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DYNAMICS OF A DISCRETE SIZE-STRUCTURED
CHEMOSTAT WITH VARIABLE NUTRIENT SUPPLY

PABLO AMSTER, GONZALO ROBLEDO & DANIEL SEPULVEDA

ABSTRACT. This article revisits and extends to the nonautonomous frame-
work the results about the dynamics of a discrete and nonlinear matrix model
describing the growth of a size—structured single microbial population in an
autonomous chemostat, which has been introduced by T.B. Gage et.al and
H.L. Smith. The first and the second result provide a threshold determining
either the extinction or the persistence of the total biomass. The main result
establishes a set of sufficient conditions ensuring the existence, uniqueness and
global attractiveness of an w—periodic solution.

1. INTRODUCTION

The mathematical modeling of the dynamics in a chemostat has an impressive
amount of research on a wide scope of problems by using a plethora of approaches
[14]. Nevertheless, in midst of that context, there exist topics sparingly treated.
This is the case of the modeling of the dynamics of a single microbial biomass
size—structured by using nonlinear matrix difference equations, which started with
the seminal work of T. Gage et al. in [7], revisited by H.L. Smith in [15], both
in the autonomous context. The main contribution of this article is to extend the
above mentioned works to the nonautonomous framework, with specific focus on
the periodic case.

1.1. The chemostat. The chemostat is a device where a microbial species is cul-
tivated in a liquid medium containing nutrients to be consumed by the species.
The nutrients are assumed to be in abundance with the exception of a specific one
which is named limiting substrate or nutrient. The dynamics between the microbial
biomass and the nutrient is described as follows: the nutrient is pumped into in
with fixed rate at either fixed or variable concentration (input) while the mixture of
microbial biomass and nutrient is removed to the exterior with fixed rate (washout).
Moreover, we have to consider the consumption of the nutrient and the biomass
growth.

In addition, we will take into account the following environmental, mechanical
and biologic assumptions:
- The liquid medium is uniform in space.
- The substrate and the microorganisms are uniformly distributed in space.
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- The input and the washout rate are similar.

- Respiration and mortality are negligible.

- The only organism-to-organism interaction is mediated by the nutrient concen-
tration: the consumption of nutrient has a direct effect on the microbial species.

1.2. The chemostat ODE models and its shortcomings. The most known
chemostat model satisfying the above assumptions is described by the system of
ordinary differential equations

Input Washout  Nutrient consumption
s'(t) = Ds’(t)— Ds(t) — v~ f(s(t))a(t)
d(t) = @(t)f(s(t) — Da(t),
—_——  ——

Microbial growth ~ Washout

where s(t) and z(t) are the densities of the nutrient and the microbial biomass
respectively. The nutrient is pumped into in with fixed rate D > 0 at concentration
described by ¢ +— s°(¢) > 0, which has been supposed constant, periodic, almost
periodic or continuous in the literature and we refer to [1, Table 1] for a summary.
Note that the work with ODE systems assumes implicitly the uniform distribution
of nutrient and microbial biomass in the liquid medium. Moreover, the absence of
mortality of the microbial species combined with the fact that the input and the
washout rate are equal to D imply that the transformation v(t) = s(t) +~y 1z (t)
yields to
V' (t) = —Du(t) + Ds°(t),

and for any bounded and continuous inputs of nutrient ¢ — s%(¢) > 0 there exists
a unique positive solution

t
v*(t) =D / e P 0(r) dre

such that any solution ¢ — v(t) verifies v(t) — v*(¢t) — 0 when ¢ — +o0.

The last assumption, namely, that the only organism-to-organism interaction is
mediated by the nutrient concentration, is taken into account by considering that
the consumption of substrate is proportional to the per capita growth rate of the
biomass, that is

x'(t)
5 = st

As f(-) describes the consumption of nutrient and its conversion in microbial
biomass, the constant y~! is a yield coefficient reflecting this conversion. The
modeling of f(-) is dependent of the specific nutrient and microbial biomass but
usually it is assumed that satisfies the following qualitative properties:

(H1) The function f: Ry — R satisfies: a) f € C1(Ry,R) and f(0) = 0; b)
f/(S) > 0 for any S € Ry and ¢) f/(S) < f/(0) for any S € Ry.

A serious shortcoming of the above model is the underlying assumption that the
microbial cells have constant size and density, which only allows the description of
the growth of the total microbial biomass while processes as DNA replication, uni-
cellular growth and cellular division are not considered. This lack has been addre-
ssed in the seminal work of T. Gage et al. [7], which introduces a size-structured
model of one species chemostat described by an autonomous and nonlinear system
of r difference equations, where the modeling of the size structure of the microbial
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cells is carried out by a matrix formalism reminiscent to the Leslie matrices. This
formulation was improved by H.L. Smith in [15] who also considered two competing
species in the reactor and proved that the competitive exclusion principle is verified.

The Gage-Smith model has been extended to n competitors in [16], where the
competitive exclusion is verified. These results are also presented in [17, Ch.4].
Later, in [3], the hypotheses of homogeneity in the cell division assumed in the
Gage-Smith model are reviewed and extended to the case where the division of
cells can occur in several biomass classes. In the last years, the competitive model
of Gage—Smith has been generalized in [18, 19] by considering f with inhibitory
kinetics, namely, in (H1) it is assumed that f is a unimodal function.

1.3. Novelty of this work. We generalize the Gage-Smith model by considering a
nonautonomous input of a nutrient. The importance and applications of considering
bounded variable nutrient inputs has been addressed in the continuous framework
by the authors in [1] and the conclusions are certainly valuable for the discrete case.
In particular, we will focus on cases in which the input of nutrients are periodic.

The first results provide sufficient conditions ensuring either the washout (ex-
tinction) or the permanence of the microbial species. We point out the originality
of these conditions and emphasize that can be understood in terms of the lower and
upper Bohl exponents associated to a scalar linear difference equation. The main
result is focused in the w—periodic case and gives a set of sufficient conditions ensur-
ing the existence, uniqueness and attractiveness of a nontrivial w—periodic solution.
The proof of this result emulates two steps of the autonomous case: i) the original
r—dimensional system is reduced to a planar one, ii) The asymptotic behavior of the
planar system allows to deduce asymptotic properties of the r—dimensional system
by using the Golubitsky ergodic weak theorem. Nevertheless, we point out that
our treatment is totally different. Firstly, the asymptotic behavior of the planar
system is addressed by constructing a Poincaré map and then followed by the study
of a non-homogeneous linear scalar equation, which is asymptotically equivalent to
a w—periodic linear scalar equation. Finally, we adapt the use of the weak ergodic
theorem for a sequence of maps defined with the use of Poincaré operators and
Floquet Theory.

Last but not least, a formal novelty is our revisiting to the construction of the
Gage-Smith model in order to contribute to a better understanding of a still little
known model, which has been described only in [7],[15],[2] and [3]. This structured
class model involves: size classes, cell growth and cell division. We shall try to
make a clearer and detailed deduction of each of these topics, which, beyond the
similarities, is not a mere repetition since it has original aspects mainly in the mod-
eling of the cell growth. We trust that our exposition will be helpful for stimulating
the study of this model.

2. THE DISCRETE TIME VARYING MODEL

2.1. Basic assumptions. To introduce a structure into the size of the cells, the
microbial biomass is divided in r > 1 size classes. The biomass of the cells at
the j—th class size, with j € {1,...,r}, at time ¢ € Z is denoted by y] while
the amount of nutrient at time t is denoted by S;. We also define the vectors
x; = (yy?, ..,y )T €R"and 1= (1,--- ,1) € R".

The equation describing the nutrient dynamics is challenging in this class of
models, since it needs to be consistent in the relative times of nutrient consumption
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and pumping out over an iteration interval, see [15, pp.737]. We consider that, in a
period of iteration, the nutrient is consumed first and then evacuated, in this way
the evolution of the nutrient S; in one unit of time is described as follows:

(21) St+1 = St - f(St)(]_ 'Xt) *E(St *f(St)(]_ Xt))+ES?
——~
Nutrient consumption Washout Input

That is, first, the nutrient is consumed by the biomass, second, the nutrient is

pumped into in with fixed rate E € (0,1) at variable bounded concentration S}

with 211% SY > 0, and the liquid medium inside the vessel is expelled with similar rate
€

E. The consumption of nutrient is described by f(-) which satisfies the assumptions
(H1), similarly as in the continuous case.

To describe the dynamics of the total biomass vector x;, we need to introduce
additional assumptions and complementary descriptions:
(SC1) The microorganisms are born with a biomass b and grow to double in size.
(SC2) The reproduction of cells is given by the division of mature cells, with a
mass equal to 2b, into two cells of equal size.
(SC3) The size of organisms increases exponentially in an environment where the
nutrient is abundant and constant.
(SC4) The average nutrient uptake rate per unit biomass is constant across all size
classes.

More specifically, some consequences of (SC1)—(SC4) are:

i) The growth of every microbial cell passes through r > 1 size classes. The

average mass of an individual cell at the i—th class will be assumed as
25

b= M"1b > 0 where M = 2%, then:

Class | Average biomass of cell
1 [270=M%
2 | 27b=M"

r—1

T 25 b=M""1b

In absence of washout, the number of cells at the i—th class is given by

yi
(2.2) ni(t) = Miilb.

ii) In the i—th classes with ¢ = 2,... r — 1 there are neither birth of new cells
nor division of cells. The cells only can either advance to the next size class
or stay at the same one. Then, n;(t) can be decomposed as follows:

(2.3) ni(t) = nj(t) +ng (t),

where nf(t) is the number of cells that remain at the class ¢ at the next
unit time while n?(¢) is the number of cells reaching the i + 1-th class at
the next unit time.

iii) The first class is named birth class. The cells can either stay at this class or
advance to the second one in the next unit time. The decomposition (2.3)
can be also applied for i = 1. We recall that there are no division of cells.

iv) The r—th class will be called the mazimal size class, where the cells reach a
biomass 2b and could divide in two cells of biomass b, which go back to the
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birth class. In this context, the decomposition (2.3) is still valid but nP(t)
should be understood as the number of cells that are duplicated, then the
number of cells that reach the birth class in the next time unit is 2nP(t).

v) The equation (2.3) combined with the above property allows an alternative
description for n;(t 4+ 1) as follows:

o[ 2 fori—1
(2.4) ni(t+1) = { ni(t)+nt (t) fori=2,...,r.

The equations (2.3)—(2.4) prompt to introduce the fraction of cells in the i—th
class at time t that, in absence of washout, are transferred to the ¢ + 1-th class at
the next unit time:

(2.5) P.(S,) = Zp((;) for any ¢ > 0.

A direct consequence of the above identity is
n; (1)
2.6 L =1— PB(S).
( ) ni (t) Z( t)
To describe the dependence of the proportion P; on the concentration of substrate
at time ¢, we have to consider the difference of biomass yzﬁ —y; as follows

Yt —yi = Rit) + A (),

where A;(t) is the amount of biomass from the i—th size class reaching the i + 1—-
th size class after one iteration period. Moreover, R;(t) is the amount of biomass
remaining at the same class after one iteration period. By (2.3)—(2.4), we have

vl —ub = Mbniga(t+1) = M7 bng(t)
= M'b[ny, (8) + n ()] — M'T1b[ng () + nf (1))

= M'bn  (t) — M oni(t) +nl(H)[M'b— M)

=R;(t) =A4q(?)

and the transfert of biomass from the i-th size class to the ¢ + 1-th one after one
iteration period is described by the term n?(¢)[Mh — M*~1b].

A key assumption will be that the biomass transfert A;(t) above described is
directly proportional to the biomass y{ while the proportionality constant is depen-
dent of the consumption of substrate as follows:

i i—1 i : Aq(t)
Ai(t) =nP(@)[Mb— M0 =y, - f(St) or equivalently - = f(S).

Yt

Biomass:Feed rate
Now, it is observed that the number of cells reaching the i 4+ 1-th class after one

iteration period can be obtained by dividing the increase in biomass of organisms
of the i-th class by the difference of average size of both class, namely

9. 4 _ ytf( t ‘
(2.7 n(t) = s
and by combining equations (2.5) and (2.7), it is deduced that
1 i
(2.8) PZ(St) — ytf(St) — f(St) 1 S l S r.

ni(t) (M+10— Mib) M —1’
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Since the proportions P;(S;) are independent of the i-th class, from now on, will
be denoted P(S;). Note that the proportion P(S;) is not necessarily well defined
and it is reasonable to introduce the additional assumption:

(H2) The function f is such that lir+n f(u) == foup <M — 1.
U—+00

A first regard to (H2) can give the wrong idea that it is an ad—hoc hypothesis.
However, a better understanding of this assumption will be achieved by considering
the duplication time of a newborn cell, which is the subject of the next subsection.

2.2. Duplication time and well posedness of the problem. To ensure the well
posedness of the model, it will be necessary to take into in account the minimal
duplication time T, for a newborn cell and its relation with the length T of the
iteration interval, the number r of classes and the uptake function f.

The minimal duplication time can be achieved in favorable conditions as: i) no
outflow, namely E = 0, ii) infinite nutrient, namely, S; large enough such that
f(St) = feup and iii) all the biomass from the i-th size class reaches the i + 1-th
one after one iteration period, that is P(S;) = 1 or equivalently R;(t) = 0 and
Ai(t) = yi fsup- In addition to these assumptions, we consider that the duplication
will be reached after r iterations. Namely, the number of cells at the i—th class on
time is described by the equation yzﬁ —y¢ = A,(t) or equivalently

and it follows that y7™! = (1 + feup)"b. Since we know that yo_; = 257 b, it is
deduced that (1 + foup)" = 2.

From the above equation, it is possible to obtain constraints on the iteration
period T and the number of classes r, which depend on the minimum doubling
time Tmin and the maximal growth rate fimax := In(2)/Tmin. We observe that the
duplication is obtained after passing through each of the r classes and given that
the iteration period has a length of T', thus obtaining the equation T = T, it
follows that in general rT < T, must be satisfied to ensure that cell duplication
takes place in class r-th and not before.

It is worth mentioning that each species grown in the bioreactor has its own
parameters, which cannot be adjusted, in particular the minimum doubling time
and the maximum growth rate finm.x. We also observe that the maximum growth
rate must be rescaled in time, considering fsup := fimax! to define the nutrient
uptake function f(S) for the discrete model. In this way, the population’s own
parameters, [ipnax and Ty, constrain both the iteration period T and the number
of classes r by means of (H2) and the inequality T < Tnyin. We conclude by
mentioning that the imposition of upper bounds for f/(0) also has an impact on
the iteration period.

2.3. Deduction of the equations. We represent the dynamics of biomass in the
different size classes in Figure 1.

Notice that (2.8) says that the cellular growth at any size class is explicitly
dependent of the consumption of limiting nutrient described by (2.1). On the other
hand, the number of cells at the i—th class passing towards the next class at the
next unit of time increases for bigger concentrations of limiting nutrient since, as
stated in (H1), f is an increasing function.
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FIGURE 1. Scheme of dynamics in the different size classes.

Now, notice that the number of cells at the i—th class can be written as follows:

(1= E)ni(t) + (1= E)2np(t) if i=1
(2.9) Th(t‘i‘:l):{( ) (t) ( )np_l(t) if iiQ,...,’r‘

K3

The identities (2.5)—(2.6) allow to re—write (2.9) for i € {2,...,r} as follows:

ni(t+1) = uEmmﬁ§3+“EMF”i?f2

= (1—E)n(t)[1 - P(S)] + (1 — E)ni_1(t)P(Sy).

Let us multiply the above identity by M*~'b to obtain

MT o (t+1) = (1—E)M " ong(t)[1 — P(S,)]
— —
Vi y}
+(1 = E)M M"2bn;_,(t) P(S;)
N—————
yit

and, from (2.2), this is equivalent to
Ve = (1=EB)1-P(S)ly; + (1L - E)MP(S,)y;~"
Similarly, as 2 = M M"~! we multiply by b and for i = 1 we deduce that

Y1 = (1= B)[1 = P(S)ly; + (1 — E)MP(Sy)y;,

and the dynamics of x; = (yi,...,yr)T can be summarized as follows:
Yisr = (1= E)1—P(S)lyl + (1 - E)MP(St)y;
yiyn = (1= E)MP(S)yl + (1 - E)[1 - P(Sy)]y;

Yer1 = ( E)MP(Sy)y; + (1= E)[1 = P(Sy)]y;
or equivalently as

(210) Xt+1 = A(St)Xt — EA(St)Xt,
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where A(-) is defined by

1-P() 0 . MP(")
MP() 1-P() 0 .. 0
(2.11)  A() = 0 MP() 1=P() 0 .. 0 ,
0
0 MP() 1-P()
The coupling of the equations (2.1) and (2.10) leads to
Input Nutrient consumption Washout
0
(2.12) St+1 = ESt +5¢ — f(St)<1 'Xt) —-F (St - f(St)(l ’ Xt))a
Xi4+1 = A(St)Xt - EA(St)Xt .
—— —_———
Biomass growth Washout

Note that assumptions about uniform distribution of nutrient and biomass in
the liquid medium are implicitly satisfied since (2.12) is a system of difference
equations. Moreover, a careful reading of the deduction of Egs. (2.12) shows
that the mechanical and biologic assumptions stated in the introduction are also
satisfied. In fact, the equations (2.1), (2.8) and (2.9) show that we are considering
E € (0,1) as input and washout rate, the respiration and mortality are negligible
and the species growth depends directly on its consumption of the nutrient.

2.4. About the matrices A(S;). The matrices A(S;) € M, (R) have the following
properties, which shall be useful to study the system (2.12):

1) A(S;) are nonnegative for S; > 0. This fact follows from the identity P(S;) =
F(Sy)/(M — 1) stated by (2.8) combined with (H1) and (H2).

2) A(S;) are circulant for any S; > 0, namely, the i—th rows with ¢ € {2,...,7}
are cyclic permutations of the first one. More precisely, given a; = 1 — P(S;) and
by = M P(S;), we have A(S;) = Circ(ay,0,...,0,b;), In other words,

(2.13) A(St) = ail, + b,C, where C := Circ(0,...,1).

In addition, A(S;) are semi-magic matrices for S; > 0 since the sum of each row
or column is equal to 1+ (M — 1)P(S;) = {1+ f(S:)}.

3) A(S;) are irreducible for S; > 0: Let us recall (see [14]) that a matrix is irreducible
if it cannot be put as a upper triangular block form with square diagonal blocks and
nonzero upper block by reordering the standard basis vectors. A useful criterion for
irreducibility is given by the study of the associated graph G4 of A(S;) € M,(R):
Let Py, Ps,..., P, be r points in the plane. If A;;(S;) # 0, then there exists a line
P;P; connecting P; and P; and A(S;) is irreducible if for each pair (P;, P;) there
exists a path P; Py, , Py, Pk,, ..., Ps—1P; connecting P; and P;.

Observe that the lower diagonal terms given by A, ;_1(S;) = MP(S;) for any
i €{2,...,r} also coincide with A; ,-(S) and the irreducibility of A(S;) follows by
studying its associated graph.

4) A(Sy) are primitive for any Sy > 0, i.e. A(S;)™ is positive for some m. It is seen
that positiveness holds for arbitrary m > r: indeed, from (2.13) we note that

A™MS) =Y ( " ) ay ol C*k

k=0
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and it follows inductively that

ok _ 1 ifi=j+k(r)
W10 otherwise.

This means that for all 4,5 € {1,...,r} there exists k < r such that ij =1 and,
consequently, A™(S);; > 0 for all m > r. In addition, this condition (see e.g,
[5, p.28]) is equivalent to the fact that the matrix has only one eigenvalue with
modulus equal to its spectral radius.

Lemma 1. For S; > 0, the spectral radius of (1 — E)A(S;) is
(2.14) p((1 = E)A(S:)) = (1 = E){1+ f(S:)}-

Proof. From the Perron-Frobenius Theorem for non negative irreducible matrices
[14, p.257] we have that p((1 — E)A(S;)) is a real number and a simple eigenvalue.
In addition, see e.g [11, p.141], the spectral radius satisfies the inequalities

min Y (1~ B)A4i(S1) < pl(1— E)A(S1)) < max Y- (1= E) Ay (S)

j=1
and the identity (2.14) follows from the fact that (1 — F)A(S;) is semi-magic. O

Corollary 1. For Sy > 0 and any m > £ > 0 it follows that

l+m—1 l+m—1
(2.15) p( 11 (1—E>A<st>> <@-B)" T {0+ 150}

t=¢ t=4

Proof. As the matrices (1—E)A(S;) are circulant, they are commutative [11, p.113]
and a consequence of the Gelfand’s formula for the spectral radius is that

l4+m—1 l4+m—1
p< 11 <1—E>A<st>> < I w-B)aes)).
t=(

t=~¢

Thus, the result follows from Lemma 1. O

3. BASIC RESULTS

3.1. A reduced system. Similarly as in the continuous case, (B1)—(B2) imply
that the change of variables ¥y = S; + 1 - x4, where 1 = (1,--- ,1) € R" leads to

(3.1) Y= (1—-E)X+ES), t>0.
Let us recall that in subsection 2.1 we assumed that %relé SY > 0 and S is bounded
in Z, which allows to define the solutions of (3.1) on Z. Moreover, we can define

3.2 0< S, :=inf S? d 89 = SY.
( ) inf 11‘1612 t an sup ilelzp t

Remark 1. Every solution of (3.1) with 3¢ > 0 verifies X; > 0 for any t > 0.
Indeed, any solution has the form

t—1
Si=(1-E)'So+ Y (1-E)*'ES,
k=0

and the positiveness follows from the fact that ¥ > 0 and SY > 0 for any t > 0.
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Lemma 2. Any solution Xy of (3.1) verifies
lim (3, —X%7) =0, with |5, —X;| =% —Z5|(1 - E)*

t——+o0

where t — X¥ is defined by

(3.3) Si=E > (1-E)77'sY

Jj=—00
and is the unique Z-bounded solution of (3.1). Moreover if ¥y < X§ (resp. %o >
¥5) then Xy < Xf (resp. £y > XF) for any t > 0.

Proof. As S is a bounded sequence and E € (0, 1), it is easy to verify that (3.3) is
well defined and is a bounded sequence. A direct computation shows that

t—1
Si,=E Z 1-E)7S)=(1-EE Y (1-E)"7'S)+ES]
j=—00 Jj=—00

and we can deduce that ¢ — X} is a bounded solution of (3.1).
In order to prove that (3.3) is the unique bounded solution, let us consider a

Z-bounded solution ¢ — %, of (3.1) and note that
V=B = (1= B)' (S0 - %),

is also bounded on Z. Now, if f]o # %, then the left hand side term diverges when
t — —oo, obtaining a contradiction.
Finally, given any solution ¢ — X, let e, = X} — 3; and notice that

(34) €t+1 = (1 — E)et

has solutions e; = (1 — E)! (3% — 3y) and we verify that X} is the unique bounded
solution and is attractive for t — +oo since e; — 0 when t — +o0. O

Remark 2. The identity

E ti (1-E)—-1 :Ei(k

j:—oo k=0
implies the following properties:

i) If SY = S° > 0, then ©7 = SO for any t,
i) As SO, <89 < SO  foranyt € Z then S

inf sup

0 <X <89, for anyt > 0. In
addition, the inequality is strict when SY is not constant.
iii) A direct consequence of the discrete Lebesgue dominated convergence The-

orem is that if SY — S° when t — oo then ¥} — S° when t — .

Remark 3. As X} is a bounded sequence, the numbers 3 ¢ and X, can be defined

sitmilarly as in (3.2) and by statement ii) from the previous remark we can see that

0
Smf mf < E:up < Ssup

Remark 4. It is important to note that if t — SY is w—periodic then t — 3} is
also w—periodic. This property can be generalized to other function spaces and is
due to the fact that (3.1) admits a unique w-periodic when SY is w-periodic.
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Since A(S;) are semi—magic matrices we note that
1-A(S) =[1+ (M- 1)PJ1=[1+ f(S)]1,
and the total biomass U; = 1 - x; has a behavior described by
U1 = (1 = E)[1 + f(Se)]U,
which allows us to construct the reduced planar system

U = (1—E)(1+ f(S)) Ui,
) {&i = (1-E)Si—(1—E)f(S)U; + ES.

The next subsections study basic qualitative properties of (3.5) as boundedness
and positiveness of the solutions. In addition, we will search sufficient conditions
ensuring either the washout of the total biomass or its persistence.

3.2. Boundedness and positiveness of solutions. An accurate description of
the biological context needs to consider new restrictions for the total biomass Uy
since, otherwise, the total amount of nutrient consumed in the t—th iteration period,
namely Uy f(S;), could exceed the concentration of the substrate available, which
would imply S;y1 < 0. In consequence, additional work must be done to rule out
this case and it will be useful to write the second equation of (3.5) as:

In the autonomous case, namely, when S := S° = X%  for any ¢, this posi-

tiveness problem has been addressed by finding sufficient conditions ensuring that
St — f(St)Ug > 0 for any ¢ > 0 which implies by (3.6) that S;y; > 0. In fact, in [15,
p.739] the authors assume that @ < n for some 7 € (0,1). Moreover, to verify
this last property, in [3, p.322] the authors use f'(S;) < f/(0)S; combined with
the concavity of f and prove that if there exists V > S° and 5 € (0,1) such that
f(0)V < n, then S; > 0 for any t > 0. A careful reading of these results shows that
the existence of a positively invariant and bounded set of initial conditions plays a
key role.

In the non autonomous case, we will consider the following invariance conditions
in order to address the positiveness problem:

(I1) The function f and the input of limiting substrate S? are such that

'(0)ESY
(080, <1+ 2 L OE S
f(O)Sbup— + 1—E

(I2) The function f and the unique bounded solution 3j of (3.1) are such that
f0)x%, <1

While the condition (I2) is reminiscent to the conditions considered in [3] and
[15] since S = X, in the autonomous case. We remark that (I1) provides a
new perspective since, instead of focusing on Sy — f(S¢)Uy, it sheds light on the
positiveness of the right side of (3.6). Let us note that (I1) takes advantage of the

fact that S? . > 0 and can be verified even when (I2) is not.

inf
Remark 5. We stress that conditions (I1) and (I2) are independent. For example,
consider a 2-periodic function S° with SQ =1 and S{ =S > 1, then

1-E+8

5= 5 & > 1, YI=(1-E)X;+E <X
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Observe that, if E is small, then
S = 5 = (S +1)/2.

Given [ such that (H1) and (H2) are satisfied and f'(0) < 1, we may choose

S > 1 such that )

1 /

5 0<gir
Thus, taking E sufficiently small, condition (I2) is verified although (I1) does not
hold. On the other hand, if the oscillation of S° is not large, then (I1) is less

restrictive than (I2): in particular, observe that if S° is constant then ¥* = S°, so
clearly (12) implies (I1).

As mentioned before, the positiveness of the substrate is strongly related with
the boundedness of the solutions and the next results show that either (I1) or (I2)
implies the existence of a bounded positively invariant set for the solutions. In fact,
given W > 0, let us consider the set

Quw ={U,8):U,8>0,U+S < W}
Lemma 3. Assume that (H1),(H2) and (I1) hold and let W := 59, .
Qu, then G¢(U, S) € Quw, where
Gi(U,8) := (1= E)1+ f(S)U,(1 - E)S — (1 - E)f(S)U + ESY).
Proof. Let (U, S) := G4(U, S). It is clear that U > 0 and, moreover,
U+S=0-E)U+S8S)+ES°<(1—-E)W+ES’ <W.

sup

If(U,S) e

Finally, observe that S > 0 if and only if
E
_g<_ T g0
fOU -5 < 1—ESt

Because f(S) < f/(0)S by (H1), it suffices to verify that
E

S ..
1 _ E inf
Next, observe that the absolute maximum value of the function

9(U,8) = (f'(0O)U —1)S
over the triangle Qy is achieved at its upper side; thus, it suffices to compute the
absolute maximum of the parabola g(U,W —U) = (f'(0)U — 1)(W — U), namely
1

(f(OU-1ns <

max — — (W ! 0)—-1 2,
s = 71735 (WI'(0) = 1)
then gmax < %S&f is equivalent to
f(0)ES ¢
Wt -1 24 ———
W) - 1) < 2y PO
which is always implied by (I1). O

A careful reading of the last step in the preceding proof shows that we have to
take into account the sign of S, f'(0) — 1 and the distance between ¥, and S

sup sup’
which leads to three possible cases when (I1) is verified:

a) If SO, f/(0) <1, then (I1) implies (I2) since ¥, < 52,

sup sup —



DISCRETE-STRUCTURED CHEMOSTAT VARYING NUTRIENT 13

b) Tf 2, //(0) < 1 < 89, 7/(0) < 14 24/L28%0  then (T1) and (12) are

satisfied,
¢) If1 <325, /(0) <S89,/ (0) <1424 % , then (I1) is verified while
(I2) is not.

Lemma 4. Assume that (H1),(H2) and (I2) hold and let W := %. Then there

exists t* € Z such that (U, Sy) € Qw for all t > t*, provided that (Uy, Si+) € Quw.
If furthermore U > 0, then (U, St) € Qw for all t > t*.

Proof. As X5, < W, fix € > 0 such that X3, + & < W and set t* such that

sup
i > %5, —e Now, for (Up,S;-) € Quw, we have that Up- > 0, S+ > 0 and
Up + S¢» < W. In order to prove that U; +S; < W for any t > t*, we will consider
¢+ XV the solution of (3.1) such that ¥}¥ = W | then for ¢t > t* we have that

2 -5 = (1- BT (W -5,

whence,
SV <, (1—E)(W-S) S WHe—EW -S5) <W,
because ¥j. > X7 —eand E(W =X} ) > E(W=X7 ) > . As U;+.5; satisfies the

difference equation (3.1), the preceding inequality proves that X}V = U, +S; < W
for all t > t*. Now, since Uy + Si- < W = XV it follows by comparison that
U; + S; <ZXV < W for any t > t*.

The proof of the fact that S; and U; are nonnegative for any ¢t > ¢* shall proceed
by induction. Assume that Uy, S; > 0, then the inequality U;11 > 0 can be proved
easily. Moreover, by (H1) we have that

f(S))Us < f'(0)S:Uy < Sy
which, in turn, implies S¢11 > 0 by (3.6). O
From now on, we may assume for simplicity that t* = 0.

Corollary 2. Assume that (H1),(H2) and either (I1) or (I2) hold and set W :=

Sgup or W := % respectively. Then Qw is positively invariant.

3.3. Washout of the total cellular biomass. In order to obtain sufficient con-

ditions ensuring the washout of the biomass in the system (3.5), we will study the
boundedness properties of the following sequences:

t—1

(3.7) Ty (t,t0) := (1 — E)t1t0 H {1+ (= +co} where cg € R and ty € Z7 .
Jj=to

For convenience, we shall always assume ¢y > —1. This is not strictly necessary but

will ensure the positiveness of the factors. In addition, it will be useful to introduce
a technical result:

Lemma 5. If the bounded sequences of nonnegative numbers {c;};,{A;}; and {b;};
verify A; —b; > ¢ for some constant ¢ > 0, then

t t b; 1
(3.8) H ¢ A;j - b)'"f 0 < H ci{A;—b;} < H A = ’

j=to Jj=to j=to

where Agup = sup A; > 0 and (A — b)in := 1£1tf {4; —b;} > 0.
JZto

Jj=to
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Proof. By using the mean value Theorem, we write

In(d; ~ b)) = In(4;) -
&i
with &; between A; — b; and Aj;, then it can be deduced that
t t t
> _In(e) +In(4;)] < ) [In(e;) + (4 = b)] + —— b . Db
J=to J=to Jin J=to

which is equivalent to the left inequality of (3.8). Similarly, we can deduce that

t t t
1
> In(ey) +1In(4; = b)) < Y [In(e;) + In(A4;)] - 1 > by,
Jj=to Jj=to SUP j=to
which is equivalent to the right inequality of (3.8). O

Theorem 1. Let us consider the system (3.5) with initial conditions (Uy, Sp) € Qw
and the sequences (3.7):

i) If {mo(t,0)}s>0 is bounded, then tli}m (U, 25 — St) = (0,0).

i) If {me, (t,0) }e>0 is bounded for some co > 0, then the above convergence is
exponential.

iit) If {me, (t+m, m)}i>0 is uniformly bounded for some cy > 0 and any m € Ny,
then the above exponential convergence is uniform with respect to the initial
time. Namely, there exist two constants K > 0 and o > 0 such that

(3.9) Uy < Ke= =)y, for t > to,
with K and o« independent of tg.

Proof. The proof will be divided in several steps:

Step 1: The case Sy > Xf for any t > 0. In this case, we can deduce the inequality
Siy1 — X < Sy — Ef and, consequently that {S; — X}, is a decreasing and
nonnegative sequence convergent to C' > 0. Moreover, by Lemma 2 we have that

Uy=% -8 =% -5 +5 -5,

is convergent to —C'. Thus, the positiveness of U; implies that C' = 0 and the
statement i) is verified in this case.

Step 2: The case St,, < X7, for some Tp. In this case, it is easy to see that Sy < ¥}
for any t > Ty. Now, we can see that, for any ¢ > Ty, the sequence U; verifies

Tg 1

7 - H{1+f <= [T 0+ o I 0+ )
J=To
To—1
0+ )
= - B | i | T+ £} = Camo(t,0),

H {1+ (=)} ) =0

and is bounded since we assume the boundedness of {m(¢,0)};>0. We claim that

(3.10) limsup Uy = 0.

t—o0
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Indeed, otherwise, there exists a subsequence {Uy, }; verifying

lim Uy, = U>0, or equivalently  lim E =8 = U,

Jj—o0 Jj—oo
and we can assume that X — St; > ¢ > 0 for any j. Consequently,
fE5) = £ — o) = f'(&)e=b>0,
for some b € (0,1 + f(X%;.)). In addition, define the sequence
be = b si ke {tj}
EE0 sikg )

and note that

To—1
[T {1+ 705D} |1

% = (1-p) To—]1:O H{1+f —bj} H{1+f )
: 1+ 55— 03} | =0 =
To—1 t—1
= Kn(1-E H {1+ £(=3) — b} H {1+ £(5)}

In order to estimate the above identity, we will consider two cases when t > Tj:
If t ¢ {t;};, we have that f(S;) < f(X7). On the other hand, if ¢t € {¢t;}, then
f(Sy) < f(BF —c¢) < f(E5) — b and it follows that

UO <Kp(1-E H{1+f b}
By Lemma 5, and considering ¢; = 1, A; = 1+ f(X}) > b; and Agyp =
1+ f(¥%,), we have the inequality

g0 < K | (=B TLO+ 705} | R 200,

where the right term is convergent to zero, obtaining a contradiction and (3.10) is
verified. This fact combined with the positiveness of U; and Lemma 2 leads to the
asymptotic behavior tlim (U, 2 — S¢) = (0,0) and the statement i) is proved.

— 00

Step 8: The convergence is exponential when 7, (t,0) is bounded for some co > 0.
If 7, (¢,0) is bounded, then my(¢,0) is also bounded and by the previous steps we
know that ¥y — S; converges to 0. Then, we can fix Tp large enough such that
F(Se) < f(ZF) + ¢o/2 for t > Tp, and, as in the previous step, we can deduce

t—1
% < Ky (1 - BY JT {1+ /(50 + co/2}
=0

By using again Lemma 5 with A; = 1+ f(X3}) + co and b; = co/2, combined
with the boundedness of 7., (¢, 0), it follows that
U t—1 o .
o S B (=B {1+ 7)) + o} | e T’ < Ky T,
0 :
7=0
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and the statement ii) follows.

Step 4: End of proof. The statement iii) assumes the existence of a constant M > 0
such that

m+£—1
(3.11) Q-5 J] 0+fE) +ct<M

k=m

for some ¢y > 0 and for any couple of positive integers m and ¢. Now, by using
Lemma 2 combined with the positiveness of ¢y, we can deduce the existence of
T > 0 such that

(3.12) f(S;) < f(X}) 4+ co/2 forany j >T.

Now, we will prove the property (3.9) by considering three cases.
Case a): T <ty < t. In this case, the inequality (3.12) implies that

Ut t—1
b= a-Ere L0 As)
< (=B TLO+S05) + 0 —cof2)

Now, by using Lemma 5 with A; = 1+ f(X}) +¢co and b; = ¢o/2 followed by the
inequality (3.11) with m = ¢y and £ =t — o, we can deduce that
to+e—1
< -B)" [ {0+ £(55) + cofe o) < Memaltto),
Jj=to
Then, we have that

U

to

-— Co
where o= srss e

U, < Me_o‘(t_tO)Uo for any T < tg < t.

Given t — Sy, let us denote
t—1

X(t):=(1-EB) [[{1+r(s))

§=0
Then, notice that g—’ = X (t)X1(t9), and the above inequality is equivalent to
to
(3.13) X ()X Y(tyg) < Me™ %) for any T <ty < t.
Case b): to < T < t. In this case, let us define
N= sup X(1)X o)

0<o,7<T
and by using UU—f = X ()X '(tp) combined with (3.13), we have that
to
T = XOXNT)X ()X (1)
to

NX(H)X-Y(T)
MNe=o(t=T)
MNeaTe_a(t_tO),

VAVARVAN

then, we conclude that

U; < MNeaTe*a(t*tO)Uo for any to < T < t.
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Case c): to < t < T. In this case, note that ¢t — to < T, which implies that
e“Te~a(t=to) > 1. Moreover, by using the definition of N and the inequality (3.13),
we can see that
Ui
Uz,

= X)X H0)X(0)X ™ (to) X (T)XHT)
< N2MeoTe—alt—to)
and we conclude that
U, < MN?eoTe=alt=t), for any 0 <top <t<T.
In consequence, the inequality (3.9) is satisfied with K = M max{1, Ne®T N2e2T}

and « defined as in the case a). O

The previous theorem provides sufficient conditions ensuring the washout of the
microbial biomass, which are described in terms of the boundedness of the sequences
{7eo (t,0)}+ and {m¢, (t +m,n)}:. In this context, it is important to emphasize that
these properties are related to the upper Bohl exponent (see [4] for details) of the
scalar difference equation

(3.14) 21 = (1= E)[1+ f(X7)]2t,
which is defined by
(3.15)
n—1 n—m .
B:= limsup H(l—E){l—Ff(E;)} = limsup mo(n,m) .
n—m,m—-+oo j=m n—m,m—-+0o0o

The following results describe the relation between the upper Bohl exponent of
(3.14) and the statement of Theorem 1.

Lemma 6. If 3 < 1, then there exists co > 0 such that {m,(t,0)}; is bounded.

Proof. The definition of upper limit implies the existence of € > 0 and ng € N such
that

n—1

[[a-B{1+ =) <@-22)" n=>ng

Jj=0

Now, we can prove the existence of a > 1 such that

n—1

[[a-B){1+fE)la<@—e)"  n>no
j=0

The boundedness of 7, (t,0) with ¢g = av — 1 is obtained by noticing that
{1+ fED a>1+ f(5)) +a—1.
O

Remark 6. [t is easy to see that the converse statement of the above result is false,
in fact, it may happen that ., (t,0) is bounded but f = 1.

Lemma 7. The sequence {m¢,(t+m, m)}i>0 is uniformly bounded for some ¢y > 0
and any m € Ny if and only if B < 1
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Firstly, if we assume the existence of ¢y ensuring the uniform boundedness of
the sequence {m., (t +m, m)};>0, then condition (3.11) holds. This fact, combined
with Lemma 5 implies that

t+m—1
mo(t+mm) = (1-E)" J[ {1+ f(%})+co—co}
t-{-;z’rzl _ cot
< (1-EB) II {1+ () +cote R
Jj=m
< Me T

Now, if £ = n — m, we have that

—_ 1 _ 0] _ €0
B lmsup mo(nm)< lim Meme T — ¢ T < 1.
m,n—m-—»oo n—m—0oo

Secondly, if the Bohl exponent is lower than 1, we can rewrite (3.15) as

m—+t—1
limsup(1 — E)" J] {1+ ()} =8<1
m,t—o00 h—m

by the change of variables n = t + m. Now, we can proceed as in the proof of
the previous Lemma. In fact, the definition of upper limit implies the existence of
€ > 0, mp and ty such that

m—+t—1

(1-5) II t+rEl<@-29"

k=m
for any m > mg and t > ty5. As before, this also implies that, for some values
co >0, m >mgand t > tg,

m—+t—1
Q-5 J[ D+rEH+d<@-o
k=m
Finally, for m < mg and t < tq it is verified that
m-+t—1 .
Q=B J] D+ +cl <A—E)"[1+ f(Sh,) + ] < Ko

k=m

for some constant Kj.

Corollary 3. Assume that (H1),(H2) and either (I11) or (I2) hold. Ift — SY is
w-periodic and E s such that

1

w—1
(3.16) O-B) | [[+rE)| <1,
§=0
then , ligl (U, X5 — S¢) = (0,0) and the convergence is uniformly exponential.
— 400
Proof. If t — S is w—periodic, then we know from Remark 4 that ¢t — %7 and

t = 1+ f(XF) are w-periodic. Thus, the result follows since 3 coincides with the
left-hand side of (3.16) in the w—periodic case. O
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3.4. Persistence of the total biomass. Usually, it is said that the total biomass
U described in (3.5) is persistent if ltimJinf U; > 0 whenever Uy > 0. In order to
—+00

obtain sufficient conditions ensuring persistence, it will be useful to introduce the
following result:

Lemma 8. The following assumptions are equivalent:
a) There exists cg < 0 such that

(3.17) liminf 7, (t,t9) > 0,

t—to,to—00
b) There exists ¢y < 0 such that

lim e, (t,tg) = o0.
t—toto 400 C1(7 0)

c) There exists co <0 and T,e > 0 such that 7., (t, to) > € fort—T >tg > T.
d) For each M > 0 there exists ¢ < 0 and T > 0 such that 7, (t,to) > M for
=T >ty >T.

Proof. a) <= b): As the implication b) = a) is direct, we shall only prove
a) = b). Choose ¢; < 0 and A > 0 such that

cp<ec1—A<0 and 14 f(Xi) +c1 > A,

which combined with Lemma 5 allows us to deduce
t—1
[T{1+ /(%)) +ca—A}

Jj=to

Teq (tv tO)eir(titO)v

Te(tito) < (11— E)tto

N

where 7 = A/(1 + f(Sint) + ¢1). Thus, 7, (£, t0) > 7e, (£, to)e"* %) and the impli-
cation follows.
Let us recall that liminf 7, (¢,to) = ¢ > 0 if and only if for any 6 > 0 there

t—to,to—+00
exists T > 0 such that 7., (t,t9) > £ — ¢ for any ¢ — to > T and ¢y > T.

If we assume a), let us consider § € (0,¢) and define € = ¢ — . Then there exists
¢o < 0 and T,e > 0 such that m.,(¢,t0) > € for any T < to < t — T, and c) is
verified. On the other hand, the implication ¢) = a) is straightforward.

Finally, note that b) <= d) is clear from the definition of limit. In fact, let us

recall that the property s ltim o Ten (t,tp) = oo is equivalent to:
—to,to—>+00

For all M > 0 there exists T > 0 such that t—1tg > T, tg > T = m, (t,t9) > M.
|

Theorem 2. For any initial condition (Uy,So) € Qw with Uy > 0, the total

biomass is persistent if and only if there exists co < 0 such that (3.17) is verified.

Proof. Let us assume that litm inf U; > 0. Then, there exists € > 0 and T > 0 such

— 00

that Uy > ¢ for any t > T. Now, if t > tg > T, then

Uy - € > i,

Uy Uy, — W

and we can deduce that
t—1

% < [T -B)1+765) - 1'€)( -3+ Up)},
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where §; is a number between X7 and S; = X; — U;. By using Lemma 2 and
considering T large enough, we obtain the estimation:

H E){1+ f(%3) — ne}

for some constant > 0 and the condition (3.17) is verified with ¢y := —ne < 0.

Now, let us assume that the condition (3.17) is verified for some ¢y < 0. Firstly,
we claim the existence of ty > 0 such that S; < X for any ¢ > ¢o. Indeed, otherwise,
assume that S; > ¥} for any ¢ > 0, then it follows trivially that

t—1
Ut
t,0) < 1-FE){1 St} = —,
mo(t,0) Jl;[o( HL+ f(SH)} Uo
which is bounded. Moreover, by using Lemma 5 and writing ¢y = —|cp|, it is seen
that
t—1 - leql .
7oy (t,0) = [J(1-B) {1+ £(Z))~eol} < H (L=E){1+f(S)) e = mo(t, 0)e ",
=0 =0

with Agup =: 1+ f(2],;,), obtaining a contradiction with the boundedness of 7o(%, 0).

Secondly, we will see that U; cannot converge to 0. Indeed, otherwise, note that
there exists & between ¥} and S; such that

FE0) = f(8) = £1(&)(EF = Si) = f1(&)(EF — B+ Uh).

Hence, there exists T > to large enough such that if ¢ > T then

F(ED) = F(S1) < —co,

which implies that 1+ f(XF) +¢o < 1+ f(S:) for any ¢ > t5. Then

U

roltoto) < [] (1= )1+ 7(50) = 15

Jj=to

and the convergence of U; towards zero leads a contradiction with (3.17).
Finally, let us verify that ltim +inf U; > 0 for arbitrary Uy > 0. Indeed, otherwise
——+o00

there exists a divergent sequence {¢;}; such that lim U;, = 0. Without loss of
j—o0

generality, we will also assume that U, < Uy for any t < t;. According to Lemma
8, condition (3.17) is verified for some ¢y < 0 if and only if d) holds; hence, let us
fix T'> 0 and ¢ < 0 such that m.(¢t,tg) > 1 for t — T > tg > T and observe that if
tj—T§k<tj,th6H

U;.
—>(1-EB)F>1-EB),
k
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which allows us to see that

tj—1
U ) J
12 = I - B )
;=T k=t,—T
= JI @-B{1+f(E) - £ - e + Uil}
k‘:tj*T
ti—1
> I a=B){1+ 1) - FE@ER - S+ Uy (1 - E) )
k=t;—T
Thus, for j large enough such that f'(&,)[Sf — i+ Uy, (1 — E)~T] < —c¢ we deduce
ti—1
1> I Q-BE{1+ (D) - fE)EE - S+ Uil} > meltyoty = T).
k=t;—T
This contradiction proves that litm inf Uy > 0. (]
—00

Similarly as in the washout study, the condition (3.17) is related to the inferior
Bohl exponent [ associated to the difference equation (3.14), which is defined by

n—m

n—1
Bi= n_g{rnl@lgf_s_oo H (1= E)1+ f(23)] = n—IY}LI,Inl@lEf-'&-oo mo(n, m)m=—m.
j=m

Lemma 9. If 3 > 1, then there exists co < 0 such that (3.17) is verified.

Proof. Assume 3 > 1, then there exists ¢ € (0, ef Gine) — 1) such that if ¢ — g, is
large enough, then

t—1
[[a-B)I+ )] > @+e) .
Jj=to
By using Lemma 5 with ¢ := —In(1 4 €) < 0, we can verify that

Teo (t,t0) > 1:[ 1=E)1+ f(E)](1+e)~ ) > 1

Jj=to

for t — to and ¢ large enough and (3.17) follows.
O

Corollary 4. Ift — S is w-periodic and there exists Ey € (0,1) such that t
Y3 (Eo) verifies

w—1

(3.18) 1-ko) [ [[O+rE)y] >1,

j=0
then the total biomass of the system (3.5) with E = Ey is persistent.

Proof. As done in the proof of Corollary 3, the periodicity implies that 3 is equal to
the left side of (3.18). The result is a direct consequence of Lemma 9 and Theorem
2 O
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4. STUDY OF THE PERIODIC CASE

In this section, we address the existence and attractiveness of positive w-periodic
solutions for (2.12) whenever the input ¢ — S? is positive and w-periodic. To this
end, we consider the planar system (3.5) with f satisfying (H1),(H2) and (I2).
As noticed in Remark 4, these assumptions imply that ¥} is the unique w-periodic
positive solution of (3.1). In this framework, it will be useful to define

0<S%. == min S and S°, := max S
te{0,...,w—1} te{0,...,.w—1}
4.1. Study of a reduced system. The change of variables ¥; = S; 4+ U; combined
with the positiveness of S; also leads to the decoupled system

i1 = (1_E)Et+ES?
(4.1) {Util = (1-E)(1+ f(S—U)) Us.

Note that the initial conditions of (3.5) lie in Qy with W = 1/f/(0) if and only
if the initial conditions of (4.1) belong to the set

(4.2) Xo={(B,U)eR*: 0<E<W and 0<U<3}.

Now, under the assumption that (H1),(H2), (I2) are verified, we can see that
if (X¢,U:) is a solution of (4.1) passing trough (X¢,Up) € X at t = tg = t* = 0,
by Lemma 4, it follows that (X, U;) € X, for any forward solution of (4.1) passing
through (X, Uy) at initial time tp = 0.

The study of (4.1) will be a complementary and useful tool. In fact, by Lemma
2, it follows that the biomass equation is asymptotically equivalent to

(43) Ut+1 = (1 — E)(l + f(Zf — Ut))Ut, Uo =a 2 0.

Note that (4.3) is well defined when (I2) is satisfied. In fact, as we already know
that Sy = X} — U, verifies

Siy1 = (1= E)[S; — f(S))Ui] + ES}

and by (I2), the positiveness of S; implies that X7 > U;. For simplicity, we may
extend f to the whole line by setting f(X; — U;) = 0 if ¥ < Uy, so the solutions
are globally defined and it is clear that U; > 0, provided that a > 0. This defines
the Poincaré mapping P : [0, 3§] — [0, +00) given by P(a) := U,,.

Theorem 3. Assume that (H1), (H2), (I2) hold and condition (3.18) is sa-
tisfied for some E € (0,1). Then (4.8) has a unique positive w-periodic solution
t— U}, and any other solution of (4.3) with initial condition 0 < Uy < XF has the
asymptotic behavior tl}igloo |U; — U] = 0.

Proof. The proof will be divided in two steps.
Step 1: Ezistence and uniqueness. Using Lemma 4 it is seen, for ¢ > 0, that
Sy > 0 for all ¢ and consequently P(a) < X, = 3§. On the other hand, notice that
P(0) = 0 and, moreover, since f is of class C, it follows that P is continuously
differentiable, see [9]. Direct computation shows that

U(w,0,a+h) - U(w,0,a) 0OU

/ 1 ou —
P (a) - }ILIE)I%) h/ - aé- (W,O,g) |f=a Vw,

where v; is the solution of the initial value problem

Vt+1 = (]. - E)[]. + f(E: - Ut) - f/(E: - Ut)Ut]’Ut with Vo = 1.
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Then o
=(1-B) [0+ -U) - (2 - U)Uj]
and therefore "
(4.4) P'a) = v, = (1-E)” ﬁ[l + (5 - U) = /(57 = U)UL.

In particular, using (3.18) it is seen that
P'(0) H [1+ ()] > 1.

Thus, if we set ¢(a) := a — P(a) it follows that ¢(0) = 0, ¢'(0) < 0 and ¢(X%) > 0,
which leads to the existence of a € (0,%f) such that g(a) = 0, that is, P(a) =
Furthermore, observe that if a > 0 is a fixed point of P and Uy is the corresponding
solution with Uy = a, then U; is w—periodic. Hence, the equality

TEL = (- B+ A5 - U),
implies that
(4.5) 1= 5 1:[1+fE—U))

Now, from (4.4) and (4.5) we obtain:
w—1

(4.6) P(a) = (1= B) [T+ £(Z5 - Uy) = (S - U)Uj) < 1.
3=0

In other words, if a € (0, Xf) is such that g(a) = 0, then ¢'(a) > 0 and we conclude
that P has a unique nontrivial fixed point ag.

Step 2: Asymptotic stability. By (H1) and (I2) he have f/(X; —U;)U; < f/(0)U; <
1; as a consequence, it follows from (4.4) that P’(a) > 0 for all a € [0, X§].

As P(E§) < Z§, we know that P([0,35]) C [0,%5). Let b € (0,55] \ {ao}, and
define {P"(b)}nen C (0,35]. For P(b) > b, the sequence {P™(b)}nen is strictly
increasing and converges to by € (0,%f] which is a fixed point of P, so by = ao.
Similarly, if P(b) < b then {P"(b)}nen is strictly decreasing and converges to
b0 € [0,%5] which is a fixed point of P. Since P’(0) > 1, we know that P(x) > x for
0 < x < ag; thus, b > ag and P™(b) > ag for all n, whence b° = ay. We conclude
that every orbit of P starting in (0, X§] converges to ag. So, from the continuous
dependence on initial conditions, see [9], it follows that |U; — Uf| — 0 as t — oo,
where Uy = b € (0,%25] and U§ = ag. Indeed, given € > 0, fix 6 > 0 such that if
|Uop — ap| < ¢ then |Uy — U] < e for 0 < t < w. Since P*(b) = Uy, fix ng such
that |Uyn, — agl < 9 for n > ng. The function Wy := U,,4+ is solution of (4.3) with
Wo = Unw and |Upwyr — Uil = Wy = Uf| <eforn>ngand 0 <t < w. O

Remark 7. The first step in the previous proof is valid if (I1) is assumed instead
of (I2): indeed, it suffices to observe that the map P is still well defined, in virtue
of Lemma 3. This yields the existence of a unique periodic solution. However, the
asymptotic stability may fail, because the monotonicity of P is not guaranteed. A
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simple example of this reads as follows: as in Remark 5 let S° be 2-periodic with
Sy =1 and SY = S > 1, then both values ¥ = ¥, and ¥ tend to 1 as S — 1.
Neat, consider f such that f" = c in [0,3§], where c is the (unique) value such that

FEec
1<eS=1+2 .
c + 1 E

Thus, (I1) is satisfied although, when S ~ 1, we seen ¢X§ > 1 and (I2) is not
fulfilled. Observe, moreover, for simplicity fit E = 1/2 and Uy = a € [0, 5] then

1 1
Upr=50+cX—a)a,  U2=g5(1+cE] - U))lr

Notice that Uy is a parabola whose mazimum value is attained at a = 5- + %6 <3
which, in turn, implies U{(X§) < 0. Furthermore,

1
)

and, note that the definitions of ¢, X and X7 allow us to conclude that the positivity
of the term in the bracket is equivalent

14+2Ve<3+c¢
and, because the latter inequality holds for all ¢ > 0, it is deduced that P'(X§) < 0.

P'(a) = Us(a) = 5[1 + X = 2¢Ui(a)]U](a)

Remark 8. H.L. Smith and P. Waltman proved an analogous version of the above
result for a continuous-time chemostat model with periodic dilution rate, see [14,
Ch. 7, Prop. 3.2]. Our proof of Theorem 3 deserves some comments:

i) The identity ¥y = S;+Uy allows to define Sy = X7 —U;", where as before U} is the
unique w—periodic solution of (4.83). Then, we can easily deduce that t — (U}, Sy)
is the unique w—periodic solution of the system (3.5).

i1) In the same way as in (4.5), it follows from the above identity that

w—1
(4.7) 1-E JJa+£55) =1

t=0
Theorem 4. Assume that (H1),(H2),(I2) and condition (3.18) are satisfied for
some E € (0,1), then the w-periodic solution t — (37,U}) of (4.1) is globally
attractive for any positive solution, namely, any solution t — (X, Uy) of (4.1) with
initial condition (Xo,Us) € Xo (where W = ﬁ) verifies the asymptotic behavior
i[5, 7] 4|V~ U] = 0.
Proof. Note that (X¢,Up) € Xp if and only if (Up, Sp) € Qw. Then, by Lemma
4 it follows that (¢, U;) € Xo for any forward solution of (4.1) passing through
(X0, Up) at initial time to = t* = 0.

By Lemma 2, we know that tl}T |X; — X7 = 0. In consequence, we will only

verify that t_l}+moo |U, — U | =0.

By Theorem 3 and statement i) from Remark 8, there exists a unique w-periodic
solution (U}, S}) with U} + S} = X;. Moreover, if (U, Sy) is another positive
solution of (4.1), then the function ¥, = Uy + S; verifies the identity ¥; — ¥F =
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(1—E)'="[%,, — X} ], as proved by Lemma 2. Now, let us define Wy := U, — U}

and
St)— St *

f'087)  Se=57,

At =

which allows us to write
Wt+1 - CtWt + Dt,
where Cy and D; are defined by:
Ot = (1 — E)[l + f(S;F) - AtUt} and Dt = (1 - E)AtUt(Et - E:)
By variation of parameters we have that, for any ¢y > 0,

to+k to+k to+k
(4.8) Wigtkt1 = H Cj | Wi, + Z D; H Cs
Jj=to Jj=to s=j+1

where, as usual, we assume that H?:;:—&-k—o—l Cs = 1. Let us recall that {S;}; is

bounded since (Xg,Uy) € Xp, then we can write Ay = f/(&) with & between
Sy and S} such that & € [0,W] since 0 < Sy < Sy + U, < W. From (H1) it

may be concluded that there exists a constant a := H[%)iII}V | f'(r) > 0 such that
re|0,
a < A; < f'(0). Moreover, by (I2) and the positiveness of Sy, it follows that
1=Uef'(0) = 1—(ZF —S)f'(0) + (57 — 2¢) f'(0)

= 1=37/(0) + Sef'(0) + (XF — £4)f(0)
> (X} —X)f(0).
Next, we can deduce that
Sir1 = (L= B)1 = Uf (0))S: + ES? > (1= E)(Z} = S)f(0)S, + BS? > ¢ > 0

for some c € (0, ESY,.), when considering ¢ large enough.

Now, as Uy = Xy — Sy, and by using again (I2) combined with the fact that 3,
and X} are asymptotically equivalent, it is verified that
AU < FIO)[Z — o] < F0)Zf <1,
which implies that Cy > 0 for ¢ large enough.
As Uy is also bounded, for any initial time ¢, we have
D] < e1|Se, — 25, [(1 - E)' "

for some ¢; and any t > ¢y. In order to estimate (4.8), we observe that

to+k to+k
IT ¢ < II a-Bfi+rs),
s=j+1 s=j+1

which is bounded since S; is w-periodic and H::Ol(l — E){1+ f(S*)} = 1. Then,
there exists a constant K such that

to+k to+k to+k - K
(49) ZDJ H Cs gK‘Eto 72;?0' Z(]-*E)jito < E|Eto 72:0|7
Jj=to s=j+1 Jj=to

is arbitrarily small for ¢tg > T3, where T} is large enough. Now, let us write

to+k to+k o A;Uj
[1¢ - H<1—E>{1+f<sj>}]1]to (1— 1+f(5)> ’

Jj=to Jj=to
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where, as we have seen, the first factor is bounded. On the other hand, note that the
second factor converges towards 0. Indeed, as 0 < % < 1 for large values of
J

J, the convergence follows from the fact that A;U; cannot be convergent to 0 since

Aj > a >0 and Uj is persistent by (3.18). In consequence, klin;o H?Sf C; =0.

Now, given € > 0, from (4.8) and (4.9) we may fix t such that

to+k
WtoJrkJrl - H Ctho <ég,
Jj=to
and, by letting k — oo, we obtain limsup |W;| < ¢ and liminf |W;| > —e. Finally,
j—00 J—0o0
as the above limits hold for any € > 0 we conclude that lim U; — U; = 0 and the
Jj—o0o

result follows. O

4.2. Existence and attractiveness of a periodic solution of the original
system (2.12). In this subsection, we will assume that the hypotheses of Theorem
4 are satisfied. Now, let ¢ — (S, x¢) be a solution of (2.12) such that (1 -xg,Sp) €
Quw with W = 1/f/(0) at initial time ¢, = 0. Moreover, let us recall that 1 -x; =
U;. By Theorem 4 and the asymptotical equivalence between S; = ¥; — U; and
S; =Xf — U}, we can deduce that t — (1 -x¢,S:) is a solution of the system (3.5)
such that

lim [S; —S;|=0 and lim |1-x;—U;|=0,

t—oo t—o0

where t — (U}, S}) is the unique w—periodic solution of (3.5).
Now, for any initial condition (1 - xg,Sg) € Qu at initial time tq = 0, it follows
that the linear system

(410) Xt4+1 = (1 - E)A(St)xt,
is w—asymptotically periodic with limit
(411) Xt41 = (1 - E)A(S:)Xt,

where A(:) is described by (2.11). The Floquet theory for linear difference w—
periodic systems (see e.g. [12, Ch.3]) allows a deep study of the system (4.11).

Lemma 10. If (H1), (H2), (12), hold and condition (3.18) is satisfied for some
E € (0,1), then any basis of solutions of the w—periodic system (4.11) is composed
by one w—periodic solution and r — 1 uniformly exponentially stable solutions.

Proof. The evolution operator associated to the system (4.11) is defined by
Ok, 0) = (1 —E)*17CA(S;_)--- A(S})) for all k > ¢.

The Floquet multipliers of (4.11) are the eigenvalues of ®,, := ®(w — 1,0) and
consequently, a basis of solutions can be constructed in terms of its associated
eigenvectors. By Proposition 3.2.3 from [12] it follows that if A = 1 is a Floquet
multiplier, then there exists an w—periodic solution.

A first step to deduce the existence of a Floquet multiplier A = 1, is to prove
that p(®,,), the spectral radius of @, verifies p (®,,) = 1. By using the Corollary
1 combined with the identity (4.7) we have that

w—1

p(@.) < (1- B [[{1+ f(5)} = L.

t=0
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Now, we will see that the above inequality is, in fact, an identity. Indeed,
otherwise we will have that p(®,) < 1, that is, all the Floquet multipliers are
inside the unit circle, which implies that the linear w—periodic system (4.11) is
uniformly exponentially stable. Then for any non trivial solution ¢ — x; of (4.11)
it follows that ¢ — 1 -x; is a solution of Uiy = (1 — E){1 + f(S7)}U:, which is
convergent to zero, but we obtain a contradiction with (4.7) and we conclude that
p((bw) =1

As (1—E)A(S}) are primitive, nonnegative and commutative, it follows that @,
is irreducible and nonnegative [5, p.28] and also primitive [11, p.268]. By Perron—
Frobenius Theorem for irreducible nonnegative matrices [14, p.257], we have that
1= p(®,) is a simple eigenvalue having a strictly positive eigenvector v*, namely,

D,v" = P(w—1,0)0" =0,

and it follows that ¢t — ®(¢t — 1,0)v* is an w-periodic solution of (4.11).

The Floquet multiplier A = 1 is also called the Perron-Frobenius eigenvalue and
the one dimensional subspace of its right eigenvectors will be denoted by (v*). Any
vector e € (v*) is called a Perron—Frobenius eigenvector and it follows clearly that
de=ce.

Finally, as ®,, is a primitive matrix and because 1 = p(®,,) is simple, it follows
that —see subsection 2.4 for details— any other Floquet multiplier A verifies |A| < 1.

d

To prove the existence and attractiveness of an w—periodic solution of (2.12) it
will be useful to recall a byproduct of the weak ergodic theorem of Golubitsky [8]:

Proposition 1. [3, Th.2.4] Suppose that T, is a sequence of nonnegative and pri-
mitive matrices, and that T,, — T as n — oo where T is also nonnegative and
primitive. If e is the Perron—Frobenius eigenvector of T satisfying 1 -e = 1 and
nr1 = Tn&n is a sequence with & > 0 then

li Tn—lfn—l

im ————— =

n—oo 1 - gnfl

Theorem 5. If (H1), (H2), (12), hold and (3.18) is satisfied for some E € (0,1),

then (2.12) has an w—periodic solution (S}, x}) such that tlim |Se =Sy |+|xi—x;| =0
—00

for any solution (S¢,x¢) with (1 -Xo,S0) € Qw (with W = f%w)) at to = 0.

Proof. FExistence: Let x; be an w—periodic solution of (4.11) with initial condition

x4 € (v*) and S} be the nutrient coordinate of the unique w—periodic solution of
(3.5). Now, let us construct the family of systems:

(4.12) Sit1=(1—-E)S;+(1—E)f(S)1-x; + ES.

From now on, we will consider the equation (4.12) where x; is an w—periodic

*

solution of (4.11) verifying x§ = lli‘j*v , which implies that 1 -x; = U} is the
unique w—periodic solution of

U1 = (1 - B)[L+ f(S)|U; with Uy = Uy

and we restrict our interest to

(4.13) Si1=(1—-E)S,+ (1 —E)f(S;)U; + ES?.
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As in Remark 1, it can be proved that (4.13) has a unique w-periodic solution
denoted by S;. To prove that S = Sf, let i, = S; — S;, satisfying n41 = (1—E)my
and its unique Z-bounded solution is 7, = 0, then the identity S; = S} follows.

When summarizing the above facts, we deduce that if x} is an w—periodic solution

of (4.11) with x§ = ll_Jg*v* then S} is an w—periodic solution of (4.12) coincident
with the unique w—periodic solution of (4.13). Then by coupling (4.11) and (4.12),
it follows that (S},x}) is an w—periodic solution of (2.12).
Attractiveness: Let us recall that ¥, — ¥ — 0, Uy — U} — 0 and S; — S} — 0 when
t — oo. In consequence, we only need to verify that x; —xj — 0.

We consider the Poincaré operator P: R, — R, related to (4.10). If xg # 0 is

the biomass of an initial condition of (2.12), then let x,,, := z,, for n € Zar. Thus,
Tr1 = Pl’o = (]. — E)WA(Swfl) s A(SQ)[L’O
and we can define the recursion

Ty = 7)xnfl = (1 - E)wA(Snwfl) e A(S(nfl)w) Tn—1,

=1In-—-1

or equivalently x,, = T,,_12,—1. By using the properties of A(S;) stated in the
subsection 2.4 we can prove that T,, is a sequence of primitive, nonnegative and
commutative matrices. Moreover, Theorem 4 also ensures that T,, — ®, when
n — oo. Note that &, is also nonnegative, primitive and commutative as we
observed in the proof of Lemma 10. Now, the weak ergodic theorem of Golubitsky
states that if e is a Perron—Frobenius eigenvector of &, satisfying 1-e = 1, then

(4.14) lim — " —¢

n—oo 1+ Xp_1

As we know that lim U,,_1 = U*

n— oo n
identities 1-x,_1 = 1-X,,,—1 = Upw—1 allow us to deduce that lim 1-z,_1 = Ur

n—oo
and by (4.14) it follows that

w—1 = U} for some j € {0,...,w — 1}, the

) . U;-‘e
(4.15) lim z, =Uje= ——

*
n—00 1-e < <U >

As we see at the beginning of the proof of this theorem, the above vector Ue
can be seen as a initial condition of the linear periodic system (4.11), that is, we
have the identity Ufe = x5 = x7,,,.

Let us note that (4.15) is equivalent to P"x¢ — xJ, € (v*) when n — oo, which
implies that x,,, —x},,, — 0. We emphasize that it can be proved that x;, —x; — 0
in a similar way as in the proof of Theorem 3.
|

5. NUMERICAL SIMULATIONS

To illustrate our results and allow a comparison with previous ones, we carry
out numerical simulations for the cultivation of microalgae of the Cryptomonas
species, as was done by Arino et al. [3]. The genus Cryptomonas was established
by C.G. Ehrenberg in 1831, and this kind of algae can be found in both fresh and
saltwater sources around the world. Two aspects that have been investigated about
Cryptomonas are the identification of new species that belong to this genus [6], and
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how these unicellular algae regulate their internal protein reserve to optimize their
growth rate under nitrogen- and light-limited conditions [13].
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(A) Dynamics with transient phase.
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(B) Dynamics without transient phase.

FIGURE 2. Dynamic of the total biomass and substrate. The initial condi-
tions are: (U, S) = (90,50) (blue curve), (U, S) = (20,50) (green curve), and
(U, S) = (70,50) (red curve).

We consider the growth of the microalgae Cryptomonas sp with nitrate as lim-
iting substrate and a Monod or Michaelis—-Menten type growth function u(S) =
ﬂmaxKL_,’_S and the periodic input rate of nitrate

1000

For the convenience of the reader, the culture conditions are presented in Table 1.

By considering E = DT, f(S) = J;?j_’g where foup = fimaxI, the hypotheses (H2),
(I1), (I2) and the inequality for the minimum doubling time, then the constraints

for the number of size classes, r, and the iteration period, T, are:

ot
S9 = 260 + 70sin <”> 4 Mol L1,

"(0)ES?
fsup < 21/T - 17 rT < Tminv fl(O)SO <142 %7 f/(O)E:up <L
Then we set the number of size classes in (2.12) to eight, that is, » = 8. Conse-
quently, we consider T = 0.001 and it is possible to determine f and D. We carried
out our numerical simulations in the software R version 4.0.2 and use libraries
GGPLOT2, RESHAPE2, LATEX2EXP and PLOTLY to build Figures 2 and 3.
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