemma describes the part of M< (<A, V) in the open global Schubert variety
S%o(A), away from small positive characteristics:
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Proposition 3.3.4. Let A\ be dominant and recall hy = max,v{(\,a")}. The map my induces an
isomorphism my : (M3(EX, V) 1 (S50(3) 2 AM) (7] 3 (PA\GLy) xz X° xz A"z

Proof. We first note that we have an open cover of P\\GL,, by affine spaces given by N w where
N is the unipotent radical of the opposite parabolic to Py, and w runs over W. This pulls back
to an open cover S°(A) xo = U, e Naw, where N, is the affine scheme over X" whose points on a

Z[v,v~!] algebra R consists of the set of matrices (v —t)* Nw where N € GL,,(R[v —t]) is a matrix
such that

e The diagonal entries of IV are 1.
e For a root « such that (—\,a¥) <0, the entry N, = 0.

v _ (Aav)-1
e For aroot a such that (—A,a”) >0, the entry No = >,

Xoj(v—t) with X, ; € R.
Note that this describes an affine space over X°, whose coordinates are given by the coefficients Xaj
of the entries of N. Under these coordinates, the map m is the map (v—t)* Nw + (N mod (v—t))w.
It suffices to show that ) : GrZXO ﬂ(ﬁAw X7 A”[h%,]) — Nyw x7 X% x4 A”[h%,] induces an
isomorphism for each w € W. Fix an R-point = of X x7 A" corresponding to t € R* and a € R".
The set of R points of Grg’Xo ﬂ(ﬁ,\w X7 A”[h%,]) above z is the set of matrices (v — t)* Nw with
N € GL,(R[v —t]) as above such that
(3.2) Ud% ((v - t)ANw> (v — t*Nw) ™" + Ad (v — £)* Nw) (Diag(a)) € ﬁL*M(R)

which is equivalent to
A+ Ad (- 1)Y) ((vd%N)N_l) 1+ Ad (v — 1)) (Ad(N)(Ad(w) (Diag(a)))) € ﬁLJFM(R).

This is in turn equivalent to (noting that v € Rv — ¢]* since t € R*)

1
v—t

(U%N + [N, Ad(w)(Diag(a))DN_l € Ad ((v — t)) (M (R[v — t])).

Note that the only entries in the above matrix that can be non-zero are the a-th entries where
(=X, ") > 0 (which in particular implies o < 0), and for such « the above condition is that the
a-th entry is divisible by (v — ¢){=%")=1 Now, for (=\,a") > 0, the a-th entry of the above
matrix has the form

(”i ~ ( Ad(w)(Diag(a)),a¥) ) No + -+

dv
where the terms in --- involves only Ng where @ < 8 < 0. On the other hand, since N, =
Z§;3’av>_l Xoi(v—t), we have:
d (—=X\,av)—2
(u% ~ ( Ad(w)(Diag(a)), a") ) No = ; Hi+ 1) Xoss1 (v — )

(=\aVy—1
+ > (i (Ad(w)(Diag(a)), o)) Xa(v — )"
=0

Since i + 1,t € R* for all 0 < i < hy — 1, equation ([3.2) solves each X, ; for ¢ > 0 uniquely in
terms of X o for a < o/ < 0. As 7y is exactly obtained by extracting X, for all a such that
(=X, aY) > 0, we are done. 0
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We thus have a description of the underlying reduced scheme of MY, (< A, V) away from small
positive characteristics:

Corollary 3.3.5. Let A and hy be as in Lemma[3.3.]], then the underlying reduced subscheme of
o (<A, V)[h%,] is isomorphic to J[y <y vex+qv)(Pyv\GLn) Xz X% xz An[h%u]

Proof. By Proposition m T (SN, V) N (S°(N) xo0 Xz A”[h%,]) is isomorphic to (Py\\GL,) Xz
X0 xz A"[h%!], and hence is proper over X° xz A”[h%,] Thus the inclusion M5 (<A, V) N

(S°(A) xo Xz A”[h%,]) — M (A, V)[h%,} is a proper open immersion, hence is the inclusion of a
connected component. The complement of this component has the same support as Grg’ xo N ((S o (A)\

820 (M) ZA”[%}). Since Sxo(A\S%o(A) = Uycnvext () Sxo(N) set theoretically and hy < hy,

we can repeat the above argument for A < A to conclude. g

In particular, M5 (<A, V) N (S%0(A) Xz A™) is a connected component of M5 (<A, V).
We can now make the following definition:

Definition 3.3.6. Let A € X, (TV) be dominant. The universal local model Mx (), V) is the
closure of M, (<A, V) N (S%0(A) xz A”) in MY (<A, V) (equivalently, in Grg x xzA™).

We note that the difference between Mx (A, V) and MY (<A, V) is that the monodromy condi-
tion is imposed, respectively, before and after taking Zariski closures of S5, (\) xzA™ in Grg x xzA".

We will now show that the conclusion of Corollary actually holds without taking reduced
subscheme, at the expense of removing some more small positive characteristics.

We have an action of the torus TV xz X on the X-scheme Grg x induced by the right multi-
plication action of TV on LG. This action evidently preserves Sx(\) and Grg’ x. Thus we get an
induced TV action on MY (<A, V).

Lemma 3.3.7. The TV -fized point scheme of Sxo(\) is supported on the union of the sections sy
as N runs over the elements of Conv(\).

Proof. This statement can be checked at the level of geometric fibers over X, where the conclusion
is well-known, see for instance the discussion just before [Zhul7, Example 2.1.12]. O

Proposition 3.3.8. Let A be dominant. Then M5 (<A, V)[(Q%A),] is smooth over X° XZA”[@%)!].

Proof. To ease notation, in this proof we will abbreviate ¥ = Mg‘go(g/\,V)[ﬁ], S = X0 xy
A”[(Q%A),] and pr for the natural projection map Y — S. As pr is a finite type map between finite
type Z-schemes, the locus of points where pr is smooth is open in the domain. The non-smooth
locus is thus proper over S, and is furthermore TV-stable. If it is non-empty, it must have a non-
zero geometric fiber over X° x7 A”[ﬁ] Such a fiber will be a proper variety over a field with
an action of a torus, and hence must contain a torus-fixed closed point, which must occur in the
support of s, for some p € Conv(\).

Thus, we only need to show that pr is smooth at any closed point x : Spec k¥ — Y lying in the
support of s,. Let s = pr(xz) € S. We will show smoothness by bounding the dimension of the
tangent space dim7,Y < dim, Y and the dimension of the relative tangent space dim7,Y/S <
dim, Y. Indeed, granting this, we deduce that the completion @va is generated over (5575 by
dAimz Y, elements. Using that S is regular at s and comparing dimensions, we then conclude that

Oy is a power series ring over Og , in dim, Y; variables.



LOCAL MODELS FOR GALOIS DEFORMATION RINGS AND APPLICATIONS 48

We may without loss of generality enlarge k and assume that k is algebraically closed. The point
s corresponds to the data of a tuple (t,a) € k* x k™ and the point x corresponds to the data of
s and the element (v —t)* € GL,(k((v —t))). By Corollary the point x is on the connected
component of Y occurring inside 8%, (1) xz A", and hence dim, Y = dim P,\GL, +n + 1.

Let Ux, (ty) = U(t,) xx Xo. Set U = ((Uxo(t) N Sxo(N)) xz A”) N Gry o, which is an open
neighborhood of z in Y. We observe that U/xo(t,) N Sxo(A) occurs inside the closed subscheme of
7z Grg?;:o,giu s NUx0(ty) of Uxo(t,) C Grg xo, since for an element g € Uxo(t,)(R) to occur
in Syo(\)(R), a necessary condition is that detg € Rp — t]* (v — t)I*l and that |\] = ||, and
that each entry of g(v —t)™* belongs to (v — t)*min=Hmax R[v — ¢], where Apin = ming<j<p—1 A; and
Hmax = MaAX0<i<n—1 i, and )\min — Mmax > mina\/{<>\7 a\/>} = _h)\'

Thus we conclude that 7, Y; is a subspace of the tangent space of (Grg X0 ﬁ(Z X7, A”)) at x.

’ S
This latter space has the following explicit description (using definition of Ux (¢,) before Lemma
3.2.7): It is the space of matrices (14 eX)(v — ¢)* with X € M, (k((v —t))) such that
e For each i the diagonal entry X;; = Z?;l Xiij(v— )7 with Xiij € k.
e For each root a, the a-th entry X, = vde<0 2221 Xoj(v—1t)77.
e X is subject to the condition that

”d% ((1+€X)(v—t)“) (v—t)"*(1+eX) " +Ad (1+X) (Ad ((v—t)*)(Diag(a))) € $L+M(k[5]/52),

The last condition is equivalent to

EU%X - E%[M,X] — ¢[Diag(a), X] € %LJFM(HE]/&Q).
Hence, we have
e For each 1 <17 <n,
S Gy e 1
jz; ti X500 —t) +]Z; iXij(v =17 € — kv —1].
This is equivalent to tj Xy ; = —(j + 1)Xjij41 for all j > 1 (with the convention that

Xjjhy+1 = 0). Since hy! and ¢ are invertible in k, we conclude that X;; ; = 0 for all j.
e For any root «,

b hy hx
D —tiXa (w0 =) U N —iXy (0 = 1) =, aY) Xa (v — 1)U -
j=1 j=1 j=1
h 1
- Z(O’(' +a, aV> - 6a<O)Xa,j('U - t)_J S mk[{’l) — t]]
j=1

This is equivalent to
t(j + (1, a’) Xaj = —( + 1= daco + (u+a,a")) Xa 41

for j > 1 (with the convention that X, 5,11 = 0).
If (u,a¥) > 0, since t and (2hy)! are invertible in k and (u,a) < hy, t(j + {(u, ")) is
invertible for all 1 < j < hy, and hence the above recursion forces X, ; = 0 for all j.
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If (u,a") < 0, t(j + (u,")) is invertible in k unless j = —{u,a"). Thus the above
recursion shows that X, ; = 0 for j > —(u,aV), that X, for 1 < j < —(u,aV) is a
multiple of X, _(, ov) by a particular constant, and there are no restrictions on X, _, qv)-

The upshot of the above discussion is that dim T, Yy < #{a|(u, ") < 0} = dimz P,\GL,,. Putting
everything together, we have

dim7,Y < dim, Y, 4+ dim, S < dimz P,\GL, + 14+ n + 1 = dim, Y,
which is what we want. O

We record the following proposition which is an adaptation of Elkik’s approximation theorem to
our situation, which will only be used in the proof of Theorem Roughly, it allows us to lift
mod t™-points of U™ (z, <A, V) once m is sufficiently large.

Proposition 3.3.9. Fiz \, z. Choose a finite presentation of the map U™ (Z, <A, V)[ﬁ] —
X xz A"™. Then there exists integers N and r (depending on the chosen finite presentation) such
that the following hold:

Let A be a ring and t € A such that A is t-adically complete and t-torsion-free, and let g :
Spec A — X xz A" be a map sending v to t. Then for any integer m > N, and any commutative
diagram

! ~ 1
X m nv <
(3.3) Spec[l/t ——UY (Z,<\, V) [(Qh)\)!}
Spec A —— 5 X xz A"

we can find a map f: Spec A — U™ (Z,<\, V) [W} which agrees with f modulo t™~" making

the following diagram commute:

SpecAiﬂ/{nv(E,g)\,V)[ ! }

(2h)!
| |

Spec A— 9 . x X7 A"

Proof. We will apply [EIk73, Lemme 1]. Let Spec B be the base change of U™ (Z, <\, V)[ 5] along

(2h\)!
g. Let Spec S = X xzA". Let our chosen presentation be U™ (z, <A, V)[ﬁ] = Spec S[X1, ..., Xk]/J.
Let H be the ideal of S[X7, ..., X}] defined in [EIK73, p. 555], so the image of H in S[X1,--- Xx]/J
is supported on the singular locus of the map U™ (Z, <A, V)[ﬁ] — X x A". Hence, by Proposi-

tion there exists an integer r such that v" € H + J. We now base change the situation to A,
and let B = A[Xy,--- Xy]/J, let Hp be the base change of H, and apply [EIk73, Lemme 1] to B
and A to produce the integer N > 2r (note that the & in loc. cit. is 0 in our situation because we
assumed A is t-torsion free). We check that this choice of N and r works.

Let m > N > 2r be as in the statement of the Proposition. The f induces a tuple a =
(a1,---ar) € A¥ such that J(a) C t™A. On the other hand we know t" € Hp(a) + J(a) C
Hp(a) +t™A, and hence t" € Hp(a) because A is t-adically complete and m > r. Thus [EIK73|
Lemme 1] implies we can find a tuple a € A* lifting @ modulo #™~" such that J(@) = 0. But this
is exactly the data of the map Spec A — Spec B that we want. O
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3.4. Equal characteristic and unibranch points. Throughout this section we fix A € X, (T")
dominant, a field k¥ and a point s € A"(k) corresponding to a tuple a € k™. We will assume that
(2hy)! is invertible in k.

We have the base change M™ (<A, Va) = MY (<A, V) xan s, and define M(A, V) to be the
Zariski closure of (Mx (X, V) xan s) xx, Xp = (P\\GL, )x0 In M™ (<A, Va). In particular, the
natural map M(\, Va) — Xi = Al is flat.

def

Remark 3.4.1. There is a natural map M(A, Va) = Mx (A, V) Xan s which is an isomorphism over
X}, and identifies M(\, Va) as the Zariski closure of Mxo(A, V) Xan s in Mx(A\, V) xan s. It
is unclear whether it is always an isomorphism, but we will see in Proposition that it is an
isomorphism for generic choices of a.

We recall the following definition (cf. [Stal9l Tag 06DT]):

Definition 3.4.2. A point y € Y of a scheme is called unibranch if the normalization of the local
ring (Oy,y)req is local.

If Y is an integral scheme, we will write Y™™ — Y for the normalization of Y.

Remark 3.4.3. (1) ([Stal9l Tag 0C3B]) If Y has a finite number of irreducible components and
the normalization map Y™™ — Y is finite (e.g. when Y is excellent), then the following are
equivalent:

(i) y is unibranch;
(ii) the (set-theoretic) fiber above y of the normalization is a single point; and
(iii) the fiber above y of the normalization is connected.
(2) ([Stal9l Tag 0C2E]) When Y is Noetherian and excellent, Y is unibranch at y if and only
if Y is analytically irreducible at y, i.e. the completed local ring (’)Qy is a domain.

We now fix Z = wt,, € WV. Recall we have a subfunctor I (%) of LG defined before Lemma
which defines an open subfunctor of Grg x. We let U(z, A\, Va) = U(Z) XGrg x M(A, Va), which is
a Zariski open (possable empty) subscheme of M(A, Va).

Recall (Definition [3.2.9) that for each Z = wt,, € WY, we have an associated Z-point of U(%) x x
{0} C Grg x xx{0} given by wv” € GL,(Z((v))) Wthh we denote by z. For any field k, let zj
denote the base change to k.

The following is the main result of this section:

Proposition 3.4.4. Assume that zj, € M(\,Va)(k). Then for any integer e > 0, the base change
M(X, Va) X x, vesve X 05 unibranch at Z,. Furthermore, the preimage of U(Z) in (M(X, Va) X x,. visve
Xi)™™ x x {0} is connected.

The Proposition implies the following crucial Corollary, which underlies the unibranch property
(at special points) of the local models we will be interested in (cf. Theorem [3.7.1):

Corollary 3.4.5. Let e > 0 be an integer and U C A™. Let My i Mx\, V) xqan U - X x U,

Mye 1/ My X X sve X and let MVUE be the normalization of My in My.e X x X0, Assume that
My — X xU and ./\/er — X XU are flat. Suppose we have a geometric point x of (My) x x {0}(k)
which lies in a section z € WV, with image 0 x s € (X x U)(k). The the preimage of x in MU,E 18
supported at a single point. Furthermore, the preimage of U(Z) in MVUG X xxu ({0} xs) is connected.

)
)

corresponding to a tuple a € k™. The
— My Xy s is an isomorphism, that

Proof. The point = gives rise to a point s € U(k) C A"(k
flatness hypotheses imply that the natural map M(\, Va


https://stacks.math.columbia.edu/tag/06DT
https://stacks.math.columbia.edu/tag/0C3B
https://stacks.math.columbia.edu/tag/0C2E

LOCAL MODELS FOR GALOIS DEFORMATION RINGS AND APPLICATIONS 51

My xu s = M(A, Va) Xx, vsve Xi, and that MU@ Xy s — My, Xy s is a finite birational map.
It follows that M. x¢ s is surjected on by the normalization of M(X, Va) X x, visve Xi, and we

conclude by Proposition and Remark [3.4.3)(1)). O

The rest of this section is devoted to the proof of Proposition [3.4.4 We first recall some torus
actions on Grg x. Let TV = TV x G,,. We let TV** act on X = A! by letting T act trivially,
and the Gy, factor act via scaling the coordinate v.

Given r € R* we have a canonical isomorphism R((v —t)) = R((v — rt)) of R-algebras given by
the change of variable v — r~lv. This induces an action G,, xz LG — LG of G,,, on LG (over Z)
which is equivariant with respect to the scaling action of G,, on A'. It commutes with the right-
translation action of TV on LG, and thus we obtain an 7V'**' action on LG which is equivariant
for the map LG — A'. It is clear that this action preserves the subgroup L*G, and thus we get an
action of TV:** on Grg x which is equivariant for the action 7V:** on Al. This action preserves
Sx(N).

Lemma 3.4.6. Let 7 = wt, € W". Define an action TV x G, x LG — LG of TV on LG given
by the formula
(D,7)A(v) & Ad(w) (DA v)r D,

where D € TV(R) is a diagonal matriz, r € R*, A(v) € GL,(R(v — t))) and A(r—t(v)) €
GL,(R((v — rt))) is obtained from A(v) by the change of variable v — r~lv. Then this action
preserves U(Z), U(Z)3H= (for any h), and the natural map U(Z) < Grg x is TV***-equivariant.

Proof. We have
Ad(w)(D"HAFE" )" D(v — rt) 7wt = Ad(w) (DY) A(r )" D(v — rt) Yw ™!

= Ad(w)(D"H A o) (r v — t)"w™ Ad(w)(D)
and
Ad(w)(D YA 0)r*D(w — rt) ™ = Ad(w)(D"H A o) (r v — t)D

The result now follows from the definitions since the first condition defining U (Z)4°%<" is stable
under T"V-conjugation and the second under both right and left multiplication by T, and the change
of variable v s 71 ~ 1 O

v induces an isomorphism R[-1-] = R[—L_] which sends - to

t v—rt’

Lemma 3.4.7. There exists a one-parameter subgroup G,, — TV:°* such that for any h, the
duced action via Lemma on U(Z)H<I satisfies the following properties:

e It is contracting, i.e. it extends to an action A" x U(Z)4H=h — Y (2)40=h of the multiplica-
tive monoid A'.

o If M(%’)detéh is non-empty, the fired-point subscheme of the action is given by the section
7 : Spec Z — U(Z)¥H=h x x {0}

Proof. We choose p € X, (TV) regular dominant, and choose an integer N > h,, = max,v{{u, a")}.
We claim that the one parameter subgroup 7 — (Ad(w™")(r*),r") does the job. It suffices to verify
the statement for Noetherian Z[v]-algebras. For a Noetherian Z[v]-algebra R (sending v to t € R),
recall the explicit description of Ux (Z)4%<"(R) from Proposition Using that description and
Lemma we see that for any A € Ux (Z)9<"(R), the action of an element r € R* sends A to
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A’ where A’ is given by
Vi=0i>j=0icw(j)

Ay =t (r~Ny)dizs ( Z cijp(r™Nv — t)k> pNVipHw ()

k=—h

Vj=0i>j—0i<w(s)
_ U5i>j ( Z TN(Vj—5i>j—k)+Mi—uw(j)Cijvk(v _ TNt)k> )
k=—h
Itk <v;— 5i>j7 then N(Vj — 6i>j — k) + p; — Huw(5) > 0 since N > hN‘ Ifk=v;— 5i>]’, then
necessarily d;.,(;) = 0. We have two subcases: If i = w(j), then N(vj — di>j — k) + i — () =0
and ¢, = 1. Otherwise, i > w(j), and N (vj — di=j — k) + pi — pu(j) = pi — fw(s) > 0, since p was
chosen to be regular dominant. Thus we see that the coordinates ¢;; 5, (for i # w(j) are homogenous
for our G,,-action with positive weight, hence the G,,-action extends to an action of A', and that
the fixed point scheme Ux (2)9°4=" is exactly given by the section Z. O

Lemma 3.4.8. Let k be an algebraically closed field and let M be an irreducible variety over k,
Suppose there is an action of the multiplicative monoid A}C on M over k with a unique fixed point
x € X(k). Then M is unibranch at x. In particular, the completed local ring (9]/\\4@ of M at x is a
domain.

Proof. Let m : M™ — M be the normalization map, so « is finite. Since A}C X M™ is normal,
the action of A}C on M extends to an action of A,IC on M™, by the universal property of the
normalization. In particular, we get an induced action of G,, on M™™".

We claim that the fixed-point scheme M™™®m has underlying reduced scheme (A™™Cm)red —
(7= (x))red. Since w((MP™Cm)red) c (pfCm)red = 2 we have (M™™Cm)red ¢ (7=1(z))*d. On the
other hand, 7=%(z) is a finite scheme with a G,,-action, hence (7~%(z))"? consists of G,,-fixed
points, so (7! (x))red  (MPmCmred,

Now the action map A}C x M™™ — M™ induces a surjective map M™™ — M"™™Cm  given by
m +> 0-m. Since M™™ is irreducible, we conclude that (ﬂfl(a:))red = 7 is a single point. Hence,
M is unibranch at x by Remark . The last assertion follows from Remark .

Proof Proposition[3.4.J. When e = 1, we can directly apply Lemma to U(Z,\,Va), with
the G,,-action obtained from Lemma via base change. Note that U(Z,\, V,) is irreducible
since M (A, Va) is by Corollary Furthermore, this contracting G,, lifts to a contracting G,,-
action on the normalization U(Z, A, V). Now the fiber of this normalization above 0 € X} has
a contracting G,,-action with a unique fixed point (namely, the pre-image of Z;), and hence is
connected.

For general e > 0, by composing the previous action with the e-th power map G,, — G,,, we
can construct a contracting G,,-action on U(z, A\, V) which is equivariant for the e-th power of the
scaling action on Xj. This allows us to define a Gy,-action on U(z, X\, Va) X x, visve X which is
contracting to zx. We can now repeat the same argument as above. O

3.5. Spreading out normality. We now return to the universal setting. Recall that X = Al =
Spec Z[v], with a chosen coordinate v. We thus get a zero section 0 : Spec Z — X given by v +— 0,
and X" = Spec Z[v, %] We will abusively think of v as a global function on any X-scheme. We
study the following setup:

Setup 3.5.1. We have an integral finite type Z-scheme S, and a finitely presented map M — X x S.
We assume that the generic point of S has characteristic 0. We also assume the following properties:
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e The base changed family M°? = M x y X — X% x S over X is smooth.
e M is the Zariski closure of M. In particular v € O(M) is a regular element.
e M is normal.

Given this setup, we will denote My = M X xxs0 S, the fiber of M above the zero section 0 :
Spec Z — X.

We want to understand the base change of this situation to a complete discrete valuation ring

R, via a map f : Spec R — X x S which induces a map Z[v] — R sending v to a uniformizer of

R. In general, the base change Mg s X xxs,f Spec R may neither be flat over Spec R, nor

be normal. However, the following Proposition will guarantee that both properties will hold for
“generic” choices of f:

Proposition 3.5.2. In Setup there exists a non-empty open subscheme U C S such that if
R is a complete discrete valuation ring and f : Spec R — X x S factor through X x U,and such
that v is sent to a uniformizer of R, then the base change Mgr — Spec R is flat, and Mg is normal.

Remark 3.5.3. The hypothesis that v is sent to a uniformizer of R is necessary. For example, let
M = Spec Z[x,v]/(z* —v) — Spec Z[v], S = Spec Z, and let f : O — Spec Z[v] be the map sending
v to @? where w uniformizes R. Then the base change Mg = Spec R[z]/(x? — @?) is not normal.

Lemma 3.5.4. Let B be an A[v]-algebra. Assume that v is a regular element in B, B[1] is flat
over Afv, L], and B/v is flat over A[v]/v = A. Then B is flat over A[v].

Proof. Let x € Spec B, and let y be the image of x in Spec A[v]. We need to show B, is flat over
Alv]y. If x € Spec B[1], this is part of our hypothesis. If z € Spec B/v, our hypotheses imply

B, /v is flat over A[v], /v, and that Torf[v]y(A[v]y/v, B;) = 0. We conclude by the local criteria of
flatness ([Stal9, Lemma 10.98.10, Tag 00MD]). O

Lemma 3.5.5. Assume Setup|3.5.1. Then there is a non-empty open subscheme U C S such that
the base change M X xxs (X x U) — X x U is flat.

Proof. We already observed that the coordinate v € O(X) is regular in M. Let My be the S-scheme
M x x {0}. Since S is integral, by generic flatness ([Stal9, Tag 0529]), there is a non-empty open
U C S such that My xg U is flat over U. On the other hand M° — X° x S is smooth, hence flat.
We conclude by Lemma O

Remark 3.5.6. The above proof actually shows that Lemma [3.5.5 holds under much less restrictive
conditions than Setup [3.5.1} In fact one only needs a finitely presented map M — X X S such that
S is integral, v is regular in M and M? — X9 x S is flat.

Lemma 3.5.7. Assume Setup and furthermore assume that M — X x S is flat. Then there
is a non-empty open subscheme U C S such that the map My xsU — S has geometrically S fibers.

Proof. Our hypotheses imply that the fiber over the generic point of S of the composition M —
X x S — S is geometrically normal. By [Gro66l, Proposition 9.9.4], there exists a non-empty open
subscheme U C S such that M xsU — S has geometrically normal fibers. Hence for each geometric
point v of U, M X gu is normal, and in particular S5. Since the fiber My x gu is the zero subscheme
of a regular element v € O(M xg u), it is S;. O

Lemma 3.5.8. Assume Setup[3.5.1], and furthermore that M — X xS is flat. Then there is a non-
empty étale S-scheme U — S such that for any discrete valuation ring R and a map f : Spec R — U
which sends v to a uniformizer of R, the base change Mg = M X xxs.¢ (X x U) is Ry.
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Proof. 1t suffices to treat the case M is affine. As in the proof of Lemma by shrinking S, we
may assume M — X x S has geometrically normal fibers.

Let n = Spec k be the generic point of S. Then there exists a finite (and necessarily separable)
extension k' of x such that all irreducible components (with the reduced scheme structure) of

(M), L' My x g Spec 1 are geometrically integral. The map (My),» — Spec k' extends to a map

(Mo)y o (Mp) xs V. — V where V — S is an irreducible affine étale S-scheme. By [Stal9, Tag
0553, we may replace V' by an open subset so that for any irreducible component Z of (My)y, the
map Z — V has geometrically integral fibers. This implies implies that for any discrete valuation
ring R and a map f : Spec R — X X V sending v to a uniformizer w of R, all the irreducible
components of the special fiber of the base change Mpr — Spec R are obtained by base change from
the irreducible components of (Mj)y. (This is because the base change of Z — X x V to Spec R
will have geometrically integral fibers over Spec R/w. It is here that we use the assumption that
v is sent to a uniformizer of R.)

We now denote Spec B =M X xxs (X x V). Then B is normal, and (Mp)y = Spec B/vB. Let
P be the finite set of minimal primes of B/vB, which we also view as the height 1 primes of B
containing v.

Let p € P, and we fix a finite set {y,;} of generators for p. Since B is regular in codimension
1, the localizations By is a discrete valuation ring. Hence there is an element x, € p C B which
generates p/p® ®p By as a By-module. This implies that the module p/(zp + p?) as a module over
B/p is supported on a proper closed subset of Spec B/p. Thus there is f, € B with f, ¢ p, and
ap; € B for each i € I such that

(3.4) fo Yp.i = aps xp mod p’

We remark that these relations persists on any base change of B. Now consider the subscheme
V(fp) = Spec B/(f, +p) — Spec B/p — V. The locus of points in V' where the fiber of V(f,) has
the same dimension as the fiber of Spec B/p is constructible, and does not contain the generic point
of V. Hence there is an affine Zariski open V;, C V over which the fiber of V(f,) has dimension
strictly less than the dimension of the fiber of Spec (B/p).

We finally claim that U = [ V, satisfies the conclusion of the lemma. Indeed, let R be a discrete
valuation ring and f : Spec R — X x V sending v to a uniformizer @ of R. Let Mg = Spec B’. We
already observed that the minimal primes of B’ /v = B’/w are pB’/v for p € P. But now equation
holds in B’, and furthermore our arrangement guarantees that f, ¢ pB’. This implies pB, is
generated by xp, hence B{J is a discrete valuation ring. ([l

Proof of Proposition[3.5.3. We first pick a Zariski open U; C S for which conclusion of Lemma
holds. We then pick a Zariski open Us C U7 for which the conclusion of Lemma holds.
We let Us — Uz be the étale map for which the conclusion of Lemma holds. Thus the base
change M X x g Uz — Us satisfies the conclusions of Lemmas [3.5.5] [3.5.7, [3.5.8 We let U be the
image of Us in S, then U is an open subscheme of S. We claim that this choice of U satisfies the
conclusion of the Proposition.

Indeed, let R be a complete discrete valuation ring and f : Spec R — U be a map that such that
v is sent to a uniformizer of R. Since R is complete, we can lift f to a map Spec R — Us, which we
will abusively call f again. Then the base change Mr = M is a base change of M X x«sUs — X xUjs
along f : Spec R — Us. Hence Mpr — Spec R is flat and is R; at the generic points of its special
fiber. Since the generic fiber of My is smooth (being a base change of M? — X° x S), Mg is R;.
Furthermore, since the special fiber of Mg is S; and Mpg is flat over Spec R, Mg is So. Thus Mp
is normal. g
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3.6. Sections.

Proposition 3.6.1. Let M — X x S be a flat finite type map of finite type Z-schemes, and S is
irreducible with characteristic 0 generic point. Suppose we have a section s : S — My. Then there
exists a non-empty Zariski open subscheme U C S and a closed subscheme Z — M X xxs (X x U)
such that

o 7 — X x U is flat and quasi-finite.
e 7 contains the section s|y : U — (Mp) xg U

(recall from that My is the fiber of M along the zero section 0 : Spec Z — X ).

Proof. Let Spec k — S be the generic point of S, and consider the base change M, — X, = Al.
The section s induces a k-point s, of (My),. Since M, — X, is flat, it is generizing, and we can
find a point x of M, lying over the generic point of X, whose closure contain s,. The closure of
T in M, is an irreducible curve in M, which dominates X, and is hence is flat and quasi-finite
over X,. Now, T C M, extends to a closed subscheme Z C M X xxg (X x V) for some non-empty
Zariski open V' C S. Note that Z contains the generic point of the section s, hence also contains
sly iV — (Mp) xs V.

Now there is a non-empty Zariski open W C X xV containing X, over which the map Z — X xV
is flat and quasi-finite. Then the image of (X x V) \ W in V is constructible and does not contain
the generic point of V', hence its complement contains a non-empty Zariski open U C V C S.
Replacing Z by Z N (X x U), U and Z satisfy the desired properties. O

Corollary 3.6.2. Let M — X x S, s: .S — My as in Proposition|3.6.1. Then there is an integer
e and a non-empty Zariski open U C S depending on M, S, s with the following property: for any
complete discrete valuation ring R and a map f : Spec R — X x U sending v to an element with
positive valuation in R, there exist a finite DV R extension R’ of R of degree < e, and an R'-point
of Mg lifting the point induced by s in the special fiber of Mp.

Proof. We take U and Z C M xxxgs (X x U) as in the conclusion of Proposition and let
e be the maximal degree of a fiber of Z — X x U. Then the base change Zr — Spec R is flat,
quasi-finite and contains the point induced by s. Since R is complete, [Stal9, Tag 04GE| shows
that Zr must contain a connected component C' which is finite flat over R contains the closed
point induced by s. The normalization of C then breaks into a disjoint union of the spectrum of
finite complete DVR extensions of R, whose degrees are < e. One of these components will have
its closed point mapping into s. O

3.7. Products. Let J be a finite set. Let A € X, (TV)Y = X*(T)7 be dominant. For j € 7,
Aj € X*(TV) will denote the j-th component.

We define Mx 7 (A, V) = [[,c s Mx(}j, V), where the product means fiber product over X. We
have Mx 7(\, V) C (Grg x xA™)7.

Let z = (%j)jeg € WY-7.  As in Definition we have constant sections z; : A" —
(Grg x xx{0}) x A", and these compile into a section z : (A")7 — ((Grg.x xx{0}) x A™)7.
We thus get an induced Z-point on each fiber of ((Grg x xx{0}) x A")7 — (A")7, which we
abusively still call Z.

The following Theorem is the main result of this section:

Theorem 3.7.1. Fiz an integer e > 0. There exists a Zariski open U = U({\;},e,n) C A™ which
depends only on e, n and the subset {\;} C X.(T"), such that: For any complete discrete valuation
ring R and any map f : Spec R — X Xy HjEJ U such that v is sent to an element of valuation at
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most e, the base change Mx 7(\, V)r — Spec R is flat and unibranch at any point of the special fiber
of Mx 7(\, V)R which lies in a section z. Furthermore, letting U(Z,\,V)r =UZ)NMx, 7(\, V)R,
the mp-adic completion of O(U(Z, A\, V)Rr) is a domain.

Proof. To simplify notation, in this proof we will set M; = Mx(}\;,V), and My = Hjej M; =
Mx, 7(A\, V). For s € WY, we also abbreviate U;(8) = M; NU(3).

We first observe that (M;)o = M; xx {0} can only meet a section s which occurs in the subset
{wt, € WV| v € Conv(Aj)}. Note that the latter is a finite set depending only on A;.

Let n be the generic point of A". For each j € J, let Fiixz; to be the set of 5 € WV such that
the section § meets (M;)o X an 1.
We can now find a non-empty Zariski open S; C A" depending only on A; such that

[ Mj XXXS(XX S])—)X XSj is flat

o (Mj xxxs (X x Sj))o contains the restriction of the sections (s)|s; for s € Fizy;, and is
disjoint from any section s ¢ Fix;.

e (2hy,)! is invertible in S;.

Indeed the first item can be arranged by Remark [3.5.6] and the second item can be arranged by
the standard constructibility argument: indeed for any 5 € {wt, € WY|v € Conv(\;)} \ Fiz;,
the image of 5N (M;)o under the projection to S is a constructible set not containing 7, hence its
complement must contain a non-empty open subset of S. We let S = N;c 7S}, so S depends only
on the set {\;}. For the rest of the proof we replace M; by its restriction Mj|s.

By construction, for each j € J, M; — X x S is flat. Applying Corollary to this family
and the sections s with 5 € Fiixzj, there is a Zariski open V' C S and an integer € such that: For
any complete discrete valuation ring R and a map f : Spec R — X x S sending v to an element
with positive valuation of R, there is a finite extension R'/R of degree < € such that (M;)g has
an R'-point for all 7 € J. Since the data we used to apply Corollary depended only on
{A\j|j €T}, sodoes V and e.

Now for any integer 1 <[ < e and jf J, welet ]\//.7][;31 be the normalization of M; ;z d:CfMj X X x S psule!
(X x S). By Proposition each M;; — X x § satisfies Setup We now let U C V C S be

the Zariski open which satisfies the conclusion of Propositionm for all the ]\Afj,k, and furthermore
that ele! is invertible in U. Clearly U depends only on {); | j € J} and e.

We claim that the U thus constructed satisfies the conclusion of the theorem. Let R be a complete
DVR and f: Spec R — X Xz [[;c 7 U such that v is sent to an element a with valuation [ € [1, .
Since all our schemes are excellent and Noetherian, being unibranch at a point is equivalent to being
analytically irreducible. Therefore, it suffices to establish the unibranch property after making an
unramified extension of R. Thus, we may and do assume that R has separably closed residue field.
Then for any integer m invertible in the residue field of R, there is a unique extension of R of degree
m, namely the extension obtained by adjoining the m-th root of any uniformizer of R. Let R’ be
the unique extension of R of degree €!, so R’ contains all extensions of degree < € of R. We may
choose a uniformizer @ of R’ so that @w'® = a. By construction of V, for each j € J and 5 € F 1T,
(M;)r admits an R’-point lifting the point § in special fiber of (M;)g.
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Our choice of uniformizer w gives rise to a commutative diagram

(3.5) M; &

M; 5 —— M;

J
le! J’

XxUZ S X xU

g

Spec R —— Spec R

Here the map f’ is induced from f and the map Spec R’ — X sending v to the uniformizer @
of R'. We note that the base change of (M;)r to R’ is also the change of M; ;s — X x U along

f'. The construction of U implies that the base change (M;z)r is normal, and hence is the

normalization of (M z)r = (M;) g . This implies that the preimage of any U;(s)r in (M) p is
its normalization. By Corollary (which applies by the construction of U), for each s occurring
in the special fiber of (M;)ps, its pre-image in (M, jz1)rs is supported at a point. This implies that

(M;) g is unibranch at s, and hence the completed local ring O{\Mj)R/ 5 is a domain. Furthermore,

Corollary lso shows that the preimage of the special fiber of U;(5) g/ in (M jz1) r is connected.
By Lemma below, the w-adic completion O(U;(3))"= is a domain.

We now finish the proof. Let Z € WY/ such that Z occurs in the special fiber of (Mx 7)g.
Then for each j € J, the component z; € Fiz;. The completed local ring of (Mx, 7)r at Z is the
completed tensor product over Q) (’){\Mj

R

factor c is a complete local Noetherian domain, has an R’-point, and OE\Mj)Rlvzj [%] is regular (since
the generic fiber of (M;)p is smooth). By [KW09, Proposition 2.2] (which was stated for finite
extensions of Z,, but the proof works for general complete DVRs), the completed tensor product
is also a domain. Since the completed local ring of (Mx,7)r at z embeds into the completed local
ring of (Mx, 7)r at z, the former must also be a domain. Hence (Mx 7)g is analytically irreducible
at z, and so is unibranch at z by Remark .

Finally, we show the w-adic completion of O(U(z, A\, V)r') = @ O(U;(Zj)r’) is a domain. To

VoriZ? where the index j runs through the set J. Now each

J

do this, instead of invoking [KW09, Proposition 2.2], we use [BLGGT14, Lemma A.1.1]: since each
O(U;(Z)r)"=[L] is a regular affinoid domain which admits a rational point over R'[X], they are
geometrically connected. Thus the completed tensor product @ ,;0(U;(z;) r)[£] is geometrically

w
connected. Since it is also regular, it is a domain. We conclude as before. g

Lemma 3.7.2. Let R be a complete DVR with uniformizer w. Let A be a finite type flat R-algebra,

and assume A[é] is a reqular domain. Furthermore, assume that the special fiber Spec A™ /w of
the normalization of Spec A is connected. Then the w-adic completion A= of A is a domain.

Proof. Since A is excellent, A™™ is excellent and finite over A (by [Stal9, Lemma 07QV], [Stal9,

Lemma 035S]), and we have an inclusion A= C A™"\= of -adic completions. It thus suffices to

show that B % A"™A= is a domain.
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Now our hypotheses implies that B is R-flat, excellent ([KS21, Main Theorem 2]), normal ([Stal9l
Lemma 0C22]), and B[1] is regular ([Stal9, Lemma 033A]). Thus if B is not a domain, Spec B[]
must be disconnected, and hence there is a non-trivial idempotent e € B [%] But B is normal,
hence e € B. Furthermore, e ¢ @B, since if e € wB, then e = €2 implies e is infinitely divisible by
w in B, and hence is 0 since B is w-adically complete and separated. Similarly, (e—1) ¢ wB. Thus
the image of e in B/w is a non-trivial idempotent, contradicting our hypothesis that Spec B/w is

connected. OJ
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4. LOCAL MODELS IN MIXED CHARACTERISTIC

In this section, we will specialize the universal models from §3]to a mixed characteristic DVR. We
introduce naive models which may not be flat but are defined by an explicit condition. The main
result is Theorem which labels the top-dimensional irreducible components of the special fiber
by Serre weights. In fact, this label is “intrinsic” to the component in the sense that components
with same label which appear in different models can be canonically identified inside (a suitable
subvariety of) the affine flag variety (see Theorem . Finally, we study the T"V-fixed points
on these components and match this with Herzig’s conjecture (Definition in Theorem m

Recall that O is a finite flat local Z,-algebra with fraction field £ and residue field F. When we
decorate an object that occurs in §3 with a subscript O, it means the base change of that object to
O via the map A' — O sending ¢ to —p. In particular, we have the objects LGo, LtGo, L™ Go,
LMo, and Grgo = LTGp\LGp. Similarly, objects decorated with E or F denote the further
base change to E or F respectively. As before, the restrictions of these functors to the category of
Noetherian O-algebras have simple descriptions setting ¢ = —p.

4.1. Mixed characteristic local model. For convenience of the reader, we recall some of the
discussion from §3| specialized over O. As explained at the end of since v is invertible in

E[v + p], Grg g is isomorphic to the affine Grassmannian of GL,, over E. Similarly, Zp & L*Gy is
the usual Iwahori group scheme. (In we introduce a version of Z over O but for now, we only
need it over F.) Then

def

(Grg,0)r = F1 = Zp \L(GLy)r

is the affine flag variety over F.

Let A € X, (TV) be a dominant cocharacter of TV C GL,,. Define S%()\) C Grgr, g to be the
open affine Schubert cell associated to (v + p)* € Grgr, g, Se(\) C Grg, g its Zariski closure,
and M (<) the Zariski closure of Sg(\) in Grg . Then M (<)) is the Pappas-Zhu local model
defined in [PZ13] associated to the group GL,, the conjugacy class of A, and the Iwahori subgroup.

Let a € O™. Let R be a Noetherian O-algebra. Recall that

LT Mo(R) = {M € Mat,(R[v+ p]) | M is upper triangular mod v}.
Define the closed subfunctor nga C LGp by the condition that
e dA , _ 1
(4.1) LG»*(R) & {A € LGo(R) | v—A"' 4 ADiag(a)A™! € L+MO(R)} .
dv v+p
It is easy to see that LTGo(R) - LGH*(R) C LGH*(R) and hence we get a closed subfunctor

Grgfb of LJFQO\LQEa C Grg,o (viewed as functors on Noetherian O-algebras). Comparing with

(13.1)), Grg‘b is clearly the fiber of the universal Grg x over the O-point (—p, a).
Proposition 4.1.1. Let a € O™. There is a natural isomorphism
S%()\) N Gl'g;b ;> (P)\\GLn)E

where Py is the parabolic subgroup of GL,, determined by the condition that the a-th entry vanishes
for all roots o such that (X, &) < 0. In particular, S, (\) ﬂGrg?Q is a closed, irreducible, projective
and smooth subscheme of Sg(\).

Proof. This is Proposition base changed to E and taking the fiber over a € A"(FE). O

We can now define the local model associated to A and a.
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Definition 4.1.2. Let a € O". Define M (A, Va) to be the Zariski closure of S%(\) N Grg%o in
M(<\). It is a projective, flat, O-scheme of relative dimension dim(P\\GL,)Eg.

4.1.1. Naive local model.

Definition 4.1.3. Let a € O™. Define
M™ (<A, Va) = M(<A\) N Grgs,.

Remark 4.1.4. There is a natural inclusion of M™ (<A, V,) into the base change MY (<A, V) via
the map Spec O — X x A" given by (—p,a) which is an isomorphism on the generic fibers over
E. 1t is in fact the case that this map is an isomorphism, though we will not need to know this:
By [Lou, Théoreéme 1.5], the global Schubert variety Sx(A) is flat over X, hence the base change
of Sx () along Spec Z, — X induced by ¢t — —p is flat, hence coincides with M (<A). Imposing
equation yields the result.

Proposition 4.1.5. For any N € X.(TV) dominant with ' < X\ and a € O™,
M(N,Va) € M™ (<, Va).
Proof. Since Sg(N) C Sg()), S(N)Va C M™ (<A, Va)g. This gives the desired inclusion. O

Notice in Proposition that the generic fiber of M™ (<A, Va) contains the generic fibers of
the models M (N, V,) for all X' < \. For later applications, we will need an O-flat model with the
same generic fiber. With that in mind, we make the following definition

(4.2) M(<A,Va) € | M(N,Va)
N<A
which is O-flat and projective and clearly satisfies M (<A, Va) C M™ (<A, Va).

Proposition 4.1.6. The above inclusion induces an equality
M(S)\a va)E = an(S)\7 Va)E

Proof. Since E is characteristic 0, by Corollary and Proposition M™(<\,Va)gp =
[y <x(Pv\GLy)Eg. In particular, the generic fiber is the reduced disjoint union of the generic
fibers of M (N, V,) for X < A. O

4.2. Special fiber. In this section, we study the special fiber M™ (<, V,a)r of M™ (<, V,) which
is a closed subscheme of the affine flag variety F1 = Grgp. In particular, we study the condition
(4.1) over F. To ease notation, we let F1Va = Grg% C F1 be the closed subscheme defined by the
condition (4.1)) restricted to F-algebras. Note that when R is a Noetherian F-algebra, L™ Mpo(R)
appearing in (4.1)) is the same as Lie Zyp(R) o {M € Mat,(R[v]) | M is upper triangular mod v}.

Recall that by [PZ13 Theorem 9.3] (which is a consequence of the coherence conjecture proven
in [Zhuld4]) the special fiber M (<\)p can be identified with the reduced union of the affine Schubert
cells Sﬁi(@)d:ef Zp\ZpwIy for @ € Adm"(\). The goal of this section is to describe Sg(w) N F1Ve,
thereby giving a topological description of M™ (<, V,)p.

Remark 4.2.1. The special fibers of M™ (<A, V,) and M (X, Va) are not reduced in general (see
Remark [8.1.4)).

Definition 4.2.2. Let R be an F-algebra and a = (ay,...,a,) € R". For any positive integer m,
we say a is m-generic if for all i # j, a; —aj; ¢ {—m,—m+1,...,m—1,m}, where —m, —m+1,...
are considered as elements of IF,, — .
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Remark 4.2.3. Let v € X*(T) = 72" If t, € W is m-generic in the sense of Definition 2.1.10,
then v mod p € (F),)" is m-generic in the sense of Definition

Let d & dim(B\GLy)p. Recall the a critical strip HOY = {zx €V ]0< (z,0) < 1} from

§2.1.1. We now state the main result of this section.

Theorem 4.2.4. Let h be a positive integer. Let w € W and a € O". Assume that @ is h-
small (Definition 2.1.1) and that a = a mod w € F" is h-generic. Then the intersection

Se(w*) NF1Ve is an affine space of dimension d — #{a € & | W(Ag) C Héo’l)}.

Lemma 4.2.5. Let A\ € X, (TV) = X*(T). Let hy = max,v{(\,a")}. If w € Adm(])), then
w* € Adm" (\) and w* is hy-small.

Proof. This follows directly from [LLHL19, Lemmas 2.1.4 and 2.1.5]. O

Corollary 4.2.6. Let A € X*(TV) be a dominant cocharacter. Assume thata = a mod w € F"
1s hy-generic. Then there is a natural bijection

W (Sg(w*) NF1V=)
between Adm*™®(\) and the top-dimensional irreducible components of M™ (<A, Va)p.

Proof. By [PZ13, Theorem 9.3], M (<) is the reduced union of Sg(z) for z € Adm"()). Thus,
(M™ (<A, Va)F)red is the reduced union of S3(2) NF1Va. By [LLHLIY, Lemma 2.1.4], any such 2
is of the form @* for w € Adm()\). By Lemma [4.2.5] all Z € Adm"()) satisfy the hypotheses of
Theorem Thus, S2(Z) N FIV2 has maximal dimension d if and only if Z = @* where @ is

regular. Moreover, the assignment @ — (Sg(w*) NF1V*) is injective: indeed if (S2(Z) NF1Ve) =

(S5(2") NF1V=) then Sg(Z) NF1Ve and S2(2') NF1V= are both open and nonempty in an irreducible
scheme and so must intersect. In particular, Sg(2) and Sp(Z’) intersect so that z = 2. O

The remainder of the section is devoted to the proof of Theorem | by studying the Vj,-
condition in terms of explicit coordinates for Sg(w*). Let w € W. The open affine Schubert
cell Sg(w*) C Fl is an affine space of dimension ¢(w*). We now recall explicit coordinates for the
affine space using the open cell.

Recall that the roots ® of G = GL,, are canonically identified with the coroots of GV and so
we use the same notation for both. Thus, for any integer m and any o € ®, we have an affine
root group Uy, m of GY. Concretely, if o = oy, with ¢ # k, then Uy, is the unipotent group with
ik-entry cv™ for ¢ a constant and all other non-diagonal entries zero.

Specializing Definition to F (hence ¢ = 0), we have

def

L™ Gr(R) = {g € GL, (RE]) ‘ g mod % is lower unipotent}.

In particular, Uy, C L™ G if and only if m < —d,450. (Recall from §1.9.3|that dp is 1 if P is true
and 0 if P if false.)
We first record two easy lemmas.

Lemma 4.2.7. If w = st, € W and we set Z = @* € WV, then z WU _qmz = U_s(a),m+(aV)-
Now fix x € Ajy.

Lemma 4.2.8. If w € W and we set 7 = @* € WV, then U_qm C 2 'IpZ if and only if
(w(x),a") < m. Similarly, U—_n,m C 2 1L~ ~GpZz if and only if m < (w(z),a").
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Proof. Let w~! be st,. By Lemma U_am C z YIpZz is equivalent to U_s(a)mt(mav) =
ZU_qm2 ' C Iy. Thisis equivalent to the fact that m+(v, ") > (z, s(a)V) (note that [{z, s(a)V)] =
Js(a)>0), or that m > (s7'(z) —v,a") = (W(x),a"). The proof of the second part is similar. [

Definition 4.2.9. For any Z € WV, define Nz & -1L——GpZ N Zp.
We can use Lemma to characterize the affine roots which appear in Ng.

Proposition 4.2.10. If @ € W and set Z = @* € WV, then U_am C Nz if and only if

(4.3) (z,a") <m < (W(z),a").

Proof. This follows from the definition of N3 and Lemma [4.2.8 g
Let dy 5 be [(@(z), ") | — [(x,")]. Note that [(z,a")] = daso-

Remark 4.2.11. If w is m-small, then d, 5 < m for any o € ®.

The following elementary corollary describes the entries of Nz in terms of “polynomials with
degree bounds”.

Corollary 4.2.12. Let R be a Noetherian F-algebra and o € ®. Then (Ng«(R))—o = {v%*>0 f, }
where fo.r € R[v] has degree d,, g (with the convention that for =0 if do g < 0.)

The significance of N3 lies in the following standard description of the affine Schubert cell over
F.

Proposition 4.2.13. Letz € WV. The subgroup scheme N3 is a finite-dimensional affine unipotent
group scheme over F. The natural map

Nz - 52(3)
is an isomorphism of affine spaces of dimension £(Z).
Before giving the proof of Theorem |4.2.4] we collect a series of preliminary results.

Definition 4.2.14. Define the support of Ny (denoted Supp(Ng)) to be the set of @ € ® such
that Uqy,m C Ny for some m.

Corollary 4.2.15. Let o € ® and w € W. Then the following are equivalent:
(1) —a € Supp(Ng+);
(2) [(w(x), )] = [{z,a")]; and
(3) (w(z),a") >0 and w(z) and x lie in different a-strips.
In particular, —Supp(Ng+) C w(®1) where w € W is the unique element so that w™w € W+ and
#Supp(Ng) = #&+ — #{a € & [ @(Ao) C HV}.
Proof. The equivalence of and follows from Proposition [4.2.10, The equivalence between
and is clear. -
If —a € Supp(Ng+«), then by , (w(z), ") = (wlw(z), w1 (a)") > 0. Since wtw € W+, we
have that w™!(a) € ®T and that o € w(®™T).
For each o € ®*, (3)) implies that exactly one of {a, —a} is in Supp(Ng+) unless w(Ag) C ay.
This gives the desired formula for #Supp(Ng«). O

Corollary 4.2.16. Let w be as in Corollary|4.2.15. Then Ng- C w(L:N)w_l where N represents
the subfunctor of GL,, of unipotent lower triangular matrices and L™ N represents the functor on

F-algebras R+ N(R[v]).
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Proof of Theorem[{.2.7). Let w be as in Corollary so that —Supp(Ng+) C w(®™). Let C =
w(Cp) denote the Weyl chamber corresponding to w(®1). We use <¢ to denote the partial order on
w(®™) defined by the set of simple roots w(A) (i.e. o/ <¢ «a if and only if o — o/ is a non-negative
sum of elements in w(A)).

For any a € Supp(Ng+), by standard results about unipotent groups, (Nzg*l),a = —ple>0f, 4
Go(<c¢ a) where G4 (<¢ @) is a linear combination of terms of the form plor>0t-Fda >0 I
where o = a3 + ... + a; and —«; € Supp(Ng+). Note that if & > 0, then at least one of the «; is
also positive and so v%>0 divides G (<c ).

Consider the expression

e dN"'* _ _
LY(Ng-) v d;” N-!+ NgDiag(a)N;.!.
Let —a € Supp(Ng+).
Then,
(4.4) (Ng-Diag(@)NZ!)_o = (@ a" )07 fo + Go(<c ) + Fao(<c )

where F o (<¢ @) is a linear combination of terms of the form 11‘50‘1>0f0¢1Ga2 (<c¢ ag) where ag+ag =
a and —ag,—ag € Supp(Ng+). (Recall from that (@, ") denotes the difference a; — ay, if
a=¢;—¢and a = (ay,...,a,) € F".) Note that if & > 0, then at least one of the a1, as is also

positive and so v%>0 divides F>o(<c a).

d ~ .
Let fo = 2,20 ca,iv’. Set

da,ﬁ

)—a = pla>0 Z(Z + (5a>0)ca,wi.
=0

¢ def
foc_(v dv

Since the diagonal terms of vdjzlff* are zero, a direct computation shows that

da,fﬁ

)704 = U5a>0 Z(Z + 5a>0)ca,ivi + Fl,a(<C Oz)
=0

N"’*
dv v

(4.5) (v

where I o(<c «) is a linear combination of terms of the form f3 Gq,(<c¢ az2) where a1 + a2 = «
and —a1, —ag € Supp(Ng-). By the same logic as above, Fy ,(<¢ «) is always divisible by va>0.
Combining (4.4) and (4.5),
da,ﬁ
(4.6) Ly (Ng)-a = 0% Y (i + dazo + (& a”))cav’ + Fa(<c @)
i=0
where F,(<¢c a) = a;Go(<c ) + F1,o(<c o) + F2 o(<c @).
Finally, we consider the naive monodromy condition (4.1)) on the family w* Ng«. By Leibniz rule,
this is the condition that

_ _ - 1
@*LY (Ng=)(@*) ' + LY (0*) € ELieI]F-

It is straightforward to check that LY (@*) € 1 Lie Zy and so the condition is equivalent to vLY (Ng+) €
(5*)~! Lie Zp @*. By Lemmald.2.8] this is equivalent to vfe.a+oa>0 — 4 L{@®).0")] qividing LY (Ng+)_a
for all « € ®. In other words, all terms but the top degree one in must vanish for all
—a € Supp(Ng+).

By Remark do.w < mfor all —a € Supp(Ng+). Since @ is m-generic, i+ 0,50+ (@, @¥) # 0
for all @ and all # < d, 5. The above condition on (4.6]) solves for c,; for all i < d, g in terms of
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the coefficients of v™%>0F,,(<¢ a). The coefficients of v%>0F, (< «) are expressions in terms of
coefficients of f,/ for o/ <¢ . There is no condition on ¢, 4, - for —a € Supp(Ng).

Thus, if we take Ng;‘ C Ng- to be the subspace defined by these conditions, then clearly
N@Vf is an affine space of dimension #Supp(Ng+) with coordinates given by the Ca,d,. g for all

—a € Supp(Ng+). Since @*Ngf is isomorphic to Sp(w*) N F1Va, this proves the theorem by the
formula in Corollary [4.2.15 ]

4.3. Irreducible components in the special fiber. We next want to compare the irreducible
components of the special fibers M™ (<A, V,)r for different pairs (A, a). To do this, we introduce
a common space in which they all embed.

Define F1V° to be the fpqc-sheafification of the sub-presheaf on F-algebras R

d 1

(4.7) R~ {IF A € Ip(R)\LGL,(R) | (vd—A)A’1 € — LieIF(R)} .
v v

This is a special case of GrgjF where a = (0,0,...,0), hence the notation.

~_We have and action of WY on Fl by right translation, induced by the standard embedding
WY C LGL,(Z) (which sends an element w € W to the n by n matrix whose (i, j)-th entries are

dj—w (), and sends ¢, to v¥).

Proposition 4.3.1. Letz = s_ltu ewV acting by right translation on Fl. Let a € Z™ and assume
that a = s~ () mod p. Then

M(<AN)pZNFIV0 = M™(<\, Va)r 2
Similarly, for any w* € V[N/V, we have
(Sp(@*)Z) NFIVo = (Sp(@*) NF1V=)z.
In particular, right translation by z induces a closed immersion
rz 1 M™ (<), Va)r < FIVO,
Proof. We show that the V-condition on M (<) z induces the V,-condition which defines
M™ (<, Va)r.

Let R be any Noetherian F-algebra and let A € LGL,,(R). We compute the V(-condition on the
translate Az. Namely, Zp -(AZ) € F1VO if and only if

d - d 1
(vd—(Aa)z—lA—l = UCT(A)A—l + ADiag(s 1 (u))A™! € = LieZg(R)
v v v
using that U%(U”) = Diag(p)v*. This is identical to the condition defining F1V= = Grg%. O
Since M™ (<), Va)F is topologically the union of Sg(@w*) NFIV= for @ € Adm()), we consider

certain translates of Schubert cells inside FI arising from the inclusion in Proposition 4.3.1
Definition 4.3.2. Let 3 € W and let W1, Wy € W. We define:

(1) Sg(wy,ws,3) C Fl to be the locally closed subvariety Sg((w, "wotw)*)3* C Fl;

(2) Sg(n, @, 3)V0 = Sg(i, Ta, ) NFIVO; and

(3) SFVO (w1, W2,3) to be the closure of S(wy,ws,3)V0 in F1V°.

Remark 4.3.3. (1) The motivation for considering elements of the form @, 'wow; is that regular
elements are of this form by Proposition [2.1.5



LOCAL MODELS FOR GALOIS DEFORMATION RINGS AND APPLICATIONS 65
(2) The closure of S2(wy,ws,3)V0 is usually strictly smaller than the closure of S2(wy, w2, 3)
(which is a translate of an affine Schubert variety) intersected with F1V0 (see §4.7)

Proposition 4.3.4. Let s =t,s € W and let w1y, Wo € W+. Let m be a positive integer. Assume
ﬁ;lwowl is m-small and s is m-generic. Then Sg(wy, Wa,3) V0 is isomorphic to an affine space of
dimension d.

Proof. By Proposition S9(i1, Wa, 3)V0 is isomorphic to S2(Z) NF1Va where Z = (w, ‘wowy)*
for any a € Z" such that a = s~!(u) mod p. As t,, is m-generic we deduce by Remark m that
57 () mod p is m-generic; the result follows now from Theorem O

Proposition defines a collection of irreducible closed subvarieties SFV O(wy,ws,s) of FIVO of
dimension d, associated to certain triples (wq,ws,5). As we will see, in many cases, we get the
same subvariety for different triples (wy, w2, s) and this is crucial in understanding how the special
fibers of different M (<), V,) interact.

Proposition 4.3.5. Let s € W and let w1, Wy € W+. Assume that for each i € {1,2} there exists
a positive integer m; such that w; is mi-small. There is a closed immersion
Sp(wy, e, 3w, )V C Sp(wy, Wa, 5)V°.
If s is (m1 + ma)-generic, then the two sides are equal, hence
Sy O (i, e, 5y 1) = Sy ° (W1, Wa, 3).

Proof. Let z1 = w] and Z» = w3. Then, we see that zjwozy lis a reduced expression in WV, by
Lemma and the proof of [LLHL19, Lemma 2.1.3] (which says that the star operation preserves
reduced expressions). By [IM65, Proposition 2.8], we have

IF 5111)0 IIF 32_1 IF = I]F gl’wogz_l I[F

which in particular implies that S3(@y, e, 5@, ') & 52(Z1wo)Z; 15 C Sg(ZiwoZ; )5 & 82 (W, wo, 5).

This gives the desired inclusion.

By Proposition @Qlwoﬁl is (my + mg)-small and if 5 is (m1 4+ mg)-generic, then §ﬁ51 is
mq-generic. Thus, if s is (m1 +maz)-generic, then both sides are affine spaces of the same dimension
by Proposition and so inclusion implies equality. U

Proposition 4.3.6. Let s € W and w, € Wi Assume that s is (n — 1)-generic. Then, for any
we W,
Sy (W1, e,3) = Sy ° (w1, e, 5w™h).

We prove the Proposition after a couple of Lemmas.
Lemma 4.3.7. Let s,w,w, be as in Proposition|4.53.60. Then,

Sp(wy, e, 5) = Sg(wy, e, sw)

where closure is taken in F1.

Proof. Translating by (5%)~! inside Fl, it suffices to consider the case where 3 is the identity. Recall
that Sp(wr, e, e) &t Sp(wiwo) o Tr\Ir wiwo Zp. It suffices to show that Sg(wiwo) is WV-stable
under right multiplication. As wiw’ is a reduced expression for all w’ € WV (as follows from a
gallery argument and the fact that the *-involution is length preserving), by [IM65, Proposition 2.8],
Sg(wiwg) contains Zp\Zy wi Iy w' Iy for any w' € WVY. By the Bruhat decomposition LTGL,, =
UwrewvZr w' Zp, so that Sp(wiwp) is the closure of Zg\Zr w; LT GL,, which is evidently W "-stable
under right multiplication. The result follows. O
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Lemma 4.3.8. Let 5,w1 be as in Proposition[{.3.6, If s, is a simple reflection for a € A, then
Wiwosas™ € Sy° (W, e, 3).

Proof. Set z = wjwy and 2’ = Zs,. Since wy is longest element in W and s, is a simple reflection,
we deduce from Lemma that 2/ <z and ¢(Z') = ¢(Z) — 1. Let L, C GL,, denote the minimal
standard Levi subgroup containing U, o and U_, . Consider the family

def

Xo = IF\I]F Z’La C Fl.

We clearly have 2 = 2's, € X,, and it is standard result that X, = IP)I} and X, C SR(%) (see, for
example, [PRO8|, Proposition 8.8]).

We show that X,5* C F1V°. This will imply that X,3* C SFVU (w1,e,5), hence the statement.
For any A € L,, the Vy-condition on z' As* is given by

d~lA471 v dwwfl —1/27\—1 1.
(4.8) v%(z )Z) T+ 2 Av%(s J(S)TTATHE) T € - Lie Zp
since % = 0. If & = s7't, then v%(g*)(g*)*l = Diag(s™!(x)). Thus, AU%(fs‘")(g*)*lflf1 €

Lie L,. Then ([4.8)) is satisfied if v Lie L, C (Z')~! LieZp 7'.
Since o € A and wy € Wi, 0 < (w1(z), —wo(a)V) < 1. This implies that —1 < (*(x),a") < 0,
so that ((Z')*(x),+a") < 1. The inclusion v Lie L, C (Z’)~!LieZpz’ now follows from Lemma
]

Proof of Proposition[.5.6. By induction on length of w in W, we can assume w = s,, a simple
reflection for a € A.
Consider SFV °(wi,e,s) C Sp(wi,e,s), a closed subvariety. By Lemma the intersection

SIFVO (w1,e,5) N Sp(wi, e, ssq) is open in S’FVO (w1,e,5). If the intersection is non-empty, then since

SHYO (w1, e, ) is irreducible by Proposition @I (as wy € Wi implies that w; is (n — 1)-small), the
intersection is open and dense and this proves the inclusion S]FVO (w1,e,8) C SFVO (w1, e,884). (Note
that SFVO (wr,e,8) N Sp(w,e,55q,) C S]FVO (w1,€,55q4).) By symmetry, this is enough to prove the
proposition.

Lemma shows that the intersection is non-empty since the point wjwgsas* € Sp(w1, e, 554)
lies in SEY °(wn,e,s). This completes the proof. O

Using Proposition [£.3.5] and [£.3.6] we are able to identify the closed subvarieties of the mon-
odromy affine flag variety FIV° which arise in this way. Let Irry(F1V°) denote the set of irreducible
subvarieties of dimension d. We ‘label’ the subvarieties in following way:

Consider (w1,w) € Wit x X*(T). Assume that ¢, is (n —1)-generic (Definition ) Define

def

(4.9) Cliyw) =

Sy 0 (W, e,3) € Trrg(FIV?)

for any choice of 3 € W such that 5(0) = w. By Propositionm this does not depend on the choice
of 5. Note that it also only depends on (w;,w) up to equivalence relation (wy,w) ~ (t,W1,w — v)
for v € X%(T) from Since w1 is (n — 1)-small, Cg, . is an irreducible closed subvariety of
dimension d.

Theorem 4.3.9. Let wy,ws,S € W such that wy € Wi and wy € W+. Let m > 1. Assume that
wa is m-small and that s is (m +n — 1)-generic. Then

SFVO(%, W, 5) = C(al,mgl(o))'
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Proof. The assumption implies that t~~71(0) is (n—1)-generic by Proposition|2.1.12} and so C(w ()

is well-defined and equal to S O (wy, e, wy ;13) by (4.9). By Proposition
SIFVO(wlvw27§) :S]F (U)LG,S’LUQ_I)-
]

Let A € X.(TV) be a dominant cocharacter. We now assume that X is regular. Note then that
A — 7 is dominant where 7 is our choice of lift of half-sum of positive roots. In Corollary we
identified the top-dimensional irreducible components of M™ (<, Va)r (with a genericity condition
on a). We now combine this with Theorem to identify those same components in Trrg(F1V0).
This will allow us to compare special fibers for various (A, a).

Theorem 4.3.10. Let A\ be dominant and regular. Let hy = max,v{(\, ")} and let a € O™.
Let § = t,s be (hy +n — 1)-generic. Assume that a = s () modulo w. There is a natu-
ral bijection between AP(X) (defined in (2.2)) and the d-dimensional irreducible components of
M™ (<), Va)r)3* C FIVO, given by

(w1, w2) = Ci, 55:1(0))

Proof. By Corollary [2.1.7] there is a bijection between AP(\) and Adm'™&(\) given by (w1, ws) —

-1

ﬁ;lwoﬁl. By Corollary there is a leeCtIOIl between regular elements w ot Wy WoWi €

Adm™8()\) and Irrd(MHV(gA,V )r) sending w to

Se(wiwo(wy) =) NF1Va,
By Proposition and Theorem
(Sg(@iwo(ws)~1) NFIV2)5" = S7° (@1, @2, 3) = Cg, 5 (o))

(note that wy is hy-small). O

4.4. TV-torsors. Let Fl be the ind-scheme representing the fpqc-sheafification of the functor on
[F-algebras given by R +— Z; p(R)\LGL,(R), where

Tir : R— {A € GL,(R][v]), A is upper triangular unipotent modulo v}.

The natural quotient map W : Fl - Flisa T, W -torsor. We define M (<A)p via the Cartesian diagram

M (<A\)p—— F1

N

M (<\)p—— FI.

In particular, M(<A\)r — M(<A)p is a Ty -torsor. Similarly, for any a € O™, we have Ty-torsors
MM\ Va)r = M\, Va)r, MY (<A, Va)r = M™ (<A, Va)r, and M (<A, Va)r — M(<\, Va)r
defined by analogous diagrams. We abusively use ¥ to denote any of these induced maps.

Remark 4.4.1. Despite the notation M [(<A)r, we will not define (and will not need) an object

(</\) over O whose special fiber is M (<)\) . However, we will construct U(Z, <\) (cf. G-9)
which are torus torsors over Zariski opens that cover M (g)\). The same is true of the other objects
defined above.
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Given our choice of embedding WV C LGL,(Z), WY acts by right translation on Fl (see the
beginning of §4.3)). Hence, we can lift the map rz from Proposition to a Cartesian diagram:

(4.10) M™ (<A, Va)el s BV

M™ (<A, Va)p&—— F1V0

where Fvlvo is the preimage of FIVO in FL

Finally, for any (w,w) € I/Tffr x X*(T) where t, is (n — 1)-generic, let 5(@,@ c F1"° denote
the preimage of C(g ). It is a closed irreducible subscheme of dimension n + d, i.e., C(g.) €
Irrgap (flvo ).

4.5. Products. Let J be a finite set as in We take products of all the constructions and
results of the previous sections; this will be essential for the connection to Galois representations

in We briefly summarize the necessary notation.
For A = (\j)jes € X«(TV)? = X*(T)7. Then

Adm()) = [ Adm(Xj) c W7, Adm™%()) = J] Adm™5()))
JjeT JjeT
We can then define a local model Mgz (<A) = [];c; M(<A;) C Grio a projective scheme over
O. Similarly, we define Mj(g)\)ﬁr — M7 (<N)F a TEY’J—torsor.
For any a € (0")7, we define local models My (A, Va), M7(<X, Va), and M5 (<A, Va) in the

natural way. We have a closed immersion of the latter inside Flvo dof (F1V°)7 as in Proposition

430
We extend the construction in Sectionto get the corresponding TV’J—torsors Mg (A, Va)F, M7 (<\,Va)r

~ Vo de
and M}V(<)\ Va)r over the special fibers. For consistency in notation, we define Fl jo o (Fl ).

We then have analog of Proposition |4.3.1{ and (4.10):

ops ~ _ oy . . . ~J
Proposition 4.5.1. Letz =s 1t e wvJ actmg by right translation on F1¥ and F1° component-
wise. Let a € (O™)7. If, for each jET, aj=s; Y(11j) mod @, then right translation by Z induces
a Cartesian diagram

M (<, Va)sC o L

MY (<A, Va)p— FI°

. . . . \Vi
where the horizontal arrows are closed immersions and the vertical arrows are smooth Ty I _torsors.

def

Let dy = (#J)d = (#J)dimp(B\GLy)p. Let w = (wj)jey € X*(T)7 where each t,, is
(n — 1)-generic. Let w € (W"')J. Define

def v =~ def =~ ~ Vo
(4.11) Caw = ] Claywy CFLYY and Cgwy) = [ Ca, ) € Fly
jeT jeTJ
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irreducible closed subschemes of dimension d; and n(#J) + d7 respectively by Proposition m
and the results of §4.4

4.6. Local models, Deligne—Lusztig representations and Serre weights. We now connect
up the local models to the representation theory results of Let J = Hom(k,F) and let
¢ € X*(Z)7 be an algebraic central character. Let o denote an (n — 1)-deep Serre weight for G
which admits a lowest alcove presentation compatible with ¢ (see §2.2) and fix a representative

(w1,w) € (/Wv/fr)j x X*(T)7 for this lowest alcove presentation.
Definition 4.6.1. For o, (w;,w) and ( as above, define
def
Cg = Clanw)

as defined in (4.9). Note that C(g, ,,) does not depend on the choice of the representative (w1, w)
for the (-compatible lowest alcove presentation of o (see discussion after (4.9))).

We can now give a representation theoretic parametrization of the irreducible components of the
special fiber of the local models using Theorem [4.3.10

Theorem 4.6.2. Let A € X*(T)7 be a reqular dominant weight and set hy, = max{(\,a") | a € ®}.
Let R be a Deligne—Lusztig representation with max{2n, hy}-generic lowest alcove presentation
(s, 1) which is (A —n)-compatible with ¢ € X*(Z). Let a € (O™)7 such that a = s~ (u+n) modulo
w. Then,

g (M (S0, Va))g (s i) ) = {CS | o € THR@W(A =) }.

Remark 4.6.3. (1) One can show that M%' (<A, Va)r is equidimensional of dimension d 7 when
A is regular, using arguments similar to that of the proof of Theorem As we will not
need this information, we will not pursue this here.

(2) One can ask whether Theorem holds for the flat closure M7 (<A, Va) C M7 (<A, Va).
This is true under stronger genericity hypotheses and can be deduced from Theorem
Note that the proof Theorem uses global input in order to construct the desired lifts
of generic points on the components of the special fiber.

Proof. We begin with the bijection
AP(A) = JH(R® W(A —n))
from Proposition In particular, each o € JH(E ®@ WA - 77)) is (n — 1)-deep and there

exists a unique element (w1, ws) + X°(T)7 € AP()\) such that (w1, w) & (W1, (ty4ns)iWy +(0)) is

representative for a lowest alcove presentation for ¢ compatible with (.
If we write wy = (w1,j)jes and w = (wj) e7, then by Definitions [4.6.1f and (4.11])),

(4.12) Cs = 1] Clan,rwp-
JjeTJ

We now examine the top-dimensional irreducible components of (M5 (<A, Va))]F(s_lt,Hn). We
have a product structure

trrg (M5 (X Va)) (s in)) = TT Lrva ((M™ (SX, V) )57 s, ).
JjeTJ
Theorem says that
AP())) & Irrd((MnV()\j, vaj))F(sj—lth))
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such that the d-dimensional irreducible components are exactly the C(wlyj’wj) appearing in (4.12)).
O

4.7. TV-fixed points and Serre weights. In this section, we discuss results about the TV7 -fixed
points on the components Cg from Definition which will used in the proof of the weight part
of Serre’s conjecture in Section [9.1

Assume o is an (n—1)-deep Serre weight with lowest alcove presentation compatible with ¢. Fix a
representative (wp,w) € (Wfr )7 x X*(T)7 for this lowest alcove presentation so that C§ = Cl@ w)-

Recall that the TV-fixed point of F1 under the right translation action are in bijection with
WV under the natural inclusion WY c FL. It is easy to check directly from condition that
WY c FIVo. If we let TV*7 act on Flg0 component-wise, then clearly W7 ¢ Fl;O are exactly

the TV -fixed points. We will abuse notation and use z € WV+7 to also denote the corresponding
point of FIEO. We also recall (cf. Section that there is an action of TV:** = TV x G,, on Fl
where TV acts on FI by left translation and the G,, factor acts by loop rotation v +— r~1v.

We start with a criteria to detect the torus fixed point of a subvariety of Fl:

Lemma 4.7.1. Let Y C Fl be a finite type irreducible closed subscheme which is stable under the
action of TV***, and let Z € FIT" be a TV -fized point. Let Y° C'Y be an open dense subscheme of
Y. Then the following are equivalent:

(1) ZzCY.

(2) Y NL ~Gpz # 0.

(3) Yo L™~ Gpz # 0.

Proof. Specializing the G,,-action constructed in Lemma and noting that L™ "Gz is the
specialization of U(Z) in loc. cit. along the map Z[v] — F sending v to 0, we find an one parameter
subgroup G,, C TV*** which induces a contracting action on L™~ GrZz with unique fixed point z. It
is clear that the first item implies the second item. Conversely, if the second item holds, then the
first item holds, since Z is the limit of a G,,-orbit of any point in Y N L~ "Gz and Y is closed and
TV-**t_stable.

Finally, since Y N L™ "Gz # () is an open subscheme of Y, it is either empty or open and dense
in Y. Thus the second and the third item are equivalent. ]

Proposition 4.7.2. The set of TV7 -fized points of Cla w) contains {(t,wwr)* | w € W}

Proof. Since C(g, ) = Hje 7 C@, ; w;), this reduces immediately to a statement about Cg, . .-

By Theorem 4.3.9, Cg, ; ., is equal to S]FVO (w14, €, tw; wwp) (see Definition ) which is easily
seen to contain the point (t,,wwy ;)*. O

As discussed in Remark l’ SIFVO (w15, €,tw;) can be much smaller than Sp((wow1 ;) )tw; N
F1V0. Nevertheless under suitable genericity hypotheses, they have the same TV-fixed points.

Proposition 4.7.3. There exists a polynomial Py, ; € Z[X1,...,Xn] depending only on wn ; € Wfr
such that if Py, (wj) #0 mod p forall j € J, then the set of TV7 -fized points of Cl@, w) s ezactly
{@*tw | @ S ’wowl}.

Proof. Fix j € J. By Proposition 4.3.1, ¥ &' C(@, ;w;)t—w; is the closure of Y° & Sp(wy jwo) N

F1V¥. One inclusion then follows from the standard description of the TV-fixed points of the
closure of Sg(w} ;wp) in terms of the Bruhat order.
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Fix w < wowy ;. We need to show that z Lt o belongs to Y if w; mod p avoids the zero locus
of a universal polynomial depending only on w; ;. We will deduce the result from the main result
of [BA], which describes the torus fixed points of certain affine Springer fibers.

We consider the base change of the objects in Section along the map Z[v] — Z sending
v to 0. In particular we get Flz = Grg x X xZ and the ind-group schemes LGz, L™~ Gyz, etc.
Thus Flz is the affine flag variety for GL,, over Z, and we have the open affine Schubert variety
S_;Z(@ing) C Flz which is isomorphic A“®0®15)  We also have the subfunctor Uz (Z) C Flz by base
changing (%), which coincides with L~=~GzZ. The closed subfunctor of LGz xz A xz A™ which
classifies triples (g, b, a) such that

vdg
h—2
dv

induces a closed subscheme )° of Sz(@ing) xz Al xz7 A", Let m: Y° — A"T! be the projection
map. We observe

1
g !+ gDiag(a)g~! e ;LJFM

e Y° is the base change of J° along the map A! xz A" — F corresponding to the tuple (1, wj
mod p) € F* 1,

e Let V C Al xz A™ be the open locus of tuples (b,a) such that b(i + d4>0) + (a,aV)) is
invertible for all roots a and 0 <4 < dg w5, ;-Then the proof of Theorem shows that
the restriction 7 : Y°|y, — V is isomorphic to the projection A% xz V — V (recall from
that d = dim(B\GL,)p).

e The G,,-action on Flz x7z A"+ induced by the scaling action on A"*! and the trivial action
on Flz preserves )°.

o If k is a field and (0,a) is a k-point of V', then the reduced fiber of Y° above (0,a) is an
open dense subset of an irreducible component of the affine Springer fiber in Fl; associated
to the element va € gl,((v)). This is exactly the affine Springer fiber studied in [BA].

We now consider the intersection Z % Y° Uz (Z) xz A1, Then by the fourth item above and
[BAl Theorem 3.1], this intersection is non-empty. Thus Z is a non-empty open subscheme of )°,
hence its image 7(Z) is open in A"*!. Since Z is also stable under the scaling G, action, so is
m(Z). Thus there exists a non-zero homogenous polynomial Pe Z[b,ay,- - - a,] which vanishes on
the complement of 7(Z) N V. Note that Y°, and hence P depends only on w; ; and z. Setting
Py, z(a1, -+ an) = ﬁ(l7 ai,---ap) # 0, we see that as long as Pg, . z(w;) mod p # 0, the fiber of
Z at the tuple (1,w;) is non-empty. But this fiber is exactly Y° N L™~ Grz, so Lemma shows
that 2 € Y in this situation. The polynomial Pg, ; = Hz*gwoﬁl Pg, ; 7 thus satisfies the conclusion
of the Proposition. O

Remark 4.7.4. (1) In fact, whether Pz, .(w;) # 0 mod p for a j € J with Py, ; as in the proof
of Proposition does not depend on the choice of representative (wq,w) for the lowest
alcove presentation of Fig, ..

(2) If o, o' are two Serre weights for which Proposition holds, then Proposition

shows that o covers ¢’ if and only if all the TV+/-fixed points of Cg, lie in CS.
We also record the following, which will be convenient for applications:

Proposition 4.7.5. C(g, ., is unibranch at each of its TV _fized points.

Proof. Let z € C(g, ) is a fixed point. The result follows applying Lemma to C(g, w)NL™ " GFz,
using the (specialization of the) contracting G,,-action constructed in O

We now connect back to the Herzig’s conjecture on modular Serre weights
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Theorem 4.7.6. Suppose that (wy,w) is a lowest alcove presentation of an (n — 1)-deep Serre
weight o and (s, 1) is a 2(n — 1)-generic lowest alcove presentation of a tame inertial L-parameter
p over F. Suppose that both lowest alcove presentations are compatible with ( € X*(Z). Let

w*(p) = (tutns)" = 5_1t,u+n'

(1) If 0 € Wone(p), then w*(p) € C5.

(2) If W*(p) € CS, then o € W' (p).

(3) For each j € J, let Py, , € Z[X1,...,Xn] be as in Proposition . If Pg, ;(wj) # 0

mod p for all j € J and o € W (p), then @*(p) € cs.

Proof. The set {w*t, | w < wow;} from Proposition can also written {(t,wws)* | w €
WY g € WHY | wy < w1} and taking we = w; gives the set from Proposition Let (w1, ws)
be the pair as in (2.14])) which gives the presentation for o so that CS = C’(@l@(ﬁ)w? )" Writing
W(p)iwy * as t,w, the first item follows from Proposition and the third from Proposition

For the second item, by the upper bound on TV-fixed points of C$, if @*(p) € CS then w(p) =
t,w'we where wy < w; as above. By Proposition o € W’ (p) since w(p)w, ' (0) = w. O
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5. BREUIL-KISIN MODULES AND PAPPAS—7ZHU LOCAL MODELS

5.1. Breuil-Kisin modules with tame descent. Throughout this section we take G = GL,
and consider the setting of § Let 7: I, — i(E) be a tame inertial L-parameter over E, with
an associated tame inertial type 7 : Ix — GL,(F) for K as described in Example We fix
throughout this section a 1-generic lowest alcove presentation (s, p) for 7. Let r be the order of s,
and let K’ be the subfield of K which is unramified of degree r over K. Set J' = Homg, (K, E)
and J = Homg, (K, E). Let f' = L e " — 1. We fix an isomorphism o, : K' < E which
extends og : K < E. The 1dent1ﬁcatlons J' =7/fZand J =7/ fZ (given by o & ohopd s j
and o 2t 000 ¢ ~J  j respectively) are such that restriction of embeddings from K’ to K induces
the surjection J’' — J given by reducing modulo f in the above identifications. Write 7/ for the
tame inertial type for K’ obtained from 7 via the identification Ix+ = I induced by the inclusion
K' CK.

We fix an ¢/-th root 7' € K of —p and set L/ & K'(7"). Let A' dof Gal(L'/K') c A = ' Ga I(L'/K).
We set wir(g) = g( )
also think of wg as a character of I = Ik valued in O3, (the units in the ring of 1ntegers of K').

Composing with (), we get a character w K'ob A’ — O*. In notation of Example |2 we have

Vit
WK gt = Wy and hence wg oy = w?,

for g € A’ and note that wg does not depend on the choice of /. We can

def def

Let R be an O-algebra. Let &, = W(K)[v'] and & p = (W(K) ®Zp R)
¢ : 6 r — S g acts as Frobenius on W (k'), trivially on R, and sends «’ to (u/)?.
g(u') = g( ) ’

[«']. As usual,
P

We endow S/ p with an action of A as follows: for any g in A/, v = wg(g)u’ and
g acts trivially on the coefficients; if o/ € Gal(L'/K) is the lift of p/ —Frobemus on W (k") which
fixes 7/, then o/ is a generator for Gal(K’/K), acting in natural way on W (k') and trivially on
both ’ and R. Set v = (v/)¢, and define

def =1

Sr = (6p,r)>"" = (W(k) ®z, R)[v].

Set E(v) € v+p= () +p.
We will make use of the group scheme Z defined over O, which is the base change of L*G along
the map A! — Spec O sending t to 0. In other words, for R a Noetherian O-algebra,

Z(R) = {A € GL,(R[v]) | A is upper triangular mod v}.
We also have the normal subgroup Z; of Z defined by
Z:(R) = {A € GL,(R][v]) | A is unipotent upper triangular mod v}.

Note that Z = T x Z;, where T) is viewed as the subgroup of Z consisting of constant diagonal
matrices.

As in Section[d, when we decorate an object that occurs in Section 3] with a subscript O, it means
we take the base change of that object to O via the map A! — O sending ¢ to —p. In particular,
we have the objects LGo, L Gp, L™~ Go, Grgo = L*Go\LGo.

In general the map v — vP does not extend to a homomorphism R[v + p] — R[v + p]. However,
when R is p-adically complete, we have R[v + p] = R[v], and so ¢ extends to R[v + p]. Similarly,
if p is nilpotent in R then R((v + p)) = R((v)), and so ¢ extends to R((v + p)). Furthermore, the
group functors Z and LG coincide on the category of p-adically complete Noetherian (O-algebras.
Unless stated otherwise, R will be a p-adically complete O-algebra for the remainder of the section.
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For any positive integer h, let Y0 (R) be the groupoid of Breuil-Kisin modules of rank n over
S r and height in [0, h:

Definition 5.1.1. An object of YI%"(R) is a pair (9, ¢on) where M is a finitely generated projec-
tive &1/ g-module, which is locally free of rank n, and ¢on : ¢*(9) — M is an injective &/ p-linear

map whose cokernel is annihilated by E(v)" = ((u’ )pfl_1 +p)".

For any (I, gn) € YO (R), we have a standard R[u']-linear decomposition 90t = Dcr m"),
induced by the maps W (k') ®z, R — R defined by 2 ® r +— o (x)r for j* € J'. Note that for the
corresponding R[u/[-decomposition &1/ g = @jc g7 R[u'], the action of A’ on v’ in embedding j’ is

!

given by 0 o wgr = w?f ' . The Frobenius ¢on induces morphisms qbg{ ). " (MU' =Dy 5 oMU,

Remark 5.1.2. There is choice of convention on whether the domain or target of gbg{ ) should cor-
respond to the oj-embedding. We are changing the convention here from our previous works,
namely [LLHLMI8, LLHL19, [LLHLM20]. The convention here makes the connection to Hodge—
Tate weights labelled by embedding and representation theory more natural. The comparison with
[LLHLMIS, [LLHL19, LLALM20] is explained in detail in Remark

We let YI%"7(R) denote the groupoid of Breuil-Kisin modules of rank n, height in [0, k] and
descent data of type 7 (cf. [CL18, §3], [LLHLM20, Definition 3.1.3)):

Definition 5.1.3. An object of YI%".7(R) is the datum of (9, ¢on) € YIOM(R) together with a
semilinear action of A on 9 which commutes with ¢gy, and such that, for each j' € J’,

MmUY mod o =7V ®Ro R

as A’-representations. In particular, the semilinear action of A induces an isomorphism gy :

(of)*(9m) = M (see [LLHLMIS, §6.1]) as elements of Y 0" (R).
We will often omit the additional data and just write 0t € YIO/.7(R).
Remark 5.1.4. (1) As explained in [LLHLMIS, §6.1], the data of an extension of the action of

A’ to an action of A is equivalent to the choice of an isomorphism gy : (of)*(9) = M
satisfying an appropriate cocycle condition. We will use both points of view interchangeably.

(2) Tt is known ([CEGS, Corollary 3.1.7], see also [CLI8, Theorem 4.7]) that Y%7 is a p-adic
formal algebraic stack in the sense of [CEGS|, Definition A.2] and therefore it is determined
by its values on O/w*-algebras of finite type, for a > 1 (and hence, on p-adically complete
Noetherian O-algebras).

(3) The appearance of 7V in the definition is due to the fact that we are using the contravari-
ant functors to Galois representations to be consistent with [LLHLI9, [LLHLMIS]. In
[LLHLMIS], we didn’t use the notation 7V. Instead, we included it in our description
of descent data by having a minus sign in the equation before Definition 2.1 of loc. cit.
The notion of Kisin module with tame descent data of type 7 here is consistent with what
appears in both [LLHLI19, LLHLMIS].

Remark 5.1.5. Recall that we have fixed a lowest alcove presentation of the tame inertial L-
parameter 7. Definitions [5.1.6] and [5.1.9] below, as well as the definition of matrix of partial

Frobenius Ai()%) 5 depend on the choice of presentation.

Definition 5.1.6. ([LLHLM?20, Definition 3.1.6]) Let 9 € Y%M7(R). An eigenbasis of M is a
collection of (ordered) bases fU') = (fl(] ))fQ(J oL fY )) for each MUY for j € J’ such that A’
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acts on fl-(j " Via the character Xi_l from (2.12) and which is compatible with the isomorphism
in the sense that ton((of)*(8Y"))) = BU'*HF) as unordered bases (with reordering given by s).

We now define the notion of matrix of partial Frobenius with respect to 8 for an object I €

YI0ALT(R). Let M € YI%"7(R) and let 3 be an eigenbasis for 9. Define Cg;)ﬁ to be the matrix

of qﬁggg) (MU D) = M) with respect to the bases ¢*(8U'~1) and BU"). The height condition
on M is equivalent to Cigrgt,)ﬁ € Mat,,(R[u']) and E(U)h(C’g&})_l € Mat,, (R[u']).

Because gbgt/ ) commutes with descent datum, this implies a certain u/-divisibility of the entries
of CS%?B To “remove the descent datum,” we first recall some data related to the tame inertial
type 7. Let (s,p) be a lowest alcove presentation of 7. Recall from Example that a; =
s;ils;EQ e s}ij(,u,f,j +ny—;) for 1 <j < f—1and ag = pio+1no, and that s, = sgs1...5p_1 € W.
We have the corresponding data for 7/ which is the tame inertial type for K’ obtained as the
restriction to I of 7. Namely, for any j' € 7', define

(5.1) oy E s a) for 0<j<f-1,0<k<r—1.
Next, for any j' € J’, define

f-1
(5.2) a'U) < Z a/—j’+z’pi'

i=0

7(0)
Note that if y; are the characters appearing in 7 as in (2.12]), then y; = w?f

We define the orientation s, € W' of (a))jreq by

def k41, —1 —1 -1 :
(5.3) Sorgikf = Sp (5787 g s5) for 0< i< f=1,0<k<r—1
where the empty product is interpreted as the identity. It is an element of WY " such that

(sl, j,)*l(a’ (@) is dominant, and there is a unique such element if y is O-generic. This follows

from the definitions of sgr’j,, a’f,_l_j,, noting that a’U") is dominated by pflfloz’f,_l_j,.
Then
i) def 1 _a’(@) i’
(5.4) A Ad ((sgr,j,) (/)2 ) (CH %)
is the matriz of the j'-th partial Frobenius of M with respect to B. (Note the different meaning

of the superscript (j') when comparing with the notion of matrix of partial Frobenii appearing in
ILLHLM20, §3.6.1], [LLHL19, §3.2], see Remark below.)

Remark 5.1.7. In the discussion between Definition 3.2.8 and Proposition 3.2.9 in [LLHLI19], we
find the definition of matrices AU"), attached to an eigenbasis 8 for 9 € YIOM7(R) where 7 is a
tame inertial type with a given lowest alcove presentation (s, 1) in the sense of [LLHL19l Definition
2.2.5(4)]. These matrices differ from those defined in equation by a shift due to a change in
convention. We now explain in detail the differences between the conventions in this paper, and
those in [LLALIY], [LLHLNM20).

Let 7 be the tame inertial type with lowest alcove presentation (s, u), which we fixed at the
beginning of this section. Then the lowest alcove presentation of the tame inertial type in the

sense of [LLHLI9, Definition 2.2.5(4)], [LLHLM20, Definition 2.2.2(4)] is the element (s_,u_) €

W(G)7 x X*(T)7 defined by s_; < s; 5, p_j < pup ;. Recall that in [LLALIY, §3.2] we
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associate elements s, sf)rvj,, a’(s_#_)’ﬁkf, and a(i )u ) to (s—,pu—). The comparison between
the two conventions gives the following.

(1) The element s, defined in Example coincides with the element s, defined in [LLHLI19,
§3.2];

(2) the element s/ ], defined in (/5.3) c01n01des Wlth the element s, defined in [LLHLI9, (3.2)];

(3) the elements o o +kfv a’U") defined in , respectlvely, coincide with the elements

&y yiakp A, defined in [LLHL19, §3.2] and [LLHLIY, (3.4)] respectively;

(4) the characters y; defined in (2.12)) coincide with the characters x; defined in [LLHILI9,
(3.1)]; and
(5) for any 0 < j < f — 1, we have (s,);t(#7+n); = s;_&ltujHJrnHl where the (-)* in the
left hand side of the equality denotes the “star” operation defined in [LLHLI9L Definition
2.1.2], [LLHLM20, Definition 3.1.1] (in particular, (s-)} = S:Ifilij, (H—tm)j = p— p—1-j+
nf-1-5)-
Since the partial Frobenius qb ) defined above is denoted as qS in ILLHL19, §3.2], [LLHLM20]
we easily deduce from items ‘ that the matrix Az(m)ﬁ defined in 1) coincides with the matrix

AU'=1) defined in [LLHLIY, §3.2] (see the discussion after Definition 3.2.8 in loc.cit.) with respect
to the eigenbasis 8 and (s_, pu—_) as the fixed lowest alcove presentation (in the sense of [LLHLI19,
Definition 2.2.5(4)]).

Because 7 is 1-generic, the condition that C’é)]tlﬂ)g € Mat,, (R[u']) is equivalent to Agg;)ﬂ € Mat,, (R[v])
and is upper triangular modulo v (equivalently Ag{)ﬂ € L™ Mp(R) if R is p-adically complete)
(This follows as in [LLHLMIS8| Proposition 2.13|, noticing by Remark [5.1.7| that C’éjj?)ﬁ would be
denoted as CU'*D in loc. cit.) Similarly, the height condition translates into the condition that
E(v)h(Agn)ﬂ) 1 ¢ Mat,(R[v]) and is upper triangular modulo v. The fact that 3 is compatible

with won : (o7)*(90) = 9 implies that A(] ) 5 only depends on j' mod f. Abusing notation, we
()

occasionally write Aim P for j € J with the obvious meaning.
The following Proposition is a reformulation of [LLHLI9L Proposition 3.2.9] and describes how
Aggg behaves under change of eigenbasis.

Proposition 5.1.8. ([LLHLIY, Proposition 3.2.9]) Let M € Y017 (R) together with two eigenbases
81 and Bo related by
(J ) pl") — 59 )

with DY) € GL,(R[W']) for j' € J'. Set Jm = Ad ((shy )~ )=V ) (D).

Then IU) € Z(R) depends only on j' mod f, and for all j' € J',

A%@ — I(j/)Az(m)ﬂl (Ad( vuﬁm)((p(j(j’*l))*l))

where 7 = 7/ mod f.

Furthermore, if (IU)) € T(R)T with I0) = 10+ then Ad ((u')&"" s, )10y = DU €

GL,(R[u']) and for any eigenbasis j3, (5(j/)D(j/))j/€j/ s again an eigenbasis.

Prjoof. By Remark we see that the matrix IU") defined above coincides with the matrix
IU") defined in the statement of [LLHLIY, Proposition 3.2.9] (for which we use the lowest alcove
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presentation (s_, ) in the sense of [LLHLI9, Definition 2.2.1(iv)] for 7). From the conclusion of
Remark and its item , we see that the statement of the Proposition is just the statement
of [LLHL19, Proposition 3.2.9] with j" taken to be j" — 1. O

Definition 5.1.9. The shape of a mod p Breuil Kisin module M € Y%7 (') with respect to 7

is the element z = (2;) € WV+7 such that for any eigenbasis # and any j € J, the matrix Agt) 5 lies

in Z(F')z; Z(F’). (This doesn’t depend on the choice of eigenbasis by Proposition )
We record a useful and elementary lemma for later computations:

Lemma 5.1.10. Assume that T admits an m-generic lowest alcove presentation (s,u). Let R be
an O-algebra.

(a) Let I € Z1(R). Then Ad(sj_lv“f+’71')(<p(l)) =1 mod v™*!.

(b) IfI € GL,(R[v]), m > 1, and I =1 mod v¥, then Ad(sj_lv“ﬂ'*”j)((p(l)) =1 mod v

(c) If Y € Mat,,(R[v]) and is upper triangular mod v, then Ad(s}lv“J'*”j)(Y) € v+ Mat, (R[v]).
(d) If Y € v* Maty(R[v]), then Ad(s; o5 tm)(o(Y)) € v*=DPEmHL Mat, (R[o]).

(k=1)p+m+1

Proof. We provide a proof of item and leave the rest to the reader. It suffices to prove that
Ad(vH5 ) (p(I)) = 1 mod v™*L. Recall (cf. Definition [2.1.10)) that since (s,p) is an m-generic
lowest alcove presentation, for any o € ®,

m < (u+n,a)<p—m.

In particular, for such a p to exist we need m +1 < p.

The diagonal entries of Ad(v*17)((I)) are the same as the diagonal entries of ¢(I), which are
congruent to 1 mod vP since I € Z1(R). For the off-diagonal entries, let a be a positive root. The
a-entry of Ad(v/it)(p(I)) is divisible by v%+m2") " Similarly, the —a-entry of ¢(I) is divisible
by vP and so the —a entry of Ad(v*t)(p(I)) is divisible by vP~{#+70") " This gives the desired
divisibility. 0

5.2. Gauge bases. The goal of this subsection is to discuss the notion of gauge basis, which will
provide a normal form for various families of Breuil-Kisin modules of type 7, and which will be
our main tool to analyze the structure of the p-adic completion of the stack Y7 in the next
subsection. For 7 sufficiently generic relative to h, we will define the notion of a Breuil-Kisin
module admitting a z-gauge, for Z € WY-J. This is an open condition in the moduli of Breuil-
Kisin modules, and thus is stable under small deformations. We then show that such Breuil-Kisin
modules admit a canonical basis adapted to Z, which is unique up to rescaling. An innovation
compared to our previous work [LLHL19], [LLHLMIS]| is that we do not just consider canonical
bases associated to the shape of a Breuil-Kisin module (which is an element of WV~ canonically
attached to each closed point of Y[O’h“). The stratification by shape decomposes Y%7 into a
disjoint union of locally closed substack, and hence the property of having constant shape is not
preserved under small deformations. For this reason, our approach here is better suited for the
local study of Y07,

Recall that we have the twisted loop group LGe, the twisted positive loop group LTGeo and the
space LT Mo. Let a < b be integers. We let LY Gy be the subfunctor of LGp whose value on a
Noetherian O-algebra is given by given by

L*Go(R) = {g € LGo(R) |g € (v +p)*L"Mo(R) and (v +p)’g~" € L* Mo(R)}.
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Clearly L% Gy is preserved by left and right multiplication by LtGp, and we define
Crid € Lt Go\LIwYgo.

Let now LI*!(GL,)r be the subfunctor of L(GL, ) defined on F-algebras R by

(5.5) LIY(GL,)r(R) & {A € L(GL,)p(R) | v A, v’ A" € Mat,(R[v])}.

The fpqe-sheafification of R — Zg(R)\LI*! (GL,)r(R) is a finite type closed subscheme F11%% ¢ Fl
(consider the natural projection of F1 onto the affine Grassmannian for GL,, over F, and for the

latter use [Zhul7, Lemma 1.1.5]). Base changing to F, we get Gr[ga’lg] = Tp\L[*Y Gy Flle?) (where
7 7b . .
I = ILF\L[“’b] Gr C Fl[a ], which is the pullback of
the previous situation to Fl (as in 11) We evidently have (v + p)™ Gr[ga ’é’)] = Gr[gazm’bij].
We first give a presentation of the p-adic completion of the stack Y0ALT a5 a quotient stack.

Given a pair (s, ) € W7 x X*(T)7, we define the (s, u)-twisted ¢-conjugation action of (LTGo)Y
on (LGo)7 by

—~[a,b
the containment is strict). We also define Gr[goi F

(](j))j . (A(j))j = I(j)A(j)(Ad(sj_lvl‘j*"j)(¢(I(j*1))*1))
Similarly, we define the (s, u)-twisted conjugation action by the above formula, but with the ¢

dropped. The following is essentially a reformulation of Proposition [5.1.8}

Proposition 5.2.1. Let (s,u) be a lowest alcove presentation of 7. Then there is a canonical
isomorphism of p-adic formal O-stacks Y 0™ = [(L[O’h]go)J/@,(s,#)(L+Qo)“7]“’, where the action
is the (s, p)-twisted p-conjugation action.

Proof. Consider the groupoid y[0:hlm8 parametrizing pairs (9, ) where I € YIOhLT and B is an

eigenbasis of 9. There is a map YOM78 — (LGp)7 given by sending (90, 8) to the collection

of matrices of partial Frobenii (A{(g?) 5)jeg- The condition that M € Y07 is equivalent to the

condition (Agg ) € (LI%MGy)T . For R a p-adically complete Noetherian @-algebra, Proposition
shows that the set of eigenbases on a given MM € Y7 (R) is a torsor for Z(R)Y = LT Go(R)7,
and the action of (LT Gn(R))7 corresponds to the (s, u)-twisted y-conjugation action on ng (R)
under the above map. Thus [(LIMGo)7 /(s ) o(LTGo)7]" is the substack of YI%*7 consisting

of objects which fpqc-locally admits an eigenbasis. However, every object 9 € Y[O’hLT(R) has
this property: Zariski locally on R, we can find a basis for 9t/u'9, which furthermore consists of
eigenvectors for A’ and is compatible with tsy modulo /. Such a basis can be lifted to an eigenbasis
of M, since A’ has order prime to p. O

The following Lemma shows that over F, the (s, u)-twisted p-conjugation action can sometimes

be “straightened” to a left translation action, at least on the subgroup (Z;)7.
Lemma 5.2.2. Let R be an F-algebra and (Agj))jej, (Agj))jej € LOAGL,(R)T. LetZ = s 4y €
WYT where p is (h+1)-deep in Cy and s € W Then, there is a bijection between the following:

(1) Tuples (IV));c7 € Ty(R)Y such Aéj)gj = I(j)Agj)ij(I(j*I))*l forallj € J;

(2) Tuples (X;)jes € T1(R)7 such that Agj) = XjAgj) forallje J.
Proof. Throughout the proof, we will use that
(5.6) Ad(Ej)(go(I(j_l))_l) =1 mod "2

for any 10U~ € Z;(R), by Lemma |[5.1.10
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We give a map F from to . Given the data in , we define F((ID);er) = (X))jer,
where

def )\ — N G ~ 1)\ )y
X; E AP AP = 19AY (Ad(Z) (p(107D) 1)) (A7)
To check that (X;)jes satisfies (2)), we only need to check X; € Zy(R) for all j € J. By (5.6), we
can write Ad(Z;) (p(IV=Y)71) = 1 + v"*2Y; with Y; € Mat,(R[v]). By the height condition on
Agj ), we deduce that
X _ I(])(l +vh+2A( 7) (A(])) ) GIl(R)

as desired.
Next, we construct a map G from to . Thus we are given X; € Z;(R) such that Ag ) =

X jAgj ) for all j € J, and we need to construct a solution 1) € 7; (R)7 to the system of equations
XA (Ad(Z) (p(107D))) (A7) 1 = 10,

We construct such a solution as a limit of a convergent sequence in Z; (R) with the v-adic topology.
Let J(()j) = 1Id. For ¢ > 0, set

J0

D = x4 (AP Aa(z) (o (J(jfl))_l)yl

We prove that (J ( )) converges in Z1(R) in the v-adic topology. For i > 1, we have
1 1

Jz‘(i)l — g7 = XjAgj) <Ad(%)(¢(Ji(j_l) - J'(le)»)(Agj))fy

Since Jl(j) = X, by Lemma [5.1.10[ we have Ad(zj)(go(Jl(jfl) - Jéjfl))) € v"*2 Mat,,(R[v]) and
hence Agj)zjgo(q]l(jfl) - Jéjfl )Ej*l(Agj))_l € v?Mat, (R[v]) by the height condition. Therefore
JQ(j) - Jl(j) € v?Mat, (R[v]). We conclude by induction on i that

JO) _ Ji(i)1 e vPi2) Matn (R[v]).

(2

for ¢ > 3 and hence the sequence (J @ ) converges in Z1(R) in the v-adic topology.

7
We construct the map G by G((Xj)jcr) = (limj—oo J,L-(] )) jeg- By construction, the composition
F o @G is the identity, thus F' is surjective. To finish the proof, we just need to show that F' is
injective.
Suppose that F((IY)je7) = F((J9))je7) = (Xj)jeg, then F((JU) "1 D) e 7) = (1)je 7. Thus
we may assume without loss of generality that J) = X ;=1
We now have

19 = AP (M) (10 0) ) (41) 7!

for all j, and we need to show that /() = 1 for all j. By (5.6)), we have A(j (Ad(z)) ©(IU-1)= H) (A(j))*1

1 mod v? for all j, thus IU) = 1 mod v? for all j. Suppose that for all j € 7, IU) = 1 mod v° for
some d > 2. Then, by Lemma [5.1.10

Ad(gj)(W(I(j_l))_l) = 1 mod pP(e—D+h+2

Hence 1) = 1 mod vPO~D+2. Since p(§ — 1) + 2 > 4, this shows that IU) = 1 modulo arbitrary
high powers of v for all j. This shows IU) = 1 for all j. O



LOCAL MODELS FOR GALOIS DEFORMATION RINGS AND APPLICATIONS 80

Corollary 5.2.3. Suppose (s, ) is a lowest alcove presentation of T such that p is (h+ 1)-deep in
Cy. Then forming matrices of partial Frobenii with respect to an eigenbasis induces an isomorphism

of F-stacks
T AL [0 ] s ~[0,h] s
g - Yo 2 [(Crgle >~7/(S,M)TFV T (P T,

where the action of the constant torus TF’ C (L*Gr)7 is the (s, p)-twisted conjugation action.

Proof. This follows immediately from Proposition Lemma the fact that ¢ acts trivially
on TV and that T =TV x 7;. O
We construct an open cover for Y07 ysing the above isomorphism. Recall from before Lemma
3.2.7 that for any z = (Z;)jes € W7, we have a subfunctor U(Z?) & [[esUE) C LG7. For any
integers a < b, we define

vl L U)o N (L60)” .

It follows from Lemma [3.2.7] that the projection map U!®!(2) — Gr[a T is an open immersion,
since Gr[ga ’g"j is a finite type O-scheme. Hence U(2)p — Grg F= Flj is an open immersion with

T Fv 7 _stable image. Since F17 is ind-proper and all the TH;/ 7 _fixed points (for the right translation
action) are given by Z € WY+ we conclude that (the images of) U(Z)r form an open cover of F17.
We also set U(2) = TVYU(Z) ¢ LG7, and similarly define Ul*¥ () = Tg)/’jU[“’b] (2). Then (the
images of) the U (2)r form an open cover of 1’51‘77 in fact this is the pullback of the above open cover
~ ~ a a,b],
of FIY to F17. We thus get the open cover Ul (2)g (resp. Ul (2)p) of Gr[g”]g]’j (resp. Gr[g IF] j).
Definition 5.2.4. Let 7 € WV+J.
(1) Define Y[O’h]"r(“) to be the open substazk of YF[O’M’T which corresponds via 7, ) to the open
J )
substack [U[0: h](ﬂy/( s0) VJ] of [Gr[g b /(syﬂ)Tgf 71
(2) More generally, we define the p-adic formal stack Y%":7(2) as the open substack of Y10/
induced by Y[O hlT (). For R a p-adically complete Noetherian O-algebra, 9 C Y07 (R) is
said to admit a 2-gauge if 9 € Y047 (2)(R), or equivalently, M/ € YF[O T "(2)(R/wR).

Remark 5.2.5. Let F' be a field extension of F. If M € Y%7 (F’) has shape Z (Definition ,
then 9t admits a z-gauge.

Let R be a Noetherian F-algebra and 9t € YF[O’M’T (R). Assume that 9t admit an eigenbasis. Then
the condition that 9t admits a z = (z;) je7-gauge is equivalent to the condition that for any eigenba-
sis 3, the matrix of partial Frobenius Ai(gt),ﬁ belongs to Z(R)(U(Z;)(R)) = TY(R)(Z1(R))(U(Z;)(R))
for all j € J. Furthermore, in this case Proposition [5.2.2] shows that we can adjust the eigenbasis 3
so that As()gt) 5 € TV(R)U(Z;)(R). The proof of Proposition [5.2.2|and the fact that the multiplication
map Z(R) xU(w)(R) — LGo(R) is an injection shows that an eigenbasis S’ has this property if and
only if it is obtained from S by a change of basis given by {(t;/);cs € Ty (R) | tjy = tp for j' =

k' mod f} = T J(R). Thus the set of eigenbases with this property form a torsor for the group

TIE/ 7 This motlvates the following definition:

Definition 5.2.6. Let 2 = (Z;)jes € WV+7 . Let R be a Noetherian p-adically complete O-algebra,
and assume I € Y[O’hLT(R) admits a z-gauge. An eigenbasis § of 9 is called a z-gauge basis if
the matrix of partial Frobenii A(]) e TV(R)(U(Z;)(R)) for all j € J.
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Proposition 5.2.7. Let (s, i) be a lowest alcove presentation of T where p is (h + 1)-deep in C,.
Let R be a Noetherian p-adically complete O-algebra and M € Y[07h]7T(R). Assume that M admits
both a zZ-gauge and an eigenbasis. Then M admits a Z-gauge basis 8, which is uniquely determined
up to scaling by the group {(t;/)jcg € T J'(R) | ty =ty forj’ =k mod f} =T"7(R).

Proof. Tt suffices to prove the Proposition for R a Noetherian O/w®-algebra, for any a > 1. We
already observed that the Proposition holds when a = 1. Thus we have a z-gauge basis 3 of
M/ M € YIOhT (R/ww?™ 1). Let 3 be any eigenbasis of 9 lifting . We also set Ry = R/w,
My = M/wM and fr = B mod .

We set AJ = A(j) A(j) Agt)/ . Wﬁﬁ’ A(j) = Ai()ﬁ)lg gee We get the square-zero extension R —»

R/w% ! with kernel J =@ IR Asin we have R/w® '-modules Lie LGo(J), LieZ(J) =
Lie L*Go(J), Lie L=~ Go(J), which are in fact Rp-modules. We also have the obvious variants
LieTV(J), LieZ;(J). Note that LieZ(.J) = Lie TV(J) @ LieZ;(J). By Proposition given the
choice of eigenbasis E, the set of eigenbases 8 of M lifting 3 is in bijection with the set of tuples
(Xj/)j/ejl € I(R)j/ such that

e X depends only on the image of j" in 7.

o X; € ker(LTGo(R) = LtGo(R/@* 1)), ie. Y; ¥ X; —1 € LieZ(J) for all j € J.
We thus need to analyze the set of tuples (X;);es as above such that

X; AU (Ad(s; o) (p(Xj-1)7h)) € TY(R)UE)(R)).

def

Note that U(%;)(R) = L~ Go(R)z; and similarly for R/w®"!. By construction, we have a9
D;U,z;, where Dj € TV(R/w"~ Yand U; € L7 Go(R/w* ™). Since TV and L™~ Gp are formally
smooth, we can find lifts D € TV(R) and U € L™~ Go(R) of D; and U; respectively. Thus,
g(j) = (1 + aj)ﬁjﬁjzj

where a; € Lie LGo(J).

We record the effect of (s, p)-twisted @-conjugation by (X;)jes = (1 + Yj)jes. Namely, if we
write,

XJE(J)(Ad( _1’qu+n7)(g0(Xj_1)71)) = (1 + a})f)ﬂj’ﬁ]
then we find that
) = ¥+ aj — Ad(AF s 0 ) (p(¥ )

in Lie LGo(J).

Since the set of elements in TV(R)U(2)(R) lifting D;U;z; are exactly those of the form (1 +
;) D;U;7Z; where ) € (Lie L™~ Go(J) @ LieTV(J)), our job boils down to analyzing the set of
solutions (Y;) € Lie LTGo(J)7 to the system of containments

(5.7) Y +a;— Ad(AY s 10m) (p(Y;1)) € (LieL™~G(J) @ Lie TV (J)), jeJ.

Observe that the set of solutions to the system is invariant under translation by Lie TV (J)7: if
Y, € LieTV(J) then Ad(Aﬁf)sj_lv“i*”j)((p(Y}_l)) = Ad(ﬁjﬁj)(Ad( Hy; ~1)) C Ad(D;U;)(LieTV(J)) C
Lie L=~ Go(J) @ Lie TV (J), where the last inclusion follows from the fact that Ty - L™~ Gp is a sub-
group of LGn. Thus, to finish the induction, we only need to show that the system has a
unique solution in Lie Z;(J)7.
Now, it follows from Lemma that Lie LGo(J) = Lie L==Go(J) @ LieTV(J) @ LieZ;(J)
where LieZ,(J) = { M € M,,(J[v]), M is unipotent upper triangular mod v} . Consider the map ¥ :
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LieTy(J)7 — LieLG(J)7 given by (Yj)jey — (¥; — Ad(AY s 0k 47)(p(Y;-1)). By Lemma
5.1.10 Ad(sj_lvf‘f*”j)(tp(Y}_l)) =0 mod v"*2 and so, by the height condition on Mg, we have:

Ad(Ag)sflv“j+"j)(go(}/j,1)) =0 mod v2.
Thus the image of ¥ is in LieZ;(J)7. Furthermore, if Y; =0 mod v* for k > 0, then

Ad(A%)’Bs;lv“ﬁ'"j)(gp(Yj,l)) =0 mod v
by Lemma [5.1.10, Hence, as an endomorphism of LieZ;(J)7, ¥ decomposes as a sum of an
automorphism and a topologically nilpotent endomorphism. We conclude then that ¥ itself is an
automorphism. We thus conclude that the system (5.7) has a unique solution in Z;(J)7, namely
U1 of the the projection of (—a;);jecs onto LieZy(J)7. O

5.3. Local models for moduli of Breuil-Kisin modules. In this section, we describe the local
structure of the p-adic formal stack Y[0M:™ and its closed substack Y <M.
We have the following mixed characteristic generalization of Corollary

Theorem 5.3.1. Let (s, 1) be a lowest alcove presentation of T such that p is (h+ 1)-deep in Cy,

and let Z € WY, Then there is a local model diagram (depending on (s,u)) of p-adic formal
O-stacks

UOA ()
~ A
(5.8) YRR = [00NE) T8 | Uk ()
T 0,h,7 \/\»
Y[Oih]z < Gr[g7(9} >

where

e The left diagonal arrow corresponds to extracting a zZ-gauge basis and taking its matrices of
partial Frobenii.

e The diagonal arrows are torsors for the (p-adic completion of) T(\Q/’j for two different T(\Q/’j—
actions (and hence are smooth maps): The left diagonal arrow correspond to quotiening by
the (s, u)-twisted conjugation action while the right diagonal arrow correspond to quotiening
by the left translation action.

e The vertical arrows are open immersion.

Proof. The left side of the diagram follows from Proposition and the existence of an eigenbasis
Zariski locally. The right side of the diagram is a consequence of Lemma [3.2.2] Lemma [3.2.7] and
the fact that Gr[gog is a finite type O-scheme. g
Warning 5.3.2. As Z varies in W7, the Y07 (Z) form a Zariski open cover of Y07 Lemma
shows that over I, these local model diagram glue together to give a local model diagram for
YIF[O’h]’T7 cf. Corollary i‘_,2__3| However, the local model diagrams do not glue together into a local
model diagram for Y0/:7 in general. The reason is that Lemma fails over test rings R where
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p # 0, namely, the (s, u)-twisted p-conjugation is not equivalent to the left translation relation by
Z:(R). For example, let R = O/w?, |TJ| =1, (s,u) = (1,(k,0)), and let

1 0 1 1
A_<O v—i—p)’X_(O 1>

Then A and X AAd(v*)(¢(X)™!) are in the same (s, p)-twisted p-equivalence class, but do not
differ by a left translation by an element of Z;(R). Indeed

XAAdW") (p(X)"1)A™! = ((1) {@)

does not belong to Z;(R), since

§ k-1 10!
_ k- a—
U+p_v (1++(—1) F)¢RHUH

We now impose bounded p-adic Hodge type conditions. Let A € X, (TV)Y = X*(T)7. We
assume that A is effective and has height < h, that is each component \; € X,(TV) satisfies
Aj € [0,h]™. (Note that if hy = max{(\,a") | @ € ®} then up to changing A by a central
cocharacter we can take h = hy.) We now recall from [CL18| Theorem 5.3] the closed p-adic formal
substack YSM Y0/ (denoted Y7 in loc. cit.). It is characterized by the following properties
(cf. [CL18, Theorem 5.13)):

o YA is flat over O, and has reduced versal rings (i.e. it is analytically unramified in the
sense of [Eme, Definition 8.22]).

e For any finite extension E’ of E with ring of integers O’, an element 90t € Y[07(0’) belongs
to YSM(O') if and only if 9M[1/p] has p-adic Hodge type < A. This is a condition on the
type of the induced grading on M/E(v)9M. Lemma 5.10 in [CLI§| says that the grading
on M/E(v)IM is the base change of a grading on the y-isotypic piece for y appearing in
the type 7. The type of this (ggading is directly related to the elementary divisors of the

J

matrices of partial Frobenii Agy P

v

(with respect to any eigenbasis). Because of this, the p-

adic Hodge type < A condition translates to the condition that A(j )

GL,(E'(v+p)) has elementary divisors bounded by (v+p)*. Note that this last condition
is exactly the condition imposed by the closed affine Schubert variety Sg(\) C Grg o

.3 viewed as an element of

We wish to identify the object that corresponds to Y7 under the local model diagram of Theorem
Recall the (finite type over O) closed subscheme M7 (<)) < LtGo\LGp = Grg o+ Which

is the Zariski closure of the (reduced) affine Schubert variety Sg(\) C Grg p in Grg’ o- For z =
(Zj)jes € WV | we set
(5.9) UE <A = [JUGE)on ML), UE <N =[] TS x UE)o N M(<A)))
jed jeJ
where the intersections are understood to be taken inside Grg o (which can then be lifted to LGp

since U(Z;) is canonically lifted to LG), and define Y <7 (2) as the intersection Y <M N Y07 (Z)
(taken inside Y(0"7) We have the following:

Theorem 5.3.3. Let (s, ) be a lowest alcove presentation of T such that u is (h + 1)-deep in C,
and let Z € WY, Assume A\ = (\j)jes € Xu(TV)7 satisfies \j € [0,h]". Then diagram



LOCAL MODELS FOR GALOIS DEFORMATION RINGS AND APPLICATIONS 84

induces a local model diagram of p-adic formal O-stacks

U(Z, <\ C LGS

VT v, T
% K

(5.10) YS)\,T(E’) _ [ﬁ(Z S)\)/(S,H)T\/’J] Ap Uz, <\
: i
YEAT Mgz (<)

where the superscript A, stands for taking p-adic completion.

Proof. We need to check YSM and My (<) coincide after pulling back to U%"(2)*» along
diagram . Since both pull-backs are reduced and O-flat, it suffices to check they have the
same O’'-points for O’ the integers in a finite extension E’ of E. But this is immediate, since the
elementary divisor condition on an element of GL,(E’((v + p))) is preserved under both left and
right multiplication by GL,,(E'[v + p]). O

Corollary 5.3.4. Assume the hypotheses of Theorem m Then YSM(Z) # 0 if and only if
Z € Adm"(\).

Proof. YSM(Z) # ) if and only if U(Z, <A\)"» # () if and only if U(Z, <A)p # (). On the other hand,
by Theorem [PZ13, Theorem 9.3], M7 (<A)r is the union of affine Schubert varieties Sg(s) where
5 € Adm"()). Thus, the set of torus fixed points of M7(<\)p is Adm"()\). The result then follows

from Lemma [4.7.1]
O

Corollary 5.3.5. Assume the hypotheses of Theorem . Let F'/F be a finite extension. Then
M € YSN(F') if and only if the shape of M with respect to T lies in Adm" ().

5.4. Etale w-modules.

5.4.1. Background. Let Og i (resp. Og /) be the p-adic completion of (W (k)[v])[1/v] (resp. of
(W(EN[w'])[1/u"]). Tt is endowed with a continuous Frobenius morphism ¢ extending the Frobenius
on W (k) (resp. on W(k’), and moreover endowed with an action of A, cf. [LLHLMIS8, §6.1] for the
explicit definition of this action) and such that ¢(v) = vP (resp. p(u') = (u’)?). Let R be a p-adically
complete Noetherian O-algebra. We then have the groupoid ®- Mod™(R) (resp. ®- Modcelzl’le,(R))
of étale (¢, Og x®z,R)-modules (resp. étale (o, Og 1@z, R)-modules with descent data from L’ to
K). Its objects are rank n projective modules M over 08,K®ZPR (resp. O&L/éézp R)), endowed with
a Frobenius semilinear endomorphism ¢ : M — M (resp. a Frobenius semilinear endomorphism
oM 2 M — M, and a semilinear action of A commuting with ¢ ) inducing an isomorphism on
the pull-back: id @, dpar : ©*(M) — M. Tt is known that ®-Mody"(R) and - Modztd’z,(R)
form fppf stacks over Spf O (see [EG, §3.1], [EG21] §5.2], [CEGS, §3.1] where they are denoted
R, R%L, respectively). We use ®- Mod$:(R) (resp. ®- Modgih 1-(R)) to denote the category of étale
¢-modules over K (resp. over L' with descent) with coefficients in R and of arbitrary finite rank.

Given M € YIOM7(R), the element M®s,, , (Ocr ®z,R) is naturally an object ®- Modgfi’,nL,(R)
and we define an étale p-module M € ®-Mody™(R) by

def

M= (M e, , (O,1:8z,R)>!
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with the induced Frobenius. This construction defines a map of stacks e, : YI0/b7 — @- Mod?’n.
Note that e, is independent of any presentation of 7.

Proposition 5.4.1. The map e, is representable by algebraic spaces, proper, and of finite presen-
tation.

Proof. First, the morphism ylOr - Modfltcfz, is representable by algebraic spaces, proper,
and of finite presentation by Corollary 3.1.7(3) and Proposition 3.3.5 of [CEGS]. Finally, the map
- Modiﬁﬁ, to ®- Mod%’n defined by taking A-invariants is an equivalence of stacks with quasi-
inverse given by M — M ®o, , O¢ /- O

For any (M,¢r) € ®-Mod$E(R), we decompose M = @c7MU) over the embeddings o; :

W (k) — O, with induced maps (b%% : MU= 5 M), The following proposition, a direct general-
ization of [LLHLM20, Proposition 3.2.1], records the effect of £, in terms of eigenbases.

Proposition 5.4.2. Let M € YIO'7(R) and set M = e, (9N). Let (s, 1) be the fized lowest alcove
presentation of T. If B is an eigenbasis of M, then there exists a basis f (determined by ) for M

such that the matriz of qﬁsa with respect to § is given by
() =1, pj+n;
Agy 555 v

Proof. The statement is [LLHLM20), Proposition 3.2.1] whose proof is generalized in the proof of
[LLHL19, Corollary 3.2.17]. For the convenience of the reader, we reproduce the argument here.

In particular, the proof below is obtained by a simple relabeling from the proof of loc. cit., using
s def

Remark|5.1.7, We define a basis 8’ for M/ < (Mes,, OgyL/)Alzl as follows: for each 0 < 7' < f'—1,
define
CASRR=-NCIEH ((u/)a’(j/))

which is a basis for M’U"). This uses that the action on v/ of A’ in embedding j' is through the

/

fr=3 i’ ./ - ~
character w?, " The matrix for gb%l? : M'G=D 5 MUY with respect to 4 is given by

G'=1) _ar("

St ARy (st )~ () = St A (b )0

or,7 Or:j/ mvﬁ 801‘7]‘,
since pa’ U= —a'(") = (p/' — 1)0/]“7]-,. Define 3 by 30" o E’(j/)sgr o forall 0 < j < f'—1. Let

j =j+if for 0 <j < f—1. Then the matrix for gb%/l? with respect to 3 is given by
.y / —1 / ./
As()gt,)ﬁ(sgr,j/)_lsgr,qu(s“’”‘l) ) = Af ,)ﬂsf A

Since (of)*(8U") = B’ this descends to a basis f of M L (m) = (./\/l')”le, with respect to
which the matrix of qbgf/% has the form described in the statement of the Proposition.
O

The following Proposition, which is the global version of the triviality of Kisin varieties, shows
that e, does not lose information in generic situations:

Proposition 5.4.3. Let h be a nonnegative integer and assume 7 is (h + 1)-generic. Then the
proper map e, : YO @—Modign is @ monomorphism of stacks over Spf O, and hence is a
closed immersion.

To prepare for the proof, we record the following Lemmas:
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Lemma 5.4.4. Let R be an F-algebra, and let (A(J))]EJ,(A( ))jej e LOAGL,(R)Y. Assume
Z=s1y, € WYT such that y is (h+ 1)-deep in Cy. Let (IV)jer € GLn(R(v)7 such that
A(;)zj = IDADZo(1GD)1 for all j € T, then IU) € Tg(R) for all j € J.

Proof. We essentially repeat the argument in the proof of [LLHLMI1S8, Theorem 3.2] for a general

F-algebra R. For all j € J, define k; € Z so that 1)+ L ki 10) € Mat, (R[v]) and 10):+ # 0
modulo v. Rewriting the equation and multiplying through by v, we have

. A\ —1 . .
WHRPRT AQ(Z) ((IUD ) = o (Ag>) 6 49,

where the right side is in Mat,,(R]v]) by the height condition.
As 1)+ % 0 modulo v, we deduce that

(5.11) kapkj_l—glea])%({<ﬂj+nj, W} —h>pkjii—p+m—h>plki_1—1)+1

since p is (h + 1)-deep in C,. We conclude that k;; < 0 for all j € J or, equivalently, I =
Mat,, (R[v]) for all j € J. By exchanging the roles of A; and As, we conclude that 1) € GL,,(R[v])
forall j € J.

We now prove that 1) € Z(R) for all j € J. Let a be a negative root of GL,. Assume
(I(j_l))a % 0 mod v for some j € J. Since

(Ad (Uuﬁm)(w(_ﬂj—l)))) — (w(j(j—l)))awﬂﬁmvav%

Ad(Zy)(SO( ~1))) has a pole of order —{pj+n;,a") > h. This is a contradiction since v" Ad(zj)(sf’([(j_l))) -
((A(J)) [(J)A( )) is in Mat,, (R[v]). -

The same argument also proves the following;:

Lemma 5.4.5. Let R be an F-algebra and let J be an R-module. Let (AV);c 7 € LI%MGL, (R)Y
Assume Z = s,y € WY such that p is (b + 1)-deep in Cy. Let (Yj)jes € Mat,(J(v)).
Assume that )

¥ - Ad(ADZ)p(¥; 1) € - Mata (2],
forall j € J. ThenY; € LieZg(J).

Proof of Proposition[5.4.3. We need to show that for each p-adically complete Noetherian O-
algebra, e, induces a fully faithful functor Y0M7(R) — &- Modiﬁ’"(R). It suffices to treat the
case where R is a Noetherian O/w®-algebra. We choose a lowest alcove presentation (s, p) of 7
such that p is (h + 1)-deep in C.

Suppose Ny, My € Y[O’h}’T(R), and let M; = e,(0M;) for i = 1,2. We need to show e, induces
an isomorphism Homy (0, ) (M1, M2) = Hom, déon R)(Ml’ M3). Since this assertion is local
in R, we may assume that 9; admits eigenbases ;. Let A(] ) = Agt) 5, Proposition |5.4.2| using the
bases fi, fo constructed from S, B2 shows that an element Hom - Mod$h™( M1, Ms) is in bijection

with the set of tuples (I(j))jej € LGo(R)Y such that
(5.12) I(j)Agj) — A( )Ad( —1U,u]+m)(<p(l(j71)))7

while Homy (0,5~ gy (91, M2) is in bijection with the set of tuple (I0);er € Tr(R) satisfying the
same relation by Proposition In other words, we need to show that any solution to (5.12)) in
LGo(R)Y must automatically belong to Z(R). We will prove this assertion by induction on a.

o
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The case a = 1 is treated by Lemma [5.4.4] Suppose our assertlon is true up to a — 1. We may
assume that A(j) = Aéj) mod @?® !, and B; = B2 mod w?® . Let A( D — AY) — AU) mod w. We
perform a Lie algebra computation snnllar to the proof of Pr0p081t10n 5.2.70 Set J = w? 'R. We

can write A( D = = (1+4a; )A(]) and I = 14}, with a;,Y; € Mat,(J(v))). Equationtranslates
to

Y; = aj + Ad(A) 57 o) (0(Y; 1))

Since Agj) € LOMGL,(R), a; € vih Mat,(J[v]). Lemma [5.4.5 thus shows that Y; € LieZ(J), and
thus 1) € Z(R). O

5.4.2. Etale ¢-modules and local models. Fix an (h + 1)-generic tame inertial type 7 with a lowest
alcove presentation (s, ) such that p is (h+1)-deep in C,. This gives rises to local model diagrams
and - for YI0M.7(2) and Y=A7(Z). Over F, these diagrams glue together into local model

d1agrams for YF[ AT and YFS’\ ". On the other hand, we have the canonical map e, which does
not depend on the presentation (s, ). It is therefore natural to express e, in terms of the objects
occurring in the local model diagram. This will later be used in conjunction with the results of
to describe the irreducible components of the Emerton-Gee stack which occur in YFSA’T in terms of
the local model. .

Let Z = (Zj)jeq € WY and a < b integers, define a closed subscheme

F] a ~ ~J
Flyz = [[@r\(L*IGL)r Z) C FI7,
JjeJ

a,b ,b
where LI*YGL,, is as in Definition Clearly, Flg - Fl? }z. There is a natural map (% :

Hjej(L[ UGL,)rz; — ®- Mod(;,;, which for an F-algebra R is given by sending (AY)Z));cs €
[Lier LI“YGL,(R) Z; to the free rank n étale p-module M over R such that (;55{/? is given by
A(j)gj in the standard basis. Clearly (£ factors through the quotient by the ¢-conjugation action
[HjeJ(L[a’b] GLn)r %/so IlF] :

Now assume that 2 = o~ ,, € WV-7 where v is (b— a+ 1)-deep in Cy. Since right translation
by Z intertwines the (o, v)-twisted p-conjugation action with the ¢-conjugation action, Lemma

1 ’b 4 . .
shows that 1,/~ descends to a map ¢3 : Fl? Z] $- Mo d%’% This further factors through the quotient

,b]
[Flf; ; /TV j—CODJ] where the action of TV is given by (Z;AU)Z;) c 7 +— (D; IlA(])zJ 1)jes for
(Dj)jes € TFv 7 We will abbreviate this as the shifted T]F 4 -conjugation action.

Proposition 5.4.6. Assume that z = U_lty+77 where v is (b — a + 1)-deep in Cy. The map 1z
induces a monomorphism of stacks
]
Fl? 2Ty I _conj| < ®- Mod%ﬁ-

Proof. Unraveling the deﬁnitiens and twisting by v, the Proposition boils down to the statement
that if R is an F-algebra, (Agj)zj)jej, (Agj)gj)jej €[ljes LI0b=aGL,, (R)Z; are p-conjugate by an
element (I9));c7 € GL,(R((v)7, then IV € Tp(R) for all j € J. This follows from Lemma
644 O

The following Proposition, obtained by combining Propositions [5.4.6] [5.4.3] and Corollary
provides our desired description of &;:
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Proposition 5.4.7. Suppose we are given the following data:
e Integers a < b, and h > 0. -
e An element Z = 01ty € W7 such that v is (b — a + 1)-deep in C,,.
o A tame inertial type T with lowest alcove presentation (s, ) such that p is (h + 1)-deep in
Cy. Setting w*(1) = s, 4, assume that (Grg):l?]’j Jw*(1) C Flf;’g
e An element A € X.(TV)7 such that \j € [0,h]" for allj € J.

Then we have a commutative diagram

(5.13) My (<A s Grg /O 72 [ﬁl?f’l /137 con]

| e [

S L Ry e ®-Mod$Vp

Remark 5.4.8. In Proposition there is a natural choice of a,b,z, namely, a = 0,b = h and
zZ = s‘lt,Hrn = w*(7). However, to compare multiple types, it can be convenient to make other
choices.

5.5. Semisimple Breuil-Kisin modules. Let G, C Gk denote the Galois group of K.
Recall that Ko /K is totally wildly ramified. When R is a complete Noetherian local O-algebra
with finite residue field, from the theory of fields of norms, we have an exact anti-equivalence
([Fon90l)

Vi : @ Mod""(R) — Reph(Gk..)
M — HOHlR((M@O&K@ZZ]R(Ogun’K@)ZPR))@:M’ R)

(where Rep% (G, ) denotes the groupoid of Gk -representations on rank n projective R-modules)
and hence a functor 7%, : YI0/7(R) — Rep’(Gk..) defined as the composite of ¢, followed by
V. (We caution the reader that the formula for V7, in [LLHLMIS, §2.3] was inaccurate.)

Since the subgroup G of Gi projects surjectively to the tame quotient of G, the restriction
map

Repp(Gk) — Repp(Gry,)

is fully faithful on the subcategory of tame representations of rank n. We will often implicitly
identify representations of G in the essential image (of the tame representations) with their
canonical extensions to Gx. Note that this essential image contains exactly representations of
Gk, which are trivial on Gk N Ggt, where K' is the maximal tamely ramified extension of K.
Note that semisimple representations of G'i__ are necessarily tame and hence extend uniquely to
Gk.

Given an n-dimensional F-representation p of Gx or Gk _, we denote its semisimplification by
p*. If b is tame, i.e. if p = p*, then p|r, is a tame inertial F-type for K (see .

Definition 5.5.1. Let p be an n-dimensional F-representation of G or Gx__ .

(1) Given an integer m > 0, we say that p is m-generic if the tame inertial F-type p*|, is
m-~generic in the sense of Definition .

(2) If p is tame we say that (s,p) € W x X*(T) is a lowest alcove presentations for p if (s, p1)
is a lowest alcove presentation for the inertial F-type p|r, as defined in the paragraph
following Example We then write w(p) for the element w(p|r,) = tu4ns defined in
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Definition and w*(p) o s 1,4y A lowest alcove presentation is m-generic if w(p)
is m-generic.

We can directly relate the lowest alcove presentation to a description of the corresponding étale
¢-module.

Proposition 5.5.2. Let 2’ € Fl[a bl for a,b,Z as in Proposition|5.4.7. Let p be an n-dimensional
semisimple F- representatzon of ezther Gk or Gi. . Then p admils a lowest alcove presentation
(s,p1) such that w*(p) = s 't,4ny = Z' if and only if there exists D € TV-7(F) such that

Vic(12(D7)) = pla,, -

Proof. Let 2/ = silt;ﬁn. Then p is 1-deep in (', by the hypotheses in Proposition The
fact that for any such D, the restriction to Ix of (the tame Gg-representation) Vi, (tz(Dz")) is
T(s,pu + n) (and hence has lowest alcove presentation (s,u)) follows from a direct computation
as in Proposition 3.1.2 of [LLHL19]. (Note that one needs to use Remark to translate the
conventions of loc. cit. into conventions of this paper.)

To show the forward direction, one has to show that the choice of D accounts for all possible
extensions from Ix to Gi. This can be done by counting isomorphism classes over F since by
Proposition 1(DZ') = 1z(D'Z") if and only if DZ and D'z’ are TV~ (FF)-conjugate by shifted
conjugation. ]

Remark 5.5.3. In Proposition if p admits a 1-generic lowest alcove presentation with corre-
sponding element w(p), then one can take z = w*(p) and a = b = 0 to satisfy the hypotheses of
Proposition [5.5.2

Fix A € X*(T)7 dominant. Assume that \; € [0,h]" for h > 0. Let 7 be a tame inertial type

together with a (h+ 1)-generic lowest alcove presentation. We now recall notion of shape of p with
respect to 7:
Definition 5.5.4. Let p be n-dimensional F-representation of G or Gk . If there exists 9 €
YI0ALT(F) such that Tjj, () = Play... , then define the shape w*(p,7) € WY+7 of p with respect to
T to be the shape of M (Definition [5.1.9)).

This is well-defined since e, is a monomorphism (Proposition [5.4.7)).

We also have the notion of a semisimple Breuil-Kisin module:

Definition 5.5.5. Let 9 € Y%7 (F’) for any finite extension F'/F. Then 9 is semisimple of
shape z € WVT if om € Ylonl 7(%2) and for any choice of z-gauge basis 3, the image of (91, 3) under
the map U%: M Dp — ULM(Z)F from is the TV7 -fixed point Z of Gr[o hl. T . (In this case, M
clearly has shape z.)
Remark 5.5.6. Concretely, the condition of being semisimple of shape z in Definition is that
there exists an eigenbasis for 9t such that Agt) 5 € TV(F)z; for all j € J. By [LLHLI9 Proposition
3.2.16], this is equivalent to the definition given in Definition 3.2.14 of loc. cit.

Recall that for a fixed lowest presentation (s, u) of 7, we define @*(7) = s~ 1,4,
Proposition 5.5.7. Let 7 be a tame inertial type with lowest alcove presentation (s,u) where
wis (h+ 1)-deep in Cy. Let p: Gi,, — GL,(F) be a semisimple representation. There exists a
semisimple MM € YO (F) such that p = T7,(ON) if and only if p admits a lowest alcove presentation
such that w*(p)(w*(r))~! € Gr[go’];f]’j. In this case, M has shape w*(p)(w*(7))~t. Furthermore,
M € YSN(F) if and only if w(p,7) = (w(1)) " w(p) € Adm(N).
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Proof. The forward direction follows from Proposition and the diagram in Proposition [5.4.
with @ = 0,b = h and z = w*(7). Namely, if 9t is semisimple of shape z € Gr[goﬁ}’j, then
(M) = 1) (DZw* (7)) for some D € TV (F). By Proposition w p =T;,(9M) is semisimple
and has a lowest alcove presentation (w,v) such that w*(p) = Zw*(7) as desired.

Similarly, if » admits a lowest alcove presentation such that Z = w*(p)(w*(7)) ! € Gr[gojg]"j, then

~ ~ [0,k .- . ~
w*(p) € Flg7£*(7). Thus, by Proposition [5.5.2} there exists D € TV7 (F) such that L= (ry (DW* (p))

gives rise to the étale p-module corresponding to p|g,_ . Then (s ,)(DZ) is the desired semisimple

I since the diagram in Proposition [5.4.7] commutes.
The final statement follows from Corollary O

Corollary 5.5.8. Let p : Gx — GL(F) be a tame representation and T be as in Proposition
. If R%’T is non-zero, then p has a A-compatible lowest alcove presentation such that w(p,T) =
w(T) lw(p) € Adm()).

Proof. By the same argument as in case (2) of Theorem [LLHL19, Theorem 3.2.20], there exists
a semisimple 9t € V<M (F) such that Plak., = Tjy(M). The rest follows from Proposition m
noting that (w (7))~ 'w(p) € Adm(\) implies that the lowest alcove presentation of  is A-compatible

(see §2.4)). O

Proposition 5.5.9. Let F'/F be a finite extension. If 9 € YN () (resp. YIOMT(FY)), then there
exists a semisimple Breuil-Kisin module M € YN (F') (resp. YIORT(F)) such that Tj,(90)% =
T3 ().

Proof. Let p = T;,(OM), and let M = M[1/v/] € ®- Modgtl’jz, (F'). Let (p;)o<i<a denote a decreasing
filtration on p such that gr;(p) := p;/p;;1 is semisimple for all i. Recall the exact anti-equivalence
of categories V7, between Modgy 1, (F") and Repp (Gk.,) (see pg. 24 in [LLHLMIS] for example).
Using this equivalence, there is an increasing filtration M; C M such that

V3a(Mi/ Mi1) = gr;(p)
for all 7. Define 91, = 991 N M;. By construction, 9; is a lattice in M, stable under both ¢gy
and the action of A. Thus, 9; is a Breuil-Kisin module over L’ with descent datum to K and of
rank dim(V%,(M;)). We can inductively construct a basis o adapted to the filtration (9t;); and

compatible with the descent datum. That is, we inductively pick bases «o; = (az(j )) for each M

such that A" acts by characters on individual basis elements and ¢ : (aEJ )) = al(j ),

Let o = ag. Define the matrix CU) € GL,,(F'((v/))) by the condition
d)gt)((p*(a(jfl))) = oD,

By construction, CU) lies in a parabolic subgroup P(F'(«'))) € GL,(F'((u'))) corresponding to the
filtration (M;). Let L denote the corresponding Levi subgroup which contains the diagonal torus
T. Choose a dominant cocharacter v such that L is the centralizer of v.

We now construct a family M, of free étale p-module with descent data of rank n over A%F, =
Spec F'[x] as follows: we take a basis «, and let A act on «, in the same way it acts on «, and
let Frobenius act by c¥ = v(x)CWy(z)~ (with respect to o). Note that the right-hand side
belongs to GL,,(F'[z]((uv"))), and that C(()] ) lies in the Levi subgroup L(F'((«'))). The family M,
gives a map Al, — - MOdflEZZ:"

The family we constructed has the following properties:
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e For each z € ﬁx, the matrices Cg(cj ) define a Breuil Kisin module with descent data M, C
M,.. Furthermore, MM, = M as Breuil-Kisin modules with descent data (via scaling the
basis by v(x)), and thus 9, gives a point of Y <M (F).
[ ] led(MO) = ﬁss.
Since the map YSM — ®- MOd%nL' is representable and proper (and in fact is a closed immersion
in the current situation), the locus of x where M, comes from a Breuil-Kisin module in Y <M is
closed. Since this locus contains all elements of ?X, it must contain z = 0. We conclude that there
is a Breuil-Kisin module M’ € YSM () inside My. In particular we have T0,(9) = 5%, and
Proposition implies furthermore that 2 is semisimple.
O

Corollary 5.5.10. Let F' be a finite extension of F and let M € Y[O’h]’T(F’). Assume that T is
m-generic where m > h+ 1. Then Tj;,(IMM)% admits a (m — h)-generic lowest alcove presentation
(w,v).

Proof. By Proposition we can reduce to the case where T7;,(90) is semisimple. Choose a lowest
alcove presentation (s, ) of 7 where p is m-deep in C,. By Proposition Mt is semisimple of
shape z = ((Sj_ltyj_ujwj)*)jej where T7,(9M)|r, = 7(w,v + n). By the height condition on 9, it
is clear that z is h-small so [(v — u,a)| < h for all « € ®. Since p is m-deep in C|), we conclude
the v at least (m — h)-deep in C|,. O
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6. GLOBAL METHODS

6.1. Deformations of representations. Let Co be the category of Noetherian complete local
O-algebras with residue field IF and local O-algebra homomorphisms. Let G,» be a split (possibly
disconnected) reductive group. Given a topological group I', a continuous representation 7 : I' —
G(F), and (A,m4) € Cp, an A-valued lifting of 7 is a continuous representation r4 : I' — G(A) such
that 7 =74 (mod my).

6.1.1. Deformations of local Galois representations. Let L be a nonarchimedean local field of
characteristic zero. For a continuous Galois representation p : G, — G(F), define the functor
DﬁD : Co — Sets by letting D5(A) be the set of A-valued liftings of p. Then DﬁD is represented by a
ring R%, the O-lifting ring of p.

Suppose now that G = GL,, and that L is not a p-adic field. If 7 is an inertial type for L, then
let R% denote the reduced O-flat quotient of R%' whose E’-points correspond to representations
p: G — GL,(E') with WD(p)|;, = 7 ®g E' for any E’ C Q, which is finite-dimensional over E.

Now suppose that L is a p-adic field. Let T" and B be the diagonal maximal torus and upper
triangular Borel subgroup, respectively, in G = GL,. Let J = Homg, (L, E), let A € X, (TV) =
X.(TV)Y be a dominant cocharacter, and let 7 be a Weil-Deligne inertial type for L. Then let
R%’T be the reduced O-flat quotient of Rg such that Spec R%’T is the Zariski closure of E’-points
which correspond to potentially semistable representations p : G — GL,(E’) of Hodge type A
with WD(p)|7, = 7®pg E' for any subfield E' C Q,, which is of finite degree over E. Let Spec R%’jT

denote the reduced union UT/jTR%’T/ (see Definition [2.5.3| for the relation <). We also write R
< <
(vesp. RZ") for RT" (vesp. R}=").

Remark 6.1.1. If the nilpotent element N; of 7 is zero (i.e. 7 is minimal with respect to <), then
R%’T is a framed potentially crystalline deformation ring defined in [KisO8] and is a versal ring for

XM at (the point corresponding to) p; see If 7 is maximal with respect to < then R%’jT is a
framed potentially semistable deformation ring defined in [Kis0§].

6.2. Patching axioms. Recall from §1.9.2| that O, is a finite étale Zy,-algebra, which we write

as [] O, where S, is a finite set and for each v € Sp, O, is the ring of integers in a finite
vES)

unramified extension F,” of Q,. Let G sz be a split reductive group. We let Go be Resp, /7, (G0,)
and denote the Langlands dual group (defined over Z) of Gy by “G. Recall from §1.9.2 that

Lg = Qyz x Gal(E/Q)) and that Qyz = Gyij where J = Homgz,(O,, O).

We fix isomorphisms F," — @p for each v € S),. Then we recall that an L-homomorphism Wy, —
LG(A) over a finite cardinality O-algebra A is equivalent to a collection (G o GY(A))ves, of
continuous homomorphisms. Similarly, a Weil-Deligne inertial L-parameter 7 is equivalent to a
collection (7,)ycs, of Weil-Deligne inertial types. We now take G to be GL,. Let p be an L-
homomorphism over F with corresponding collection (p,)ves, -

Let Ry be Rpé\)@Rp where

—

def
R =X RY
V€S, O Pv

and RP is a (nonzero) complete local Noetherian equidimensional flat O-algebra with residue field F
(we suppress the dependence on RP below). (Though we will not use it, R5 = RE, for G = LG where
7' denotes the unique extension or p to Gg,.) For a Weil-Deligne inertial L-parameter 7 and a
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cocharacter A € X, (T"), let Roo(A, 7) (resp. Roo(A, = 7)) be Roo ®RﬁR%+"’T (resp. Roo ®RﬁRg+n’jT)
where

—_ —

def <7 def =<
R 4 ® RAvtnesTy (resp. RAT,ST A ® Ri\v‘f"’]vv_’ru).
P vESH,0" Pu P vESH,0  Pu

Let Xoo, Xoo(A, 7), and X (A, 2 7) be Spec R, Spec Roo (A, 7), and Spec Roo (A, < 7), respectively.
Let Mod(X«) be the category of coherent sheaves over X, and let Repy(GLy,(Op)) denote the
category of topological O[GL,(O,)]-modules which are finitely generated over O. Let o(X,7) be
the finitely generated E[GL,(O,)]-module V(\) ® o(7).

Definition 6.2.1. A weak patching functor for p is defined to be a nonzero covariant exact functor
My : Repp(GL,(0p)) — Mod(X) satisfying the following: if 6°(\, 7) is an O-lattice in (A, 7)
then
(1) Moo(0°(A, 7)) is a maximal Cohen-Macaulay sheaf on Xoo(A, < 7); and
(2) for all o € JH(G°(A, 7)), Mx(0) is a maximal Cohen-Macaulay sheaf on X (X, < 7) (or is
0).
Moreover, we distinguish the following kind of weak minimal patching functors.

(I) A weak patching functor is minimal if RP is formally smooth over O and whenever 7 is an
inertial L-parameter (so N = 0 as in Remark , Moo (0°(A, 7))[p~Y], which is locally
free over (the regular scheme) Spec R (A, 7)[p~1], has rank at most one on each connected
component.

(IT) A weak patching functor is potentially diagonalizable if My, (c°(\, 7)) is nonzero whenever
each p, for v € S, has a potentially diagonalizable lift of type (A, + 7y, 7y) (in the sense of
[BLGGTIA, §1.4)).

(IIT) If 5 is semisimple and 2n-generic, we say that a weak patching functor M, is detectable if
o € Wony(p) implies that Mo (o) is nonzero.

(IV) Let S be a set of types (A + n,7) with 7 an inertial L-parameter (so N = 0). A min-
imal patching functor for p and § is a minimal weak patching functor for p such that
My (0°(\, 7))[p~ ] has rank one on Spec Roo (A, 7)[p~!] whenever (A+n,7) € S and 6°()\, 7)
is as above.

Remark 6.2.2. We essentially consider two contexts: one global and one local. Correspondingly, in
practice, S, will either be the set of p-adic places of a number field or contain a single element. In
the global context, p will arise from restriction of a global characteristic p Galois representation.
However, in either context, all constructions of patching functors that we use will come from
(modifications of) the (global) Taylor-Wiles patching method.

When S, is the set of p-adic places of a number field, then R? will be a formally smooth algebra
over a completed tensor product of local deformation rings at some places away from p. (The extra
variables, sometimes called auxiliary, are a byproduct of the global nature of the construction.)

When S, contains a single element, we globalize the local Galois representation p i.e. find a
suitable number field F™ whose completion at a place v is F,/ and a Galois representation whose
restriction to the decomposition group at v is isomorphic to p. We then apply the Taylor—Wiles
method to this globalization to obtain a patching functor. In this case, RP will be a formally
smooth algebra over a completed tensor product of local deformation rings at some places away
from v (including all places that divide p except for v). In this local context then, the notation RP
may be misleading, for which we apologize.

Proposition 6.2.3. Let p be as above, My, be any weak patching functor, and o be a Serre weight
such that Mo (o) # 0. If either py is (6n — 2)-generic for all v | p or o is (2n — 1)-deep and
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7% is dn-generic for all v | p, then o € W?(ﬁss), where p* denotes the L-homomorphism over F
corresponding to the collection (p3’)vcs, -

Proof. Let 0 be ®yes,0,. Suppose first that pj’ is (6n — 2)-generic for all v | p. Then the axioms
for M imply that for each vg € ), Moo(— ® ®yyy0v) : F[GLy(kyy)] — Vectp is an arithmetic
cohomology functor in the sense of [LLHLI9L Definition 4.2.1]. Then [LLHLI19, Corollary 4.2.4]
implies that o, € W’ (55 for each v € S,

Now suppose that o is (2n—1)-deep and g5 is 4n-generic for all v | p. Let A € X*(T') be such that
F(\) Zo0. Then T & 7(w, wp - A+n) is an n-generic tame inertial type for all w € W. Moreover, the
proof of [LLHL19, Corollary 4.1.12] (and [Ennl9, Lemma 5]) shows that there is a w € W such that
7 does not have a potentially crystalline lift of type (1, 7) if o ¢ W7 (7*). By the axioms of M, it
would suffice to show that o € JH(a(7)). This follows from the observation that if (s, u — 1) is an
n-generic lowest alcove presentation of 7 then F(r~!(w) - (t,sw™'(n) —n)) € JH(o()) (The fact

that y—n is n-deep ensures that ¢,sw~!(n) —n is dominant and p-restricted for any w € Wfr ) O

Proposition 6.2.4. (1) If pt 2n and p is an L-homomorphism over F, then a weak potentially
diagonalizable patching functor exists.

(2) If furthermore for each v € Sy, p, has a potentially diagonalizable lift of type (£, + 1y, Ty) SO

that the potentially crystalline lifting ring R%JFW’T
potentially diagonalizable patching functor exists.

s formally smooth, then a weak minimal

Proof. We can assume that O, is a domain O as the general case follows by taking completed
tensor products. By [EG, Theorem 6.4.4], a (potentially) crystalline potentially diagonalizable lift
always exists, say of type (£ +n,7). Setting £ and 7 in [CEGT16, §2] to be this £ and 7, the
construction in loc. cit. produces a finitely generated Roo[GLy,(Ok)]-module M. For o a finite
O[GL,(Ok)]-module, we define M, (c) to be Homggﬁl(t}Ln(oK)ﬂ(Moo, o)V where (—)V denotes the
Pontrjagin dual. Then M, (—) is a weak patching functor by |[CEGT16, Lemma 4.18(1)]. By
construction, 7 in loc. cit. is potentially diagonalizably automorphic, which implies that M, is
potentially diagonalizable by the proof of [LLHLI9, Theorem 4.3.8]. If R%”L”’T is formally smooth,
then M, is minimal. O

Remark 6.2.5. For our purposes, the hypothesis p 1 2n is often implicitly assumed since if p | 2n,
then there are no n-generic tame inertial L-parameters.

Let K be a finite unramified extension of Q, with ring of integers Ok, and we now let O, be
Ok. We assume for the remainder of this section that p { 2n (otherwise there are no n-generic
tame inertial L-parameters). Then an L-homomorphism over F is equivalent to a representation
p: Gg — GL,(F) which we also denote by p.

Proposition 6.2.6. If 5 : Gx — GL,(F) is a semisimple continuous Galois representation whose
restriction p|r, corresponds to a 4n-generic tame inertial L-parameter over F, then any weak po-
tentially diagonalizable patching functor for p is detectable. Moreover, a weak minimal detectable
potentially diagonalizable patching functor exists.

Proof. The first part follows from the proof of [LLHLI19, Theorem 4.3.8] using Proposition
in place of Corollary 4.2.7 in loc. cit.. For each v € S, p, is Fontaine-Laffaille and so p, has a
crystalline potentially diagonalizable lift for some Fontaine—Laffaille Hodge—Tate weights and the
corresponding crystalline lifting ring is formally smooth ([BLGGT14, Lemma 1.4.3(2)],|[CHTO0S8]
Lemma 2.4.1]). (Alternatively, one can use [LLHLI9l Theorem 3.4.1].) Proposition implies
that a weak minimal potentially diagonalizable patching functor exists, which is then necessarily
detectable. g
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Proposition 6.2.7. Let p be a semisimple Galois continuous representation whose restriction p|,
corresponds to a 4n-generic tame inertial L-parameter over F. Let A € X, (T") be dominant with
Aj € [0,h]". Let T be a tame inertial type with a fized max{2n, h + n — 1}-generic lowest alcove
presentation (cf. Definition[2.4.3(3))). Let c°(X,7) be an O-lattice in o(\, 7). Let My be a weak
detectable minimal patching functor for p (which exists by Proposition if Op is a domain).
Then the following are equivalent.

(1) M(0°(\, 7)) is nonzero;

(2) Ro(A,T) is nonzero;

(3) RXT7T is nonzero; and

D
(4) there is a A-compatible lowest alcove presentation of p and w(p,7) € Adm(\ + 7).

Proof. If My (0°(\, 7)), which is supported on X (A, 7), is nonzero, then Roo(\,7) must be

+n0,7

nonzero. By definition, Ro (A, 7) is nonzero if and only if R% is nonzero.

If R%J”W is nonzero, then there is a A-compatible lowest alcove presentation of p such that
w(p,7) € Adm(A + n) by Corollary If w(p,7) € Adm(X + n), then Wo,(p) N JH(G°(\, 7)) is
nonempty by Proposition . If o is in this intersection then My (o) is nonzero, which implies
that My (0°(\, 7)) is nonzero by exactness of My. O

We will also need a version of the above result for certain non-semisimple p:

Lemma 6.2.8. Let k € X1(T) be (n — 1)-deep. Suppose that p : Gg — GL,(F) is of the form

Yl k e *
0 --- 0 ¥x,
where X;|1, = Hjej w%;j”“ Then p can be lifted to a representation p of the form
Xl * o o *
0 X2 e *
0 -+ 0 xn

where x|, =" Hjej w?(j,’;j. Any such lift is potentially crystalline of type (n,7(1,K)).

Proof. The depth hypothesis implies that ¥; # X,/ for all 1 < i < 4’ < n, so that H?(Gx, Xﬁ;l) =
0 and there are no obstructions to finding an upper triangular lift p of p with characters y; on the
diagonal.

We now check that such a lift p is potentially crystalline of type (n,7(1,)). Since for each
embedding j € J, the j-labelled Hodge-Tate weights of p increase along the diagonal, p is de
Rham, by [Ber02, Lemme 6.5]. Hence p is potentially semistable. Clearly the Hodge-Tate weight of
pis . Now Dyt (p) is a successive extension of Dpgt(x;) as I-representations, and since Dpgt (x;) =
II jed w;j’i as Ix-representations, p has inertial type 7(1, k). Finally, the depth hypothesis on &
implies that Dyt (p)| 1, is a direct sum of n distinct characters, which forces the monodromy operator
N on Dy to be 0. Thus p is in fact potentially crystalline of type (1, 7(1, k)). O

Proposition 6.2.9. Suppose that k and p are as in Lemma[6.2.8, If p is 4n-generic and My
is a weak potentially diagonalizable patching functor (which exists by Proposition [6.2.4]), then

Mo (F(k)) # 0. Moreover, if F(r) € JH(a(\, 7)), then R%J”W is nonzero.
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Proof. Since p is ordinary in Lemma p is potentially diagonalizable by [BLGGT14, Lemma
1.4.3]. Then My (c°(7(1,k))) is nonzero for any O-lattice o°(7(1,x)) in o(7(1, K)).

Let (w,w) be a lowest alcove presentation for F(k) so that x = 7~ '(w) - (w — ). Since p is
4n-generic, (w,w) is a 3n-generic lowest alcove presentation. We let w € Ef be t,,w. Then writ-
ing 7(1, k) = 7(7~H(w) tw,w + 77 Hw) L (nw — 7)) and 7|1, 2 TF(r 7 (w) " rw,w + 7 Hw) THnw))
using Proposition gives compatible lowest alcove presentations of 7(1,x) and p|,. Since
w(p,7(1,K)) = ty-10), W*(p*) N JH(@E(7(1,K))) = {F(k)} by Corollary For any o €
JH(7(7(1,k))) with ¢ 2 F(k), 0 ¢ W’ (p*) and o is 2n-deep by Proposition m and so
My (o) = 0 by Proposition This implies that My (F(x)) is nonzero. The final part then
follows from the axioms satisfied by M. O
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7. MONODROMY, POTENTIALLY CRYSTALLINE STACKS, AND LOCAL MODELS

As we saw earlier, Theorem and Theorem [5.3.3| gives a Zariski local description of the
moduli of Breuil-Kisin module Y%7 in terms of certain affine opens of global Schubert varieties.
In this section, we give a similar description for the potentially semistable stacks of type (A, 7).
This will the main local ingredient for the global applications.

7.1. The monodromy condition. We are in the setup of We have fixed a tame inertial L-
parameter 7 : Ig, — T (E) together with a 1-generic lowest alcove presentation (s, ). To the tame
inertial L-parameter above, we associate a tame inertial type for K, denoted by 7 : Ix — GL,(F),
as described in the Example Let r be the order of s;. As in we write K’ for the
unramified extension of K of degree 7, let k' be its residue field and set f/ = fr, ¢/ = p/’ — 1.
Finally, recall that we have fixed an identification of J" = Homg, (K’, E) with Z/ f'Z by the choice
of the isomorphism ¢ : K = @p.

u/n

,7]])[%] denote
the ring of rigid analytic functions on the open unit disc over K’. There is a natural injective map
O;;g, — (W(K') ® Qp)[v'] = K'[«], which identifies O;i{g, as the subring consisting of power series
>0 o an(u)" such that |a,|,R™ — 0 for all R < 1. Clearly &1/ C O;i(g,. Set

oo E / .
/\:Htp"< ;u)>€(’)?(g,.

n=0

We begin by recalling some notations from [Kis06]. Let O;i(gf = (l&nn W (K )[v

We define a derivation on O;-g, by Ny def —u/)\ﬁ; the Frobenius ¢ on &/ extends to a Frobenius

© on O?ff. If A is a finite flat O-algebra, we define (’)?(g, A oo (’)?(g, ®z, A. For any Kisin module

oMm € YORL7(A), we define its base change to O?ﬁ,/\ as 9rie X o ®s,, (’);i(g,.
One has the following important result of Kisin:

Theorem 7.1.1. The module M 8[1/)\] is equipped with a unique derivation Nggiz over Ny such
that

(71) Nmriggbmrig — E(u,)qsmrigNmrig

and Ngpie mod v’ = 0. The module M™ is stable under Nopsiz if and only if T3, (9M)[1/p] is the
restriction to Gk of a potentially crystalline representation of Gk over A[%], of inertial type T
for K and Hodge-Tate weights in [0, h].

Proof. This is essentially [Kis06, Corollary 1.3.15]. The result in loc. cit. is stated there without
tame descent data, however, using the full faithfulness of the restriction from crystalline Gp-
representations to G'z,_-representations (Corollary 2.1.14 in loc. cit.), we see the stability of omrie
under Nypig is equivalent to V' = T77,(9)[1/p] extending to a potentially crystalline representation
of Gk, which becomes crystalline over L’. The fact that it has inertial type 7 follows from the fact
that D, (V) is isomorphic to ((9t/v ﬁﬁ)[%])v as an [g-representation. O

Definition 7.1.2. Let A be a finite flat O-algebra. We say that M € Y10RLT(A) satisfies the
monodromy condition if Ngpris (90T78) C N8,

The significance of the monodromy condition is that by Theorem [7.1.1] it captures the condition
that the Gk representation attached to a Breuil-Kisin module comes from potentially crystalline
G'k-representations, at least on finite F-algebras. We would like to study this condition when one
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varies the Breuil-Kisin module in a family, and understand it explicitly in terms of the coordinate
charts of YIO"7 produced by Theorem

Let R be a p-adically complete, topologically of finite type flat O-algebra. We define Ogg =

@n R[/, “%]][]%], which can be interpreted as the ring of rigid analytic function on the open

unit ball (Spf R)"& x D° over the rigid analytic generic fiber of Spf R. There is a natural injection
ORt — R[%} [/] whose image is stable under %, and we will always think of the former as a subring

of the latter via this injection. Note that for each m > 0, we have map (’)gg — (R[%])[u’]/gom(E(u’)),

1
which we can roughly think of as “evaluation at (—p)<»™” (in contrast, there is no such map for
R[%][[u’}]) If Fe O, we write F|um(p(u))=o to mean the image of F under this evaluation map.
Note that the condition F|,mgy)—o = 0 is a Zariski closed condition on Spec R[%]. Finally, we

note that the formation of O%® is a Zariski sheaf on Spf R (and thus we are free to make Zariski
localizations on Spf R in our arguments below): Indeed, a Zariski open cover of Spf R induces an
open cover of the adic space (Spf R[u/])®! whose generic fiber over (SpfZ,)2d is (Spf R)"& x D°,
and these adic spaces are sheafy by [Hub94, Theorem 2.2 |.

We also define the variant O;i(g,ﬁ = @n(W(k’) ®z, R)[v, “};"]][%], which is a subring of (K’ ®z,

R)[]. Since R is an O-algebra, we have a decomposition O}8 ,, = [Lesr O%E. The operators @,

Ny continue to make sense on (’);i{g, R
Given M € YIOMT(R), we define M"e = 9 ®s,,
@jlej,mrigv(jl)_

n 08 g» Which decomposes as mrie =

Proposition 7.1.3. Let R be a p-adically complete, topologically finite type flat O-algebra, and
m e YO (R).

(1) There exists a unique derivation Nypsig : I €[] — MT[1] over Ny such that

(7.2) Noypris Gorie = E(u) Poprie Nogprie
and Nyprig mod v’ = 0.

(2) Suppose M admits an eigenbasis B = (ﬂ(j,))jlej/, and recall that Cg:ﬁ € Mat,, (R[u']) is the
matriz of ¢gn : MUY — MU, Define inductively the sequence Ni(j/) € Matn(R[%][[u’]])
for i € J" and i >0 as follows:

o NV =0 forallj e 7.
e For each i > 1, define

i) def -/ i i)\ — i’ ")\~
N p)CE e (NITV)CE)) - No(C) ).

Then for each j' € J', the sequence Ni(jl) converges in Mat(R[1/p][u']) to an element Ng.
Furthermore N¥ € )\hl,l Matn(OEg), and is the matriz of Nype : M) - onrie0) yith
respect to BU").

Proof. To prove both parts, we can work Zariski locally on R and hence assume that 97 admits
a eigenbasis 3. First, assume Nypuig exist, then it is (W (k') ® R)-linear so it preserves 9&:(").
Let NU") be the matrix of Noyrie with respect to BU) . Let €U = Céjj;zg. We can thus write the
commutation relation as 7

(7.3) NG = E(u')C(j/)cp(N(j/’l)) _ NV(C(j/)).
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Then Nypig is unique since this system has at most one solution even in Matn(R[%] [«])Y". Indeed,
the difference X of any two solutions will satisfy (noting that CU") € GLn(R[%][[u’ D)

Xy = B(u') Ad (CY)) (p(X;))

and X;; mod v’ = 0. From this we deduce by induction that X/ is infinitely divisible by u’ in
Matn(R[]%][[u’]]), hence must be 0.

Thus, we are left with showing the second part of the Proposition, since the limiting Néﬁ;)
constructed there will be a solution to the commutation relation (|7.3). We show by induction that

y uP ,
(7.4 WV = V) € O ) Mat (R,

For the base case, we have

d

d /
U d 5! ’ G\ —

= o) 0 (CT) B (€)™ <Ah>p Mat, (R[u']).

MANGD = by 2 (c0) ()

since CU), E(u/)(CU"))~' € Mat,(R[«/]) by the height condition. Now suppose we already know
(7.4) up to i —1 > 0. We have

wet (NG - N9 = E(huthmw (W1 (VG0 Z NE DY) (00!

p

Jpi—l u)P: ) .

belongs 0 (5 E2) Mt (R = Gy O0) Mot (RI ), sice e bave

cU), E(u) C(j,)) € Mat,,(R[u']) by the height condition. This finishes the inductive step.
Property |i shows the convergence of Ni(j Vin Matn(R[%] [«']), and the limit necessarily is the

unique solution of the system (|7.3]). It remains to show Nég,) )\h T Matn((’)”g) From 1) we

just need to show an element in R[ |[+] of the form

%= pr — NS
=0

with f;(u') € R[u'] must belong to Ogg. Equivalently, we need to show that for each fixed m, 1 lies
in the image of the homomorphism Rz, y]][l] — R[l][[ '] sending = to u' and y to (u 2 However

this is clear, since p'T1(\) € Zp[[(“/%]] and %ﬁ( e (W)'R[W, %ﬂ for ¢ sufficiently
large relative to m. O
Proposition 7.1.4. Let A be a finite flat O-algebra and let M € YIOPLT(A) with a eigenbasis .
Let Ngft?oo be as in Proposition |7.1.5. Then "8 satisfies the monodromy condition if and only if
for all0 <t <h—2andj €T, () pur—o\INL?) = 0.

Proof. The forward direction is clear. For the reverse direction, we deduce from the commutation
relation that (4 d_yt |l (B(u'))=0 o(AP~ INY )) = 0 for all m > 0. Tt follows that A»1NY) e
A1 Mat ((’)“g). O
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Corollary 7.1.5. Let R be a p-adically complete topologically finite type flat O-algebra, let M €
Y[07h]7T(R). Assume I is free over &y . Let B be a eigenbasis for M. Let Nég) be the matriz of
Noyeiz with respect to 3U). Then
e The condition (di,)t\E(u ()\hle( A/)) =0 forall0<t<h-—2andj €J defines a
Zariski closed subset Spec R[ [PtV C Spec R[ |, which is independent of the choice of the

eigenbasis 3.
e The formation of Spec R[; LMV oo s compatible with arbitrary base change on the pair (R, IN)

satisfying the above hypotheses.

Proof. By Proposition [7.1.3} each entry of (%)HE(M:O()\h_INg/)) is an element of R[%] [W']/E(u).
"

The Zariski closedness is immediate. A change of the choice of eigenbasis 8 changes Néﬁ to
Ad(X(j/))(Nég,/)) - X(j/))\u’ﬁ((X(j/))_l) for XU") € GL,(R[«']), and an easy computation shows
the independence on the choice of eigenbasis. The last assertion is immediate, as the generators for
the ideal cutting out our condition are literally the same if we compute using compatible choice of
eigenbases. O

Proposition 7.1.6. Let R be a p-adically complete topologically finite type flat O-algebra, let
M € YOI (R). There is a unique ideal In v, such that
o R/Ipmyv.. is O-flat; and
e For any flat map R — S such that S is a p-adically complete topologically finite type
flat O-algebra and the base change Mg of M to S is free, one has Spec S[ 1/Imv. =

Spec S[ REDES
Furthermore formation of Ion v is compatible with flat base change on the pairs (R,9) as above.

Remark 7.1.7. The compatibility with base change means that for flat R — S, we have Iy v_ S =
Ipp v... In general, we always have an inclusion Iy v S C Iong v..-

Proof. The existence when 9 is free follows from Corollary [7.1.5 taking the Zariski closure of
Spec R[ ]?Veo in Spec R. The uniqueness then follows, since there is a Zariski cover of Spf R by
p-adic afﬁne formal schemes topologically of finite type over O, over which 9t becomes free. Finally
the existence in general and the compatibility with flat base change follows from the base change

property in Corollary O

We now wish to analyze the ideal Ipy v more closely, and in particular find some approximation
of it which is more algebraic in nature. To this end, we let R be a p-adically complete topologically
finite type O-flat algebra, and fix a pair (90, 3) where M € Y%/.7(R) and § is an eigenbasis for
9. Given this data we get the matrices of partial Frobenii AU") = A(J ) and C’(J ) = Céﬁ) for
i e J’, cf the dlscussmn after Deﬁmtlon “ On the other hand, Prop081t10n constructs
the matrices Nég )

)\h r Mat, (O%®) given by the infinite series

(7.5) NG ‘7 0 4 i <H cpk ) N(] _’) ( H 90 J’—k))—l))

k=i—1
where Nl(jl) = )\u’W(C(j/))(C’(j/))_l.
Thus we can write

uli(C(j,))(U +p)h(CUN 1 4 Z X

hah=1NU") — h
A A
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i i1
Xi(jl) ¥ ::L()gh (H (pk(C(j/_k))> i (u' o' =i ) <H<’0 ( v+ p) C(J - ))— )) )

p k=0

We can rewrite this in terms of the AU") by “removing the descent data” as in [LLHLMIS| Page
52]. We obtain (see (5.4)):

(7.6) h Ad (( St st )—l(ul)—a’ (jl))()\h—lNég')) — ()\)hPN J ) + Z (102+1 hZi(j/)
where (cf. [LLHLM18, Lemma 5.4])
Py(AV)) = (—e'vdf)Am [Diag((sl,. )~ (&' 1)), Am]) (v+p)"(AU)) 7! € LY M(R) C Mat,,(R[v + p]),

Z(J ) def Ad (( )71(ul)7a’ (j/)) (1X(j/)>
OI‘] i .
We make the following definition:

Definition 7.1.8. Let R, (9, 5) be as above, giving rise to the matrices of partial Frobenii AU,
We define the ideal Ipy g v, C R to be the ideal generated by the elements (%)t(v_‘SDZPN(A(j/))M) lo=—p
for0<t<h-27e€J and1<k,l<n.

Remark 7.1.9. When p > h — 2, the condition that a series F' = "> am(v + p)™ belongs to
(v 4 p)" ' R[v + p] is equivalent to the condition that ( ) F|y——p =0 for 0 <t < h—2. Thus in
this case, we see that the ideal Iy g v, cuts out the locus in Spec R where

1
(v+p)

for all j/ € J'. Note that the condition ([7.7)) depends only on the image of j" in 7. Furthermore, for
each fixed embedding j’ € J, because €’ is invertible in O, condition ([7.7)) is the same as condition

[.1) with a = —((s], j,)fl(a’ (7)) /¢’ (and hence is a specialization of condition (3.1)).

Proposition 7.1.10. Let 7 be a tame inertial type with a lowest alcove presentation (s, ). Assume
that i is m-deep in Cy. Let R be a p-adically complete topologically finite type O-flat algebra. Let
M e YOILT(R) and B an eigenbasis of M. Then

LT M(R)

(7.7) <e’UCZ}A( 7) — AU Diag( (s}, ;1) 1(a'(j/)))> (AV))~ e

Impv, C (Imva,p™ 22

Remark 7.1.11. This Proposition controls the discrepancy between the “true” monodromy condition
in Proposition and its truncation ([7.7). It is a generalization of [LLHLMIS|, Theorem 5.6],
which asserts that the tail/error term of the true monodromy condition is highly divisible by p.

Proof. We continue to use the notations introduced above. It follows from that definitions that we
have the recursion

, 1 , B ) , ’_ S\ —1
ZZ-(J ) _ FA(J )Ad(Sj/I'U'uJ +n; )(SO(Zl(] ) 1))) (’U +p)h(A(J ))
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for i > 1, and

_ _al () d Yy
25" = Ad ()" () )(u’du,c(“) (v+ p)(AU))~!

y d by 1
D g/ @Y} 406D AU hAUN-Te ——  TLMT(R).
= ([ (st 7@ O, A 4 ol (40) ) (04 A0 €
An easy induction using the fact that m +1 < (u +n,a¥) <p —m — 1 shows that for i > 1
i’ 1 l;
(7.8) z9) ¢ =y VS Mat, (R[v + p])

Now over Spec R/Ioy, Voo[ ], for all 0 < ¢ < h — 2, we have by definition

d \ h—1 Ar(7")
el 170Gy —
<du’> ‘E(u’)ZO(A Ne’) =0

u/i t ‘ (\=INGDY = 0
du' ) |E@)=0 o0

and since v’ is invertible in R[v']/(Im,v.., E(u’))[;l)],

d X (5" -/
1 4 —1/. n—a’l h—1 a7(5") —
() | (780 (150 )YV ) =
Equation (7.6)) thus shows

, d N IRy G L N it b0 )
(“ du ‘E(u’):o P(A)"Pn(A )+;90 (A)'Z;77 ) =0

Since the expression inside the derivative belongs to R[%][[v]] and v’ = e'vi we get

(7.9) <UCZ)) (@()\ Vi Py (AY)) + Z e ) =0

Now observe that

o (vd%)t\vz,pgok()\) € pP~1Z, for any t,k > 1.

o If F € v™ Mat,(R[v+ p]) then (v4)|,—_, € p™R for any ¢ > 0.
Hence and imply the equation

(7.10) Gi}j

in R/Im,vw[%], where the symbol O(pM) stands for an element in p™ R. Since the differential

operator (v%)t — vt(%)t is a Z-linear combination of differential operators v ( dv) with a,b < t,

(7.10) implies by induction

(i)

hence also

v=—p

Py (AY)y  o@pmti-(h-Dy =g

v=—p

PN(A(j’)) + O(pm-i—l—(h—l)—t) -0

v=—p
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in R/Ippv.. [%] for all 0 <t < h—2. Now using the equation (d%)tv = t(%)t_l + (%)t, we conclude
that

t
<j> oyt 321 Py (AG)) g+ O(p=(-D=t) = g

R/Im v [%] for 0 <t <h-—2,1<k, I <n. Since the left-hand side of the above equation belong
to R and R/Ipn v, is a subring of R/Im v, [%], the above equation implies

d

t
<dv> fo=—pv” > Py (AY)) € (T v, p™ %)

O

7.2. Tame potentially crystalline stacks. In [EG], Emerton and Gee considered the formal
stack A&, over Spf O parametrizing (projective) étale (¢, I')-modules (see [EG| Definition 3.2.1] for
the definition) and showed that X, is a Noetherian formal algebraic stack. For any complete local
Noetherian O-algebra R with finite residue field, the groupoid X, (R) is equivalent to the groupoid
of R-families of Gi-representations, i.e. rank n projective R-modules equipped with a continuous
Gg-action. We will write Xf for &, if we want to emphasize the dependence on the field K.

Similarly, if O, is a finite étale Z,-algebra and Fp+ o Op @z, Qp which can be written in the form

+
[L,es, Fof, then we write X7 for the product

T .
vES,,Spf O
In this section, we will consider the case O), = O, but the evident generalizations follow by taking
products.

Now let 7 be a tame inertial type (for K) and A € X.(TV)? dominant. Then [EG, Theorem
4.8.12] shows there is a unique closed formal substack X7 of X,,, which is characterized by the
following properties:

o XN is O-flat.

e For any finite flat O-algebra A, the groupoid X»7(A) is the subgroupoid of A, (A) con-
sisting of G g-representations on rank n projective A-modules which (after inverting p) are
potentially crystalline with Hodge-Tate weight A and inertial type 7.

Furthermore, X7 is a p-adic formal algebraic stack topologically of finite type over Spf ©. For
any h > 0, we also have the closed substack X 0:h 7y X, characterized by the same properties
except in the second item, where we demand the Hodge-Tate weights to belong to [0,h]. Then
X1OPT s the scheme theoretic union of XM for A = (\;) ;e satisfying \; € [0, h]". Finally, we set
XA XIOAT 46 be the scheme theoretic union of X7 for A dominant and \ <\

Recall from [Eme), Definition 8.22] that a p-adic formal algebraic stack Z topologically of finite
type over Spf O (which implies residual Jacobson) is analytically unramified if for any smooth chart
Spf A — Z, Aisreduced. This is is also equivalent to Z having reduced versal rings at all finite type
points. Given Z, [Eme, Example 9.10] shows that it admits an associated reduced formal algebraic
substack Z’ < Z. It is characterized as the maximal analytically unramified closed substack of
Z. For any smooth chart Spf A — Z, the pullback of 2’ is Spf A™d, where A™9 is the maximal
reduced quotient of A.

Warning 7.2.1. (1) In [EG], the convention for Hodge-Tate weights is such that the cyclo-
tomic character has weight —1. This is opposite of our convention, where the cyclotomic
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character has weight 1. As a result, a point in X )"T(@p) gives rise to a p-adic Galois repre-
sentation p such that the covariant admissible module D (p) is isomorphic to T[%] as an
Ix-representation (and N = 0), and the Hodge filtration has jumps described by —wgA. In
other words, our X7 would be X~*0):7 in the notation of [EG].

(2) We warn the reader that the notion of associated reduced formal algebraic substack is
different from the notion of underlying reduced algebraic stack: For Z = Spf A, the former
notion gives the formal scheme Spf A™d, while the latter gives the scheme Spec (A/I)™4,
for I an ideal of definition for the topology on A. In particular, the former notion is usually
larger than the latter.

We now record some basic properties of these stacks established in [EG].

Theorem 7.2.2. Let ? € {[0, h], <A, A}

(1) The stack X" is a p-adic formal algebraic stack, flat and topologically of finite type over
Spf O. Furthermore, X°7 is analytically unramified.

(2) For any smooth map Spf R — X7 from a topologically finite type affine p-adic formal
algebraic space, the ring R[}D] s regular.

(3) Let p € X"7(F) corresponding to a mod p representation of Gr. Then the potentially
crystalline deformation ring R;T is a versal ring to X*7 at p.

(4) The stack X7 is equidimensional of dimension

1+ Z dimy, P)\j \GLn
JjeT
Proof. The first half of part (1f) follows from [EG14, Theorem 4.8.12]. Part (3) follows from [EGI4]

Proposition 4.8.10]. Part follows from [EG14, Theorem 4.8.14]. Finally, part and the second
half of part follows from part and [KisO8, Theorem 3.3.8]. O

By [EG] Proposition 3.7.2], there is a canonical map X,, — - ModY™, which when evaluated
on complete local Noetherian O-algebras A corresponds to restricting Gx-representations to Gx__-
representations.

Let

’C[O,h],‘r _ X[O,h},‘r % Y[O,h},f

@- Mod ™
be the pullback of &, : YOMT — &- ModSy™ along XM — ®-Mod5e™ . Similarly, for A € X.(TV)7
such that \; € [0, h]", we have the pullbacks KM, KA.

Finally, we let Y07 Ve s yI0ALT he the unique O-flat closed substack characterized by the
following property: For any p-adically complete topologically finite type flat O-algebra R and a map
f : Spf R — Y017 corresponding to 9t € Y1047 (R), f factors through Y1047 Ve if and only if the
ideal Ipp v, C R constructed in Propositionis 0. The existence of such a substack follows from
the general construction of [Eme, §9], using the compatibility of Iyy v with smooth base change
established in Proposition Similarly, we define the O-flat closed substack Y SAMVee <y Y SAT
by imposing the same kind of condition.

The following result is the main result of this section, which summarizes the relationship between
the tame potentially crystalline stacks and the moduli stack of Breuil-Kisin modules in generic
situations:

Proposition 7.2.3. Let h > 1, and 7 be an (h + 2)-generic tame inertial type. Let X\ = ()\j)jers €
X.(TV) be dominant such that \; € [0,h]", and let N be dominant such that X' < \.
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We then have the following diagram

1%

(7.11) KA K<A\ Y [ Yf
XA/’TC XS)\,T( X[Ovh}ﬂ_( @_Modivn

Xn
such that:

o All rectangles and trapezoids except possibly for the top right rectangle are Cartesian.
e The arrows decorated with the symbol = are isomorphisms.
o All the hooked arrows are monomorphisms, and except for the rightmost bottom horizontal
arrow, are even closed immersions.
In particular, XIOM7 =2 YIORTVeo “and if X = (\j)jes € Xu(TV)Y is dominant such that \; €
[0, h]" for all j € J then XM =2 YSATVeo,

Remark 7.2.4. Tt’s not clear to us if the top right rectangle in diagram (7.11)) is Cartesian: it
is Cartesian after inverting p, but taking Zariski closure does not commute with base change in
general.

1%
1%
ol
=
B
l %
pd
E
A
<
[8
p
s
B

The proof of Proposition will occupy the rest of this section. To prepare for the proof, we
record some Lemmas which give criteria for maps of schemes or stacks to be isomorphisms using
information on special kinds of points.

Lemma 7.2.5. Leta > 1 and let f : Y — Z be a map between finite type O /w®-schemes. Assume
that for any local Artinian ring A with finite residue field, f induces a bijection Y (A) = Z(A).
Then f is an isomorphism.

Proof. We note that for any finite type O/wscheme, the set of closed points is dense, and the
residue field at the closed points are finite fields.

By [Stal9l Tag 02HY]|, f is a smooth map. Since f is also quasi-finite, f is étale. Thus the
diagonal Ay :' Y — Y xz Y is an open immersion. Since Ay is surjective on closed points, it
is an isomorphism, hence f is a monomorphism. Thus f is an étale monomorphism, hence is an
open immersion by [Stal9, Tag 025F]. Finally f is also surjective on closed points, hence f is an
isomorphism. [l

Lemma 7.2.6. Let f: Y — Z be a monomorphism of p-adic formal algebraic stacks topologically
of finite type over Spf O. Assume that Z is flat over Spf O. Assume that either of the following
holds:
(1) Z is analytically unramified, and for any finite flat O-algebra A, f : Y(A) — Z(A) is
essentially surjective.
(2) Z is analytically unramified, f is a closed immersion, and for any finite extension E' of E
with ring of integers O, f: Y(O') — Z(O') is an essentially surjective.
(3) f is a closed immersion, and for any finite flat O-algebra A, f : Y(A) — Z(A) is essentially
surjective.
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Then f is an isomorphism.

Proof. As the problem is local (in the smooth topology) in Z, we reduce to the case Z = Spf B
where B is a p-adically complete topologically of finite type O-flat algebra. Then )Y is a formal
algebraic space (in fact, a formal scheme by [Stal9, Tag 0B89]).

Suppose that we are in the first case. We claim that for any local Artinian O-algebra A with
finite residue field, f : Y(A) — Z(A) is an equivalence. Since we already have fully faithfulness
(from f being a monomorphism), we only need to show essential surjectivity. Suppose we have an
element € Z(A), which corresponds to a map B — A, which factors through B/m* — A for
some maximal ideal m of A and k > 1. Now our hypotheses on Z imply that B is reduced and
Zp-flat. Furthermore, since B is p-adically complete and B/p is Nagata, B is also Nagata [Mar75]
Hence [Bar20, Lemma 4.1.2] implies that B — B/m* factors through some continuous map B — A
where A is a finite flat O-algebra. Thus x can be lifted to a point z € Z(A) = Y(A), hence z is in
the essential image of Y(A). But now for each a > 1, Lemma implies that the base change
(V)o/ws = (Z2)0/wa is an isomorphism, hence f itself is an isomorphism.

Suppose now that we are in the second case. Then ) = Spf B/J. Since the residue fields at
maximal ideals of B [%} are finite extensions of E, and any map B [%] — E’ where F’ is a finite
extension of E comes from a map B — O’ our hypothesis implies that J [1%] is in the intersection
of all the maximal ideals of B [%] Since B [%] is Jacobson, J [%] = 0, and hence J = 0 since B is
O-flat.

Finally, suppose that we are in the third case. Then ) = Spf B/J. For any maximal ideal m
of B[%] and any a > 1, B[%]/m“ is finite dimensional over E, and the map B — B[%]/ma factors
through some finite flat O-algebra A such that A[%] = B[%] /m®. Our hypothesis implies that the
map B — A factors through B/J. It follows that J[%] C N2 ;m?, hence J[%]m = 0 Since this is
true for any maximal ideal m, we have J [Z%] = 0, and hence J = 0 since B is O-flat. O

We can now deal with the vertical isomorphisms occurring in diagram (|7.11]):

Proposition 7.2.7. Assume that 7 is (h + 1)-generic. Then the natural map KOALT —y [0RLT g
an isomorphism.

Proof. It follows from Proposition that our map is a closed immersion. By Lemma [7.2.6
we only need to check that for any finite extension E’ of E with ring of integers ', the natural
functor KOMT(O) — XOMT(O') is essentially surjective. Let V' € X[I047(0) be an O'-lattice
in a potentially crystalline representation over E’ with Hodge-Tate weights in [0, k], and let M €
- Moditd’z,((’)’ ) be the associated étale p-module with descent data from L’ to K. By [Kis06)
Corollary (1.3.15), Proposition (2.1.5) and Lemma (2.1.15)], there is a unique projective & -
submodule 9t C M which is ¢ r(-stable (projectivity follows from [Bar20, Remark 2.2.16(2)]), such
that M = M®¢s,, O 1 and the cokernel of ¢ on M is killed by E(u’ )P, The uniqueness implies
that 9 is stable under the semi-linear action of A’. As im/u’im[%] = Dpst(VY) 2 7V Q0 (K'®z,0")
as projective K’ ®z, O’-modules with A = I(L’/K)-action, we deduce that It € YORT(©)). Thus
V e X0h7(©) is isomorphic to the image of (V,90) € KI0M7(0). O

Remark 7.2.8. For a general finite flat O-algebra A which is not the ring of integers of a finite
extension of E and V € X%M(A), the unique Breuil-Kisin module 9 associated to V viewed as an
O-lattice in potentially crystalline representation over £ is a priori only an &1, y\-module. However,
it follows from the above Proposition that in this case, it is actually &/ p-projective.
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We now analyze the bottom horizontal map of diagram (7.11)). We recall the following definition
[LLHLM18, Definition 3.8]. Recall that ¢ denotes the p-adic cyclotomic character.

Definition 7.2.9. Let p: Gx — GL;,,(F,). We say p is cyclotomic free if there is an unramified
extension M /K of degree prime to p such that E@M is a direct sum of characters, and

H(Gar, 718, @) = 0.
The main feature about this notion that is relevant to us is the following

Lemma 7.2.10. (1) Suppose p is cyclotomic free. Then the natural inclusion induces an iso-
morphism
H(Gr,p) = H(Gk..,P)

(2) If p°°|1,; is 2-generic, then ad(p) is cyclotomic free.

(3) Suppose V., W are two O[Gx|-modules of finite length. Assume there exists a semisimple
G i -representation p such that ad(p) is cyclotomic free, and such that V5, W5 are direct
summands of a direct sum of finitely many copies of p. Then the natural restriction map
nduces an isomorphism

HOInGK (V, W) = HOIHGKoo (V, W)
(4) Let W as in (3). Then any Gk -submodule V.C W is G -stable.

Proof. (1) This follows from (the proof of) [LLHLMI8, Lemma 3.11].

(2) This is [LLHLMIS, Proposition 3.9]. Note the proof in loc. cit. was written for n = 3, but
works in general. Also, 2-generic in the sense of this paper is stronger than 2-generic in
loc. cit. (see [LLHL19, Remark 2.2.8]).

(3) Since ad(p) = p ® p" is cyclotomic free, the same is true for any finite direct sum of
ad(p). Now V™ W are direct summands of a finite direct sum of p, hence W™ @ (V)"
is a direct summand of a finite direct sum of ad(p), and thus is cyclotomic free. Since
(W@VV)s =W g (V)Y WV is also cyclotomic free. The result now follows from
the first part.

(4) We first assume that V is irreducible. Then V extends uniquely to a Gx-module. By the
previous part, the Gi_ -equivariant inclusion map V' — W is Gi-equivariant, thus finishing
the proof in this case.

For general V, we let Vi be non-zero irreducible Gk  -submodule of W. Then the
argument above shows that V is a Gg-submodule of W. We repeat the argument for
V/Vy — W/Vy to conclude.

O

Proposition 7.2.11. Suppose 7 is (h + 2)-generic. Then the composition XOArT oy
@—Mod%’” is a monomorphism.

Proof. Tt suffices to show that for any a« > 1 and A a finite type O/w®-algebra, the functor
XORT(A) = - Mode™(A) is fully faithful.

Suppose first that A is local Artinian O-algebra with finite residue field F'. Then X, (A) is
equivalent to the groupoid of G i-representation on projective A-modules of rank n, - Modig’n (A)
is equivalent to the groupoid of Gk _-representation on projective A-modules of rank n. Suppose
we have two such Gg-representations V4, Wa. We need to show the restriction map induces a
bijection between the set of isomorphisms Isomg, (Va, Wa) = Isomg,,_ (Va, Wa).

We first observe that if either set is non-empty, then Vi’ = WpP: indeed, the restriction map
identifies the semisimple representations of Gx and Gk _ over F'. We can thus assume that V5@ =
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w, and denote this common representation by p. But now VfﬂGKoo comes from an object of
Y[O’h]’T(IF/ ), so Lemma shows that p is 2-generic. Finally, since V};® and WY are direct
summands of a finite direct sum of p, we conclude by Lemma [7.2.10

Suppose now that A is a general finite type O /w%algebra. Let z1, 25 € X[M7(A) and let y1, o
be their images in ®- Mod%n(A). Let Y = Isom(z1,x2) and Z = Isom(y1,y2) be the functor over
Spec A which represents isomorphisms between x1, xo and yi, y2. By [EG21 Proposition 5.4.8],
Y, Z are representable by finite type A-schemes, and hence are finite type O/w®-schemes. The
composition in the statement of the proposition induces a natural map ¥ — Z. By the Artinian
case above, for any local Artinian ring B with finite residue field, the natural map Y (B) — Z(B)
is a bijection. Lemma then shows that ¥ — Z is an isomorphism of A-schemes, hence in
particular Y(A) = Z(A), and hence the subsets of Y(A) and Z(A) which maps to the identity via
the structure maps Y — Spec A, Z — Spec A also coincide. But these sets are exactly the Hom
space between 1, 1o in X[O’h]’T(A) and the Hom space between y1, y2 in ®- Mode}?"(A). O

Finally, we deal with the middle and top horizontal maps of diagram (7.11)).

Proposition 7.2.12. The natural map K07 — YOI foctors through the substack Y0mVeo
YR and the natural map KSMT —s KON 5 YIORLT factors through YSAVee ¢ YIOAT - The
induced maps KORT — YOI Voo gp g KEAT 5 YSATVoo gre jsomorphisms.

Proof. We first show that K07 — Y07 factors through YI0MVee  To do this, it suffices
to show that for some smooth cover Spf R — K07 the induced map Spf R — Y[0A7 factors
through Y[0hmVee  GQince KOMT o x0AL7 ig O-flat, analytically unramified and topologically
of finite type over Spf O, R is also O-flat, reduced and topologically of finite type over O. The
induced map Spf R — Y[O"7 corresponds to an object 9 € YIO"7(R), and the existence of the
desired factorization is equivalent to Iy v, = 0. Now for any finite extension E'/E with ring of
integers @', and any map x : R — (', the base change M, of M along x is the Breuil-Kisin module
associated to an (O’-lattice in a potentially crystalline representation with inertial type 7, and thus
M, satisfies the monodromy condition (cf. Deﬁnition. Thus Ipn, v, = 0 in O’ by Proposition
m so Ipp v, C kerx. This shows that Iy v [11;] lies in the intersection of all the maximal ideals
of R[%]. Since R[%] is reduced and Jacobson, this intersection is 0, and hence Ipy v, = 0 since R
is O-flat. We note that this argument actually shows that Spf R — YI0"7 factors through the
associated reduced formal algebraic substack Z of Y07 Voo

We have a sequence of monomorphisms K0T «y 2y VIR Voo gince KON 5 YIORLT jg o
monomorphism, being the base change of the monomorphism X017 < &- Modig’" (see Proposition
7.2.11). Note that the second monomorphism is a closed immersion. We now show that for any
finite flat O-algebra A, the composition K7 (A) — Z(A) — YIOMT(A) is essentially surjective.
Let z € YIOM:mVee (A). Then z corresponds to an object M, € YIOM7(A). Since z € VIO Voo (A)
and &y, A is semilocal, 9, satisfies the hypothesis of Proposition Thus V = T;,(M,) is a
Gk -representation on a free A-module of rank n, and V[%] extends to a potentially crystalline
representation of G over A[%] with Hodge-Tate weights in [0, h] and inertial type 7. By Lemma
below, V' C V[%] is actually Gg-stable, and hence x indeed comes an object V € X10/L7(A) =
K0P (A). The upshot of this argument is that on the one hand, K07 2 Z by the first criterion
of Lemma and on the other hand Z = Y[0./.7Vee by the third criterion of Lemma [7.2.6

We have thus proved the result for K7, To show the result for K=, we use the following
observations
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o If V € X017 (') with associated Breuil-Kisin module 9t € YI07(0"), then Dyg (V) is
identified with (cp*i)ﬁ/E(u’)gp*i)ﬁ)[%], cf. [EGL §4.7] (the appearance of the dual is because
we use the contravariant functor 7, on Breuil-Kisin modules, in contrast to [EG]). Thus
the jumps in the Hodge filtration of Dqr(V") occur at the components of relative position of
©*IM with respect to M (which is given by the elementary divisors of the matrices of partial
Frobenii). This implies that V has Hodge-Tate weights < X if and only if 9t € Y <M (O'),
cf. the discussion above Theorem [£.3.3]

e Let A is a finite flat O-algebra and and V € X017 (A) with associated Breuil-Kisin module
M e YO (A). Then 9 € YSM(A) implies V € XSM(A). This is due to the fact that
the Hodge filtration on Dgqg(V') are given by projective A[%] modules, hence one can check
the Hodge-Tate weight < A condition by passing to A™4, which is dealt with by the item
above.

The first item shows the existence of the factorization K=M ey YSATVeo oy YEAT oy YIOALT 5pq
the second item allows us to carry out the above argument to conclude KSMT 2 YSATVeo U

Lemma 7.2.13. Let 7 be (h+2)-generic. Let A be a finite flat O-algebra. Suppose M € Y07 (A)
and V =Tj,(M), a Gk, -representation on a free A-module of rank n. Suppose V|| extends to a

1
P
G i -representation. Then V C V[%] is G -stable.

Proof. Tt suffices to treat the case A local. Let F’ be the residue field of A. Note that the semisim-
plified reduction V7 extends uniquely to a semisimple G g-representation p. By Lemma P
is 2-generic. We choose a A[G]|-stable O-lattice W in V[%] such that V. C W. Then (W/w)*
is isomorphic to a finite direct sum of p as G-representations. Choose N large enough so that
pNW Cc V ¢ W. Applying Lemma to V/pNW < W/pVW, we conclude that V/pV W,

and hence V is G-stable. O

Proof of Proposition|7.2.4. The Cartesian-ness of the rectangles and trapezoids follows from the
definitions. Proposition shows that the vertical maps labelled with & are isomorphisms.
Proposition and the definitions shows that all the hooked arrows are monomorphisms. Fi-
nally, Proposition show that the maps KOM7 «y YIOALT and KA s YSAT are closed
immersions with images as claimed. ([l

7.3. Local models for potentially crystalline stacks. Throughout this section, we fix A €
X.(TV)7 regular dominant such that \; € [0, h]", and a tame inertial type 7 with a lowest alcove
presentation (s, u). By Proposition if 41 is (h + 2)-deep in C,, we have XSM = YSAT Voo
which is obtained from the stack of Breuil Kisin modules Y <M by imposing an explicit list of
equations. On the other hand, Theorem relates the local structure of Y <M to the p-adic
completion of the local model M 7(<\). Thus we wish to analyze the effect of imposing the V
equations on the local model diagram of Theorem [5.3.3

To our lowest alcove presentation (s, ) of 7, we get the data a’U’) e Z" for any j' € J',
cf. equation (5.2). For each integer j/ € J’, define

ary = (sh) "M@ V) /(1 - pf)

so ar € ((’)”)J ". We caution that a, depends on the choice of presentation (s, u), and not just on
7. A direct computation gives:

Lemma 7.3.1. Let a, € (O")7" be as above. Then

arj =s; (uj+n;) mod w.
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for any j € {0,...,f—1}.

Proof. The proof is obtained by unraveling the definitions. First of all, we notice that a,; =

(Sf)r,j)_l(a’ (9)) modulo , hence:

arj = (Sgr,j)_l(a'_j) modulo @

(7.12) = (she )" (57)%>(aty )

for 0 < j < f—1, using 1' and 1) above (where we set af & o). Recall from 1' that

Sor0 = S0, that sp, - =s7(s7 ;... sj_jl) for 0 < j < f—1andthat s} , ; = sr. Thus the expression

(7.12) equals sy (cx) for j =0, (sj41...57-1)(as_;) for 0 < j < f—Tland asifj = f—1. As
ap_j = s}il .. sj*l(uj +n;) for 0 < j < f—1and g = po+10 (see Example , the conclusion
follows. g

Recall from §4.1.1] the projective O-scheme M7 (<A, Va,) = [[;c 7 M™ (<A, Va, ;). Here,

Va_
for each j € J, we defined M™ (<A;, Va, ;) as the intersection M(A) N Grg 5”7 inside Grgo. In
other words if R is a Noetherian O-algebra and x € M (\;)(R) is represented by A € LG(R), then
r € M™ (<A}, Va,_ ;) if and only if

a -1 - N A-1 Loy
vdU(A)A + ADiag(a, ;)A€ v+pL M(R).

We have dim M (<A, Va,) < 1+ #7 dimp(B\GL,)p = 1 + #7251

Recall from Definition and the O-flat subscheme M7 (A, Va,) C M3 (<A, Va,). By
Proposition the scheme theoretic union of M 7(\,V,. ) over X dominant and X < X is
the O-flat part of M7 (<A, Va, ). We define M7 1eg(<A, Va,) to be the scheme theoretic union of
M7 (N, Va,) over X regular dominant and A" < A. Because dim M 7(\, Va,) < 14+#J dimg(B\GL,) g
with equality if and only if X' is regular, M7 yeq(<A, Va.) is characterized as the maximal O-flat
closed subscheme of M 7(<\, Va,) which is equidimensional of dimension

1+ #J dimg(B\GLy) 5.

Let Z = (%j)jes. Recall from the open affine subscheme U(z, <\) — M7(<\) and the
trivial T(\Q/’J—torsor (7(5, <\) = Tg)/’j x U(Z,<\). Intersecting with these affine opens, we get the
objects U(Z,\, Va,), U(Z,\, Va, ), Ureg(Z, <A, Va, ) and Upeg(Z, <A, Va, ).

Our main result is the following
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Theorem 7.3.2. Let (s, 1) be a (h+ 2)-lowest alcove presentation for T and consider the commu-
tative diagram of p-adic formal algebraic stacks

(7.13)

T ve A TV (% N Tgyj nv(y A nv A

Useg(Z, <\, Va, ) < sy U 7(z,gA,vaT) » 2 U™(Z,<A, Va, )V <00 MP (<A, Va, )
. v _ PR N \[ v J \[
X5 (2) ——— U(Z, <\, Vi) —— U(Z, <A — 25 U(Z, <A —o— My(<A)

v,J v,J Vv, J
lTo lTo lTO

X T(2) ——— YIV=(3) ——— Y(3)

; ? ?

<
Xrgg)"T I V-0 A (S V-0 W 5

where:

e The objects Mz (<), M%¥ (<X, Va,) are defined in §4.5; YSAM O YSA(Z), U(Z,<)N), and
(7(5, <\) are defined in YS)“T’V‘” 1s defined in 5 and finally ﬁreg(E, <\, Va,) is
defined in the paragraph above;

° Xréé\” is the scheme theoretic union U)« X)‘/’T, where N runs over all reqular dominant
coweights < .

o All solid rectangles are Cartesian. This defines any previously undefined object in the dia-
gram, namely U™ (%, <X, Va,)"r, U™(Z, <\, Va, )", Xz (3), U(Z, <A, Vo), X" (3)
and YAV (). (Note that the first two objects are p-adic completions of (7“"(3, <\, Va,),
U™(Z,<\,Va.), which are defined by the same pullbacks but without the p-adic completion.)

o All undecorated hooked arrows are closed immersions.

e All circled hooked arrows are open immersions.

o All arrows decorated with Té’J are Té’J—torsors.

Then:

(1) There exists an integer Ngng = N({\j}jes) which depends only on the subset {\;} C Z"
(and not on p) such that if ji is Nging-deep in Cy, then the diagonal dotted arrow exists for
all Z € WYY,

(2) There exists a polynomial P = P{)\j}jejﬁ(Xl, o X)) € ZIX, -+, Xy depending only on
the subset {\;} C Z" and the ramification index e of O (and not on p), such that if p is
P—generic, then

e The dotted arrows exist and the vertical dotted arrow is an isomorphism.
e For any N < X\ reqular dominant and any semisimple p € Xn(Fp), the versal rings to
XN at p are domains (or 0). In other words, XN s analytically irreducible at the

Fp-points corresponding to semisimple G g -representations.

Warning 7.3.3. (1) Unlike U™ (Z, <\, Va.) which is a scheme, U(Z, <A, Vo) is only a p-adic
formal scheme. This is because the equations imposed by the V. o, condition involve infinite
series which only make sense over p-adically complete test rings. This is why we need to
put the p-adic completion on some objects in the diagram.

(2) The way we will produce the dotted map is by invoking Proposition which appeals
to Elkik’s approximation theorem, and hence produces non-canonical liftings. We do not
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expect that there is a choice which makes the triangle commute. Looking at explicit formu-
las, we suspect, but have not tried to show, that the rigid generic fibers of U(Z, <\, V; )
and U™ (2, <\, Va. )" do not coincide as subspaces of the rigid generic fiber of U(Z, <\)»
in general.

However, we will see that once the diagonal dotted arrow has been constructed, it will
induce the vertical dotted arrow to make the top left trapezoid commute.

Remark 7.3.4. Theorem is stated for the stacks Xr%g)‘ T parametrizing representations of G
where K is a given unramified extension of Q, which we fixed at the beginning of this section. More
generally, if we have a finite collection (F," )ves, of such, we have analogous objects Xr%g’\ TYSAT
etc. by taking products over S,. Then the proof given below carries over verbatim and shows that

Theorem |7.3.2| continues to hold in this more general setting.

Lemma 7.3.5. Let X € X,.(TV)Y regular dominant such that Ay € [0,K]" for all j € T and
T a tame inertial type together with a fived (4n + h')-generic lowest alcove presentation. Then
XN T(2) = XN T Y SNT(Z) ds non-empty if and only if Z € AdmY (X).

Proof. For one direction, we consider the Breuil-Kisin module Mz € Y <M (Z)(F) which has matri-
ces of partial Frobenii with respect to an eigenbasis given by AY) = Z; where Z € Adm" (\). Then
p = T;,(Mz) is a semisimple representation of G, hence is also a semisimple representation of
Gx. By Corollary p is 4n-generic. Furthermore, by Proposition based on [LLHLI9,
Corollary 3.2.17], p|7,, admits a lowest alcove presentation (w,r) which is (A" —n)-compatible such
that w(p,7) € Adm(\'). Then p satisfies the fourth item of Proposition with A = X — 7 and
hence p admits a potentially crystalline lift with Hodge-Tate weight A\’ and inertial type 7, and this
produces a point of X7 (Z). Conversely, if X7 (Z) # 0, then Y="7(2) # 0, hence Z € Adm" (\)
by Corollary [5.3.5] O

Proof of Theorem [7.3.2. (1) Suppose p is M-deep in C; where M > 2h — 3. From Theorem
m U (Z, <\)"» = Spf R classifies objects in Y <M together with a Z-gauge basis. Thus we
get the universal such pair (90, 3) over R, and the matrix of partial Frobenii AU) = Az()zjn) 5
We have ﬁ(Z, <\, V:i) = Spf R/Ipn v, , while, by Remark|7.1.9 and the definition of a, j,

(7“"(5, <\, Va, )" = Spf R/Ipn g,v, is cut out by the condition
d . . 4 1
LA (A1 DD;j (AU

vdUA (AY)) ™ 4+ AYDiag(a,;)(AY)) " € .

By Proposition [7.1.10, I s.v, C (Imv..,p"), where N = M — 2h + 3. We also note that
this implies that for each j € J there is a diagram

LY M(R).

b
Spec R/(Imvw,pN)C—) Spec R/(Igm,g’vl,pN) Uy (Zj, <A, V)

| |

Spec R/In v, (Tp2rs) Al x A"

Note that R/Iy v, is p-adically complete and p-torsion free. By Proposition there
exists an integer N;,,, depending only on the set {);} such that if M > 2 max;c 7 hy,+Nj

sing sing ’

we can lift f; mod p to a map fj : Spec R/Ipq v, — UR (25, <A}, V). Since TV7 is smooth

over Z, we can also lift the composite Spec R/(Igp v ,p) = U(Z,<\) = T(g"j xU(z,<\) —
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T(\Q/’j to Spec R/Ipp v, — T(X’J. Taking the product of the lifts above produces a map

f:Spec R/Imy,, = ([ TV x UR' (3, <), V))o
jeTJ

where the base change is along the map Spec @ — X x A™Y given by the tuple (—p,a,). By
Remark the fact that U™ (2, <A, Va,) = M} (<A, Va, ) NU(Z, <)), and the fact that

R/Igm v, is O-flat and p-adically complete, foactors through U™ (z, <\, Va_), and further
factors through the p-adic completion, which produces the desired dotted arrow. This map
is a closed immersion of p-adic formal algebraic stacks, since it is a closed immersion modulo
p. This finishes the proof of the first part.

We first claim that if the diagonal dotted arrow exists, then it induces the vertical arrow
so that the trapezoid commutes. Indeed by construction ﬁreg(f{, <\, Va,)"r is the maximal
closed p-adic formal subscheme of U W(Z, <\, Va.)? which is O-flat and equidimensional
of dimension 1 + dimg(B\GL,)g#J + n#J. But Theorem says that /Eég’\ﬁ(?) has
both these properties, proving our claim.

We abbreviate Spf B = ﬁmg(g, <\,Va,)? and Spf A = 2?%;‘7(5) Note that A and B

are both O-flat, p-adically complete, reduced, equidimensional of dimension 1+ #J w,

and there is a surjection B — A provided by the existence of the dotted vertical arrow.
We now apply Theorem for each \' < X regular dominant. It implies there exists
a polynomial P € Z[X1,--- X,] depending only on the ramification index e of O and the
set {\j}jes such that if P(a,;) mod p # 0 for all j € J, then for each A < X regular
dominant:
e M(XN,Va,.) is the base change of Mx 7(\, V) via the map Spec O — X x A" given
by (_p) a‘l‘)‘ _
e O(U(Z,N,Va,)"?) is a domain. Hence the same is also true for O(U(Z, N, Va,)"?).
e U(Z,N,V,,) is unibranch (equivalently, analytically irreducible) at Z. In other words,
any of its versal rings at z is a domain.
(To arrange the first item, we use Remark to the map Mx 7(\,V) — X x A™7 to
guarantee that the base change of My, 7()\, V) via the map Spec O — X x A™7 given by
(—p,a,) is O-flat for each \'.)
Now if U(Z, N, Va,) # 0 then Y<X7(3)g # (). Hence by Corollary 7 € Adm"(X).
It follows from this and the first item above that the number of minimal primes of B is at
most

#{\ < A|X regular dominant, Z € Adm"(\')}.

On the other hand, taking M > max{4n + h,2h + 3}, Lemma shows that the number
of minimal primes of A is at least

#{\ < A\ regular dominant, Z € Adm"(X\)}.

This forces the kernel ker(B — A) to lie in the intersection of all the minimal primes of B,
and hence is 0. This shows that the surjection induces an isomorphism B = A.

We now wish to show that given a semisimple Gk representation p € &, (F,) and N < A
regular dominant, any versal ring to X7 at 7 is an integral domain or zero.

We may assume without loss of generality that p € X, (F). For any X' < A, let nys > 0

be the number of minimal primes of any versal ring to X N7 at p.
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First suppose p € X="7(F). By Proposition the image M5 of p in Y=V (F)
is a semisimple Breuil-Kisin module of some shape z by the uniqueness of M, (Proposi-
tion . Hence, M; € Y=N7(2)(F), and can be lifted to an element in TV:7 (F)Z C
U(%, <N)(F). Thus we can find a versal ring R to Xréé\ T at p which is also a versal ring
t0 Ureg(2, <X, Va.) at z. Now it follows from the second item above that the number of
minimal primes of R is exactly #{\" < X regular dominant|Z € Adm"(\")}. Since Xj5p "
is the scheme theoretic union of X7 over X < X regular dominant (each of which is
equidimensional of the same dimension and no two share an irreducible component), we
have thus shown that

(7.14) Z nyr = #{N" < X regular dominant|Z € Adm" (\")}

A< regular dominant

On the other hand, if 5 ¢ X<Y'7(F), then 3",y nar = 0, and #{\" < X regular dominant|? €
Adm"(\")} = 0 by Lemma

Thus equation holds for all X < X regular dominant. This implies by induction
on #{\" < N|N’ regular dominant} that ny € {0,1} and that ny = 1 if and only if

Z € Adm"()). Thus any versal ring to XN to p is either the zero ring or a domain.
O

7.4. Structure of potentially crystalline stacks modulo p. In [EG| Theorem 6.5.1], Emerton
and Gee describe a parametrization of the irreducible components of the underlying reduced stack
Xrea of the moduli of (¢, I')-modules &), by Serre weights of GL,(Ok). Taking products, this
gives a parametrization of the irreducible components of the underlying reduced stack

o B Fy def Ff
Xn,red - H Xn,red - Xn - H Xn
veSy,F vESy,Spf O

by Serre weights of G. Let o = F(k) be a Serre weight of GL,(Ok) with k € X1(T) = X1(T)7.
Then the component X7, nred labelled by o is characterized as the reduced substack of A;, which

is is the closure of the locus of p € X),(IF,) such that p has the form

Xl *k k
B 0 x2 -+ x
pPE . .
0 0 xn

where

e p is maximally non-split niveau 1, i.e. it has a unique G g-stable complete flag;

_ —1—i—Kjny1-i,
hd Xi|IK = Hjej YKo, )

o If Xi+1X;1|IK =& !, then (kj,e_, — eni1_y) =p—1forall j € 7 if and only if Xi+1X;1 =
71, and the element Ext!(x;, xit1) = H'(Gk,Z) determined by p is trés ramifiée (and
otherwise (kj,e_; —¢e,,,_;) =0 forall j € 7).

n—i
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We define C, &' X gé%dfég . Thus if 0 = F(k) is 1-deep and p is as above, then

X1k ek

(7.15) 5o ? X2 i
oo

where i1, = [[;c7 wg';];rm) and admits a unique G g-stable flag.

We now analyze the CU in terms of local models, for sufficiently generic o. To do so, we recall
the setup of Section Thus, we fix ( € X*(Z) an algebraic central character, a regular dominant
weight A € X*(T') such that A\; € [0, h]" for all j € J, and a tame inertial type 7 = 7(s, p+1n) with
lowest alcove presentation (s, ) which is A-compatible with ¢. Set w*(7) = s~1t#*7. We assume
that p is (h + 2)-deep in C\,. We also continue to use notations from Section

Recall the diagram from Proposition specialized with a = 0,b = h and z = w*(7).

w* (T 0,h
(7.16) My (<nee— 2 .

J’Ww) J

0,h w* (7 4
Ve [F1 G /T -conf| 5 @ Mod(

We have the potentially crystalline substack X} SAT YFSA’T by Proposition and define

Xg xS This is compatible with our earlier notation, since for any

to be its pullback along m(, ).
ZeWYI XM NU(Z <\) = XM (2)p.

When working over F, we have the following refinement of Theorem [7.3.2|(T):

Proposition 7.4.1. Assume p is (2h — 2)-deep in C,. Then the closed immersion /'F]FSA’T —
Mz (<A)r factors through M7 (<A, Va, )F.

Proof. 1t suffices to check the factorization after intersecting with each affine open U (z,<A)p. But
this follows from Proposition [7.1.10, since p is at least 2h — 2-deep in C, (cf. the proof of Theorem

=) 0

We now recall the top dimensional irreducible components of MEV(SA,VaT)F constructed in

Sections4.3/and [4.5|and identified in Theorem Since A is regular, dim ]\7}"( gi, Va )Fr =dg =
#J dimp(B\GL,)p. For each Serre weight o with a lowest alcove presentation (w,w) compatible

with ¢, we have a closed d 7-dimensional subvariety cs = Clg,w) of (F1V0)7 defined in (4.11)). Recall
that

Clivw) = | S¢° (@1, w2,5,55)
JjeTJ
for any choices of wi, ws, s such that

(@,w) = (1,505 (0)),

cf. Theorem :4.3.9. Recall that S (wy,5, Wa,5,55) (Deﬁmtlon u. ) is the closure of the intersec-
tion Sﬁ((@i;woﬁm) )s; N F1Vo. Pulling back to Fl, we get the subvarieties C5 € Fl.
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Theorem shows that the top dimensional irreducible components of M;V(SA, Va,) are

exactly the translates C5@*(7)~! C Fl, where o runs over JH(W (X — 1) ® o(7)).
Our main result in this section is the following:

Theorem 7.4.2. Let A\ € X,(T)7 be reqular dominant and let T be a tame inertial type with
lowest alcove presentation (s, ) which is (A — n)-compatible with ( € X*(Z). Assume that p is
max{2(h + 1),4n + h}-deep.

(1) XEMT = Xri’dT = UyCs, where the union runs over all Serre weights o € JH(W (A — 1) ®

reg,red

a(7))-
(2) For each o € JHW (X —n) ® a(7)), we have a local model diagram:

o7

(7.17)

C

q

L BN M (KA, Va, e Mg (SA)pe— ﬁl?’fg*(ﬂ

| J

(_

N 07h .
Co XFA’TC YFS/\’T(—> [Flb’@]*(f)/TE\f’J—conJ
ét,n
®-Mod KF
where_
o C, is defined so that all rectangles are Cartesian, and all vertical arrows are Tlg/ T
torsors.

o All hooked arrows are closed 1mmersions.

e The bottom diagonal map is the canonical composition C, — X, — ®-Mod&"

KJF-
Remark 7.4.3. (1) The theorem shows that C, = [ég/Tﬂ;/’j—conj] as subfunctors of @- Mod%’g.
Note that this depends only on ¢ and not on the choice of A, s, and u.
On the other hand, making the choices A, s,  computes C, as a quotient [TH;/’jC'g{D* (7)Y 5TV,

where TIE/ oSt (7)~! is an irreducible component of a deformed affine Springer fiber in

the sense of [FZ10], i.e. the reduced subvariety of F17 cut out by the condition
d _
(v%g)g_1 + Ad(g)(v* 1(’””’)) € LieZ

In particular, C, is equisingular to an irreducible component of a deformed affine Springer
fiber.

(2) As the proof shows, the isomorphism between Cy, and Cs holds as long as there exists (, 7)
such that C, € XM and 7 is 2(h + 1)-generic (in particular, any irreducible component
of the special fiber of X7 where 7 is 2n-generic). As long as o is (3n — 1)-deep, this can
always be arranged (see the proof of Proposition .

(3) Under the weaker hypotheses that u is 2(h + 1)-deep, one can still show the upper bound

on the components XrA’dT C XM UsCsy. In the proof, the bound 4n + h only appears

e reg,red
when invoking weight elimination and modularity of obvious weights from [LLHLI19|.
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(4) Using the fact that M7 (<A, Va, )r is equidimensional (cf. Remark4.6.3), one can strengthen

the first part of the Theorem to Xéﬁﬁ = Uy,Cy; in particular, XFS ™ is equidimensional.

This is because Lemma [7.4.4] below shows that 2?55"7 exhausts all the top dimensional
irreducible components of M%¥(<A, Va,)r, and has the same underlying reduced scheme.

(5) By taking products over a finite set S, indexing finite unramified extensions F) of Q,, one

+
obtains the evident generalization of this theorem for X]FF AT,

The rest of this section is devoted to the proof of Theorem [7.4.2

Lemma 7.4.4. Assume that p is (4n + h)-deep in Cy. Let 0 € JH(W (A —n) ® a(7)). Then
Co C XN C ASAT.

Proof. By Proposition m (noting the n-shift), o is 4n-deep. Then for any p of the form (7.15)
for o, p is 4n-generic. By Proposition any such p of lies in X7 (F). Since such points are
dense in C,, we are done. O

Corollary 7.4.5. Assume that p is max{2(h + 1),4n + h}-deep in C,. Then the dgz-dimensional
irreducible components of Xr)ég and eré"T are exactly the C, with o € JHW (XA —n) ® a(7)).

Proof. By Lemma XM has at least #JH(W (A—n)®3(7)) d7-dimensional irreducible compo-
nents. On the other hand, Proposition and Theorem [4.6.2] (using that p is 2(h+1)-deep which
implies that 7 is 2n-generic) imply that XSM has at most #JH(W (A —n) @ 5(7)) d7-dimensional
irreducible components. We conclude that equality must be achieved at each stage. O

Lemma 7.4.6. Let 0 be an (n — 1)-deep Serre weight with a lowest alcove presentation (w,w)
compatible with (. Let k = 71 (0) - (w —1n) so that 0 = F(k). Then there is an open dense subset
U§ C Cg with the following property: For any point x € 5§ lying over Ug with associated étale
p-module My, Vi, (My) has the form

X1 * e *
0 X2 - =
0 - 0 g

where the (canonical extension to Gk of) character x; satisfies Xi|r, = [l;c7 wg';];nj)i.

Proof. We write w = t,,w, thus r; = w;j_1(wj) + prw,_, — 1;- The set of triples (w1, ws,s) such
that

(7.18) W) =W, Wy =Wy, 5wy (0)=uw

is in bijection with W7, since the first two condition determines w1, w9, and the third condition
uniquely specifies 5 once the image of 5 in WY is fixed. Thus we can choose the triple (w1, w2, 5)
such that the above conditions hold, and furthermore writing s = t,,s, we have

(7.19) wis;

-1 _
;oW =1

for all j € J. Note that our choices give w, Lwow; = tw—1(n)-
We now choose US to be the open affine
TT (Se(i jwoin,;)*)5; N FIT ) € 5.
JjeJ
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Let z € 5’5(?) such that the image of z in F17 is in Us. By Proposition [4.2.13] Corollary [4.2.16
and the fact that wt®™ 7 € W+ we see that  can be represented by a tuple of matrices (C9)) j=
(D" H13)qy 1N jw;85); € GLy(F((v ) where N is unipotent lower triangular and D; € TV (F).

Writing s} = s; 11/], p-conjugation by (w;) yields

J
') = = wj CUwL = Ad(w;)(D;) Ad(w) (N whw,s; v iwl, = Bohitwi-1v
j 1 J J J 127 j—1 J

where E;- is lower triangular with constant diagonal entries. Thus the étale p-module M, associated
to « has a filtration by rank 1 étale p-module, and V, = V3. (M,) has a Gk _-stable complete flag
0 =Fil® c Fil' € --- C Fil* = V, with associated graded

grivav’fk = H w%]atwj 11/])
JjeJ
This follows from Proposition 3 1.2 [LLHL19J noting that in the conventions of this paper as
explalned in Remark -. s*, p*) would be replaced by ?(5_1, w) in the formula. Now the

relations gives
vj + sjwj_l(nj — ;) =W
and then implies
vj = wj —wi(nj = Nu,)
and thus
N+ wj—1(vj) = wj—1(w;) + N,
We conclude by observing that

(kj+m5)i (wj 1(ws)+pnw; 1 )i (w] 1(w5)+nw; )i
H KO'] - Wi N - Wi ,0j ’
JjeJ JjeJ JjeJ
: p _
since Wy, = WK,o;_-

0

Proof of Theorem[7.4.3 The first part follows from Corollary [7.4.5( and the fact that X AT 4 and

reg,re

XrAe’dT are equidimensional of dimension d.

We now prove the second part. Let o € JH(W (XA —n) ® a(7)) with lowest alcove presentation
(w,w) and set k = 71 (@) - (w — 7). Then C, occurs as an irreducible component of erd)‘ " and we
have the pullback C, as in diagram . Now C, is a top dimensional irreducible component of
M}V(g)\, Va,), thus it must be of the form 65,@*(7‘)_1 for some ¢/ € JH(W (A —n) @ 7(7)). Let
(@', w’) be the lowest alcove presentation of o/ compatible with ¢ and &' = 7~ (@') - (' — 7).

We need to show that ¢/ = . To this end, let Ug, be the open subscheme of Cg, constructed
in Lemma [7.4.6, By the definition of C,, we can find a dense set of points 2 € C,(F) such that
the associated Galois representation p, has the form described in . We can thus find such a

point x which furthermore induces a point in Ug,. Since ad(p) is cyclotomic free as p is at least 4n-
generic, Lemma [7.2.10|(4) implies that that any G, -stable filtration on p.|g,_ is automatically
Gg-stable. We conclude that the filtration of p, coming from Lemma and the filtration
described in coincide. Comparing the associated graded thus shows that

H w;;;nj)i _ wi?’j;"j)i

JjeTJ jeJ
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for 1 < i < n. The equation above shows that k — k' € (p — 7)X*(T). Since x and £’ are both
p-restricted, k — &’ € (p — ) X%(T) which means that ¢ = o’. O

Proposition 7.4.7. Let o be (3n — 1)-deep Serre weight with lowest alcove presentation (wq,w).
Let p be a tame n-dimensional representation of G which is 2n-generic.
(1) If o0 € Wope(p), then p € C,.
(2) For each j € J, let Py, ; € Z[X1,...,Xy] be as in Proposition , If o € W (p) and
Pg, ;(wj) #0 mod p for all j € J, then p € Co.
(3) If p € Co, then o € W’ (p).

Proof. First, we claim there exists a 2n-generic 7 such that C, C X™7. Let ¢ = F(k). The
component C, is characterized by the fact it contains all p of the form (7.15)) such that x;|r, =

II jeg wg’;gnk)l To show C, C A7, it suffices to show that all such p have potentially crystalline

lifts of type (n,7). By Lemma this property holds for 7 = 7(1, k). Furthermore, if & is
(3n — 1)-deep in its alcove, then by Proposition 7(1, k) is 2n-generic.

Thus, by Remark @, there is a diagram as in such that C, is isomorphic to cs. By
Propositions and [5.5.7] p € C, if and only if p admits a lowest alcove presentation such that
w*(p) € Cs.

Since w*(p) € CS exactly when @ (p) € CS. Each item follows directly from corresponding item
in Theorem 7.6l O

Remark 7.4.8. Proposition [7.4.7] likely holds for 2n-deep weights. However, it requires more work
to realize C, inside some X7 in that case.
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8. THE BREUIL-MEZARD CONJECTURE

In this section, we let K/Q, be a finite extension and n > 0 an integer. Let J be Homg, (K, E).
We let Go be Resp, /z,(GLn /o, ) so that G =[] ;(GLy o) and G¥ =[] ; GLy.

8.1. The statement of the conjectures. In this section, we recall two conjectures which we call
the geometric and versal Breuil-Mézard conjectures.

Let Z[X,, rea] denote the free abelian group on the irreducible components C, of &}, yeq parametrized
by Serre weights 0. We call elements of Z[X), ed] cycles and call C, € Z[X), yeq] for a Serre weight o
an irreducible cycle. (One might normally call these top-dimensional cycles among cycles of varying
dimension, but since we only consider top-dimensional cycles, we omit this adjective.) A cycle is
effective if its coefficients are nonnegative. We say that Z; € Z[X), yeq] is greater than or equal to
Zy € L[ X, red] (and write Zy > Z3) if Zy — Z is effective. Let K(Repp(G)) be the Grothendieck
group of finitely generated F[G]-modules, or equivalently the free abelian group generated by Serre
weights for G. If W is a finitely generated F|G]-module, we write [W] = >"_[W : o][o] for its image
in K(Repp(G)) where [W : o] denotes the multiplicity of a Serre weight o as a Jordan-Hélder
factor of W. If V is a finitely generated E[G]-module, then [V°] is independent of the G-stable
O-lattice V° C V, and so denote this by [V]. We then also denote [V : o] by [V : a].

A type is a pair (A+n,7) where A € X, (T") is a dominant weight and 7 is a Weil-Deligne inertial
type for K. We say that a type is extremal if 7 is maximal or minimal with respect to <. Recall
that given an extremal type (A +1n,7), X7 denotes the potentially semistable or the potentially
crystalline stack of type (A +n, 7). Let Z) » denote the cycle

Z MU(X£\+777T)CG

in Z[X,, yeq) where ,u,(,(XEf\ J””T) denotes the multiplicity of C, as an irreducible component of X]F)‘ T
in the sense of [Stal9l Tag 0DR4]. We also denote by A the corresponding element in X*(T'). For
a set S of extremal types (A + 7, 7), we write

def

JH(7(S)) = Upngn,r)esIH@(A, 7).
The following conjecture is based on a geometric version of (a generalization of) a conjecture of
Breuil-Mézard ([BM02]).

Conjecture 8.1.1 (Geometric Breuil-Mézard conjecture). Let S be a set of extremal types. Then
for each o € JH(G(S)), there exists an effective cycle Z, € Z[X, ved] such that for all (A+n,7) € S,
we have

Zyr = Z[E(A,T) 0] Z,.

[

Remark 8.1.2. Though it is not necessary for our purposes, we further expect that Z, in Conjecture
is greater than or equal to C,.

Recall from [GHSIS| §3.3] that S is called a Breuil-Mézard system if the map
Z[S] — K(Repp(G))
(A+n,7) = [a(A7)]
has finite cokernel.

Remark 8.1.3. (1) If we take S to contain all extremal types (A + n,7), then Conjecture
combines the potentially crystalline and semistable parts of [EG, Conjecture 8.2.2] with the
additional assertion that the cycles Z, are effective.


https://stacks.math.columbia.edu/tag/0DR4
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(2) It is not hard to see that if a system of cycles Z, in Conjecture exists for a Breuil—-
Mézard system S, then it must be unique. Of course, for general S, there may be more than
one system of cycles Z, for which Conjecture holds. We will show that the cycles Z,
can sometimes also be characterized using minimal patching functors even when S is not a

Breuil-Mézard system (see Theorem |8.4.10)).

Remark 8.1.4. If [7(\, 7) : 0] > 1 and Z, is nonzero for some Serre weight o, then Conjecture[8.1.1]
(with (A +n,7) € §) would imply that XI? 1T s necessarily non-reduced. It is known that when
n >4 and 7 is 2n-generic, JH(7(7)) has Jordan-Hélder factors with higher multiplicity and so the
same will be true for JH(a(\, 7)) for any A. Under suitable genericity hypotheses, Proposition
and Conjecture then imply that the local model M 7(<\, Va.) will also have non-reduced
special fiber when @ (\, 7) has multiplicities.

Taking versal rings for &;, (and taking Hilbert—Samuel multiplicities) recovers the original Breuil-
Mézard conjecture. Let p : Gxg — GL,(F) be a continuous Galois representation. We also let p
denote the corresponding F-point of &X),. Fix a versal ring RZ for X, at p. For example, we could
take the framed deformation ring Rg. For a type (A +n,7), the fiber product Spf BRI x x, X Adn.T

is a closed formal subscheme of Spf Ry®, which we denote by Spf R%er’AJr”’T. Then R%er’/\Jr”’T is

a versal ring for X AT at p. Similarly, the fiber product Spf R%er X x, Xnred 15 a closed formal
subscheme of Spf RZ, which we denote by Spf R%lg. Since X, req is an algebraic stack, the versal
map Spf R%lg — Xy req is effective ([EG21], Definition 2.2.9]), i.e. arises from a map

i alg
iz : Spec Rp — Xy red-

The map i; induces a map from the set of irreducible components of Spec R%lg to the set of
irreducible components &, ..q whose image is exactly the set of irreducible components of &, req

containing p (see [Stal9l Tag 0DRB|). We denote by Z[Spec R%lg] the free abelian group generated
by irreducible components of Spec R%lg. We use the terms cycle, irreducible, and effective in this
context as well. Thinking of Z[X), ;eq] and Z[Spec R%lg] as spaces of functions on sets of irreducible

components, pullback gives a map 7 : Z| Xy red) — Z[Spec R%lg]. Let Zy -(p) denote the cycle

z'%(Z Ar) € Z[Spec R%lg] which is the cycle corresponding to Spec R%QI;’)‘JF”’T using that taking formal

fibers preserves multiplicities (see [Stal9, Tag ODRD]). (We suppress in the notation Z, -(p) the
dependence on the choice of versal ring.)

Conjecture 8.1.5 (Versal Breuil-Mézard conjecture). Let S be a set of extremal types. For each
o € JH(T(S)), there exist effective cycles Z,(p) in Spec R%lg such that for all (A +mn,7) € S, we
have
2+ (p) = Z[E()HT) 1 0124 (p).
g
Remark 8.1.6. (1) As stated, Conjecture depends on the choice of a versal ring. However,
by choosing a common formally smooth covering of any two versal rings and using that a
formally smooth covering of an equidimensional scheme induces a bijection between sets of
irreducible components and preserves multiplicities of components, we see that Conjecture
for one choice of versal ring implies the same result for any other choice.
(2) Taking S to contain all minimal types (7 is minimal) and RZ*" to be the framed deformation
ring R% recovers [EG14, Conjecture 4.2.1], with the added assertion that Z,(p) is effective.


https://stacks.math.columbia.edu/tag/0DRB
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Rﬁeﬂg,ﬂrmf
p7

8.1.1. Cycles from modules. If M is a finitely generated -module for some type (A+n, 1),

then we will let Z(M) be the cycle

Z pe(M)C € Z[Spec Ralg]

. . A
where C ranges over irreducible components of Spec R;GI;’ T

, e (M) denotes lengthB%eI;,sgn,T (Mg,

ver,A\+mn,T

and pe C BL denotes the prime ideal corresponding to C.

8.2. Relations between the two conjectures.

Proposition 8.2.1. Let S be a set of extremal types. Then Conjecture (for S) implies
Conjecture (for S) for all p € X, (F).

Proof. This follows from the fact that multiplicities of cycles do not change upon passing to versal
rings ([Stal9, Tag ODRD]). O

In fact, the converse of this statement is true (see Remark [8.2.4)), but we will need a variation of
it. Let P C X, (F) be a subset. Let

.« def %
ip = | i ¢ Z[Xnrea] = ] ZISpec R
zeP zeP

For a set S of extremal types, let C(S) denote the set of irreducible components of X, ;eq Which
lie in the support of X7 for some (A +n,7) € S. We say that P meets all components of S if
any C € C(S) intersects P.

Lemma 8.2.2. If P meets all components of a set S of extremal types, then the restriction of i
to Z[C(S)], the Z-span of C(S), is injective. Moreover, Z € Z[C(S)] is effective if and only if i}, (Z)
is effective (i.e. i%(Z) is effective for all x € P).

Proof. 1If C is in the support of Z, a nonzero element of the Z-span of C(S), then C contains some
x € P. Then i%(Z) is nonzero by [Stal9, Tag ODRD]|. Similarly, if the coefficient of C is negative,
then i%(Z) is not effective. O

Proposition 8.2.3. Let S be a set of extremal types and P C X, (F) be a subset. Assume the
following:
(1) P C X, (F) meets all components of S; and
(2) Conjecture holds for S and all x € P with cycles Z,(x) for each o € JH(G(S)) and
x €P.

Then for each o € JH(T(S)), there is at most one cycle Z, in Z[X,, yed) such that the support of Z,
is contained in the support of Z » for some (A+n,7) € S and for each x € P, i3(25) = Z5(x). If
all such cycles exist, then they satisfy the conclusion of Conjecture|8.1.1).

Proof. The uniqueness of the cycles Z, follows from Lemma

We next show that the cycles Z, are effective. Indeed, if an irreducible cycle C in Z, has a
negative coefficient, then there is a point z € P with = € C since P meets all components of S.
Then % (Z,) is not effective by [Stal9, Tag 0DRD|, which is a contradiction.

From the existence of the cycles, the equality Z), = > _[6(\,7) : 0|2, follows again from
Lemma, O
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Remark 8.2.4. We recall a strong form of the converse of Proposition from [EG, §8.3]. Let
S be a set of extremal types. The set P = {x¢}c, where C ranges over irreducible components of
Uy ,\+777T)€3X£‘ T and xe € C is a smooth point of X, red, meets all components of S. Moreover, one
can define Z, as in [EG, §8.3], so that this collection satisfies the hypothesis of Proposition
In fact, i induces an isomorphism on (top-dimensional) cycles. We conclude that the following
strong form of the converse of Proposition holds: if Conjecture holds at all points in P,
then Conjecture holds.

It is natural to ask if a strong form of the converse holds for any set P which meets all components
of §. In general, it is not as easy to construct the collection of cycles Z, satisfying the properties
in Proposition [8:2.3] In §8.3] we show how to use a minimal patching functor to construct Z, so
that Conjecture holds for a subset of S. In we will take P to be the set of semisimple p.

8.3. Patching functors and Breuil-Mézard cycles. In this section, we provide an axiomatic
framework to show how patching functors (§6.2)) can be used to deduce versions of Conjectures
and The idea is to define the cycles Z, in Conjecture by formally inverting the Breuil—-

Mézard equations and ignoring suitably non-generic components. Then one can prove Conjecture

using Lemma assuming Conjecture 8.1.5/for each p in a large enough set P (in particular

P must meet all components of §). Conjecture [8.1.5(holds given the existence of a suitable minimal
patching functor. The argument requires some intricate definitions, and the reader is invited to
consider the context of §8.4]

Definition 8.3.1. If 5 : Gx — GL,,(F) is a continuous representation and S}, is a set of extremal
types, we say that a Serre weight o is (P, Selim ) -irrelevant if there exists (A+17,7) € Selim such that
(1) 0 € JH(G(A, 7)); and
Atn, 3T
(2) > =0.
For a set P C X, (FF), we say that a Serre weight o is (P, Selim )-irrelevant if o is (p, Selim )-irrelevant

for every p € P. We say o is p-irrelevant or P-irrelevant if o is (9, Selim )-irrelevant or (P, Selim)-
irrelevant for some Sgjiy-

Remark 8.3.2. The significance of Definition [8.3.1 comes from the fact that if M, is a weak patching
functor for p : Gxg — GL,(F), then My, (o) = 0 for all p-irrelevant Serre weights o since R%Jr"’jT =0
implies that M (c°(\, 7)) = 0 for any O-lattice 0°(\,7) C o(A, 7). Similarly, if Conjecture
holds for Sejim, then Z,(p) = 0 for all (p, Selim )-irrelevant Serre weights o.

Definition 8.3.3. Below, S, &, S, and Sjim denote sets of extremal types.
(1) We say that o € JH(T(S)) S-covers o’ if (A\+n,7) € S and o € JH(G(\, 7)) imply that C,
lies in XEC\J””T.
(2) We say that o € JH(T(S)) is S-disjoint from S’ if for all Serre weights s such that o
S-covers k, Cy, does not lie in XI;‘JF”’T for any (A +1n,7) € S
(3) If S C S, we say that o € JH(5(S)) is (S, S)-generic if o is S-disjoint from S \ S.
As before, we let P C X,,(F) be a subset.

(4) We say that Sis a (P,Sllim)—Breuil—Mézard system if for any Serre weight o there is a
nonzero integer d, and integers ng , such that

dolo]— Y n§, B )

(An,m)eS
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is supported only at (P, Sehm) irrelevant Serre weights. As before, we say that S is a
P-Breuil-Mézard system if Sisa (P, Sehm) Breuil-Mézard system for some Sehm

(5) If S is a P-Breuil-Mézard system and S C S then we let Sp C S denote the subset of types
(A +n,7) such that JH(&(), 7)) contains only (S,S)-generic Serre weights. (We suppress
here the dependence of Sp on S )

Remark 8.3.4. 1t is not clear a priori that given a set of extremal types S, a Serre weight S-covers
itself, i.e. C, < Z)  whenever o € JH(G (A, 7)), though we expect this to be true, as would follow
from the strengthening of Conjecture in Remark[8.1.2] Indeed, it will be true in some contexts

that we consider in (see Proposition [8.6.1]).

Theorem 8.3.5. (1) Let P C X, (F) and let S be a set of extremal types (A\+n, 7). Suppose that

for each x € P, there exists a minimal patching functor MZ, for x and S. Then Conjecture

E holds for each x € P with Z,(x) & Z(MZ (0)).

(2) Suppose further that P meets all components of S, and that S is a P-Breuil-Mézard system
containing S. Then for each (S,g)—genem'c o, there exists a unique cycle Z5 in Z[X, red]
such that the support of Z, is contained in the support of Zy , for some (A\+n,7) € S and
for each x € P, i%(Z5) = Z,(x). Moreover, Z, is effective. In particular, Conjecture[8.1.1]
holds for Sp.

(8) For each (S,g)—genem'c o, the cycle Z, does not depend on the choice of the patching
functors MZ for x € P. In particular, the cycle Z(MZ (o)) in R depends only on the
versal ring R%, of X, at x (and not on other data in MZ).

(4) If furthermore there is a Breuil-Mézard system §ehm containing S such that S is a (P, gehm)—
Breuil-Mézard system and Conjecture holds for c§elim; then the above cycles Z, coin-
cide with those in Conjecture|8.1.1].

Proof. For item , we can assume that P contains a single element p. The data of a minimal
patching functor for p provides a choice of versal ring Ro, = R%@oRp for X, at p as RP is a
formally smooth O-algebra. We need to show that

20+(p) = Y _[6(\7) : 0]Z(Moo(0)).

g

For each (A+1,7) € S, Z(Ms(d(A,7))) = 25 -(p) by [EG14, Lemma 2.2.10]. On the other hand,
Z(Mso(@(X,7))) = Y _[(A,7) : 0]Z(Moo(0))

g

by [EG14, Lemma 2.2.7].
We now proceed to items and . We first define Z, for every (S, S)-generic Serre weight
o. For such a o, we can find d and n§ Sr as in Deﬁmtlonﬂ' Let tr, s denote the idempotent

endomorphism of Z[X,, ;eq] which maps C, to itself if o S-covers ¢’ and to 0 otherwise. We let

def 1 -
ZO- = tI’US (da. Z ATL)\,TZ)\,T>5
(An,7)ES

which is a priori a cycle with rational coefficients. We will show that i%(2,) = Z,(z) for all z € P,
which also implies that Z, is a cycle with integer coefficients by [Stal9l Tag 0DRD|. Uniqueness
and effectivity in follows as in the proof of Proposition Item follows from the fact
that the definition of Z, does not depend on the choices of MZ for x € P.

We need the following lemma, which follows from definitions.
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Lemma 8.3.6. If (\+17,7) € S\ S, then tre,s(2x,) =0.

Fix an element x € P. Let tr, s(x) be the idempotent endomorphism of Z[Spec Rilg] such that
i% otrys = try s(x) o i} which exists and is unique by [Stal9, Tag ODRB,Tag 0DRD].

Lemma 8.3.7. We have trys(2)(Z25(2)) = Z4(2).

Proof. Suppose that C,/(x) is an irreducible cycle in the support of Z,(x), which is also in the
support of i%(C,/) for some Serre weight ¢’. Then for any (A +1,7) € S such that o € JH(G(), 7))
we have that C,r(2) < Zy(x) < 25 ,(x) (by (1)), which implies that C,» < Z) ;. This means that

o S-covers o’. O

Note that for any (A +17,7) € S\ S, tr tos(x)(Z(MZ(G(A, 7)))) = 0 since try s(z)(2\,(x)) =0
by Lemma [8.3.6) and Z(MZ (7(\,7)))) < Zx-(x). Then

Zo(x) = Z(M(0))

where the first equality is by definition, the second equality follows from Remark the third
equality follows from Lemma the fourth equality follows from the previous sentence, the fifth
equality is as in the first paragraph of the proof, and the final equality is by definition of Z, and
try.s.

Finally, we turn to (4)). Suppose that Sehm is a Breuﬂ Mézard system containing S such that
Sisa (P, Sehm) Breuil- Mezard system and Conjecture 1| holds for Sehm with cycles ZBM We
will show that for a (S,S ) -generic o, the cycle Z, comc1des with ZBM. Suppose that

LI o (D)

v (An,m)ES

is supported only at (P, gehm)—irrelevant weights, and define

BM def -BM 1
Zam Z di Z nK,TZ)\ﬂ"
7 (An,m)ES

which is a rational linear combination of cycles ZPM for (P, §elim)—irrelevant weights k. We claim
that

® tr, s (ZBM) ZBM and

° tl“o’S(ZEi\r/l) =0.
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Then

2P =t (2V)

def 1
= tro‘,S <Z§i\:{ + - Z nK,TZ)\,T>

1
= tro—’s (dio_ Z TLK77_Z)\77—>

ef 2

where the first and third equalities correspond to the above claims. Turning to the claims, the first
follows from the proof of Lemma [8.3.7l To show the second claim, by linearity we assume without
loss of generality that oy, is a (P, Selim )-irrelevant Serre weight. Since oy, is (P,‘SA'elim)—irrelevant,
for each = € P, there exists (Ay + 7, 72) € ‘SA'elim such that oy, € JH(G(\y,72)) and the support
of Z), r, does not contain x. Then the support of Zf’i\r/[, which is less than or equal to 2, -,
for all z € P, contains no elements of P. On the other hand, suppose that o € JH(a(A, 7)) for
(A+mn,7) € S. Since P meets all components of S, the support of Z) ; (the set of irreducible
components) must be disjoint from that of Z,, . We conclude that o cannot S-cover any weights
corresponding to components in the support of 2, so that trU,S(ZE?f) =0. O
8.4. Geometric Breuil-Mézard for generic tamely potentially crystalline types. We ap-
ply the results of the previous section to a context in which we have enough patching functors. The
section begins with a series of lemmas that establish the requisite hypotheses.

Let A C X.(T") be a finite set of dominant weights containing 0, and let Sp+ denote the union
of the set of extremal types (N + 7n,7) where X' < X\ for some A € A and is dominant and 7 is a
Py e-generic and (6n — 2+ hyyy)-generic tame inertial type. Let Py be the set of x € X, (F) such
that x|7, is a (6n — 2)-generic tame inertial F-type for K. Let §A,t be the union of S ¢ and the set
of types (n,7) where 7 is a 2n-generic tame inertial type for K. Let §A7t’ehm be the union of Sy ¢
and the set of extremal types (n,7) where p, is tame.

Remark 8.4.1. In what follows, we could replace Pss by any set P C X, (F) so that {z|r, | x € P}
is the set of (6n — 2)-generic tame inertial F-types for K.

Lemma 8.4.2. Suppose that p € X, (F) is such that p|r, is a (6n — 2)-generic tame inertial F-type
for K. If o ¢ W¥(z|1,.), then o is (p, Sa t.elim)-irrelevant.

Proof. This follows immediately from the proof of [LLHL19, Corollary 4.2.4]. O

Remark 8.4.3. We use Lemma to apply Theorem in the setting of this section. However,
examining the proof of Theorem [8.3.5] we just need that the evaluations of patching functors applied
to Pgs-irrelevant weights vanish, for which Proposition suffices.

Lemma 8.4.4. The set §A7t s a (PSS,gA’tﬂelim)—BTeuz’lfMézard system.

Proof. Given a Serre weight o, we can write [0] = Y, n%[R] in the Grothendieck group by [Ser77,
Theorem 33|, where R runs over irreducible G-representations over E. If 7 is a 2n-generic tame

type, we let ng . be ng(T). We otherwise let ng 10 for (A+n,7) € S\A,t. Since each such R above
is a Jordan—Holder factor of a Deligne-Lusztig representation R,(u) by [DL76, Corollary 7.7], if a
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Serre weight is in the support of

[o] — Z ng [0 ()],
()\+U,T)€§A,c

then it is contained in JH(R) for some Deligne-Lusztig representation R which is not 2n-generic.
By Lemma 2.3.4‘7 such Serre weights are not (4n — 2)-deep, and so not in W*(z|;,.) for any = € Py
by Proposition [2.6.2] U

Lemma 8.4.5. If o is 3n — 1-deep and §A7t—covers o', then o covers o’ (in the sense of Definition
2.3.10).

Proof. Suppose that o §A7t—covers o'. Any (2n — 2)-generic tame inertial type 7 for K with o €
JH(7 (7)) must be 2n-generic by Proposition so that C, is contained in Xg"" by assumption.
Remark implies that ¢’ € JH(7(7)). The conclusion follows. O

Definition 8.4.6. We say that a Serre weight o is generic if o € JH(a(7)) for some (n,7) € Sty 4

and o does not cover any Serre weights in JH(a (")) for all (n,7) € g{o},t \ Sto}.¢-

Remark 8.4.7. (1) If o is generic, then o is necessarily (6n — 2)-deep by Proposition and
the fact that o € JH(a(7)) for some (1, 7) € S{oyt-
(2) If o is generic and covers ¢/, then ¢’ is generic.

Lemma 8.4.8. If o is generic, then o is (SA,t,gA,t)-generic (for any set A as above).

Proof. Suppose that o S At-covers a Serre weight o’ and that C,- is contained in X" for (1, 7) € S At
We need to show that (n,7) € Spt. Lemma implies that o covers o’. Remark implies
that o’ € JH(g(7)). Then the genericity of o implies that (n,7) € Sa+. O

Lemma 8.4.9. The set Pss meets all components of Sa . Any tamep € XM (F) where (A, T) € Sar
is (6n — 2)-generic.

Proof. If C, is a component of X**"7 for (A +n,7) € Sa,, then ¢ € JH(&(A, 7)) by Remark
. Fix a 6n — 2 + hy,-generic lowest alcove presentation for 7. Then (w,w(7)w, *(0)) is a

A-compatible lowest alcove presentation for o for some wq € E+ with w 1 tx@,:l@g by Proposition
Let p : Gk — GL,(F) be a semisimple continuous representation such that p|r, has a
lowest alcove presentation such that @(p|r, ) = @(7)wW, “ww for some w € W. This lowest alcove
presentation is (6n — 2)-generic so that 5 € Pg. Moreover, since w(7)wy, (0) = (5|1, )@~ (0),
0 € Woby(pl1x)- Then p € C, by Proposition . g

Let Sp.at C Sas be the subset consisting of types (A + 7, 7) such that JH(a(\, 7)) consists only
of generic Serre weights 0. The following result is the main result of the section.

Theorem 8.4.10. (1) For any semisimple (6n—2)-generic p, a minimal patching functor M

for p and Sa exists. In particular, setting Z,(p) & Z(Mx(0)),

20:(0) = S50 7) 1 0124 (p).
g
for all (A +n,7) € Sat.
(2) For each x € Pss, choose a minimal patching functor MZ for x and Syy. Then, for each
generic Serre weight o, there exists a unique cycle Z4 in Z[X, red| such that the support of

Z, is contained in the set {C. | o covers k} and for each x € Pss, i5(2,) = Z5(x), where

Z,(z) € Z(MZ (o).
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(3) For generic o, the cycle Z, does not depend on the choice of the patching functors MZ for
x € Pss. For generic o and semisimple (6n — 2)-generic p with minimal patching functor
M, for 5 and Sa, Z(M%(0)) depends only on the versal ring Roo (i.e., it is the pullback
to Ry of a cycle that is independent of Mgo)

(4) Assume Congecture holds for a Breuil-Mézard system containing §A7t7ehm. Then the
above cycles Z, (for generic o) coincide with those from Conjecture .

Proof. We start with item . Let M« be a weak minimal detectable patching functor for p. We
claim that M is a minimal patching functor for p and Sy . If (A\+7,7) € Sp ¢, then R (A, 7) is a
domain (or zero) by Theorem [7.3.2|[2). Moreover, Mo, (c°(A, 7)) is nonzero if and only if Roo (A, 7)
is nonzero by Proposition These facts imply that My, (o°(A, 7))[1/p], which is locally free
of rank at most one over R (A, 7)[1/p], is locally free of rank one. This proves the first part.
Items , , and follow from Theorem (and the previous lemmas in this section). The

stronger conclusion that the support of Z, is contained in the set {Cy | o covers x} follows from

the definition of Z, and Lemma O
8.4.1. Breuil-Mézard with polynomial genericity. Let ﬁme be the product of P, . and Pr,_3 (see
Theorem [7.3.2)(2) and Remark R.1.11|{2). If f(t1,...,tn) € Z[t1,...,ts) and w € X*(T) = Z" is
dominant, let
(8.1) Pl ot) S T f—vi ot — ) € Zlt1, .t

veConv(w)

For a finite set A C X,(T") of dominant weights, we let

P’PAed—efH HPM—W wo(n

AEA jeT

Lemma 8.4.11. Let A C X,(TV) be a finite set of dominant weights containing 0. Let T be a tame
inertial type for K with a lowest alcove presentation (s, pn —n) such that p is Pp p c-generic. Then
(A+n,7) € Spay for any X € A.

Proof We need to show that for any A € A, any o € JH(T(), 7)) is generic, i.e. that if o covers o’ and
o e JH( (7")) for some tame inertial type 7', then 7' has a lowest alcove presentation (s', u'—n) such
that u' is Pn,e—generlc. In fact, we take (s’, i’ —n) to be compatible with (s, u—n). Since o covers o’,
o' € JH( (7)) so that we can assume without loss of generality that o = ¢’. Choose a tame inertial
F-type 7 such that ¢ € W’(p). Then choosing the compatible lowest alcove presentation for 7, we
have that w(p, 7) € Adm(\+1n) and w(p, 7') € Adm(n). Thus w(r) ‘1w (7’) € Adm(\ +n —wo(n)),
so that p/ — p € Conv(A +n — wo(n)). Then the Pp 5 .-genericity of p implies the ]Bn,e—genericity
of . O

Corollary 8.4.12. Let A C X, (TV) be a finite set of dominant weights containing 0. Then there
exist effective cycles Z, € Z[X,, red| for each Serre weight o such that

2y, =) [F(\7): 02,

[

for any A € A and tame inertial type T with a lowest alcove presentation (s, —n) with p Pp A .-
generic.

Proof. This follows from Lemma [8.4.11]and Theorem [8.4.10 g
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Remark 8.4.13. If o is not generic, then o ¢ JH(G(A, 7)) for any (A +7,7) € Sp.at. Hence any o
such that Z, occurs in Corollary must be generic.

Remark 8.4.14. In this entire section, we have restricted ourselves to the case where O, is the
ring of integers of a p-adic field K. However, the evident generalization of Theorem to the
general case can be proven in the exact same way. Moreover, since the completed tensor products
of patching functors are again patching functors, the uniqueness statements in Theorem
and imply that the cycles Z, have a product structure corresponding to that of O,.

8.5. Generic Breuil-Mézard for tamely potentially semistable deformation rings in
small weight. In this section, we prove the Breuil-Mézard conjecture for sufficiently generic Galois
representations and the Breuil-Mézard system coming from tame inertial Weil-Deligne types and
small regular weight.

Lemma 8.5.1. Let A C X, (TV) be a finite subset of dominant weights, and let (s, — 1) be a
lowest alcove presentation of a tame inertial F-type p for K. If u; is PgAe-generiC (see Lemma

8.4.11) for all j € J, then for any tame inertial type T for K with w(p,7) € Adm(A+n) for A € A
(and for some lowest alcove presentation for 7), (A\+n,7) € Sp .

Proof. This follows from Lemma [8.4.11| and a similar argument. |
For a finite subset A C X*(T) = X, ("), let
ha < max (A aY).

AEA, D

The following is a corollary of Theorem [8.4.10|(2) and Proposition

Corollary 8.5.2. Let A C X.(TV) be a finite subset of dominant weights containing 0. Let
7 Gk — GLy(F) be a continuous Galois representation such that p%|r, has a lowest alcove pre-
sentation (s, —n) where pj is Pp ,  Pp-generic for all j € J and m = max{2hx + 2hy,, 6n — 2}.

Then there exist cycles Z,(p) € Z[Spec R%lg] for each Serre weight o such that
(3.2) 2R = S 85 VO - 0)24(0)

g

for all A € A and tame inertial Weil-Deligne types T, where r(7) is a virtual representation of
GL,(Ok) over E defined in [Shol8| §4.2].

— def .,

Proof. If o is a generic Serre weight, then let Z,(p) = i7(Z,) with Z, as in Theorem 8.4.10 with

the set A. Otherwise, let Z,(p) 0. Then for 7 such that N; = 0 and (A +17,7) € Spa
holds by Theorem and and Proposition Note that when N, =0, r(7) = o(7) (the
semisimple case in [Shol§]).

Fix A € A. It suffices to show that for any other 7 with (A+17,7) & Sp A, %Jﬂ%jT is zero and
Z,(p) =0 for any o € JH(&(A, 7)). Then both sides of would be zero since r(7) for any such

7 is a virtual combination of o(7) for such 7. To show that R%M”ﬁ is zero, it suffices to show

that ngs: is zero by [Ennl9, Lemma 5]. We assume without loss of generality that p = p*. If 7 (or
really p;) is (ha + hy + 1)-generic and (A +7,7) ¢ Sp A+, then w(p,7) ¢ Adm(X + n) by Lemma

so that R%Jr"’jT = R%JF"’T is zero by Corollary |
=71

Suppose now that p, is not (ha + hy + 1)-generic. It suffices to show that Rﬁl

K’ is zero for any
GK/

subfield K’ C K of finite degree over K. Taking K’ to be a sufficiently large unramified extension of
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K, we assume without loss of generality that 7 is a principal series type. Then the claim follows from
a mild strengthening of [Ennl9, Proposition 7] (the same proof works with minor modifications),
replacing [—n + 1,0] and aé € [0,n—1] in loc. cit. with [—hp — h,) + 1,0] with a;'- € [0, hp + hy — 1],
respectively.

We now show that if o € JH(G(X, 7)) where (A +1,7) ¢ Spat, then Z,(p) = 0. If o is not
generic, Z, = 0 by definition. Assume that o is generic. There exists a tame type 7 such that
o € JH(@(r')) C JH(F(A, 7)) so that in particular (n,7') € Soy4. Then i}(Z,) < i3(Z, ) for all
x € Pg by Theorem . If 7% (2, ) is zero for all x € Py, we deduce that Z, is zero by
Lemma Suppose that i3(Z, /) is nonzero for some = € Pg. Then i} (Zx4,) is nonzero by
Theorem . Lemma implies that (A +1,7) € Sp A, which is a contradiction. O

8.6. The generic Breuil-Mézard basis. In this section, we prove some basic results about the
Breuil-Mézard cycles Z, that appear in Theorem [8.4.10

Proposition 8.6.1. Let o be generic and Z, be as in Theorem [8.4.10. Then the coefficient of C,
m Zgs s 1.

Proof. Choose a lowest alcove presentation (w,w) for o compatible with ( € X*(Z). Let p be a
semisimple Galois representation such that there exists a lowest alcove presentation of 5|, so that
w(p) = tyw. Then o € Wy (p) (see Definition and so p € C, by Proposition [7.4.7|(1).

Let 7 be the tame inertial type with lowest alcove presentation so that w(7) = t,wowpw. Then 7
is 2n-generic and o € JH(g (7)) corresponds to (w, w,w) in (2.8). In fact, since o is generic, (,7) €
S{O};ﬂ so that C, is a component of Xf;’T by Theorem We conclude that 0 < z‘%(CU) < 2'%(27”)
for any versal ring at p. On the other hand, R" is formally smooth by [LLHLI9, Theorem 3.4.1]
since W(p, T) = ty-1(; where w € W is the image of w. This implies that i%(C;) = i%(Z,,-) and
that both of these are irreducible cycles.

By the proof of Theorem there exists a minimal patching functor My, for p and Say,
which is detectable. Then My (o) is nonzero, and hence so is Z,(p). Theorem implies that
0 < Z,(p) < i5(Zy,r) = i5(Cs), so that i5(Cs) = i5(Z,). The result follows from [Stald, Tag

P P
0DRD). O

Proposition 8.6.2. The cycles Z,, for o generic, form a basis for the span of the cycles Cy, for
o generic.

Proof. By Theorem [8.4.10, Remark [2.3.11] Remark [8.4.7](2)), and Proposition the “change-

of-basis matrix” relating (Cy), and (Z,), is “unipotent upper triangular”. O

8.6.1. Computation of the Breuil-Mézard basis. We end this section with an alternative proof of
Theorem , which introduces notation and arguments that will be used in Let p be
a 2n-generic tame inertial F-type and choose a 2n-generic lowest alcove presentation for p with
corresponding element w(p) (cf. Definition [5.5.1)). If o € W*(p) corresponds to the pair (w,w;) in
, we say that the p-defect d5(c) of o is £(t,) — £((wpw) twow;). Since a change of lowest
alcove presentation corresponds to conjugation by an element of 2 and the latter preserves length,
d5(0) is independent of the choice of lowest alcove presentation of p. Wang’s theorem implies that
W < w so that (W) twewy < (Wpw) twew = ty-1(m- Hence, d5(0) > 0 with equality if and
only if o € Wy (D).

Proposition 8.6.3. Let p be a 2n-generic tame inertial F-type and T be a 2n-generic tame inertial
type. Fixz compatible 2n-generic lowest alcove presentations for them, with corresponding elements

w(p) and w(r). If w(p,7) € Adm™8(n) with factorization w, 'wow; as in Remark |2.1.8, then


https://stacks.math.columbia.edu/tag/0DRD
https://stacks.math.columbia.edu/tag/0DRD
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def . . . . ?/— __ . ..
Kk = F(@’:l@@(ﬁ)(ﬁl),l(o)) is the unique Serre weight in W' (p) N JH(a (7)) which mazimizes the
defect function 6.

Proof. First, the fact that w; 1 @;1@2 implies that « € W’(p) by Proposition Since
w(p)(w1)~1(0) = w(7)(w2)~1(0), k € JH(G(7)) by Proposition

Suppose that (@,w) is a compatible lowest alcove presentation of an element o € W’ (p) N
JH(a(7)). By Proposition [2.6.4 zﬂglwoﬁl = f§2—15§1 with 51, 55 € E+ and 51 T w 1 6}7152. By
Wang’s theorem 55 < wpw, and by Lemma m (Wpw) twosy > §2_1w0§1. So we have

53(0) = €(ty) — (@) w031) < Llty) — £33 wod)
< Ulty) — 035" 551) = Ulty) — 0Ty "woiy) = ().

Equality implies that sy = wpw and s = wp. By the uniqueness in Proposition d5(0) = 05(rK)
implies that ¢ = k.

Alternative proof of Theorem 8.4.1@. We will denote by p both a continuous representation
Gg — GL,(F) and the corresponding inertial F-type obtained by restriction. We are given a

minimal patching functor M%, for p and Sp 4, and thus a versal ring R5 to X, at p. For a cycle

Z of R%, of dimension dim R%, x X, Xnred, define its generic part Z&" to be the cycle obtained

from Z by removing any components whose support do not belong to | i%(Cg/). For any Serre

o’generic

weight o and tame type 7, define Z,(p) & Z(ME,(0)) and Z.(p) & Z(MZ,(5(7))). We observe:

e If o is generic, then Z,(p)%" = Z,(p). This is because the support of Z,(p) belongs to

N i%(/l’ )= U i5(Cx), which consists of only generic components.
UCJH(E(T)) o covers K
e If 7 is a tame type such that JH( (7)) does not contain any generic weight, then Z.(p)8" =

0.
e If 7 is a tame type such that JH(c (7)) contains a generic weight, then Z-(p) = i5(X"7).

(For the first two items, we use that Theorem applies to any A" containing p, since p is
gen

(6n — 2)-generic.) In particular, each Z;(p)
i5 of a cycle independent of the patching functor ME,.

only depends on the versal ring R%., i.e. equals the

We now show by induction on §5(c) that for any o, Z,(p)8" depends only on R4,. This proves
Theorem in view of the first item above. By Proposition it suffices to restrict our
attention to weights in W7 (p).

Choose a lowest alcove presentation (w,w) of ¢ and a compatible lowest alcove presentation of
p.

If 65(0) = 0, then w(r) o wW(p)t_y—1(y) corresponds to a compatible lowest alcove presentation
of a tame type 7, where w € W is the image of w. By Corollary m W' ()N JH(G(T)) = {0}
By Proposition [0(7) : 0] Z5(p)8" = Z-(p)*". (It is well-known that [¢(7) : o] = 1, though
we will not use this. In fact, this can be seen from the proof of Proposition ) This finishes
the base case.

Now, suppose 65(c) > 0. If o corresponds to (w,w;) in , we choose 7 so that w(7) oo
w(p)(wpw)  twewr. Then

(8:3) (1) 02, (5" = Z, () — Y [o(r) s 2P
KEW?(p)NJH(T(T))
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(Again, [(7) : 0] = 1.) Since the right hand side depends only on R%, by induction and Proposition
so does the left hand side. O

Remark 8.6.4. Combining the above with Proposition [8.2.3| gives the following recursive procedure
to compute Z, for generic o: For any ¢’ covered by o, choose a tame p lying on C,s (for instance,
those given by Proposition ) This gives a defect function on W7’ (p), and the above proof
allows us to recursively compute the coefficient of Cys in Z,, for k € W’ (p), and in particular the

coefficient of C,» in Z,. Note that o € W”(p) by Proposition (see Remark ) and
Theorem .

Proposition 8.6.5. Let A C X,(T) be a finite set of dominant weights containing 0. Suppose
there are two collection of effective cycles Z,, 2!, € L[X, red] for each Serre weight o such that

2y, =) [6(\7): 02,

2y = Z[E(/\,T) colZ.

g
for any A € A and tame inertial type T which is Pp p .-generic. Let oy be a Serre weight such that:

e For any pair of tame types 11,72 such that JH(a(71)) N JH(G(72)) # 0 and k € JH(5(71))
for some Kk covered by oo, T2 is Pp a .-generic.

Then for each semisimple p € X,(F), Z5,(p) = 25, (p). In particular, Z,, = Z .

Proof. In the proof, we will only consider cycles Z, that occur in the given cycle equations.

We call a Serre weight o satisfying condition in the statement very generic. For a cycle Z of
X red, We define its very generic part ZV-#" to be the cycle obtained by removing from Z any
component C, such that o not very generic.

We make the following observations:

e Suppose o has the property that any tame type 7 such that o € JH(c (7)) is Pp A .-generic.
Then the support of Z, belongs to N X" = |J Cx (where the equality follows

geJH(E(q—)) o covers K
from Theorem|7.4.2)). In particular, as in Remark for any tame p such that Z,(p) # 0
we have 0 € W (p).

e Suppose p is tame and Z; " (p) # 0. Since Z, occurs in the given cycle equations, we can
find a Pp 5 .-generic tame type 71 such that o € JH(a(7)). By Theorem Z58"(p) £ 0
implies k € JH(&(71)) for some very generic k. The definition of very generic implies the
previous item applies to o, thus we learn that o € W7 (p).

e If 0 is very generic, then Z; %" = Z,.

e If 7 is a tame type such that Z, does not occur in the given cycle equations, then Z5 5" = 0
for any o € JH(a(7)).

We now fix a very generic oy and p such that C,(p) # 0 for some x covered by op. Given the
above observations, we can repeat the argument in the alternative proof Theorem to give

a recursive formula for Zy#" () in terms of 275" (p) for various tame types 7. But then Z7"*(p)
satisfies the same recursive formula, and hence Z,,(p) = Z, (). O

Remark 8.6.6. The condition on the Serre weight oy in Proposition is guaranteed by -
genericity, for an appropriate polynomial @ built out of Pp 4 . (cf. Proposition and the proof

of Lemma [8.4.11]).
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9. GLOBAL APPLICATIONS

9.1. Serre weights for some definite unitary groups. Let F'" be a totally real field not equal
to @, and let F C F' be a CM extension of F+. Denote the set of places in F* dividing p by Sp.
We say that a finite place of F'™ (resp. of F') is split if it splits in F (resp. if its restriction to F'™
splits in F). Suppose from now on that all places in S, are split. Let G/;p+ be a reductive group
which is an outer form for GL,, which

e splits over F'; and
e is definite at all archimedean places.

Recall from [EGHI3, §7.1] that G admits a reductive model G defined over Op+[1/N], for some
N € N which is prime to p, together with an isomorphism

(9.1) t: GropnyN) — GLnjopp/n)

which specializes to vy : G(Op+) 5 G(0Or,) & GL,(Op,) for all split finite places w in F where
v is w|p+ here. For each split place v of F'*, we choose a place ¥ of F dividing v, and we let ¢,
be the composition of ¢z and the canonical isomorphism GL,(OF,) = GL, (O FJ) (suppressing the
dependence on the choice of v).

fU =UU>P < G(A%ﬁ’p) x G(AL) is a compact open subgroup and W is a finite O-module
endowed with a continuous action of Up,, then we define the space of algebraic automorphic forms
on G of level U and coefficients in W to be the (finite) O-module

9.2)  SWW)E{[f: GIFO\GAR) = W] flgu) =u, " f(9) ¥ g € G(AF:),ue U},

We recall that the level U is said to be sufficiently small if for all t € G(A%,), the order of the
finite group t 1G(F*)t N U is prime to p. If U is sufficiently small, then S(U, —) defines an exact
functor from finite @-modules with a continuous Up-action to finite O-modules. From now on we
assume that U is sufficiently small.

For a finite place v of F'™ prime to N, we say that U is unramified at v if one has a decomposition
U = G(Op+)U". Let S be a finite set of finite places in F' * containing S,, all places dividing N,
and all places at which U is not unramified.

Let Pg be the set of split finite places w of F' such that v = w|p+ ¢ S. For any subset P C Pg

of finite complement that is closed under complex conjugation, we write Tp def (’)[Tg), weP, 0L

i < n] for the universal Hecke algebra on P. The space of algebraic automorphic forms S(U, W) is
)

acts by the usual double coset operator

. Wd; 0
o [GLn(on) (w . Idn_i> GLH(OFU,)} :

Suppose that S(U, W)y, # 0 (or equivalently S(U, W ®¢o F)n # 0) where m is the kernel of
a homomorphism a : Tp — F. Let Tp(U, W) be the image of Tp in Endp(S(U, W))—it is
a semilocal ring. If @ is the (finite) set {w|p+ : w € Pg \ P}, then we also denote Tp(U, W) by

TR (U, W). Let a : Tp — T9(U, W)y be the natural quotient map. There is a Galois representation
def

m = r(UW)n:Gp+ g — G (TQ(U, W )w), where G, is the group scheme over Z defined in [CHTOS,
§2.1] (see also §A.3)), determined by the equations
det (1 — (U, W)l (Froby) X) = S (= 1) (N g (w)) B a( TH)) X
§=0

endowed with an action of Tp, where Tg
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for all w € P. Let 7 : Gp+ — Gn(F) be the reduction ry, (mod m). We say that such a Galois
representation 7 is automorphic of level U and coefficients W, and m is the maximal ideal of Tp
corresponding to 7. We say that 7 is automorphic if 7 is automorphic of some level U and some
coefficients W.

Let Op be Op+ @z Zp = [] Op+. Then the composition

vES)
(93) = [ w:6(0) =[] 6(0p) 5 [ CLu(Ogs)
vES) vES) vESp
gives an equivalence between G(Op)-modules and ][] GLn(Op+)-modules. Let k, denote the
vES)
residue field of Ff and G = o [ GL,(ky). If o is a Serre weight of G, then o is naturally a

vES)

[I GLn(Op+)-module by inflation. We can now define what it means for a 7 as above to be
vES) K
automorphic of a particular weight and level.

Definition 9.1.1. Let U = G(0,)U" be a sufficiently small compact open subgroup of G(A%, )
and let o be a Serre weight for G.

We say that 7 is automorphic of weight o and level U or o is a modular (Serre) weight for 7 at
level U if 7 is automorphic of level U and coefficients ¥ o), where 0¥ denotes the F-dual of 0. We
say that 7 is automorphic of weight o or o is a modular (Serre) weight for 7 if 7 is automorphic of
weight ¢ and some level U.

Let W(7) be the set of modular Serre weights of 7. Let Wyen(7) be the subset of generic Serre
weights in W (7) (see Definition [8.4.6).

It is a standard fact that if 7 is automorphic, then W (7) is nonempty. Indeed if 7 is automorphic,
then we can assume by exactness of S(U, —)y that 7 is automorphic of level U and coefficients W
where W is an irreducible F[G(O,)]-module. Since the space of invariants of a pro-p group acting
continuously on an F-vector space is nonzero, W is of the form oV o, for some Serre weight o of
G.

Fixing maps Fre F;r for each v € S}, the restriction of a continuous representation 7 : Gp+ —
Gn(F) gives a collection of continuous representations (7, : G+ — GLy(F))yes,, which is equivalent

to an L-homomorphism over F which we denote 7 : Wg, — LG(F) where G = GL,,.

Definition 9.1.2. Given an L-parameter p : Gg, — LG(F), we say that o is a geometric Serre
weight of p if the corresponding collection (p,)ves, lies on C, (equivalently, p,, lies on C,, for all
v € Sp where 0 = Qyeg,0,). We let Win(p) be the set of geometric Serre weights of p which are
3n — 1-deep.

We let WEM(5) be the set of generic Serre weights such that p lies in the support of Z, (defined

(S208
in Theorem’m., see Remark §4.14). By Remark F4.14,
Wg%lr\l/[( ) {®U€Spo-v‘o-v € Wgen (pv)}
Remark 9.1.3. Proposition implies that any generic Serre weight in Wgn(p) is contained in
Ween (7).
The following conjecture is based on [Her09, Conjecture 6.9] and |[GHSIS| §2 and 9.2].

Conjecture 9.1.4. Suppose that T : Gp+ — Gn(F) is automorphic and that the inertial L-
homomorphism Ty|1, ~over F is tame and 2n-generic. Then W (r) = W?(?ph%).
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We can use Theorem 8.4.10 to make the following unconditional version of [GHSIS, Conjecture
3.2.7].

Conjecture 9.1.5. Suppose that 7 : Gp+ — Gn(F) is automorphic. Then Weyen (F) = WEM(7,).

gen
Theorem 9.1.6. There exists a polynomial P(X1,...,X,) € Z[X1,...,X,], independent of p,
such that if (pt2n and) and
o 7: Gp+ — Gu(F) is automorphic;
o 7|¢.(GF(,)) is adequate; and that
o the inertial L-parameter th@p over F is tame and has a lowest alcove presentation (s, pn—mn)
such that p is P-generic, i.e. P(pj1,...,pjn) Z 0 (mod p) for all j € J, where J =
Hom(F™, E),
then
W(T) = W (Tp) = W' (Tlrg,)  and - Ween(T) = Wi (7).

Remark 9.1.7. (1) The polynomial P in Theorem can be taken to be the product of the
polynomials Ps,—2, Poye, Pye, and @ appearing, respectively, in Remark [2.1.11] Theorem

[7.3.2/[2), equation (8.1) and the proof of Lemma below.

(2) There exists P so that the P-genericity hypothesis implies that W (7,) contains only generic
Serre weights. S0 Wien () in Theorem could be replaced by W (7).

Remark 9.1.8. We describe a method to construct examples to which Theorem [9.1.6| applies. Sup-
pose that p t 2n, K/Q, is a finite unramified extension, and let p : Gx — GL,(F) be a semisim-
ple continuous Galois representation such that p|r, has a lowest alcove presentation (s, p — 1)
with p P-generic with P as in Theorem Then by [CEGT16, Corollary A.7], there exists a
CM extension F/FT with F* # Q and a (potentially diagonalizably) automorphic representation
7 : Gp+ — Gn(F) which is isomorphic to p at all p-adic places and whose restriction 7|g . (G r(c,))
is adequate. Then Theorem applies to 7.

Lemma 9.1.9. There exists a nonzero polynomial P(X1,...,X,) € Z[X1,...,X,] such that if p
1 a tame L-homomorphism over F such that ﬁ\j(@p has a lowest alcove presentation (s, —n) where

w is P-generic, then W (p) = W* (Pl1g,)-
Proof. The inclusion Wgn(p) € W (p| Iy, ) follows from Proposition if p is 4n-generic. We

now show the opposite inclusion. Fix a set R of representatives for the (finite) set Wf“ /X%(T), and
consider the (finite) product

def ~
QXy,....Xx)= I II Il Ps(X +ww;*(0)),
wER @2Ta@2€w+ weW

where Py is as in Proposition and wwy 1(0) is an element of Z" under the usual identification
X*(T) = Z". If p|r, has a lowest alcove presentation (s,u — 1) such that p is Q-generic, then
the compatible lowest alcove presentation for ¢ € W (p|z,) from Proposition satisfies the

hypothesis of Proposition so that p € C,. We can therefore take P = Q Py, (see 2.1.11]{2)).
O

We introduce notation for prime ideals in deformation rings corresponding to the irreducible

components of
Ff_ Fif
Xn,red - H Xn,red'

veSy,F
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Recall that we index these irreducible components C, by Serre weights ¢ of G. Let p be a tame
L-homomorphism over IF, and recall from that

—

def
B R, oF-
vES,O" Pu

Then there is a versal map i : Spf Ry — [[,c Sp,SpfOXf o By Proposition [4.7.5 and Remark
, if p is Q Pyn-generic as in the proof of Lemma and o is (3n — 1)-deep, then i;(CU) is
an irreducible cycle (if nonzero). In this case, we let pg( ) C Rj denote the corresponding prime
ideal.

Lemma 9.1.10. There exists a polynomial P(X1,...,X,) € Z[X1,...,X,] such that if p is a tame
L-homomorphism over F such that ﬁh@p has a lowest alcove presentation (s,u — n) where p is
P-generic and My is a weak detectable patching functor for p, then

{o | Mx(0) #0} = W?(ﬁ\IQ ) and {o generic| My (o) # 0} = Wg}?}r\l/[( ).

Proof. We claim that the result holds with P taken to be the product of P (see Theorem .
and equation (8.1)), Psp—2 (see Remark [2.1.11), and Q from the proof of Lemma )
have that {o | My (o) # 0} € W’ (Pl1g,) by Proposition (using that Psp—o | P and Remark
m. so it suffices to show the opposite inclusion.

We first claim that if ¢ € W7(p) is a Serre weight such that Anng M (o) C por(p) for some
Serre weight o’ € Wgn(p), then (5p|1 (0') < 6[,‘1 (o) with 55‘1@1) defined in §8.6.1f Suppose that

o€ W(p| Iy,) corresponds to (w, wl) in (With the lowest alcove presentation as in the
statement of the theorem). Then we let 7 be the tame inertial L-parameter with a 2n-generic
lowest alcove presentation such that w(7) = w(p|1, )(wpw) lwowy. As in the alternative proof of
Theorem |8 4. 10|. §8 6. 1|7 this choice is made so that the set W7 (7| Iy,) NJH(@(7)) contains o and
weights of strictly smaller 7 IQp—defect than o (we say that 7 is strictly defect lowering for p and

o). Theorem [7.4.2|(I)) implies (after taking products as in Remark [7.4.3|(5)) that the irreducible
components of Spec R7 are

(9-4) {Cor(p) | o' € Wi (p) N TH(B(7))} = {Cor (p) | o' € W' (pl1,) N IH(5 (7))},

where the equality uses Lemma (and that QP | P). If Anng M (o) C por(p), then since
Anng_ Moo (7(7)) C Anng M (0), we conclude that o' € JH(o(7)). The claim then follows from
and that 7 is strictly defect lowering for p and o.

We now establish the opposite inclusion: for o € W7 (p| Iy, ), we show that M (o) # 0. Choose
7 in terms of o as in the previous paragraph. Since (w,w) ‘wow; € Adm(n) by Proposition m
and P% | P, (n,7) € So by the proof of Lemma Choosing an O-lattice o°(7) C o(7),
combining that M. (c°(7)) is maxirnal Cohen-Macaulay over R (T ) R7 is a domain by Theorem
-. cf. Remark - Mo ) is nonzero by Proposition and Theorem |7 . we
conclude that Anng Mo (T (T)) is contamed in p,(p) (which is a proper ideal by 1-) Then
Anng My (') is contained in p,(p) for some o’ € W' (Pl1g,) NJH(@(7)). The claim in the previous
paragraph (with the roles of o and o' reversed) implies that d5 o ( ) < 55“@,, (¢’). Since T is strictly

defect lowering for p and o, 0 = ¢’. We conclude that My (o) 7é 0.
Finally, we claim that if o is generic, then o € W7 (p) if and only if o € WEM(5). The forward

gen

implication follows from Lemma and Remark - We now show that Wg%lr\l/[( ) € Wi (p).
Suppose that o € WEM(5). Then for any minimal patching functor M/ for p and Spt, M/ (o) # 0

gen
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by Theorem 8.4.1() so that o € W’ (p) by Proposition Alternatively, by the same result,
p € Cy for some ¢’ which o covers. Then p € C, by Remark (see the proof of Proposition
74.7). 0

Proof of Theorem|9.1.6, The result follows from Lemmas[9.1.10| and [A.1.1} ]

9.2. A modularity lifting result.

Theorem 9.2.1. Let F/F* be a CM extension, and let r : Gp — GL,(E) be a continuous
representation such that

e 1 is unramified at all but finitely many places;

o 1 is potentially crystalline at places dividing p of type (X +n,7) where A € (Z'})
and T is a tame inertial type that admits a lowest alcove presentation (s, —n) where 1 s
Py e-generic;

rC 74\/81771,,.

T is semisimple locally at places above p;

7:Gpe,) — GLu(F) is an adequate subgroup and ¢, ¢ erradr; and

7 2 F,(m) for some T a regular algebraic conjugate self-dual cuspidal (RACSDC) automor-
phic representation of GL,(Ar) of weight \ so that o(7) is a K-type for 7 at places dividing
p.

Then r is automorphic i.e. v = r (') for some ' a RACSDC automorphic representation of
GL,(AR) (of weight \ so that o(7) is a K-type for m at places dividing p).

Proof. This follows from Theorem from standard base change and Taylor-Wiles patching
arguments cf. the proof of [LLHLM20, Proposition 6.0.2]. O

Hom(F,E)

Remark 9.2.2. (1) After possibly changing the polynomial Py 1y in Theorem the last
condition on r can be relaxed to only require that 7 = 7,(7) for some RACSDC automorphic
representation 7 using Theorem to incorporate a “change of weight” result.

(2) Unfortunately, the inexplicit nature of Py, . makes Theorem rather impractical to

apply.
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APPENDIX A. TAYLOR—WILES PATCHING

The goal of this section is to construct a patching functor from algebraic modular forms on a
definite unitary group using the Taylor—Wiles method. This differs from most other constructions
in that we allow arbitrary level while other constructions typically assume that the level away from
p is rather mild. For the purposes of automorphy lifting results, one can arrange for this assumption
to hold using solvable base change. Since Theorem [9.1.6]is a characteristic p result, we cannot use
solvable base change as a reduction step. Fortunately, the necessary modifications to account for
level are not difficult.

A.1. The result.

Lemma A.l.1. We use notation from §9.1 Assume that p t 2n. Let T : Gp+ — Gu(F) be a
continuous representation.
(1) If 7 is automorphic and 7|G (G p(c,)) is adequate, then there exists a weak patching functor
for Ty, such that Moo (o) # 0 if and only if o € W(T).
(2) If furthermore, the inertial L-parameter Fp’pr over F 1is tame and has a lowest alcove

presentation (s, —n) such that p is Pesp—oPay c-generic, there exists Mo as above such
that My is furthermore detectable.

A.2. Patching functors and obvious weights. Let p be a tame L-homomorphism over F. Let
iz : Spf Ry — [, S,.,Spf O xF 7 be the versal map from Recall that for any Serre weight o of
G, we let C;(p) be the irreducible cycle i5(Cs) and let ps(p) C Rp denote the prime ideal defining
Cs(p) (and let p,(p) = Rp if C5(p) = 0). For an inertial type 7, let py -(p) C Rp denote the ideal

defining Spec R%J””. We write p,(p) for po ().

Lemma A.2.1. Let p be an L-homomorphism over F and My, a weak patching functor for p. If
oo s (3n — 1)-deep and Anng_Mu.(00) C po(p), then oo covers o.

Proof. Suppose that Ann RﬁMm(Uo) C ps(p) and that 7 is a 2n-generic tame inertial L-parameter
7 with o9 € JH(7(7)). Then by Definition

Po(p) D Anng, Moo(00) O Anng, Moo (7°(7)) D pr(p) + (@)
Remark then implies that ¢ € JH(a(7)). We conclude that o covers o. O

We say that a tame L-homomorphism p over I is P, .-generic if the inertial L-parameter 7 with
W(P,T) = tyywy(n) i Pane-generic.

Proposition A.2.2. Suppose that p is a tame L-homomorphism over F such that ﬁ|1@p has a lowest

alcove presentation (s, —n) such that p is Py .-generic. If Mo is a weak patching functor, then
My (o) # 0 for every o € Wony(p) in the highest p-restricted alcove.

Proof. Let 7 be the tame inertial L-parameter with a lowest alcove presentation n-compatible
with that of p such that w(7) = wW(p)t_y—wyy. If My is a weak patching functor for p, then
Moo (0°(n, 7)) is nonzero for any lattice o°(n,7) C o(n, ) by Proposition and Lemma [2.6.7]
By assumption, T has a lowest alcove presentation (s, u — 2n — won) where u —n — won is (up to
XO(T)) Paye-generic, so that Anng My (0°(n, 7)) = py.-(p) since R%W’T is a domain by Theorem
and since Moo (0°(n, 7)) is maximally Cohen-Macaulay over Ro(n, T) by Definition [6.2.1|(T).
Since Moo (c°(n, 7)) and R%n’T are O-flat, this implies that Anng, Moo (5°(n, 7)) = py-(p) + (@). In
particular, Anng_ M. (5°(n, 7)) C ps(p) for any o € JH(a(n, 7)) by Theorem Then for any
o € JH(a(n, 7)), there exists a Serre weight ¢’ such that Anng M (0”) C ps(p).
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We now take o € Wy (p) in the highest p-restricted alcove. Then p € C, by Proposition ).
Lemma implies that My (c’) # 0 for some ¢’ which covers . Then Proposition [2.3.12(2)
implies that ¢’ = o, so that M (o) # 0. O

A.3. Galois deformations. We recall some some definitions from Let G/o be a split (pos-
sibly disconnected) reductive group. Let Co be the category with objects Noetherian complete
local O-algebras with residue field F and morphisms local O-algebra homomorphisms. Given a
topological group I', a continuous representation 7 : I' — G(F), and (A,m4) € Cp, an A-valued
lifting of 7 is a continuous representation r4 : I' — G(A) such that 7 = r4 (mod m4). We say that
two A-valued liftings are equivalent if they are ker(G(A) — G(F))-conjugate. An A-valued defor-
mation of 7 is an equivalence class of A-valued liftings. Given a A-valued lifting r4 : ' — G(A), let
detrq : T' — G®P(A) denote its composition with the natural quotient map. Note that detr4 only
depends on the equivalence class of r 4.

An example of G which will play an important role in what follows is the group scheme G,, from
[CHTO0g|, which is the (disconnected) split reductive group scheme over Z defined as the semidirect
product

(GL,, x GL1) x {1,7} = G2 x {1, 3},

where 7(g,a)) = (atgt a). Let v : G, — GL; be the homomorphism defined by v(g,a) = a and
v(y) = —1. Let ggb be the quotient of G,, by its derived subgroup. Then ggb is isomorphic to
GL; x {1,7} (see [BG14, §5.1]). In the next sections, I will be taken to be a Galois group.

1

A.3.1. Local deformations. Let L be a nonarchimedean local field of characteristic zero. For a
Galois representation p : G;, — G, (F), define the functor DﬁD : Co — Sets by letting D5(A) be the

set of A-valued liftings of 7. Then DﬁD is represented by a ring RﬁD, the O-lifting ring of p.

Definition A.3.1. A local deformation problem for p is a nontrivial subfunctor D5 of DﬁD such
that

(1) if Ry - Ro and Ry — Ry are two surjections in Cp and R3 = ker(R; x Ry — Ry) € Co
with the natural ring structure, then D5(R3) is identified with the equalizer of the diagram

D5(R1) x Dp(R2) —— Dy(Ro);

(2) D5(A) is ker(G(A) — G(F))-conjugation invariant for all A € Cp;
(3) the natural map Dp(l'gl A S l'&nDp(Ai) is an isomorphism; and
(4) if i : A — B is an injection in Cp, then 74 € D5(A) if and only if i,(ra) € Ds(B).

Any local deformation problem D is represented by a quotient R; of R%.

If £: G — G*P(0) is a lift of detp : G — G2P(F), define D%’/(A) to be the set of lifts p4 such
that det pg = £ (i.e. £ composed with the map coming from the structure map O — A). Then D%’/
is a local deformation problem represented by a ring R%’/. Let R% be the maximal O-flat quotient

of R%/, and let D% be the corresponding local deformation problem.
If p(Gp) is contained in G2(FF), then denote the projection of a deformation ps to GL,(A) by

pal. Then pg +— pa| induces a natural isomorphism D% = DpD‘.



LOCAL MODELS FOR GALOIS DEFORMATION RINGS AND APPLICATIONS 140

A.3.2. Global deformations. Let F™ be a totally real extension of Q and let F' C T be a CM
extension of F*. There is a natural inclusion Gr C Gp+. Let S be a finite set of finite places of F'T.
Let F(S) be the maximal extension of " unramified outside S, and let G+ g be Gal(F(S)/F7). Let
T : Gp+ g — Gn(F) be a representation which induces an isomorphism G+ /Gp = Gn(F)/GY(F).
(All representations 7 : Gp+ g — Gn(A) below are assumed to induce the isomorphism Gp+ /Gp =
Gn(A)/GY(A).) Fix a lift £ : Gpr — G2P(O) of det7. Let DE’g denote the functor taking A € Cop
to the set of A-valued lifts with detry, = £, which is represented by a quotient RE £ of RZ. We
let 7|, denote the restriction of 7 to G composed with the projection to GLy,(F). Suppose now
that 7|g, is absolutely irreducible. Then the functor Dg, taking A € Cp to the set of equivalence
classes in Dy ’f(A), is represented by a deformation ring Rg.

For each place v of F'™, we fix a map Fre Fj . Then restriction gives an inclusion G e Gp+.
A global G,-deformation datum is a tuple

= (F/F+) S7 OaFa 5) {DU}UES)u
where F/F*, S, O, 7, and £ are as before, and D, corresponds to a local deformation problem

for 7, & ?|GF . which is a subfunctor of Dé” where &, oot ¢la . For an O-algebra A, we say that

a lifting 74 : Gp+ — Gn(A) of T is of type S if detry = £ and 74, det rala o € D,(A) for all

v € S. We say that a deformation [r4] of 7 is of type S if some (or equ1valently any) lifting in

the equivalence class is of type S. Let DS - DE L (resp. Ds C Dg) be the subfunctor consisting

of liftings (resp. deformations) of type S. Then DE (resp. Dg) is represented by a quotient RE of
E £ (resp. a quotient Rg of Rg)

For T C S, an A-valued T-framed lifting of 7 of type S is a tuple (r4, (cw)ver) where 74 € DF(A)
and o, € ker(GL,(A) - GL,(F)) for each v € T. If we let Or be Ozy, ;lver,1<ij<n, then the
functor sending A to the set of A-valued T-framed liftings of 7 of type S is represented by the ring
RE’DT >~ RUR0Or. We say that A-valued T-framed liftings (74, (o )per) and (14, (a))yer) of T
of type S are equivalent if for some 3 € ker(GLy,(A4) - GL,(F)), ry = raf~! and o, = Ba, for
allv € T. An A-valued T-framed deformation of 7 of type S is an equivalence class of A-valued T-
framed liftings of 7 of type S. The functor of T-framed deformations of 7 of type S is represented

by a ring RET. Taking equivalence classes gives a tautological map RDT — RD’DT. The maps

sending [(ra, (aw)ver)] to (Ad(ay!)raw)ver induces a map R?% LS Qver,0 Ry — RS where R,

denotes the ring representing D,,.

Fix a universal lifting rs : Gp+ — Gn(Rs) (or equivalently a section Spec Rs — Spec RY
of the natural map Spec RS — Spec Rg). This induces a map RS®OOT — Rs®oOr and the
composition RET — RS U1 o Rg@oOT — Rs®oOr is an isomorphism. (Indeed, since 7|g, is
absolutely irreducible and p > 2, 8 € ker(GLy(A) - GL,(F)) centralizes 7 if and only if 5 = id,,.)

A.3.3. Tangent spaces. Given a representation r : I' — G,(A), one naturally obtains an adjoint
representation I' — Aut4(LieG,(A)). Note that LieG, = gl,, x gl;. Let adr : I' — Auta(gl,(A))
be the representation obtained by the projection Lie G, — gl,,.

For (A,my4) € O, the reduced tangent space of A is defined to be Homp(m4/m%,F), which is
naturally identified with the set of morphisms A — F[e]/e? in Co. In the setup of _, the
reduced tangent space of RD is naturally identified with both DD( []/e2) and CY(G pt,adp).

Recall that 7 : Gp+ ¢ — gn(F) is a representation which induces an isomorphism Gp+/Gr =
Gn(F)/G2(F) and whose restriction T|g, is absolutely irreducible. Fix a global G,-deformation
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datum
= (F/F+) 57 05?557 {D’U}’UES)'
For each v € S, let L, C Cl(GFJ, ad p) be the subspace corresponding to D, (F[e]/e?).
As before, let T be a subset of S. We define HEVT(GF+,S,adF) to be the cohomology of the
complex
i def ~i i— 1 = i—1
Ch(Grp+ 5,0dT) = CHGpr 5,adT) & @D C (G s, adT) /M
veS
where M! = 0 unless v € S\ 7T and i = 0 in which case M0 = CO(GFJ,adF) orve S\T and

i = 1 in which case M! = L,. The boundary map for the above complex maps (¢, (s )ves) to
(0. (lG . — Oo)ves)-

Proposition A.3.2. There is a natural isomorphism

Homo(ngT/(m;gT + ngcT), F) = Hgp(Gpt g,2dT).

A.3.4. Taylor-Wiles primes. Let
S= (F/F+7 Sa OaFa 57 {Dv}UES)a

be a global G,,-deformation datum. Let @ be a set of split places in F'* such that Nv =1 (mod p)
for all v € Q, and let ¥, be a generalized eigenspace for the projection of 7(Frob,) to GL,(F)
on which 7(Frob,) acts semisimply. Let S, be the complementary 7(Frob,)-stable subspace. For
v € Q, let Dy(A) be the set of A-liftings which induce G p+-actions of A™ which decompose as
Sy @ WYy lifting the decomposition over F such that s, is unramified and the inertial subgroup acts
on 1, by scalars. Then D, is a local deformation problem by [Thol2, Lemma 4.2], and we consider
the global G, -deformation datum

SQ = (F/F+7 Sa 07?757 {DU}UESUQ)'
Proposition A.3.3. Let go > 0 be an integer and
= (F/F+7 S7 07F7€7 {D’U}’UES)7

be a global Gy,-deformation datum such that 7(Gp+(,)) is adequate and &(c,) = —1 for each v | oo
where ¢, denotes complex conjugation at v. Let T C S be a finite set such that every place in S\T
1s splits in F' and that

Ef: —1)/2
dimp L, — dimy H(G 1, +,adT) = LF7: Qpln(n 1)/ va I
0 if v1p.
Let q be the larger of dimp HﬁL +(Gp+.s,ad7(1)) and qo (with HEL +(Gp+.s,ad7(1)) defined as in
[CHTO8, §2.3]). Then for any integer N > 0, we can find (Q, (¢,)veq) where Q is a set of places

in FY which split in F which is disjoint from S and ), is a nontrivial generalized eigenspace for
7(Froby) on which 7(Frob,) acts semisimply for each v € Q such that
hd #Q =4dq;
e Nv=1 (mod p") for allv € Q; and
o Rgg; can be topologically generated over R?CT = R?;}T by q — Z:veﬂvm[Fv+ :Qpln(n—1)/2
elements.

Proof. This follows from [Thol2, Proposition 4.4]. O
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We say that (Q, (¢,)veq) in Proposition is a Taylor—Wiles datum of level N disjoint from
S

With @ as above, let Ag be [] kS (p) where k, denotes the residue field of F and &k (p) denotes
vEQR
the maximal p-quotient of k). (So Ag is nontrivial if @) is nonempty.) Choose a universal lifting

rs, and let ¢, be as above for each v € Q). For each v € @, the action of k), thought of as a
subgroup of I?P, acts on the summand 1), and gives a character kX — R§Q which factors through
kx(p). Altogether, we have a map O[Ag] — Rs,. Moreover, the natural map Rs,/ag — Rs is an
isomorphism, where ag C O[Ag]| denotes the augmentation ideal. Similarly, Rgé/ ag — RET is an
isomorphism.

A.4. Automorphic forms on definite unitary groups. For the reader’s convenience, we recall
notation from Recall that F'T is a totally real field not equal to Q and that F' C F'isa CM
extension of F'*. The set of places in F't dividing p is denoted S,. A finite place of F' (resp. of
F) is split if it splits in F (resp. if its restriction to F'* splits in F'). We assume that all places in
Sp are split. Recall that G,p+ is an outer form for GL;,, which

e splits over F'; and
e is definite at all archimedean places.

Moreover, there is an N € N prime to p and a reductive model G Ot [1/N] for G with an isomorphism

(A1) v+ G10p1/N) = GLnjopn/n]

which specializes to vy : G(Op+) 5 G(OF,) & GL,(OF,) for all split finite places w in F' where v
is w|p+ here.
In ! we chose homomorphisms F" < F,, which induces a v-adic norm on F (for the

v
unique norm on F: extending any fixed norm on F in the class of the place v). Restriction to F
gives a place ¥ dividing v (that does not depend on the choice of the norm on F)"). Changing the

homomorphisms Fre Fj , we assume without loss of generality, that v coincides with the choices
in We write ¢, be the composition of 17 and the canonical isomorphism GL,,(OF;) & GLn(Op+)
(suppressing the dependence on the choice of v).

If U =U,U*P < G(A%ﬁ’p) x G(AR) is a compact open subgroup, and W is a finite O-module
endowed with a continuous action of U, then

(A2)  SWUW)Z{f: GEINGAE) = W] flgu) =u, f(g) Vg€ GAF),uecU}.

From now on we assume that U is sufficiently small, i.e. for all ¢ € G(A%, ), the order of the finite
group t~'G(FT)tNU is prime to p, so that S(U, —) is exact.

We let S be a finite set of finite places in F'* containing S,, places dividing N, and all places
at which U is not unramified; and we let Pg be the set of split finite places w of F' such that
v=w|p+ ¢ S. For a subset P C Pg of finite complement that is closed under complex conjugation,

Tp = O[TIE}), w € P, 0 < i < n] is the universal Hecke algebra on P. Then Tﬁf) € Tp acts on
S(U, W) by the usual double coset operator

_ wwldi 0
1 [GLH((’)Fw)( . Idw) GLn(OFw)]

Suppose that S(U, W), # 0 where m is the kernel of a homomorphism « : Tp — F. Let
Tp (U, W) be the image of Tp in Endp(S(U, W)). If Q is the (finite) set {w|p+ : w € Pg\ P}, then
we also denote Tp(U, W) by T®(U,W). Let a : Tp — T9(U, W)y be the natural quotient map.
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Then there is a Galois representation ry = r(U,W)m : Gp+ g — Go(TO(U,W)y) determined by

the equations
det (1 — (U, W)l (Froby) X) = 3 (—1) (N g (w)) Do TH) X7
j=0
for all w € P. We denote the reduction rn (mod m) by 7: Gp+ — G, (F).
Let Op be Op+ @7 Zp = [[ Op+. Then the composition

vES)
(A.3) =[] w90 = [[ 9(05) = [T GLa(Opz)
UGSp ’UGSp UESp
gives an equivalence between G(O,)-modules and [][ GL,(Op+)-modules. Let k, denote the
vES) v
residue field of F,” and G o [ GL,(ky). If o is a Serre weight of G, then o is naturally a
vES)
[T GLn(Op+)-module by inflation.

vES)
We will need a local-global compatibility result for r(U, W),. Let G be (the split group)

(ReSFJr@Qp/QpGLn)/E-
e Fix a highest weight A = (\,)ves, of G, which we also view as a coweight of the dual group
GY. For v € S, let 7, be an n-dimensional Weil-Deligne inertial type for F,". Recall
that there is a natural correspondence between local deformation problems for p, in D%Z

and local deformation problems for p,|. Recall from §6.1.1 that Rﬁ”[” represents a certain

, of a potentially semistable deformation functor.

subfunctor, which we will denote D;‘“’T“

Let D%“’T“ be the local deformation problem corresponding to D%\“l’”. (Note that Dg“’”

does not depend on the choice of place v.)

e Let m be a positive integer and (Q, (¥,)veq) a Taylor-Wiles datum of level m and disjoint
from the union of S, and the set of places dividing N (see §A.3.4). Let d, be the dimension
of the generalized v,-eigenspace. Let p, be the standard (block upper triangular) parahoric

corresponding to the partition (n—d,)+d, of n (suppressing the dependence on 1,). Let pY

be the kernel of the natural map p* — GLg, (k) de k} — k) (p), where k, is the residue field

of Fif and k) (p) 4f' A, denotes the maximal p-quotient of k. Setting U = UgU®, let Up(Q)
(resp. U1(Q)) be the compact open subgroup ( [] Uo(Q),)U% (resp. ( [T U1(Q),)U%?) where
vER

veQ
Uo(Q)y (resp. U1(Q)y) is 11 (p?) (resp. ¢, 1(p?)). Let D, be the local deformation problem
defined in §A.3.4, Note that for each v € @, the quotient Up(Q),/U1(Q), is naturally

def

identified with A, so that Up(Q)/U1(Q) is naturally identified with Ag = [[,cq A

Theorem A.4.1. Let & be 51_”5;‘7}H where 6p/p+ denotes the quadratic character of G+ /G-
Fiz a dominant weight X\ = (A\y)ves, of G and, for each v € Sy, an n-dimensional Weil-Deligne
inertial type T, for F.f. Let o(7,) be as in Theorem . Forv e S, let D, be DF:’T“. Let W be
an O-lattice in the Up-module

® U()\vy Tv>* O Ly,

vES)
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where (—)* denotes the E-dual of an E-vector space. Suppose that S contains Sy, places dividing

N, and all places where U is not unramified.

As in §A.3.4), let (Q, (Vy)veq) be a Taylor-Wiles datum disjoint from S. Then there are a
mazimal ideal mg C Tpg\ g, maps a: Tpog — T9(U, Wng, @0 : Tppg — T (Us(Q), Wng, and
a1 : Tppg — ']I‘Q)(Ul(Q), W)mg, and Galois representations

¢ 7(UW)ng : Gpv g — G (TQ(U, Wmg), uniquely determined by the equations

det (1 — 7(U, W)mg| Gy (Froby,) X) = Z(—l)j(NF/@(w))@a(T&j))Xj
§=0

for all w € Pg \ Q, of type
def _
S = (F/F+a S,0,1,&, {DU}UGSp U {ng}vES\Sp);
o 7(Uo(Q), W)y : Gpt g — Gn(TY(U5(Q), Wmg), uniquely determined by the equations

n

det (1 — 7(Uo(Q), Wmg e (Froby) X) = 3 (=1 (N g (w)) & ag (TH)) X7
=0

for allw € Pg \ Q, of type
§= (F/F+7 S, 07?75’ {Dv}UESp U {DEU}UGS\SP);
o and r(U1(Q), W)mg : Gpr g — Gn(TY(U1(Q), Wmg), uniquely determined by the equations

n

det (1 — 7(U1(Q), Wmg lax (Froby) X) = 3 (~1) (N gy (w) & ay (TH)) X
j=0

for allw € Pg \ Q, of type
S = (F/F*,SUQ,0,T,& {Du}ves, U{Du}oeq U{D5 }oes\s,)-

Proof. The construction of the Galois representations is as in the proof of [CHTOS, Proposition
3.4.4] using [EGHI13| Theorem 7.2.1]. O

If U is sufficiently small, then with the natural action of Ag on S(U1(Q), W), S(U1(Q), W) is
a free O[Ag]-module and the image of S(Up(Q), W) in S(U1(Q), W) under the natural inclusion
is identified with S(U1(Q), W)[ag]. Moreover, the induced action on S(U;1(Q), W)m coincides with
the one given by the composition O[Aq] — Rs, — THUL(Q), W)m — Endo(S(U1(Q), W)n).

For each v € @), choose an element ¢, € WF;r lifting the geometric Frobenius element. Let w, €
Op+ be the uniformizer such that Artp+(cw,) is the image of ¢, in W;? Using the isomorphism
Lo+ G(Op+) = GLy(F,}), we define pr, € Endo(S(Ui(Q), W)m,) as in [Thol2, Proposition 5.9]
(suppressing the dependence on U and (Q, (¢,)ve@)). Then the operators pr, commute with each
other and with the actions of O[Ag] and T?(U;(Q), W)mg for i =0, 1. So letting pr = [[,cq Pre,
pr(S(Ui(Q), W)mg) is well-defined for i = 0,1, pr(S(U1(Q), W)m,) is a free O[Ag]-module, and
the natural map

pr(S(Uo(Q), W)mg) = pr(S(U1(Q), W)mg ) [ag)]
is an isomorphism. Moreover, the image of the natural injection S(U, W)m, — S(Uo(Q), W)m, is
pr(S(Uo(Q), W)mg,) as in the proof of [Thol2, Theorem 6.8].
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A.5. The patching construction. We continue with the notation from §A.4l Let 7 : Gp+ —
Gn(F) be an automorphic Galois representation such that 7(Gg+(¢,)) is adequate (so that in partic-
ular 7|, is absolutely irreducible). By shrinking the level U, we can assume that 7 is automorphic
of level U = Ug, U and coefficients O with trivial U,-action so that (][], s, 90 ))USP is suffi-

ciently small. Let S be a finite set of finite places of F* containing S,, all places d1V1d1ng N, and
all places at which U is not unramified.
Let S be the global G,,-deformation datum
S = (F/F",8,0,7,,{Dj }oes).

For each integer m > 1, let (Qum, (¥,)veq,,) be as in Proposition For each m and v € Q,,,
choose an element ¢, € Wit lifting the geometric Frobenius element. Let w, € 0F+ be the
uniformizer such that Art . (wy) is the image of ¢, in Wa]D Then for each @,,, we define pr as in
For any open compact subgroup K, C Us, and 1nteger r > 0, we define

pr(S(KpU1( Q)™ , W/ @ g, )" /00y,

where (—)V Hom ,E/O) (with the compact open topology) denotes the Pontrjagin dual.
By Theorem we have a (in fact surjective) map Rs, — TOm (KU1 (Qum)r, Wmg,,- Then
My, Kk, » 1s an RSQm -module, and we define

def
Mm,Kp,r =

cont (

def

O S
Mm,Kp,r m,Kp,r ®RSQ RS /aS’

where ag C Og denotes the augmentation ideal of the formally smooth O-algebra Og defined in
Let O be Olyi, ..., yq]. For each m € N choose an ordering v1, ..., vq of @, and for each
v; a generator g; of A,, which gives a surjection Os, — O[Ag,,] mapping y; to [g;] — 1 € O[A,,].
Let Sy def Ooo®0Og and let as, C Ss denote the augmentation ideal. Then S, acts on MD oKyt
for all N, K, and r, and ME}KP#/%O is naturally identified with S(K,US, W/w")%.

We now patch our (dual) spaces of automorphic forms on G as in [CEG™16, §2], in the language

of ultrafilters following [Schig| §9]. Choose a non-principal ultrafilter 7 C 2Y. Let R = o [L,en O

and Sr C R be the multiplicative set of idempotents e; = (erm)men Where €7, =1 if m € I and
erm = 0if m ¢ I. Then the diagonal map O — R induces an isomorphism

O = yLnS;lR/(w’“),

which gives a surjection R — lim .S Z'R/(w") 2 O. Then we let
Me= lim Ocr [[ Mk,
KpCUs,,r meN

Through the diagonal map, Se acts on My, and

(A.4) Mo /oo = lim  S(KU, W/w")y.
I(pC:l]Sp,T
Moreover, (Y1, ..,¥qg; 21, -+, 2n25) is an M.-regular sequence, where (21, ..., 2,24¢) is any Og-

regular sequence. Since G(O,)U*» is sufficiently small, Jim CUs S(K,US, W/w")V is a finite
P pT

free O[Go(Zp)]-module. By (A.4), My /a is a finitely generated projective and hence finitely
generated maximal Cohen-Macaulay O[G(Z,)]-module. This implies that My is a finitely gen-
erated maximal Cohen-Macaulay So [Go(Zp)]] module. By [Ven02, Theorem 6.2], M is a finitely
generated projective S [Go(Zp)]-module.
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Let R be R}g}cs[[:vl, ..., 4] where g = ¢ — [F': Qn(n —1)/2. Then for each m € N, we can and

do choose surjections Ro, — RES by Proposition |A.3.3l We get a surjective map

Og s
Reo = [ Rss — 0w [] RsS .
meN meN
where the first map is the product of the above surjections (composed with the diagonal map).
Through this map, M, is an R,-module. The above S,, action on M, factors through O ®gr
[Lnen R?S as in §A.4] By formal smoothness of S, we can and do choose a lift

Soo — O @R [Lpen Ras -

Recall that we set O, O @z Zp = 1] Op+. Then My has an natural G(Op)-action (even a
vES) v

G(F* ®gQp)-action though we will not use this), which can be thought of as a GL,,(0)) = Go(Z,)-
action via

def ~ ~
= ] w:60) = [ 9(0ps) > [ GLu(Ops).
vESp vESp vESp
Then we let
def con
Moo (=) = HomS[g, 7,1 (Moos (—)7)"

be the exact covariant functor from finite O[Go(Z,)]-modules to finitely generated R.o-modules
(finitely generated even over So).

Proof of Lemma[A.1.1. In the construction of M, above, by shrinking U we can assume without
loss of generality that W = O and that if ¥ is modular of weight o, then it is modular of weight
o and level G(O,)U%. We claim that My, constructed above is a weak patching functor. Since
Ro = Rr,®0RP where RP = (®,cq\5, 015" [71,. .., 74] then RP is equidimensional by [BGI4,
Theorem 3.3.3] or [BP19, Theorem 1].

To see that Mo (—) is nonzero, note that

Go(Z ~ con Go(Z
MOO(IndUgZ() "F) /00 2 HomSH, o 11 (Moo /oo, (IndUgi V)Y

~Y con : T G Z
=~ Homfjt, 2,y (  im S(K,U%, 0/@")y, (Indugi D)V
KpCUsp,'r‘

~J con G Z .
:Homoﬂéo(zp)ﬂ(lndljgi IR, lim  S(K,US, B/O)y)"

KpCUsp
= S(U,F)y
£0.
If o is a Serre weight, then the same computation shows that M. (0)/as = S(G(O,)US2,aV))..

By assumption, this latter space is nonzero if and only if o € W(7). Furthermore, by Nakayama’s
lemma, My (o) is nonzero if and only if M. (0)/a is nonzero. We conclude that My (o) is nonzero
if and only if o € W (7).
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Let A € X*(T) be a dominant weight and 7 a Weil-Deligne inertial L-parameter. For an O-lattice
o°(A\,7) Co(N,T), Ms(0°(A, 7)) is isomorphic to

Hom%)[FCt?o(Z )]](Mooaao()\ ,7_)\/)\/
=lim lim Homgz,) (0 @r || Mk, (0°(A7)/=")")"

T KpCUs, meN

%@K% Homg,(z,)(0° (A, 7)/@", O @r [ [ pr(S(KUL(Qm)%, 0/ ng,,) ©rs, Rss [a%)
T KpCUsy meN

1m0 @n [ rSEOUQ)™. (0° )5 Ina,) Sy, RS, /05"

r meN
So the action of Ry on Mo (0°(A, 7)) factors through Roo(A, < 7) by Theorem More-
over, Mo (c°(A, 7)) is a maximal Cohen-Macaulay Soo-module, and therefore a maximal Cohen—
Macaulay R (A, = 7)-module since dim Sy = dim Ry (A, < 7) as can be seen from [Kis08, Theorem
3.3.4]. Finally, if o € JH(G°(\, 7)), then the Ro.-action on My (o), a subquotient of My (7°(A, 7))
factors through Roo (A, <X 7)/w. Since My (o) is a maximal Cohen—Macaulay So./w-module, it is
a maximal Cohen—Macaulay Roo(\, < 7)/w by dimension considerations. This concludes the proof
of .

Proposition applied to Mo (—) above implies that 7 is modular of a weight in W,y (7| Io, ).
Then [LLHL19, Theorem 4.3.8] implies that Woby (Tp|1g,) C W(T). This implies that Moo (—) above
is detectable, which establishes . O

APPENDIX B. A NUMERICAL EXAMPLE.

In this appendix, we work out a numerical example where the polynomial P appearing in item
of Theorem is made explicit. For our example, we will choose n = 3, J is a singleton,
A= (3, 1,0) and E: (23)?5(271,1).

We first recall the scheme U(2)4%<% — X = A! from By Proposition the universal
matrix A € U(2)4%=<0 has the form

(v—t)2 +diu(v—t)+ecn cr €13
v(da1(v —t) + 1) c2  (v—1t)+co3
U(dgl (U — t) + 631) v (U — t)d33 + 33

so that Udetiﬁo(i) is the quotient of Z[t, C11, dll, C12, C13, C21, d21, Cc29, €23, d31, C31,C33, d33] subject to
the equation

det A= —(v—1t)L
The affine scheme U(2) NSx () is obtained by imposing divisibility conditions of the minors on the
universal matrix A corresponding to A (and taking the underlying reduced subscheme).

We now turn to the universal monodromy condition as in In fact, we will work with
its simplified version as explained in Remark so that our a € A® always belongs to the A?
where the last coordinate is 0, i.e. a = (a,b,0). In addition, we will only work over the open locus
V' = Spec Zla, b][ 5 ( )] C A? where

P(a,b) =7b(b—1)(a—1)(a—2)(a—b)(a—b—1)(a—b—2)

is invertible. This turns out to substantially simplify our considerations below, and is enough for
our purposes, as any specialization we will eventually consider always occurs in V', due to the fact
that the inertial types we consider will need to be at least 2-generic.
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Let U(Z,\, V) = (UZ) x A2)N M x (A, V), an open affine of (the simplified variant of) M x (A, V).

Proposition B.0.1. (1) The schemeU(Z,\, V) x 52V is represented by the quotient of the ring

Z[t,a,b, 612,C13,d21,022,d31,d33][P(;’b)] by the ideal generated by

(a —2)ci3c22 — (@ — b — 2)c12¢92d33 + c12t(a — b),

bla —1)(a—2)c13da1 + (a—b—1)(a — 1)(a — 2)ci2d31 — bla — 1)(a — b — 2)coadss +
t((a—b—1)(a—2)+ (a—b)(a —1)b—2(a — 1)(a — 2)),

(a—1)(a—2) (012d21d33 — ¢13do1 — C99d33 + t) +tla—2)+ (a— 1)( —tla—b)+ (a—b— 2)022d33).

(2) The irreducible components of U(Z, X\, V) X xya2 ({0} x V) are given by

(22, c12d33 — c13, bdo1d3z + (@ — b — 1)d31)
(c22,d21, c12)

(d31, c22,d21)

(ca2, 13, C12)

(ds3, c13, c12)

(ds3,d31, c13)

(d31, c12d21 — c22, (a — b — 2)c12dss + (—a + 2)ci13)

(8) U(Z,\, V) X2 V is an irreducible complete intersection, and U(Z,\, V) X2 V — X Xz V
1s flat.
(4) Let H be the ideal generated by the 3 x 3 minors of Jacobian matriz of OU(Z, A\, V) x 42 V)

relative to Zl[t, a, b][%] with respect to the presentation (1). Then t* € H.

Proof. Let R be the ring given by the presentation in the first item. We first observe that the
equations in the first item indeed hold in U(Z, A\, V) x,2 V, and that the monodromy condition
solves the variables c11,d11, 21, €23, €31, €33 in terms of t, c12, €13, da1, €22, d31, d33 (this uses the fact
that its ring of functions if ¢-torsion free and that P(a,b) is invertible). Thus, U(Z,\, V) x 2 V is
a closed subcheme of Spec R. Note that over X, this closed subscheme is all of Spec R[1].

Next, we observe that the minimal primes of Spec R/t are given by the list in the second
item. In particular, this shows that each fiber of Spec R — X x V has codimension 3 in the
corresponding fiber of Spec Z[t, a, b, c12, c13, da1, c22, d31, d33] [ﬁ] — X x V. It follows that Spec R
is a complete intersection, and that Spec R — X x V is flat [Stal9, Tag 00R4]. Since R[] is a
regular domain (using the corresponding fact for U(Z, A\, V) X yxa2 X" x V cf Proposition ,
we conclude from the fact that ¢ is regular in R that Spec R[%] is dense in Spec R. It follows that
U(Z, A\, V) x 2 V = Spec R. This finishes the proof of the first three items. The last item follows
from by a computation in Macaulay 2. O


https://stacks.math.columbia.edu/tag/00R4
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We now define U(z, A, V)™™ to be the spectrum of the quotient of Z[t, a, b, W, c12, c13, da1, c22, d31, d33]
by the ideal I generated by the following polynomials

Wegg + tda,

(a —2)b(a — b)Weia + b(a — 2)ci3dar + (a — 2)(b+ 1)(a — b — 1)ciad3; — b(a — b — 2)coadss —
—t(b(b—a) + (a — 2)),

(a — b —2)ci19c92d33 — (a — 2)c13c22 — t(a — b)cya,

5012(121(133 - (a - b) (a - 1)W012 - (a - 2)(@ —b-— 1)612(131 - b022d33 + (b - 2)t,

(a — 2)ciadaidssz + (a — 2)(b— a)Wera — (a — 2)cizdar — (a — 2)(a — b — 1)ci1adst — begadss + t(b — 2),

bla(a —b) —a+b—1)Wdaidss + b(a(a —b—2) + b+ 1)do1dsidss + (a — 1)(b— 1)(a — b)W2 +
+(CL —b— 1)(a(b - 1) - b)del,

b(a — 2)cy3dordss — (a—2)(a—1)(b—1)(a —b)Weis — (a—2)(a —b—1)(a(b— 1) — b)cizdsr +
+b(—a + b+ 2)caadis — th(—a + b)dss.

We have the natural map U (z, A\, V)™ — U(Z, A, V) which is finite and birational, and hence iden-
tifies the former as a partial normalization of the latter (for the birationality, we note that the map is
an isomorphism after inverting ca2, and in fact O(U(z, A, V)™™) is the subring O(U(Z, A, V))[%d;l]
in the fraction field of O(U(Z, A, V)).)

Proposition B.0.2. Suppose we are given s : Spec O — X x V C X x A2, correspoding to
(—p,a,b) € O3.

(1) The base change U(Z, A\, V(qp,0)) = U(Z,\, V) X x 42 5 Spec O is O-flat.
(2) The base change U(Z, A,V (q,0))"™ = U(Z, A, V)" X x a2 s Spec O is O-flat and normal.
In particular the base changed map U(Z, N,V (45.0)™™ = U(Z, A, V(ap0)) is the normal-
1zation map.
(8) The pullback of each irreducible component of U(Z, A,V 4,0))F along U(Z, A,V (4p.0))5" —
Uz, A, V(a7b70))ﬁ? decomposes into irreducible components according to Table

Remark B.0.3. Tt follows from the first item that U(z, A, V(45,0)) is the intersection of M (A, V(44,0))
(cf Definition [4.1.2)) with the affine open U(z, <A) C M (<) (cf (5.9).

Proof. The first item immediately follows from Proposition , while the last item is a direct
computation in Macaulay 2. N

We now establish the second item. Let I be the image of (the base change of) I inside
F[W, c12, c13, do1, c22, d31, d33] under the natural mod-w reduction map. Using the fact that 7!b(b —
1)(a—1)(a—2)(a—b)(a—b—1)(a—b—2) € F*, we verify by running Buchberger’s algorithm that I ad-
mits the following Groebner basis with respect to the monomial order on F[W, ¢19, ¢13, da1, ¢22, ds1, dss]
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given by W > c19 > ¢13 > do1 > c22 > d31 > dss:

WCZQ?
(CL — 1)((1 — 2)b613d21 + (a — 2)<CL — 1)(a —b— 1)012d31 — (CL — l)b(a —b— 2)622d33,
—(a—2)(a—1)(a—b)Wci2 — (a—2)(a—1)(a —b— 1)ci2ds1,
—(a — l)b(—a + b+ 1)022d31d33,
(CL — 2)(@ — 1)(0, —b-— 1)012d31d33 + (a - 2)((1 — 1)2(b — 1)(& — b)WClg +
+(a—=2)(a—1)(a—b—1)(a(b—1) — b)ci3ds,
(a —b—2)ci12¢22d33 — (@ — 2)c13¢22,
b612d21d33 - (a - 1)(& - b)W612 - (a - 2)(@ —b— 1)612d31 - b022d33,
b((a —b)(a—1) —1)Wdaidss + (a — 1)b(a — b — 1)d21ds1dss +
+(a—1)(b—1)(a—b)W? + (a —b—1)(a(b—1) — b)Wdsy,
(CL — 2)(& — 1)(@ —-b-— 1)613022d31,
(a—2)(a—1)(a—b—1)ci2c0ds1,
(a—2)(a—1)%b—1)(a—b)*W?ci13+ (a—2)(a—1)(2a(b— 1) — 2b+ 1)(a — b — 1)(a — b)Werzds +
+(a—2)(a—1)(a(b—1) —b)(—a+b+1)%ci3d3,,
and the leading monomial for each polynomial is the left-most term, except when (a—b)((a—1)—1)
vanishes the leading term of the 8th generator is its second monomial (since its first monomial
vanishes in this case).
A computation in Macaulay2 shows that the monomial scheme defined by the ideal of leading
terms of [
Spec F[W, ci2, c13, da1, ¢22, da1, ds3] /lead ()
is Cohen-Macaulay. Since there is a flat Groebner degeneration from U(Z, A, p.0y), V)§™ to this
monomial scheme, we conclude that U(z, A, V(q30))5" is Cohen-Macaulay.
Next, we compute that the irreducible components of the special fiber of U(Z, A, V4 ,0))™ are
given by
(c22, (@ — O)W + (a — b — 1)d31, c12d33 — c13, bd21ds3 + (a — b — 1)d31, beizdar + (a — b — 1)c12dar),
(ds1, caz, da1, W),
(ds3, ds1, c13, W),
(ds3, c13, c12, W),
(ds1, W, c12da1 — 22, (@ — b — 2)c12d33 + (—a + 2)c13, (a — 2)c13dar + (—a + b+ 2)caadss),
(622, da1, C19, (a — 1)(b — 1)(a — b)W + (a —b— 1)(a(b — 1) — b)d31),
(622, c13, C12, b(a(a —b-— 1) +b— 1)Wd21d33 + (CL — l)b(a —b-— 1)d21d31d33 + (a — 1)(b — 1)(& — b)W2 +
—I—(a —b— 1)(a(b — 1) — b)del).
From this, we see by inspection that U(Z, A, V(a7b70))ﬁ% is generically reduced, and since it is also
S (since it is Cohen-Macaulay), we conclude it is reduced.
Next we show that U(z, A, V(4 4,0))"™ is O-flat. For this, we first observe that U(z, A, V(g ,0))™™" is
topologically flat over O. Now, if U(Z, A, V(44,0))™™ were not O-flat, we can find a global function g
which is not divisible by w and is w-power torsion. Then g must be nilpotent by topological flatness,

but its reduction mod @ then produces a non-zero nilpotent global function on U(z, A, V(44,0))5™,
a contradiction.

m
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Finally, since U(Z, A, V(44,0))™™ is O-flat with reduced special fiber, U(Z, A, V(4,,0))"™ is normal
[PZ13, Proposition 8.2].

]

TABLE 1. Irreducible components of fibers

TIrreducible components of U(Z, A, V(a,b,U))IF Trreducible components of the preimage

(ca2, (@ — b)W + (a — b — 1)da1, c12d33 — 13, bdardss + (a — b — 1)ds1, bersdar + (a — b — 1)ejadsy),

(c22, €123 — 13, bndlgg + (0 — b — 1)ds ) (a2, €13, 12, (b — L)W + (—a + b+ 1)dz1, bdardzz + (a — b — 1)dz1)

(c22,do1,c12, (@ —1)(b—1)(a — D)W + (a — b — 1)(a(b— 1) — b)ds1)

(cz2, ot e12) (c22,da1, €13, c12, W)

(ds1, 22, da1) (d31, a2, d21, W)

(22, €13, c12) (€22, c13, C12)

(dag, c13, c12) (ds3, c13, €12, W),
33, €13, €12 (dss, c22, c13,¢12, (@ — 1)(b— 1)(a — )W + (a — b — 1)(a(b — 1) — b)ds1)

(d33,d31,c13) (ds3,d31, c13, W)

(ds1, W, c1ada1 — 22, (@ — b — 2)ciad33 + (—a + 2)c13, (@ — 2)c1zdar + (—a + b+ 2)coadss),

(d31, c1ada — c29, (@ — b — 2)cradsz 4+ (—a + 2)c13) (dsy. o, €15, 12, b(a(a — b— 1) + b— Ddardss + (@ — 1)(b— 1)(a — b)IV)

In each of the entries of the left column, the first ideal corresponds to the unique
maximal dimensional component of the pre-image.

Corollary B.0.4. Suppose (a,b) € O? such that
b(b—1)(a—1)(a—2)(a—b)(a—b—1)(a—b—2) € O
and p > 7. Then:
(1) U(Z, A\, V(ap,0)) s unibranch at 2 € U(Z, A\, V(q,,0)) (F).
(2) U(Z, A\, V(ap0)) s not unibranch on a Zariski dense set of points on the irreducible compo-
nent of its special fiber given by

(0227 C13, 012)

Proof. Let 7 : U(2, A, V(q5,0)"™ = U(Z, A\, V(a,0))- Then 7 is the normalization map by Proposi-

tion [B.0.2{[2).
The first item immediately follows from the fact that 771(%) is set-theoretically a singleton.
For the second item, let C' be the irreducible component of U(Z, A, V,,0))F cut out by the ideal

(c22,c13,c12). Then according to Table at the set theoretic level the map 7 : 7~ 1(C) — C
identifies with

Z — A}
(da1,ds1,d3s, W) = (da1,ds1, ds3).
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where Z C A% is cut out by
b((a —b)(a—1) —1) bla—b—1) (@a—b—1)(ab—1) —b)
(a=1)(b—1)(a—0b) (b—1)(a—1b) (a=1)(b—1)(a—b)
This map is a double cover of A% by an irreducible quadric, and hence is generically finite
étale of degree 2. In particular, any point outside the branch locus will not be (geometrically)
unibranch. g

Corollary B.0.5. Let n = 3, K = Qp, A = (3,1,0) and 2 = (23)t(21,1)- Let (s,p) be a 5-
generic lowest alcove presentation of a tame inertial type 7. Then both conclusions of Theorem
holds when p is 10-deep in Cy, i.e. with the polynomial in loc.cit. taken to be P(X,Y,Z) =
I (X =Y —m)(Y —Z—m)(Z — X —m))

In particular, if p is 10-deep in Cy, then

XN (2) = U(3,\, Va,)

Proof. For the conclusion of the first part of Theorem we need to choose the polynomial
P(X,Y,Z) to guarantee the Elkik approximation argument goes through. By Propositions
and [7.1.10 we need u to be m-deep in Cy for any m such that

m—64+3>6

since the integer r in Propositions is 3 by Proposition and hy = 3. In other words, we
need m > 10, leading to the polynomial P in the statement. However, in view of Corollary
this choice of P already guarantees the unibranch property needed for the second part of Theorem
.o.2

Finally the last statement follows from the fact that z is not AM-admissible for any A\ < A. d

Remark B.0.6. Corollary has only been stated when J is a singleton. However, it easily
generalizes to the case of general J by taking products: the essential point is that in our situa-
tion taking products preserves the property of being reduced, and hence the product version of
U(Z, A, V(a,p,0))™™ is still the normalization of the product version of U(Z, A, V(4,0))- In particular,
the generelization of Corollary to the case K being a general unramified extension of Q,
holds.

Widz1dzs + d21dz1d33 + Wdsy + W72,
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