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Path-dependent SDEs with jumps and irregular drift:
well-posedness and Dirichlet properties
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Abstract. We discuss a concept of path-dependent SDE with distributional drift with possible jumps. We interpret it via a suitable
martingale problem, for which we provide existence and uniqueness. The corresponding solutions are expected to be Dirichlet pro-
cesses, nevertheless we give examples of solutions which do not fulfill this property. In the second part of the paper we indeed state
and prove significant new results on the class of Dirichlet processes.

Résumé. Nous introduisons un concept d’EDS dépendant de la trajectoire avec drift distributionnel et avec sauts. On s’attend que les
solutions correspondantes soient des processus de Dirichlet; néanmoins nous exhibons des exemples de solutions ne vérifiant pas cette
propriété. Dans la seconde partie de 1’article nous prouvons par ailleurs de nouveaux résultats significatifs sur la classe des processus
de Dirichlet.
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1. Introduction

In this paper we discuss path-dependent stochastic differential equations with possible distributional drift and jumps of
the type

(1.1) dX, = (B'(Xs) + H(s,X*))ds + o(X)dWX 4+ k(z) * (u™ —vo X) + (z — k(x)) » .

Here k : R — R is a bounded function such that k() =  in a neighborhood of 0, 3 : R — R is a continuous function
depending on k, o : R — R is a continuous function, not vanishing at zero. H : D_(0,7) — B(0,T) is a bounded
and Borel measurable map, where D_(0,7T) (resp. B(0,T)) will denote the space of real caglad (resp. bounded Borel)
functions on [0, T']. 4~ (dsdx) is the integer valued random measure on R, x R corresponding to the jump measure
of X and (v o X)(dsdx) := Q(X;_,dx)ds, where Q(-,dx) is a transition kernel from (R, B(R)) into (R, B(R)), with
Q(y,{0}) =0, such that, for some a € [0, 1], y — [ (1 A |z]**®) Q(y, dx) is bounded. A solution of (1.1) is a couple
(X, P) under which (v o X) is the compensator of u)g , WX is a Brownian motion and X satisfies (1.1). Those solutions
will be shown to be not necessarily Dirichlet processes. One of the aim of the paper is indeed to focus on some pathological
aspects of Dirichlet processes.

The Markovian case (with H = 0) with continuous paths has now a relatively long history. Diffusions in the generalized
sense were first considered in the case when the solution is still a semimartingale, beginning with [18]. Later on, many
authors considered special cases of SDEs with generalized coefficients. It is difficult to quote them all, see for the first
contributions [10], [11], [5] and [17] for a large bibliography in the semimartingale framework. In [10] and [11], the
authors studied time-independent one-dimensional SDEs of the form

(1.2) dX; = O'(Xt)th + B/(Xt)dt, te [O, T],

whose solutions are possibly non-semimartingale processes, where o is a strictly positive continuous function and 8’ is
the derivative of a real-valued continuous function. The only supplementary assumption was the existence of the function
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S(x)=2[; f—;(y)dy, x € R, considered as a suitable limit via regularizations. Those authors considered solutions in
law via the use of a suitable martingale problem. The SDE (1.2) was also investigated by [5], where the authors provided
a well-stated framework when o and 3 are y-Holder continuous, v > % In [19], the authors have also shown that in
some cases strong solutions exist and pathwise uniqueness holds. More recently, in the time-dependent framework (but
still one-dimensional), a significant contribution was done by [8]. As far as the multidimensional case is concerned,
some important steps were done in [9] and more recently in [6], when the diffusion matrix is the identity and 5’ is a
time-dependent drift in some proper negative Sobolev space. In the non-Markovian case, at our knowledge, the only
contribution, i.e. [17], refers to the continuous case.

We can find recent significant literature in the Markovian case with Lévy a-stable noise, including the multidimen-
sional case. The first contribution in this direction was one-dimensional and made by [1]. Further work was done by [16],
[7], and [15], the latter even beyond the so-called Young regime. In these works the Brownian motion is replaced by a
Lévy a-stable process, which produces the regularization by noise.

Our work includes a non-Markovian drift H. Nevertheless, even when H = 0, i.e. in the Markovian case, we go in a
different direction with respect to the present literature. The Markovian component of the generator in our case involves
local and non-local components. Our equation is driven by a compensated random measure and the regularizing noise is
still the Brownian motion. At our knowledge, our work is the first one in the path-dependent case. Our one-dimensional
techniques can be adapted to the multidimensional case by the use of the Zvonkin transformation, see e.g. [9]. We have
chosen however to be the most general as possibile in the dimension one: in higher dimension the assumptions that one
needs are less general.

SDEs with distributional drift of the type (1.1) will be interpreted via a suitable martingale problem with respect to
the integro-differential operator £ defined in (3.5), see Definition 3.1. This consists in describing the stochastic behaviour
of f(X) under some probability P, when f belongs to the domain D defined in (3.1). In particular, for every f € D,
f(X) is a special semimartingale. (X, P) will be a solution of the aforementioned martingale problem. X is in general a
finite quadratic variation process (i.e. [X, X] exists) but not necessarily a Dirichlet process (i.e. the sum of a martingale
and a zero quadratic variation process), see Remark 6.1. In turn, it will be shown to be a weak Dirichlet process. We
recall that, given a filtration [F, an FF-weak Dirichlet process is a process of the type X = M + I', where M is an [F-local
martingale and I' is an F-orthogonal process vanishing at zero.

Making use of the techniques in [4], equation (1.1) can be rigorously expressed as

X:xw/'a(xs)dij/ k() (1% (ds dz) — Q(Xo_, dw)ds) + lim [ Lfa(X.)ds
0 10, ] xR

n—roo 0

(1.3) + / (z — k(z)) ™ (ds dz),
10,- xR

for every sequence (f,,) € D. such that f, — Id in C', where L is the differential operator introduced in (2.5)

n—00
restricted to D. The limit appearing in (1.3) holds in the u.c.p. sense.

We now recall the main results of the paper. In Section 3 we provide a suitable definition for the aforementioned
martingale problem, see Definition 3.1, and state some significant stochastic analysis properties of a solution. In particular
in Proposition 3.2 we show that, whenever the drift is a function, a solution (X, P) of the classical martingale problem
is a solution to a Stroock-Varadhan martingale problem with jumps where the space of test functions is constituted by
C? bounded functions. In Section 3.2, we make use of a proper bijective function 4 € Dj, introduced in Proposition 2.1:
Theorem 3.1 states that (X, P) is a solution to the martingale problem if and only if (h(X),P) is a semimartingale with
given characteristics. This is a fundamental tool in order to show existence and uniqueness. In Proposition 3.3 we prove
that every solution X is a finite quadratic variation weak Dirichlet process. Section 4 is devoted to well-posedness and
continuity properties for the martingale problem. Existence and uniqueness is given in Proposition 4.1 in the Markovian
case and in Theorem 4.1 in the non-Markovian case. In Proposition 5.1 we study the continuity of the map £, that is
exploited in the companion paper [4]. Finally, in Section 6 we insist on the fact that the process X is not necessarily
a Dirichlet process. Moreover, we illustrate some new properties related to Dirichlet processes and some pathological
aspects. In Appendix A we justify some technical results, in Appendix B, we discuss the stability of finite quadratic
variation processes and in Appendix C we recall some basic properties of semimartingales with jumps.

2. Basic notions
2.1. Preliminaries and notations

CY (resp. Cy) will denote the space of continuous functions (resp. continuous and bounded functions) on R equipped with
the topology of uniform convergence on each compact (resp. equipped with the topology of uniform convergence). C'!
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(resp. C?) will be the space of continuously differentiable (twice continuously differentiable) functions u : R — R. They
are equipped with the topology of the uniform convergence on compact intervals of the functions and the corresponding
derivatives. C}! (resp. C7) is the (topological) intersection of C* and Cf (resp. C? and Cy). D(R.) will denote the space
of real cadlag functions on R. We will also indicate by || - ||o the essential supremum norm and by || - ||y the total
variation norm.

Let T > 0 be a finite horizon. In the following D(0, T') (resp. D_(0, T'), C'(0, T'), B(0,T")) will denote the space of
real cadlag (resp. caglad, continuous, bounded Borel) functions on [0, T]. Those spaces are equipped with the uniform
convergence topology. Given € D_ (0, T') we will use the notation

iy n(s) ifs<t
”(S)'_{Z(t) if s> 1.

For € D(0,T) we write = (t) = n(t—).

We will denote by € the canonical space, namely the space D(0, T). We will denote by X the canonical process
defined by X; (@) = @(t), where & is a generic element of (. We also set F = o(X). Given a topological space E, in the
sequel B(E) will denote the Borel o-field associated with E.

A stochastic basis (Q, F,F,P) is fixed throughout the section. We will suppose that F satisfies the usual conditions.
Related to F, P (resp. P := P @ B(R)) will denote the predictable o-field on Q x [0, T (resp. on Q := Q x [0, T x R).

A process X indexed by R will be said to be with integrable variation if the expectation of its total variation is
finite. A (resp. Ajoc) Will denote the collection of all adapted processes with integrable variation (resp. with locally inte-
grable variation), and A™ (resp Afgc) the collection of all adapted integrable increasing (resp. adapted locally integrable)
processes. The significance of locally is the usual one which refers to localization by stopping times, see e.g. (0.39) of
[13].

The concept of random measure will be extensively used throughout the paper. For a detailed discussion on this topic
and the unexplained notations see Chapter I and Chapter II, Section 1, in [14], Chapter III in [13], and Chapter XI, Section
1,in [12]. In particular, if x is a random measure on [0, T'] X R, for any measurable real function H defined on 2 x [0, T,
one denotes H x i, := f] 0,4xr H (+,s,2) (-, dsdx), when the stochastic integral in the right-hand side is defined (with
possible infinite values).

We recall that a transition kernel Q(a,db) of a measurable space (A,.A) into another measurable space (B, B) is a
family {Q(a,-) : a € A} of positive measures on (B, ), such that Q(-,C') is A-measurable for each C' € B, see for
instance in Section 1.1, Chapter I of [14].

Let X be an adapted (cadlag) process, so that X : Q — €. We set the corresponding jump measure 1~ by

(21) /LX (dt d:Z?) = Z ]]-{AXS;JéO} 5(S,AXS)(dt d:Z?)
s<T

We denote by v the compensator of 1, see [14] (Theorem 1.8, Chapter II). From now on for such a process X, (F7¥)
will denote the corresponding canonical filtration, which will be omitted when self-explanatory.

2.2. Recalls on generators with distributional drift

Let 0, 3 € C° such that o > 0. We consider formally the PDE operator of the type

1
(22) Lip = 50%” + By

in the sense introduced by [10, 11]. Below we recall some basic analysis tools coming essentially from Section 2 in [10].

Definition 2.1. For a mollifier p in the space of Schwartz functions with fR p(x)dx =1, we set

1

pi(z):=no(nx), B =8 *p1, on:=0%p1, Lp:= 507211//’ + Bl

Remark 2.1. A priori o,,, 3, and L,, depend on the mollifier p.

In the sequel we will make use of the standing assumption below.

Hypothesis 2.1. We assume the existence of the function

(2.3) Y(z):= lim 2 CEﬁ—;(y)dy

2
n— 00 o On
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in CY, independently from the mollifier.
Hypothesis 2.2. The function 3. in (2.3) is lower bounded, and fi}o e 2 @) dy = OJrOO e @) dr = 400.

The following definition and proposition are given in [10], see respectively Proposition 2.3 and the Definition in
Section 2.

Definition 2.2. Set
(2.4) Dp:={feC': fe¥ecC}.
For any f € Dy, we introduce
o2
(2.5) Lf= 7(exf’)’e*?
This defines without ambiguity L : Dy, C C! — CY, and shows that f + Lf is a continuous map with respect to the

graph topology of L, i.e., Lf, — Lf in Dy, if and only if f,, — f in C* and Lf,, — Lf in C°.

Remark 2.2. (i) Setting ) = f € C' in (2.5), which does not necessarily belong to Dy, in Definition 2.2, we formally
find the expression (2.2).
(i) If f € Dy, (2.5) is a rigorous representation of (2.2).

Proposition 2.1. Hypothesis 2.1 is equivalent to ask that there is a solution h € Dy, to Lh =0 such that h(0) =0 and
(2.6) B(z):=e @ zeR.

In particular, h'(0) = 1, and I is strictly positive so that h is bijective and the inverse function h=! : R — R is well-
defined and continuous.

Remark 2.3. D, is a topological subspace of C'!, equipped with the graph topology of L. Notice that in general the space
of smooth functions with compact support is not included in Dy,.

Definition 2.3. We denote by L° the classical PDE operator L%)(y) = %gw”(y) with

2.7 ao(y) = (@) (h™*(y))-
We recall the following facts, that are collected in Lemma 2.9, and in Propositions 2.10 and 2.13 in [10].
Proposition 2.2. Assume Hypotheses 2.1 and 2.2. The following holds.
(a) Dy is dense in C*.
(b) Forany f € D1, we have f? € Dy, and
2.8) Lf?=2fLf+ (f'0).

In particular, h* € Dy, and Lh?* = (W o).
(¢) Dyo = C2.
(d) ¢ € Do ifand only if ¢ o h € Dy. Moreover, L(¢ o h) = (L° ¢) o h for every ¢ € C*.

We will also need the following assumption referred to some o € [0, 1]. CLT* denotes the set of functions belonging

loc
to C! whose derivative belongs to C2.. If o € (0, 1), C%, denotes the space of locally a-Holder continuous functions, i.e.

the set of functions f : R — R such that, for every M > 0, if |y| < M, |z| < M, there exists Cys such that | f(y) — f(2)] <
Cumly — z]®. CP, (resp. CL., CZ.) denotes by convention C? (resp. C'!, C?).

Hypothesis 2.3. The function ¥ introduced in (2.3) belongs to C..

Remark 2.4. Hypotheses 2.1, 2.2 and 2.3 imply that the function h defined in Proposition 2.1 belongs to Cﬁ)jo‘ and that
1’ is bounded.

3. The martingale problem
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3.1. Formulation of the martingale problem and related properties

From here on we fix a truncation function k € C, where as usual K := {k : R — R bounded: k(x) = z in a neighborhood of 0}.
Let L be a given operator of the form (2.2) depending on some given functions ¢ and (3. Assume the validity of Hypothe-
ses 2.1 and 2.2, and let h be the function introduced in Proposition 2.1 related to L.

We will consider transition kernels Q(-,dx) from (R, B(R)) into (R, B(R)), with Q(y,{0}) = 0, satisfying the fol-
lowing condition.

Hypothesis 3.1. For some o € [0, 1],

yn—>/(1/\|:v|1+o‘)Q(y,d:v) is bounded.
R

Remark 3.1. Let u~(dsdx) be the jump measure of a Lévy 7-stable process with v = (0,2). Then v~ (dsdx) =
Q(y, dx)ds with Q(y,dr) = Qo(dz) = |x| "'~ 7dz. In this case, Hypothesis 3.1 is verified with o >« — 1. For instance,
if v € (0,1) then «v can be chosen to be zero.

Remark 3.2. Hypothesis 3.1 means that, for some « € [0, 1], the measure-valued y — (1 A |z|*T%) Q(y, dx) is bounded
in the total variation norm.

We consider the topological intersection

(3.1) Dr:=D,NCE*NCY.

loc

In particular, C’llojo‘ N Cy is a complete metric space equipped with the family of norms

(1S e + ||f||oo)ReN* where

g\ly) —g\x
(2 lollog=  sp D2 o)
z,y:x2y,|z|<R,|y|<R |y_$| z:|z|<R

Proposition 3.1. The set D in (3.1) is dense in C'.

Proof. Define the unit partition y : R — R as the smooth function
1 ifa<-1
3.3) Xm”_{o if a >0,
and such that x(a) € [0, 1] for a € (—1,0). Set
(3.4) xn(@)=x(z|-N—-1), zeR.
Notice that x () is a smooth function and
1 ifz| <N
xn(@)=4¢0 if|lz]>N+1
€[0,1] otherwise.

Let ( p%) be a sequence of mollifiers with compact support converging to the delta measure. Let f € C, and define an
approximating sequence (fn) of f by setting fx(0) = f(0) and

fn=e2(fe xn) *py-

Notice that fy is continuous and bounded, being f}; with compact support. By Remark 2.4, since e =* € C2,, we get that
fyeCR and fi € C’llojo‘ Moreover, fn € Dy, since fje” € C. Finally, fx convergesto f in C* since fj converges

to f” uniformly on compact sets. |
Consider a functional H defined on D_(0,T) satisfying the following.

Hypothesis 3.2. 1. H:D_(0,T) — B(0,T) is bounded and Borel measurable.
2. H fulfills the non-anticipating property, i.e., for everyn € D_(0,T), H(n)(t) = H(n")(t), t € [0,T).



Forevery f € D, in (3.1), weset Lf : D_(0,T) — B(0,T) as

(3.5) (LA ()(t) := Lf(n(t)) +a(n(t))Hn)(t)f (n(t) + / (f(n(t) +x) = f(n(t)) = k() f'(n(1))Q(n(t), dx),

R

with L the operator defined in (2.5).
From here on, for every ® : D_(0,7) — B(0,T'), we will denote ®(s,7n) := ®(n)(s), n € D_(0,T), s €[0,T].

Definition 3.1. We say that (X, P) fulfills the (time-homogeneous) martingale problem with respect to D, in (3.1), £ in
(3.5) and g € R, if for any f € D, the process

(3.6) M = f(X) — f(xo) - / (Cf)(5, X )ds

0

is an (F;¥)-local martingale under PP.

Remark 3.3. Hypothesis 3.1 implies that y — [, (1 A |z|*) Q(y, dx) is bounded. In particular the pair (X,P) in Definition
3.1 satisfies

(3.7) Y IAX P < oo as,

s<-
see Proposition C.1 in [4].

Remark 3.4. Let k € K be a generic truncation function. While D, in (3.1) does not depend on k, clearly £ defined in
(3.5) a priori depends on k, namely £ = £ . In order to formulate a coherent definition, we should allow /3 also depending
on k, as we will explain below. This in particular forces L = L* to depend on & as well.

Indeed, let k € K. By (3.5), forevery n € D_(0,T'), we have

(L)) = (L5 H)(m)(E) = LE f(n(t)) = LEF((t) + f'(n(2)) /R(lzr(fr) — k(2)) Q(n(t), dz).

Let (X,P) fulfilling the martingale problem with respect to D, in (3.1), £¥ in (3.5) and zo € R. Then (X,P) fulfills the
martingale problem with respect to D in (3.1), £ in and x, if and only if

[ s = rreeopds= [ 1060 [ () - Ha) QY. dojds,
0 0 R

This condition is verified if

B(X0) = B (X ) = [ (kla) = @) QY. o).
R

With this choice, L* coincides with L* and consequently £ coincides £¥.

When £’ is a continuous function, we recover the classical martingale problem in the sense of Jacod-Shiryaev, see
Proposition 3.2 below. In the following s(#, X |P; B, C, v) denotes the set of all solutions IP related to a given probability
Py and characteristics (B, C, v), see Definition C.1.

Proposition 3.2. Let b, o be continuous functions, and set
t 3 § t 3 3
(3.8) By = / (O(Xs)+o(X)H(s,X7))ds, Cy= / 0?(X,)ds, wv(dsdx)=Q(Xs,dx)ds,
0 0

with Q) satisfying Hypothesis 3.1 with o =1, and H satisfying Hypothesis 3.2. Let L be the operator of the form (2.2)
with 3/ :=b. Set H={A e F:3A, € B(R) suchthat A = {w € Q:w(0) € Ap}} and Py corresponds to 6, in the
sense that, for any A € F, Py (A) = 04, (Ao) with Ay = {w(0) eR: we A},

Then P belongs to s(H, X |Py; B, C,v) if and only if (X,P) is a solution to the martingale problem in Definition 3.1
related to D, = C’g, Ty = XO and L in (3.5).
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Proof. By Theorem C.1 together with Definition C.1, P belongs to s(H, X |P#; B, C, v) if and only if, for any f € CZ,

(X)) — f(Xo) - / / (Xt 1) — F(Xus) — k() ' (Xos)] o(ds d)

- / [(6(X0) + 0 (X H 5, X)) 1 (X) + 502 (X1 (X,) ] ds

is a P-local martingale. This agrees in particular with Definition 3.1 related to £ in (3.5), Dz = C? and to xg = Xo,
where L is the operator of the form (2.2) with 8’ :=b. O

3.2. About equivalent formulations for the martingale problem

We provide an equivalent martingale formulation for Y = h(X), with h the function introduced in Proposition 2.1. This
principle can be extended to general bijective C''-type transformations. For any y € R, introduce

3.9) F(y, A) ::/R]lA (h(h™H(y) +w) = h(h™ () Q(h™ (y), dw), ACR,
(3.10) b(y) = (h’Oh‘l)(y)/R[(h‘l)'(y)k(Z)—k(h‘l(erZ)—h‘l(y))]F(y,dZ)-

For any ¢ € C2, we also define

(3.11) Lo:=L+b¢,
(3.12) H{(t,n) == H(t,h""(n)),
(Le)(t,m) == Lo(n(t)) + oo(n(t)) H (t,n)¢' (1(t))
(3.13) +/R(¢(m+z)—¢(m)—k(z) ¢'(n(t)))F(n(t),dz), neD_(0,T),

with LY the operator in Definition 2.3 and o in (2.7).

Remark 3.5. Let Q(-,dx) be a transition kernel satisfying Hypothesis 3.1 for some « € [0, 1], and H be a functional
satisfying Hypothesis 3.2. (Y,P) fulfills the martingale problem in Definition 3.1 with respect to CZ, £ in (3.13) and
o € R if and only if, for any f € C2,

FOh) — Fao) - /0 L(YV.)ds - /0 o0 (Vo) H(s,Y ) ' (Y2)ds

(3.14) - /0 /R (F(Ya +2) = F(Yas) = k(=) F' (Y ) )F(Ys_, d2)ds

is an () )-local martingale under P.
For every = € R, we define H,, : w+ h(z +w) — h(z) and its inverse function H, ' : w— h~ 1 (h(x) + w) — .
Remark 3.6. F(h(z),-) is the push forward of Q(z,-) via H, !, so that Q(x, -) is the push forward of F'(h(z),-) through

€T

Theorem 3.1. Let o € [0,1]. Assume Hypotheses 2.1, 2.2 and 2.3 with respect to o. Let Q(-,dx) be a transition kernel
satisfying Hypothesis 3.1 with respect to «, and H be a functional verifying Hypothesis 3.2. Then (X,P) fulfills the
martingale problem in Definition 3.1 with respect to D in (3.1), L in (3.5) and zo € R if and only if (Y = h(X),P)
fulfills the martingale problem in Definition 3.1 with respect to CZ, L in (3.13) and h(xg).

Proof. (=) Let f € C? and set f := f o h. Recalling that h € C:7®, we have f € D, by Proposition 2.2-d). (X, P)

loc

fulfills the martingale problem in Definition 3.1 with respect to D, £ and x¢ if and only if, for any f € D,

F(X0) — (o) - / (Cf)(s, X )ds
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is an (F;¥)-local martingale under P. Setting yo = h ™~ (z0), this yields that
i g gy y

FO%) — Fuo) - / (CF) (s, (Y ))ds

is an (F7¥)-local martingale under IP, therefore also an (F;" )-local martingale, since X and Y have the same canonical
filtration. Using the form of £ in (3.5) and Proposition 2.2-d), we get that

~ ~ t ~ t ~
A0 = ) = [ 27— [ o0 ()0 0 b7 () (Vo)ds
0 0
¢
(.15) = [ IR ) = £ = k) £ )QUX. du)ds
0o JR
is an (F)-local martingale under IP. From Remark 3.6, we have

Q(z, A) = / 14 (H71(2)) F(h(z), d2).

Therefore, we obtain
/R (Xt w) = F(Xao) — kw) (X, )] Q(Xo_, du)
- / F(Xae +HEE (2)) = F(Xas) — K(HE () F/(Xo )| F (Yoo, d2)

= [0 )+ b e 2) = ) = £ (V)
k(W (Yee 4 2) = b (Ye0)) f (0 (Vo) F(Yio d2)
(3.16) = /R [F(Yor +2) = F(YVor) = k(M (Yoe +2) = 71 (Yeo)) f/ (Yoo ) 0o k™) (Yo )IF (Yo, d2).
Plugging (3.16) into (3.15) we get that
F¥e) ~ Fao) - / LOF(Va)ds = [ o(V)H (s, k™ (Y )W 0 b)Y (V.)ds
0 0
(3.17) / / F(Yor +2) = F(YVar) = (7 (Y + 2) — b (Vo)) (W 0 ™) (Ve ) F/ (Ve IP(Ys, d2)ds
is an (F}")-local martingale under IP. Formula (3.17) can be equivalently rewritten as
F¥) - Fwo) - / EOF()ds = [ (V) H (s b (V) (V)
/ / (Yie +2) = J(Yes) = k(z)J (Vo )| F(Yio, d2) ds
- [ Foem enon) / K(2) (071 (V) = b (Vo +2) = b (V)P (Yad2)ds,

which provides formula (3.14) with the operators L and H given respectively by (3.11) an (3.12). This finally shows that
(Y,P) fulfills the martingale problem in Definition 3.1 related to CZ, £ in (3.13) and h(zo).

(<) Let f € Dz and set ¢ = f o h~'. By Proposition 2.2-d) ¢ € CZ. Then, by assumption,

¢(Ye) = ¢(h(xo)) — /L%( )ds—/o o(Yo)H (s, k= (Y 7)) (R o h ™) (Yo)d' (Ys)ds
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t
- [ [0 0= 600~ k) ¢ (Vi) PV )
0

4 [ S0 o h DRV, +2) = T (Y)) = (0 (V) B (Yd2)ds
0 JR

is an (F,")-local martingale under PP, that in turn gives that
t t
FOX) = F(X0) — [ LEX)ds = [ o(X)H(s.X)F(X)ds
0 0
t
(3.18) - / / [B(Yee +2) = 6(Yer) =&/ (Yo ) (W o h™ ) (Yoo )k (A (Yo +2) = A1 (Y )] F(Yo, dz)ds
0o Jr
is an (F;X)-local martingale under P. At this point, using (3.9), we get
/R [6(Ye +2) = 6(Ya) — ¢/ (Yo ) (W o h™ ) (Yo ) k(A (Ya_ +2) — h™ (Yo )] F(Ys_,d2)

619 = [t w) = F(Xe) ~ (X)) QX ).

R
Plugging (3.19) into (3.18) we get the result. O
3.3. Weak Dirichlet property

The notion of characteristics of weak Dirichlet processes was introduced in Section 3.3 in [4], extending the classical one
for semimartingales, see Appendix C. We will denote by X the unique continuous local martingale component of X,
see Proposition 3.2 in [4].

Below, Y replaces X in the role of canonical process.

Proposition 3.3. Let o € [0, 1]. Assume Hypotheses 2.1, 2.2 and 2.3 with respect to . Let Q(-, dx) be a transition kernel
satisfying Hypotheses 3.1 with respect to o, and H be a functional satisfying Hypothesis 3.2. If (X, P) is a solution to the
martingale problem in Definition 3.1 related to Dy in (3.1), L in (3.5) and xq € R, then the following holds.

1. Y = h(X) is a semimartingale with characteristics B = [;(b(Ys) + oo(Ys)H(s,Y™))ds, C = [;c(Yy)ds,
v(dsdz) = F(Yy,dz)ds, where 0, b and H are defined respectively in (2.7), (3.10) and (3.12), F(y,dz) is the
measure introduced in (3.9), and c(y) := 03 (y). §

2. X is a weak Dirichlet process of finite quadratic variation with characteristic v(ds dw) = Q(Xs—, dw)ds.
3. (X, Xy = fo 0?(X,)ds.

Proof. 1.1t is a direct consequence of Theorems 3.1 and C.1.
2. By definition X = h~(Y"), with h~! € C'. By item 1., Y is a semimartingale, so it is a weak Dirichlet process

of finite quadratic variation. In particular, X has finite quadratic variation, see Lemma B.1-1. Moreover, we can apply
Theorem 3.36in [4] to h™! (Y), so that X turns out to be a weak Dirichlet process. Finally, by item 1. and (3.9),

v(ds, A) = F(h(X,_),A)ds
- / La (B (X)) +w) = h(h ™ (h(X.2))) QU™ (h(X.2)) . dw)ds
- / L (h(Xoe +w) — h(Xoo) QKo du)ds.
Then, by Remark 3.41 in [4] with v(t,y) = h=(y), v¥ = v and vX = 7, the characteristic  of X is given by
v(A,ds) :/RJIA (A (h(Xso) +2) — Xo_) i(ds, dz)

= / Ta(h (WX )+ (X +w) —h(Xe)) = X ) Q(X,, dw)ds
R
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Ta(h (WX +w)) — X)) Q(X._, dw)ds

1a(w)Q(Xs—, dw)ds.

T 5

3. From item 1,

CoY:/O (02W) (h™ (h(XS)))ds:/O I (X202 (X, )ds.

On the other hand, by formula (3.45) in Remark 3.42-(i) in [4],
CoY = / [P (X)|2d(X¢, X,
0
and the conclusion follows. O

Remark 3.7. If (X,P) is a solution to the martingale problem in Definition 3.1 related to D, in (3.1), £ in (3.5), and
xo € R, then it is not necessarily a Dirichlet process.

Consider for instance the case X = W 4 S with W a Brownian motion and S an ~y-stable Lévy process with v € (0, 1).
This can be seen as a trivial solution of our martingale problem with o = 1 and Q(y,dz) = Qo(dz) = ||~V dx. We
remark that X is a Dirichlet process if and only if S is a Dirichlet process. Assume ab absurdo that .S is a Dirichlet
process. Since S is also a semimartingale, then S is special semimartingale, see Lemma 6.1 and Proposition 5.14 in [3].
However, L5 * Qo = +00, and therefore it cannot be a special semimartingale, see Proposition 2.29, Chapter II, in
[14]. Notice that, in the case v € [1,2), S instead is a special semimartingale because 251 % Qo < +00.

We will state and prove new results on Dirichlet processes in Section 6.

4. Well-posedness of the martingale problem

In order to formulate the well-posedness of the martingale problem we will make use of the following hypothesis about
some transition kernel Q(-, dx).

Hypothesis 4.1. For some a € [0, 1],

4.1 y (1A |z|*T*) Q(y,dz) is continuous in the total variation topology.

Remark 4.1. According to Remark 3.1, Hypothesis 4.1 is trivially verified in the case of Q(y, dz) = Qo(dw) = |z| =1~ Vdw
if a > v — 1, being the measure-valued function (4.1) constant.

Remark 4.2. (i) If Hypothesis 4.1 holds true for some o € [0, 1], then y — (1 A |z|?) Q(y, dx) is continuous in the
total variation topology.
(ii) Item (i) in turn implies that y — [, (1 A |z[*) Q(y, dz) is continuous for all B € B(R).

We consider again the functions 3 and A introduced respectively in (2.3) and in Proposition 2.1. We will make the
following additional assumption.

Hypothesis 4.2. X is bounded and is «-Hélder continuous in the whole space for some o € [0, 1] (where 0-Holder
continuous means uniformly continuous).

Remark 4.3. (i) Under Hypothesis 4.2, i’ is upper and lower bounded as well.
(i) Hypothesis 4.2 implies Hypotheses 2.2 and 2.3.
(iii) For some « € (0, 1), Hypothesis 4.2 is equivalent to ask that 3 belongs to the Besov space C?, see e.g. Section 2.7
in [2].

We start by considering the Markovian case.

Proposition 4.1. Let o € [0,1]. Let L be an operator of the form (2.2) with o bounded. Assume Hypotheses 2.1 and
4.2 with respect to . Let Q(-,dx) be a transition kernel satisfying Hypotheses 3.1, and 4.1 with respect to «. Then the
martingale problem in Definition 3.1 related to Dy in (3.1), L in (3.5) with H =0 and z¢ € R admits existence and
uniqueness.
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Proof. By Theorem 3.1, existence and uniqueness of the martingale problem in Definition 3.1 with respect to D, £ with
H =0 and z is equivalent to existence and uniqueness of the martingale problem in Definition 3.1 related to C7 L in
(3.13) with = 0 and h(z¢). On the other hand, by Theorem C.1, Y = h(X) is a solution to the latter martingale problem
if and only if it a semimartingale with local characteristics B = [, b(Ys)ds, C = I c(Ys)ds, v(dsdz) = F(Ys,dz)ds,
with, for every y € R,

Fy, A) r:/RJlA (R(h ™ (y) +w) = (A () Q(h ™" (y), dw), ACR,

b(y) = (W' o h™Y)(y) / (B () k(z) — k(b (y + 2) — b~ ()] F(y, dz),

c(y) = (oh')*(h™(y))-
The result will then follow by using Theorem C.2, provided we verify Hypothesis C.1 for b, c and F'(-,dz), i.e. that

(i) bis bounded;
(i1) cis bounded, continuous, and not vanishing at zero;
(iii) the function y — [ (1 A |z|?)F(y,dz) is bounded and continuous for all B € B(R).

We start by item (ii). Recall that by Remark 2.4 and Proposition 2.1, we can take h € C*, h/ being bounded and
ht being continuous. Since o is continuous, this implies that the function c is continuous as well. Moreover, since o is
bounded, c is also bounded. Finally, c is not vanishing at zero by formula (2.6) and the fact that o is never zero.

We then prove that

(iii)’ the function y — (1 A |z|*T*)F(y, dz) is bounded and continuous in the total variation norm.
In particular, this would imply item (iii), see Remark 4.2. We have
(AN [2]F) F(y,dz) = A A [T (y) +w) = AR ())]7) Q(h ™ (), dw)
= (LA (@ (y,w) [w]) ) QR (y), dw) := I (y; dw)
with
1
vlgw)i= [ WO )+ aw)da,

0

Since // is bounded, there is a constant C; such that 1)t < C;.
Let us first prove the boundedness of the map y — I(y; dw). We have I (y; dw) = I (y; dw) + Iz(y; dw) with

I (y; dw) := ﬂ{0<|w|1+agci1}(1 A @y, w) [w]) ) Q™ (y), dw),
Ir(y; dw) == ﬂ{\w\1+a>%}(1 A (W (y, w) [w]) ) Q(h™ (y), dw).

For él(w) = 1{0<‘w‘1+agc+l} and ég(w) = ]l{|w|1+a>cL1}, we set

Q" (h™! (y), dw) = Lyocppprres 2y [w] TQRT! (y), dw),
Q" (h ™ (y),dw) := 1{|w|1+a>cL1}Q(hfl(y)v dw).

For every y € R,

|1 (y; dw)||var < Cl/Rﬂ{o<|w|l+achl}lwll+°‘ Q™ (y), dw) = C SZEIIQ“(Z,dw)IIW

and

2 (y; dw)||var < sup 1Q% (2, dw)|[var,
z€E

whereas previous supremum are finite by Lemma A.1.
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Let us now prove the continuity of the map y — I(y; dw). Let (y,,) be a real sequence converging to yo € R. We have
I(yn; dw) — I(yo; dw) = J1(Yn, Yo; dw) + J2(yn, yo; dw)
with
T (Y yo; dw) = (LA (§(yn, w) [w]) ) QR (yn), dw) — Q(h™ (yo), dw),
o (Y yoi dw) = { (LA (¢ (yn, w) [w]) ) = (LA (@ (yo, w) [w])*)} Q(h™ (y0), dw).
Concerning .J;, we have J; = J; + J}/, where
T (Yns o3 dw) := Lo pppreac gy (LA (@ (Yn, w) [w) ) QAT (yn), dw) = Q(h™ (yo), dw),
Y (W yoi dw) := L prvas 2y (LA (Y, w) [w]) ) [QRT (yn), dw) — Q(R™ (yo), dw)].
We get
J1(Yn» yo; dw) = ]1{0<|w|1+agc%}wl+“(yn,w) W™ [Qh (yn), dw) — Q(h™ (yo), dw)]
so that
173 (Y 903 )| oar < CLIIQ" (™ (yn), dw) — Q@ (™" (o), dw) | var
and analogously
177 Wns y0; dw)lfoar < || gupiras 234 QAT (yn), dw) = Q(R™ (yo), dw)]llvar
< N1Q™ (h ™ (yn), dw) — Q" (™" (yo), dw)||var-

The convergence of both terms follows by Lemma A.1 applied respectively to Q** (b~ (o), dw) and Q%> (h~"(yo), dw),
and taking into account the continuity of 21,
Regarding Jo we have Jo = J} + JY with

T3 (Y yo; dw) :={ (1A (¥ (yn, w) [w]) ) = (LA @ (o, w) [w]) )} ocpupiras 2y (w) QAT (yo), dw),
T3 (yns yos dw) :={ (L A ((yn, w) [w]) ) = (LA (g0, w) [w) )} gjjiras 2y (w) QR (yo), dw).

Notice that

I3 (Yns Yoi dw) = (Y (yn, w) — 1/;(y0,w))]l{0<|w|1+ag(%}(w)|w|1+a Q(h ™ (yo), dw),
so that
IIJé(ymyo;dw)IIWS/le(ymw) = P(0, W)L o< wfirac 2y (W)W QAT (yo), duw).
On the other hand,

175 (4 o3 dw) | lvar S/R{(l/\(w(ymw) [w)' ) = (LA (@(yo, w) [w) P pras 2y () QAT (yo), dw).

Therefore ||.J5(Yn, yo; dw)||var and ||J5 (Yn, yo; dw)]||ya, converge to zero by the Lebesgue dominated convergence the-
orem, taking into account respectively the finiteness Q“* (h~!(yo), dw) and Q*2(h~'(yo), dw) due to Lemma A.1, and
the continuity of A/, h~!. This proves (iii)’.

Finally, let us prove item (i). We first notice that

b(y) = (W o b 1) (y) / (Y () k(=) — k(b (g + 2) — b ()] Fy, d2)

4.2) =(I'o hfl)(y)/[(hfl)’(y)k(Z) — k(29(y, 2))] Fly, dz),

R
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with ¥ (y, 2) := fol(h’l)’(y + az)da. Also in this case we can find a constant Cy > 1 such that ¢» < C,. For some
R € (0, 1), define B := {z € R: |z| < R} as the neighborhood of z = 0 on which k(z) = z. We also introduce B :=
{z€R: [2| < &} C Bg. Identity (4.2) reads

1
o) = ok )w) [ [ [0 @) = 0w +a2) dal= 150 )

R

(4.3) +(h’0h’1)(y)/[(hfl)’(y)k(Z)—k(M/?(y,Z))] 1ge(2) F(y,dz).

R

In the sequel we suppose « € (0, 1], the case o = 0 needs some easy adaptation. Concerning the boundedness of b, we
first notice that by (2.6) together with Hypothesis 4.2, for every a € [0, 1],

(B () = () (g +az)|15(2) = [5O7T 0 — ST 0FaN g 5()
< Cop el (y) —h ™' (y + az)|*15(2)
< Gy el telPlle) 225 (2),
where C5 is a Holder constant for X.. Therefore by (4.3)
)| < o Coe #II) f af (2) Pdz) 4 I ol (0 ) ) | 52) P,
and the conclusion follows by Lemma A.1 applied to ¢1(z) = 15(z) and l3(z) = 1ge(2). O
We finally can state the general existence and uniqueness theorem for the possibly path-dependent case.
Theorem 4.1. Let o € [0,1]. Let L be an operator of the form (2.5) with o bounded. Assume Hypotheses 2.1 and 4.2
with respect to «. Let Q(-,dx) be a transition kernel satisfying Hypotheses 3.1 and 4.1 with respect to o, and H be a
functional satisfying Hypothesis 3.2. Then existence and uniqueness holds for the martingale problem in Definition 3.1

related to Dy in (3.1), L in (3.5) and zo € R.

Proof. Step 1. Let X be an (F;X)-weak Dirichlet with characteristic v(ds dz) such that (1 A |z|?) x (v 0 X) € Ajec, and
with (F7*)-continuous local martingale X ¢ under P such that (X ¢, X¢) = [/ 0?(X,)ds. We set

t
1
W, ;:/ ——dxe, tel0,T].
© Jy o) 0.7]

Consequently W is an (F;¥)-local martingale with (W, W), = t, and therefore by Lévy’s characterization theorem, W
is an (F;X)-Brownian motion. Let H be a functional defined on D_ (0, T) satisfying Hypotheses 3.2. We define

t
(4.4) W, ::Wt—/ H(s,X )ds, te[0,T].
0

Then, by the Novikov condition,
t 1t
e ;:exp{/ H(s,X‘)dWs—i/ |H(s,X—)|2ds}, telo,T],
0 0

is an (F7X)-martingale. By Girsanov’s theorem, W is an (F;¥)-Brownian motion under the probability Q defined by
4.5) dQ = krdP.
Let f € Dg, and set n(x) := f(Xs— +2) — f(Xs—) and

&s(@) = ns(@) * (¥ = (o X)).
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The process & is an (F;X)-purely discontinuous local martingale under PP, see considerations in Definition 1.27-(ii),
Chapter I, in [14]. In particular (¢, M) = 0 for every continuous local martingale M. We claim that

(4.6) ¢ remains an (F;")-local martingale under Q.

Indeed, set 7, := inf{¢t € [0,T]: |X,;—| > n}. We recall that the caglad process (X;_) is locally bounded. Then the
process £" := {1g -] is a (square integrable) martingale under IP. As a matter of fact, 0 (x)1jo -,1(s) € L2(u™) (and in
particular belongs to G2 (1), see the end of Section 2 in [4]) since

n2 (@) gz>13 <4l fl1%,
n2(2) 10,7, ()1 qjz1<1} < ' C)L1= (i 1)m41) (lloo 271 1z1<1}-

To prove that £ remains an (F;* )-martingale under Q, we need to show that, for every F-X -measurable random variable
F,EQ[(& — €7)F] = 0. Indeed, the left-hand side gives

E*[kr (& — € F] =E (ke — w5) (& — &) FI =E°[((k,€) — (5,€")s)F] =0,

since (k,£™) = 0, being ™ an (F;X)-purely discontinuous local martingale. This shows that £ is an (F;¥ )-local martingale
under Q.

Step 2: existence. Let (X,P) be a solution to the martingale problem in Definition 3.1 related to D, in (3.1), £
in (3.5) with H =0 and zo € R. By Proposition 3.3 with H =0, X is an (F;X)-weak Dirichlet with characteristic
v(dsdz) = Q(X,—,dx)ds, and with (F;*)-continuous local martingale X ¢ under IP such that (X ¢, X¢) = [/ 0%(X,)ds.
By the uniqueness of the decomposition for special weak Dirichlet processes and Corollary 3.37 in [4], for every f € D,
we have

FOX) = fao) — / (Cf)(5, X )ds

0

@) - / (o) (Xa)dW,s + / (F(Xae 1) — (X)) (o (ds dz) — Q(Xo, du)ds).

0 0

Plugging in (4.7) the process W defined in (4.4), we get

FOX) = Flao) = [ (€N X s [ (7o) (Xo)H (5, X )ds

0 0

= /.(f'a)(Xs)dVNVS - /.(f(Xs_ + ) — f( X)) (™ —voX)(dsdz).

0 0

Let Q be the probability constructed in (4.5). By (4.6) in Step 1.

/ (o) (X)W, + / (F(Xae 4 2) — F(Xa)) (5 — v o X)(dsde)

0 0

is an (F;¥)-local martingale under Q. Therefore, (X, Q) is proved to be a solution to the martingale problem in the
statement.
Step 3: uniqueness. Let (X, P?), i = 1,2, be two solutions of the martingale problem in Definition 3.1 related to o €

R, D, in (3.1), and L in (3}.5). By Proposition 3.3-(2)(3), X? is an (}'tXi)-weak Dirichlet with characteristic v(ds dx) =
Q(X,_,dx)ds, with (F;X")-local martingale X* under P’ such that (X"¢, X¢) = Jo 02 (X)ds. Consequently, by
Lévy’s characterization theorem,
. | .
W= ———dXY¢, te€]0,T],
|, i e

is an (FX')-Brownian motion. We define the P*-martingale

) t ) 1 [t )
i ;:{_/0 H(s,Xl_)dWS—E/O H(s, X)Pds ), te 0.7,
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and the probability Q° such that dQ* = k%.dP’. By Girsanov’s theorem, under Q,
By =W} —|—/ H(s, X' )ds
0

is a Brownian motion. By formula (4.6) in Step 1 (replacing H with —H), (f(X!_ +-) — f(X! ) % (1 — v o X?)
remains an (F7X )-martingale under Q.

Therefore, (X i Qi) solves the martingale problem in Definition 3.1 related to D, in (3.1), £ in (3.5) with H =0 and
zo € R.

By the uniqueness of the above mentioned the martingale problem stated in Proposition 4.1, X?, i = 1,2, under Q°
have the same law. Hence, for every Borel set B € B(C([0,T7])), we have

1 1
]P)l(XleB): Qm]}‘XIEBdQl_\/S;W]]‘XQEBCZQQ_PQ(XQEB)'

Therefore, X' under P! has the same law as X2 under P2. Finally, uniqueness holds for the martingale problem in
Definition 3.1 related to D, in (3.1), £ in (3.5) and xp € R. O

5. Further continuity properties

We introduce here some continuity properties which are used in the companion paper [4].

Let Cpuc(D-(0,T); B(0,T)) be the set of functions G : D_(0,7") — B(0,T") bounded and uniformly continuous
on closed balls By C D_(0,T) of radius M. Cpyc(D-(0, T); B(0,T")) is a Fréchet space equipped with the distance
generated by the seminorms

sup [|G)||ew, M eN.
n€Bnm

For f € CLT* N CY, we set

loc
5.1) AW@%:AU@+@—f@%%@UWwW@J@,yeR

Proposition 5.1. Ler « € [0, 1]. Assume Hypotheses 2.1, 2.2 and 2.3 with respect to «. Let H be a functional satisfying
Hypothesis 3.2 and Q(-,dx) be a transition kernel satisfying Hypothesis 4.1 with respect to . Assume moreover that H
is uniformly continuous on closed balls. Below we will make use of Dy and L defined in (3.1) and (3.5), respectively.
Then the following holds.

1. Forevery f € Dy, Lf € Cpuc(D-(0,T); B(0,T)).
2. The linear map L : Dy — Cpuc(D_(0,T); B(0,T)) is continuous.

Proof. Let us start by proving item 1. Let f € D.. Let us first show that 1 — J/(n)(t) := F/(n(t)) belongs to
Cpuc(D-(0,T); B(0,T)). Let M > 0. We show that J/ is bounded and uniformly continuous on By := {n €
D_(0,T): |Inllee < M}.

Since F/ is continuous by Lemma A .2, it is a bounded function on bounded intervals. Therefore .J/ is bounded, being
B bounded.

Let § > 0 and 11,72 € Bjs such that

sup |ni(t) —m2(t)] < 6.
te[0,7)

Then, for every ¢ € [0, 7],

[FL () = FI (n2(1)] < sup B (y1) = F (32)].

Y1,Y2
[y1|SM,|y2| <M, |y —y2|<S

This implies that Jf is uniformly continuous on B),, since F'/ is unifomly continuous on compact sets.
The map n — I/(n)(t) := Lf(n(t)) is bounded and uniformly continuous on Bjs because y +— L f(y) is bounded and
uniformly continuous on compact intervals.
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It remains to prove that i — W/ (n)(t) := H(n)(t)(cf")(n(t)), is bounded and uniformly continuous on Bj;. The
map 1 — (o f")(n(-)) is bounded and uniformly continuous by the same reasons as before, while the map n — H(n) is
bounded and uniformly continuous by assumption.

Let us now prove item 2. We recall that, for every f € D,

f e (L)) = Lf (1) + o) Hm)(X)f (n(t)) + FI (n(t)), n€D_(0,T).t€[0,T].

Since L is the sum of three linear operators, it will be enough to study the continuity at zero. We suppose first that
f = F7 is continuous from D, to C°. This would imply that f + J/(n)(¢) is continuous. Indeed, let M > 0 and Bys
be the closed ball of D_(0,T") with radius M. We have

sup ST () ()| < sup |F/(y).
tel0,T),n€EBm y:ly| <M

Let us thus prove that f + F'f is continuous from D, to C°. For any f € D, we decompose [/ = Flf + F2f , where
Flf , F2j are the functions introduced in (A.3), namely, for every y € R,

Ff (y) = /B (g +2) — F(9) — K@) /' (5)Qy. d),

Ff(y) = / (f(y+z) = fy) = k() f' () Qy, dx),
R\B
and B = [— R, R] is a neighborhood of 2 = 0, such that k(x) = 2 on B. We have

Flf(y)Z/(f(erw)—f(y)—wf’(y))Q(y,dw)Z/Gf(y,:v) || Q(y, dx),
B B

with
. f wran 1w,
III
Using that
(5.3) sup G (y,2) <[ lla,pr+ 5,
yeK,zeB
where || - ||o, m+r Was defined in (3.2), we get

sup |F{ ()| <1 laa+r sup ||1s(@)|2" T Q(y, do)l[var,
yily|<M yily|<M

where previous supremum is finite by Lemma A.1-b) with ¢1 (2) = 1(x), taking into account Hypothesis 4.1. Therefore
this converges to zero when f converges to zero in D. This establishes the continuity of f — Fj
On the other hand, the continuity of f — F2 follows from the inequality

sup [Ff ()| < (27l + Kl sup IF@)I) sup |15 (2)QCy ) uar
y:ly| <M y:ly|< y:ly| <M

where previous supremum is finite taking into account again Lemma A.1-b) with ¢ = 13 (x), again taking into account
Hypothesis 4.1.
We then remark that f ~ I (n)(t) is continuous. As a matter of fact,

sup [ (n)(t)] < sup [Lf(y)l,
tel0,T),n€EBm y:ly| <M

and this converges to zero when f converges to zero in D, (and therefore in Dy ), taking into account the continuity of L
by Definition 2.2.

Finally, the continuity of f +— W/ (1)(t) follows from the boundedness of H, and the fact that, since f converges to
zero on Dy, then f’ converges to zero uniformly on compacts. |
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6. New results on Dirichlet processes

For a weak Dirichlet process X, we will denote by X its unique martingale component, see Proposition 3.2 in [4]. We
start by stating the following result.

Lemma 6.1. Let X be a Dirichlet process. Then X is a special weak Dirichlet process, and
(X, X]° = [X*, X°].

Remark 6.1. A special semimartingale Y = M + V' is a Dirichlet process if and only if V' is a continuous process. Indeed,
V.V]=3 < [AVL.

Proof. It is a consequence of Proposition 5.7 and Corollary 5.8-(ii) in [3], where M ¢ = X by the uniqueness of the
decomposition in Proposition 3.2 in [4]. O

We say that v¥ does not jump if
6.1) vX{tyxB)=0 Vvte[0,T], BeBR").

Remark 6.2. If (6.1) holds true, then obviously
©62) / 2o ({1} x dz) =0, te[0,T].
R

The converse is not true. Indeed, consider for instance the case v~ (dt dz) = Q(dx)di);, with ¢ an increasing cadlag
discontinuous function and Q(dx) a symmetric measure, i.e. such that Q(B) = Q(—B), B € B(R).

Proposition 6.1. If X is a Dirichlet process, then (6.2) holds true.

Proof. Suppose that X is a Dirichlet process. Then by Lemma 6.1, X is a special weak Dirichlet process and by Corollary
3.22-(ii) in [4],

(6.3) X =X+ M4X 41X,

with X ¢ the unique continuous martingale part of X, M%X =z % (uX — vX) and 'V a predictable and F-orthogonal

process. We have therefore
64) Argf:/wx({t} « dz), telo,T].
R

By uniqueness of decomposition of Dirichlet processes and (6.3), [, TX] = 0, therefore AT'X = 0 for all ¢ € [0, 7],
and so (6.2) holds true. O

Let ¢ : R — R, X be a cadlag process with jump measure X such that Y = ¢(X) is a weak Dirichlet process. We
recall that Y is a special weak Dirichlet process if and only if there exists a constant a > 0 such that

(6.5) (P(Xs— +2) — p(Xs-)) L{|z|>a} *:“X € Al—‘gcv

see Theorem 3.16 in [4].

Remark 6.3. The converse of Proposition 6.1 is not true in general. Indeed, by Remark 3.7, there exist processes X such
that X does not jump (therefore satisfying (6.2)) that nevertheless are not Dirichlet processes, because (6.5) with ¢ = Id
is not verified.

Suppose X to be a Dirichlet process and ¢ € C1(R). Is Y = ¢(X) necessarily a Dirichlet process?

When X is a continuous Dirichlet process and ¢ € C, then Y is a Dirichlet process, see the proof of Proposition 4.6
of [20]. By Lemma 6.1, Y is also a special weak Dirichlet process. Below we discuss the case when X is a discontinuous
Dirichlet process.
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Theorem 6.1. Let o : R — R be a C* function and X be a Dirichlet process. Then o(X) is a Dirichlet process if and
only if (6.5) holds true for some a > 0 and

6.6) /R (X0 +2)— o(Xe ) X ({1} x dz) =0 Vee[0,T].

Remark 6.4. If X is continuous, then (6.5) and (6.6) are obviously verified, so we retrieve the result stated in the contin-
uous case.

Proof of Theorem 6.1. Let us set Y := (X ). We first prove the direct implication. By Lemma 6.1, Y is a special weak
Dirichlet process. On the other hand, by Theorem 3.16 in [4], this implies that (6.5) holds for all @ > 0. Finally, (6.6)
follows from Proposition 6.1 applied to the process Y, since

0= / yrY ({t} x dy) = / (p(Xie +) — p(X,2) X ({8} x da),  te[0,T].
R R

We prove now the converse implication. Since X is a weak Dirichlet process with finite quadratic variation and taking
into account (6.5), we can apply Corollary 3.37 in [4]. Therefore Y is a special weak Dirichlet process with decomposition

(6.7) Y=Y+ /0 ¢ (Xs)dXE+ M +T(p),

with M%% = (¢(s, Xs— + ) — (5, X,_)) * (1 —vX) and I'(p) predictable and F-orthogonal. To show that Y is a
Dirichlet process, we need to prove that

(6.8) D(p)=Y —Y°— M

is a zero quadratic variation process. By (6.8), we get

(6.9) [L(), D(p)] = [V, Y]+ [V, Y]+ [M©, M) = 2[Y, V] = 2[¥, M9,

provided the latter covariation exists. In fact we have used that [Y¢, M %#] = 0 being M %¥ martingale orthogonal. Since
M + T () is orthogonal, [Y, Y] = [Y¢, Y]. By Proposition 5.3 in [3], we get

(M2, MB2) =y T [AME?P.

Collecting previous considerations, (6.9) reads

(6.10) (), ()] = [V, Y] = [Y©, Y]+ D [AM#? =2y, M#).

s<-

Provided the latter covariation exists, I'(¢) is a finite quadratic variation process.
Now, X = X¢+ M%X 4-TX and X is a Dirichlet process. Therefore, by uniqueness of the decomposition of such a
process, I'X is a zero quadratic variation process and in particular continuous. Therefore we get

(X, ME#) = (X4 MPY +T% M) = [MSY, M9+ DX, M7,
and the latter covariation above vanishes since
0%, M) < (0¥, X, ey /2 o,

So
(X, M*?] =3 AMIXAMD® = " AX AME#

s<- s<-

by Proposition 5.3 in [3]. It follows that (X, M%) has all its mutual covariations. Therefore, by Lemma B.1-2,

(6.11) Y. = [ (X)dIX, M), Zw OAXAp(X,)
0
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M®#] exists and, going back to (6.10), we conclude that T'(¢) is a finite quadratic variation process.

In particular, formula (6.11) gives

(6.12)

[V, M9]° =0.

Taking the continuous component in the equality (6.10) and formula (6.12), we get

[C(p), D)) =¥, Y]" = [V, Y],

By Lemma B.1-1 and Lemma 6.1, we get

)= [P Xz = [ 1Pl X,
By Theorem 3.36 in [4],
o= [ It X,
which implies [['(), T'()]¢ = 0. It remains to prove that AT'() = 0, since [['(¢), T'(¢)] = [[ (), T(9)]°+ > . [AT ()]
By (6.8),
AT (9) = [ (pXom ) = (X)) ({5} x da),
which is zero by assumption (6.6). O

Remark 6.5. a) If v does not jump then obviously (6.6) holds true. In this case, according to Theorem 6.1, Y =

b)

(X)) is a Dirichlet process if and only if (6.5) holds true for some a > 0.

It is possible to have a Dirichlet process X and a process Y = (X ), with ¢ € C?, that is not a Dirichlet process.
We can indeed show the existence of a martingale X such that ¢(X) is not even a special weak Dirichlet process:
we will show that (6.5) is not verified, and so, by the direct implication of Theorem 6.1, Y cannot be a Dirichlet

process.
To this end, let Z be a Cauchy random variable, in particular its density is
() ! eR
r)=———, < .
b 7(1+22)’
We set

Z - \/Zﬂ.{z>0} + Vv _Z]]'{Z<0}'
Clearly, E[| Z|] < oo and E[Z] = 0. We define now

__f0ifteo,1]
Xt _{Zift>1.

We consider the filtration F = (F;), with F; being the trivial o-algebra for ¢ € [0, 1] and being o(Z) for ¢ > 1. It
follows that X is a martingale: in fact X, € L* forall t >0, and

0=X;, ) if s,t€[0,1]
E[X:|Fs] = I@[Xt] =E[Z]=0=X,ifs<1,t>1
Z =X, ift>s>1.

On the other hand, setting p(x) = 22, we have

[0 ifteo,1]
g”(X)_{|Z|if1t21.

Now Y = ¢(X) is a semimartingale since it is an increasing process, but (6.5) is not verified. As a matter of fact,

(P(Xom +2) = @(Xe ) Liapsry * 4 = > Ap(Xo)Lax. >1} = 2] L zp>13 L1y & Al

s<t

since E[| Z]] = 00
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Appendix A: Some technical results

Lemma A.1. Let /1,{5 : R — R be Borel measurable and bounded functions such that {1 has compact support and {
has support in R*. Set

(A.1) y =l ()27 Qly, da) =: Q" (y, dw),
(A.2) Yy lo(2) Q(y, dx) =: Q% (y, dz).

a) If Q satisfies Hypothesis 3.1 for some « € [0, 1], then (A.1)-(A.2) are bounded in the total variation norm.
b) If Q satisfies Hypothesis 4.1 for some o € [0, 1], then (A.1)-(A.2) are continuous in the total variation norm.

Proof. Let Ry > 1 such that Bg, := {z € R : |z| < Ry} contains the compact support of {1, and 0 < Ry < 1 such that
B%, :={x € R:|z[ > Ry} contains the support of £. Let My, :=sup|{1|, My, := sup |la].

a) We first prove that Q! (+,dx) and Qb (+,dx) in (A.1)-(A.2) are bounded in the total variation norm. For y € R, we
have

Q" (y,dx) = Lyjp <,y (1 (@) |z T Q(y, dw)
=1qz1<1y (1 (@) |2 Qy. dx) + Ly c o< ryy 41 (@) 2] Q(y, da).

We get
Q" (y, d)|var = |[Lgjwi<1y (1 (@) (|27 A L) Q(y, d) + L1 <o <rry b (@) 2" Q(y, dz) [ var
< My, [||(|$|1+a A 1) Q(ya dw)”var + R%+a||1{1<\1\SR1} Q(y, dx)Hvar]
< My, (1+ Ry )[|(1A [2]") Q(y, dz) [ var-
On the other hand,
Q" (y.dz) = L{ju> roy l2(2) QY. dz) = L py < |uj<11b2(2) Q(y, dz) + L{j4j>13f2(7) Q(y, dz),
so that

1Q% (4, d)llvar = 1L (o< o1<1} £2(%) Q(y, d) + Lyjays1 La(2) (J2] T A1) Q(y, dv)|var

1

= WHﬂ{RKlwlsuﬁz(I) (le[ " ADQ(y, dx)l[var + |1 10151y (@) (|27 A1) Q(y, d)]|var

1 o
< Me, (14 =7 ) 102 o) Q(y, )
2

By Hypothesis 3.1 together with Remark 3.2, this proves that Q' (-, dz) and Q%2 (-, dz) in (A.1)-(A.2) are bounded in the
total variation norm.

b) Let us now prove that y — Qél (y,dx) and y — QZZ (y,dz) in (A.1)-(A.2) are continuous in the total variation norm.
Let (y,,) be a real sequence converging to yo. We have

le (yn7 d,T) - le (y07 dl‘) = ]]-{|I|§1} b (x)|x|1+oz [Q(yn7 d,T) - Q(y07 dl‘)]
+ ]]-{1<\z\§R1} gl (x)|x|1+oz [Q(yn7 d(E) - Q(you d.’L’)],

and thus

||QZ1 (Yn, dx) — Qll (Y0, d2)||var < ||1{|m|§1} £ (x) (1A |517|1+a) [Q(yn, dx) — Q(yo, dv)||var
L p<pei<ryy G @)z [Qyn, dz) — Q(yo, d)]lvar
< My, (14 Ry A 2 (Q(yn, dx) — Q(yo, dix))[war-
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On the other hand,

Q" (yYn, dx) — Q" (yo, dx) = L, <|o <13 L2(2) [Q(Yn, dz) — Q(yo, dz)]
+ 1ja>112(2) [Q(Yn, dz) — Q(yo,dx)],

so that

||Q€2 (Yn, dx) — Qéz (Y0, d)|[var < ||1{R2<\1\S1}£2($) [Q(Yn, dx) — Q(y0, d)]|[var
L (ay> 1y L2(@) (XA 27 [Q(yn, dz) — Q(yo, d)]||var

1
< My, (W + DA A2 QYn, dz) — Q(yo, dz))|lvar-

By Hypothesis 4.1, this proves that y — Q! (y, dz) and y — Q*2(y, dz) in (A.1)-(A.2) are continuous in total variation
topology. |

Lemma A.2. Let Q(-, dx) be a transition kernel satisfying Hypothesis 4.1 for some o € [0, 1]. Then the function f + F7,
cron Cp — R, defined in (5.1) is continuous.

loc

Proof. Let B =[—R, R] be a neighborhood of 2 = 0, such that k(z) = = on 5. Define
)= [ () = 1) = K@) £ ) Qo)
(A3) [ ()= 1)~ k) £ )QU.do) = F(0) + F ().
R\B

Let (y,) be a sequence converging to yo in R, and let K = [—M, M| be a compact set containing (y,,). We start by
noticing that

Ff'(y)Z/B(f(erw)—f(y)—wf’(y))Q(y,dw)Z/BG'f(y,:v) 2" Q(y, dx),
with G/ in (5.2). Then
Ff (yn) — F{ (o) = /B G (g, ) 211 Q (g, dir) — /B G (0, 2) ||+ Qyo, d)

(Ad) - /B (G (4 2) — G (0, 2)] 212 Q (o, ) + /B G (g 2) 2 [Q(yo dr) — Q (. )]
We recall (5.3), namely

sup G (y,2) <||f'||a,nr+R-
yeK,xzeB

For every z € R, y — G/ (y,z) is continuous by Lebesgue dominated convergence theorem. Then the first term in the
right-hand side of (A.4) converges again by the Lebesgue dominated convergence theorem, taking into account that the
measure Q' (y, dz) := 15(x)|z|' T Q(y, dz) is finite thanks to Lemma A.1 with /1 (z) = 15(z). The convergence of the
second term in the right-hand side of (A.4) follows by the continuity of y — Qh (y,dz) in the total variation topology
due to Lemma A.1, noting that

09 | [ 6 ) ol Qo) = Qe ]| <117 v 110 (00.) = G () o

On the other hand,

Ff (ya) = F (o) = / ((F(yn +2) = f(yn)) = (f (Yo + ) = f(10))Q@(yo, dz)

R\B
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() — £ (0) / k() Q(yo. dx)

R\B
+ / (Ftn +2) — F () — K@) (1)) [Q v, ) — Qg )]
R\B

(A.6) =:1"(Yn,y0) + 1" (Yn, y0) + I"" (Y, yo).

Since (y;,) lives in the compact K and f is bounded, we have

1" (ys o) = / (W +2) — Fn) — £ )k (@) L5 (&) [Qut0r i) — Qg )]

< C| |Q€2 (y07 dl‘) - Qéz (yna dw)“var

with Q2 (y, dz) := 13- () Q(y, dx), and C = 2||f||oe + ||%||oo sup,ck | f'(y)|- The convergence follows from the con-
tinuity of in the total variation topology due to Lemma A.1 applied to ¢2(x) = 15.(z).

On the other hand, the convergence of I’ (y,,, yo) follows by the Lebesgue dominated convergence theorem, taking into
account that the measure Q2 (yo,dx) is finite due to Lemma A.1, and the fact that f bounded.

Finally, the convergence of I"(y,,yo) follows because f’ is continuous, taking into account that the measure
k(x)1ge (x)Q(yo,dx) is finite by Lemma A.1 applied to ¢5(x) = k(x)1ge (). O

Appendix B: Stability of finite quadratic variation processes

The following result was well understood in the context of Follmer’s discretizations, but was never established in the
regularization framework.

Lemma B.1. 1. Let Y = ¢(X), where ¢ : R — R is a C* function and X is a cadlag process of finite quadratic
variation. Then

¥, Y], = / (¢ (X2_dX, X)5 + 3 (Ap(X,)2.

In particular, Y is also a finite quadratic variation process.
2. Let Y! = p(X1) and Y? = ¢(X?), where o and ¢ are C* functions and X', X? are cadlag processes such that
(X1, X?) has all its mutual covariations. Then

Y1y, = / (XD (X)X, X+ 3 Ap(XD) Ap(X2).

Proof. 1. Let ¢ € [0, T], ¢ € [0, 1]. We expand, for s € [0, T'],

SD(X(ers)/\t) - SD(XS/\t) = If(satu 5)(X(s+s)/\t - XS/\t)7

where
1
If(S, t,E) = / @/(Xs/\t + U«(X(ers)/\t — Xs/\t)) da.
0

Consequently,

1 2 1 ® 2 / 2 2

2 (P(X(sreyne) = 9(Xane))™ = 2 (U7 (5,2,€))" = (0 (X)) (X(srerne = Kont)

1
+ E(SD/(XS))2(X(5+5)M - XsAt)z-

Integrating from O to ¢, we get

1

= [ oK) = oK = 2 [ (UF (0.0 = (& (X)X ot = X)Pds
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1 t
2 [ P Ksons = X

(B.1) :Jl(t,€)+J2(t,€).

We notice that, without restriction of generality, passing to a suitable subsequence, we can suppose (with abuse of nota-
tion) that

1
(B.2) (X, X]° = —/ (X(ste)n. — Xs)?ds — [X,X], uniformly a.s.
€ Jo e—0

Since X is a finite quadratic variation process, by Lemma A.5 in [3], taking into account Definition A.2 and Corollary
A.4-2.1n [3], if ¢ is a cadlag process then

1t 1t ¢
(B.3) —/ 9s(X(steyne — Xs)?ds = —/ Gs— (X(soyne — Xs)?ds — gs—d[X, X]s, u.c.p.

€Jo €Jo =0 Jo
Therefore, taking g5 = (¢'(X5))? in (B.3), we get
(B.4) Ja(-e) = | (¢'(Xe))%d[X, X]s, ucp.

e—0 Jj
Next step consists in proving that
1 2
(B.5) Ji(e) — [( / gp’(Xs,JraAXS)da) (X)) (AX,)2 uep.
e—0 < 0

We fix a realization w € ). Proceeding as in the proof of Proposition 2.14 in [3], let (¢;) be an enumeration of all the
jumps of X (w) in [0, T]. We have >, (AXy, (w))? < 0.
Let v > 0 and N = N(7) such that

oo

(B.6) > (AX, (W) <%
i=N+1
We introduce
N N
A(e,N) = U]tl —e,t;], B(e,N)= U]ti,l,ti —¢|=[0,T]\ A(e, N).
i=1 i=1

We decompose

1/t t
(B.7) Ji(t,e) = g/ Tae,n)(8)J10(s,t,€)ds —I—/ 1pee,n)(8)J10(8,t,€)ds =: J1a(t,e, N) + Jip(t,e,N),
0 0

where we have denoted
J10(s,t,€) = (X(srepnr — Xs)((I7 (5, 1,6))? = (¢'(X)?).-
By Lemma 2.11 in [3], it follows that, uniformly in ¢ € [0, T,

1
(B.8) Jialte,N) ano (k) (AX,,)? ((/0 o (X, +aAXti)da)2 - (¢’(Xti,))2).

On the other hand,

N

1 ,

Jip(t,e,N) :Zg/o (X (srepne — Xs) 21T (s,t,€) ds,
i=1
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where

. 1 2
175 (6,0) = si-a 0| ( | ¢ Xant + aXer0 ~ Xnt) d)
0

— (¢'(X,))?]
=)ty t—e) (s) [/01 o' (Xsnt + a(X(s-l-a)/\t — Xoat))da — (Xs):|'

. [/01 @' (Xsat + a(X(speyne — Xonr)) da+ @' (X )}

For everyi=1,..., N, we have

IHistal<2 s [@@lo(psw s |X, - X))
ye[XSva+€] ? pq‘e[l‘<lt]

By Lemma 2.12 in [3], there is € such that, if € < ¢¢, then

175 (s, t,e)| <2 sup l©" (y)| (0, 37).
YE[=11X oo |1 X ] ]

Consequently, for € < g,

(B.9) sup |JlB(t757N)|§2 sup |(pl(y)|6(907 3'7) sup [XvX]iv
t€[0, T YE[X |0, X ] oc] t€[0, T

where the latter supremum is finite by (B.2). Going back to (B.7) we get

sup ’Jl (t,e) Z]l]o g (t)(AXy,)? K/Ol o (X, +aAXti)da)2 - (go’(Xti_))2”

te[0,T)

< sup ‘JM (t,e,N) — ano () (AX,)? K/Olga’(Xti+aAXti)da)2—(gp’(Xti))2”

t€(0,7] —
1 2
(B.10) +’ Z 0,7 (t:) (AXy, )? (/ SOI('Xti_—i_aA'Xti)da) + sup |Jip(t,e, N)|.
N 0 t€(0,T]

Taking the limsup,_, in (B.10), collecting (B.6), (B.8) and (B.9), we get

limsup sup }Jl t,e) Z]l 0,0(t:)(AXy,)? [(/01 o (Xy,— +aAXti)da)2 - (cp'(Xti_))Q] }

e—=0  t€[0,T)
2 / / €
< Z jo.7)(t:) (AX1,) sup ' ()] +2 sup &' ()] 6(p, 3y) sup sup [X, X5
Mot Y[~ 11X oo, 1 X o] Y[ 11X ool 1X 1] e<c01€[0,7]
<y +2swp swp [XXFo(e.39)] s [R()l
=<0 t€[0, 7] Y[~ 11X oos 1 X o]

Since + is arbitrary and ¢’ is uniformly continuous on compact intervals, then (B.5) is proved. By (B.4) and (B.5), and
the fact that [X, X| = [X, X]°+ >, (AX,)?, (B.1) yields

= [ eXson) = ol Ps =, [ ()P X+ D (XA
2 |( / (Xo +adX.)da) — (¢/(X,)] (AX,)

s<t

:A'(w'(x )X XY / (X, +aAX, )da) (AX.)?, ucp.

s<t
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The result follows because
1
Ap(Xs) =p(Xs) — (X ) = AXS/ O (Xs_ +alAXy)da
0

2. The result follows from point 1. by polarity arguments. |

Appendix C: Recalls on semimartingales with jumps

We recall that a special semimartingale is a semimartingale X which admits a decomposition X = N + V, where NV
is a local martingale and V' is a finite variation and predictable process, see Definition 4.21, Chapter I, in [14]. Fixing
Vo = 0, such a decomposition is unique, and is called canonical decomposition of X, see respectively Proposition 3.16
and Definition 4.22, Chapter I, in [14].

Assume now that X is a semimartingale with jump measure X . Given k € KC, the process X* := X — Yo [AX —
k(A Xy)] is a special semimartingale with unique decomposition B

(C.1) Xk :Xc—i—Mk’d—FBk*X,

where M*9 is a purely discontinuous local martingale, X ¢ is the unique continuous martingale part of X (it coincides
with the process X ¢ introduced in Proposition 3.2 in [4]), and B*¥ is a predictable process of bounded variation.

According to Definition 2.6, Chapter II in [14], the characteristics of X associated with k € I are then given by the
triplet (B*, C,v) on (€, F,F) such that

(i) B is F-predictable, with finite variation on finite intervals, and BE =0, namely B¥X = B¥ o X is the process in
(C.1);
(i) Cisa cgntinuous process of finite variation with Cy = 0, namely CX := C o X = (X¢, X¢);
(iii) v is an [F-predictable random measure on R x R, namely vX := v o X is the compensator of ;X

Theorem C.1 (Theorem 2.42, Chapter II, in [14]). Let X be an adapted cadlag process. Let B* be an F-predictable
process, with finite variation on finite intervals, and BE =0, C be an F-adapted continuous process of finite variation
with Cy =0, and v be an F-predictable random measure on R x R. There is equivalence between the two following
statements.

(i) X is a real semimartingale with characteristics (B*,C, v).
(ii) For each bounded function f of class C?, the process

FO0) = X0 =5 [ ) ac /f _)aBX

/ / (Xoo +2) = F(Xoo) = h(z) f/(Xo)) v™ (ds da)

is a local martingale.
Let (2, F,F) be the canonical filtered space, and X the canonical process. Let moreover H be another o-algebra and
P, be a probability measure on (2, H).

Definition C.1 (Definition 2.4, Chapter III, in [14]). A solution to the martingale problem associated to (#,X) and
(Py; B¥, C,v) is a probability measure P on (€2, F) such that

(i) the restriction P|3; of PP to H equals Py;
(ii) X is a semimartingale on the basis (€2, F,F,P) with characteristics (B*, C, v).

We denote by s(H, X |Ps#; B¥,C,v) the set of all solutions P.

Definition C.2 (Definition 2.18, Chapter III, in [14]). Let b* : R, x R — R be Borel, c: R, x R — R be Borel and
nonnegative, and Q;(x, dy) be a transition kernel from (R x Ry, B(R x R;) into (R, B(R)), with Qs(z,{0}) =0. X is
called a diffusion with jumps on (Q, F,F,P) related to (b*, ¢, Qs(w,dy)) if it is a semimartingale with characteristics

¢ ¢
(C2) BY :/ v(s, X,)ds, C; :/ c(s, Xo)ds, v(dsdr)=Qs(X._,dx)ds.
0 0
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Remark C.1. Suppose that X is as in Definition C.2, then P is a solution to the martingale problem associated to (H, X )
and (Py;; B*, O, v), with H = o(X) and Py, the law of Xj.

Hypothesis C.1. Let b* : R, x R — R be Borel, c: R, x R — R be Borel and nonnegative, and Q ;(x, de) be a transition
kernel from (R4 x R, B(R; x R)) into (R, B(R)), with Qs(z,{0}) = 0. We assume that

(i) b* is bounded:;
(ii) cis bounded, continuous on R x R and not vanishing at zero;
(iii) the functions (t,y) — [,(|z[* A1)Q¢(y,dx) are bounded and continuous for all A € B(R).

Theorem C.2 (Theorem 2.34, Chapter IT1, in [14]). Let (B*,C,v) be of the type in (C.2), and such that b* (s, x), c(s, z),
Qs (x, dy) satisfy Hypothesis C.1. Then, there is a transition kernel P, (dw) from (R, B(R)) into (€2, F) with the following
property: for every z, P, is the unique probability measure under which the canonical process X is a diffusion with jumps,
with P.(Xo = z) = 1 and with characteristics given by (C.2).

Corollary C.1. Let P,(dw) be the transition kernel introduced in Theorem C.2. Let z € R. Then P, is the unique solution
to the martingale problem associated to (H,X) and (Py; B¥,C,v), with H = o(X) and Py, determined by P(X, €
B) =4.(B).
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